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Abstract

The trend toward urbanization necessitates a detailed examination of noise pollution

in densely populated areas. Interactions between architectural structures and trans-

portation noise sources, including airways, railways, and highways, make this an in-

tricate problem. Numerous studies have documented the adverse effects of continuous

noise exposure on physiological and psychological health, highlighting the importance

of understanding noise pollution in urban areas. This research employs the spectral

element method (SEM), a numerical technique known for its ability to model complex

geometries accurately. The SEM is employed to create high-resolution digital sound-

scape maps that allow for a comprehensive analysis of the spatial and temporal dis-

tribution of noise pollution in urban environments. The method employs high-order

polynomial approximations on unstructured grids, facilitating detailed representation

of both regular and irregular geometries, and complex boundary conditions. By doing

so, it balances computational efficiency and accuracy, making it an effective tool for

urban noise analysis. The models were constructed of two urban zones in Kingston,

Ontario, specifically, the areas surrounding a central train station and a prominent

cathedral, using real-world GIS data. These models offer a detailed depiction of the

city’s physical attributes. The resultant noise maps provide valuable insights into the

spatial distribution of noise pollution. This information serves as a foundation for

designing effective noise mitigation strategies and guiding urban planning initiatives.
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The findings of this study have applications in urban planning, policy development,

and decision-making processes. By delineating a computational modelling approach

for the spatial and temporal evaluation of noise pollution, this research contributes

to the growing field of understanding and managing urban noise. Additionally, the

methodologies and models developed may be utilized as references for future investi-

gations and practical applications, as well as tools in the ongoing efforts to improve

urban living conditions, noise control, and environmental responsibility.
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1

Chapter 1

Introduction

As the global population increases [55], coupled with the ongoing urbanization trend

since the industrial revolution [43, 57], the prevalence of anthropogenic noise has come

into focus. With limited land and growing infrastructural demands to accommodate a

growing population, new residential developments must expand vertically or infringe

upon areas typically reserved for transport or manufacturing—regions usually avoided

due to noise pollution. As population density grows, so does the frequency and inten-

sity of noise pollution. From a commercial standpoint, residential housing near areas

of high noise pollution is subject to considerable depreciation, given their undesirabil-

ity for prolonged habitation. However, with limited land and ever-increasing demand,

such areas are new targets for residential developments. Therefore, a conscientious

real estate developer seeking to investigate the depreciation of a potential investment

due to noise pollution would be wise to model the available schematics of a proposal

along with existing infrastructure and noise. Such investigation would provide a pre-

emptive noise map illustrating areas of greatest exposure. Such information would

provide important information about a project’s profitability or potential mitigation

strategies.

The noise generated by high-traffic areas such as airports, highways and railways is
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a commonplace experience in urban environments, and an investigation of such urban

noises is necessary to evaluate their auditory impact on the surrounding population.

Human well-being is a cornerstone of government social responsibility as outlined by

classical English political theory. According to John Locke’s first treatise of govern-

ment [35], the government’s function is to protect the natural rights of individuals,

including the rights to life, liberty, and property. The psychological and physiological

disturbances of urban noises on an individual’s quality of life should categorically fall

within the purview of protection of life. Such disturbances have well-known adverse

effects on individuals’ life quality. Environmental noise exposure has been linked to

a number of adverse health effects, including increased levels of oxidative stress and

increased risk of cardiovascular disease [39]. Investigating urban noise sources and

their effects on the environment and individuals is crucial for governments to fulfil

their duty of protecting the rights and well-being of their citizens.

The perception of sound is a blend of the direct sound emissions from a source

and the indirect reflections from various surfaces. In-room acoustics, where both the

direct sound and indirect reflections off the walls, ceiling, and floor, are crucial to the

overall acoustic quality of the space. Consequently, a central theme in acoustics is

the manipulation of these reflections, which significantly affects the propagation and

subsequent perception of sound. When sound interacts with a surface, it can either be

transmitted through, absorbed by or reflected off that surface; the energy distribution

among these three outcomes is dictated by the acoustic properties and geometry of

the surfaces [11]. Surfaces may produce specular reflections by redirecting sound

uniformly, often due to large, flat characteristics, or diffuse reflections by spatially

and temporally scattering sound. Diffusers or surfaces that predominantly cause

diffuse reflections disperse a considerable portion of the reflected sound, leading to an

overall diffused auditory effect [11].
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The perceptual experience of sound in an urban setting such as Kingston, Ontario,

the site central to this study, is fundamentally influenced by the intricate interplay

of direct and reflected sounds. This dynamism arises from the complex tapestry of

surfaces, structures, and objects constituting the urban landscape, each interacting

distinctively with the propagating sound waves. For instance, the sound emitted from

the train horn - the primary noise source in this study - does not simply travel directly

to the listener. The geometry and material composition of urban structures play a

vital role in shaping the sound’s propagation pathway. The flat facades of buildings,

akin to mirrors in acoustics, can cause specular reflections where sound waves are

uniformly redirected. These reflections can amplify noise intensity in specific areas,

particularly when aligned with the direction of sound propagation. Conversely, urban

elements with varied and complex surfaces, such as vegetation or architecturally di-

verse structures, can serve as acoustic diffusers. These features scatter the incoming

noise in various directions, resulting in diffuse reflections. The dispersion of sound

energy can reduce noise intensity at a specific location, altering the perception of the

soundscape. Given this complexity, the geometry of the urban landscape is a signifi-

cant factor in sound propagation and perception. Accurate modelling of these urban

geometries becomes paramount for realistic acoustic simulations and for predicting

the community impact.

In this study, a comprehensive numerical investigation is conducted to simulate

the propagation of sound waves in an urban environment, considering the complex in-

teractions between sound waves and the built environment. The interaction of sound

waves with complex urban geometries is a cause for investigation, as the resultant

alteration of the sound field will be subject to considerable spatial variation. Such

variations result from interference patterns produced by the complex interactions with

the urban landscape [6]. To achieve this, real-world roof-line data was obtained from
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a municipal website, which provides accurate representations of the size and location

of building structures within the city. The spectral element method was chosen as

the primary computational tool due to its proven computational accuracy and high

efficiency compared to other numerical methods, such as finite element and finite

difference methods available [29]. The spectral element method offers significant ad-

vantages in handling complex geometries, a particularly relevant characteristic when

modelling the intricate and variable building perimeters commonly encountered in

urban settings. This capability enables the accurate modelling of sound wave propa-

gation around obstacles, such as buildings. It accounts for the effects of reflections,

diffractions, and other phenomena that influence how sound travels in a city.

Moreover, using real-world data ensures that the simulation results closely re-

semble the actual urban acoustic environment, providing valuable insights into the

behaviour of sound waves in densely populated areas. These insights can then be

used to inform urban planning and noise mitigation strategies, ultimately contribut-

ing to improved living conditions and the overall well-being of city residents. By

employing the spectral element method and leveraging real-world data, this study

aims to provide a detailed understanding of the complex interplay between sound

waves and the urban environment, offering a foundation for future research and prac-

tical applications in urban acoustics, contributing to healthier, more livable urban

environments.

1.0.1 Objective

The objective of this study is to construct detailed digital soundscapes that reflect

real-world urban environments, utilizing various sound sources. This research aims

to investigate the propagation of sound within urban spaces, considering sources with

diverse positions and spectral characteristics. The emphasis is on understanding
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how the complexities of urban landscapes interact with different sound parameters,

thereby providing a comprehensive analysis of how sound behaves and resonates in

such environments.

Given the recent advancements in computational capabilities and improvements in

numerical methods that accommodate complex geometries and boundary conditions,

it is hypothesized that numerical models of noise in urban environments, utilizing

realistic input parameters and calibrated with real-world data, will accurately predict

the behaviour of noise sources and their propagation patterns. Such models are

expected to not only reflect the physical processes occurring in surface and subsurface

systems but also serve as an essential tool for understanding, analyzing, and managing

noise in urban landscapes. This approach aims to bridge the gap between theoretical

simulations and actual noise phenomena, offering a comprehensive solution to noise-

related challenges in modern cities.

1.1 Noise and its Measurements

Physically, sound and noise are identical processes. However, noise is defined subjec-

tively as undesirable sound. The following concepts and corresponding equations are

derived from the ISO 1996-1:2016 [22] and the World Health Organization (WHO)

guidelines for community noise [5].

1.1.1 Sound pressure level (SPL)

Given the extensive range of sound pressures perceivable by humans, these levels are

recorded on a logarithmic scale. The Sound Pressure Level (SPL) is a quantitative

evaluation of the fluctuations in air pressure that constitute sound represented in
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decibels (dB). The pressure of any perceived sound is compared to a reference pres-

sure level of 20 �Pa (micropascals), which approximately corresponds to the lowest

perceptible limit of human hearing at a frequency of 1,000 Hz. Consequently, the SPL

represents how much the measured sound exceeds this auditory threshold. Given the

broad range of sound pressure levels that the human ear can detect, spanning from

10�12 to 10�2 Pascal (Pa), these levels are quantified on a logarithmic scale, which

effectively compresses the range into a more manageable scale.

SPL = 20 log10

�
p

pref

�
;

where p is the measured sound pressure in Pascals, and pref is the reference sound

pressure and SPL is in decibels.

The following tables may be of interest and serve as a reference in understanding

the results that follow in this study.
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Table 1.1: Average Sound Levels and Typical Responses [8]

Sounds and Noises Sound Level (dB) Typical Response
Normal breathing 10
Ticking watch 20
Soft whisper 30
Refrigerator hum 40
Normal conversation, air
conditioner

60

City traffic (inside the car),
gas-powered lawnmowers
and leaf blowers

80–85 Damage to hearing possible
after 2 hours of exposure.

Motorcycle 95 Damage to hearing possible
after about 50 minutes of ex-
posure.

Approaching subway train,
car horn at 16 feet (5 me-
ters), and sporting events

100 Hearing loss possible after 15
minutes.

The maximum volume level
for personal listening de-
vices and loud entertainment
venues (such as nightclubs,
bars, and rock concerts)

105–110 Hearing loss possible in less
than 5 minutes.

Shouting or barking in the
ear

110 Hearing loss possible in less
than 2 minutes.

Standing beside or near
sirens

120 Pain and ear injury.

Firecrackers 140–150

Table 1.2: Change in dB vs. Change in Sound Intensity/Energy

Change in dB Change in Sound Intensity/Energy
An increase of 3 dB Doubled
A decrease of 3 dB Halved

An increase of 10 dB Increased by a factor of 10
A decrease of 10 dB Decreased by a factor of 10
An increase of 20 dB Increased by a factor of 100
A decrease of 20 dB Decreased by a factor of 100
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1.1.2 Equivalent continuous sound pressure level (Leq)

Given that the sound levels of most noises are time-variant, the instantaneous pressure

fluctuations must be factored over a certain time span when calculating sound pressure

levels. The Equivalent Continuous Sound Pressure Level (Leq) is a measure used to

quantify the average sound pressure level over a specified time period. It provides

an indication of the overall sound energy experienced during that period, taking into

account the variations in sound levels over time. Leq is calculated by integrating the

squared sound pressure values over the specified time period, averaging the result,

and then taking the logarithm to the base 10. The equation for calculating Leq is as

follows:

Leq = 10 log10

��
1

T

Z T

0

p2 dt

�
=p2

ref

�
(1.1)

where T is the duration of the measurement period (number of time steps in

this case), p represents the instantaneous sound pressure in Pascals, and SPL is in

decibels.

1.1.3 Frequency and Frequency Weighing

Frequency, measured in Hertz (Hz), denotes the number of wave oscillations per

second. It plays a significant role in our perception of sound, as human hearing ranges

from 20 to 20,000 Hz. However, our ears do not perceive all frequencies equally [21].

The A-weighted scale is a method of measuring sound levels that attempts to take

into account the relative frequency-dependent loudness perceived by the human ear.

A sound level measured on the A-weighted scale denoted as dB(A) or dBA, will de-

emphasize the levels of low-frequency and very high-frequency sounds to reflect the

way humans actually perceive loudness. In this study, the calculated sound pressure
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levels are not A-weighted but remain unweighted. This is due to the equipment used

having a relatively flat frequency response and the variety of different frequencies

used in the models.

1.2 Previous Research

In 1995, Berglund et al. [5] commented on how the issue of noise pollution has been

a perennial concern throughout human history. During the times of ancient Rome,

regulations were put in place to lessen the noise produced by wagon wheels clanging

against the cobblestone streets, as it would interrupt sleep and be a source of irritation

for the citizens. Similarly, in Medieval Europe, certain cities imposed restrictions on

the use of horse carriages and horseback riding during the night hours to guarantee

that their residents could enjoy a peaceful slumber. However, the problem of the past

appears modest in comparison to the commotion of modern society. Modern urban

landscapes are continuously transversed by considerably high volumes of motorized

vehicles. Their diesel and gasoline engines and exhaust systems poorly muted (if not

purposely amplified) rumble throughout the city streets and highways at all hours of

the day, in addition to the thundering noises of jet aeroplanes and the clamouring of

passing trains.

In 1994, Lambert and Vallet [31] estimated that around 40% of European Union

residents are exposed to road traffic noise that exceeds an equivalent sound pressure

level of 55 dB(A) during the day, and 20% experience levels exceeding 65 dB(A).

When considering all transportation noise exposure combined, it’s estimated that

about half of the European Union’s populace live in areas where acoustic comfort is

not guaranteed. Over 30% of the population endures equivalent sound pressure levels

that exceed 55 dB(A) at night, a level which is disruptive to sleep. This issue of
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noise pollution isn’t restricted to developed countries, as cities in developing nations

also grapple with high levels of noise, primarily due to traffic. Measurements taken

alongside heavily trafficked roads have reported 24-hour equivalent sound pressure

levels ranging from 75 to 80 dB(A).

The detrimental effects of noise pollution on human health and well-being have

been extensively documented [3, 41, 54]. Chronic exposure to high noise levels can

lead to various health problems, such as sleep disturbances, cardiovascular diseases,

cognitive impairment and mental health issues. Sleep disturbances due to noise can

cause insomnia, changes in sleep stages, and increased heart rate [3]. In the long

term, poor sleep quality can significantly affect daily functioning, productivity, and

overall quality of life. Besides sleep disturbances, chronic noise exposure has been

linked to severe health problems, including cardiovascular diseases. There is growing

epidemiological evidence that long-term exposure to environmental noise, particularly

from transportation, increases the risk of cardiovascular diseases such as hyperten-

sion, heart attack, and stroke [41]. This noise-induced stress response, mediated

through the nervous and endocrine systems, poses a significant public health burden,

particularly in densely populated urban areas.

The connection between environmental noise and public health has been the driv-

ing force behind environmental legislation and policy changes over recent decades

[9, 5, 58]. Supported by numerous studies over the past two decades, the link be-

tween environmental noise and adverse health effects has been firmly established.

Among these effects, annoyance [37] and sleep disruption [7, 47] have been the most

prominent. However, the effects extend beyond these to include negative emotional

responses such as anger, disappointment, dissatisfaction, anxiety, and depression, as

well as other mental health implications [17, 18, 38, 37, 30]. Further research has

found an association between noise exposure and cardiovascular disease [2, 1], and
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an impact has been observed on children’s health [14, 15, 16]. This provided the

backdrop for the introduction of the EU Environmental Noise Directive. Moreover,

cognitive health is also negatively affected by noise pollution. Both children and

adults exposed to high noise levels have shown signs of cognitive impairments, affect-

ing reading comprehension, memory, and tasks requiring high levels of concentration

[54]. These cognitive effects, particularly in children, have long-term implications on

educational achievement and future productivity.

The psychological stress from chronic noise exposure can significantly impact men-

tal well-being, exacerbating mental health disorders and reducing overall life satisfac-

tion [54]. In recent years, the correlation between noise pollution and urbanization

has received increasing attention from researchers, urban planners, and policymakers

alike. As urban populations continue to grow, the issue of noise pollution becomes

increasingly pertinent. Several studies have investigated noise exposure in urban envi-

ronments, examining the noise sources, the populations most affected, and the times

and places where noise pollution is most severe [26, 24]. These studies have deepened

the understanding of the scope and nature of urban noise pollution and played a

crucial role in proposing mitigation strategies. Strategies range from urban planning

and architectural design approaches, noise barriers, and regulation of noise sources

to community education and awareness campaigns [24]. The goal is to mitigate the

harmful effects of noise pollution and create urban environments that promote rather

than harm the health and well-being of their inhabitants.

Numerical methods have proven to be powerful tools for studying wave propa-

gation in complex urban environments. Among the numerous available numerical

techniques, the spectral element method has shown to be particularly effective due to

its ability to model complex geometries and handle large-scale problems accurately

[29]. This method has been applied in various studies to simulate the propagation of
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sound waves in urban settings, providing valuable insights into the complex interac-

tions between mechanical waves and the built environment.

Noise pollution in urban environments is an issue of pressing concern and has

been the focus of numerous studies. Among the most critical tools in this area of

research are noise maps, which provide a comprehensive visual representation of the

distribution of cumulative noise in urban environments [40]. These maps are graphical

representations of noise data, illustrating the spread and intensity of noise across

different city regions. In addition, they allow for a spatial understanding of noise

pollution, providing a detailed picture of the areas most affected by excessive noise.

Noise maps have proven to be valuable in several ways. For one, they are in-

strumental in informing urban planning decisions. City planners can use noise maps

to understand a city’s noise landscape better and identify areas where noise levels

may adversely impact residents’ quality of life. Moreover, noise maps have been used

to develop noise mitigation strategies. By identifying areas of high noise exposure,

these maps help pinpoint where interventions are most needed and effective. They

can inform the strategic placement of noise barriers, the design of new buildings, and

traffic routing, among other noise reduction strategies [40].

1.3 Organization of Thesis

The structure of this thesis is organized into five chapters.

The �rst chapter provides an introduction that includes the motivation for the

research, a statement of the problem being investigated, the objectives and hypotheses

of the thesis, and a brief overview of related work in the field.

The second chapter details the governing equations that underpin the numerical

method used in the research.
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The third chapter delves into the exploration of the train signal investigation,

offering a comprehensive analysis of the method used and data collected, along with

the insights derived from the noise maps.

The fourth chapter delineates the church bell investigation, presenting the meth-

ods used, the results obtained, and the experimental validation process. The insights

and interpretations drawn from the church bell study are also detailed in this section.

The �fth chapter concludes the thesis, providing a comprehensive summary of

the project outlining the significant findings and their implications. It also presents a

vision for future research building on this work and the key conclusions drawn from

the analysis.
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Chapter 2

Numerical Analysis

Analytical solutions, while precise, are rapidly overshadowed by their impracticality

in real-world applications. This is due to the introduction of complex geometries and

heterogeneous material properties, which result in exceedingly intricate and lengthy

formulas, thus limiting their utility. Therefore, we must rely on numerical methods

to simulate wave propagation in complex environments. There are several numerical

methods used to solve wave propagation. The finite-difference method (FDM) is a

prominent technique in wave propagation modelling [4][12][33][56]. Characterized by

the direct discretization of the strong form of the governing equations on a struc-

tured grid, the FDM is appreciated for its simplicity and computational efficiency.

The structured grid approach, generally comprising equally spaced grid points, is

conducive to parallel processing adaptation, which contributes to faster computation

times [32] [53]. However, the FDM does present some limitations, particularly when

faced with complex boundaries and interfaces [23] [46]. The inherent rigidity of its

structured grid makes it challenging to capture the intricate geometrical features of

some physical phenomena accurately. This limitation becomes even more pronounced

in the presence of surface topography or when dealing with intricate boundary con-

ditions. The approximation methods employed within the FDM may lead to reduced
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accuracy in these scenarios.

The finite element method (FEM) is another commonly used numerical method

to solve wave propagation problems. Unlike the FDM, the FEM discretizes the weak

form of the governing equations, thereby solving the integral weighted residual equa-

tions [59]. The main advantage of the FEM is its flexibility of geometrical mapping,

thus allowing for complex models and interfaces. The FEM generally uses low-order

elements, and the mass matrix is non-diagonal. Therefore, the mass matrices are

often diagonalized using approximate techniques, such as lumped mass technique.

However, the accuracy and efficiency are compromised due to the low-order elements

and approximate diagonalization techniques.

For our simulations, we use the spectral element method (SEM), which is a higher-

order FEM that uses a specific numerical integration technique, namely the Gauss-

Legendre-Lobatto (GLL) quadrature rule. In the following, we briefly explain the

spectral element method.

2.1 Spectral Element Method (SEM)

Introduced in the mid-1980s by A.T. Patera as a solution to computational fluid

dynamics problems, the spectral element method (SEM) is a high-precision numerical

technique that is adept at handling complex geometries and non-uniform grids [48].

The strength of SEM lies in its distinct use of higher-order polynomial representation

for the solution within each element, combined with a collocation methodology.

The collocation methodology involves selecting specific locations within the do-

main, termed collocation points. In SEM, these collocation points are chosen to

coincide with the Gauss-Legendre-Lobatto (GLL) quadrature points. This alignment

gives rise to a system of equations that can be solved to find the coefficients of the
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approximating polynomial that best represents the solution and results in several

computational efficiencies, such as diagonal mass matrices.

GLL quadrature provides a systematic approach for approximating integrals, where

the quadrature points represent a set of specific locations within the integration do-

main. These points are derived from the roots of the Legendre polynomials and

represent the precise locations where the function is evaluated. The alignment of the

interpolation and quadrature points leads to more accurate solutions.

In SEM, each Lagrange polynomial is defined such that it equals one at its corre-

sponding GLL point and zero at all other GLL points. This property allows Lagrange

polynomials to effectively interpolate the solution at the GLL points within an ele-

ment. As a result, SEM yields diagonal mass matrices, which significantly simplify

the solution of the system of equations, rendering the process more computationally

efficient and robust.

Contrary to most global approaches, SEM solves each element independently, eval-

uating the solution locally. The global solution is obtained by assembling these local

solutions to ensure continuity and compatibility at the boundaries. This local ap-

proach drastically simplifies the computational and mathematical processes as each

local problem possesses fewer variables and simpler geometries than the global do-

main. The combination of local computations with the global assembly, coupled with

the unification of the collocation technique and GLL quadrature, also enables higher

computational efficiency and adaptability in dealing with intricate geometries. Given

that each element can be uniquely shaped to conform to the specific structure of the

problem, this method facilitates parallel computing and represents an advantageous

feature for modern numerical simulations.
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SPECFEM2D and SPECFEM3D

SPECFEM2D and SPECFEM3D Cartesian are two open-source geoscientific soft-

ware packages designed to solve wave propagation problems in 2D and 3D domains,

respectively, based on the spectral element method. SPECFEM3D Cartesian facili-

tates simulations across a spectrum of wave propagation categories such as acoustic,

elastic, coupled acoustic/elastic, poroelastic, and seismic waves in 3D domains [27].

It is capable of handling any structured or unstructured conforming hexahedral mesh,

enabling the modelling wave propagation in complex geological models. Its versatility

allows for the manipulation of intricate geometries, abrupt discontinuities, and het-

erogeneities, positioning it as a suitable choice for diverse research and commercial

endeavours. SPECFEM2D, on the other hand, centres on the simulation of forward

and adjoint seismic wave propagation in two-dimensional domains. It encompasses

acoustic, (an)elastic, poroelastic, or compound acoustic-(an)elastic-poroelastic media

effective modelling across varied physical landscapes [28]. Both are equipped to man-

age an extensive range of features such as an-elasticity, attenuation, non-linearity,

and fractures. A defining feature of SPECFEM is its adaptability to parallel comput-

ing architectures, allowing for scalable solutions that can efficiently tackle large-scale

simulations.

2.1.1 Formulation

Governing Equations

To compute the soundscape, we consider the solid domain Ωs, bounded by the surface

Γs, and the fluid domain Ωf, bounded by the surface Γf. The solid and fluid domains

are coupled via the solid-fluid boundary Γsf. We solve the coupled elastic-acoustic

wave equations [34, 49]:
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� @2
t u = r � � in Ωs ; (2.1)

��1 @2
t � = r �

�
��1 r�

�
+ f in Ωf ; (2.2)

subject to the essential and natural boundary conditions:

u � ns = ���1r� � nf on Γsf ; (2.3)

� � ns = �pnf on Γsf ; (2.4)

� � ns = 0 on solid free surface ; (2.5)

p = 0 on fluid free surface ; (2.6)

and the initial conditions:

u(x; 0) = 0 ; (2.7)

@tu(x; 0) = 0 ; (2.8)

@2
t u(x; 0) = 0 ; (2.9)

�(x; 0) = 0 ; (2.10)

@t�(x; 0) = 0 ; (2.11)

@2
t �(x; 0) = 0 ; (2.12)

where, u denotes the displacement in the solid domain, � the displacement potential

in the fluid domain, and p the pressure in the fluid domain. Similarly, � represents

the stress tensor defined by the constitutive relation � = c : " such that c is the

fourth-order elasticity tensor and " the strain tensor. The symbols @t and @2
t denote

the first- and second-order time derivatives of the variable. Similarly, the symbols
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ns and nf denote the outward normals to the solid and fluid domains, respectively.

Finally, � and � are the mass density and the bulk modulus, respectively.

To model the sound source, such as Church bells and train horns, the force term

f is prescribed in the fluid domain as:

f(x; t) = ���1 P (t) �(x� xS) ; (2.13)

where, P (t) denotes the pressure source time function, � the Dirac delta function,

and xS the time dependent source position.

Weak form

The first step in the Spectral Element Method involves converting the partial differ-

ential equation into its weak form using the Galerkin method of weighted residuals.

This method facilitates the transformation of the PDE into a system of equations

that can be solved numerically. Given the difficulty, or even the impossibility in some

cases, of finding an exact solution to differential equations, the solution is instead

approximated using trial solutions. In SEM, a trial solution is proposed that may

potentially satisfy the PDE and is represented as a series of basis functions (Lagrange

polynomials), each weighted by unknown coefficients. This basis function is substi-

tuted into the original PDE. However, since it’s an approximation, it doesn’t satisfy

the equation exactly, resulting in a ‘residual.’ This residual is the discrepancy be-

tween the exact and approximate solutions of the differential equation, defined as the

difference between the left and right sides of the PDE. To enhance the quality of the

approximation, these residuals should be minimized. This is accomplished by mul-

tiplying the residual by a weight function and integrating it over the entire domain.

Setting the weighted residual to zero results in a system of algebraic equations.
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To apply weighted residuals, the governing Eqs. (2.1–2.2) are multiplied by

weighting functions w and w for solid displacement and fluid potential, respectively,

and integrated over the domains:

Z

s

�w � @2
t u dV =

Z

s

w �r � � dV ; (2.14)Z

f

��1w @2
t � dV =

Z

f

wr �
�
��1 r�

�
dV +

Z

f

w f dV ; (2.15)

Upon integration by parts, using the Gauss divergence theorem, and substituting

the boundary conditions Eqs. (2.3–2.6), we obtain:

Z

s

�w � @2
t u dV = �

Z

s

rw : � dV �
Z

�sf

pw � nf dS ; (2.16)Z

f

��1w @2
t � dV = �

Z

f

��1 rw �r� dV + ��1 P (t)w(xS)�
Z

�sf

w u � ns dS ;

(2.17)

Discretization

The fluid displacement potential �, and the displacement in the solid u, are dis-

cretized using the Gauss-Legendre-Lobatto (GLL) quadrature points in the natural

coordinates � = f�; �; �g, as

�(�; t) =

nα;nβ ;nγX
�;�;
=0

�(t)��
 ‘�(�) ‘�(�) ‘
(�) ; (2.18)

and

u(�; t) =

nα;nβ ;nγX
�;�;
=0

u(t)��
 ‘�(�) ‘�(�) ‘
(�) ; (2.19)
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where ‘�, � = 0; : : : ; n�, denotes a Lagrange polynomial, and ���
 and u��
 denote

the fluid displacement potential and the solid displacement, respectively, at the GLL

point ���
.

After substituting Equation 2.18 and 2.19 into Eqs. (2.16–2.17), we obtain a set of

linear equations for the solid and fluid domains in the elemental matrix-vector form:

Me
uu Üe = �Ke

uu Ue �Ce
uu U̇e �Be

u� �̈
e ; (2.20)

Me
�� �̈

e = Fe �Ke
���

e �Ce
�� �̇

e �Be
�u Ue ; (2.21)

where, Ue and �e are the elemental vectors for the solid displacement and the fluid

potential, respectively. The single dot ( ˙ ) and the double dots (¨) represent the first-

and second-order time derivative of the respective variable. Similarly, Me
uu and Me

��

denote the elemental mass matrices in solid and fluid domains, respectively. The sym-

bols Ke
uu and Ke

�� denote the elemental stiffness matrices in solid and fluid domains,

respectively. The symbols Ce
uu and Ce

�� denote the elemental matrices corresponding

to the absorbing boundary conditions in solid and fluid domains, respectively. Finally,

Be
u� and Be

�u denote the elemental solid-fluid coupling matrices.

After assembling Equations 2.20 and 2.21 across all the elements, we obtain a set

of linear equations in the global matrix-vector form:

Muu Ü = �Kuu U�Cuu U̇�Bu� �̈ ; (2.22)

and

M�� �̈ = F�K����C�� �̇�B�u U ; (2.23)

where the � and U denote the global solution vectors for the fluid potential and
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solid displacement. The matrices M�� and Muu are the global mass matrices that

represent the “inertia” of the solid and fluid elements. Similarly, K�� and Kuu are

the global stiffness matrices that represent how “stiff” or “resistant” the material

is to deformation. The B�u and Bu� are global solid-fluid coupling matrices which

connect the solid and fluid domains, describing how they interact with each other.

Finally, C�� and Cuu are global matrices associated with the absorbing boundaries.

These equations take into account all the elements in the domain, combining them

to describe the entire system’s behaviour.

We use a second-order explicit time marching scheme to solve these equations.

Given that the mass matrices in the spectral-element method are diagonal by con-

struction, an explicit time marching scheme is very efficient and accurate. The di-

agonal nature enhances this efficiency because it only contains non-zero elements on

its main diagonal. Therefore, many operations that are typically computationally

demanding become drastically simpler. Multiplying a diagonal matrix with a vector,

inverting the matrix, or storing it in memory all become more efficient operations.

2.1.2 Stability Criteria

In order to derive numerical solutions of partial differential equations, an approximate

time interval and element size must be selected to ensure numerical stability.

The criterion used for determining the time interval is the Courant condition,

which states that the time interval used in the numerical simulation must be small

enough to ensure that information does not propagate faster than one grid cell per

time step. It is expressed as

∆tmax � C
∆xmin

vmax

; (2.24)
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where ∆tmax is the largest stable time step, ∆xmin is the minimum spatial grid

spacing (GLL distance), vmax is the maximum wave speed of the medium, and C is the

Courant number, a dimensionless constant typically between 0 and 1 that depends

on the differential operator and specific numerical method used. For SEM, this value

should be below 0.5 [28]

In wave propagation, errors tend to accumulate over time as the wave moves

through the medium. This accumulation is amplified by the nature of waves to

traverse large distances, often leading to a domain that is significantly larger than the

wavelength itself [19]. Such a vast domain can exacerbate small inaccuracies, causing

them to propagate and interact in intricate ways, thereby making error management

more challenging.

When employing different methods to solve wave propagation problems, the most

common form of error is known as dispersion error. This manifests as a distortion

in the wave’s speed, resulting in waves being propagated at an incorrect velocity.

The implications of dispersion error can be profound and may result in substantial

deviations from the true physical behaviour of the wave.

Higher-order discretizations such as SEM can reduce this type of error, as the nu-

merical solution becomes more congruent with the true continuous solution through

the use of refined approximations. This enhanced alignment lessens the dispersion

error, leading to more accurate wave speed calculations. Managing numerical disper-

sion is influenced by factors such as the spatial grid spacing, ∆x, which is calculated

using the dispersion criterion.

The dispersion criterion is a condition that must be satisfied to avoid numerical

dispersion. It is expressed as a ratio between the wavelength of the wave and the

grid size, and this ratio must fall below a certain threshold to accurately model the

wave’s behaviour. If the criterion is not met, the simulation will suffer from numerical
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dispersion, a distortion of the frequency or phase.

This phenomenon is particularly sensitive to high-frequency waves, which have

shorter wavelengths and higher oscillation frequencies. Given that wave propagation

is represented by discrete nodal points on a grid, with each corresponding to a numer-

ical value whose resolution is defined by the distance between two adjacent points,

the simulation may not accurately capture the wave’s oscillations if the wavelengths

are smaller or comparable to the grid spacing. This causes the wave to become dis-

torted or attenuated over time. As a rule of thumb, the dispersion criterion stipulates

that there should be at least ten sampling points for the shortest wavelength. Con-

sequently, the largest grid interval is controlled by the minimum wave speed of the

medium and the maximum source frequency,

∆xmax = 0:1
Vmin

fmax

; (2.25)

where fmax is the maximum source frequency to be resolved and Vmin is the min-

imum wave speed of the medium. ∆xmax represents the largest grid spacing allowed

in the simulation.

The grid spacing is a frequent primary limitation in FEM since its elements are

typically defined by a set of nodes located at each corner. With the grid spacing

being essentially defined by the size of the element, this results in a relatively coarse

resolution. Consequently, to capture high-frequency waves, FEM requires a very

dense mesh with small elements leading to increased computational cost and, thereby,

longer simulation times. In contrast, the inclusion of GLL points within each element

in SEM allows a single element to represent a function or a wave with a higher degree

of accuracy using a high-degree polynomial. Thus, it can provide comparable or

superior accuracy with fewer elements. Given that FEM generally uses low-order
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shape functions, it may not accurately capture sharp gradients or discontinuities

in the solution as accurately as SEM. The order of the shape function corresponds

to the complexity of the polynomial used to represent the field variable (pressure)

within an element. Low-order shape functions, being simpler functions, such as linear

or quadratic polynomials, lack the flexibility or complexity to accurately represent

abrupt changes over a small spatial region given their smoother and gradually varying

nature.

In addition, the problem of a low-resolution mesh is that of a low-resolution sam-

pling rate. Aliasing is another phenomenon that can occur when high-frequency waves

are sampled at a lower frequency than their actual frequency. This can cause the wave

to appear as a lower-frequency wave or even a completely different wave altogether.

This problem is mitigated by the Nyquist sampling theorem, which states that at

least two sampling points are needed over the longest wavelength. It is expressed as,

∆t � ∆tmax ; (2.26)

where the maximum allowable sampling time interval is given by:

∆tmax =
1

fs

; (2.27)

such that fs is the sampling frequency, which is equal to twice the maximum

frequency found in the wave, fmax. Thus, we have:

fs = 2 fmax : (2.28)

In summary, the numerical solution of wave propagation in urban environments

requires careful consideration of several key criteria to ensure stability and accuracy.
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The Courant and dispersion criteria are instrumental in selecting appropriate time

steps ∆t and spatial grid spacing ∆x, respectively.
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Chapter 3

Train horns: Two-Dimensional Modelling of

Acoustic Signals

The following chapter outlines the two-dimensional forward modelling of a train ap-

proaching a station in Kingston, Ontario. The model encompasses the Kingston train

station and the surrounding suburban and commercial zones. The signal is derived

from a west-bound Via Rail passenger train coming to a stop at the station.

3.1 Methodology

This section offers a comprehensive explanation of the methods employed to construct

the models of the studied area. It elaborates on the characteristics of the signal

and details the formulation of the source utilized in the simulation. Furthermore, it

provides an overview of the software’s operational procedures and the process through

which the results were stored and managed.

3.1.1 Model Construction

Given that this study aims to investigate the wave field of an urban environment

generated by human activities, it is logical to select an area that embodies situations
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where excessive noise pollution is of significant concern. In this study, the railway

station in Kingston, Ontario, is chosen partly due to several suburban developments

surrounding the station. Furthermore, this railway experiences high traffic of both

passenger and freight trains, which sound their horns when approaching a pedestrian

walkway, which has a limited view of the incoming train due to an adjacent overpass.

The train horn has been determined to be approximately 130 dB at the source ac-

cording to the specification of the specific horn model used in the Via Rail locomotives.

Figure 3.1: Map of VIA Rail train routes, highlighting Kingston’s station as a sig-
nificant connection point between three major urban centres: Montreal,
Ottawa, and Toronto. Owing to its location, the station experiences sub-
stantial traffic, accommodating both passenger and freight trains.

The modelled zone includes two residential suburban neighbourhoods and a com-

mercial zone. The larger suburb, ostensibly a 1970s development, features smaller

units and a more complex layout. The smaller, more modern suburb consists of

larger houses and wider spaces within each other. The railway cuts between these

areas at approximately 29° northwest. Open-source GIS data from the municipal

website [44] was used to obtain shape files for the rooflines of these areas, enabling




