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Abstract 

In recent years, the single-phase Dual Active Bridge (DAB) converter has gained significant 

importance as it has simple power circuit, bi-directional power flow, and zero voltage switching (ZVS) 

operation. Although, numerous researchers have worked on this converter and proposed many modulation 

techniques, a thorough mathematical treatment of this converter has been missing from the literature.  

This thesis presents a thorough mathematical treatment of the DAB converter. All the possible 

theoretical modulation patterns for the DAB converter are derived from the mathematical analysis. It is 

mathematically proven that there are up to 140 distinct switching patterns that can be applied to the 

converter. It is shown in the thesis that there are only two modulation patterns those result in the optimal 

performance of the converter in terms of minimum rms current and guaranteed zero-voltage-switching 

under wide range of operating conditions. 

An analytical solution is developed and a step-by-step algorithm to obtain optimal time ratios for the 

two selected modulation patterns (denoted by Pattern (z) and Pattern (q) in this thesis) is given. The concept 

of idle time interval is introduced in this thesis. Then it is shown that the optimal modulation is based on 

pattern (z) with no idle time interval and pattern (q) with idle time interval. An optimal pattern modulation 

technique based on variable frequency has been introduced. It has been shown that a frequency variation of 

about 50% around the optimal power level corresponding to the maximum pattern efficiency can further 

reduce the conduction losses by 10%.  

It is also shown how the optimal modulation can be extended to the scenario with reverse power flow 

as well as with an inverse ratio of voltages. The modulation pattern presented here is the optimal solution 

for every DAB converter with arbitrary parameters. 
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Nomenclatures 

Ὠ    Duty cycle of voltage from primary bridge in each switching cycle 

Ὠ    Duty cycle of voltage from secondary bridge in each switching cycle 

%    The energy transferred within one switching period. 

%    The energy delivered by the primary bridge within one switching period. 

%    The energy received by the secondary bridge within one switching period. 

Ὁͺ    The energy received by the secondary bridge within duration of 4  

Ὁͺ    The energy received by the secondary bridge within duration of 4  

Ὢ    The switching frequency 

(    The normalized rms current of the leakage inductance 

Ὥ    Current of leakage inductance prior to applying ὺ  

Ὥ    Current of leakage inductance prior to applying ὺ  

Ὥ    Current of leakage inductance prior to applying ὺ  

Ὥ    Current of leakage inductance succeeding to applying ὺ  

Ὥ    Current of leakage inductance prior to applying ὺ  

Ὥ    Current of leakage inductance succeeding to applying ὺ  

Ὥ    Current of leakage inductance prior to applying ὺ  

Ὥ    Current of leakage inductance succeeding to applying ὺ  

Ὥ    Current of leakage inductance prior to applying ὺ  
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Ὥ    Current of leakage inductance succeeding to applying ὺ  

Ὥ    Reference base for current in the proposed normalization system 

)  Current of an equivalent dc voltage source of 6 , transferring the same 

power of P, as does the converter. 

Ὥ    Current of leakage inductance 

)     rms current of leakage inductance in a switching period 

)     Average current of leakage inductance in a switching period 

Ὥz Positive peak of leakage inductance current when modulated based on 

pattern I 

ὭΠ Negative peak of leakage inductance current when modulated based on 

pattern I 

ὐ  The modified version of the normalized rms current of the leakage 

inductance 

Ὧ The voltage ratio (ratio of the secondary voltage transferred to the primary 

side to the primary voltage) 

,    The value of leakage inductance 

ά , ά , ȣ , ά   Slope of current change within the respective intervals. 

ὲ    The turn ratio of the transformer (secondary to primary turn ratio) 

0    Average of transferred power in one switching peiord 

ὴ    The normalized power 

0 Average of the power received by the secondary bridge within one 

switching period. 

0    Reference base for power in the proposed normalization system 

4 The duration between an arbitrary time origin with the initial time of the 

succeeding (for pattern z) or the preceding (for pattern q) primary voltage. 

ὸ    An arbitrary initial time 
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4    Duration of overlapping between the adjacent voltages of ὺ  and ὺ  

ὸ    Half of a switching period after the arbitrary initial time of ὸ 

4    Duration of overlapping between the adjacent voltages of ὺ  and ὺ  

ὸ    One switching period after the arbitrary initial time of ὸ 

4    Duration of overalapping between the adjacent voltages of Ö  and Ö  

4    Duration of overlapping between the adjacent voltages of Ö  and Ö  

4 Duration of applying the voltage from primary bridge in each cycle. 

4 Duration of applying the voltage from secondary bridge in each cycle. 

4  Duration of applying the positive voltage from secondary bridge in a cycle. 

4  Duration of applying the negative voltage from secondary bridge in a 

cycle. 

4    Reference base for time in the proposed normalization system 

4    The switching period 

6    Amplitude of DC voltage source within the primary bridge 

ὺ  Value of ὺ ὸ, when the positive voltage of 6 is applied from the 

primary bridge to the HF transformer (appropriate switches need to be 

conducting) 

ὺ  Value of ὺ ὸ, when the negative voltage of 6 is applied from the 

primary bridge to the HF transformer (appropriate switches need to be 

conducting) 

6    Amplitude of DC voltage source within the secondary bridge 

ὺ  Value of ὺ ὸ, when the positive voltage of 6 is applied from the 

secondary bridge to the HF transformer (appropriate switches need to be 

conducting) 

ὺ  Value of ὺ ὸ, when the negative voltage of 6 is applied from the 

secondary bridge to the HF transformer (appropriate switches need to be 

conducting) 
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ὺ     AC voltage applied from the primary bridge to the transformer. 

ὺ     AC voltage applied from the secondary bridge to the transformer. 

ὺ    Reference base for voltage in the proposed normalization system 

ὼ    Percentage of applying a pattern in a switching period. 

ὼȟὼȟὼȟὼ  The boundary points for the range of variation of Ὠ 

ᾀȟᾀȟᾀȟᾀ   Roots of the characteristic equation of the selected pattern 

•    Phase-shift angle between the two bridges 

•     Phase-shift angle between the two voltages within the primary bridge 

•     Phase-shift angle between the two voltages within the secondary bridge 

 Normalized ratio of overlapping time, 4 divided by switching period, 4 ‏

 Normalized ratio of overlapping time, 4 divided by switching period, 4 ‏
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Introduction  

Power electronics converters have been extensively applied in almost all the modern electrical energy 

conversion applications. They can be classified into several categories such as dc-dc, dc-ac, and ac-ac, 

based on the type of voltage on the input and output ports of the converter. Most of the converters in the 

past have been uni-directional but new applications such as energy storage, renewable energy, more electric 

aircrafts, and electric vehicle require bi-directional power flow. For instance, in a bi-directional dc-dc 

converter, with dc voltage on each side, the converter is designed to regulate the level of dc voltage on both 

sides as well as the power transfer between them.  

1.1 Classification of DC-DC Converters 

Many dc-dc converter topologies have been proposed in the literature. Basic converters consist of only 

one or a few switches, while some other topologies have several switches on each side. A special class of 

dc-dc converters is the one that uses a high frequency (HF) transformer to achieve high voltage ratio and 

galvanic isolation. Another class of these converters uses a resonance circuit to assure zero voltage 

switching for all switches.  

Based on these characteristics, dc-dc converters can be categorized into several classes from different 

perspectives. Krismer et al., in [1] founded their classification on the degree of complexity these converters 

have. According to their work, dc-dc converters can be grouped in this manner:  

1- The dc-dc converters with a low number of switches 

2- The dc-dc converters with two bridges that do not have a high-frequency resonance network. 

3- The dc-dc converters with two bridges, that have a high-frequency resonance network. 

dc-dc converters with a low number of switches 
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These converters are made up of only a low number of switches. They comprise the isolated and 

bidirectional forward, flyback, and Ĺuk converters and are usually the optimum choice within the low 

power range applications (less than 2 kW). 

dc-dc converters with two bridges that do not have a high-frequency resonance network 

The main characteristic of the second class of converters is that they consist of more than one 

switch. In comparison to forward and flyback converters, these converters can be utilized much more 

efficiently [1] and are more suitable for high power applications. This group consists of many common 

and well-known converters such as: the Dual Active Bridge (DAB) converter [2], [3], [4], [5], [6] and 

the bidirectional full-bridge converter [7], [8], [9], [10]. 

dc-dc converters with two bridges, that have a high-frequency resonance network 

The major distinguishing feature of this class of converters is that they benefit from the high-

frequency resonant networks. Thus, they are also called resonant dc-dc converters. In these converters, 

the current waveform is changed by the resonance network so that all the switches are operated with 

zero-voltage switching conditions [11]; also, it can be changed so that more effective utilization of the 

switches is achieved. The major drawback of these converters is the added complexity, also the extra 

power components that are necessary within this class of converters [1]. 

Karshenas et al. in [12] used another approach to distinguish between dc-dc converters; they simply 

showed how these converters can be differentiated based on whether or not they benefit from an HF 

transformer; according to this distinguishing feature, the dc-dc converters can be divided into two classes 

[12], isolated and non-isolated converters; each of these classes are briefly explained in the following: 

Non-isolated dc-dc converters 

Usually the simplest dc-dc converters such as buck and boost topologies are within this group. 

Generally, these converters are not inherently able to transfer power in both directions. However, with some 

simple changes such as replacing the diodes with MOSFET switches, they can be modified and become 

capable of transferring power bi-directionally [13]. It is worth noting that, the interconnection of the two 



3 

 

basic topologies (buck and boost) within this group, results in more complicated converters such as cuk and 

buck-boost [13].  

Isolated dc-dc converters 

The simplest topologies within this class of converters are forward and flyback; they are constructed 

from the most basic topologies within the first group. With a little modification, simply by adding a small 

HF transformer to the basic buck and buck-boost converters, the forward and flyback topologies are 

achieved.  

In comparison to the simple non-isolated topologies, the converters within the second group offer 

galvanic isolation and can be operated for the applications that require a very high voltage ratio; all such 

characteristics are valuable and important in practical systems.  

Other than the two simplest topologies (flyback and forward) within this group, many other topologies 

suitable for various applications with different power range are designed and introduced in the literature: 

from simpler topologies with only two switches such as zeta-sepics, or dual flyback, to more complicated 

ones consisting of a bigger number of switches, e.g., the DAB topology with eight switches. 

Zhao et al. showed in [14] that the power that can be transferred by these converters, is somehow 

proportional to the number of switches being used. Thus, among all the topologies introduced in the 

literature, the DAB converter with eight switches looks like a tempting solution within the high-power 

applications; especially given that this topology is capable of transferring power in both directions.  

Steigerwald et al. in [15] demonstrated that within the high-power applications, when the bidirectional 

power transfer is required, the DAB converter has the best operation (i.e., the best trade-off between 

efficiency and power density) among all its counterparts. In other words, no matter what classification of 

dc-dc converters is being used, the single-phase DAB topology is known to be one of the most promising 

and efficient solutions regarding the attainable converter efficiency, and the attainable power density.  

This converter has got many applications due to the low number of passive components, a wide range 

of zero-voltage switching operation, and high-power density [16]. All such characteristics make it an ideal 

topology for high-power applications. The zero-voltage switching operation within any operating point is 
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possible provided that special modulation strategies are employed [17], [18]. Therefore, with a guaranteed 

zero-voltage switching operation also emergence the technology of fast-switching wide band gap switches, 

[19], [20], [21], [22], [23], switching at very high frequency (as much as 1 MHz) is possible. This results 

in a highly compact and lightweight converter for many high-power industrial applications. 

All in all , this converter is the ultimate choice when galvanic isolation is necessary, the power is needed 

to transfer in both directions and/or the ratio of voltages on two sides is too large to be achieved without 

the aid of an additional HF transformer [16]. 

This converter has found many industrial applications. Some key applications of this topology are 

within electric vehicles [1], shipboards [24], micro-grid architecture [25], [26], [27], aircrafts [28], 

automotive on-board battery chargers [29], [30], [31], solid state transformers [32], [33], and 

MVDC/HVDC power systems [34], [35]. 

This popular and common topology is introduced in the next section. Following that, a brief literature 

review is presented from the time this converter was introduced in the literature and next, the modulation 

techniques that are proposed for this converter, are briefly reviewed. 

1.2 Dual Active Bridge (DAB) Converter 

The concept of DAB converter was first introduced by De Doncker et al. in 1988 [2]. The converter 

topologies for single-phase and three-phase applications were presented in [2]. However, the work 

presented in this thesis only deals with a DAB converter topology for the single-phase application. Fig. 1-

1 shows a single-phase DAB converter topology. This topology consists of two full bridges (primary side 

bridge and secondary side bridge), a transformer and two filter capacitors. As the name implies, the primary 

side bridge is connected at the primary and the secondary side bridge is connected at the secondary of the 

transformer. In the simplest mode of operation, each full-bridge inverter produces a square voltage 

waveform at its terminals (ὺ  at the output terminals of the primary bridge and ὺ  at the output of the 

secondary bridge). The power is transferred from one input to another by controlling the phase shift between 

the two voltage waveforms. This way of controlling the power in this way is called phase shift modulation 

(PSM) between two bridges. 
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The power transfer between the two inverter bridges (P) is given by the following equation as developed 

in [2]: 

0
τὯὠ

‫ ὒ
• ρ

ȿ•ȿ

“
 (1-1) 

Where ὠ is the voltage on the primary bridge, Ὧ is the voltage ratio, • is the phase-shift angle between 

the two bridges, L is the leakage inductance of the transformer, and ɤsw is the switching frequency. DAB 

converter also offers zero voltage switching (ZVS) for the inverter switches. The PSM modulation, as 

described above, provides inherent ZVS for the DAB but only within limited range of operation [2]. The 

condition for the ZVS is derived in [16] and expressed by the following constraint: 

Ὧ ρ
ςȿ•ȿ

“
 (1-2) 

The zero-voltage switching condition in (1-2) along with the power equation given in (1-1) have been 

used in the literature for many years, as the design and control guideline for this converter. The power 

circuit of DAB is very simple, and the modulation techniques employed in it plays a critical role in the 

efficient operation of the converter. A literature review on the modulation techniques will now begin in the 

next section. 

1.3 Modulation Techniques 

Numerous studies have been conducted in the literature to find the optimum modulation for the DAB 

converter. Phase Shift Modulation (PSM) is commonly employed in this converter to control the power 

transfer [2]. PSM method is the simplest modulation technique where two square voltage waveforms 

produced by the two inverter bridges, are applied across the leakage inductance of the transformer. The 

power flow from one input to another is controlled by varying the phase angle between these two inverter 

output voltages. Although it is a simple modulation technique it suffers loss of zero voltage switching and 

increased rms current under many operating conditions.  

Many researchers have tried to find alternative solutions to extend the ZVS range and reduce the rms 

current [17], [18], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45]. Several researchers such as Oggier 

et al. in [17], [18] and Bai et al. in [36] has shown that the range of ZVS can be extended and the rms 
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current reduced if, in addition to the phase-shift control between the two inverters, duty cycle control is also 

employed within one of the two inverters. They have further suggested that it is better to employ this duty 

cycle control in the inverter with higher voltage amplitude. Such a modulation technique is illustrated in 

Fig. 1-2(b) and is called a dual phase shift modulation. 

In [46], [47], another modulation technique is introduced where the duty cycles within both the inverters 

are controlled by controlling the phase-shift within each bridge, also between the both the bridges with 

respect to each other. Such a modulation technique is illustrated in Fig. 1-2(c) and is called a triple phase-

shift modulation. 

1.4 Thesis Objectives 

Although many researchers have worked on the development of modulation techniques for the DAB 

converter, a comprehensive treatment of the subject supported by rigorous mathematical analyses has 

been missing in the literature. This thesis aims to overcome this gap. The main objectives of this thesis 

are given below.  

1. Provide a thorough mathematical foundation to arrive at all the possible modulation patterns those 

can be applied in the DAB converter. 

2. A methodology to selection of the most efficient switching patterns. 

 

Fig. 1-1: Topology of the single-phase DAB coverter 
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3. Development of closed-form mathematical equations to determine the various times within a given 

switching pattern to ease its digital implementation. 

 

Fig. 1-2: Modulation strategies for single-phase DAB converter 
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4. Development of a hybrid modulation technique with changing switching patterns and variable 

switching frequency that results the most efficient operation of the converter over the entire 

operating range.  

1.5 Thesis Layout  

In Chapter 2, a mathematical approach is introduced to numerate all the possible switching patterns that 

can be applied to the converter. It is mathematically proven that there are up to 140 distinct switching 

patterns that can be applied. Chapter 3 presents a comprehensive analysis to select suitable switching 

patterns for DAB modulation schemes. It is shown that most of these patterns are not practical. In Section 

3.4, it is mathematically proven that the optimal pattern must be symmetric. It is also shown that only 12 

out of the 140 switching patterns are symmetrical and can be chosen as the final candidates for the optimal 

modulation. Furthermore, it is shown that the ultimate twelve patterns can be made up of two basic patterns. 

These two patterns can be considered as the final candidates for optimal modulation. 

Chapter 4 and 5 presents the selection of optimal timing intervals for each of the two selected patterns. 

Also, a set of equations for modulation, based on these two patterns, is derived. It is demonstrated how the 

optimal time ratios can be analytically derived for each pattern. A step-by-step algorithm using the two 

normalized variables, voltage ratio and normalized power is developed to determine the optimal time ratios. 

These two chapters present the mathematical work to determine the optimal timings for the selected patterns 

(z), (q), which result in guaranteed ZVS and minimum rms current. It is mathematically proven that the 

obtained time ratios result in the minimum rms current, thus the optimal modulation. In Section 5-4, the 

concept of idle time interval is introduced, and the version of switching pattern with idle time interval is 

taken into consideration. Then it is shown how the normalized rms within the pattern with idle time interval 

can be expressed in terms of its counterpart that does not have such an interval. The final selection of the 

optimal switching patterns is presented in Section 6.1. It is shown that the switching pattern (q) with idle 

time interval results in the optimal modulation for low power range and, the switching pattern (z) with no 

idle time interval, would be the optimal solution for the medium-high power range. In Section 6.2, it is 
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shown how the optimal modulation can be extended to the scenario with negative direction of power 

transfer, as well as with an inverse ratio of voltages. In section 6.3, a mathematical proof is presented to 

show that among the ultimate twelve patterns, no other patterns except the selected two ones, would ever 

result in the optimal solution for any operating condition.  

By taking benefit from the normalization system that is first introduced in Chapter 4, and is employed 

throughout the thesis, it is suggested that every DAB converter with arbitrary nominal parameters can be 

mapped to an operating two-dimensional (0 to 1) by (0 to 1) plane. The concept of pattern efficiency is 

defined in Chapter 7 based on the proposed normalization system. Moreover, some main applications of 

this mathematical concept are introduced. ñOptimal Pattern Modulationò in Section 7.2, refers to the 

situation in which an optimal switching pattern with minimal losses is selected. The voltages are applied 

based on the selected constant optimal pattern while the power transfer is regulated by adjusting the 

switching frequency. It is shown that by doing this optimal frequency modulation, up to ten percent of 

improvement in reducing the rms current is achieved for the selected converter. In Section 7.3, the concept 

of power shift is introduced. Moreover, it is suggested that how the optimal values for the converter 

parameters would be achieved so that the conductive losses is minimum within a specific or the whole 

range of power variation based on the application. By selecting appropriate parameters, a conspicuous 

improvement in the resistive losses would be observed (up to 20 % for some power ranges). As the final 

stage, the simulation results are presented to verify the analytical improvements that are achieved in Chapter 

7. 
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Generation of Switching Patterns 

This chapter presents a comprehensive analysis to investigate all the possible switching patterns for 

DAB modulation schemes. Fig. 2-1 shows the circuit diagram of the Dual active Bridge (DAB) converter. 

An HV inverter bridge is connected between the DC voltage, V1 and at the high-voltage (HV) side of the 

transformer. An LV i nverter bridge is connected between the DC voltage, V2 and at the low-voltage (LV) 

side of the transformer. Fig. 2-2 shows the simplified model of the converter in which all the secondary 

side elements are transferred to the primary side with a primary to secondary turns ratio of n.  

With the HV side full bridge, three different voltage levels are possible for ὺ , 

ὺ

6ȟ ÆÏÒ ÓÔÁÔÅ )ȡ    1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ
         π  ȟ        ÆÏÒ ÓÔÁÔÅ ))ȡ    1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ  ÏÒ
                 ÆÏÒ ÓÔÁÔÅ )))ȡ  1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ
6ȟ         ÆÏÒ ÓÔÁÔÅ )6ȡ  1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ

 (2-1) 

Similarly, ὺ  is equal to 6, 0, or 6 depending on the switching states of 1ȟ1ȟ1  and 1 : 

ὺ

6ȟ       ÆÏÒ ÓÔÁÔÅ )ȡ    1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ 
         π  ȟ       ÆÏÒ ÓÔÁÔÅ ))ȡ   1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ  ÏÒ
                ÆÏÒ ÓÔÁÔÅ )))ȡ  1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ
6ȟ        ÆÏÒ ÓÔÁÔÅ )6ȡ  1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ

 (2-2) 

For the sake of simplicity, the two modes 1, 2 are defined for the primary side. Mode 1 happens when 

the primary voltage ὺ  is equal to the positive voltage 6 while mode 2 happens when the primary voltage 

ὺ  is equal to the negative voltage 6. In other words: 

άέὨὩ ρ      P       ὺ ὸ  6ȟ ÆÏÒ ÓÔÁÔÅ )ȡ      1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ (2-3.a) 

άέὨὩ ς      P       ὺ ὸ  6ȟ        ÆÏÒ ÓÔÁÔÅ )6ȡ    1ȟ1 ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ (2-3.b) 

The two modes 3, 4 are also defined for the secondary side. Mode 3 is when the secondary voltage ὺ  

is equal to the positive voltage 6 while mode 4 happens when the primary voltage ὺ  is equal  to the 

negative voltage 6. In other words: 

άέὨὩ σ      P       ὺ  6ȟ ÆÏÒ ÓÔÁÔÅ )ȡ       1ȟ1  ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ (2-4.a) 
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άέὨὩ τ      P       ὺ  6ȟ         ÆÏÒ ÓÔÁÔÅ )6ȡ    1ȟ1  ÁÒÅ ÏÎ ÁÎÄ 1ȟ1 ÁÒÅ ÏÆÆ (2-4.b) 

Also, based on the selected mode of operation, the voltages ὺ , ὺ , ὺ  and ὺ  are defined: 

ὺ : The value of ὺ  when the switches 1ȟ1  are conducting. 

In other words, we would have: ὺ ὺ  6 

ὺ : The value of ὺ  when the switches 1ȟ1  are conducting. 

In other words, we would have: ὺ ὺ  6 

ὺ : The value of ὺ  when the switches 1ȟ1  are conducting. 

In other words, we would have: ὺ ὺ  6 

ὺ : The value of ὺ  when the switches 1ȟ1  are conducting. 

 

Fig. 2-1: Dual active bridge (DAB) topology 

 
Fig. 2-2: Lossless DAB model 
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In other words, we would have: ὺ ὺ  6 

Regarding the sequence of voltages, one of the following scenarios might happen: 

1- In the first class of voltage sequences, the negative voltage of the primary bridge comes just after 

the primary positive voltage. Either the positive or the negative voltage of the secondary bridge 

follows the primary negative voltage. Fig. 2-3 shows the schematic of the simplest forms of these 

voltage sequences. To have a better illustration of each sequence, the positive and negative voltages 

of primary bridge are denoted by a, b. Similarly, the positive and negative voltages of secondary 

bridge are denoted by c, d. Therefore, the sequences corresponding to Fig. 2-3(a) and Fig. 2-3(b) 

can be demonstrated as abcd and abdc, respectively. 

2- In the second class of voltage sequences, one and only one of the secondary voltages comes 

between the positive and negative voltages of the primary bridge. Therefore, this class of voltage 

sequences can be represented as acbd or adbc since either the positive or the negative voltage from 

               (a)                           (b) 

 

Fig. 2-3: Schematic of the two simplest switching patterns within the first class 

   (a)                          (b) 

 

Fig. 2-4: Schematic of the two simplest switching patterns within the second class 
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the secondary bridge stands between the positive and negative voltages of the other bridge. This is 

illustrated in Fig. 2-4. 

3- In the third class of voltage sequences, the negative voltage of primary bridge ὺ  appears at the 

end of the sequence. Similarly, this class of voltage sequences can be represented as acdb or adcb 

based on whether the positive or negative voltage on the secondary bridge comes first. Since ὺ  

appears at the end of this sequence then it would be next to the primary positive voltage of the next 

sequence ὺ . By shifting ὺ  to the beginning of the next sequence, the acdb sequence can be 

represented as bacd as well. Also, by the same transformation, the adcb sequence can be 

represented as badc. Fig. 2-5(a) and Fig. 2-5(b) illustrate the simplest spatial position of primary 

and secondary voltages in bacd and badc sequences, respectively. Comparing Fig. 2-5(a) with Fig. 

2-3(a), also Fig. 2-5(b) with Fig. 2-3(b) reveals the undeniable similarity of this class of voltage 

sequences with the first one. In fact, there is a one-to-one correspondence between the switching 

patterns of this class with those of the first class. Each pattern of the first class can be simply 

converted to its corresponding pattern in this class by replacing positive and negative voltages of 

the primary bridge. Therefore, this class of voltage sequences can be considered as the dual of the 

first class as can be noticed in Fig. 2-3 and Fig. 2-5. 

Each class of voltage sequences can be further classified according to the degree of overlap between 

adjacent voltages. The classification is based on simple rules: 

   (a)                          (b) 

 

Fig. 2-5: Schematic of the two simplest switching patterns within the third class 
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1- Each primary voltage can be either partially or fully overlapping with its adjacent secondary 

voltage.  

2- The same scenario holds true for each secondary voltage. Any secondary voltage can be either 

partially or fully overlapping with its successor primary voltage. 

3- The two voltages of the same category cannot be overlapping. In other words, two adjacent primary 

voltages or two adjacent secondary voltages cannot be overlapping at any time. 

To obtain all the possible switching pattern, first the first class of voltage sequences is taken into 

consideration. Since the third class of voltage sequences can be considered as the dual of the first class, 

therefore there is no necessity to scrutinize this class separately. Each voltage pattern of the first class is 

modified to its corresponding version within the third one simply by substituting the positive and negative 

voltages of the primary bridge.  

2.1 Patterns based on the First Class of Voltage Sequences 

To categorize each group of voltage sequences based on the overlapping rules between adjacent 

voltages, all the overlapping possibilities should be taken into consideration. For the first class of voltage 

sequences, as can be noticed in Fig. 2-3, there are two overlapping possibilities between adjacent voltages. 

The first overlapping might happen between the negative voltage of the primary bridge and the subsequent 

voltage of the secondary one. The subsequent voltage is either positive (for abcd sequence) or negative (for 

abdc sequence). In the following, the classification for the first possibility of voltage overlapping is done. 

1- The simplest switching pattern is the one in which there is no overlapping between any of the 

adjacent voltages. This schematic of this pattern is already shown in Fig. 2-3(a) to illustrate the first 

group of voltage sequences.  

2- In the second pattern, the negative voltage of the primary bridge is partially overlapping with the 

subsequent voltage of secondary bridge. This is shown in Fig. 2-6(f). 

3- In this pattern, the negative voltage of the primary bridge encompasses the following secondary 

voltage completely as shown in Fig. 2-6(j). 
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4- The negative primary voltage might not only encompass the first secondary voltage, but it might 

also partially overlap with the second coming secondary voltage as shown in Fig. 2-6(n). 

5- In the last pattern of this group, the negative primary voltage encompasses both negative and 

positive voltages of the secondary bridge completely as shown in Fig. 2-6(r). 

The other possibility of overlapping might happen between negative (for abcd sequence) or positive 

(for abdc sequence) voltage of secondary bridge with the positive voltage of primary bridge (this voltage 

appears at the beginning of the following switching period). For the sake of simplicity, the abcd sequence 

is taken into consideration. The abdc sequence is like the abcd one as each pattern of abcd sequence can be 

constructed from its corresponding one within the abdc sequence. This can be done simply by replacing ὺ  

with ὺ . In the following the classification of the second possibility of voltage overlapping is carried out: 

1- Like the first option of voltage overlapping, in the second one also the simplest voltage pattern is 

the pattern in which there is no overlapping. This is already shown in Fig. 2-3(a), also Fig. 2-6(a). 

2- In the second possibility of overlapping, the negative voltage of secondary bridge is partially 

overlapping with the subsequent positive voltage of primary bridge that appears at the beginning 

of the next sequence as shown in Fig. 2-6(b). 

3- In this pattern, the negative voltage of the secondary bridge encompasses the following primary 

positive voltage of the next sequence as shown in Fig. 2-6(c). 

4- The negative secondary voltage may not only encompass the primary positive voltage, but it may 

also overlap partially with the primary negative voltage as shown in Fig. 2-6(d). 

5- In the last pattern of this group, the negative voltage of secondary bridge completely encompasses 

both the negative and positive voltages of primary bridge completely as shown in Fig. 2-6(e). 

Therefore, all the overlapping possibilities for the first class of voltage sequences is taken into 

consideration. As can be noticed, there are two overlapping possibilities for this class of voltage sequences. 

The first possibility refers to the overlapping between the adjacent voltages of ὺ , ὺ  for abcd (or ὺ , ὺ  

for abdc, ὺ , ὺ  for bacd, ὺ , ὺ  for badc) sequence. This possibility is denoted by overlapping I. The 

second possibility of overlapping might take place between the adjacent voltages of ὺ , ὺ  for abcd (or 
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ὺ , ὺ  for abdc, ὺ , ὺ  for bacd, ὺ , ὺ  for badc) sequence. This possibly is denoted as overlapping II. 

For each of the two overlapping possibilities, there are five options as enumerated on pages 14, 15. It is 

worth mentioning that the two possibilities of overlapping might happen simultaneously. In fact, any of the 

first four options for overlapping I (except the fif th one) might happen with any of the first four possibilities 

of overlapping II (except the fifth  one) at the same time. Therefore, there are 4 × 4 = 16 distinct switching 

patterns in this situation. If the fifth  option is chosen for any of the overlapping possibilities, then it can be 

shown that the first option must be selected for the other one. For example, if the fifth  possibility (as on 

page 15) is selected for overlapping I then the first possibility (as on page 15) must be selected for the other 

one, (i.e. overlapping II). This can be explained according to Fig. 2-6(r). In this figure, ὺ  completely 

encompasses both the positive and negative voltages of the secondary bridge. Therefore, the negative 

voltage of secondary bridge, ὺ  cannot have any overlapping with the positive voltage of primary one, ὺ . 

As if ὺ  either partially or fully overlaps with ὺ , then from Fig. 2-6(n), (o), (p) and (q), it must come out 

of ὺ . This implies that ὺ  cannot be completely covered by ὺ  which is in contradiction to our assumption. 

Therefore, if the fifth  possibility is chosen for overlapping I, then the first option (as the simplest one) must 

be selected for overlapping II . A similar argument can be presented when the fifth possibility of overlapping 

I is chosen: If the fifth  possibility of overlapping II is chosen, then according to Fig. 2-6(e), ὺ  would be 

completely covered by ὺ . Therefore, the first possibility (as the simplest one) must be selected for 

overlapping I. These two scenarios result in an additional two other switching patterns as illustrated in Fig. 

2-6(e) , (r). Therefore, there are a total of 16 + 2 = 18 distinct switching patterns within the abcd sequence. 

The schematic of all these 18 patterns is illustrated in Fig. 2-6. 

Furthermore, as previously suggested there is a one-to-one correspondence between the patterns of 

abcd sequence with those of abdc sequence. Each pattern of abcd sequence can be modified to its 

corresponding version of abdc sequence simply by replacing the positive and negative voltages within the 

secondary bridge. Therefore, there are also 18 patterns within the abdc sequence and a total of 18 + 18 = 

36 distinct switching patterns within the first group of voltage sequences. The schematic of all the patterns  
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             (a)             (b) 

 

(c)              (d) 

 

         (e)                           (f) 

 

               (g)                           (h) 

 

(i)                 (j) 
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.  

   (k)              (l) 

 
(m)              (n) 

 

         (o)                           (p) 

 

               (q)                           (r) 

 

Fig. 2-6: Schematic of the switching patterns within abcd sequence 

             (a)             (b) 
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      (c)              (d) 

 

         (e)                           (f) 

 

               (g)                           (h) 

 

(i)             (j) 

 
(k)               (l) 
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       (m)              (n) 

 
         (o)                           (p) 

 
               (q)                           (r) 

 

Fig. 2-7: Schematic of the switching patterns within abdc sequence 

             (a)             (b) 

 
(c)             (d) 
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              (g)                          (h) 

 
   (i)                          (j) 

 
   (k)               (l) 

 
(m)              (n) 
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              (o)                           (p) 

 
               (q)                           (r) 

 

Fig. 2-8: Schematic of the switching patterns within bacd sequence 

             (a)               (b) 

 

(c)               (d) 

 

         (e)                            (f) 
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             (k)               (l) 

 
(m)              (n) 

 
         (o)                           (p) 
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within the abdc sequence is illustrated in Fig. 2-7. 

2.2 Patterns based on the Second Class of Voltage Sequences 

In this section, the classification of all the overlapping possibilities within the second group of voltage 

sequences is carried out. For the sake of simplicity, the acbd sequence is taken into consideration. In the 

following it is proven that there are 34 distinct switching patterns within the acbd sequence. The schematic 

of all these patterns is shown in Fig. 2-10. 

Moreover, it was suggested that the adbc voltage sequence is like the acbd one where the positive and 

negative voltages of primary bridge are replaced. In other words, there is also a one-by-one correspondence 

between the switching patterns of the acbd sequence with those of the adbc one. Therefore, up to 34 patterns 

can also be numerated within the acbd sequence. The schematic of all the patterns within adbc sequence is 

illustrated in Fig. 2-11. In the following a mathematical approach is introduced to enumerate the switching 

patterns within the acbd sequence. The switching patterns within the adbc sequence can also be achieved 

through an identical routine. Therefore, there is no need to propose a separate algorithm for the adbc 

sequence. As explained earlier, all the possible overlapping between adjacent voltages should be taken into 

consideration. As illustrated in Fig. 2-4, for the acbd (also the adbc) sequences, the primary and secondary 

voltages are placed alternately. Therefore, from Fig. 2-4 up to four overlapping possibilities can be deduced 

between adjacent voltages: 

1- Overlapping between the positive voltage of the primary bridge, ὺ  with the positive voltage of the 

secondary bridge, ὺ . 

               (q)                           (r) 

 

Fig. 2-9: Schematic of the switching patterns within badc sequence 
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2- Overlapping between the positive voltage of the secondary bridge, ὺ  with the negative voltage of 

the primary bridge, ὺ . 

3- Overlapping between the negative voltage of the primary bridge, ὺ  with the negative voltage of 

the secondary bridge, ὺ . 

4- Overlapping between the negative voltage of the secondary bridge, ὺ  with the positive voltage of 

the primary bridge, ὺ . 

 

Each pair of adjacent voltages might be either fully or partially overlapping or be separated. Therefore, 

one of the following three possibilities might happen between each pair of adjacent voltages: 

1- In the simplest situation, the two adjacent voltage are completely separated from each other. 

2- The two adjacent voltages might be partially overlapping with each other. 

3- The voltage that comes first, might encompass the subsequent voltage completely. 

For instance, for the pair of ὺ  and ὺ , one of the following three possibilities might happen: 

1- ὺ  and ὺ  might be completely separated from each other as shown in Fig. 2-10(a). 

2- ὺ  and ὺ  might be partially overlapping with each other as shown in Fig. 2-10(r). 

3- ὺ  might completely encompass ὺ  as shown in Fig. 2-10(ŭ). 

Similarly, for the pair of ὺ  and ὺ : 

1- ὺ  and ὺmight be completely separated from each other as shown in Fig. 2-10(a). 

2- ὺ  and ὺmight be partially overlapping with each other as shown in Fig. 2-10(h). 

3- ὺ  might completely encompass ὺ  as shown in Fig. 2-10(o). 

Also, for the pair of ὺ  and ὺ : 

1- ὺ  and ὺ  might be completely separated from each other as shown in Fig. 2-10(a). 

2- ὺ  and ὺ  might be partially overlapping with each other as shown in Fig. 2-10(d). 

3- ὺ  might completely encompass ὺ  as shown in Fig. 2-10(g). 

Finally, for the pair of ὺ  and ὺ : 

1- ὺ and ὺmight be completely separated from each other as shown in Fig. 2-10(a). 
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2- ὺ and ὺmight be partially overlapping with each other as shown in Fig. 2-10(b). 

3- ὺ  might completely encompass ὺ  as shown in Fig. 2-10(c). 

Therefore, all the overlapping possibilities within the second class of voltage sequences is taken into 

consideration. It is worth mentioning that a combination of overlapping possibilities might happen at the 

same time. In fact, any of the first two overlapping possibilities of the first group (except the last overlapping 

possibility that should be considered separately) might happen with any of the first two overlapping 

possibilities of the second group (except the last one), also with any of the first two overlapping possibilities 

of the third group (except the last one) and finally with any of the first two overlapping possibilities of the 

fourth group (except the last one) at the same time. Therefore, there are 2 × 2 × 2 × 2 = 16 distinct patterns 

in which any of the adjacent voltages are either separated or partially overlapping. 

It can be demonstrated that if the third overlapping possibility is chosen for any of the two adjacent 

voltages, then the following pair of adjacent voltages must be separated. To clarify this, consider that the 

third overlapping possibility is chosen for ὺ  and ὺ  voltages, then according to Fig. 2-10(ŭ), ὺ  covers 

ὺ  completely. Therefore ὺ cannot have any overlapping with ὺ . If ὺ  overlaps either partially or fully 

with ὺ , then according to the diagrams such as Fig. 2-10(h), Fig. 2-10(o), Fig. 2-10(w), and Fig. 2-10(Ŭ), 

ὺ  must come out of ὺ . Therefore, it cannot be covered completely by ὺ  which is a contradiction to the 

prior assumption. This result can be generalized to any pair of adjacent voltages: If  the last overlapping 

possibility is chosen for any pair of adjacent voltages, then the first overlapping possibility (as the simplest 

one) must be selected for the subsequent pair of adjacent voltages. This however does not impose any 

limitation on the other two voltage pairs. For example, if the 3rd overlapping possibility is chosen for ὺ  

and ὺ  voltages, then the first possibility must be selected for pair of voltages of ὺ , ὺ  while any of the 

first two overlapping possibilities (except the last) can be selected for other two voltage pairs (i.e. ὺ ,ὺ  

and ὺ , ὺ ). Therefore, there are 2 × 2 = 4 distinct voltage patterns in which ὺ  encompasses ὺ , also the 

adjacent voltages ὺȟὺ  as well as ὺȟὺare either separated or partially overlapping. Similarly, if 

ὺ encompasses ὺ  completely, then the voltage ὺ  is encircled by ὺ . Therefore, ὺ  must be separate 
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from ὺ  (which corresponds to selecting the first overlapping possibility for the pair of ὺ  and ὺ  voltages). 

However, any of the first two overlapping possibilities might happen for any of ὺȟὺ  as well as ὺȟὺ  

pair of voltages. This results in 2 × 2 = 4 distinct voltage patterns in this case as well. The third overlapping 

possibility might happen for any of the 4 existing voltage pairs ὺȟὺ or ὺȟὺ  or ὺȟὺ  or ὺȟὺ  and 

for each case, the subsequent pair of voltages have to be separate while any of the first two overlapping 

possibilities might happen for any of the remaining two pairs. Therefore, there are a total of 4 × 2 × 2 = 16 

distinct voltage patterns in which one and only one pair of adjacent voltages are fully overlapping.  

There might be a case in which the third overlapping possibility happens more than once between 

adjacent voltages. For instance, if the third overlapping possibility is selected for ὺȟὺ  voltage pair, then 

the first overlapping possibility must be chosen for the subsequent voltage pair ὺȟὺ . At the same time, 

if the third overlapping possibility is selected for pair of voltages ὺȟὺ , then the first overlapping 

possibility must be chosen for the subsequent voltage pair ὺȟὺ . If  the third overlapping possibility is 

selected for ὺȟὺ , the third overlapping possibility cannot be selected for the last voltage pair ὺȟὺ . 

This can be justified as if the third overlapping possibility is chosen for ὺȟὺ  then the first overlapping 

possibility must be chosen for the subsequent pair of ὺȟὺ . This is in contradiction with assumption of 

selecting the third overlapping possibility for that voltage pair. Therefore, there are only two distinct voltage 

patterns in which the third overlapping possibility takes place more than once between adjacent voltages. 

The first pattern as shown in Fig. 2-10(ɗ) is the one in which the third overlapping possibility is chosen for 

both voltage pairs of ὺȟὺ  and ὺȟὺ  while the other two pairs (i.e., ὺȟὺ  and ὺ ȟὺ ) must be separate 

(the first overlapping possibility must be chosen for those two pairs). The second pattern differs from the 

first one as in this pattern unlike the other, the third overlapping possibility is chosen for the two voltage 

pairs of ὺ ȟὺ  and ὺ ȟὺ  (which have been separate before) while the two pairs of ὺȟὺ  and ὺȟὺ  

are completely separate (they were fully overlapping in the first pattern) as shown in Fig. 2-10(q). In 

summary, it can be concluded that there is a total of 16 + 16 + 2 = 34 distinct switching patterns that can 

be categorized in the acbd voltage sequence as illustrated in Fig. 2-10. Moreover, as suggested in previous 



28 

 

part, there is a one-to-one correspondence between the patterns of the acbd sequence and the patterns of the 

adbc sequence. Each pattern of the acbd sequence can be modified to its corresponding version within the 

adbc sequence simply by replacing the positive and the negative voltages of secondary bridge. Therefore, 

there are 34 switching patterns within the adbc sequence as well and a total of 34 + 34 = 68 distinct 

switching patterns within the second group of voltage sequences as illustrated in Fig. 2-10 and Fig. 2-11  

              (a)                         (b) 

 
(c)            (d) 

 
(e)                          (f) 

 

               (g)                          (h) 
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   (Ů)                           (ɕ) 

 
   (ɖ)                           (ɗ) 

 

Fig. 2-10: Schematic of the switching patterns within acbd sequence 

              (a)                          (b) 

 
(c)             (d) 
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Fig. 2-11: Schematic of the switching patterns within adbc sequence 
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2.3 Patterns based on the Third Class of Voltage Sequences 

Fig. 2-3 and Fig. 2-5 show that there is one-to-one correspondence between the switching patterns of 

the first class with those of the third-class voltage sequences. Each switching pattern of the first class can 

be converted to its corresponding pattern of the third class by simply replacing the positive and the negative 

voltages of primary bridge. Therefore, the third class of voltage sequences also consist of 36 switching 

patterns. This is illustrated in Fig. 2-8 and Fig. 2-9 for bacd and badc sequences, respectively. 

2.4 Total Number of Patterns  

There are 36 patterns possible in the first class of voltage sequences, 68 patterns in the second class of 

voltage sequences, and 36 patterns of the third class of voltage sequence. This gives a total of 68 + 36 + 36 

= 140 distinct switching patterns that can be applied to the dual active bridge converter. 

The 140 possible patterns for the modulation of DAB are based on theoretical possibility. But not all 

the patterns are practical. Following two chapters will apply the practical constraints and present selection 

of the modulation patterns. 
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Optimal Switching Patterns with Symmetric Waveforms 

In Chapter 2, it was shown that 140 distinct switching patterns can be generated for modulation of the 

DAB converter. In this chapter, it is demonstrated that most of these patterns are not practical. Indeed, only 

12 out of 140 switching patterns present potential to be used in the optimal modulation. It is shown in this 

chapter that these twelve patterns can be analyzed based on the analysis of two basic patterns. 

Section 3.1 presents the requirements to achieve zero voltage switching (ZVS) for any selected 

modulation pattern. Section 3.2 then discusses the symmetrical requirements on the switching patterns. The 

similarity requirements are then discussed in Section 3.3 to arrive at the two general patterns to develop 

detailed analyses that will be performed in the subsequent two chapters. Finally, a mathematical proof is 

presented in Section 3.4 to show that each modulation pattern must be symmetrical to obtain the minimum 

rms current in the DAB converter. 

3.1 Zero Voltage Switching (ZVS) Requirement on the Switching Patterns  

As the first step we are required to search among all possible 140 patterns to find the optimum patterns 

which correspond to minimum losses of the converter. The losses of DAB converter can be categorized 

into several groups: 1- core losses 2- conduction losses 3- switching losses. The core losses are merely a 

function of switching frequency and do not significantly depend on the switching pattern that is chosen. 

These losses are usually very small and can be neglected from the selection of a modulation pattern [1]. In 

modern power electronics converters, the switching losses are significantly minimized if the converter 

switches are turned-on and turned-off under zero voltage. The converter, in this way, is called to operate 

under Zero Voltage Switching (ZVS). The ZVS condition, therefore, needs to satisfy for each selected 

pattern. The remaining losses in the converter are the conduction losses which need to be minimized. The 

conduction losses can be expressed as the multiplication of the on-resistance of the switch and the square 

of rms current flowing through it. Therefore, among all the existing patterns, we should be searching for 
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the one in which ZVS conditions are met and the switch rms current is minimized. This should be done for 

every primary and secondary voltage ranges, also for any different level of power transfer. For each pattern, 

there are several variables such as the duration of primary and secondary voltages as well as the overlapping 

time between any of the voltages ὺȟὺȟὺ  and ὺ  that all need to be optimized. Therefore, for each 

pattern the ZVS conditions and rms current should be expressed in terms of chosen parameters. Then all 

the variables should be selected so that the rms of inductor current (the same current flows through the 

switches) is minimized while the ZVS conditions are met.  

3.2 Symmetrical Requirement on the Switching Patterns 

To find the optimal switching pattern, several requirements should be taken into consideration. One of 

the basic requirements needs the switching pattern to be symmetrical. In the following, the definition of 

symmetry for the switching pattern is expressed. 

A switching pattern is symmetric if these conditions are met: 

1- The negative voltage of each bridge is applied for the same duration as the positive voltage of that 

bridge,  

2- The negative voltage of each bridge is applied half a switching period after (or before) the positive 

voltage of that bridge. 

For instance, the negative voltage of the primary bridge, ὺ  must be applied for the same duration as 

ὺ . Moreover, it should be applied just half a switching cycle after (for abcd, abdc and acbd sequences) or 

before (for bacd, badc and bcad sequences) the positive voltage of the primary bridge, ὺ . And the same 

conditions need to be met with respect to the voltages of the secondary bridge, ὺ  and ὺ . 

In Section 3.4, a mathematical proof is presented to verify that the optimal switching pattern must be 

symmetric. Once the symmetry condition is applied, most of the switching patterns are eliminated from the 

list of 140 possible theoretical patterns. Indeed, it can be easily verified that all the patterns within the first 

class of voltage sequences (i.e., the abcd, abdc, bacd and badc sequences) cannot be symmetrical and thus 

will be excluded. Moreover, within the second class of voltage sequences (i.e., the acbd and adcb 
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sequences), six patterns of each sequence (twelve in total) would be symmetric. Therefore, these twelve 

patterns should be considered as the final candidates for optimal modulation and need to be studied. The 

schematic of these patterns can be found in Fig. 2-10 and Fig. 2-11. The patterns in Fig. 2-10(a), (i), (q), 

(t), (z), (ɗ) are the only symmetric patterns within the acbd sequence. Similarly, the patterns as in Fig. 2-

11(a), (i), (q), (t), (z) and (ɗ) are the only symmetric patterns within the adbc sequence. 

After applying the condition on symmetrical requirement, only twelve out of 140 patterns are left and 

need to be analyzed. These twelve patterns are redrawn in Fig. 3-1. The switching patterns from acbd 

sequence are placed on the left side of this figure and their respective versions from adbc sequence are 

placed on the right side. 

 

3.3 Similarity Requirement on the Switching Patterns 

Despite the considerable reduction in the number of required patterns for analysis, still a separate study 

on each of them would be cumbersome. Therefore, we would like to look for more ways to decrease the 

number of patterns to be further studied. For this purpose, a classification on switching patterns is carried 

   ix              x 

 
   xi              xii       

 

Fig. 3-1: Schematic of the potential switching patterns with symmetrical waveforms 
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out based on their similarity. The concept of similarity among switching patterns is introduced as the 

analysis of similar patterns would be almost identical. In other words, by doing a thorough investigation of 

each of the selected patterns, all the similar versions of it can be analyzed in a similar way. This results in 

a conspicuous reduction in the number of patterns to be investigated. Therefore, the steps required to find 

the optimal solution would be significantly reduced. The classification is based on simple rules as follows: 

1- By having a close look into the selected patterns in Fig. 3-1, it can be noticed that the patterns 

within Fig. 3-1(v), (vi) are identical to those within Fig. 3-1(xi), (xii ). As if the primary and 

secondary voltages are replaced the patterns of Fig. 3-1(v), (vi) would be converted to the patterns 

of Fig. 3-1(xi), (xii ) respectively. Therefore, by conducting a thorough analysis on the first two 

patterns, we would be exempt from repeating similar steps and getting to identical results for the 

second set of two patterns. This results in reducing the number of selected patterns by two. In other 

words, we are required to do the analysis on ten out of the twelve selected patterns. 

2- Each pattern of acbd sequence is like its corresponding version within the adbc sequence. The only 

difference is that the voltage from secondary bridge is reversed. Thus, by conducting a thorough 

study on each of the selected patterns from acbd sequence, its corresponding version within adbc 

sequence can be analyzed in a similar way. This way the number of requisite patterns for analysis 

is decreased to half. As simply by replacing ὺ  and ὺ  the analysis conducted on each pattern 

within acbd sequence can be generalized to its similar version from adbc sequence. In other words, 

by changing 6 into 6 within the selected pattern of acbd sequence, the set of equations of this 

pattern would change to that of its adbc version. And the research conducted on the pattern of acbd 

sequence can be used for both, providing that 6 is assumed to vary within both the positive and 

negative ranges.  

3- So far, it is demonstrated that by taking advantage from the prior rules, the number of patterns for 

assessment would be decreased to five. As only the patterns of (i), (iii ), (v), (vii ) and (ix) on the left 

column of Fig. 3-1 (within the acbd sequence) should be analyzed. Now, in this part it is suggested 

that four of these patterns, i.e. (i), (iii ), (vii ) and (ix) are also similar. Indeed, it can be shown that 
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by conducting a thorough analysis on pattern (ix) in Fig. 3-1, the obtained set of equations can be 

generalized to all the other three patterns. To show this, the concept of idle time interval is 

introduced. The idle time interval refers to the duration in which no voltage from any bridge is 

   i              ii  

 
   iii               iv 

 
   v              vi

 
vii  

 

Fig. 3-2: The schematic of selected patterns (a), (i), (t) with idle time interval, on the left, their respective 

versions with no idle time interval, on the right, and the schematic of selected pattern (z), at the bottom. All 

the patterns on the right side, can be considered as special cases of pattern (z) 
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applied. Clearly, since no voltage is applied, no power would be transferred during that duration. 

And the rms current would be increased if a non-zero constant current is flown during that interval. 

Moreover, it can be shown that the set of equations including the equation of rms current for the 

pattern with idle time interval can be simply related to its simplified version that has no idle time 

interval. This is carried out in the next chapter. The selected pattern (ix) in Fig. 3-1 is redrawn on 

the bottom of Fig. 3-2 and is considered as pattern (vii ) in this figure. Moreover, the selected three 

patterns (i.e. (i), (iii ) and (vii ) in Fig. 3-2) consisting of the idle time interval, are redrawn on the 

left column of Fig. 3-2. By setting the idle time interval in these patterns equal to zero, their 

respective versions on the right side of Fig. 3-2 would be achieved. As can be noticed in this figure 

the simplified versions of three patterns with no idle time interval can be considered as special 

cases of the selected pattern on the bottom where some or all the overlapping intervals is set to 

zero. And the set of equations for all the three patterns on the left side of Fig. 3-2 would also be 

obtained from their respective simplified versions on the right of that figure. The procedure on how 

to do this is explained in detail within the following chapter. Therefore, if the selected pattern (vii ) 

on the bottom of Fig. 3-2 (i.e., pattern (ix) in Fig. 3-1) is investigated and the set of equations for 

this pattern is achieved, also the optimal overlapping time intervals is obtained, this implies that all 

the three special cases of it (i.e. the simplified versions of selected patterns on the right side of Fig. 

3-2), are also scrutinized. On the other side, the set of equations for all these three patterns on the 

left of Fig. 3-2 can be simply related to their respective simplified versions on the right of that 

figure. The procedure on how to do this is explained in detail within the following chapter. All in 

all, by investigating only one pattern as on the bottom of , the set of equations for the simple version 

of all the selected three patterns as on the right side of and subsequently those three patterns, 

themselves on the left side of that figure would also be achieved. 

Therefore, by taking advantage of the mentioned rules, we get to two stitching patterns that need to be 

investigated in detail and the analysis of all potential patterns can be achieved based on these two patterns. 
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The schematic of the selected two selected patterns is depicted in Fig. 3-3. And a thorough analysis for 

these two patterns will be conducted in the next few chapters. 

3.4 Mathematical Proof on the Symmetrical Requirement of Optimal Pattern 

In this section a mathematical approach is introduced to prove that the optimal pattern must be 

symmetrical. For this purpose, first an asymmetrical switching pattern is chosen, then it is proven that the 

selected pattern is not the optimal solution. The asymmetrical pattern selected for this purpose, is pattern 

(e) of abdc sequence as shown in Fig. 2-7. The schematic of this pattern is also illustrated in Fig. 3-4 for 

further consideration. Any other asymmetrical pattern can be chosen, and similar results would be obtained.  

Before presenting the mathematical proof, the concept of twin patterns among asymmetrical patterns is 

introduced. A twin pattern for a switching pattern is achieved simply by reversing the polarity of all 

voltages. In other words, to obtain the twin version of an asymmetrical pattern, all the positive voltages 

must be replaced by their corresponding negative voltages and vice versa. For instance, the twin version of 

pattern (e) of abdc sequence in Fig. 3-4 would be pattern (e) of bacd sequence as illustrated in Fig. 2-8, also 

in Fig. 3-5. By making a comparison between these two patterns in Fig. 3-4 and Fig. 3-5, it can be observed 

that the positive voltage on primary and secondary bridges is replaced by the negative voltage on those 

bridges, respectively. Similarly, negative voltage on each bridge is replaced by corresponding positive 

voltage on that bridge. It is worth noting that each asymmetrical switching pattern can have one and only 

one twin pattern that is unique to that pattern; also, symmetrical patterns do not have any twin patterns 

(their twin patterns are equal to themselves). 

   i              ii  

 

Fig. 3-3: Schematic of the ultimate switching patterns, selected for a complete analysis. 
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In pattern (e) of abdc sequence, the time origin denoted by ὸ in Fig. 3-4, is selected at ὸ π as the 

initial time of applying ὺ . In the twin version of this pattern (i.e., pattern (e) of bacd sequence), the initial 

time of applying the voltage with opposite polarity (i.e., the negative voltage ὺ ), is selected as the time 

origin which is denoted by ὸ in Fig. 3-5. The two patterns in Fig. 3-4, Fig. 3-5 are considered as pattern A 

 
Fig. 3-4: The selected asymmetric pattern of abdc sequence (pattern A) 

 
Fig. 3-5: The twin version of the selected asymmetric pattern that is of bacd sequence (pattern B) 

 



44 

 

and pattern B, respectively. Assume that all respective time variables (i.e., 4, 4, 4 and 4) in both patterns 

are the same. Having equal time variables in both of twin patterns means that in each of them, after the time 

origin, all the voltages from both bridges are applied with the same magnitude, different polarities and 

within the same time duration. Therefore, it is predictable that the inductor current (or any other current), 

after the time origin in each of the two patterns would also have the same amplitude but different polarity. 

It can be shown that the initial current Ὥ, would also be negative of each other within the two patterns. To 

show this, we need to calculate the averaged current in one period, then put it equal to zero and express Ὥ 

in both of twin patterns in terms of timing variables. The procedure on how to do this is carried out for each 

of the selected patterns within the subsequent chapters. Having the initial current and all the voltages after 

initial time, negative of each other within the two patterns, assures that the inductor current at any time after 

ὸ ὸ would be negative of each other in twin patterns. 

Since after time origin, both the applied voltages and inductor current for each pattern is negative of 

that of its twin version, therefore the averaged power transferred in one switching period would also be the 

same. For a mathematical proof, the approach in Appendix B can be used here as well: every current in a 

twin pattern is negative of that of the other pattern and so is Ὥ ὸ, (the current due to primary voltage on 

secondary bridge); since the corresponding voltages in the two patterns are also negative of each other, 

therefore from (B-7), the average power transfer in one switching cycle (that is proportional to 

multiplication of Ὥ ὸ and ὲὺ ὸ as in (B-7)) would be the same within both patterns. 

Regarding the rms current, since all the currents in every pair of twin patterns are negative of each 

other; and so is the inductor current, therefore the average of current square (i.e., the rms current) would 

also be the same within the two patterns that are twin of each other. In other words, if the rms current for 

pattern A and pattern B is denoted by ) Ὢ ὝȟὝȟὝ  and ) Ὢ ὝȟὝȟὝ , respectively then 

we have Ὢ ὝȟὝȟὝ Ὢ ὝȟὝȟὝ .  

Regarding the zero-voltage switching, also similar conditions need to be satisfied. For instance, at the 

time origin for pattern A as in Fig. 3-4, we need to have Ὥ έὶ Ὥ π as the first zero-voltage 
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switching condition. Similarly, in pattern B as in Fig. 3-5, the first current that should meet zero-voltage 

switching condition is Ὥ  έὶ Ὥ  that must be positive. Since the Ὥ  in pattern B is equal to 

Ὥ  in pattern A, therefore Ὥ π in pattern B would be equivalent to Ὥ έὶ Ὥ π in 

pattern A and so on. This shows that identical zero-voltage switching conditions must be satisfied within 

both patterns. In other words, if the zero-voltage switching conditions for pattern A and pattern B is denoted 

by Ç ὝȟὝȟὝ  and Ç ὝȟὝȟὝ , respectively then we have Ç ὝȟὝȟὝ Ç ὝȟὝȟὝ .  

Also, all the other prerequisite conditions (in addition to zero-voltage switching) would be the same in 

the two patterns. For instance, for both patterns A, B in Fig. 3-4 and Fig. 3-5, the necessary conditions 

(other than zero-voltage switching) would be (Ὕ is already replaced by πȢυὝ): 

π ὝȟὝȟὝ & Ὕ Ὕ ςὝ πȢυὝ (3-1) 

Therefore, all the necessary constraints and inequalities including the zero-voltage switching conditions 

are also identical within the twin patterns. As a result, we get to the same set of equations and conditions 

for every arbitrary set of twin patterns (like that of Fig. 3-4 and Fig. 3-5). 

The second mathematical concept that is introduced in this section is named the mother set of selected 

patterns and that is a set comprising of nine (and in some cases four) patterns including the pair of twin 

patterns that is under study. For instance, for the pair of twin patterns A, B as in Fig. 3-4 and Fig. 3-5, a 

mother set with nine patterns is defined and illustrated in Fig. 3-6. As can be seen in this figure, the nine 

switching patterns are all sorted out in a 3 by 3 matrix format (i.e., matrix with three rows and three 

columns). In each of the nine figures, one of the patterns is shown; a complete switching period of each 

pattern is depicted, and in each period, all the four voltages are shown. The positive and negative voltages 

from primary bridge (i.e., ὺ , ὺ ) are illustrated by black and dotted blue lines, respectively. Also, the 

positive and negative voltages from secondary bridge (i.e., nὺ , ὲὺ ) are illustrated by cyan and dashed 

red lines, respectively. Also, a two-digit number is written in each of the nine patterns; the first digit shows 

the column of selected pattern in the matrix format; and the second number represents the row of the 

selected pattern. Therefore, for instance pattern # 23 refers to the pattern that is on the second column and 
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the third row of the 3 × 3 matrix of patterns in Fig. 3-6. Also, as can be seen in this figure, the selected pair 

of twin patterns are among the patterns of this set (pattern A is the top one on the right side and is numbered 

#13 and pattern B is the bottom one on the left numbered #31). In fact, each pair of asymmetrical patterns 

that are twin of each other would get into a group of nine (or four) patterns as their mother set. It is also 

worth noting that the mother set of nine patterns as in Fig. 3-6, consists of two other pair of twin patterns 

 

Fig. 3-6: The mother set including of patterns A and B. 

 

Fig. 3-7: The rms function of each pattern within the mother set 
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(patterns #12, #21 and patterns #23, #32) and three symmetric patterns on the diagonal (patterns #11, #22 

and #33). 

The rms of pattern that is on the i th row and j th column in the set of patterns, is denoted by Ὢ as in Fig. 

3-7; this figure is just like Fig. 3-6 as in both figures, similar set of patterns is illustrated and sorted out in 

a 3 × 3 matrix format. The only difference between two figures is that in Fig. 3-7, for each of the nine 

patterns, instead of the number of pattern (i.e., ij ), the rms function of it (i.e., Ὢ) is written down. For 

instance, Ὢ  corresponds to the irms of pattern # 31 that is placed on the third column and the first row within 

this figure. Clearly for each pair of twin patterns, the rms would be the same. As it was already explained 

for the selected pair of twin patterns as in Fig. 3-4 and Fig. 3-5, the rms function would be similar. This 

result can be generalized to every pair of twin patterns. Therefore Ὢ Ὢ , also, Ὢ Ὢ , and Ὢ Ὢ . 

In general, we have Ὢ Ὢ,. The two parameters ίȟί are defined based on the row and column of the 

selected pattern as in Fig. 3-6. As can be seen in this figure (also in Fig. 3-7), the first parameter, ί 

determines the column of selected pattern; and the second parameter, ί refers to the row of selected pattern. 

Therefore, depending on what switching pattern is chosen, ί and ί would be initialized. For instance, 

ί ρ, ί ρ means that the pattern #11 from the first column and the first row is selected. Similarly, 

having ί σ, ί ς, means that the pattern #32 from the third column and second row is chosen and so 

on. To mathematically relate the selected pattern to new parameters, ίȟί, the delta function, ‏ᾀȟᾀ  is 

defined: 

ᾀȟᾀ‏  
ρ    ᾀȟᾀ πȟπ

π         έὸὬὩὶύὭίὩ     

 (3-2) 

Taking benefit from the delta function, the rms current can be expressed as: 

) ὪὝȟὝȟὝȟίȟί Ὓ‏ ρ ȟὛ ρ Ὢ ὝȟὝȟὝ  
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Ὓ‏                              ρ ȟὛ ς Ὢ ὝȟὝȟὝ Ὓ‏ ρ ȟὛ σ Ὢ ὝȟὝȟὝ

Ὓ‏ ς ȟὛ ρ Ὢ ὝȟὝȟὝ Ὓ‏ ς ȟὛ ς Ὢ ὝȟὝȟὝ

Ὓ‏ ς ȟὛ σ Ὢ ὝȟὝȟὝ Ὓ‏ σ ȟὛ ρ Ὢ ὝȟὝȟὝ

Ὓ‏ σ ȟὛ ς Ὢ ὝȟὝȟὝ Ὓ‏ σ ȟὛ σ Ὢ ὝȟὝȟὝ  

(3-3) 

Which is also illustrated in Fig. 3-8. This figure is very similar to the previous two diagrams (i.e., Fig. 

3-6 and Fig. 3-7) as well. Since in this figure the same switching patterns are placed in the same position 

as the other two ones. The main difference is regarding the writing that are added to each of the patterns. 

In Fig. 3-8, in comparison to Fig. 3-7, the input variables of the rms function of each pattern are determined 

in parentheses. Also, like (3-3), each rms function is multiplied by the respective delta. Like (3-3), the sum 

of all such multiplications is obtained to achieve the rms current in general form in terms of the selected 

time ratios as well as the new defined parameters ί, ί. It is easy to check that depending on selection of 

ί, ί only one switching pattern is chosen and ὪὝȟὝȟὝȟίȟί  on the left side of (3-3) would be equal 

to rms of the selected pattern. For instance, if pattern A as in Fig. 3-4 from the first column and third row 

of Fig. 3-8 is selected, then only ‏ί ρ ȟί σ would be equal to one while all the other delta functions 

on the right side of (3-3) would be zero. Therefore, in this situation since all the Ὢ functions except 

Ὢ ὝȟὝȟὝ  are multiplied by zero, ὪὝȟὝȟὝȟίȟί  in (3-3) would get equal to Ὢ ὝȟὝȟὝ  which 

is the rms of pattern #13. A more general function like Ὢᶻ, can also be defined as the combination of all 

equations and conditions for the selected pattern. For example, for the selected pattern #e of abdc sequence 

in Fig. 3-4 (denoted by pattern A in this section), as shown on pages 44, 45, also from (3-1), the set of all 

conditions and equations would be: 

ὪᶻὝȟὝȟὝ

ụ
Ụ
Ụ
Ụ
Ụ
ợ

Ὢ ὝȟὝȟὝ

 Ç ὝȟὝȟὝ  
πȢυὝ Ὕ Ὕ ςὝ

Ὕ
Ὕ
Ὕ Ứ

ủ
ủ
ủ
ủ
Ủ

 (3-4) 

As can be seen in (3-4) the first row of ὪᶻὝȟὝȟὝ , consists of the optimization function )

Ὢ ὝȟὝȟὝ  that should be minimized. Also, the set of all inequalities (including the zero-voltage 



49 

 

switching conditions) is within rows 2-6. Therefore, the optimization problem can be interpreted as if we 

are trying to minimize the first row of Ὢᶻ while rows 2-6 need to be greater than zero. 

For the pair of twin patterns A, B as in Fig. 3-4, Fig. 3-5 with their mother set as in Fig. 3-6, by taking 

benefit from the two variables ί, ί, the set of equations and conditions would be related to that of the 

selected pattern. Like (3-3) and Fig. 3-8 we have: 

ὪᶻὝȟὝȟὝȟίȟί Ὓ‏ ρ ȟὛ ρ Ὢ ᶻὝȟὝȟὝ  

Ὓ‏ ρ ȟὛ ς Ὢ ᶻὝȟὝȟὝ Ὓ‏ ρ ȟὛ σ Ὢ ᶻὝȟὝȟὝ Ὓ‏

ς ȟὛ ρ Ὢ ᶻὝȟὝȟὝ Ὓ‏ ς ȟὛ ς Ὢ ᶻὝȟὝȟὝ Ὓ‏ ς ȟὛ σ

Ὢ ᶻὝȟὝȟὝ Ὓ‏ σ ȟὛ ρ Ὢ ᶻὝȟὝȟὝ Ὓ‏ σ ȟὛ ς

Ὢ ᶻὝȟὝȟὝ Ὓ‏ σ ȟὛ σ Ὢ ᶻὝȟὝȟὝ         

(3-5) 

And, by selecting a definite switching pattern, the delta function of the respective row and column 

would be one while all the other delta functions would be zero. For instance, by selecting ί σ, ί ς, 

the switching pattern from the third column and second row would be selected. And since all the delta 

functions except ‏ί σ ȟί ς are zero, then all the Ὢᶻ functions except Ὢ ᶻ
 would be multiplied by 

zero and they would not appear in the result. Ὢ ᶻ
, on the other side would be multiplied by 1 and therefore 

Ὢᶻ would be equal to Ὢ ᶻ
. 

Therefore, we have a new optimization problem in which not only the time variables ὝȟὝȟὝ also the 

two new variables ί, ί need to be optimally selected. Unlike the normalized timing ratios that are each a 

continuous number changing from zero to one, the two parameters ί, ί are both discrete numbers and  

each can take one out of the three values (i.e., either 1, 2 or 3). The goal of optimization problem is to 

optimally select all the five variables ὝȟὝȟὝ and ί, ί while the first row of Ὢᶻ is minimum and all the 

other rows of Ὢᶻ would be greater than zero. 

It was already demonstrated that for each pair of twin patterns, not only the rms current, also all other 

equalities and inequalities are the same. In other words, we have: Ὢ ᶻ Ὢ ᶻ
, Ὢ ᶻ Ὢ ᶻ

 and Ὢ ᶻ Ὢ ᶻ
. 

Therefore, it seems that there is some axial symmetry around the diagonal line (the line from the top left to 
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bottom right) in Fig. 3-8. This means that by replacing ί with ί, we would get to the same set of equations 

and inequalities within Ὢᶻ. In other words, we have: 

ὪᶻὝȟὝȟὝȟίȟί ὪᶻὝȟὝȟὝȟίȟί  (3-6) 

Since the rms function as in (3-5), (3-6) is completely symmetric with respect to ί and ί (replacing 

ί with ί does not result in any change in the rms function and vice versa), therefore in optimal modulation, 

ί must be equal to ί. In other words, since by replacing the two variables ίȟί we would get to the same  

set of equations and conditions, therefore the optimal ί that results in minimizing Ὢᶻ would be equal to the 

optimal ί that minimizes Ὢᶻ. To be clear, if we try to find the optimal ί by solving the set within Ὢᶻ, we 

encounter to the same set of equations and conditions as if when trying to find the optimal ί. Therefore, 

solving the set of equations for ί is just like solving the set of equations for ί. As if we try to optimize Ὢᶻ 

for either of ί or ί we would have the same equations to be solved. Then the same results would be 

obtained for both ί and ί in the optimal modulation with minimum rms current. And such a conclusion 

can be made that for optimal modulation ί and ί must be equal.  

 

Fig. 3-8: Expressing )  based on ίȟί and the rms of selected pattern. 
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In the mathematical literature, by taking benefit from similar intuitive logical concepts (like the one in 

previous paragraph), Waterhouse suggested that a symmetrical problem would have a minimum or 

maximum when the pair of symmetric variables are equal [48]. The second derivative of )  with respect 

to the selected variables can be used to show that when ί ί we would have a local minimum (not a 

local maximum). Moreover, to prove that the local minimum is the global one, we need to show that the 

selected function is convex (as a weaker condition quasi-convex) as suggested in [49]. As a more rigorous 

mathematical proof is beyond this thesis and can be considered the future works as the extension of this 

thesis, in this part, we adhere to the simple intuitive proof that was suggested before: Since to obtain the 

optimal modulation, we are trying to solve an identical set of equations and conditions for both of ί and 

ί then the obtained optimal values would be equal for both. This is identical to the results that other 

researchers obtained by the help of numerical analysis [1], [50]. With no mathematical proof, they claimed 

that the optimal solution is obtained based on a symmetrical switching pattern. 

It is worth noting that having ί ί means that we are on the main diagonal of the σ σ square of 

Fig. 3-6 as either pattern # 11, # 22 or # 33 should be selected. In other words, having ί ί means that 

the selected optimal pattern must be symmetric. 

This proof shows that none of the twin patterns (that are asymmetric) in the mother set of Fig. 3-6 can 

be the optimal solution. Not only the selected set of twin patterns # 13 and # 31 in Fig. 3-6, also none of the 

other twin sets including pattern # 12 , # 21 , and # 23 , # 32, would ever be the optimal solution (please 

note that only for asymmetric patterns, we can define the concept of twin patterns since the symmetrical 

patterns do not have any twin versions. As already explained the twin version of symmetric patterns are the 

same as themselves). 

It is worth mentioning that for every other arbitrary asymmetrical pattern, a similar mother set can be 

defined and therefore, no asymmetric switching pattern, would ever result in optimal modulation (even not 

for a single operating point). In other words, none of the 72 patterns within the abcd, abdc, bacd, and badc 

sequences would ever result in optimal modulation since they are all asymmetric. Moreover, none of those 
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patterns within acbd and adbc sequences (except the selected twelve ones as in Fig. 3-1) that are asymmetric 

would result in the optimal solution. Therefore, only the selected twelve patterns from acbd and adbc 

sequences as the final candidates for optimal modulation, need to be investigated. This has been elaborated 

in Section 3.3 that the analysis of all these twelve patterns can be obtained based on a thorough analysis of 

Pattern (z) and Pattern (q). Their analyses are carried out in the following two chapters.  
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Analysis of Switching Pattern (z) 

In Chapter 3, it was shown that there are 12 symmetrical patterns out of 140 theoretically possible 

modulations patterns for the DAB converter. In this chapter, the symmetric switching pattern (z) as shown 

in Fig. 4.1, is investigated. A set of equations for this pattern is derived.  

For the pattern, there are several variables that should be optimally selected so that minimum losses are 

obtained. There are a total of eight variables, which include six different timing variables, one initial current 

and switching frequency, those need to be optimally selected. These eight variables are defined below: 

Ὕ:  Corresponds to the time in which any of the primary voltages, ὺ  and ὺ  are applied to the 

converter.  

Ὕ: Corresponds to the time in which any of the secondary voltages, ὺ  and ὺ  are applied to the 

converter.  

Ὕ, Ὕ, Ὕ and Ὕ: Each of these time variables is selected to represent some time durations between 

applying different voltages in each pattern. These time variables are particular to each selected pattern 

and are illustrated in their respective figures. 

Ὥ: Finally, Ὥ as the only non-timing parameter, denotes the initial current just before applying the 

primary voltage ὺ . 

Ὢ (ρȾὝ): ὪȟὝ denote the switching frequency and the switching period, respectively. To be more 

precise, Ὕ can be interpreted as the time difference between applying the current ὺ  and the subsequent 

ὺ  within the next switching cycle. 

Each variable corresponds to one degree of freedom and therefore there are up to eight degrees of 

freedom for each operating point in each pattern. The operating point of the converter refers to the operating 

conditions such as the primary and secondary voltages as well as the power that is being transferred by the 

converter. 
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It is worth mentioning that instead of the eight variables mentioned earlier, any combination of them 

can also be chosen as the set of eight variables providing that the new variables are linearly two-by-two 

independent. In each pattern, the eight independent variables that result in the simplest equations should be 

selected. In addition to the predefined parameters, the following parameters are also defined for the analysis 

of each pattern: 

Ὥ ȟὭ  denote the converter current at the initial and the final time of applying ὺ  respectively. 

Ὥ ȟὭ  denote the converter current at the initial and the final time of applying ὺ  respectively. 

Ὥ ȟὭ  denote the converter current at the initial and the final time of applying ὺ  respectively. 

Ὥ ȟὭ  denote the converter current at the initial and the final time of applying ὺ  respectively. 

Now we are going to express the rms current and the zero-voltage switching conditions in terms of 

selected variables in each pattern. The rms current of each pattern can be calculated, benefitting from the 

following simple axiom: if in an interval with a duration of d, a constant voltage with an amplitude of ὠ is 

being applied across the inductance of L, then the rms current in that interval would be: 

)        ύὬὩὶὩȡ ά  (4-1) 

In which m is the constant slope of current change and Ὥ, Ὥ are the initial and the final currents of the 

inductance, respectively. Please refer to Appendix B for the proof. 

Pattern (z) of the acbd sequence is the first pattern that is taken into consideration. The seven chosen 

variables that result in the simplest equations for this pattern are introduced in Fig. 4-1. Please be noted that 

Ὥ in Fig. 4-1 refers to the current of leakage inductance. This is the current that passes through the leakage 

inductance of the HF transformer as shown in Fig. 2-1. )  that is later minimized in this thesis also refers 

to the rms current of leakage inductance.  

The switching period of the converter can be expressed in terms of chosen parameters as: 

Ὕ ςὝ ςὝ Ὕ Ὕ Ὕ Ὕ (4-2) 

The power of the converter can also be expressed in terms of chosen parameters: 
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ςὒὝ
ς ὝὝ Ὕ Ὕ Ὕ Ὕ  (4-3) 

To derive the power equation of this pattern as in (4-3), a mathematical proof is presented in Appendix 

C. Now we get back to the rms current and try to express it in terms of chosen parameters. Using (4-1), also 

the current definitions on page 54, from Fig. 4-1, the rms current of pattern (z) can be expressed as: 
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Which can be further simplified as: 
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Fig. 4-1: Pattern (z) of acbd sequence  
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 (4-4.b) 

In which άȟά ȟȣȟά  are the slope of current change in consecutive intervals of applying primary 

and secondary voltages as illustrated in Fig. 4-1. In the following, all these parameters are expressed in 

terms of chosen variables of pattern (z): 
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Replacing the initial and the final currents of each interval, and the current changing slopes from (4-5) 

and (4-6) into (4-4.b) yields: 
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As already discussed, the average current of the converter needs to be zero or the transformer windings 

would become saturated. From Fig. 4-1, the average current for pattern (z) can be simply acquired as: 

)
ρ

ςὝ
Ὕ Ὥ Ὥ Ὕ Ὕ Ὕ Ὥ Ὥ Ὕ Ὥ Ὥ  

  Ὕ Ὕ Ὕ Ὥ Ὥ Ὕ Ὥ Ὥ Ὕ Ὕ Ὕ  

Ὥ Ὥ Ὕ Ὥ Ὥ Ὕ Ὕ Ὕ Ὥ Ὥ   (4-8) 

Replacing initial and final currents from (4-5) into (4-8) yields: 
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(4-9) 

The initial current of the converter is simply determined by putting the average current in (4-9) equal 

to zero: 
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(4-10) 

For the zero-voltage switching of all switches, these conditions need to be met: 

Ὥ Ὥ     Ǫ       Ὥ     π     O      Ὥ    π (4-11) 
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Also, as can be seen in Fig. 4-1, for the converter to be modulated based on pattern (z), the following 

inequalities need to be satisfied: 

ὝȟὝȟὝȟὝȟὝȟὝ π & Ὕ Ὕ Ὕ & Ὕ Ὕ Ὕ  

 & Ὕ Ὕ Ὕ & Ὕ Ὕ Ὕ (4-12) 

4.1 Symmetrical Simplification within Analysis of Pattern (z) 

Due to the geometrical symmetry of this pattern which can be seen in Fig. 4-1, in optimum modulation, 

Ὕ and Ὕ as well as Ὕ and Ὕ will be equal. To support this claim, all loss equations and inequalities are 

rewritten in this part, considering the negative voltage on the primary bridge as the initial voltage. This way 

the initial currentïdenoted by Ὥ in Fig. 4-1ïwill be the inductor current at the beginning of applying the 

negative voltage to the primary side. Considering Ὥ as the initial current, we can rewrite the initial and final 

current of each interval as: 
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Using the axiom that the average current of the converter must be zero, Ὥ can be easily expressed in 

terms of time variables. Replacing initial and final currents from (4-13) in (4-8) and then putting the average 

current equal to zero yields: 
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Comparing the initial current of the new analysis Ὥ in (4-14) with the initial current of the previous 

analysis, Ὥ in (4-10) reveals that the new initial current is just the opposite of the former one providing 

that Ὕ, Ὕ are replaced with Ὕ, Ὕ respectively and vice versa. In fact, such analogy exists for the inductor 

current within the two analyses not only at the initial time but also at any other time. There is a simple 

intuitive proof for this which is provided in the following: 

First, it is worth mentioning that within the new analysis, the time origin corresponds to the beginning 

of the period in which the negative voltage from primary bridge is applied (the time corresponding to Ὥ in 

Fig. 4-1). In the previous analysis, however, the time origin corresponds to the initial time of applying a 

positive voltage from the primary bridge (the time corresponding to Ὥ in Fig. 4-1). In the new analysis, as 

the time passes we get further on the right side of Ὥ in Fig. 4-1 and the voltages 6ȟὲ6ȟ6 and ὲ6 are 

being applied to the converter respectively. On the other side in the previous analysis, having time passed, 

corresponds to getting further from Ὥ on the right side of it in Fig. 4-1 and therefore the voltages 

6ȟὲ6ȟ6 and ὲ6 which are opposite to the previous ones (i.e. ὠȟὲὠȟὠ and ὲὠ) are applied to 

the converter respectively. Also, the overlapping time of the voltages in previous analysis are Ὕ, Ὕ, Ὕ and 

Ὕ while the overlapping time between the opposite voltages in the new analysis are Ὕ, Ὕ, Ὕ and 

Ὕ respectively. Therefore, we can conclude that in new analysis the inductor current at any time (with the 

new time origin corresponding to Ὥ) is opposite of inductor current within the previous analysis providing 

that Ὕ, Ὕ are replaced with Ὕ, Ὕ and vice versa. Replacing the initial and final currents of each interval 

from (4-13) as well as current changing slopes from (4-6) into (4-4.b) yields: 
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Moreover, for the zero-voltage switching of all switches, the following conditions need to be met in the 

new analysis: 

Ὥ Ὥ      Ǫ       Ὥ     π     O      Ὥ    π (4-16) 
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The zero-voltage switching conditions of (4-16) in addition to other requisite inequalities in (4-12) and 

also the rms current of (4-15) constitute the new set of loss equations and inequalities for optimum operation 

of pattern (z). Comparing the new rms current in (4-15) with that of (4-7), also the new zero-voltage 

switching conditions in (4-16) with the one in (4-11) reveals the profound analogy that exists between them. 

As can be seen by replacing Ὥ with Ὥ and also the timing variables Ὕ, Ὕ with Ὕ, Ὕ and vice versa, the 

loss equation and inequalities in (4-15), (4-16) would become just as the loss equation and inequalities in 

(4-7), (4-11). Also by making a comparison between the initial currents in (4-10) and (4-14), it was already 

demonstrated that Ὥ and Ὥ are just opposite of each other if  Ὕ, Ὕ are replaced with Ὕ, Ὕ and vice versa. 

Therefore we can conclude that the new set of loss equations and inequalities in (4-15), (4-16), and (4-12) 

is the same as the loss equations and inequalities in (4-7), (4-11) and (4-12) providing that Ὕ, Ὕ are 

replaced with Ὕ, Ὕ respectively and vice versa. As a consequence, minimizing )  in (4-15), with the 

set of inequalities and constraints of (4-16), (4-12) is similar to minimizing )  in (4-7) with the set of 

inequalities and constraints in (4-11), (4-12). This implies that the set of (Ὕ, Ὕ, Ὕ, Ὕ, Ὕ, Ὕ) that results 

in optimal modulation of the converter (i.e. the minimum rms current as well as meeting the zero-voltage 

switching conditions) is equal to the set of (Ὕ, Ὕ, Ὕ, Ὕ, Ὕ, Ὕ) that corresponds to the optimal modulation 
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of the converter. Therefore, in optimal modulation, Ὕ, Ὕ are equal to Ὕ, Ὕ respectively. Replacing Ὕ 

with Ὕ, also Ὕ with Ὕ in (4-2), (4-3), (4-7), (4-10), (4-11) and (4-12) results in the following simplified 

set of equations and inequalities for pattern (z): 

Ὕ ςὝ Ὕ Ὕ Ὕ  (4-17.a) 
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Replacing Ὕ from (4-17.a) in (4-17.d) results in simpler equation for Ὥ. From (4-17.a), (4-17.d): 

Ὥ
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ςὒ
ὠὝ ὲὠ Ὕ ςὝ  (4-18) 

Also, by replacing ὝȟὝ with ὝȟὝ in (4-5), the inductor current within initial and final instants of 

applying each voltage would be simplified as: 
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The symmetry that exists within each switching pattern, can lead to an even more simplified set of 

equations compared to that of (4-17). If we get a closer look at the selected pattern in Fig. 4-1, we can 

observe that all the currents such as Ὥ , Ὥ  and so on will become reversed just after half of a 

switching period. In other words, after half a period, the current Ὥ  will become Ὥ  equal to the 

 Ὥ  (i.e. Ὥ  Ὥ ). The same scenario applies for Ὥ , Ὥ , Ὥ  and so on (i.e. 

Ὥ  Ὥ ȟὭ  Ὥ ȟὭ  Ὥ ). 

 In fact, it can be shown that the inductor current at any specific time like ὸ, will become reversed just 

after half of a switching period (i.e., πȢυὝ ὸ). This can be explained due to the symmetry that exists 

 
Fig. 4-2: The voltages and current of pattern (z) within two switching periods 
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within the selected pattern; also, the requirement on the average current of the inductor that must be zero 

within each switching cycle. To mathematically prove this, Fig. 4-2 should be taken into consideration. The 

inductor current at the time ὸ and ὸ πȢυὝ ὸ is denoted by Ὥȟ Ὥ respectively as can be seen in Fig. 

4-2.  

The average current of the inductor can be simply acquired by integrating from the inductor current in 

one switching period and then dividing it by switching period, Ὕ. Also, as can be seen in Fig. 4-2, the 

inductor current at the first four edge instants after time ὸ would be Ὥ , Ὥ , Ὥ  and Ὥ , 

respectively. These four currents can be expressed in terms of Ὥ and timing variables. From Fig. 4-2: 
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Also, the other four currents that come after ὸ (i.e. Ὥ , Ὥ , Ὥ  and Ὥ ) are achieved in 

terms of Ὥ and the converter timing variables. From Fig. 4-2: 
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Integrating from the inductor current in half a switching period from ὸ to ὸ as in Fig. 4-2 yields: 
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Similarly, from Fig. 4-2, the integral of the inductor current in the remaining half of the switching 

period from ὸ to ὸ, would be: 
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From (4-22), (4-23) the integral of the inductor current in one complete switching cycle would be: 
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Replacing Ὥ , Ὥ , Ὥ  and so on in terms of the converter parameters and timing variables 

as well as ὭȟὭ from (4-20), (4-21) into (4-24) yields: 
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 Which can be further simplified. Replacing the duty cycle equation from (4-17.a) into (4-25) yields: 
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The average current can be simply acquired by dividing the integral in (4-26) by Ὕ: 
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The average current must be zero in one switching period. Therefore, by putting the integral of (4-27) 

equal to zero we have: 

) π  O   Ὥ Ὥ (4-28) 

Therefore, the inductor current, after half of a switching cycle will be the same but the current direction 

will be inverted. This result can lead to a simpler set of equations compared to that of (4-17). First, to 

acquire rms current, we just need to integrate from the square of inductor current in half of a switching 

period. In other words, since after half of a period, all the currents will have the same absolute value but 

different polarities, also as all the time durations are symmetric, the rms of inductor current in the second 

half of period is the same as the first half. Thus, just by taking the square of the inductor current in the first 

half of the switching period and multiplying it by two, the integral in one switching period is achieved, 

which can be then divided by the switching period, so that )  can be obtained. From Fig. 4-1 and (4-1), 

the square of inductor current in the first half of switching period would be integrated as: 
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The square of rms current would be acquired if  the integral in (4-29) is divided by half of a switching 

period: 
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(4-30) 

Since Ὥ  is equal to Ὥ , then replacing Ὥ  by Ὥ  yields: 
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Ὥ Ὥ

ά

Ὥ Ὥ

ά
 

(4-31) 

Which can be further simplified as: 
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ς

σὝ
Ὥ

ρ

ά

ρ

ά
Ὥ

ρ

ά

ρ

ά
Ὥ

ρ

ά

ρ

ά
 

Ὥ   (4-32) 

Replacing currents Ὥ , Ὥ , Ὥ , Ὥ  and the current changing slopes from (4-6), (4-19) 

into (4-32) yields: 

)
ς

σὝ

ὒὠὭ

ὠ ὲὠ  ὲὠ

ὠὒὭ ὠὝ ὲὠ Ὕ Ὕ

ὒ ὠ ὲὠ  ὲὠ

ὲὠ ὒὭ ὠ Ὕ Ὕ ὲὠὝ

ὒ ὠ ὲὠ  ὠ

ὲὠ ὒὭ ὠὝ ὲὠὝ

ὒ ὠ ὲὠ  ὠ
 

(4-33) 

Finally, by replacing Ὥ from (4-18) into (4-33), the square of rms current would be acquired as: 

)
ρ

ρςὒὝ

ὠὠὝ ὲὠ Ὕ ςὝ

ὠ ὲὠ  ὲὠ

ὠὠὝ ὲὠ ςὝ Ὕ

ὠ ὲὠ  ὲὠ

ὲὠ ὠ Ὕ ςὝ ὲὠὝ

 ὠ ὲὠ  ὠ

ὲὠ ὠ ςὝ Ὕ ὲὠὝ

ὠ ὲὠ  ὠ
 

(4-34) 

It is also worth noting that since after half of the switching period, the inductor current will be reversed 

(reversing means having the same absolute value but different direction), it can be shown that some of the 

zero-voltage switching conditions are just duplicates of the others. For instance, if Ὥ π subsequently 

Ὥ  which is equal to Ὥ  will be positive. Therefore, meeting the first zero-voltage switching 

condition as Ὥ π ensures the second zero-voltage switching condition of Ὥ π to be met as 

well. Similarly meeting the zero-voltage switching condition regarding the current Ὥ  (i.e., Ὥ

π), will result in the other zero-voltage switching condition of Ὥ π to be satisfied.  
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In other words, knowing that the inductor current will be reversed after half of switching period results 

in decreasing the number of zero-voltage switching conditions by two. Therefore, from (4-17.e) the zero-

voltage switching conditions for this pattern can be described as: 

Ὥ Ὥ      Ǫ       Ὥ     π     O      Ὥ    π (4-35) 

Ὥ Ὥ
ὠ

ὒ
Ὕ Ὕ

ὲὠ

ὒ
Ὕ       Ǫ       Ὥ π    O      Ὥ

ὠ

ὒ
Ὕ Ὕ

ὲὠ

ὒ
Ὕ π 

And by replacing Ὥ from (4-18) into (4-35), the simplified zero-voltage switching conditions are 

obtained: 

ὠὝ ὲὠ Ὕ ςὝ π              & 
ὠ

ςὒ
Ὕ ςὝ

ὲὠ

ςὒ
Ὕ π (4-36) 

Finally, from (4-17), (4-34) and (4-36), the final set of equations and inequalities is acquired within 

analysis of the first switching pattern: 

Ὕ ςὝ Ὕ Ὕ Ὕ  (4-37.a) 

ὖ
ὠὲὠ

ὒὝ
ὝὝ Ὕ Ὕ  (4-37.b) 

)
ρ

ρςὒὝ

ὠὠὝ ὲὠ Ὕ ςὝ

ὠ ὲὠ  ὲὠ

ὠὠὝ ὲὠ ςὝ Ὕ

ὠ ὲὠ  ὲὠ

ὲὠ ὠ Ὕ ςὝ ὲὠὝ

 ὠ ὲὠ  ὠ

ὲὠ ὠ ςὝ Ὕ ὲὠὝ

ὠ ὲὠ  ὠ
 

(4-37.c) 

 
Ὕ Ὕ ςὝ π                           &                          Ὕ ςὝ Ὕ π (4-37.d) 

ὝȟὝȟὝȟὝ π & Ὕ Ὕ Ὕ πȢυ Ὕ   & Ὕ Ὕ Ὕ πȢυ Ὕ (4-37.e) 

4.2 Normalized Analysis of Pattern (z) 

In this section a normalization system is introduced to simplify the equations for selected patterns. For 

this system, the reference bases are selected as: 
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4 4 & 6 6ὲ6 & 0 0
6ὲ6

ψ,
Ὕ (4-38) 

As can be seen in (4-38), the geometric mean of primary and secondary voltages (the secondary one 

transferred to the primary side) is selected as the reference base for voltage. Also, the switching period is 

chosen as the reference base for time. Moreover, the maximum power that can be transferred in one 

switching cycle, is chosen as the reference base for power. For a mathematical proof on how to obtain the 

maximum power transfer in (4-38) please refer to equations (4-46)ï(4-58) in the following part of this 

section. The reference base for the other normalized variables can be derived from the three ones defined 

in (4-38). For instance, from (4-38): 

Ὥ
0

6

6ὲ6

ψὒ
Ὕ (4-39) 

For the sake of simplicity, the normalized time variables are declared as: 

Ὠ
Ὕ

Ὕ
 & Ὠ

Ὕ

Ὕ
‏ &   

Ὕ

Ὕ
‏ &   

Ὕ

Ὕ
 (4-40) 

Also, the ratio of secondary to primary voltages is defined as: 

Ὧ
ὲ6

6
 (4-41) 

The normalized variables are used to simplify the equations within each pattern. Simply the timing 

variables within the selected pattern should be replaced with the normalized variables to obtain the 

normalized equations. For instance, by replacing the normalized variables from (4-40) into (4-17.a), the 

equation of switching period is normalized as: 

ρ ςὨ Ὠ ‏ ‏  (4-42) 

Equation (4-42) can be used to express one of the normalized variables in terms of the other ones and 

therefore the number of degrees of freedom for the optimization problem is decreased by 1. Choosing ὸ for 

this purpose results in simpler equations. From (4-42): 
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‏ Ὠ Ὠ ‏ πȢυ  (4-43) 

The power of converter can also be simply expressed in terms of normalized variables. Replacing the 

normalized variables from (4-40) into (4-17.b) yields: 

0
6ὲ6

ὒ
Ὕ ὨὨ ‏ ‏  (4-44) 

A normalized power denoted by ὴ, is also defined for the converter. Dividing the transferred power in 

(4-44) by the maximum power transfer in (4-38) yields: 

ὴ
0

0
ψ ὨὨ ‏ ‏  (4-45) 

Where ὴ can be referred to as the normalized power of the chosen pattern as it is merely a function of 

the normalized parameters and the topology of selected pattern. Please be advised that there is a major 

distinction between the normalized power of each pattern and the total power that is being transferred by 

the converter. The normalized power ὴ is an intrinsic feature of each pattern and is independent of nominal 

parameters and the switching period, while the real power of converter 0, is not only a function of the 

normalized power, but also is dependent on converter nominal parameters and the switching period. The 

maximum power transfer in (4-38) is obtained by putting ὨȟὨ in (4-44) equal to 0.5 (the maximum), also 

 :equal to 0.25 ‏ȟ‏

0
ὠὲὠ

ὒ
Ὕ ὨὨ ‏ ‏    

 ȟ ȟ ȟ   ȢȟȢȟȢ ȟȢ  
ựựựựựựựựựựựựựựựựựựựựựựựự  

0
ὠὲὠ

ὒ
Ὕ πȢυ πȢυ πȢςυ πȢςυ

ὠὲὠ

ψὒ
Ὕ 

(4-46) 

To support (4-46), a mathematical proof is presented in the following. 

For this purpose, functions Ὢ, Ὣ are defined as: 

ὪὨȟὨȟ‏ȟ‏ ὨὨ ‏ ‏  (4-47.a) 
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ὫὨȟὨȟ‏ȟ‏ Ὠ Ὠ ‏  (b.4-47) ‏

Where Ὢ is proportional to the transferred power in (4-44). Also Ὣ is defined according to the 

normalized switching period as in (4-42). According to (4-42), (4-44), the optimization problem can be 

interpreted as maximizing the function Ὢ with a constraint on function Ὣ: 

ÍÁØὪὨȟὨȟ‏ȟ‏    )&  ὫὨȟὨȟ‏ȟ‏   πȢυ (4-48) 

It is worth mentioning that by replacing Ὠ with Ὠ, the optimization function ὪὨȟὨȟ‏ȟ‏  as well 

as the constraint function ὫὨȟὨȟ‏ȟ‏  both remain unchanged. In other words, we have: 

ὪὨȟὨȟ‏ȟ‏ ὪὨȟὨȟ‏ȟ‏ ὨὨ ‏ ‏  (4-49.a) 

ὫὨȟὨȟ‏ȟ‏ ὫὨȟὨȟ‏ȟ‏ Ὠ Ὠ ‏  (b.4-49) ‏

By replacing Ὠ with Ὠ, the optimization problem in (4-48) would become as: 

ÍÁØὪὨȟὨȟ‏ȟ‏   )&  ὫὨȟὨȟ‏ȟ‏   πȢυ (4-50) 

This analogy can be used to show that the values of Ὠ and Ὠ must be equal while transferring the 

maximum power. An approach similar to the one introduced on pages 59ï62 (presented to show that Ὕ, Ὕ 

are equal to Ὕ, Ὕ within the optimum operation) can be used here as well. Since by replacing Ὠ and Ὠ, 

the power equation (i.e. Ὢ that is to be maximized) and the constraint function (i.e. Ὣ) would become just 

as before, then maximizing the converter power in (4-47.a), with the constraint of (4-47.b) is similar to 

maximizing the converter power in (4-49.a) with the constraint of (4-49.b). 

This implies that the set of (Ὠ, Ὠ, ‏ ,‏) that results in the maximum power transfer in (4-47) is equal 

to the set of (Ὠ, Ὠ, ‏ ,‏) that corresponds to the maximum power transfer in (4-49). Therefore, in the 

operation of the DAB converter with maximum power transfer, Ὠ and Ὠ must be equal.  

The same scenario applies for the normalized parameters ‏ and ‏. Since, replacing ‏ with ‏ results 

in the same set of power equations and constraints, then ‏ and ‏ must be equal while operating within 

maximum power transfer condition. Putting Ὠ equal to Ὠ, also ‏ equal to ‏ in (4-47) yields: 
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ὪὨȟ‏ Ὠ ς‏  (4-51.a) 

ὫὨȟ‏ ςὨ ‏  (4-51.b) 

Also, by replacing Ὠ, ‏ with Ὠ, ‏ in (4-48), we can rewrite the optimization problem as: 

ÍÁØὪὨȟ‏    )&  ὫὨȟ‏   πȢυ (4-52) 

We can simply express ‏ in terms of Ὠ. From (4-51.b): 

ὫὨȟ‏ ςὨ ‏ πȢυ      O ‏       Ὠ πȢςυ (4-53) 

Replacing ‏ from (4-53) into (4-51.a) yields: 

ὪὨȟ‏ Ὠ ς‏  
Ȣ

ựựựựựựự   ὪὨ Ὠ ςὨ πȢςυ Ὠ  Ὠ πȢρςυ (4-54) 

To maximize ὪὨ  in (4-54), Ὠ would be acquired as: 

‬Ὢ

‬Ὠ
ρ ςὨ π      O       Ὠ πȢυ (4-55) 

Replacing Ὠ from (4-55) in (4-53) yields: 

‏ Ὠ πȢςυ      
   Ȣ  
ựựựựự      ‏ πȢςυ (4-56) 

Finally replacing ὨȟὨ by 0.5 and ‏ȟ‏ by 0.25 in (4-47.a) yields: 

ὪὨȟὨȟ‏ȟ‏ ὨὨ ‏ ‏ ᴼÍÁØὪὨȟὨȟ‏ȟ‏ ὪȢυ ȟȢυ ȟȢςυ ȟȢςυ Ȣρςυ (4-57) 

Fig. 4-3, shows the voltages of the bridges and the inductor current if the converter is modulated based 

on the maximum power transfer. In this figure the voltages of the two bridges and the converter current are 

illustrated for a specific voltage ratio of Ὧ πȢτυ. Therefore, to acquire the normalized power based on the 

new definition, the power of converter in (4-44) should be divided by the maximum power as in (4-46): 

ὴ
0

0

ὠὲὠ
ὒ Ὕ ὨὨ ‏ ‏

ὠὲὠ
ψὒ Ὕ

ψὨὨ ‏ ‏  (4-58) 
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Which can be further rewritten as: 

0
6ὲ6

ψὒ
Ὕ ὴ           ×ÈÅÒÅȡ     ὴ ψὨὨ ‏ ‏  (4-59) 

Therefore, the transferred power of the converter, 0 can be described as multiplication of : a 

constant of converter parameters, Ὕ: the switching period and ὴ: the normalized power of selected pattern. 

It is worth noting that maintaining the power of converter at a constant level does not necessarily imply that 

the normalized power ὴ also needs to be constant. As shown in (4-59) the transferred power is a 

multiplication of both the normalized power and the switching period. From (4-59), the switching period 

can be expressed as: 

Ὕ
0

ὠὲὠ
ψὒ ὴ

 (4-60) 

As can be seen in (4-60), the switching period is inversely proportional to the normalized power; 

therefore, if normalized power is increased then the switching period should be decreased and vice versa, 

so that the total transferred power is maintained at a constant level. 

Now let us get back to the normalized power ὴ, that was defined in (4-58), (4-59). Replacing ‏ from 

(4-43) into (4-59) yields:  

ὴ ψὨὨ Ὠ Ὠ ‏ πȢυ ‏  (4-61) 

Therefore, the normalized power is expressed in terms of the three normalized timing variables 

ὨȟὨ and ‏. It is worth mentioning that introducing a new normalized variable (the normalized power, ὴ 

defined in (4-59)) does not increase the number of degrees of freedom within the set of loss equations. As 

ὴ is a function of ‏ȟὨ and Ὠ, either one of them should be expressed in terms of ὴ and other parameters. 

Choosing ‏ for this purpose results in simpler equations. From (4-61): 
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‏
ρ

ς
Ὠ Ὠ πȢυ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ (4-62) 

As can be seen, there are two separate solutions for ‏ in (4-62). We consider both solutions for now 

and in the next sections, we will show that only one of these solutions result in optimal modulation for the 

converter. Obviously, the expression under radical must be positive or there is no real solution for ‏. 

Putting the radical expression in (4-62) greater or equal to zero yields: 

ὴ τὨ Ὠ Ὠ Ὠ ρ (4-63) 

To sum it up, only for normalized power levels that meet (4-63), there might be up to two solutions for 

 .providing that all the normalized zero-voltage switching conditions and inequalities also be satisfied ‏

Apparently, the converter cannot transfer any power level that does not satisfy (4-63); as there is no real 

solution for ‏ if (4-63) is not met. The rms current of the converter, the zero-voltage switching conditions 

and all other inequalities that need to be met for this pattern, can also be expressed in terms of normalized 

variables. Replacing the normalized variables and Ὧ from (4-40), (4-41) into (4-37.d) and (4-37.e) yields: 

Ὠ ὯὨ ς‏ π  & Ὠ ς‏ ὯὨ π & ‏ȟ‏ȟὨȟὨ π  

‏ ‏ Ὠ Ȣυ & ‏ ‏ Ὠ Ȣυ (4-64) 

In addition to all above requirements within (4-64), the condition of (4-63) must also be met for this 

pattern. Both (4-63), (4-64) can be further expressed in terms of k, ὴ and the remaining time ratios Ὠ, Ὠ. 

Replacing ‏ ,‏ from (4-43), (4-62) in (4-63), (4-64) yields: 

Ὠ ὯȢυ Ὠ ὼ     π          Ǫ         πȢυ ὼ ρ ὯὨ    π (4-65) 

Ὠ Ὠ πȢυ ὼ    π          Ǫ        Ὠ Ὠ πȢυ ὼ     π         Ǫ        π   Ὠ ȟὨ  πȢυ 

ὴ  τὨ Ὠ Ὠ Ὠ ρ                 ×ÈÅÒÅȡ  ὼ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ  

It is worth mentioning that some inequalities within (4-65) might be already satisfied as the other 

conditions are met; thus, those conditions that are included in smaller conditions can be eliminated and are 
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not required to be checked anymore. After simplifying the inequalities within (4-65), also removing the 

unnecessary ones, we get to the following set of conditions that must be met for this pattern: 

πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ ÍÉÎὨ ȟὯὨ ȟρ Ὠ
ρ Ὧ

Ὧ
Ὠ  (4-66.a) 

π   Ὠ ȟὨ  πȢυ         Ǫ         ὴ    τὨ Ὠ Ὠ Ὠ ρ (4-66.b) 

The inequality of (4-66.a), can be further simplified as the last term on the right of (4-66.a) (i.e. ρ

Ὠ Ὠ), is always greater than the other two terms. Thus, their minimum would be equal either to the 

first or the second term and the third term can be omitted. To prove this, first we show that the third term 

is always greater or equal to πȢυ. For this purpose, we have: 

Ὧ   ρ          O      
ρ Ὧ

Ὧ
Ὠ   π (4-67.a) 

Ὠ  πȢυ      O       ρ Ὠ  πȢυ (4-67.b) 

From (4-67.a) and (4-67.b): 

ρ Ὠ
ρ Ὧ

Ὧ
Ὠ  πȢυ (4-68) 

 
Fig. 4-3: The voltages and current of DAB converter when transferring the maximum power for a definite 

voltage ratio condition (Ὧ πȢτυ) 
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On the other side, both the other two terms on the right side of (4-66.a) are of less or equal value 

compared to πȢυ. For the second term (i.e., ὯὨ) we have: 

Ὧ   ρ    Ǫ     Ὠ  πȢυ   O      ὯὨ   πȢυ (4-69) 

And clearly, the first term (i.e., Ὠ) is also less than or equal to πȢυ. Therefore, we have: 

ρ Ὠ
ρ Ὧ

Ὧ
Ὠ  πȢυ      Ǫ    ὨȟὯὨ   πȢυ  O   ρ Ὠ

ρ Ὧ

Ὧ
Ὠ    Ὠ ȟὯὨ (4-70) 

Therefore, from (4-70) we have: 

ÍÉÎὨ ȟὯὨ ȟρ Ὠ
ρ Ὧ

Ὧ
Ὠ  ÍÉÎὨ ȟὯὨ  (4-71) 

Also, for the left side of (4-66.a), we have: 

πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ 

πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ 

(4-72) 

By replacing the left side of (4-66.a) with the upper bound and also using (4-71) to remove the third 

term on the right side of (4-66.a), the set of inequalities within (4-66) will be simplified as: 

πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ  ÍÉÎ Ὠ ȟὯὨ  (4-73.a) 

π   Ὠ ȟὨ  πȢυ         Ǫ         ὴ    τὨ Ὠ Ὠ Ὠ ρ (4-73.b) 

The other thing that should be taken into consideration is that the term on the right side of (4-66.a) is 

always greater or equal to zero. This can be simply proved as: 

Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ    π (4-74.a) 

Ὠ   πȢυ     O       πȢυ Ὠ  π (4-74.b) 

From (4-74.a) and (4-74.b): 
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πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ    π (4-75) 

Also, clearly, we have: 

ÍÉÎ  Ὠ ȟὯὨ      Ὠ (4-76) 

Therefore, from (4-73.a), (4-75) and (4-76): 

π  πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ  ÍÉÎὨ ȟὯὨ   Ὠ (4-77) 

Therefore, the condition π Ὠ is already satisfied providing that the inequality of (4-73.a) is met. As 

a result, the condition π Ὠ does not need to be checked separately; thus, the set of conditions within (4-

73) will be simplified as: 

πȢυ Ὠ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ  ÍÉÎὨ ȟὯὨ  

Ὠ ȟὨ  πȢυ         Ǫ         ὴ    τὨ Ὠ Ὠ Ὠ ρ  

(4-78.a) 

(4-78.b) 

The reference base for current as in (4-39) can be further expressed in terms of the voltages, the 

transferred power, and the normalized power. Replacing 4 from (4-60) into (4-39) yields: 

Ὥ
ὠὲὠ

ψὒ
4

ὠὲὠ

ψὒ

0

ὠὲὠ
ψὒ

ὴ

0

ὴ ὠὲὠ
 (4-79) 

Finally by replacing the normalized variables, Ὧ and Ὥ  from (4-40), (4-41) and (4-79) in (4-37.c), 

we can define the normalized rms current, (  as: 

) Ὥ (                    ×ÈÅÒÅȡ (4-80.a) 
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ЍὯ
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ЍὯ
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ЍὯὨ  (4-80.b) 
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Which can be further expressed in terms of Ὧ, ὴ and the remaining two time-ratios Ὠ, Ὠ. Replacing 

 :from (4-43), (4-62) in (4-80.b) yields ‏ ,‏

(
ρφ

σ

ρ

ЍὯ

ЍὯ

ρ Ὧ

Ὠ

ЍὯ
ЍὯπȢυ Ὠ ὼ

ЍὯ

ρ Ὧ

ρ

ЍὯ

Ὠ

ЍὯ
ЍὯὨ πȢυ ὼ

ЍὯ
ЍὯ

ρ Ὧ

πȢυ ὼ Ὠ

ЍὯ
ЍὯὨ

ЍὯ

ρ Ὧ
ЍὯ

Ὠ πȢυ ὼ

ЍὯ
ЍὯὨ  

ύὬὩὶὩȡ      ὼ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ (4-81)  

Which can be further simplified as: 

(
ρφ

σὯ

ρ

ρ Ὧ
Ὠ ὯπȢυ Ὠ ὼ

ρ

ρ Ὧ
Ὠ ὯὨ πȢυ ὼ

Ὧ

ρ Ὧ
πȢυ ὼ Ὠ ὯὨ

Ὧ

ρ Ὧ
Ὠ πȢυ ὼ ὯὨ  

(4-82)  

(  in fact, can be considered as the normalized rms current for the selected pattern as it is only a 

function of the normalized variables and the topology of the pattern and it does not depend on the nominal 

parameters of the converter. As shown in (4-80.a), the square of rms current ) , can be expressed as the 

multiplication of Ὥ ȟ a constant of converter parameters and ( , the square of normalized rms. A 

modified definition for normalized rms current would be achieved by dividing (  by the normalized 

power: 

ὐ
(

ὴ
 (4-83) 

Therefore, for the selected pattern (z), from (4-82), (4-83) we would have: 

ὐ
ρφ

σὯὴ

ρ

ρ Ὧ
Ὠ ὯπȢυ Ὠ ὼ

ρ

ρ Ὧ
Ὠ ὯὨ πȢυ ὼ

Ὧ

ρ Ὧ
πȢυ ὼ Ὠ ὯὨ

Ὧ

ρ Ὧ
Ὠ πȢυ ὼ ὯὨ  



78 

 

ύὬὩὶὩȡ      ὼ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ (4-84)  

Clearly, the optimal modulation that results in the minimum of normalized rms, (  under a specific 

operating condition (i.e., pair of (ὴ, Ὧ)), would also yield the ὐ  to be minimum. As it is achieved simply 

by dividing (  by the normalized power ὴ (which is fixed for that specific operating condition). 

Therefore, minimizing the normalized rms current ( , is identical to minimizing the modified version of 

it, ὐ . However, in Chapter 7, it is demonstrated that this new defined parameter has a physical 

interpretation. Moreover, it is shown how this parameter (i.e., ὐ ) can be used to make a comparison 

between different normalized operating conditions and different switching patterns to observe that under 

what operating conditions the optimal switching pattern results in a more efficient modulation. 

The normalized zero-voltage switching conditions and other inequalities in (4-64) along with the square 

of normalized rms current in (4-80) (or the modified version of it) constitute the final set of loss equations 

and inequalities for this pattern. Therefore, for a DAB converter modulated based on pattern (z), we get to 

an optimization problem in which we are trying to optimize the normalized variables so that the square of 

normalized rms current is minimum. The input of modulation system, ὴ, Ὧ are the variables that can be 

expressed based on converter parameters. Ὧ is the ratio of voltages of the converter while ὴ as defined in 

(4-59) should be determined according to the transferring power and switching period. Therefore, for this 

pattern there are two degrees of freedom as only the two normalized variables Ὠ and Ὠ need to be 

optimally chosen. This should be done for any voltage ratio k and for any normalized power ὴ. In other 

words, we have ὴ and Ὧ as the two inputs of the optimization problem and the role of optimization system 

is to find the optimum variables Ὠ and Ὠ for any pair of ὴ and Ὧ, so that the converter losses are minimum 

while the zero-voltage switching conditions for all switches is satisfied. In other words, for the optimum 

modulation of pattern (z), the parameters Ὠ and Ὠ are chosen in a way that the conduction losses would 

be minimum while the zero-voltage switching conditions for all the switches are satisfied. 
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4.3 Mathematical Expression for Optimal Time Ratios of Pattern (z) 

In this section, a study is conducted to mathematically express all the timing ratios in terms of the two 

normalized variables (Ὧ and ὴ). As suggested in many resources in the literature [17], [18], [36], in an 

optimal modulation based on pattern I, the duty cycle of voltage with lower amplitude should be equal to 

maximum. Therefore, only the duty cycle of voltage with higher amplitude needs to be optimally chosen. 

In all resources, this is shown with the help of numerical analysis and no mathematical proof is provided. 

In this thesis also, the goal of optimal modulation for this pattern is to achieve the duty cycle of voltage 

with higher amplitude. As shown in Section 4-2, for the selected pattern there are two time ratios Ὠ, Ὠ 

corresponding to two degrees of freedom that should be optimally selected. By putting one of them equal 

to maximum (the one with lower amplitude), we only need to optimally choose the other. In other words, 

for the converter, if optimally modulated based on this pattern, all the timing variables except one, are 

already chosen in terms of converter parameters and operating conditions. What we are left with is this last 

time ratio that gives us one degree of freedom and should be selected so that the converter losses are 

minimized, a specific power is transferred, the switching frequency is optimally selected, and the zero-

voltage switching conditions for all switches is satisfied. To be more precise, it is suggested in the literature 

that with the optimum modulation of DAB converter, one of the two duty cycle ratios (the one 

corresponding to voltage with lower amplitude) should be set equal to maximum (half of switching period). 

Therefore, only one duty cycle corresponding to voltage with higher amplitude needs to be optimally 

selected. By convention, we assume that the secondary voltage is lower than the primary one (Ὧ ρ). It 

will be shown in Section 6.2 that the optimum modulation when the secondary voltage is greater than 

primary (Ὧ ρ) is like when Ὧ ρ; providing that the duration of primary and secondary voltages is 

replaced. Therefore, we only need to optimally select the duration of voltage with higher amplitude (the 

primary voltage in this thesis, since the voltage ratio Ὧ is assumed to be less than one).  

In a similar way we need to find the optimal modulation only when the transferring power is positive 

(i.e., power is transferring from primary to secondary bridge). It is shown in Section 6.2 that the situation 
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in which power is transferring within negative direction is like that of the positive one, providing that the 

phase shift between the two voltages is reversed.  

Therefore, in this section we are mainly trying to optimally select the primary duty cycle Ὠ, while the 

primary voltage has greater amplitude than the secondary (i.e., Ὧ ρ) and when the power is transferred 

from the primary bridge to the secondary one (i.e., ὴ π).  

Putting Ὠ (the duty cycle corresponding to voltage with lower amplitude) in (4-78) and (4-84) equal 

to 0.5 (the maximum) results in this finalized set of loss equations and constraints for this pattern: 

ὐ
ρφ

σὯὴ

ρ

ρ Ὧ
Ὠ ὯπȢυ Ὠ ὼ

ρ

ρ Ὧ
Ὠ ὯὨ ὼ πȢυ

ςὯ

ρ Ὧ
ὼ πȢυὯ         ύὬὩὶὩȡ   ὼ Ὠ Ὠ πȢςυὴ 

(4-85.a) 

Ὠ Ὠ πȢςυὴ    ÍÉÎ  Ὠ ȟπȢυ Ὧ     Ǫ   Ὠ  πȢυ    Ǫ    ὴ  τ Ὠ ρ Ὠ  (4-85.b) 

To minimize ὐ  in (4-85.a) with the set of inequalities in (4-85.b), we need to evaluate ὐ  in both 

the extremum values of Ὠ (i.e. when Ὠ is either maximum or minimum based on the constraints of (4-

85.b)) and also when the derivative of ὐ  (with respect to Ὠ) gets zero. In other words, we need to 

evaluate ὐ  within all its critical points. Differentiating from ὐ  in (4-85.a) with respect to Ὠ yields: 

‬ὐ

‬Ὠ

σςὨ φτὨ

Ὧὴ

τὯὴ σςψὴὯὨ ωφὯὨ φτὯὨ

Ὧὴ Ὠ Ὠ πȢςυὴ

 
(4-86) 

Also, by differentiating again from (4-86), the second derivative of ὐ  with respect to Ὠ would be: 

‬ὐ

‬Ὠ

ρςψὨ ρφπὨ σςὴ ρὨ ψὴ

Ὧὴ Ὠ Ὠ πȢςυὴ

ρςψὨ ςυφὨ τψὴ σὨ ρφτὴ ρὨ ςὴ σὴ

ὴ Ὠ Ὠ πȢςυὴ
Ȣ  

(4-87) 
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The zeros of the derivative of ὐ  with respect to Ὠ, as the first group of critical points, are the main 

candidates for minimizing ὐ . To find the zeros, the numerator of (4-86) should be put equal to zero. 

From (4-86): 

σςὨ φτὨ Ὠ Ὠ πȢςυὴ  τὯὴ σςψὴὯὨ ωφὯὨ φτὯὨ  (4-88) 

Squaring both sides of (4-88), then factorizing the obtained polynomial into smaller terms yields:  

 φτ Ὠ πȢυ  φτ Ὠ ρ Ὧ φτ Ὠ ρ ςὯ ρφ Ὠ ὴ ὴὯ τὯ

ρφ Ὠ Ὧὴ Ὧὴ π 

(4-89) 

From (4-89) it can be seen that  would be zero if Ὠ πȢυ (the trivial root) or when the following 

polynomial gets zero:  

Ὢᾀ φτ Ὧ ρ ᾀ φτ ςὯ ρ ᾀ ρφ Ὧὴ τὯ ὴ ᾀ ρφὯὴ ᾀ Ὧὴ (4-90) 

Therefore, to find the zeros of  (other than the trivial Ὠ πȢυ), we need to solve the polynomial 

of (4-90). There are several methods to solve such a polynomial with degree of four as explained in [51]. 

First, the fourth-degree polynomial should be presented in the standard form: 

ὥ ὼ ὦ ὼ ὧ ὼ Ὠ ὼ Ὡ π (4-91) 

By making a comparison between the standard form of a fourth degree polynomial in (4-91) with that 

of (4-90), the coefficients of polynomial in (4-90) would be as: 

ὥ φτ Ὧ ρ                      Ǫ           ὦ φτ ςὯ ρ          Ǫ 

ὧ ρφ Ὧὴ τὯ ὴ       Ǫ           Ὠ ρφὯὴ                      Ǫ         Ὡ Ὧὴ 

(4-92) 

Taking benefit from the first method introduced in [51], we have the following set of coefficients for 

(4-90): 

ὴ ςὧ ωὦὧὨςχὥὨ ςχὦὩ χςὥὧὩ (4-93.a) 

ὴ ὴ τὧ σὦὨ ρςὥὩ ὴ  (4-93.b) 
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(4-93.f) 

From [51], the roots of the fourth-degree polynomial in (4-91) would be expressed as: 

ᾀ
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τὥ
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ὴ ὴ

ς
 (4-94.a) 
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 (4-94.b) 
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ς
 (4-94.c) 

ᾀ
ὦ

τὥ

ὴ

ς

ὴ ὴ

ς
 (4-94.d) 

Therefore, to solve the fourth degree polynomial of (4-90) and thus find the critical points of ὐ , 

first we need to acquire the coefficients ὥȟὦȟὧȟὨȟὩ and then ὴȟὴȟὴȟὴȟὴ and ὴ all in terms of Ὧȟὴ (i.e. 

the operating conditions of the converter) as shown in (4-92), (4-93) respectively; and then from (4-94) we 

can simply acquire all the zeros of   in terms of Ὧ and ὴ. This is carried out for all the four zeros of 

(4-94) and the results are illustrated within Fig. 4-4, Fig. 4-9 and Fig. 4-10. For this purpose, the range of 

variation on each axis is divided into a thousand points. In other words, both the voltage ratio and the 

normalized power variables are changing from zero to the maximum (one) as of: 0.001, 0.002, 0.003, é, 

0.999, 1. And all the four zeros of (4-90) are acquired for ρπππρπππ points equally separated from each 

other. It is worth mentioning that the first two roots of (4-90), ᾀ, ᾀ are complex conjugates of each other. 
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The real and imaginary parts of these two roots are illustrated in Fig. 4-4. As can be seen in this figure, no 

matter what the operating point would be, the first two zeros, ᾀ, ᾀ would always have non-zero imaginary 

parts. Thus, we only need to take the other two roots ᾀ and ᾀ into consideration. 

 
(a) 

 

(b) 

Fig. 4-4: The real and the imaginary parts of the first two roots of (4-90), ᾀ, ᾀ (these two are complex 

conjugates of each other) 
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It is also worth noting that the fourth-degree polynomial in (4-90) can be directly solved and the solution 

can be acquired in terms of the normalized operating conditions of the converter. For this purpose, rather 

than using the simple algorithm introduced in [48] as the first method to solve the fourth-degree polynomial, 

by taking benefit from the second technique of [48], we can express all the zeros of (4-91) directly in terms 

of the coefficients of the fourth-degree polynomial. For instance, from [48], the third zero of (4-91) can be 

directly expressed in terms of the coefficients as shown in Fig. 4-5. Then to solve the equation of 

π in (4-90) in terms of operating conditions of the system (Ὧ and ὴ), we should replace all the standard 

polynomial coefficients ὥȟὦȟὧȟὨȟὩ from (4-92) into Fig. 4-5. However, this solution as can be seen in Fig. 

 

Fig. 4-5: Expressing the third root of a standard fourth degree polynomial of (4-91) in terms of its 

coefficients [51] 
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4-5 is already very complicated; and expressing the polynomial coefficients as some functions of Ὧ and ὴ 

besides that, adds more complexity to the modulation system. Therefore, to find the optimum timing ratios 

for converter modulation, the first method in [48] and the procedure described within the equations of (4-

90) to (4-94) is preferred in practical systems. 

Now we need to consider the constraints imposed by (4-85.b) to find out whether the remaining two 

roots of (4-90) ᾀȟᾀ fall into the admissible range of Ὠ in which Ὠ is permitted to change. As can be seen 

in (4-85.b), all these constraints are just some non-linear inequalities of the primary duty cycle Ὠ, and the 

normalized operating conditions (Ὧ and ὴ). To find out which of the roots of (4-90) satisfies all these 

conditions, they first need to be converted into some inequalities within the neighborhood of Ὠ. The correct 

procedure is presented in the following: 

First, we should start with the first constraint on the left side of (4-85.b) which in fact consists of two 

separate inequalities as: 

Ὠ Ὠ Ȣςυὴ    ÍÉÎὨ ȟπȢυ Ὧ      O       Ὠ Ὠ Ȣςυὴ     Ὠ (4-95.a) 

                                                    ὥὲὨȡ               Ὠ Ὠ Ȣςυὴ   πȢυ Ὧ (4-95.b) 

Taking the first constraint in (4-95.a) into consideration yields: 

Ὠ Ὠ Ȣςυὴ    Ὠ     O        
ὭὪ  ὴ πȢυ  ὸὬὩὲȡ ᴁὨ πȢςυᴁ πȢςυρ ςὴ

έὸὬὩὶύὭίὩ ὴ πȢυȡ ὲέ ὧέὲὨὭὸὭέὲί ὭάὴέίὩὨȦ

 (4-96) 

In a similar way, the second constraint in (4-95.b) can be rewritten as: 

Ὠ Ὠ Ȣςυὴ    πȢςυ Ὧ  O       
ὭὪ  ὴ Ὧ ρ  ὸὬὩὲȡ Ὠ  πȢυρ ρ ὴ Ὧ

έὸὬὩὶύὭίὩ ὴ Ὧ ρȡ ὲέ ὧέὲὨὭὸὭέὲί ὭάὴέίὩὨȦ

 (4-97) 

Now we consider the second condition of (4-85.b) (i.e., Ὠ πȢυ). This condition is already expressed 

in desired form; therefore, we only need to convert the last constraint on the right side of (4-85.b) into the 

preferred form of some neighborhood of Ὠ. From (4-85.b): 
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ὴ  τ Ὠ ρ Ὠ     
        
ựựựựự     Ὠ    πȢυρ ρ ὴ (4-98) 

It is worth mentioning that if the pre-conditions within the constraints of (4-96), (4-97) are not met, 

then these conditions do not need to be checked. Because for instance, it is easy to show that if the 

precondition of ὴ πȢυ in (4-96), is not satisfied, then its corresponding condition within (4-96) (i.e. 

Ὠ Ὠ Ȣςυὴ Ὠ ) will always be met; thus there is no need to check that anymore; and the same 

scenario holds true for the pre-condition and the inequality within (4-97). Therefore, the set of conditions 

within (4-85.b) can be rewritten as: 

Ὠ   πȢυ ρ ρ ὴ       Ǫ          ὴ πȢυ    έὶ    ᴁὨ πȢςυᴁ  πȢςυρ ςὴ   

Ὠ   πȢυ      Ǫ        ὴ Ὧ ρ     έὶ    Ὠ  πȢυρ ρ ὴ Ὧ    

(4-99) 

Now that we expressed all the conditions as some inequalities within the neighborhood of Ὠ, the next 

step is to make a comparison between all such conditions so that the maximum and the minimum bounds  

for Ὠ are achieved in terms of the normalized operating conditions (Ὧ and ὴ). First, all the constraints in 

which Ὠ needs to be less than or equal to a function of operating condition (Ὧ and ὴ) is taken into 

consideration. Combining the last two conditions in (4-99) yields: 

Ὠ        
 πȢυρ ρ ὴ Ὧ     ÉÆ   ὴ Ὧ ρ

πȢυ                                    ÏÔÈÅÒ×ÉÓÅ

 (4-100) 

Which demonstrates the upper bound of Ὠ in terms of Ὧ and ὴ as shown in Fig. 4-6. The remaining 

two conditions (i.e. the first two within (4-99)), are only a function of the normalized power ὴ and do not  

have any dependency on voltage ratio Ὧ; the first condition in (4-99) as demonstrated in Fig. 4-7 shows the 

lower bound of Ὠ in terms of the normalized power (this condition is also expressed in (4-98)). And finally, 

the second condition in (4-99), as demonstrated in Fig. 4-8, represents a horizontal parabola, out of which  

the duty cycle Ὠ must reside. This condition is also expressed in (4-96) and can be further simplified as: 
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Ὠ πȢςυ  
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Ừ

Ử
ứ

  

    πȢςυρ ςὴ
έὶ                              

 πȢςυρ ςὴ

                     ÉÆ  ὴ πȢυ

ὲέ ὧέὲὨὭὸὭέὲί ὭάὴέίὩὨȦ       ÏÔÈÅÒ×ÉÓÅ

 (4-101) 

  

In fact, all the three conditions including the upper bound in (4-100) (a function of both Ὧ and ὴ), the 

lower bound in (4-98) (a function of ὴ only), and the parabola bound in (4-101) (a function of ὴ only), 

 
Fig. 4-6: The upper bound constraint for primary duty cycle Ὠ  

 
Fig. 4-7: The lower bound constraint for primary duty cycle (Ὠ) 
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altogether should be taken into consideration. By doing this, the permittable range in which the duty cycle 

Ὠ is permitted to change would be achieved within every operating condition (i.e., every pair of Ὧ and ὴ). 

In the following, we are trying to scrutinize the remaining roots of (4-90) (other than the imaginary 

roots of ᾀ, ᾀ), to see under what operating conditions, each of these roots would lie within the admissible 

 

Fig. 4-8: The parabola bound constraint for primary duty cycle (Ὠ) 

 

Fig. 4-9: Illustration of the fourth root of (4-90) in terms of normalized operating conditions (the real part 

of ᾀ is shown for small zone where ᾀ has non-zero imaginary part) 
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range of Ὠ. For this purpose, a comparison must be carried out between any of the remaining roots of (4-

90) and the three constraints on Ὠ.  

In Fig. 4-9, such a comparison can be made between ᾀ in (4-94.d) with the upper limit for Ὠ in (4-

100). As can be seen in this figure, no matter what the operating condition is, the fourth root of (4-90), ᾀ 

is either a complex (i.e. not real) number or it is a real number greater than 0.5 and therefore it falls outside 

the admissible range for Ὠ; because the upper bound for Ὠ as in (4-100), (also illustrated in Fig. 4-6), is 

always equal to or smaller than 0.5. Thus, the conclusion can be made that for every operating point, ᾀ is 

either a complex number with non-zero imaginary part or it falls above the upper bound for Ὠ defined in 

(4-100): 

 ᶅὴ ȟὯȡ   

 ᾀ  πȢυ    

άὥὼ Ὠ  πȢυ 
    O       ᾀ ɵ  ὸὬὩ ὥὨάὭίίὭὦὰὩ ᾀέὲὩ Ὢέὶ Ὠ   (4-102) 

Which clearly shows that ᾀ as in (4-94.d), always falls outside the admissible range of Ὠ; thus, it is 

not required to be taken into consideration. 

Also, it was already demonstrated that for every operating condition, the first and the second roots of 

(4-90), (i.e., ᾀ and ᾀ) are always complex numbers with non-zero imaginary parts. And, it was just 

illustrated in Fig. 4-9 that for every operating condition, ᾀ (or the real part of it, in the case of a complex 

root) is always greater than or equal to 0.5 which is in contradiction with the condition imposed on Ὠ (i.e. 

Ὠ πȢυ in (4-99)). Thus, none of the three roots ᾀ, ᾀ and ᾀ are required to be considered as potential  

critical points in which ὐ  might become minimum. 

As a result, we only need to consider the third zero of (4-90), ᾀ as the last critical point (other than the  

trivial root of Ὠ πȢυ) in which  is zero. Fig. 4-10 can be used to demonstrate for what operating 

conditions, this root lies within the admissible range of Ὠ. As can be seen in this figure, there is an 

imaginary zone in which ᾀ is complex (and not a real) number. In addition, as illustrated by the red surface 

in Fig. 4-10, there is a region in the neighborhood of this imaginary zone in which ᾀ is greater than 0.5; 

and this is clearly outside the admissible range for Ὠ (the duty cycle on each bridge cannot be more than 
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0.5). To precisely figure out under what operating conditions ᾀ falls into the admissible range of Ὠ, we 

need to put each of the three conditions defined in (4-98), (4-100) and (4-101) into effect separately. First, 

we consider the two simpler conditions within (4-98), (4-101) as they are each a function of ὴ only and do 

not have any dependency on the voltage ratio. These two conditions denoted by the lower bound and the 

 

Fig. 4-10: Illustration of the third root of (4-90) in terms of normalized operating conditions (the real part 

of ᾀ is shown for small zone where ᾀ has non-zero imaginary part) 

 

Fig. 4-11: The range of variation of ᾀ for every power condition as the voltage ratio changes from zero to 

unity. 
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parabola bound for Ὠ are illustrated in Fig. 4-11. Also, the hatched area in this figure represents the 

variation range of ᾀ within every specific power condition. For instance, for a constant power transfer near 

zero, ᾀ would change from zero to 0.5 as the voltage ratio changes from zero to unity. Therefore, it seems 

that Fig. 4-11 is just a two-dimensional representation of Fig. 4-10 in which the variation of ᾀ in the ὴ Ὧ 

plane within Fig. 4-10 is reflected onto the ὴ axis in Fig. 4-11. In other words, Fig. 4-11 shows the variation 

of ᾀ in a two dimensional diagram in terms of ὴ only; while, ᾀ was already illustrated in a three 

dimensional diagram in Fig. 4-10 in terms of the two normalized variables Ὧ and ὴ. 

By making a comparison between the inadmissible range of Ὠ imposed by the lower bound in Fig. 4-

7, with the variation range of ᾀ, illustrated by the hatched area in Fig. 4-11, we can observe that no matter 

what the operating condition is, this third root of (4-90) (i.e. ᾀ) would always fall above the minimum 

bound and thus within the admissible range for Ὠ. In other words, for every specific power condition, the 

minimum of ᾀ coincides with the lower bound of Ὠ as acquired in (4-98) and illustrated by the green line 

in Fig. 4-11. Therefore, for every operating condition, ᾀ would be greater or equal to the minimum bound 

of Ὠ. 

It is also worth noting that for every normalized power condition, ᾀ would become minimum as the 

voltage ratio tends to zero. This can be verified in Fig. 4-10. As can be seen in this figure, within every 

specific normalized power, ᾀ would increase as the voltage ratio does. In other words, for each definite 

power condition, ᾀ is just a monotonic increasing function of Ὧ (the voltage ratio), thus the minimum of 

ᾀ takes place when the voltage ratio tends to zero (Ὧḙπ that corresponds to the area near the x axis on 

the right side of Fig. 4-10 or the green line in Fig. 4-11). In Fig. 4-12, the derivative of ᾀ with respect to 

the voltage ratio, Ὧ is illustrated (please note the inconsiderable triangular imaginary zone is removed for 

the sake of simplicity). As can be seen in this figure, for every operating condition (i.e., every pair of Ὧ and 

ὴ),  is always positive which shows that ᾀ is a monotonic increasing function of the voltage ratio Ὧ. 

So, to summarize, the conclusion can be made that for every power condition, as the voltage ratio tends 

to zero, the third root of (4-90), ᾀ approaches to the lower bound of Ὠ that is illustrated by the green line 
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in Fig. 4-11; and since for every normalized power and voltage ratio condition, the third zero of (4-90), ᾀ 

would always lie within the admissible range in Fig. 4-7, therefore the constraint of minimum bound in (4-

98) in fact does not impose any limitation on the operating condition in which ᾀ can be chosen as the 

optimum duty cycle Ὠ. In other words, for every operating condition ᾀ would always fall within the 

admissible range defined by (4-98) and thus this condition does not eliminate any specific operating 

condition. 

However, there is a different scenario for the parabola bound defined in (4-101). As can be seen in Fig. 

4-11, for every power condition that is less than 50% of ὴ  (equivalently if the normalized power is less 

than 0.5), the variation range of ᾀ consists of some area within the horizontal parabola; and this area, as 

illustrated in Fig. 4-8 is outside the admissible range for Ὠ. Therefore, for every power condition (less than 

50% of ὴ  as in Fig. 4-11), we need to find out under what voltage ratio conditions, ᾀ would be within 

the admissible range for Ὠ. The admissible range is determined in (4-101) and is illustrated in Fig. 4-8. 

Before answering this question, I would like to consider all three constraints together (4-98), (4-100) and 

(4-101) and see under what operating conditions, ᾀ would fall into the admissible range of all of them. For 

this purpose, the upper bound condition in (4-100) should also be considered as the last constraint to see 

 

Fig. 4-12: The derivative of ᾀ with respect to voltage ratio 
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what limitations are imposed by it. As already mentioned, the constraint of (4-100) is a function of both 

operating parameters (i.e., both ὴ and Ὧ). Therefore, the analysis here might seem more complicated 

compared to the lower and parabola bound conditions defined in (4-98), (4-101). The upper bound condition 

is depicted in terms of the two normalized parameters in Fig. 4-6. Obviously, the selected value for Ὠ must 

 
Fig. 4-13: Illustration of ᾀ and the upper bound constraint from side view (the imaginary zone is already 

removed for the sake of simplicity) 

 
Fig. 4-14: Illustration of ᾀ and the upper bound constraint from top view (the imaginary zone is already 

removed for the sake of simplicity) 
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be less than the upper bound within each operating point. To figure out under what operating conditions, 

ᾀ would be lower than the upper bound, Fig. 4-13 is taken into consideration. In this figure a comparison 

is made between the third zero of (4-90), ᾀ with the upper bound condition in (4-100). Please note that the 

triangular area in which ᾀ is a complex number is already removed from this figure. Since an imaginary 

number is not acceptable for duty cycle then we only need to consider the operating conditions in which ᾀ 

is real. As can be seen in Fig. 4-13, ᾀ is represented by green-blue surface while the color range of yellow-

red is used for the upper bound. Having the upper bound greater than ᾀ means that the surface in yellow-

red color should be placed on top of the green-blue surface. To have a better understanding of within what 

operating conditions, ᾀ lies under the upper bound, Fig. 4-14 can be used. This figure is just another 

representation of Fig. 4-13 as if we are looking at Fig. 4-13 from the top angle. As can be seen in Fig. 4-

14, there are two zones in which the green surface corresponding to ᾀ is placed on top of the red-yellow 

one; and therefore ᾀ is greater than the upper bound of Ὠ which is obviously not acceptable. These two 

regions, illustrated by green areas in Fig. 4-14, consist of 1- a semi-circular like area centered at (0.5, 0) 

within the low power part (i.e. towards the left side of Fig. 4-14) and 2- a triangular like area within the 

high power range and the high voltage ratio zone (i.e. within the top-right side of Fig. 4-14 where the power 

tends to maximum and the voltage ratio tends to unity). The question that comes up here is how to find a 

mathematical expression  of the transition boundary in terms of the two normalized operating parameters 

(Ὧ and ὴ). To answer to this question Fig. 4-15, can be taken into consideration. This figure illustrates all 

the operating zone in which ᾀ falls into admissible range for Ὠ (based on the upper bound constraint).  

The transition boundary as illustrated in Fig. 4-15, refers to the boundary line between the two scenarios 

of no. 1: when ᾀ meets the condition of upper bound constraint (i.e. ᾀ is smaller than the upper bound 

condition as shown by the green area in Fig. 4-15); and scenario no. 2: when ᾀ does not meet the condition 

of upper bound constraint (i.e. ᾀ is greater than the upper bound condition as illustrated by the yellow zone 

in Fig. 4-15). In the following an algorithm on how to find the mathematical expression of these transition 

boundary lines, is presented: 
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First, we try to find the mathematical expression for the boundary line of the semi-circular area 

positioned on the left side of Fig. 4-15. Since ᾀ, as a continuous function of operating parameters (Ὧ and 

ὴ), is smaller than the upper bound on the left of this boundary line (i.e. within the yellow semi-circular 

area in Fig. 4-15) and is greater than upper bound on the right (outside the yellow semi-circular area in the 

green zone of Fig. 4-15), therefore we can deduce that ᾀ must be equal to the upper bound on the boundary 

line. Therefore, to find the mathematical expression for this boundary line we should put ᾀ in (4-94.c) 

equal to the upper bound in (4-100).  

A similar approach should be used to mathematically express the second boundary line between the 

triangular yellow area and the green zone adjacent to it within the up-right part of Fig. 4-15. Since the upper 

bound and ᾀ are both continuous functions of operating parameters (Ὧ and ὴ), and again as ᾀ is greater 

than the upper bound on the right side and smaller on the left (as illustrated in Fig. 4-15). Therefore, ᾀ 

must be equal to the upper bound on this boundary line. 

Putting ᾀ from (4-94.c) equal to the upper bound in (4-100) results in somewhat complicated equations 

for both boundary lines. Therefore, I am trying to present a simpler approach to find the mathematical 

 
Fig. 4-15: Illustration of operating conditions in which the selected ᾀ can be accepted as duty cycle Ὠ 

based on the upper bound constraint (the admissible area is colored in green and the inadmissible zone in 

yellow) 
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expression of these two boundary lines. In the following, the identification of both boundary lines is fulfilled 

through a comparatively straightforward algorithm. 

For this purpose, Fig. 4-16 and Fig. 4-17 should be taken into consideration. Fig. 4-16 is similar to Fig. 

4-10 as in both figures, ᾀ is illustrated in terms of the two normalized variables (Ὧ and ὴ). However, here 

in Fig. 4-16, ᾀ is shown only within the part of operating zone in which the upper bound condition is 

 

Fig. 4-16: Illustration of ᾀ only within selected operating zone where the upper bound condition is met. 

 

Fig. 4-17: The updated variation range of ᾀ only within the operating zone where upper bound condition 

is met. 
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satisfied. Fig. 4-17 is just a 2-D representation of Fig. 4-16 in which variation of ᾀ in ὴ Ὧ plane in Fig. 

4-16 is reflected onto the ὴ axis in Fig. 4-17. In other words, Fig. 4-17 is used to represent the variation 

range of ᾀ in a two dimensional diagram in terms of ὴ only; while ᾀ is already depicted in terms of the 

two normalized variables Ὧ and ὴ in a three dimensional diagram as in Fig. 4-16. Similar to Fig. 4-11, here 

in Fig. 4-17 also for every specific normalized power condition, the voltage ratio is changed and the 

corresponding range of ᾀ is shown for that specific power condition. The main difference between the two 

scenarios is the range in which the voltage ratio is varying. In Fig. 4-11, for every specific power condition, 

the voltage ratio is varied from zero (the minimum) to one (the maximum) and the variation of ᾀ is 

depicted. Here in Fig. 4-17, for every specific power condition, the minimum and maximum extents of the 

voltage ratio are determined based on the upper bound constraint of (4-100). In other words, for every 

operating power condition, the voltage ratio varies only within the range that ᾀ is less than the upper bound; 

and the variation of ᾀ for that specific power condition is illustrated in Fig. 4-17 accordingly. The other 

two conditions denoted by the lower bound and the parabola bound for Ὠ are also illustrated in this figure. 

And the hatched area is again used to represent the range of variation for ᾀ. 

As explained, the 2-dimensional diagram of Fig. 4-17 shows the variation range of ᾀ only within some 

operating zone in which the upper bound constraint is met. However, as can be seen in this figure the 

parabola bound constraint is also completely satisfied here. In other words, by making a comparison on the 

range of variation for ᾀ in this figure with that of Fig. 4-11, and also with the inadmissible range in Fig. 4-

8, we can see that no matter what the operating condition is, the parabola bound constraint of (4-101) is 

already satisfied providing that the upper bound condition in (4-100) is met.  

The other thing that can be deduced from Fig. 4-17 is that no matter what the normalized power is, the 

maximum of ᾀ would always be limited to 0.5. In other words, as can be seen in this figure, for every 

operating power condition, ᾀ always varies in a range that has a maximum extent of 0.5. Therefore, it 

seems that instead of considering the upper bound constraint of (4-100) which is a function of both ὴ and 

Ὧ and results in somewhat some complicated equations (especially when trying to express the boundary 
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lines as in Fig. 4-15 in terms of normalized variables), +we can simply replace the upper bound condition 

with two far simpler conditions consisting of the parabola bound in (4-101) (which is only a function of ὴ), 

and the simple condition of Ὠ πȢυ (which only imposes a constant upper limit on ᾀ). Therefore, 

regarding to the conditions on ᾀ, we have: 

ᾀ πȢυρ ρ ὴ Ὧ     ḳ       

ᾀ πȢυ    

ᴁᾀ πȢςυᴁ  πȢςυρ ςὴ 
      (4-103) 

Equation (4-103) shows that we can either take benefit from the upper bound constraint or just the two 

separate inequalities defined in (4-103). For the sake of simplicity, the use of these two simple constraints 

is preferred since they are merely a function of normalized power and do not have any dependency on the 

voltage ratio. To be more precise, to determine the acceptable operating zone for ᾀȟ only the two simple 

conditions including Ὠ πȢυ and the parabola bound is sufficient and can be used instead of all the 

necessary constraints for this pattern that are listed in (4-99). Since, among all these conditions, the lower 

bound constraint is already satisfied as illustrated by the green line in Fig. 4-17; also as elaborated in (4-

103), the upper bound constraint for ᾀ is equivalent to the union of the two aforementioned conditions. 

Therefore, for the third root of (4-90) ᾀ, the union of all constraints in (4-99), is equivalent to just the two 

simple conditions of Ὠ πȢυ and the parabola bound as shown in (4-103). 

To express the boundary lines in Fig. 4-15, in terms of the normalized parameters, now we just need to 

put ᾀ from (4-94.c) equal to the simpler two constraints in (4-103). The trajectory of the curve that results 

in ᾀ πȢυ, is denoted by the second boundary line as shown in Fig. 4-15. To acquire the mathematical 

relationship between the normalized variables (Ὧ and ὴ) on the second boundary line (as illustrated in Fig. 

4-15), we just need to find out for what pairs of Ὧ and ὴ, ᾀ πȢυ would be a root of the characteristic 

equation in (4-90). By putting ᾀ equal to 0.5 (the maximum bound) in (4-90), we have: 

ὪπȢυ τ Ὧ τ Ὧὴ τ ὴ τ Ὧὴ Ὧὴ τρ ὴ ρ Ὧ ρ Ὧ (4-104) 
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It is easy to find the relationship between Ὧ and ὴ on the trajectory line. Since ᾀ πȢυ must be a root 

of the characteristic equation on this boundary line, therefore by putting ὪπȢυ in (4-104) equal to zero, 

we have: 

ὪπȢυ π  
   
ựự   ὴ

ς

Ὧ
Ὧ ρ ρ Ὧ  (4-105) 

In a similar way, we can express Ὧ in the terms of ὴ on this boundary trajectory. Again, by putting 

ὪπȢυ in (4-104) equal to zero and solving Ὧ in terms of ὴ, we have: 

ὪπȢυ π  
   
ựự  Ὧ

ςρ ὴ

ς ὴ
  (4-106) 

For the first boundary line corresponding to the semi-circular area within the low power zone (as shown 

in Fig. 4-15), again we can put ᾀ in (4-94.c) equal to the parabola bound constraint in (4-101). However, 

as it was just explained within the last few pages, the boundary line of the semi-circle is where the two 

conditions of upper bound and parabola bound coincide. This results in even more simplified equations 

regarding the identification of the first boundary line. Putting the parabola bound in (4-101) equal to the 

upper bound in (4-100) yields: 

πȢςυρ ρ ςὴ πȢυρ ρ ὴ Ὧ  
   
ựự  ὴ ςὯρ Ὧ (4-107) 

Again, in a similar way, we can express Ὧ in the terms of ὴ on this boundary trajectory. For this purpose, 

we just need to put the parabola bound and the upper bound equal and then solve Ὧ in terms of ὴ: 

πȢςυρ ρ ςὴ πȢυρ ρ ὴ Ὧ  
   
ựự Ὧ πȢυ ς ςρ ςὴ ςὴ (4-108) 

Now that we have found the trajectory equations between each two adjacent zones, the next step is to 

find the optimum modulation within each region. Fig. 4-18 can be used to distinguish between the three 

zones of operation. As can be seen in this figure, zone 1 refers to low-power region; and the surface of this 

zone consists of 33.28% (around ρσϳ) of the whole normalized operating plane within Fig. 4-18. Also, zone 

3 corresponds to the high-power area towards unity voltage ratio and the surface of this zone consists of 

14.26% (around ρχϳ) of the whole operating plane in Fig. 4-18; and finally zone 2 refers to the area between 
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zones 1 and 3 with the area equivalent to 52.46% of total. It was proven that having Ὠ ᾀ is only viable 

within zone 2 since in the other two zones, the required set of conditions and inequalities in (4-85.b) are not 

met.  

In the following, I am going to show that Ὠ ᾀ, will be the optimum solution (i.e., resulting in 

minimum rms while meeting the zero-voltage switching conditions) within all operating points in zone 2; 

and Ὠ ᾀ πȢυ will be the optimum modulation for every operating condition in zone 3. The optimum 

modulation within zone 1 will be investigated in the subsequent sub-chapters. As another pattern will be 

the optimum solution for that range of operating conditions.  

Now in this part I want to show that Ὠ ᾀ results in minimum rms current providing that the 

converter is being operated within the green area (zone 2) as illustrated in Fig. 4-18. It was already shown 

that the  is zero if Ὠ ᾀ is selected. Since ᾀ, is in fact a root of the characteristic equation in (4-

90). And the zeros of (4-90) as shown in (4-86)ï(4-89) would be the roots of . It was also investigated 

in detail that if the converter is operated within zone 2, then choosing Ὠ ᾀ satisfies the necessary 

constraints including all the zero-voltage switching conditions in (4-85.b). Also, it was elaborated within 

the previous section that the converter, if modulated based on this pattern, would have only one timing 

 
Fig. 4-18: Illustration of operating condition of the converter based on the operating zones. 
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variable as the only degree of freedom that should be optimized; so that converter losses are minimum 

while a definite power is being transferred within a constant switching frequency condition. All the other 

timing variables within this symmetrical pattern were already determined based on the converter 

parameters, the switching frequency, and the transferred power. Therefore, the only timing variables of Ὠ 

should be selected so that the converter is optimally modulated (in fact Ὠ corresponds to the duty cycle of 

the voltage on the bridge with higher amplitude. In other words, the voltage ratio Ὧ defined in (4-41) is less 

than one). It was also shown that the other duty cycle, Ὠ (corresponding to the low voltage bridge if the 

voltage ratio, Ὧ in (4-41) is less than one), must be equal to 0.5 (the maximum) so that the converter is 

optimally modulated [17], [18], [36]. All in all, we get to only one timing ratio that needs to be optimally 

selected; the duty cycle corresponding to the bridge with higher voltage (primary in our example) is selected 

as this timing ratio that needs to be optimally determined. 

Now let us get back to explaining how selecting Ὠ ᾀ would result in  to become zero, also 

satisfies all the necessary constraints including the zero-voltage switching conditions (if the converter is 

operated within zone 2). Now to show that selecting Ὠ ᾀ would result in ὐ  to be a minimum (neither 

a maximum nor a saddle point), we should benefit from the second derivative of ὐ  with respect to Ὠ 

as achieved in (4-87). As it was derived in (4-62), there are two solutions for ‏. Although both solutions 

for ‏ result in the same inequalities and conditions that need to be satisfied as in (4-85.b); also, the same 

characteristic equation that needs to be solved is acquired for both solutions of ‏ as in (4-90). Therefore, 

for both solutions of ‏ in (4-62), the first two zeros of characteristic equation in (4-90), ᾀ, ᾀ are always 

non-real and complex conjugates of each other as illustrated in Fig. 4-4. Moreover, for both solutions of ‏  

in (4-62), the last zero of (4-90), ᾀ as illustrated in Fig. 4-9 would always be outside the admissible range 

for Ὠ and therefore is not acceptable. Finally, for both solutions of ‏ in (4-62), due to the necessary 

conditions and requirements (as described in (4-85.b)), the third solution of (4-90), ᾀ, illustrated in Fig. 4-

10, would only be acceptable in zone 2 as in Fig. 4-18. The difference here is in the second derivative of 

ὐ  with respect to Ὠ. As can be observed in (4-87), the two solutions for ‏ would result in two different 
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expressions for . To be more precise, selecting the first solution of ‏ with the plus sign as in (4-62), 

would result  in (4-87) to become as: 

‏
ρ

ς
Ὠ Ὠ πȢυ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ        

ᴼ      
‬ὐ

‬Ὠ

ρςψὨ ρφπὨ σςὴ ρὨ ψὴ

Ὧὴ Ὠ Ὠ πȢςυὴ
 

(4-109) 

ρςψὨ ςυφὨ τψὴ σὨ ρφτὴ ρὨ ςὴ σὴ

ὴ Ὠ Ὠ πȢςυὴ
Ȣ  

Similarly, for the second solution of ‏ with the minus sign as in (4-62), we have: 

‏
ρ

ς
Ὠ Ὠ πȢυ Ὠ Ὠ Ὠ Ὠ πȢςυὴ πȢςυ        

ᴼ     
‬ὐ

‬Ὠ

ρςψὨ ρφπὨ σςὴ ρὨ ψὴ

Ὧὴ Ὠ Ὠ πȢςυὴ
 

(4-110) 

 

Fig. 4-19: Illustration the second derivative of ὐ  with respect to Ὠ (when Ὠ is equal to ᾀ and the first 

solution of ‏ is selected as in (4-109)) 
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ρςψὨ ςυφὨ τψὴ σὨ ρφτὴ ρὨ ςὴ σὴ

ὴ Ὠ Ὠ πȢςυὴ
Ȣ  

In Fig. 4-19,  is illustrated within the whole operating plane if Ὠ ᾀ is selected and, the first 

solution of ‏ with plus sign as in (4-109) is selected. As can be seen in this figure,  would be 

negative within most of operating conditions. Clearly, we are only looking for the operating region in which 

 is positive. In Fig. 4-20,  is illustrated within the operating conditions in which π. 

As can be seen in this figure,  is positive only within a small region of operating conditions. For a 

better clarification, Fig. 4-21 should be taken into consideration. In this figure, only the areas with 

π is mapped onto the normalized Ὧ ὴ plane. Also, the parabola bound as in (4-101) is determined by the 

green line. Therefore, a comparison between  and the admissible range with respect to the parabola 

bound can be made. As can be seen, the operating region with π only comprises of a small 

operating zone. Also, all the operating region in which  is positive (while Ὠ ᾀ and ‏ is achieved 

as in (4-109)), would be within the inadmissible area of parabola bound as illustrated in Fig. 4-8. Therefore, 

in this situation (i.e. when ‏ is acquired as in (4-109)), the third solution of the characteristic equation in 

(4-90) (i.e. ᾀ) would not result in optimum solution for any operating conditions. On the other side, in Fig. 

4-22,  is illustrated within the whole operating plane while Ὠ ᾀ and the second solution of ‏ 

with the minus sign as in (4-110) is selected. As can be seen in this figure, within all the three operating 

zones,  is always positive (please note that the triangular area regarding the imaginary part is 

removed for the sake of simplicity). It is also clear that for every operating point within zone 2, ὐ  would 

be a continuous function of Ὠ as can be verified in (4-85.a). Therefore, the continuous function of ὐ  

within all of this operating zone, would have a minimum when Ὠ ᾀ and if the first solution of ‏ is 
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selected as in (4-109); and since ὐ , is a continuous function of Ὠ and  within every operating 

point (every pair of (ὴȟὯ)) in this region has only one root of Ὠ ᾀ in which  is positive, therefore 

the global minimum of ὐ , would occur within the local minimum of Ὠ ᾀ in this zone. Indeed, there 

 

Fig. 4-20: Illustration the second derivative of ὐ  with respect to Ὠ (only within the region where 

π and when Ὠ ᾀ and ‏ is acquired as in (4-109)) 

 

Fig. 4-21: The 2-D representation of the second derivative of ὐ  with respect to Ὠ (only within the 

region where π and when Ὠ ᾀ and ‏ is acquired as in (4-109)), (green line is parabola bound 

as in (4-101)) 

 

 




























































































































































































































































































































