Group structures in a class of control systems
Andrew D. Lewis*

05/1994

Abstract

We investigate two classes of control systems, one of Brockett and one of Murray
and Sastry. We are able to show that these two systems may be formulated in the
language of principle fibre bundles. Controllability of these systems is then shown to
be a direct consequence of the Ambrose-Singer holonomy theorem.
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1. Control systems on principal fibre bundles

In this section we will examine control systems where the control vector fields are invari-
ant under the action of a group on a principal fibre bundle. Our notions regarding principal
fibre bundles and notation are largely from [Kobayashi and Nomizu 1963].

1.1. G-invariant distributions. Let P(B,G) be a principal fibre bundle. Thus P is an
n-dimensional differentiable manifold which is acted upon freely by an r-dimensional Lie
group G and B = P/G is the manifold of orbits. We denote the canonical projection by
m: P — B. We will suppose that the action of G on P is from the right and we will denote
it by Ry for each g € G. We will assume here that P is connected which implies that B is
connected. The subbundle VP = ker(T'w) is the vertical subbundle and at each p € P,
Vp P is simply the subspace of T), P spanned by the infinitesimal generators of the action of
G on P.

We wish to introduce distributions which are compatible with the group structure, and
which have no vertical component. A connection on P(B,G) is an example of such a
distribution.

1.1 DEFINITION: Let P(B,G) be a principal fibre bundle. A distribution 2 on P is
said to be G-invariant if TR (2 (p)) = 2(Ry(p)) for each p € P and g € G, and if
VpP N 2(p) = {0} for each p € P. A connection on P(B,G) is a maximal G-invariant
distribution in the sense that if 2 is a connection and if 2’ is a G-invariant distribution
such that 2 C 2’ then 2' = 2. If 2 is a G-invariant distribution on P(B,G) and if
¢: I CR — Pis a curve on P we say that c is Z-compatible if ¢'(t) € Z(c(t)) for each
t € I. Similarly, a vector field X on P is said to be Z-compatible if X (p) € Z(p) for each
peP. O
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1.2 REMARKS: 1. Note that we have the standard G-invariance condition plus we add
the restriction that no vectors in the distribution be vertical.

2. It is possible to discuss more general distributions on a principal fibre bundle than
those which are G-invariant. San Martin and Crouch [1984] consider projectable
distributions. These distributions are more general than G-invariant ones in the sense
that they allow the control vector fields to have some vertical component.

3. If 2 is a distribution then Z-compatible curves and vector fields are horizontal in
the manner usual for connections. O

The following result shows how G-invariant distributions are generalisations of connections.

1.3 LEMMA: If 2 is a G-invariant distribution on a principal fibre bundle P(B,G), then
there exists a connection 9 which contains 9.

Proof: One may partially order the set of G-invariant distributions by saying that 2 C 2’
if 2(p) C P'(p) for every p € P. The result then follows from Zorn’s lemma. |

Note that 2 is not uniquely defined unless 2 is itself a connection in which case 7 = 2.

Note that a G-invariant distribution 2 induces a distribution 2, on B defined by
P:(b) = Tm(2(p)) where p € w~1(b). That this definition is independent of the choice
of p is a consequence of Z being G-invariant. Note that Tw | 2(p): Z(p) — Z=(b) is an
isomorphism for each b € B and p € 7~ !(b). We wish to consider G-invariant distributions
of which have a certain property.

1.4 DEFINITION: Let 2 be a G-invariant distribution on a principal fibre bundle P(B, G).
The induced distribution 2, on B is called the base distribution. The distribution 2
will be called base-controllable if for each by, by € B there exists a curve ¢: I C R — B
connecting by and by and such that ¢ (t) € P (c(t)) for each t € R. Let ¢: I C R — be a
curve on B which lies in &, and let p € 77 %(c(£)) for some £ € I. We define the lift of ¢
through p to be the unique curve ¢; on P such that Tw(cj(t)) = ¢/(t) for each t € I, and
such that ¢;(f) = p. (Note that ¢; is 2-compatible.) O
Note that if Z is a connection then it is base-controllable since Z(b) = Tj,B for each b € B.
We wish to think of base-controllable distributions as generalisations of connections where
we do not specify every possible horizontal direction as an admissible control direction, but
the directions which are specified are enough to generate all horizontal directions via Lie
brackets.

1.2. Controllability for G-invariant distributions. Let 2 be a G-invariant distribu-
tion on P(B,G). For p1,p2 € P we will write p; ~ po if there exists a Z-compatible curve
from p; to pa. Now fix p € P and let b = 7(p). We define

®(p) ={g€ G| Rylp) ~p}

to be the holonomy group of ¥ with reference point p. It is a Lie subgroup of G.
Associated with it is the submanifold of 71(b) given by

M, ={p' € P| p' = Ry(p) for some g € ®(p)}.
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Thus M), is the set of all points in the same fibre as p which may be connected to p with a
Z-compatible curve. Note that M, = 7~ L(b) if and only if ®(p) = G if and only if the Lie
algebra of ®(p) is g, the Lie algebra of G.

For the sake of notation, let’s suppose that there is a basis of vector fields for 2 over
C°(P). Thus there exists Z-compatible vector fields X, ..., X such that

Z(p) = {(X1(p), .-, Xs(p))

for each p € P. Here s < n —r. We may define a control system on P by
S
p=y wiX. (1.1)
i=1

We will say the system (1.1) is controllable if for each p1,p2 € P we may find controls
u(t),...,us(t) which steer the system (1.1) from p; to po.
We may now state the following:

1.5 PROPOSITION: If system (1.1) is controllable then M, = 7w~ (n(p)) for each p € P.
Conversely, if 9 is base-controllable and if M, = n~Y(m(p)) for each p € P, then (1.1) is
controllable.

Proof: If (1.1) is controllable then M, = n~!(7(p)) for each p € P. Indeed, if (1.1) is
controllable then every two points in P may be connected with a Z-compatible curve. In
particular, two points in the same fibre may be connected with a Z-compatible curve. But
this means exactly that M, = 7~ 1(7(p)) for each p € P.

Now suppose that 2 is base-controllable and that M, = 7~!(r(p)) for each p € P. Let
p1,p2 € P and denote by = w(p1) and by = 7w(p2). Since Z is base-controllable we may
find a curve ¢ which connects b; with by and which is compatible with Z,. Let ¢; be the
lift of ¢ through p;. The curve ¢ is a Z-compatible curve which connects p; with a point
ph € 7 1(b2). Now, since M, = 7~ (n(p)), we may find a Z-compatible curve d which
connects ph with pa. The concatenated curve d = ¢; is a Z-compatible curve which connects
p1 with pa which shows that (1.1) is controllable. |

San Martin and Crouch [1984] prove a generalisation of the following result.

1.6 PROPOSITION: (San Martin and Crouch) Let P(B,G) be a principal fibre bundle
with compact structure group G, and let P be an accessible G-invariant distribution on
P. Then the system (1.1) is controllable if and only if 2 is base-controllable.
The generalisation in [San Martin and Crouch 1984] is to systems with distributions which
are more general than G-invariant ones. In this instance the compactness of the structure
group is essential because the system may contain a drift term. However, if there is no drift
term, the above proposition is true even when G is not compact.

Now we present a theorem by Ambrose and Singer [1953]. This gives necessary and
sufficient conditions for a connection on a principal fibre bundle to be controllable in terms
of the Lie algebra of the holonomy group.

1.7 THEOREM: (Ambrose and Singer) Let P(B,G) be a principal fibre bundle with con-
nection 2 and curvature form Q. Let p € P, and let ®(p) be the holonomy group of 2
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with reference point p and let P(p) be the holonomy bundle through p. Then the Lie algebra
of ®(p) is the subspace of g generated by the subset

{range(Qp/ | HyP)| p' € P(p)}
As an easy consequence of this we have the following corollary.
1.8 COROLLARY: Let P(B,G) be a principal fibre bundle with connection 9 and curva-

ture form Q. Then 2 is accessible if and only if

g = span{ range(Q, | HyP) | p' € P(p)}

2. The principal bundle structure in Brockett’s normal form

In this section we wish to further explore Remark 3) made in Section 1. Namely, we wish
to investigate a system which attains its control Lie algebra after one level of bracketing of
the control vector fields.

2.1. Brockett’s normal form as a principal bundle. In [Brockett 1982] a normal form
is given for systems where the control distribution has a certain dimension with respect to
the system, and where the involutive closure of the control distribution is spanned by first
order brackets. The control system studied there is on R™(m+1)/2 and is written as

& =, i=1,...,m

9 = uizd — st

Note that we may think of this as being a control system on R™ X o(m) where o(m) is the
set of skew-symmetric m x m matrices. If we write (x,Y) € R™ X o(m) we get the equations
T=1u (2.1)

Y = au” —ua”. ’

We wish to cast this system as a control system on a principal bundle as in Section 1.
Let P £ R™ x o(m). We may consider G £ o(m) as an Abelian Lie group via addition

of matrices. We may also identify g ~ o(m) and the Lie bracket on g is the trivial one. The
group G then acts freely on P by translation in the second factor. Thus, if A € G we have

Ra(z,Y) = (z,Y + A).

We may identify M = P/G ~ R™ in the natural way. Since P = R™ x o(m) is a vector space
we have a canonical identification of TP ~ P x P. It is easy to verify that if £ € g >~ o(m)
and if {p denotes the infinitesimal generator for £ then we have

&p(,Y) = (2,Y,0,6).
Thus the vertical subbundle of the principal fibre bundle P(M, Q) is given by

VieryP ={(a,B) € Tz )P | a=0}.
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2.1 PROPOSITION: The distribution 2 on P defined by
P(x,Y)={(a,B) € Tey)yP| a=u, B= zuT —uzT for u € R™}
is the horizontal distribution of a connection on P(M,G).
Proof: We first show that T(,,yyP = Vio.y)P ® Z(2,Y). For (a, B) € T(y,y)P we may write
(a,B) = (a,za” — az™) + (0, B — za” + az™)

where (a,za” — az”) € 9(x,Y) and (0, B — wa” + axT) € V{;y)P. Therefore, T(;y)P =
Via,y)P+2(2,Y). Now let (a, B) € Vi y)PNP(x,Y). Since (a, B) € Z(x,Y) we must have
(a,B) = (u, zu” — ua™) for some u € R™. But, since (a, B) € WV(a,y)P we must have u = 0
which implies that B = 0 so Vi yyP N Z(2,Y) = {0}. Thus Ty y)P = Vi v )P © 2(,Y).
Now we show that TRA(Z(z,Y)) = 2(Ra(x,Y)) for each (2,Y) € P and for each
A € G. Note that
TR4(z,Y,a,B) = (z,Y + A,a,B).

Thus

TRA(Z2(x,Y)) =TRa({(z,Y,d/,B') € TP |
d =u, B' = zu” —uz” for u € R™})
={(z,Y +A,d,B)eTP|
d =u, B' = zu? — uzT for u € R™}
= P(Ra(z,Y)).

This allows us to conclude that 2 is the horizontal distribution for a connection on P(M, G).
The connection form and the curvature form will be respectively denoted by w and 2. W

Thus we see that the control system (2.1) may be regarded as a control system on a principal
fibre bundle whose control inputs span the horizontal distribution of a connection on that
bundle.

2.2. Controllability of (2.1). It is possible to examine the controllability of (2.1) directly.
However, we will use the principal bundle structure to examine this. We first need to
compute the connection one-form w. Let &; be the element of o(m) which has a 1 in the
ith position. It is then a simple matter to see that

ij*" position and a —1 in the ji
{61 4,5=1,....m, i<j}

is a basis for o(m). Now define differential one-forms a® for 4,5 = 1,...,m, i < j by

o = dyij +2'da? — 2/ dat.

2.2 LEMMA: The connection form is given by w = aijfij (summation over i < j).
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Proof: We need to show that w annihilates 2 and that w applied to a vertical vector, (0, B),
yields the vector in g whose infinitesimal generator gives (0, B).
Let U be a horizontal vector at (z,Y) € P. Thus

8 m m a
Uzukﬁ—&-(ulx —u xl)aym

Now we compute

aij(U) — Ocij <uk% n (ulxm _ umxl)aylm)
i j 0 j 1.0 0 ij m m,.l 9
:x'dx](ukaxk) —oldx (ukW)ery’J((ulx —u xl)m)

=z — v +u'a? — Izt = 0.

Thus w annihilates horizontal vectors.
Now let V be a vertical vector at (z,Y) € P. Thus

4 0
_ gkl
e

for a skew-symmetric matrix B. Then
i i okl O
o (V)=a¥ (BHW>
_ dy“ (Bkl aykl )
=DBY.
Therefore, B
w(V) = BY¢;, summation over i < j.

But Bijﬁij is exactly the element of g whose infinitesimal generator is V. Thus w as given
in the statement of the lemma is the connection one-form for Z. |

Armed with an explicit formula for the connection one-form it is possible to prove the
following result.

2.3 PROPOSITION: Let (2,Y) € P and § € g. Then § = Q. y)(U,V) for horizontal
vector fields U,V at (x,Y) if and only if € = vu” —wv” for u,v € R™.

Proof: From Lemma 2.2 we have the connection form given by
w= ozij.fi_,v, summation over i < j.
Thus we have

dw = da &5, summation over i < j

= deid$j§ij, summation over i < j.
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Let U,V be horizontal vector fields given by

U(z,Y) = u’(z,Y)% + (ul(x,Y)zj - u-i(x,Y)zi> Bjij
V(z,Y) = vi(z,Y)% + <v"'(w,Y)xj - vj(x,Y):v") 031
where u,v: P — R™ are smooth maps. Then we may write
QU,V) =dw(U,V)

= 2dz'da’ (U, V)&ij, summation over ¢ < j
= 2(da*(U)da? (V) — da’(V)da? (U))&;, summation over i < j
= 2(ufv! — wv')g;, summation over i < j
=ou? —wT.

Now if we fix (z,Y) € P we sce that if £ = Qv (U, V) then § = vul —uv”. A simple
reversal of the above computations yields the converse. ]

If we define the bilinear map

m: R™ X R™ — o(m)

(u,v) — vul —unT.

we know that by 1.7 the image of f,, generates a subspace of the Lie algebra of the holonomy
group at any point. Furthermore, (2.1) is controllable if range(f,,) generates all of g =
o(m).

2.4 PROPOSITION: The system (2.1) is controllable.

Proof: Let {ei,...,en} be the standard basis for R™. Now note that &;; = fm(e;, €;). Thus
range(f,,) contains a basis for o(m) and so generates o(m). By our remarks made above
this shows that (2.1) is controllable. |

2.5 REMARKS: 1. Since the system (2.1) is a normal form for a class of control systems
it is reasonable to ask if this class of systems possesses a group structure carried over
from that which we have demonstrated in the normal form.

2. It is also interesting to consider when other classes of control distributions possess
group structure. Thus, to examine these systems, it may be of advantage to use the
group structure, especially the notion of fibre directions. O

2.3. Optimal control of (2.1). Brockett [1982] discusses optimal control of the sys-

tem (2.1) in the sense that controls ui(t), ..., um(t) are sought which steer the system from
(z1,Y1) € P to (z2,Y2) € P in time T' = 1 while minimising the cost function

1
d((a1, Y1) (2, 2)) = /0 alt), (D)) di
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We wish to cast these calculations in our principal fibre bundle formulation. Suppose that

; 0 ik kg O
U:u%—‘r(ufx —u zj)ayij

is a horizontal vector at (z,Y’) € P. Then is is easy to compute

;0
T(I,y)W(U) =u oz

Thus we have the following vector bundle isomorphism over 7.

IrETn|2: 29— TB
(x,Y,u,zul —uz?) — (x,u)
This immediately yields the following result.
2.6 LEMMA: Let € ((x1,Y1), (x2,Y2)) be the set of horizontal curves which connect (x1,Y1)

and (x2,Y2) in time T = 1. Let c(t) € €((x1,Y1), (x2,Y2)). Then the length of c(t) defined
by

Ie(t)) = /O VEw, e@) di

1s equal to the standard Euclidean length of the projected curve moc(t) on R™.
Thus the optimal control problem may be reworded as:

PROBLEM STATEMENT: Among all curves c(t) € € ((x1,Y1), (x2,Y2)) find the one whose
base curve mwoc(t) has the minimal Euclidean length.

Now we restrict ourselves to the case where x1 = x9. Thus we are considering the case
where Y] and Y lie in the fibre over the same point. Without loss of generality we may
suppose that 1 = zo = 0, and Y3 = 0. We will let Y» be denoted by Y. To study this
problem a key role will obviously be played by base curves which are loops beginning at
z =0att=0and ending at z = 0 at t = 1. To that end let Cj be the set of all such curves
and recall that concatenation of these curves determines a group structure on Cp. For each
c(t) € Cp let ¢(t) be the horizontal lift of ¢(¢) through (0,0) € P. The map

x: X — Oy

(0.0) s (!9 €C | Fol0:0) = ()

is an isomorphism.

3. The principal bundle structure in the chained form of Murray and
Sastry

Another nonholonomic control system which exhibits a principal fibre bundle structure
is given by Murray and Sastry [1991]. This control system has two inputs and has the form
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£l =yt
€2 = o2
€3 = 2! i
£ = g3yl (3.1)
én — 6"71111

3.1 PROPOSITION: The change of variables

=g
2= ¢
3= 3y ele?
1
4 _pd 1¢3 L1202
=8 -08+ ()% (3.2)
n—1 1
no_ (_1)ngn _1i I\n—igi
"= >£+Z; Ve
is a global diffeomorphism of R™ and the vector field given by (5.1) transforms to
it =l
i =?
i3 = xtu?
1
I'4 — 5(Il)2u2 (3‘3)
1
no__ 1\n—-2,2
z 7(n72)!(m) u
under the coordinate change (3.2).
Proof: A calculation. [ ]

The form (3.1) is called the chained form, and the form (3.3) is called the power form.
For our purposes it is convenient to use the power form, so for the rest of the section we
consider the control system (3.3).

3.1. The power form as a principal bundle. The control distribution is given by

1yi—2
Efj2)!v’ z=3n} (3.4)

D(x) = {1} ET,R™| vi=
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We wish to show that this is the horizontal distribution on a principal fibre bundle whose
total space is P = R™. The group will be G = R"2 and the group action is given by

((a',...,a"™2), (21, ..., 2™) = (2,22, 2% + al, .. 2" + a7 2))

The orbit space, M, is diffeomorphic to R*~2. The canonical projection from P to M may
be taken to be
m(ata?,. .. ") = (a!,2?)

It is easy to see that for £ € g ~ R"~2, the infinitesimal generator &p is given by

n o E)
Epa) =) €77

=3

Thus the vertical subbundle is given by
0 19}
ViP=(—7=,....— ).
’ < a3 O™ >

3.2 PROPOSITION: The distribution given by (3.4) is a connection on the principal fibre
bundle P(M,G).

Proof: First we show that T, P = V, P & %(z). For v € T,,P we may write

1\n—2
T
(Wl’---vvn) = <U17U27I1U27---7ﬁv2>*

1\n—2
3 1,2 n_ (@) 2
(0,0,1} —z v, —(n72)!v>

The first vector in the decomposition of v lies in Z(z) and the second vector lies in V, P.
This shows that T,P = V,P + Z(z). Now let v € VPN Z(z). Since v € V, we have
vl = v = 0. It is then easy to see from (3.4) that this must mean that v = 0. Thus
T,P=V,P® P(x).

Now we show that TR.(Z(z)) = 2(Ra(x)) for each z € P and a € G. Note that

TRu(z,v) = ((z', 2%, 2% +al,. . 2™ 4+ a™72), (v), .. o).

Thus
) 1yi—2
TR.(Z2(x)) = TRa<{(1’,v) eTP| o' = %v% i= 3,...,n}>
= {((zl,x2,13 +al,. .2+ a ), (vl o) e TP |
G T R
v = (i—2)!v , 1=3,...,n

— (Ro(x))

This completes the proof. |
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3.2. Controllability of (3.3). We examine controllability of the power form using the
principal bundle structure. Note that the distribution 2 may be written as

2 = ker {al, ... ,a"_Q}

for L
. xt)? .
a’zi( ,|) da? — da™t? i=1,...,n—2
i
We may use this to determine the connection form for the connection 2.

3.3 LEMMA: Let {e1,...,en_2} be the standard basis for R"1. The R 2-valued differ-
ential one-form
w=ale;+ - +a" e, o

is the connection form for the connection 9 on P(M,G).

Proof: We must show that w annihilates 2 and that, when applied to a vertical vector v,
w gives the vector in g whose infinitesimal generator gives v.
Let u be a horizontal vector at € P. Then

1yn—1
xT
u = <u1,u27x1u2, . En22)|u2>

Then

1\n—1 1\n—1
w(u) = (1‘1 — .’L’l)’u261 + -+ (% - %>U2en—l =0

so w annihilates horizontal vectors.
Now let v be a vertical vector at x € P. Thus v = (0,0,&%,...,£"72). It is then clear
that

wv) = (&, &) ¢
and the vector £ € g has the property that {p(z) = v. Thus w is the connection form for
the connection 2. ]

It is now a simple matter to explicitly compute the curvature form for the connection 2.

3.4 LEMMA: Let u,v € T, P. If Q denotes the curvature form for the connection 2, then
n—2 i
(Il)z—l
Qu,v) = Z m(ulv2 —uPvl)e;
i=1

Proof: From 3.3 we know that the connection form is given by

w= "g @dzz —dzi*? )e;
B il !

i=1
Thus )
e )
_ (=)' 2
dw = Z iz 1)Id$ AdxZe;.
i=1
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Now if u, v are vectors at © € P we have

Q(ur U) = d‘-‘)(uh 'Uh)

S (Z

i=1
2y

EZ ) )(uhvh uhvflb)ei

X

(dm (un)da?(vp) — da* (vp)da? (up))e;

n—

)il

= -

It is now possible to show that (3.3) is controllable.

(u v? — ulol)e;

3.5 PROPOSITION: The system (3.3) is controllable.

Proof: By 1.7 it is sufficient to find n — 2 points z1,...,z,—2 € P and n — 2 pairs

((ud,u?), (01, v2),. .., (Ul _g,u2_y), (V) _o,v2_5)) € R2 x R? such that @1 ~ 2y ~ -+ ~ Ty
and such that

{Q(e) (w1, u]), (v1,07)); -+, Qwn—2) ((up_s, 1 _2), (U2, v _5)) } (3.5)
is a basis for R™. Let x1,...2,_2 € P be such that 1]1 =...= x{kZ =0, j=2,...,n.

Clearly @) ~ g ~ - -+ ~ &5 since one can pick the control u! to steer to any value of x!

desired and leave all the other coordinates fixed by setting the control % = 0. Now choose
1,2 1,2 1 2 1 2

((ul ’ “’1)7 (vl U1 )7 ce (“’n—Zv un72)7 (’Un72‘r ’U7L72)) so that

1,2 2.1 _ 12 2 1
UIVT — UTV] = = U U g — Uy ol 9 =1

This will be true, for example, if

((u%7 u%)(vllv U12)) == ((U}L—Qv ui—?)(”}b*% 1)721,2)) = ((17 0)’ (07 1))
We claim that we can choose o1,..., 2L, so that (3.5) is a basis for R™. We will make the
assumption that none of the z!’s are zero. Note that
2 1 (z})
i) ((uf i), (vf,07)) = ex + wles + T
1\n—3

T )
2”) )e,, 2, i=1,....n—2

Thus (3.5) is a basis for R™ if and only if the matrix

(12
1 a2t
(3)*

Loz 5
1 (xp_5)°
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has full rank. Note that we may write

@ b

(==}
—
RO O
(=)

Uoahy (g o @) |l Sl
2 2 2 000 - i

Thus the proposition will be proved if we can prove the following lemma.

3.6 LEMMA: For m > 0 the real matriz

2 m—1
1 a a7 -+ af )
2 m—
1 ax a3 -+ ay
2 -1
1 an aj, ay
is tnvertible if and only if the points a1, ...,an € R are distinct and non-zero.

Proof: Necessity is clear. For sufficiency, suppose that the above matrix is not of full rank
and that ay,...,a, are distinct and non-zero. Then there exists constants cg,cq,..., ¢y €
R, not all zero, such that

oL,y 1) +er(ar, ..o am) 4+ + em(a . a1 =0
Therefore
co+cra1 + -+ emal’” 1_p
co+ 1 + - + cpam™ 1_g
This implies that the polynomial
F(t) =co+ et + - + epmt™ !

has m distinct non-zero roots. However f(t) has at most m — 1 distinct roots so we arrive
at a contradiction. v

Since the lemma is proved the proof of the proposition is also complete. ]

The following result gives a description of the points such that the curvature form at these
points generates the holonomy algebra.
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3.7 COROLLARY: For xy,...,x,_9 € P, the set

n—2

U range((x;
i=1

generates g = R"2 if and only if 21,..., 2l _, are distinct and non-zero.

Proof: Follows directly from the proof of Proposition 3.5. |

3.3. The holonomy associated to a control input for (3.3). Now we determine
the holonomy associated to a particular control input (u!(t),u2(t)) in (3.3). This may
be phrased in principle bundle language as: We shall determine the horizontal lift of an
arbitrary curve on M. We begin with simple closed curves (i.e., curves which do not
intersect themselves). Let ¢(t) = (x'(t),2%(t)) be a simple closed curve on M (assumed to
be parameterised on the interval I = [0,1]), and let (23,...,2%) lie in the fibre over ¢(0).
We wish to compute the values of (z3,...,27) € 771(c(1)). Observe from (3.3) that the
evolution of (z%,...,2") is a function only of #'(t) and u?(t). Thus we may compute the
evolution of each component (z3(t),...,z7(t)) independently of the others. The following
lemma determines how to perform that calculation.

3.8 LEMMA: Consider the system
5’1 — !
§'2 —?
€ = 1L &' + F2(E, )

Suppose that the control inputs (v'(t),v?(t)) describe a simple closed curve in the (£',£%)
plane. Let D denote the domain whose boundary 9D is the curve described by the control

inputs. Then 1 g2y Tiel ¢2
) o (&,
g_e // ( fafglf fé&éi )>d§1d§2

We take the plus sign if the curve 9D is positively oriented, otherwise we take the minus
sign.

Proof: By Green’s theorem we have

/ (F1(E.€3) de + f2(€1 €2)ae?) =
oD

or3(et, &) 6f1(£1a£2) 19¢2
A ( o1 o€ >d’5 a

The integral on the left is taken in a positively oriented (i.e., counterclockwise) sense. If we
parameterise the boundary dD by the curve defined by the control inputs we may write

/aD (F1(E,€2)de + f2(e',€2)de?) =
1
/O (FHE (), ()0 (1) + F2(E (1), €202 (1)) dt
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However, we also have

& = e, ol + e, N
1
=  §-&= A (FHE®), €00 (1) + F2(E1 (1), (1)) (1)) dt
This proves the lemma. ]

Recall that from (3.3) we have

T =u
2 =u?
= (al)i—2 o2
(7—2)!
for j = 3,...,n. Therefore, by Lemma 3.8 we have
(@
x] — 6://]3('—3)1(1 1z, ji=3,...,n
Note that () ;
z’)! 17,2
G- 3)!d1 dx

is the (j — 2)™ component of the curvature form Q. Let’s compute the holonomy in the
instance where D is a circle of radius R. The circle is shown in Figure 1. The region D is
given by

D= {(",2? e R?*| |(2',2%) — (2§ + Rcos 6,2 + Rsing)| = R}

As coordinates for D we will use

r= \/(171 — 2} — Rcos¢)? + (22 — 22 — Rsin¢)?

22— 23 —Rsind))

0 =arctan | —————
zt — x5 — Rcos ¢

with the inverse coordinate change being

2! = 2{ + Rcos ¢+ rcosf

2% = 2%+ Rsing +rsind

. . 1\j—-3
) — ) = // (:v ) dz'da?
! 0 p (j—3)!
7/2"‘/12 (rcosf + Rcos ¢ + ag)i—3
o Jo
1

We then have

rdrdf

(=3

R 27
=0 r a+bcos€j’3d0) dr
(.7—3)!.A (A ( )
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N\

(5, 95)

FIGURE 1. The domain D.

where
a=Rcos¢ +

The integral with respect to  may be obtained (by Mathematica) as

2T . Ny
/ (a+rcos0)2d0 =223y (5 - 32, - 132 1, ;—2)
0
Here o F1 (o, 3; 0; x) is the hypergeometric function which is a solution of the differential
equation
d%y

z(1— m)daﬂ

$B— (ot B+ 1Y —afy=0

d
Thus we get

P 1 R L o3 g3 i 2
I{—I{Fm/o 213 =50 -5 L ) rdr
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