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Abstract

In recent yearsthe singlephaseDual Active Bridge (DAB) converterhas gaied significant
importance as it has simple power circuitdiriectional power flow, and zero voltage switching (ZVS)
operation. Although, numerous researchers have worked on this converter and proposed many modulation

techniques, a thorough mathematicahtneent of tis converter has been missing from the literature.

This thesis presents a thorough mathematical treatment of the DAB conyditdre possible
theoretical modulation patterns for the DAB converter are derived from the mathematical atalysis.
mathematically proven that there are up to 140 distinct switching patterns that can be appléed to th
converterlt is shown in the thesis that there ardy two modulatiorpatterns those result in the optimal
performance of the converter in terms of minimems current and guaranteed zeroltageswitching

under wide range of operating conditions.

An analytical solution is developed and a dvgpstep algorithm to obtain ¢timal time ratios for the
two selectednodulation patterngleénoted byPatternz) and Patterifg) in this thesisis given.The concept
of idle time intervalis introduced in this thesis. Thenis shown that the optimal modulation is based on
pattern(z) with noidle time intervaland patterrfq) with idle time interval An optimal pattern modulation
technique based on variable frequency has been introduced. It has been shown that a frequency variation of
about 50% around the optimal power level corresiing to the maximum pattern efficiency can further

reduce the conduction losses by 10%.

It is also shown how the optimal modulation can be extended to the scenario with reverse power flow
as well as with an inverse ratio of voltages. The modulationrpgitesented here is the optimal solution

for every DAB converter with arbitrary parameters.
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Fig. E11: Comparison between three different rumthivw Test B: (a) the output power as a function of
time, (b) thermscurrent with respect to elapsed time, (c) percentage of improvementroigharrent as

Fig. E-12: Comparison between analytical and simulation results of the power shifptbased on the
conventional modulation with constant switching frequency for an initial converter as in Table Il and a
definite application within power range of-100 % of0 | A @) the percentage of reduce in thes

current, (b)O I @ the two simuation runs (based on the initial converter and the converter with power

Fig. E13: Comparison between analytical and simulation results of the power shift concept based on the
optimum pattern modulation with variable switching frequency for an initial converter as in Table Il and a
definite applicatiorwithin power range of 7000 % of0 | A (@) the percentage of reduce in thes

current, (b))O [ @ the two simulation runs (based on the initial converter and the converter with power

Fig. E-14: Modulation of DAB converter under constant frequency condition with power variation from
0 | At@ng 0 | A @) the output voltage of secondary bridge (b) the output power (c) the power
transfer of the converter (d) the switching frequency (e) the normaitizecurrent (f) theemscurrent.

Fig. E15: Modulation of DAB converter under variable frequency condpian®0d £O0 p v ROA

with power variationfomt® 0 | At@ng 0 | A @) the output voltage of secondary bridge (b) the
output power (c) the power transfer of the converter (d) the switching frequency (e) the normaized
current (f) tNEMMS CUITENT........ooieiieeeeeeee e e mmme e e e e e e e e e e e e eees 262

Fig. E-16: Modulation of the new converter with leakage inductange ofd( , under constant frequency
condition with power variation from 11 7t to ) T 7t: (@) the output voltage of secondary bridge, (b) the
output power, (c) the power transfer of the converter, (d) the switching frequency, (e) the nonmeadized
current, (F) tNEMS CUIENT. ...t semer e e e e e e e e e annnes 262

Fig. E-17: Modulation of the new converter Wwittakage inductance pf 1t ‘Y( , under variable frequency
conditionp TR0 A0 p v W'OMwith power variation from 11 7t to Y Tt 7t: (a) the output voltage

of secondary bridge, (b) the output power, (c) the power transfer of the converter, (d) the switching
frequency, (e) the normalizethscurrent, (f) thEMSCUITENT..........cocoiiiiiiiiiiiiieee e 262

Fig. E-18: Comparison between four different runs within Test C: (a) the output power as a function of
time, (b) the rmsurrent with respect to elapsed time, (c) percentage of improvement of the rms current as
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Nomenclatures
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Current of leakage inductance prior to applying
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Chapter 1

Introduction

Powerelectronicsconvertershavebeen extensively applied aimost all the modern electrical energy
conversion applicationg’hey can be classified into several categosesh asdc-dc, deac, and ac-ac,
based on the type of voltage thre input andoutputportsof the converterMost of the converters in the
past have been udirectionalbut new applications such as energy storage, renewable energy, more electric
aircrafts and electric vehicleequire bidirectional power flow.For instance,in a bidirectionaldc-dc
converterwith dcvoltage oreach sidethe converter islesignedo regulatethelevel ofdc voltageon both
sides as well aghe powertransferbetweerthem.

1.1 Classification of DGDC Converters

Many dc-dc convertertopologies have been proposed in the literatBasic convertersonsistof only
one or a fewswitcheswhile someother topologiehaveseveral switches on each sidespecial class of
dc-dc converterss the one thatises a high frequency (HF) transformer to achieve high voltage ratio and
galvanic isolation. Another class dheseconverters usea resonance circuit tassurezero voltage
switchingfor all switches.

Based on these characteristids,dc converters can beategorizednto several classédsom different
perspectiveKrismeretal., in [1] foundedtheir classificatioron the degree of complexitiyese converters
have According totheir work,dc-dc converterssan begroupedn this manner

1- Thedc-dcconverters with a low number of switches

2- Thedc-dc converterswith two bridgeghat donot havea high-frequencyesonanceetwork.

3- Thedc-dcconverters with two bridges, that haavhigh-frequencyresonancaetwork.

dc-dc converters with a low number of switches




Theseconverters are made up of only a low number of switchiesy comprisethe isolated and
bidirectional forward, f | y b thecoktimunahoide withintkelosvo n v e r t ¢
power rangapplicationgless than 2 k\W

dc-dc converters with two bridges that do not have aHiigquency resonance network

The main characteristic of the second clagsonverters is that they consist of more than one
switch. In comparison to forward and flyback converterssehenverters can be utilized much more
efficiently [1] and aremoresuitable for high power application§his group consisiof many common
and weltknown converters such as: theal Active Bridge OAB) converter{2], [3], [4], [5], [6] and
the bidiectional fultbridge convertef7], [8], [9], [10].

dc-dc converters with two bridges, that have a higgguency resonance network

The major distinguishing feature of thitass of converteris that theybenefit fromthe high
frequencyresonant network3.hus theyare also calledesonantic-dc converters. Irthese converteys
the current waveform is changed thye resonance network so thalt the switches are operated with
zerovoltage switchingonditions[11]; also,it can be changed so thabre effective utilization othe
switches is achievedrhe major drawback daheseconverterds the addedomplexity alsothe extra
power componentthatarenecessarwithin this class of convertefs].

Karshenas et alin [12] used another approach to distinguish betwaedc converters; thegimply
showed how these converters can be differentiated based on whether or not they benefitHifom a
transformer; according to this distinguishing feature dirdc converters canédivided into two classes
[12], isolated and noisolated convertergachof these classes abeiefly explainedn the following

Norrisolated dedc converters

Usually the simplestic-dc converters such as buck and boost topologieswithin this group.
Generally, these converters are not inherently able to transfer power in both directions. However, with some
simple changes such as replacing the diogith MOSFET switches they can be wdified andbecome

capable of transferring power-8irectionally[13]. It is worth noting thatthe interconnection of the two



basic topologies (buck and boost) within this group, results in more complicateertersuch asuk and
buckboost[13].

Isolated dedc converters

The simplest topologies within this class of converters are forward and flythaglare constructed
from the most basic topologi@égthin the first groupWith a little modification simply by adding a small
HF transformer to the basic buck and bidost converters, the forward and flyback topologies are
achieved.

In comparison to the simple nésolated topologies, the converters withire gecondgroup offer
galvanic isolation andan be operatefibr the applications that requiravery highvoltageratio; all such
characteristics are valuable and important in practical systems.

Other than théwo simplest topologies (flyback and forward) within this group, many other topologies
suitable for various applications with different power range are designed and introdtivetitémature
from simpler topologies with only two switchsgch agzetasepics, or dual flyback, to more complicated
onesconsisting of a bigger number of switchesy.,the DAB topology with eight switches.

Zhao et al.showedin [14] that thepower that can be transferred by these convertesomehow
proportional to the number of switches beinged Thus, among all the topologies introducedthie
literature, the DAB converter with eight switches looks like a tempting solutionnvitte highpower
applications; especially given that this tqmy is capablef transfering power in both directions.

Steigerwalckt al in [15] demonstratethat within the higkpower applicationsvhen the bidirectional
power transfer is required, the DAB converter has the dyestation ie., the besttradeoff between
efficiencyand power densitydmong all its counterpartk other wordsno matter what classification of
dc-dc converters is being used, thimgle phaseDAB topologyis known to be one of the most promising
and efficientsolutionsregarding the attainable converter efficiency, and the attainable power density

This convertehas got many applications due to the low number of passive companerds, range
of zerovoltage switchingperation andhigh-powerdensity[16]. All such charactestics maket an ideal
topologyfor high-power applicationsThezerovoltage switchingpperation within any operating point is

3



possible providdthatspecial modulation strategies are emplopef], [18]. Therefore, with a guaranteed
zerovoltage switchingperation alsemergence the technolog§/fastswitching wide band gap switches,
[19], [20], [21], [22], [23], switchingat very high frequencyas much as 1 MHZ} possible. Tis results
in a highly compact anlightweightconverterfor many highpower industrial applications.

All'in all, this converteis the ultimate choice when galvanic isolation is necessary, the power is needed
to transfer in both directions andAbre ratio of voltages on two sides is too large to be achieved without
the aid of an additional HF transfornjé&s].

This converter has found many industrial applicatiddmsne key applications of this topologye
within eledric vehicles[1], shipboardg[24], microgrid architecture[25], [26], [27], aircrafts [28],
automotive orboard battery chargers[29], [30], [31], solid state transformer$32], [33], and
MVDC/HVDC power system§34], [35].

This popular and common topologyintroduced in the next sectidrollowing that a briefliterature
reviewis presentedrom the timethis convertemwas introdgedin the literatureandnext, the modulation
techniques that are propoded this converter, arbriefly reviewed.

1.2 Dual Active Bridge (DAB) Converter

The concept of DAB converter was first introducday De Donckeret al. in 1988 [2]. The converter
topologies forsinglephase and threghase applications were presented in [2hwever the work
presented in this thesis only deals vatDAB convertetopology for the singlghaseapplication.Fig. 1-

1 shows a singlphase DAB converter topology. This topology corssidttwo full bridges(primary side
bridge and secondary side bridge), a transformer and twocpacitorsAs the name implies, the primary
side bridge is connected at the primary and the secondary side isradgmected at the secondarfythe
transformer.In the simplestmode of operaton, each fulibridge inverter produces a sgeavoltage
waveformat its terminal§0  at the output terminals of the primary bridgedv  at the output of the
secondary bridgeThepower is transferred from one input to another by controlling the phase shift between
the two voltagevaveforms This way of controlling the powen this wayis called phase shift modulation

(PSM) between two bridges.



The power transfdsetween the two inverter bridgé®)is given by the following equation as developed

in[2]:

P = (1-1)

Wherew is the voltage otheprimary bridge Qs the voltage ratio is the phasshift angle between
the two bridgesL is the leakage inductance of the transforraen, d, isythe switching frequenciRAB
converter also offers zero voltage switching (ZVS) for the inverter swit@lressPSM modulationas
described aboverovidesinherentZVS for the DAB butonly within limited rangeof operation[2]. The
condition for theZVS is derived in [16] and expressed by the following constraint

Thezerovoltage switchingondition in(1-2) along withthe power equatiogivenin (1-1) have been
used inthe literature for many years, as the design and obguideline for this convertehe power
circuit of DAB is verysimple,and the modulation techniques employed inlalyp a critical role in the
efficient operation of the convertek.literature review on the modulatieechniquesvill now beginin the
next section.

1.3 Modulation Techniques

Numerous studiesavebeen conducted itine literatureto find theoptimummodulationfor the DAB
converter Phase Shift Modulatio@PSM) is commonlyemployed inthis converer to control the power
transfer[2]. PSM methodis the simplest modulatiotechniquewheretwo squarevoltage waveforns
produced by the two inverter bridgesme appliedacross thdeakage inductance of thensformer.The
power flow from one input to another is controlledvayying the phase angbetweerthesetwo inverter
output voltagesAlthough it is asimple modultion techniquet suffersloss of zero voltage switching and
increaseamscurrent under many operating conditions.

Many researchersave tried to find alternative solutiotsextend theZVS range and redectherms
current{17], [18], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45]. Several researchesach asDggier

et al.in [17], [18] andBai et al.in [36] hasshown thatthe range of ZVS can be extended andrthe
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Q1 R Rs R

Fig. 1-1: Topology ofthe sngle-phase DABcoverter
current reduced if, in addition to thbaseshift control between the two invertedsity cyclecontrol is also
employed withinone of the two inverter§.hey have furthesuggestedhatit is better toemploy thisduty
cycle control in the inverter witthighervoltageamplitude.Such amodulation technique iflustrated in
Fig. 1-2(b) and is callechdual phase shift modulation.

In[46], [47], anothermodulation techniquis introducedvherethe duty cycles withindith the invertes
are controlled by controlling the phaskift within eachbridge alsobetween théboth the bridges with
respect to each othé®uch a modulationtechnique is illustrated iRig. 1-2(c) and is called &iple phase
shift modulation.

1.4 Thesis Objectives

Although many researchers have worked on the development of modulation techniques for the DAB

converter, a comprehensitreatmentf the subject supported by rigoromathematicahnalyses has

been missing in the literature. This thesi®is to overcome thigap.The mainobjectivesof this thesis
are given below.

1. Provide ahorough mathematicébundationto arrive at all the possible modulation pattdiresse

can be applied ithe DAB converter.

2. A methodology to alection of the mdsefficient switching paerns



3. Development of closetbrm mathematical equations to determine the various times within a given

switching patterrio ease its digital implementation
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Fig. 1-2: Modulationstrategies fosingle-phase DABconverter
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4. Development ofa hybrid modulation techniqueith changing switching patterns and variable
switching frequency that results the most efficient operation of the converter over the entire

operating range

1.5 ThesisLayout

In Chapter 2amathematical approach is introdud¢esiumerateall the possible switching patterns that
can be applied to the convertér.is mathematically proven that there are up to 140 distinct switching
patterns that can be applie@hapter3 presets a comprehensive analysis to select suitable switching
patterndor DAB modulation schenelt is shownthat most of these patterage notpracticad. In Section
3.4, it is mathematically proven that the optimal pattern must be symnieigalso show that amly 12
out ofthe 140switching patternaresymmetricaland can behoseras the final candidates ftire optimal
modulation Furthemore it is shown that thaltimate twelvepatterns can be made upteb basic patterns.
Theseawo patterns can beonsidered as the final candidates for optimal modulation.

Chapterd and Spresents the selection of optihtiming intervalsfor each of the twgelectedpatterns
Also, a set of equations for modulatipipased on these two patterissdaived. It is demonstrated how the
optimal time ratios can be analytically derivied each patternA stepby-stepalgorithmusingthe two
normalized variablesoltage raticandnormalizedpoweris developedo determinghe optinal time ratios
These twahapterpresenthe mathematical woro determine the optimal timindsr the selected patterns
(2), (g), which result in guaranteed ZVS amdnimum rms current It is mathematically proven that the
obtained time ratios result the minimum rms current,thusthe optimal modulation In Section5-4, the
concept of idlgime interval is introduced, and thersion ofswitching patrnwith idle time intervalis
taken into consideratiohenit is shown how the normalizedthswithin the pattermwith idle time interval
can be expressed in terms of its counterfpatdoesnat havesuchaninterval The finalselection ofthe
optimal switching patterais presented ifBection6.1. It is shavn thatthe switching patterq) with idle
time intervalresults inthe optimal modulatiorfor low powerrangeand the switching patter(z) with no

idle time interval would be theoptimal solutionfor the mediumhigh powerrange In Section6.2, it is



shown how the optimal modulation can be extended to the scenario with negative direction of power
transfer, as well as with an inverse ratio of voltagesection 6.3, a mathematical proof is presented to
show thatamong the ultimate twelve patterns, atberpatternsexcept the selected two onesuld ever

result inthe optimal solution for any operating condition.

By taking benefit fromhe normalization system thatfisst introduced inChapter 4, and ismployed
throughout the thesi#, is suggestd thatevery DAB converter with arbitrary nominal parameters can be
mapped to & operating twadimensional (0 to 1) by (0 to 1) planghe concept of pattern efficiency is
definedin Chapter 7ased on the proposed normalization systdoreover, some main applications of
this mathematical concept are introducédOpt i ma | Pat tie BattionMic2getets aothé o n O
situationin which an optimal switching pattern with minimal losdeselected The voltages are applied
based on theelectedconstant optimal pattern while the power transfer is regulbyeddjustingthe
switching frequency. It is showtiat by doing this optimal frequency modulation, up to ten percent of
improvement in reducing the rms current is achideedheselected convertein Section 7.3 the concept
of power shift is introduced. Moreover, it is suggested that how the optimal valudsefoonverter
parameters would be achieved that theconductivelossesis minimum within a specific othe whole
rangeof power variationbased orthe application.By selecting appropriatparameters, aonspicuous
improvemenin the resistive losses would be obsergep to20 %for some power rangeshs the final
stage, lte simulation results are presentedadfy theanalyticalimprovementshat are achieveid Chapter

7.



Chapter 2

Generation of Switching Patterns

This chapterpresents a comprehensive analysiit@stigate all the possiblwitching patterns for
DAB modulation schemegig. 2-1 shows the circuit diagram of the Dual active Bridge (DAB) converter.
An HV inverter bridges connectedetween théC voltage V1 andat the highvoltage (HV) sideof the
transformerAn LV inverter bridge is connected between the DC voltagend at the lowoltage (LV)
side of the transformeFig. 2-2 shows thesimplified model of theconverter in which all the secondary
side elements are transferred to the primarywsitiea primary to secondary turns ratiorof

With the HV side full bridge, three different voltage levels are possibié for

6h AEICDAPAR AJAAT A AOAEAE
nh AICCOAGA I ACAAT AR AOA&MD

v EICOAQA L AGAAT Bt AGAEE @1
6h AIGOA@GAM AGAAT AR AOAEAE
Similarly,0 is equaltd® ,0, or 6 depending on the switching state1 Al AL andl :
6h AICDAPAR AGAAT AR AOAEE
‘ nh AIGOAGAR AGAAT Bl AGALM® s
v EICDAQA L AGAIAT KL AGAEAE (2)
6h AIGDAGAM AGANAT R AOAEAE

For the sake of simplicityhetwo modesl, 2 are defined fothe primary side Mode 1 happens when
the primary voltageé is equal to the positive voltage while mode2 happens when the primary voltage
0 is equal to the negative voltagé . In other words:

GeQn PO 0O 6h AEIQCOADPA I AGAAT A AOCAEA (2-3.2)
GEQQ P 0 0 6h AIGCOAGA i AGAIAT AR AGAEA (2-3.b)

The wo modes3, 4 are alsalefined forthesecondary side. Mod®is when the secondary voltage
is equal to the positive voltage while mode4 happens when the primary voltage is equal to the
negative voltage 6 . In other words:

Géan P 0 6h AIGCGOADA i AGAAT A AOCAEA (2-4.2)
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GearQ P 0 6h AEICOAGA M AOAAT Ar AOAEA (2-4.b)
Also, based on the selected mode of operativewoltagesb ,0 ,0 andy are defined:
0 :Thevalue ofd  whentheswitchesl Hl are conducting.
In other wordswe would have 0 0 6
0 :Thevalue od when the switche$ HL are conducting.
In other words, we woulHave: 0 0 6
0 :Thevalue ob when the switche AL are conducting.
In other words, we would have: 0 6

0 :Thevalue of  when the switches AL are conducting.

------ >
(2 Q= s
L n:1
+ ' -
WV <1> VACI _ N VAC2
(2] 64 [

------ >
7 g ™
R v ! L
+ L -
Vari L Vars
= +
I Ty
o L

Fig. 2-2: Lossless DAB mode
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Voltage

Voltage

In other words, we would have: 0 6

Regarding the sequence of voltagase of thefollowing scenarios might happen:

1- In the first class of voltage sequences, the negative voltate pfimarybridgecomes just after
the primary positive voltage. Either the positive or the negative voltatiee sEcondanpridge
follows the primary negative vtdge.Fig. 2-3 shows the schematic of the simplest forms of these
voltage sequenceso have a better illustration of each sequence, the positive and negative voltages
of primarybridgeare denoted bg, b.Similarly, the positive and negative voltages of secondary
bridgeare denoted by, d. Thereforethe sequencesorresponding téig. 2-3(a) andFig. 2-3(b)
can be demonstrated alscdandabdg respectively.

2- In the second class of voltagegaences, one and only one of the secondary voltages comes
between the positive and negative voltagetheprimary bridge Therefore this class of voltage

sequences can be representeaicasior adbcsince eithethe positive orthenegative voltagérom

() (b)
v 4
............................. _| _|
Fig. 2-3: Schematic of the twsimplest switching patterns within the first class
(a) (b)
v
................................ | |

Fig. 2-4: Schematic of the two simplest switching patterns withirsgeondlass
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() (b)

Voltage
Voltage

!
4.2 .44
'

4.2 44

Time Time

Fig. 2-5: Schematic of the two simplest switching patterns withirthird class
the secondary bridggands between the positive and negative voltatjgee otherbridge This is
illustratedin Fig. 2-4.

3- In the third class of voltage sequences, the negative voltage of primary bridgegears at the
end of the sequence. Similarly, this class of voltage sequences can be represattbdrasich
based on whether the positive or negative voltage on the secondary bridge comes first. Since
appears at the end of this sequence thepuld be next to the primary positive voltage of the next
sequenca . By shiftingb to the beginning of the next sequence, dadb sequencean be
represented abacd as well. Also, by the same transformation, #@mcb sequence can be
represented asadc Fig. 2-5(a) andFig. 2-5(b) illustrate tle simplest spatial position of primary
and secondary voltageshacdandbadcsequences, respectively. Comparig. 2-5(a) with Fig.
2-3(a), alsoFig. 2-5(b) with Fig. 2-3(b) reveals the undeniable similarity of this class of voltage
sequences with the first one. In fact, there @ato-onecorrespondence between the switching
patterns of this class with those of thist class Each pattern of the first class can basy
converted to its corresponding pattern in this clasgepiacingpositive and negative voltages of
theprimarybridge Therefore, this class of voltage sequences can be considered as the dual of the
first class agan be noticeth Fig. 2-3 andFig. 2-5.

Each class of voltage sequences can kbdu classifiedaccordingto the degree of overlap between

adjacent voltages. The classification is based on simple rules:
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1- Each primary voltage can be either partially or fully overlapping with its adjacent secondary
voltage.

2- The same scenario holds trigr each secondary voltage. Any secondary voltage can be either
partially or fully overlapping with its successor primary voltage.

3- The two voltages of the same category cannot be overlapping. Imatitey,two adjacent primary
voltages or two adjacenésondary voltages cannot be overlapping at any time.

To obtain all the possible switching patterinstfthe first classof voltage sequenceds takeninto
considerationSince the third class of voltage sequences can be consideteridasl of the firsiclass,
therefore there is no necessityswrutinizethis class separately. Each voltage pattern of the first class is
modifiedto its correspondingersionwithin the third one simply by substituting the positive and negative
voltages of the primargridge.

2.1 Patterns based on the First Class of Voltage Sequences

To categorizeeach groupof voltage sequences based on the overlappites between adjacent
voltages, all the overlapping possiies should be taken into consideratidior the firstclassof voltage
sequencess can be noticed Fig. 2-3, there are two overlapping possibilities between adjacent voltages.
The first overlapping might happ between the negative voltagieheprimarybridgeand the subsequent
voltageof thesecondarpne The subsequent voltageeitherpositive for abcdsequence) or negativinf
abdcsequence)n the following,the classificatiorfor the firstpossibility of voltage overlapping idone.

1- The simplesswitching pattern is theonein which there is no overlapping between any of the
adjacent voltages. Thizhematic ofhis pattern is alreadghownin Fig. 2-3(a)to illustratethe first
groupof voltage sequences.

2- In the second pattern, the negative voltagtheprimary bridgeis partially overlapping with the
subsequent voltagd secondaryridge. This isshown inFig. 2-6(f).

3- In this pattern,the negative voltage dhe primary bridgeencompasses the following secondary

voltage completelas shown irFig. 2-6(j).
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4- The negative primary voltage might not oelgcompasshe first secondary voltagbut it might

alsopartially overlapwith the second coming secondary voltage as showigir2-6(n).

5- In the last pattern of this group, the negative primary volemggompasseboth negative and

positive voltages ahe secondarpridgecompletely as shown iRig. 2-6(r).
The other possibility of overlapping might happen betweegative (fombcdsequence) or positive
(for abdcsequence) voltagaf secondarypridge withthe positivevoltageof primary bridge (this voltage
appears at the beginning of the followisitching period) For the sake adimplicity, the abcdsequence
is taken into consideration. Thbdcsequencés like theabcdoneas each pattern abcdsequence can be
constructed fronits correspondingnewithin theabdcsequenceThis can be&lonesimply by replacingy
with 0 . In the following the classification of the second possibility of voltage overlappeagried out
1- Like the firstoptionof voltage overlapping, in the second one also the simplest voltage pattern is
the pattern in which there is no overlappifgisis alreadyshown inFig. 2-3(a), alsoFig. 2-6(a).

2- In the second possibility of overlapping, the negative voltagseobndarybridge is partially
overlapping with the subsequent positive voltagerimary bridgethat appears at the beginning
of the next sequence as showrkig. 2-6(b).

3- In this pattern, the negative voltagetbé secondanbridge encompassethe following primary

positive voltage of the next sequence as showmign2-6(c).

4- The negative secondary voltagey not onlyencompassghe primary positivevoltage,but it may

alsooverlg partially with the primary negative voltage as showFimn 2-6(d).

5- In the last pattern of this group, the negative volt@fgeecondarypridgecompletelyencompasses

boththe negative and positive voltages of primandgecompletely as shown iRig. 2-6(€).

Therefore,all the overlapping possibilitiedor the first class bvoltage sequences taken into
considerationAs can be noticed, there are two overlapping possibilities ifocliss of voltage sequences.
The first possibility refers tthe overlapping between the adjacent voltage8 , v for abcd(orv , v
forabdc, 0 ,0 for bacd, U , 0 for badc) sequenceThis possibility is denoted bgverlapping 1.The

secondpossibility of overlappingmight take place betweethe adjacent voltages of , 0 for abcd (or
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0,0 forabdc,0 ,0 forbacd 0 ,0 forbadc) sequenceThis possibly is denoted as overlapping Il.
For each of the two overlapping possibilities, there are five optioesi@serated opagesl4, 15. It is
worth mentioning that thievo possibilitiesof overlappingmight happen simultaneously. fimct, any of the
first four optionsfor overlappind (except thdif th ong might happen with any of the first four possibilities
of overlappingll (except thdifth one) at the same tim&hereforgthere are 4 x 4 = 16 distinstvitching
patterndgn this situation If thefifth optionis choserfor any ofthe overlappingpossibiliies thenit can be
shownthatthe firstoption mustbe selectedior the otherone For examplgif the fifth possibility (as on
pagelb) is selectedor overlappingd thenthe first possibilityas on pagé&5) mustbe selected for the other
one, (.e. overlappingll). This can be explainedccording toFig. 2-6(r). In thisfigure, 0 completely
encompasss both the positive and negative voltagestlod secondarybridge Therefore,the negative
voltageof secondanpridge U cannot have any overlapping with the positive voltafggrimaryong U .

As if 0 either partially or fully overlapwith 0 , thenfrom Fig. 2-6(n), (0), (p) and(q), it mustcome out
of 0 . Thisimpliesthatd cannot be completely coverediy which isin contradictiorto our assumptian
Thereforgif the fifth possibilityis choserfor overlappind, then the firsbption (as thesimplestone)must
be selectetbr overlappingl. A similarargumentan bgresentedvhen thdifth possibility ofoverlapping

| is chosenlf the fifth possibility ofoverlappingll is chosenthen according tdFig. 2-6(e),0 would be
completely covered by . Therefore,the first possibility(as the simplestone) must be selectedfor
overlappind. These two scenarigssult inan additionatwo otherswitchingpatternsas illustrated irFig.
2-6(e) , (r) Thereforethere aretotal of 16 + 2 = 18 distincswitchingpatternswithin theabcdsequence
The schematic of athese18 patterns idlustrated inFig. 2-6.

Furthermore, & previouslysuggestedhere is a onéo-one correspondence between the patterns of
abcd sequencewith thoseof abdc sequence. Each pattern abcd sequence can beodified to its
correspondingersionof abdcsequencesimply by replacingthe positive and negative voltageghin the
secondanpridge Therefore, there a@so18 patternswithin theabdcsequence andtotal of 18 + 18=

36 distinctswitching patterns within the first group of voltage sequences. The schematithefoaliterns
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Fig. 2-9: Schematic othe switching patterns withibadcsequence

within theabdcsequence is illustrated kig. 2-7.

2.2 Patterns based on the Second Class of Voltage Sequences

In this sectionthe classification of all the ovepping possililities within the second groupf voltage
sequences is carried out. For the sake of simplicityatibel sequencés taken into consideratiom the
following it is proven thathere are34 distinct switchingpatternswithin theacbdsequence. The schematic
of all these patterris shownin Fig. 2-10.

Moreover, it was suggested tliae adbcvoltagesequencés like theacbdonewherethe positive and
negative voltagesf primarybridgearereplacedIn other words, there @soaoneby-onecorrespondence
between thewitching patterns dheacbdsequenceiith those of the@dbcone. Thereforayp to 34 patterns
can alsdbe numeated within theacbdsequence. The schematic of all the patterns witliic sequence is
illustratedin Fig. 2-11. In the following a mathematicabproachs introducedo enumerate the switching
patterns within th@cbdsequenceThe switching patterns withithe adbcsequence caalsobe achieved
throughan identicalroutine. Therefore, there is no needpimpose a separate algorithm for tdbc
sequenceAs explained earliemll the possibleverlappingoetween adjacent voltages should be taken into
considerationAs illustrated inFig. 2-4, for theacbd(alsotheadbg sequenceshe primary and secondary
voltages are placed alternatélfnereforefrom Fig. 2-4 up tofour overlapping possibilitiesan bededuced
between adjacent voltages

1- Overlapping betweethe positive voltage ofheprimarybridge 0  with the positive voltage dhe

secondanpridge U .
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2- Overlappingoetweerthe positive voltage ofhesecondaryridge 0 with the negative voltage of
theprimarybridge 0 .

3- Overlapping betweethe negative voltage ahe primarybridge,0 with the negative voltage of
thesecondaryridge,b .

4- Overlappingoetweerthe negative voltage dhesecondaryridge,0 with the positive voltage of
theprimarybridge,0 .

Each pair of adjacent voltages might be either fully or partslérlappingor be separatedherefore,

one of thdollowing three possibilities might happen between each pair of adjacent voltages:

1- In the simplest situatigrthe two adjacent voltage are completely separated from each other.

2- The two adjacent voltages might partially overlapping with each other.

3- The voltagehat comes firstmight encompasthe subsequent voltagempletely

Forinstancefor the pair ofb andv , one ofthe followingthree possibilities might happen:

1- 0 andy might be completely separated from eatier as shown iRig. 2-10(a).

2- 0 andb might be partially overlapping with each other as showFign2-10(r).

3- 0 might completelyencompass as shown irFig. 2-10(U).

Similarly, for the pair ofo ando :

1- 0 andu might be completely separated from each other as shokig.ig-10(a).

2- 0 andb might be partially overlapping with each other as showFign2-10(h).

3- 0 might completelyencompass as shown irFig. 2-10(0).

Also, for the pair ofo ando :

1- 0 andy might be completely separated from each other as shokig.i-10(a).

2- 0 andbL might be partially serlapping with each other as showrfig. 2-10(d).

3- U might completelyencompass as shown irFFig. 2-10(g).

Finally, for the pair ofo ando :

1- v andb might be completely separated from each other as shokig.ig-10(a).
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2- 0 andv might be partially overlapping with each other as showfign2-10(b).

3- 0 might completelyencompass as shown irFig. 2-10(c).

Therefore all the overlapping possibilitiesvithin the secondclass of voltage sequendegaken into
considerationlt is worth mentioning that a combination of overlapping possibilities might happen at the
same time. lfact,any of the first two overlapping possibilities of the first gréexcept the last overlapping
possibility that should be considered separatelighmhappen with any of the first two overlapping
possibilities of the second gnp(except the last ongglso with any of the first two overlapping possibilities
of thethird group (except the last one) and finally with any of the first two overlappaossipilities of the
fourth groyp (except the last one) at the same tifiteereforethere are 2 x 2 x 2 x 2 = 16 distinct patterns
in which any oftheadjacent voltages are either separated or partially overlapping.

It can be demonstrated that if tthérd overlapping possibilitys chosen for any of the two adjacent
voltages, then the following pair of adjacent voltagesstbe separated. To clarifthis, consider that the
third overlapping possibilitys chosen forh and0 voltages, then according fag. 2-10( (i) covers
0 completely Thereforeb camot have any overlapping with . If 0 overlapseitherpartially or fully
with 0 , then according tthediagramssuch agrig. 2-10(h), Fig. 2-10(0), Fig. 2-10(w), andFig. 2-10(U),

0 mustcome out o . Thereforegit cannot be coverecompletelyby 0 which is a contradictioto the
prior assumptionThisresultcan be generalizeh any pair of adjacent voltagel the last overlapping
possibilityis chosen for any pair of adjacent voltages, then the first overlapping possislityesimplest
one) mustbe selected for the subsequent pair of adjacent voltageshdlWisverdoes not impose any
limitation on the othetwo voltage pairs. For examplié the 3¢ overlapping possibilitys chosen for
andu voltages, then the first possibilitpustbe selected fopair of voltagesof 0 , 0 while any of the
first two overlapping possibilities (except the last) carsbiectedor other two voltage pair§.e. 0 ,0
andu , 0 ). Thereforethere are 2 x 2 = 4 distinct voltage patterns in wbiclencompasses , also the
adjacent voltage® M as wellasb ) are either separated or partially overlappiSanilarly, if

0 encompasses completely, then the voltage is encircled bydo . Thereforeb mustbe separate

26



from0 (which corresponds to selecting the first overlapping possibility for the pairafidy voltages).
However,any of the first two overlapping possibilities might happen for any &b as well a®
pair of voltagesThisresults in 2x 2 = 4 distinct voltage patterns in this case as well. The third overlapping
possibility might happen for any of the 4 existing voltage paif® ord B ordo B orv A and
for each casdhe subsequent pair of voltages/é&o be gparate while any of the first two overlapping
possibilities might happen for any of the remaintiwg pairs.Thereforethere arextotalof 4 x 2 x 2 = 16
distinct voltage patterns in which one and only one pair of adjacent voltages are fully overlapping
There might be a case in which ttierd overlapping possibility happens more than once between
adjacent voltage$or instanceif thethird overlapping possibilitys selected fob R voltage pair, then
the first overlapping possibilitynustbe chosen for the subsequent voltage paf) . At the same time
if the third overlapping possibilityis selected for pair of voltages hb , then the first overlapping
possibility mustbe chosen for the subsequent voltage pafd . If the third overlapping possibilitys
selected foy F , the third overlapping possibility canndte selected for the last voltage pairfb .
This can be justified as if théird overlapping possibilitys chosen foh b then the first overlapping
possibility mustbe choserfor the subsequent paif 0 ) . Thisis in contradiction with assumptiaf
selectinghethird overlapping possibility fothat voltage paifThereforethere are only two distinct voltage
pattens in which thehird overlapping possibilityakes placenore than once betweeadljacentvoltages.
The first pattern as shown kig. 2-10( ds)the one in which thenird overlapping possibility ishoserfor
bothvoltage pair®f0 i andd R whilethe other two pairf.e.,0 b andd R )mustbe separate
(the first overlapping possibilitynust bechosen for tbhse two pairs). Theecond pattern differs from the
first oneasin this pattern unlike thether, the third overlappingossibilityis chosen for the two voltage
pairsof 0 fb andd H) (which have beeseparatdeford while the two pairef 0 b andy
are completely separafthey were fully overlapping in the first pattera$ shown inFig. 2-10(q). In
summary, it can be concluded that theraftistal of 16 + 16 + 2 = 34 distin@witchingpatterns that can

be categorized in thecbdvoltage sequencas illustrated irFFig. 2-10. Moreover, a suggested in previous
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part there is a ondo-one correspondence between the pattertiee@icbdsequence and the patternshaf

adbcsequence. Each patterntbéacbdsequence can baodifiedto its correspondingersion within the
adbcsequence simply byeplacingthe positive and the negative voltagésecondarypridge Therefore,
there are 34witching patternswithin the adbc sequence as wedind a totalof 34 + 34 = 68 distinct

switching patterns within the second group of voltage sequendessaated inFig. 2-10 andFig. 2-11
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2.3 Patterns based on the Third Class of Voltag8equences

Fig. 2-3 andFig. 2-5 show thathere is oneto-one correspondence between shétchingpatterns of
the first class with those of thikird-classvoltage sequenceEachswitchingpattern of the first class can
be converted to its corresponding pattefithe thirdclass bysimply replacingthepositiveandthe negative
voltagesof primary bridge Therefore, the third class gbltage sequems alsoconsist 0f36 switching
patternsThis is illustrated irFig. 2-8 andFig. 2-9 for bacdandbadc sequences, respectively
2.4 Total Number of Patterns

There are 36 patterns possible in the first class of voltage sequédgaternsin the second class of
voltage sequenceand36 patterns of the thirdass of voltageequenceThis givesa total of68 + 36 + 36
= 140 distinctswitchingpatterns thatan be applietb the dual active bridge converter

The 140 possible patterns for the modulation of DAB are based on theoretical possibility. But not all
the patterns are practical. Following two chapters will apply the practical constraints and pfesgohse

of the modulation patterns.
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Chapter 3

Optimal Switching Patterns with Symmetric Waveforms

In Chapter 2, it was shown that 140 distinct switchpagernscan begeneratedor modulation otthe
DAB converter In this chaptertiis demonstratethat mosbof thesepatternsare notpractical Indeedponly
12 out of 140switching patternpresent potentiab be used in theptimal modulationlt is shown in this
chapterthatthese twelvepatterns can banalyzed based on the analydisveo basic patterns

Section 31 presents the requirements to achieve zero voltage hiwgt¢ZVS) for any selected
modulation pattern. SectionZxhen discusses the symmetrical requirements oswvtfiehing patterns. The
similarity requirements are then discussed®a@ation 33 to arrive at the two general pattemasdevelop
detailed analyses that will be performed in the subsequent two chéjibealy, a mathematical proof is
presented irBection 3.4to show that each modulation pattern must be symmetoicditain the miimum

rms current in the DAB converter.

3.1Zero Voltage Switching (ZVS)Requirement a the Switching Patterns

As the first stepve are requiredo search among all possible 140 patterns to find the optimum attern
which correspond to minimum losses of the converter. The losses of DAB converter can be categorized
into several groups:-Icorelosses 2 conductionlosses 3switching lossesThe core lossearemerely a
function of switching frequency and do not siggantly depend on the switching pattern that is chosen.
Theselossesareusuallyvery small and can beegected from the selection of a modulation patféinin
modern power electronics convertefse tswitching losseare significantly minimizedif the converter
switches are turnedn and turneaff under zero voltageThe converterin this way,is calledto operate
underZero Voltage Switching (ZVS)The ZVS condition therefore need to satisy for each selected
pattern.Theremaining losses in the converter ared¢breduction lossesahich need tabe minimized. The
conduction losses can be expressethasultiplication ofthe a-resisainceof the switchandthe square

of rms currentflowing through it Thereforeamong all the existing patterns, we should be searching for
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theonein whichZVS conditions are meind the switclimscurrentis minimized This should be done for
everyprimary and secondary voltage rangdso foranydifferent le\el of powertransfer For each pattern
there are several variables suclhesluration of primary and secondary voltagssvell as the overlapping
time between any of the voltagéshb b and0 that all need to be optimize@herefore,for each
patternthe ZVS conditionsandrms currentshould be expressed iermsof chosenparameters. fien all
the variables should beelectedso that the rms of inductor current(the same current flows through the

switches)is minimizedwhile the ZVS conditionsaremet.

3.2 Symmetrical Requirement on the Switching Patterns

To find the optinal switchingpattern, severakquirementshould be taken into considerati@ne of
the basic requirementseeds theswitching pattern to be symmetaic In thefollowing, the definitionof
symmety for theswitchingpattern isexpresse.

A switching pattern isymmetric ifthese conditions amet:

1- The negative voltagef each bridges appliedfor the same duratioas tre positive voltage of that

bridge

2- Thenegative voltage of each bridge is appliedf a switching periodfter (or before) the positive

voltageof that bridge.

For instancethe negative voltagef the primary bridgeb must be applied for the sardaration as
U . Moreover, it should bepplied justhalf aswitching cycleafter (for abcd abdcandacbdsequencésor
before {or bacd badcandbcadsequencéghe positive voltage ahe primary bridgep . And the same
conditionsneedto be metwith respect to the voltages thesecondary bridge) ando .

In Section3.4, a mathematical proof is presentedverify that the optimal switching pattern must be
symmetric Oncethe symmety conditionis applied most ofthe switching patternare eliminatedrom the
list of 140 possible theoretical patterisdeed, i can besasily verified that all the patteswithin the first
class of voltage sequendge.,theabcd abdg bacdandbadcsequences)annot be symmetricaind thus

will be excluded. Moreoverwithin the second class of voltageequence (.e., the acbd and adcb
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Fig. 3-1: Schematic ofhe potentialswitching patterns witsymmetrical waveforms
sequenceskix patternsof each sequence (twelve in totalpuld be symmetric Thereforethese twelve
patterns should be considered as the fiagdidatesor optimal modulatiorand reed to be studied.he
schematic of thespatterns can be found Kig. 2-10 andFig. 2-11. The patterns ifrig. 2-10(a), (i), (q),
(1), (2), (d) are theonly symmetricpatternswithin the acbdsequence. Similarly, the patternsimg-ig. 2-
11(a), (i), (9), (1), (z) and @) are the only symmetripatternswithin theadbcsequence.

After applyingthe conditionon symmetri@l requrement, only twelve out of 140 patteraee left and
needto be analyzed.These twelve patternsare redrawn in Fig. 3-1. The switching patterns froracbd
sequence are placed on the left side of this figure and their respective versiomasliicsaquence are

placed on the right side.

3.3 Similarity Requirement on the Switching Pattems
Despite the considerable reduction in the number of required patterns for analyaisepaliatstudy
on each of then would becumbersomeTherefore, we woultlke to look for more waydo decreas the

number of patterns to Warther studiedFor this purposea classificatioron switchingpatterns isarried
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out based on their similarityThe concept of similarity among switching patterns is introducetthexs

analysis b similar patterns would be almost identidal other wordsby doinga thorougtinvestigationof

each ofthe selectedpatterns all the similar versions of it can be analyzed in a simikay.Whis results in

aconspicuouseduction in the number of patterns to be investigatbdrefore, the steprequired to find

the optimal solution would b&gnificantly reducedThe classification is based on simple rules as follows

1-

By having a close look into theelectedpatternsin Fig. 3-1, it can be noticed that the pattsrn
within Fig. 3-1(v), (vi) are identicalto thosewithin Fig. 3-1(xi), (xii). As if the primary and
secondary voltages are repladkd patteraof Fig. 3-1(v), (vi) would be converted to the patterns
of Fig. 3-1(xi), (xii) respectively Therefae, byconductinga thorough analysis on tHigst two
patternswe would be exempt from repeating similar steps and getting to identical results for the
second set of two patternBhis results in reducing the numbeisefected patterns by twim other
words,we are required to dine analysi®n tenout of the twelve selected patterns

Eachpattern ofachdsequences like its corresponding versionithin theadbcsequencelhe only
difference is thathe voltagefrom secondary bridges reversedThus,by conductinga thorough
studyon eachof the selected pattesfrom acbhdsequence, its corresponding versigthin adbc
sequence can be analyzed in a similar Wéys way the number okquisitepatterngor analysis
is decreased to halAs simply by replacingp and0 the analysisconducted on ach pattern
within acbdsequencean begeneralizedo its similar versiorirom adbcsequencdn other words,
by changings into 6 within the selected pattern atbdsequencghe set of equationsf this
patternwould change to that @fs adbcversion Andtheresearcltonductedn the patternfoachd
sequenceanbeused for bothproviding thaté is assumed toary within boththe positive and
negativeranges.

So far, it is demonstrated that by taking advantega the prior rules, the number opatterngor
assessmentould be decreased fiwe. As onlythe patternsf (i), (i), (v), (vii) and (k) on the left
column ofFig. 3-1 (within theacbdsequenceshouldbeanalyzel. Now, in this parit is suggested
that four of these patternise. (i), (iii), (vii) and (k) are also similarindeed, itcan beshown that
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by conducting a thorough analysis on pati@xhin Fig. 3-1, the obtained set of equatioosn be
generalized to althe other three pattern§o show this the concept of idle timénterval is

introduced The idle time intervalrefers to the duration in which no voltage from any bridge is
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the patterns on the right side, can be considered as special cases of pattern (z)
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applied. Clearly, since no vofiais applied, no powewould betransferredduring that duration
And thermscurrent would be increaséth nonzero constant currentfi®wn during thatinterval
Moreover, t can be shown that trset of equations including treguation ofrms current for the
pattern withidle time intervalcanbe simply related tats simplified versionthat hasoidle time
interval This is carried out in the next chapt€he selected patternxfiin Fig. 3-1 is redrawn on
the bottom ofrig. 3-2 and is considered as pattewii Xin this figure Moreover, he selected three
patternsie. (i), (i) and gii) in Fig. 3-2) consistingof theidle time interval are redrawn on the
left column ofFig. 3-2. By setting theidle time intervalin these patternsequal tozero, their
respective versionsn the right side ofig. 3-2 would be achievedis can be noticed in this figure
the simplified versionsof three patternsvith no idle time intervalcan be considered as special
cases othe selectegbatternon the bottonwheresome or all theverlappingintervals is seto
zero.And the set of equations for all the three patterns on theitkfof Fig. 3-2 would also be
obtained from theirespectivesimplified versions on the right of that figure. The procedure on how
to do this is explained in detail within the following chapldrerefore, if the selected patteii)
on the bottomof Fig. 3-2 (i.e., pattern i) in Fig. 3-1) is investigatedndthe set of equationfor
this patten is achievedalsothe optimal overlapping timiatervalsis obtainedthisimplies thatall
thethreespecial caseof it (i.e.the simplifiedversionsof selected patterren the rightsideof Fig.
3-2), arealso scrutinizedOn the other sidehe set of equatiorfer all these three patterms the
left of Fig. 3-2 can besimply related to thie respectivesimplified versioms on the right of that
figure. The procedureon how to do thigs explained in detail within the following chaptél in
all, by investigatingonly one pattern a@n the bottom ofthe set of equations ftine simple version
of all the selectedthree patternsason the rightside of and subsequentlyhosethree patterns
themselve®n the left side ofthat figurewould alsobe achieved.

Therefore by taking advantage of the mentioned rules, we get tstilahingpatterns that need tme

investigated in detadnd the analysis of all potential patterns caadigevedbased on these two patterns.
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The schematic of theeleced two selected patterns is depictedFig. 3-3. And a thoroughanalysisfor

these two pattegwill be conducted in thaextfew chaptes.

3.4 Mathematical Proof onthe Symmetrical Requirement of Optimal Pattern

In this section a mathematical approach is introduced to prove that the optimal pattern must be
symmetrical. For this purpose, first an asymmatrigvitching pattern ishosenthen it s proven that the
selected patteris notthe optimal solution. The asymmeti@attern selected for this purpose, is pattern
(e) of abdcsequence ashownin Fig. 2-7. Theschematicof this pattern is also illustrated kig. 3-4 for
further consideratim Any other asymmetrad pattern can behosenandsimilar results would be obtained.

Before presenting the mathematical proof, the concept of twin patterns among asyahpatams is
introduced. A twin pattern for a switching pattern is achieved simply by reversing the polarity of all
voltages. In other words, to obtain the twin vemsad an asymmetra pattern, all the positive voltages
must be replaced by their corresponding negative voltages and vice versa. For instance, the twin version of
pattern(e) of abdcsequence ifrig. 3-4 would be patterife) of bacdsequence as illustratedhig. 2-8, also
in Fig. 3-5. By making a comparison between these two patterfigil-4 andFig. 3-5, it can be observed
that the positive Mtage on primary and secondary bridges is replacethdyegative voltage on those
bridges, respectively. Similarly, negative voltage on each bridge is replaced by corresponding positive
voltage on that bridge. It is worth noting that each asymna¢switching pattern can have one and only
one twin pattern that is unigue that pattern; also, symmetalgatterns do not have any twin patterns

(their twin patterns are equal to themselves).
[ i

Voltage

N
R

.................................................

Fig. 3-3: Schematic othe ultimateswitching patternsselectedor a complete analysis.
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In pattern(e) of abdcsequence, the time origin denoteddyin Fig. 3-4, is selected a T as the
initial time of applyingd . In the twin version of this patternd, pattern(e) of bacdsequence), the initial
time of applying the voltage with opposite polarite( the negative voltagé ), is selected as the time

origin which is denoted by in Fig. 3-5. The two patterns iRig. 3-4, Fig. 3-5 are considered as pattern A
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and patterm, respectivelyAssume that all respective timariableqi.e.,4 ,4 ,4 and4 )in both patterns
are the same. Having equal tinariablesn both of twinpatterns means that in eachtludm after the time
origin, all the voltages from both bridges are applied with the same magnitude, different polarities and
within the same time duration. Therefore, it is predictable that the inductor current (or anguotbiet),
after the time origin in each of the two patterns would also have the same amplitude but different polarity.
It can be shown that the initial curré@ would also be negative of each other within the two patterns. To
show this, we need to calculate the averaged current in one period, then put it equal to zero ari express
in both of twin patterns in terms of timinvgriables. Tie proceduren how to do this isarried out foreach
of theselectedpatterns within theubsequent chaptetdaving the initial current and ahe voltages after
initial time, negative of each other within the two patterns, assures that the inductor current at any time after
0 0 would be negative of each other in twin patterns.

Since afer time origin, bothlthe applied voltages and inductor current for each pattern is negative of
that ofits twin version, therefore the averaged power transferred in one switching periodalsaldd the
same. For a mathematical proof, the appraadkppendix B can be used here as well: every current in a
twin pattern is negative of that of the other pattern and$d i8 , (the current due to primary voltage on
secondary bridge); since the corresponding voltages in the two patterns are also negativeatiier,
therefore from(B-7), the average power transfer in one switching cycle (that is proportional to
multiplication of'Q 0 andév 0 as n(B-7)) would be the same within both patterns.

Regarding thems current, since all the currents in every pair of twin patterns are negative of each
other; and so is the inductor current, therethe=average of current square ( the rms current) would
alsobe the same within the two patterns that are twin of each other. In other wordsmbtherent for
pattern A and pattern B is denoted)by "Q"YAYRY and) "Q "YHYRY , respectively then
we havéQ "YAYRY  "Q "YAYRY .

Regarding theerovoltage switchingalso similar conditions need to be satisfied. For instance, at the

time origin for pattern A as irFig. 3-4, we need to havé& € 1'Q T as the firstzerovoltage
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switchingcondition. Similarly, in pattern B as #fig. 3-5, the first current that should mesgrovoltage

switching condition is'Q ¢ I'Q that must be positive. Since ti@ in pattern B is equal to
Q in pattern A, thereforéQ TUin pattern B would be equivalent @ €1Q min

pattern A and so on. This shows that identislbvoltage switchingconditions must be satisfied within
both patterndn other words, if tezerovoltage switching conditiorfer pattern A and pattern B is denoted
byC "YRYRY andC "YRYRY , respectively then we ha@ "YARYRY C "YRYRY .

Also, all the other prerequisite conditions (in additioa¢oovoltage switchinywould be the same in
the two patterns. For instance, for both patterns A, Bign3-4 and Fig. 3-5, the necessary conditions
(other tharzerovoltage switchinywould be (Y is already replaced by "Y):

T YRYRY & Y OY Y ™Y (3-1)

Therefore, all the necessary constraints and inequalities includingrtineoltage switchingonditions
arealso identicalvithin the twin patternsAs a resultwe get to the same set of equations and conditions
for every arbitrary set of twin patterns (like thatag. 3-4 andFig. 3-5).

The second mathematical concept that is introduced in this section is nameathibeset of selected
patterns and that is a set cammg of nine (and in some cases four) patterns including the pair of twin
patterns that is under study. For instance, for the pair of twin patterns A, B-igs 34 andFig. 3-5, a
mother set with nine patterns is defined and illustratdeign3-6. As can be seeim this figure, the nine
switching patterns are all sorted out in a 3 by 3 matrix formeat (natrix with three rows and three
columns). In each of the nine figures, one of the patterns is shown; a complete switching period of each
pattern is depictedna in each period, all the four voltages are shown. The positive and negative voltages
from primary bridgei(e.,0 , 0 ) are illustrated by black and dotted blue lines, respectively. Also, the
positive and negative voltages from secondary bridgerf0 ,£0 ) are illustrated by cyan and dashed
red lines, respectively. Also, a twabgit number is written in each of the nine patterns; the first digit shows
the column of selected pattern in the matrix format; and the second number represemis ah¢he

selected patterm.herefore, for instance pattern # 23 refers to the pattern that is on the second column and
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the third row of the 3 x 3 matrix of patternshig. 3-6. Also, as can be seen in this figure, the selected pair

of twin patternsare among the patterns of this set (pattern A is the top one on the right side and is numbered
#13 and pattern B is tH®ttom one on the left numbered #31). In fact, each pair of asymmetrical patterns
that are twin of each other would get into a group of nine (or four) patterns as their mother set. It is also

worth noting that the mother setmifie patternsasin Fig. 3-6, consists of two other pair of twin patterns

S 3

—_ - = = = =

- e == -
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Fig. 3-7: Thermsfunction of each pattern within the mother set
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(patterns #12, #21 and patterns #23, #32) and three symmetric patterns on the diagonal (patterns #11, #22
and #33).

Thermsof pattern that is orhei™ row andj™ column in the set of patterns, is denoted®asin Fig.
3-7; this figure is just like~ig. 3-6 as in both figures, similar set of patterns is illustrated and sorted out in
a 3 x 3 matrix format. The only difference between two figures is thaigir3-7, for each of the nine
patterns, instead of the number of pattera.,(ij), the rms function of it (.e., Q) is written down. For
instance;Q corresponds to thensof pattern # 31 that is placed on the third column and the first row within
this figure.Clearly for each pair of twin patterns, thraswould be the sam@é\s it was already explained
for the selected pair of twin patteras inFig. 3-4 andFig. 3-5, therms function would be similarThis
result can be generalized to every pair of twin pattdrhereforéQ "Q ,also,Q "Q,andQ Q.
In general, we havi® "Q,. Thetwo parameters fi are defined based on thew andcolumn of the
selected pattern as Ifig. 3-6. As can be seen in this figure (alsoRig. 3-7), the first parameter,
determines the column of selected pattern; and the second parametiers to the row of selected pattern.
Therefore, depending on what switching pattern is choseandi would be initialized. For instance,
i p, i p means that the pattern #11 from the first column and the first row is selected. Similarly,
havingi o, i ¢, means that the pattern #32rh the third column and second row is chosen and so
on. To mathematically relate the selected pattern to new paranieteérs,the delta function, & i is

defined:

1 & ‘ (3-2)
T ERMMI LA Q

Taking benefit from the delta function, thescurrent can be expressed as:

) "QYRYRYR A 1 Y pRY p "Q "YRAYRY
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1Y pRY ¢ ™Q "YAYRY 1 Y pRY o "Q "YAYRY
1Y ¢RY p Q "YAYRY 1 °Y c¢RY ¢ "Q "YRYRY (33
1Y ¢RY o Q "YAYARY 1 °Y oRY p 'Q "YAYRY
1Y oRY ¢ "Q "YAYRY 1 Y oRY o 'Q "YRYRY

Which isalso illustrated irFig. 3-8. This figure is very similar to the previous two diagrams. (Fig.
3-6 andFig. 3-7) as well Since in this figure the same switching patterns are placed in the same position
as the other twones The main difference is regarding the writing that are added to each of thmpat
In Fig. 3-8, in comparison t&ig. 3-7, the input variables of thensfunction of each patteraredetermined
in parentheses. Also, liK8-3), eachrmsfunction is multiplied by the respective deltéke (3-3), the sum
of all such multiplicationsis obtainedo achieve thems current in general form in terms tfe selected
time ratios as well as the new defined parameters . It is easy to check that depending on selection of
i ,i only one switching pattern is chosen &8YRYRYA H on the left side of3-3) would be equal
to rmsof the selected pattern. For instanEg@attern A as irFig. 3-4 from the first column and third row
of Fig. 3-8is selected, then orily i pFi o would be equal to one while all the other delta functions
on the right side o{3-3) would be zero. Therefore, in this situation since all Tefunctions except
"Q "YRYRY are multiplied by zerdQ"YAYARYH H in (3-3) would get equal t&) "YRYRY which
is therms of pattern #13A more general function liké&d, can also be defined #se combination of all
equations and conditions ftive selectecpattern. For example, fohe selected patterre#f abdcsequence
in Fig. 3-4 (denoted by pattern A in thiection) as shown on pagéil, 45, alsofrom (3-1), the set ball
conditions and equations would be:

"Q "YRYRY )

o o/t
TR
"o "YIYRY @Y Y Y <Y

34
11 Y 1 ( )
1l Y |

u "Y ¥

As can be seen if8-4) the first row of Q" "YR'YRY , consists of the optimization function
"Q "YAYRY that should be minimized. Also, the set of all inequalities (including the-vzetage
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switching conditions) is within rows-@ Therefore, the optimization problem can be interpreted as if we
are trying to minimize the first row 68 while rows 26 need to be greater than zero.

Forthe pair of twin ptierns A, B as irFig. 3-4, Fig. 3-5 with their mother set as ifig. 3-6, by taking
benefit from the two variablds, i , the set of equations and conditions would be related to thhe of
selected pattern. Likg-3) andFig. 3-8 we have:

"QYRYRYR A 1 Y pRAY p  "Q° "YAYRY
1Y pRY ¢ "Q°"YRAYRY 1 Y pRY o "Q°YRYRY 1 7Y
cRY p ™7 "YARYRY 1 Y ¢RY ¢ ™Q°"YAYRY 1 Y ¢RY o (3-5)
Q°UYRYRY 1 Y oRY p QT UYAYRY 1 Y oRY ¢
Q°YRYRY 1 Y oRY o Q7 "YRYRY

And, by selecting a definite switching pattetine delta function of the respective row and column
would be one while all the other delta functions would be zero. For instance, bingdlect o, i C,
the switching pattern from the third column and second row would be selected. And since all the delta
functions exceft i ohi ¢ are zero, then all tH@" functions excepiQ * would be multiplied by
zero and they would not pgar in the resultQ “, on theother side would be multiplied by 1 and therefore
"( would be equal t&0 °.

Therefore, we have a neptimization problem in which not only the &mariables YA YR'Y also the
two new variables ,i need to be optimally selected. Unlike the normalized timing ratios that are each a
continuous number changing from zero to one, the two paranietérsare both discrete numbeasd
each can take one out of the three values, éither 1, 2 or 3)The goal of optimizatioproblem is to
optimally select all the five variablé¥HYRY andi ,i while the first row of@ is minimum and all the
other rows ofQ would be greater than zero.

It was already demonstrated that for each pair of tattepns, not only themscurrent, also all other

equalities and inequalities are the same. In other words, we'Bave: 'Q ©,"Q° "Q andQ” "Q°.

Therefore, it seems that there is some axial symmetry around the diagonal line (the line fopnhetihéo
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Fig.3-8: Expressing  based ot H and themsof selected pattern.

bottom right) inFig. 3-8. This means that by replacingwith i , we would get to the same set of equations
and inequalities withifQ. In other words, we have:
"3 "YRYARYH H "3 "YRYRYH H (3-6)

Since themsfunction as in(3-5), (3-6) is completely symmetric with respectitoandi (replacing

i withi does notresultin any change in thesfunction and vice versa), therefore in optimal modulation,

i mustbe equdoi . In other words, since by replacing the two variablés we would get to the same

set of equations and conditions, therefore the opfimiaat results in minimizing? would be equal to the

optimali that minimizesQ. To be clear, if we try to find the optimial by solving the set withiiQ, we

encounter to the same set ofiatjons and conditions as if when trying to find the optimalTherefore,

solving the set of equations foris just like solving the set of equations for Asif we try to optimizeQ

for either ofi ori we would have the same equations to be solveeén the same results would be

obtained forbothi andi in the optimal modulatiorwith minimumrms current And sucha conclision

can be madthatfor optimal modulation andi must be equal
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In the mathematical literaturdgy taking benefit from similar intuitive logit conceptglike the one in
previous paragraph)Waterhousesuggestedhat a symmetrical problem would have aminimum or
maximum when the pair of symmetric variables are e}l The second derivativef )  with respect
to the selected variablesan be usetb show thatvheni i we would have a local minimungnot a
local maximum) Moreover,to prove that théocal minimum is the globadne, we need to show that the
selected function is conveaga weaker conditioquastconvey as suggested {d9]. As a moraigorous
mathematical proof is beyond this thesis and can be consitherddture worksas the extension of this
thesis in this part we adhere tthe simpleintuitive proof thatwas suggestedefore Sinceto obtainthe
optimal modulationyve are trying to solvan identicaket of equations and conditions for bofti and
i then theobtained optimal valuewould beequalfor both This isidentical tothe results that other
researchers obtained by the helmomerical analysifl], [50]. With no mathematical progtheyclaimed
that the optimasolutionis obtained based on a symmaedtigwitching pattern.

It is worth noting thahavingi i means that we are on the main diagonal ofotheo square of
Fig. 3-6 as either pattern #1, #22 or #33 should be selected. In other words, having i means that
the selected optimal pattern must be symmetric.

This proof shows that none of the twin patterns (that are asyi)retthe mother set d¥ig. 3-6 can
be the optimal solution. Not only the selected set of twin pattetBsatid #31 inFig. 3-6, also none of the
other twin sets including patternl22 , #21 , and #3 , #32, would ever be the optimal solution (please
note that only for asymmetric patterns, we can define the concept of twin patterns since the symmetrical
patterns do not have any twin versions. As already explained the twin version of symmetric patteens are
same ashemselvep

It is worth mentioning that for every other arbitrary asymmatpattern, a similar mother set can be
defined and therefore, no asymmetric switching pattern, would ever result in optimal modulation (even not
for a single operating point). In other words, none offthpatternswithin theabcd abdc, bacd, andbadc

seqiencas would ever result in optimal modulatiagince they are all asymmetric. Moreover, none ofgh
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patterns withirmcbdandadbcsequences (except the seledteelveones as ifrig. 3-1) that are asymmetric
would result inthe optimal solutionTherefore, only theselectedtwelve patterns fromacbd and adbc
sequenceas the final candidates for optimal modulatioeed to bénvestigatedThis has beemlaborated
in Section3.3thatthe analysis of all these twelve patterns canlitainedoased on a tirough analysisf

Patern (z) and Patterm). Their analysesrecarried out irthefollowing two chapters
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Chapter 4

Analysis of Switching Pattern (z)

In Chapter3, it was shown that there are 12 symmetrical patterns out ofhbé@eticallypossible
modulations patterns for tH#AB convertern this chapter thesymmetric switching pattern (z) akown
in Fig. 4.1,is investigatedA set of equations fdahis patterns derived.

Forthepatternthere are several variabldstshould beoptimally selectedo thatminimumlossesare
obtained There aretotal of eightvariables which includesix different timing variablesoneinitial current
andswitching frequencythoseneed tabe optinally selectedTheseeightvariables arelefined below

"Y: Corresponds to the time in which any thie primary voltagesp and0 are applied tahe

converter.

“Y: Corresponds to the time in which any the secondary voltages, and0 are applied tdhe

converter.

Y, Y, 'Y and”Y: Each of thes¢ime variablesis selected to represent some tichgationsbetween

applyingdifferentvoltagesin each patterriThese time variables are particular to each selected pattern

and are illustrated itheir respective figures.

‘Q Finally, "Qas the onlynontiming parameterdenotes the initial current just before applying the

primary voltage) .

"Q(pTY): "CiYdenote the switching frequency and the switching period, respectively. To be more

precise; Y can be interpreted as the time diffiece between applying the currentand the subsequent

0 within the next switching cycle.

Each variable corresponds ¢oe degree of freedom and therefore there greoueight degrees of
freedom for each operating point in each pattern. The operating point of the converter refers to the operating
conditions such as the primary and secondary voltages as well as the power that is being transferred by the

converter.
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It is worth mentioning that instead of theightvariables mentioned earlier, any combination of them
can also be chosen as the setightvariables providing that the new variables are linearly-lrdwo
independent. In each pattern, #hghtindependent variablgbat result in the simplest equations should be
selectedln addition to theredefinecharameterghe following parameteiare also defined fadheanalysis
of each pattern:

Q HQ  denote the converter current at the initiadl @he final time of applying respectively.

Q HQ  denote the converter current at the initial and the final time of applyingspectively.

Q HQ  denote the converter current at the iniéiatl the final time of applying respectively.

Q HQ  denote the converter current at the initial and the final time of applyingspectively.

Now we are going to expredise rms current andhe zeravoltage switchingconditions intermsof
selected variables in each pattern. Tina current of each pattern can be calculatezhefitting fromthe
following simpleaxiom: f in an interval witha duration ofd, a constant voltage with an amplitudecois
beingappliedacrosghe inductancef L, then thermscurrent in that interval would be:

) —  0MidR - (4-1)

In whichmis the constant slope of current change'8n@are the initial and the final currentstoe
inductancerespectivelyPlease refer to Append® for the proof

Pattern(z) of the acbdsequencés the firstpattern that is taken into consideration. Eegenchosen
variableghat result in the simplestjuations for this patteareintroducedn Fig. 4-1. Pleasébe noted that
“Qin Fig. 4-1 refers to the current of leakage inductaridgsis the current that passes through the leakage

inductanceof the HF transformesisshown inFig. 2-1.) that islaterminimized in this thesis also refers

to thermscurrent ofleakage inductance.

The switching period of the converter can be expressenirimsof chosen parameters as:
YooY Y Y 'Y 'Y OY (4-2)

The power otheconverter can also be expressetenmnsof chosen parameters:
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To derivethe power equation of this pattern ag4+8), a mathematical proof is presented in Appendix
C. Now we get back to thenscurrent and try to express it in terms of chosen paramétsirgy (4-1), also

the currentdefinitions onpage54, from Fig. 4-1, thermscurrentof pattern (zcan be expressed as:

o Q Q Q Q Q Q Q Q
by a a a a

(4-4.9)

Which can be further simplified as:

e w2 B g BE g 2R
tat gy a a a a a a

Q~|.o
Q|.O
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L R
o a o a o

(4-4.b)
In whicha i F8 ha  are the slope of current change in consecutive intervals of applying primary
and secondary voltages as illustratedrig. 4-1. In thefollowing, all these parameters are expressed in

termsof chosen variables glattern (z)

Q Q Q N =Y —"Y Y (4-5.9)
) 0
w fw fw
Q N =Y —/— 7Y Y Y Q Q —°%Y Y Y (4-5.b)
0 0 0
w ) W )
Q N =Y Y —°Y Q Q —°%Y %Y —%Y %Y (4-5.0)
0 0 0 0
6 £W w IX)
Q QN =Y —°Y 7Y Q Q =Y —/—"Y (4-5.d)
) ) ) )
W tw (") W EW . £W
a - a — a a —_
0 0 0 0
W £W w 0w £® £
o m a — a m a (4'6)
0 0 0

Replacing the initial and the final currents of each inteevadithe current changing slopes frq#5)

and(4-6) into (4-4.b) yields:

p 0w "Q w0 WY tw Y 7Y
oY o tw tw D w tw tw

w0 Y Y Y Y w0 tw Y Y Y
D W tw tw 0D W tw tw

Ew 0Q w0 Y Y Etw'Y Ew 0Q w0 Y Y Ew Y Y

0 0 ¢t w 0 0 tw w
tw 0Q WY ¢ Y Y tw 0Q WY £w"Y @7)
0 ® tw w 0 0 ¢t w
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As already discussed, the average current of the converter needs to be zero or the transformer windings

would become saturated. Frdfig. 4-1, the average current fpattern(z) can be simply acquired as:

) ciY Yo Q Q YO O'Y 'Y Q Q Yo Q Q
Y Y Y Q Q Y Q Q Y Y Y
Q Q Yo Q Q Y O'Y Y Q Q (4-8)

Replacing initial and final currents fro(-5) into (4-8) yields:

()
) Q U_YY YOUY YO Y

(4-9)
- Y'Y vy Y O'Y 'Y Y OY Y Y

The initial current of the converter is simply determined by putting the average cur(é:®) iaqual

to zero:

Q=YY Y Y Y

oY
(4-10
- Y'Y Y Y Y'Y Y Y Y Y
Y
Forthezerovoltage switchingf all switches, these conditions need to be met:
Q Q 0 10 m ° Q T (4-11)
W EW .. . W EW .
Q Q =Y —/— Y Y Y ©OQ mo Q =Y —/— Y Y Y ™
0 U 0 0
Ew B W Ew
Q Q =Y Y —/—/%Y O Q m © Q =Y Y —/—Y @
0 0 0 0
w, &tw w Ew
Q Q =Y —/—7Y Y Q Q Tt o Q <Y —/— Y Y Tt
0 0 0 0
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Also, ascan be seem Fig. 4-1, for the converter to bsodulatedbased ormpattern(z), the following

inequalities need to be satisfied:
"YAYRYRYRYRY m & YOUY Y & YOY Y

& Y O'Y Y & YOy Y (4-12

4.1 Symmetrical Smplification within Analysis of Pattern (z)

Due to the geometrical symmetry of this pattern which can be s&@n #11, in optimummodulation,
“Y and”Y aswell as™Y and”Y will be equal.To support this claim, all loss equations and inequaliies
rewrittenin this partconsidering the negative vaffaontheprimarybridgeas the initialvoltage. This way
the initial curreritdenoted byQin Fig. 4-1i will be the inductor currenat the beginning of applying the
negatve voltage to the primary sidéonsideringQas the initial current, we can rewrite the initial and final

current of eacinterval as:

Q Q Q Q=Y =YY (4-139)
v U

O, &0 Ew

Q 0 =Y —Y Y Y Q Q — Y Y Y (4-13b)
U v v
() EW &) EW

Q QU — Y Y oY Q Q =Y Y —— Y Y (4130
U v v v
() EW W EW

Q Q=Y =YY Q=Y =Y (4-13d)
U v U v

Using the axiom that the average current of the converter must bé(xean,be easilyexpressed in
terms of tine variables Replacing initial and final currentom (4-13) in (4-8) and then putting the average

current equal to zero yields:

w £
MM =YY Y Y Y —YY Y Y O'Y Y 'Y 'Y Y Y (4-149)
Y Y
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Comparing the initial current of the neamalysis'Qin (4-14) with theinitial currentof the previous
analysis, Qin (4-10) reveals thathe new initial current is jughe opposite ofthe former ongoroviding
that"Y, "Y arereplaced with'Y, “Y respectivelyand vice versdn fact, such analoggxists forthe inductor
currentwithin the twoanalyses not only dhe initial time but also at any other tim&here is a simple

intuitive proof for thiswhichis provided in the following:

First, it is worth mentioningthatwithin the new analysjshetime origin corresponds to the beginning
of theperiod in whichthe negative voltagérom primary bridgds applied (the time corresponding@in
Fig. 4-1). In the previous analysiBowever the time origin corresponds to the initial time of applyéng
positive voltagdrom the primary bridge(the time corresponding tQin Fig. 4-1). In the new analysissa
the time passese get furtheon the right side oRin Fig. 4-1 and the voltages6 h £¢6 /6 andté6 are
beingapplied to the converteespectively On the other sidie the previous analysibavingtime passed,
correspondgo getting further froniQon the right side of it inFig. 4-1 and thereforethe voltages

6 h £¢6 6 and&6 which areopposite to th previous oneg.e.®fEwh ® and £w) are applied to
the converterespectivelyAlso, the overlapping time of the voltagiesprevious analysis af®, "Y, "Y and
“Y while the overlapping time between the opposite voltagethémew analysisare™Y,"Y,"Y and
“Y respectivelyThereforewe canconcludethatin new analysishe inductor currerdt anytime (with the
new time origin corresponding 1@ is opposite ofnductorcurrentwithin the previous analysis providing
that™Y, "Y are replaced withY, "Y and vice versaReplacingthe initial and final currestof each interval
from (4-13) as well as current changing slopes fr@h6) into (4-4.b) yields:

p DwQ w00 WY tw’Y Y
oY W tw £w D w tw tw

w0 Y &Y Y Y w0Q tw Y Y Y
D W &t tw 0 ® tw tw

Ew 0Q @Y Y &Y tw 0Q WY Y ¢t Y Y
0D ® tw W 0 0 tw w

59



tw 0 @Y €t Y Y tw 0 QY tw"Y
0 W &t w b W &0 w

(419

Moreovet for thezerovoltage switchingf all switches, théollowing conditions need to be mietthe

new analysis
0 Q 0 10 m ° 10 T (4-16)
EQ o L, . . w,, £w .
Q Q Y — Y Y Y Q Q mo =Y —— Y Y Y Tt
0 0 0 0
) EW @ Ew
Q Q =Y Y ——Y Q Q m © Q =Y Y ——Y Tt
0 0 0 0
0 0 0 0

Thezerovoltage switchingonditionsof (4-16) in addition to other requisite inequalities(#12) and
also themscurrent of(4-15) constitute theew set of loss equations and inequalitie®fiirmum operation
of pattern (z) Comparing the newms current in(4-15) with that of (4-7), also the newzerovoltage
switchingconditions in(4-16) with the one ir(4-11) reveals therofoundanalogythat existdbetween them.
As can be seen by replaciii@gwith "Qand also the timing variabl&¥, “Y with Y, “Y and vice versahe
loss equation and inequalities(#15), (4-16) would become jusasthe loss equation and inedjtias in
(4-7), (4-11). Also by making a comparisondiween the initial currents {#-10) and(4-14), it was already
demonstrated thd@andQarejust oppositef each otheif “Y, "Y are replaced withy, "Y andvice versa.
Thereforewe can concldethatthe new set of loss equations and inequaliti€g-itb), (4-16), and(4-12)
is the same as the loss equations and inequalitié&h (4-11) and (4-12) providing that™Y, “Y are
replaced with'Y, “Y respectively and vice versAs a consequence&inimizing) in (4-15), with the
set of inequalities and constraints(4f16), (4-12) is similar to minimizing) in (4-7) with the set of
inequalities and constraints (#-11), (4-12). This implies that the set ¢fY, "Y, "Y, "Y,"Y, "Y) that results
in optimal modulationof the converterife. the minimumrms current as well as meeting therovoltage

switchingconditions) is equal ttheset of("Y, Y, "Y, "Y, "Y, "Y) that corresponds to the optimodulation
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of the converter.Therefore,in optimal modulation “Y, Y are equato “Y, “Y respectively. Replacingy
with Y, also™Y with "Y in (4-2), (4-3), (4-7), (4-10), (4-11) and(4-12) results in the following simplified

set of equatins and inequalities fqrattern (z)

Y ¢Y Y Y Y (4-17.9)
g DED L 1
V'Y (4-17.b)
0w Q w00 WY 0 Y Y
) .ﬂ, — — (4-17.0)
oY W W EW D W EW £W

w0 0Y Y qY w0 tw Y Y Y
0 @ tw tw 0w tw tw

Ew 0Q WY Y Y 0 0Q oY Y &tw Y Y

0 W 0 ® 0 W £t
tw 0 WY 0 Y Y tw 00 WY E0'Y
0 W f0 0 W 0 ®
Q Y Y Y Y @ Y £® Y Y (4-17.d)
oY ' DY G '
) Ew W Ew
L L L U
“YAYARYRY 1 & YOY Y & Y OY Y (4-17.1)

Replacing’Y from (4-17.8) in (4-17.d) results in simpleequation fofQ From(4-17.a), (4-17.d):

_P

o _F
cd

DY E Y Y (4-18

Also, by replacing YA'Y with "YR'Y in (4-5), the inductor currenwithin initial and finalinstantsof

applyingeach voltage woulbe simplified as:
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o 0 0 o v vy (4199

Q Q %Y — Y Y Q Q ? YOY Y (4-19b)

Q Q %y "y ?y Q N —Y Y — Y Y (4-19.0)

Q Q 2Y 2 YooY Q Q 2Y gY (4-19.4d)
0) 0] ) V)

The symmetry that exists within each switching pattern, can lead ¢oen more simplifiecet of
equations compared tbat of (4-17). If we get a closetook at the selected pattern ffig. 4-1, we can
observethat all the currentsuch asQ , Q and so orwill becomereversedust after halfof a
switching periodln otherwords, after half a periodhe currentQ will become™Q equal tothe

Q (i,e.Q ‘Q ). The same scenarippliesfor Q ,"Q , Q and so orfi.e.
Q Q  hQ Q  hQ Q).

In fact, it can be shown thabheinductorcurrent at angpecifictime like 0 , will becomereversedust

after half of a switchingperiod(i.e., i™®"Y 0 ). This can be explainedue to the symmetrhat exists

Ty Ty Ty Ty I Ty I Ty

Voltages and Current of the Converter

0 to 05T, t Ts Q5 T, tz 2xTs

Fig. 4-2: The voltages and current péttern(z) within two switching period
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within the selectedpattern also,the requirement on thavera@ currentof theinductorthat mustbe zero
within eachswitching cycle To mathematically prove thi§ig. 4-2 should be taken intconsiderationThe
inductor current athetime® andd T®"Y 0 is denoted byOh'Qrespectivelyascan be seem Fig.

4-2.

The averageurrentof theinductor can basimply acquiredby integrating from thinductorcurrent in
one switchingperiodand thendividing it by switching period’Y. Also, as can be seen Ifg. 4-2, the

inductor current at thérst four edge instantafter timeo would be'Q ,Q ., Q andQ

respectively These four currentsan be expressed terms ofQandtiming variables. Fronkig. 4-2:

EW

0 0 T"Y (4-20.9)

Q Q =Y —=— Y Y (4-20b)
0 0
0 0
@ EW

Q Q =Y —=— Y Y Y (4-20.d)
0 0

Also, theother four currentthat come afted (i.e."Q ,Q,Q and’Q ) areachieved in

terms of Qand theconverter timing variables. FroRig. 4-2:

EW
o oy (4-21a)
0 o Dy EO .y oy (4-21b)
U 0]
() Ew
Q Q=Y Y =YY (4-21.0)
L U
(W) EW
0w Sy By oy oy (4-21d)

Integrating frontheinductor current in half awitchingperiod fromo to 0 as inFig. 4-2 yields

63



QOO = Y Q Q YoQ Q YUY Y
YoQ Q YUY Y Y Q0 Q0 (422

Similarly, from Fig. 4-2, the integralof the inductor current in the remaining half tife switching

period fromd to 0, would be:
QoQo g YO Q Q Y Q Q Y 'Y Y
Q Q Y Q Q Y O'Y Y Y Q Q (4-23

From(4-22), (4-23) the integral otheinductor current ironecomplete switching cycle would be:

Q0QO g YO Q Q Q Yo Q Q Q Q
Y Y Y Q Q Q Q Y Q Q
Q Q Y O'Y Y Y Q Q Q Q (4-24)
ReplacingQ ,Q ,Q and so onn terms ofthe converter parameters and timingriables

as well asohQfrom (4-20), (4-21) into (4-24) yields:
Qoo Q. Q Y Y Y Y Y Y Y Y Y Y
(4-29
0 0 Y Y Y Y

Which can be further simplifiedReplacing the duty cyclequationfrom (4-17.a) into (4-25) yields
Q0Qo < Q Q (4-26)

The average currectin be simply acquired by dividing the integra{4r26) by "Y:
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) P ey 20
~

(4-27)

Theaverage current must be zero in one switcipi@god Therefore, byuttingthe integral 6 (4-27)

equal to zerawve have
) mo Q Q (4-28

Therefore, the inductor curremffter half of a switching cycle will be the same but the current direction
will be inverted.This resultcan lead taa simplerset of equationscompared tdhat of (4-17). First, to
acquirerms current, wejust need to integrate from tlsguare of inductocurrent in half ofa switching
period.In other words, since after haif a period all the currents wilhave the same absolute value but
different polaritiesalsoasall the time durations are symmetrithe rms of inductorcurrentin the second
half of period is the same as the first halfius,just bytakingthe squareof theinductor current in the first
half of the switching periodand multiplying it by two, the integralin one switching periods achieved,

which can béhendivided by the switching perigdo thai) canbeobtained FromFig. 4-1 and(4-1),

thesquare ofnductor currentn the first half of switching periodiould be integrated as

p Q Q Q Q Q Q
Q 0Qo p ; ;

(4-29)

The square afms current would be acquiratithe integrain (4-29) is divided byhalf of aswitching
period:

P Q Q Q Q Q Q Q Q

) 4% & & & a
°7

(4-30)

SinceQ is equalto Q , then replacingQ by Q yields:

65



) S
oY a a a a
(4-31)
Which can be further simplified as:
) =0 2P g PR 45 2P
oY a a a a a a
0 L (4-32

Replacing current§ ,Q ,Q , Q and the current changing slopes fr6), (4-19)
into (4-32) yields:

C 0w"Q w0 WY &Y Y
oY ® tw tw D ®w tw tw

(4-33)
Ew 0Q WY Y £ tw 00 Y tw'Y
0 W tw w 0 W tw w

Finally, by replacingQfrom (4-18) into (4-33), the square afmscurrent would be acquired as:

) P WY tnY (Y wwY Y Y
pPOTY W Ew Ew W Ew tw

(4-39)
Ew w Y ¢Y EwY Ew w Y Y tw'Y

It is also worth noting that sin@dter half ofthe switching periodthe inductor current will be reversed
(reversing meanikavingthe same absolute valbet different direction)it can be shown thatomeof the

zerovoltage switchingonditions are just duplicatestbi othes. Forinstanceif Q Tisubsequently
Q which isequal to "Q will be positive Therefore, meetingthe first zerovoltage switching
conditionasQ T ensures theecondzerovoltage switchingconditionof Q T to be metas

well. Similarly meeting theerovoltage switchingondition regarding theurrent’Q (i.e.,Q

1), will result inthe otherzerovoltage switchingonditionof "Q Tto be satisfied.
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In other wordsknowing that the inductor current will be reversed after half of switching pesgudts
in decreamg the number ofercvoltage switchingonditions by two. Thereforéom (4-17.e) the zerc

voltage switchingonditions for this patteraan be described as:

0 N 0 Q T o QO m (4-35)

And by replacing”Q from (4-18) into (4-35), the simplified zerovoltage switchingconditionsare

obtained

— QY E®Y Y @ & 2 Y Y 2Y Tt (4-36)
c0 I3)

Finally, from (4-17), (4-34) and(4-36), the final set ofequations and inequalities is acquired within

analysis of the first switching pattern

"Y ¢'Y Y Y Y (4-37.3)
g Q@ Y'Y Y Y 4-37.b
0 5y (4-37.b)

P WY tnY (Y wwY Y Y

) poOY W £ fw W W fW
(4-37.0)
EO WY Y &Y Ew WY Y 'Y
W £t W W f0 W
—Y — Y <Y ™ & — Y ¢Y —°Y m (4370
"YAYRYRY 7 & YUY Y @Y & Y Y 'Y ™Y (4-37.€)

4.2 Normalized Analysis ofPattern (z)

In this section aormalization system is introduced to simplify the equations for selected paf@rns.

this systemthereferenceébases arselecteds:
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4 4 & 6 6 £6 & 0 0

Y (4-38)

As can be seeim (4-38), the geometric mean of primary and secondary voltafpessgcondargne
transferred to the primaiside is selected as theferencebasefor voltage Also, the switching period is
chosen aghe referencebasefor time. Moreover,the maximum power thatan betransferred inone
switchingcycle is chosen as theferencebase fopower. For a mathematical proof drow to obtairthe
maximum power transfdn (4-38) please refer to equatioif§-46)i (4-58) in the following part of this
section Thereferencebase forthe other normalized/ariablescan bederivedfrom the three onedefined

in (4-38). Forinstancefrom (4-38):

Q Y (4-39)

For the sake of simplicity, the normaliztiche variablesare declared as:

Q Y & Q M & M & M 4-40
~ o 1 Ly 1 o (4-40)
Also, the ratio okecondaryo primaryvoltagesis defined as:

.. €6

Q 5 (4-41

The normalized variablesre used to simplify the equationgithin each pattern. Simply thi#ming
variableswithin the selected pattershould bereplacedwith the normalizedvariablesto obtain the
normalized equations. For instanty replacing the normalized variables fr¢#440) into (4-17.a), he

equation of switching period normalized as:
P ¢Q Q 7 (4-42)

Equation(4-42) can be used to express one of the normalized variables in terms of the other ones and
therefore the number of degrees of freedom for the optimization problem is decreased by 1. Ghfmysing

this purpose results in simpler equations. F(4m2):
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1 Q Q ™ (4-43
The power of converter caaisobe simply expressed in terms of normalized variables. Replacing the
normalized variableBom (4-40) into (4-17.b) yields:

6 £6
0 ~

YO QQ 1 (4-44)

A normalized powedenoted by, is alsodefinedfor the converterDividing the transferred power in

(4-44) by the maximum power transfer (#4-38) yields:

0
ng— wee 1 (449

Wheren can bereferredto as the normalized power of thhoserpattern as it is merely a function of
the normalized parameters and the topology of selected pdease be advised that there is a major
distinction between the normalized power of each pattern and the total power that is being transferred by
the converter. The normalized powgis an intrinsic feature of each pattern and is independent of nominal
parameters anthe switching period while thereal power of convertef, is not only a function of the
normalized power, bulsois dependent on converter nominal parameterstlamdwitchingperiod The
maximum powetransfer in(4-38) is obtained byutting’Q FQ in (4-44) equal to0.5 (the maximumy)also

1 f equalto0.25

L SRR AL AL (4-46)
WEW WEW
0 = Y ™ ™ T U T U ~ Y
e
To suppori4-46), a mathematical proof is preseniadhe following
For this purposdunctions™Q "Qaredefinedas:
QOMQF A QQ ) (4-47.9)
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QQHQFR f Q Q1 (4-47.b)

Where "Qis proportional tothe transferred power ir{4-44). Also "Qis defined according to the
normalizedswitching periodasin (4-42). According to(4-42), (4-44), the optimization psblemcan be

interpretedasmaximizng thefunction"Qwith a constrainton functionQ
I AQRQK K ) &QQRQF A ™ (4-48)

It is worth mentioninghatby replacing® with Q , the optimization functiofQQ RQF f  as well

asthe constraint functiofQQHQ F F  bothremain unchangedh other wordswe have:
QQRQR f QQRQR f QQ ) (4-49.9)
NoYoXso) | QQRQF A Q Q1 (4-49.b)
By replacingQ with'Q , the ogimization problem ir{4-48) would become as:
I AQRQRK K ) &QQHQF A ™ (4-50)
This analogycan beused to show thahe values o2 and’Q must beequal wlie transferringthe
maximumpower. An approachsimilar totheoneintroducedon page$9i 62 (presentedo show thaty, Y
are equal tdY, "Y within the optimum operationtan be used heas well Sinceby replacingQ andQ
the powerequation ie. "Qthat is to be maximizgdand the constraint functiond. "Q would become just

asbefore thenmaximizingthe converter powen (4-47.8), with the constraint of(4-47.b) is similar to

maximizing the converter powaer (4-49.a) with the constraint of4-49.b).

This implies that the set dfX,’Q ,7 ,1 ) that results in themaximumpowertransfetin (4-47) is equal
to the set of @ ,Q,7 ,1 ) that corresponds timhe maximum powetransfe in (4-49). Therefore, in the

operationof the DAB converterwith maximum powetransfer' Q andQ must beequal.

The samescenario aplies forthe normalized parametd sand . Since replacing with] results
in the sameset ofpowerequationsand constraintgheri and] must be equal whileperating within

maximum power transfeondition Putting’Q equal toQ , alsg equal tq in (4-47) yields:
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QQF Q g (4-513)

"QQHF ¢Q (4-51.b)
Also, by replacingQ ,7 with'Q,1 in (4-48), we canrewrite theoptimization problenas:

i A®QHR ) &QQH @) (4-52
We can simply exprey 5 in terms ofQ . From(4-51.b):

"QQHF ¢cQ ™ O Q 18 UL (4-53)

Replacing from (4-53) into (4-51.8) yields:

. 8
"QQ f Q wuw 00 Q. ¢ mMu Q Q mcu (439

To maximize™QQ in (4-54), Q would be acquireds

"0
'|'T’_Q p ¢Q m ©O Q ™ (4-55)

ReplacingQ from (4-55) in (4-53) yields:

1 Q0 m™u M T® U (4-56)

Finally replacingQ AQ by 0.5and fi by 0.25in (4-47.3) yields:
QORQR F QQ 1 o AmQRQR f QLMK U v v (457
Fig. 4-3, showsthe voltage®f the bridgesandthe inductorcurrent ifthe converter isnodulatecbased
onthemaximum powetransfer In this figure the voltagesf the two bridgesndthe converter current are

illustrated for a specific voltage ratio® 18 uvThereforeto acquire the normalized power basedtus

new definition the power of converter i@-44) should bedivided by the maximum powesin (4-46):

e i T I 06
N 5 OO . P 1 ) (4-58)

0
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Which can be furtherewritten as

6 ¢6
W

0 A xEADA yaQ | ) (4-59

Therefore, the transferred power of the conve@etan be described as multiplication -ef—: a

constant of converter parametéis,the switching period angt the normalized power afelected pattern.

It is worth noting that maintaining the power of converter at a constant level does not necessarily imply that
the normalized power) also needs to be constant. As shown(4fb9) the transferred power is
multiplication of both the normalized power and the switchiagod From (4-59), the switchingperiod

can be expressed as:

0
I (4-60)

—_—

0

As can be seen i(¥-60), the switchingperiodis inversely proportional to the normalized power;
therefore, if normalized power is increased then the switgt@nigdshould be decreased and viegsa,

so thatthetotal transferred power is maintained at a constant level.

Now let usget back to the normalized powgrthat wasdefinedin (4-58), (4-59). Replacing from
(4-43) into (4-59) yields:
n ¢QQ Q Q | m (4-61)
Therefore,the normalized poweis expressedn terms of thethree normalizedtiming variables
‘QFRQ and . It is worth mentioning thantroducing a new normalized varialftee normalized power
defined in(4-59)) doesnot increase the number of degrees of freeddtimn the set of loss equationAs

nis a function of FQ andQ, either one of them should be expressed in termsaoil other parameters.

Choosing for this purpose results in simpler equations. F(4+61):
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P Q Q m™ Q Q Q Q ™Y T& U (4-62
As can be seetthere ardwo separatsolutions fofl  in (4-62). We consider both solutions forwo

andin the nextsectionswe will showthat onlyone of these solutions result in opilmodulation for the

converter Obviously, the expression undexdical must be positive or there is no real solution for

Putting the radical expression(#t62) greater or equal to zero yields:
n 1tQ Q Q 0Q p (4-63)
To sum it up, only for nonalized power levels that me@t63), there might be ufo two solutions for
1 providing that all the normalizezkrovoltage switchingconditions and inequalities also be satisfied.
Apparently, the converter cannot transfey powerlevel thatdoesnot satisfy(4-63); as there is no real
solution fofi  if (4-63) is not metThermscurrent of the converter, tlxerovoltage switchingonditions

andall other inequalities that need to be met for this patternasarbe expressed termsof normalized

variables Replacing the normalized variables d@@ftom (4-40), (4-41) into (4-37.d) and(4-37.e)yields
0 Q ¢ Tt & 0 g M = & 1 F RQRQ
1 1 Q ? & 1 1 Q @ (4-69)

In addition to allaboverequirementsvithin (4-64), the conditionof (4-63) mustalsobe met for this
pattern.Both (4-63), (4-64) can be further expressed in term&kaj andthe remaining tiraratiosQ , Q .

Replacing ,1 from (4-43), (4-62) in (4-63), (4-64) yields:
Q Qa Q o T Q0 ™ & p QO i (4-65)

0 Q0 M o m 0 0 0 ™M o n O nm Qi m

B TQ Q Q Q 9o xEAQ@A © Q Q@ Q@ muy m™®ou

It is worth mentioning thasome inequalitiesvithin (4-65) might be already satisfied as the other

conditions are methus,those conditionthatare included in smaller conditionanbe eliminatecandare
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not requiredto be checkednymore After smplifying the inequalities within(4-65), alsoremoving tle

unnecessary ongwe get to the following set @onditionsthat must be mdor this pattern

e o)
™m Q Q Q Q Q mg mu | EIQADMP Q —5 (4-66.9)

n QR m O i 1TQ Q QO 0Q (4-66.b)

©

The inequality of(4-66.a), can be further simplified as thastterm on the righof (4-66.a) (.e. p
Q —Q), is alwaysgreaterthan theothertwo terms Thus,their minimum would be equaitherto the

first or the seconderm anahethird termcan be omittedTo prove thisfirst we show that the third term

is always greater or equalt@®. For this purpose, we have:

. Q
Q p 0 pT—'Q T (4-67.9)
Q
Q ™ © p Q ™ (4-67.b)
From(4-67.a)and(4-67.b):
Q
oo 2P0 mw (4-69)

Q

Voltages and Current of the Converter

0 Ts 2Ts

Time
Fig. 4-3: The voltages and current of DAB converter when transferring the maximum fmveedefinit
voltage ratio condition@ @& 0
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On the other sidehoth the other two terms on the right side(466.a) are of less or equaVvalue

comparedo T@. For the second term¢., (D ) we have:

0 pO0Q WO W ™ (4-69)

And clearly, the first termig.,Q) is also less than or equalt®. Therefore, we have:

Q - Q -
p Q pT,Q ™ Q QhM ™ O p Q 7—9'9 Q h (4-70)
Therefore, fron(4-70) we have:
T ey = , P TQ, T e
I EIQ D p Q 7—Q§2 I EQ hM 471

Also, for the left side o{4-66.a), we have:

™ Q Q Q Q0 Q0 Ty T
472

™ Q Q Q Q Q ™9 T& UL

By replacing the left side q@-66.a) with the upper bound and alssing(4-71) to remo\e the third

term on the right side ¢#-66.9), the set of inequalities withi@-66) will be simplified as:

™ Q Q Q QO Q my mu | ETQ AR (4-73a)
mnT QR m O 1 TQ Q Q Q P (4-73.b)

The other thing that should be taken into consideration ighibaerm on the right side ¢4-66.a) is

always greater or equal to zefichis can be simply proved as:

N 0 0 0O mYy T™u T (4-74.2)

Q ™ ° ™ Q mn (4-74.b)

From(4-74.9) ard (4-74.b):
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™ Q Q Q0 QO Q moy mMu (4-79)
Also, clearly,we have:
I ETQ it Q (4-76)

Therefore, fron{4-73.a), (4-75) and(4-76):

o
¥

T ™ Q Q Q0 Q QO myg mgu | ER A Q 4-77)

Therefore, the conditiont Q is already satisfied providing that the inequalitf{4¥3.a)is met. As
a resultthe conditiormt  'Q does not need to lohecked separately; thube set otonditions within(4-

73) will be simplified as:

™ Q 0 Q0 Q0 O my mu | EN A (4-78.a)
oK ™ O q TQ Q Q Q o (4-78b)

The reference base for curread in(4-39) can be furtheexpressedn terms of the voltages, the

transferrecpower,and the normalized power. Replac#gfrom (4-60) into (4-39) yields:

WEW 4 WEW 0 0

4o W 080 L Gk

479

g0
Finally by replacing the normalized variablé@andQ from (4-40), (4-41) and(4-79) in (4-37.0),

we candefinethe normalizedrms current,( as:

) Q ( x EADA (4-80.a)
pe p VQ Q - nm p Q -
— - —= —= WQQ — = = M Q
( o ”Q Q 1Q d Q 1Q mQ d
- M Q - no Q.
nQ _ \f] o — q—, oo (4-80.b)
p Q 7 p Q nQ
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Which can be further expressadterms of Q) andthe remainingwo time-ratios’Q , Q . Replacing

1,1 from(4-43), (4-62) in (4-80.b) yields:

pe p MQ Q o - e p Q- ‘
( T = Jom Qo — = = MO0 m
o Qe QpyQ P Q pPQ 1Q
— M m o Q. QO . Q ™ © ..
VIQ ~ ~ — m - ~~ I/IQ - = I/lm
p Q nQ pQ nQ
0'MidQ w N Q0 0 QO my T (4-81)
Which can be further simplified as:
PO p = . . p s .
( 7a o 7QQ QM Q w 5 7QQ QQ ™M o
_ N (4-82
o ™ o Q o N ™ 0 M
p ?’Q p “-“Q
( in fact, can be considered as the normalizad current for theselectedoatternas it is only a

function ofthenormalized variables artietopology ofthe pattern andt does not depend dhenominal
parametersf the converterAs shown in4-80.a), the square efmscurrent) , can be expressed te
multiplication of Q  ha constant of converter parameters @nd , the square of normalizens. A

modified definition for normalizedrms currentwould be achievedby dividing ( by the normalized

power.

€

0 (4-83)

Therefore, for the selected pattern (z), fri@h82), (4-83) we would have:

PO P o om 0 o %'Q 00 ™ o

gan p Q Q

QHEE)"QTQD 'Q'QT[EB)‘TQ)



0'MidQ o Q0 0 Q0 QO My T (4-84)

Clearly, the optimal modulation that results in the minimumarmalizedrms, ( under a specific
operating conditioti.e., pair of ¢}, Q), would also yieldhed  to beminimum As it is achieved simply
by dividing ( by the normalized power) (which is fixedfor that specific operating conditin
Therefore, minimizing the normalizechscurrent( , Is identical to minimizing the modified version of
it, 0 . However,in Chapter7, it is demonstratedhat this new defined parameter has a physical
interpretation Moreover, it is shownhow this parametefi.e, 0 ) canbe used to make a comparison
between different normalized operating conditiansl different switching patternis observe that under

what operating conditi@the optimalswitching pattermesults in a more effient modilation.

Thenormalizedzerovoltage switchingonditionsand other inequalitida (4-64) along with thesquare
of normalizedrmscurrent in(4-80) (or the modified version of ijonstitute the final set dbss equations
and inequalities fothis pattern Thereforefor a DAB convertemodulatedbased orpattern(z), we get to
an optimization problem in which we are trying to optimize the normalized variables so thqtiéne of
normalizedrms currentis minimum. The input of modulation systen), ‘Qare the variables thatinbe
expressedbased on converter paramet. Qis the ratio of voltages of the converter whil@s defined in
(4-59) should be determined according to thansferringpower and switchingeriod Therefore for this
pattern there aréwo degrees of freedom as only theo normalized variable®2 and’Q need to be
optimally chosen. This should be done for any voltage datodfor any normalized powey. In other
words, we hav@ andQas the twdnputs of the optimization probleandtherole of optimization system
is to find the optimum variablé@ andQ for any pair of) and'Q so that the converter lossa®minimum
while thezerovoltage switchingconditions for all switches is satisfielth other wordsfor the optimum
modulationof pattern(z), the parameter® and'Q are chosen in a way theite conduction lossewould

be minimum while thezercvoltage switchingonditions for alktheswitches are satisfied.
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4.3 Mathematical Expression for Optimal Time Ratios of Pattern (z)

In this section, a study is conducted to mathematically express all the timing ratios in terms of the two
normalized variables@andr)). As suggested in many resources in therditure[17], [18], [36], in an
optimal modulation based on pattern I, the duty cycle of voltage with lower amplitude should be equal to
maximum. Therefore, only the dutycle of voltage with higher amplitude needs to be optimally chosen.
In all resources, this is shown with the help of numerical analysis and no mathematical proof is provided.
In this thesis also, the goal of optimal modulation for this pattern is tesltie duty cycle of voltage
with higher amplitude. As shown in Sectid2, for the selected pattern there are two time r&lio2
corresponding to two degrees of freedom that should be optimally selected. By putting one of them equal
to maximum (tle one with lower amplitude), we only need to optimally choose the other. In other words,
for the converter, if optimally modulated based on this pattern, all the timing variables except one, are
already chosen in terms of converter parameters and opegatidifions. What we are left with is this last
time ratio that gives us one degree of freedom and should be selected so that the converter losses are
minimized, a specific power is transferred, the switching frequency is optimally selected, and the zero
voltage switching conditions for all switches is satisfied. To be more precise, it is suggested in the literature
that with the optimum modulation of DAB converter, one of the two duty cycle ratios (the one
corresponding to voltage with lower amplitude) gde set equal to maximum (half of switching period).
Therefore, only one duty cycle corresponding to voltage with higher amplitude needs to be optimally
selected. By convention, we assume that the secondary voltage is lower than the prim&y phelt(
will be shown in Sectior®.2 that the optimum modulation when the secondary voltage is greater than
primary (Q p) is like when™Q p; providing that the duration of primary and secondary voltages
replaced. Therefore, we only need to optimally setleetduration of voltage with higher amplitude (the
primary voltage in this thesis, since the voltage r&limassumed to be less than one).

In a similar way we need to find the optihmodulation only when the transferring power is positive

(i.e., power is transferring from primary to secondary brid¢tels shown in SectioB.2 that the situation
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in which power is transferring within negative directioriike that of the positive ongroviding that the
phase shift between the two voltages isregd.

Therefore, in this section we are mainly trying to optimally select the primary duty@yacidile the
primary voltage has greater amplitude than the secondary® p) and when the power is transferred
from the primary bridge to the secongane (.e.,n ™).

PuttingQ (the duty cycle corresponding to voltage with lower amplitud€}-in8) and(4-84) equal

to 0.5 (the maximum) results in this finalized set of loss equations and constraints for this pattern:

PO P . - a P v o
Jan p QP 9™ 2 o 0 00 o m
(4-85.a)
«¢Q .. e - ‘
p—,Qoo ™ Q 0 "M 1 d Q Q m Y
0 Q myg [ EIQmMQ QQ m™m Q1 1Qp Q (4-85.b)

To minimizev in (4-85.a) with the set of inequalities {(4-85.b), we need to evaluabe  in both
the extremum values @ (i.e. whenQ is either maximum or minimum based on the constrain{g-of

85.b)) and also when the derivative of  (with respect tdQ ) gets zero. In other words, we need to

evaluata) within all its critical pointsDifferentiating fromo in (4-85.a) with respect td2 yields:
) o ¢ TOn o N wEn @I
1Q k¢ (4-86)

| o Q mao
Also, by differentiating again frorf#-86), the second derivative of  with respect t&Q would be:

T o0 PCW poer aoc) pQ YN
1Q Qo Q moy

(4-87)
PCW quU® T 0Q pEen PpQ ¢ on
nQ Q m®uy
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The zeros of the derivative 6f  with respect td2 , as the first group of critical points, are the main

candidates for minimizing . To find the zeros, the numerator (@86) should be put eqli#o zero.
From (4-86):
o ot 0 QO 1Y TN o¢ N wEn ¢ 1D (4-89)

Squaring both sides ¢4-88), then factorizing the obtained polynomial into smaller terms yields:
PTQ ™ ¢1Q p Q o@1Q P ¢CQ p n N tQ
(4-89)
pg Qn Qn m

From(4-89) it can be seen that— would be zero if2 1@ (the trivial root) or when the following

polynomialgets zero:
Ve e1Q pa @TCQ p & peQR TQ A a peQRa QN (4-90)
Thereforeto find the zeros of—— (other than the trivid @), we need to solve the polynomial

of (4-90). There are several methassolve such a polynomial with degree of fasrexplained if51].
First, the fourthdegree polynomial should be presented in the standard form:
OO O o Qo Q T (4-92)
By making a comparison between the standard form of a fourth degree polynodiflljrwith that
of (4-90), the coefficients of polynomial i@-90) would be as:
G e1Q p Q ® ¢1¢Q »p Q

O poQly T /5 Q Q  peQn Q Q n

(4-92

Taking benefit from the first method introducedi], we have the following set of coefficients for

(4-90):
A CO WX CcRQ X QOO0 (4-93.9)
n N TGO o0QpeEQ 1 (4-93.b)
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W owQ 0 Q
n ‘_p ® (4-93.0)
oy L ow
C
‘ 0 e (4-93.d)
d o oo |
® T

L 4-93e
d O oW d ( )

© 106 Yo
A ) (4-93.f)

™
From[51], the roots of théourth-degregpolynomial in(4-91) would be expressed as:

g Lnonn (4-94.2)
' Tw ¢ C
g & nonon (4-94.b)
' Tw ¢ C
& g n n n (4-94.c)
' Tw ¢ C
5 @® n o n n (4-94.d)
' Tw ¢ C

Therefore to solve the fourth degree polynomial @90) and thus find the critical points of

the operating catitions of the converter) as shown(#92), (4-93) respectively; and then fro(d-94) we
can simply acquire all the zeros ef— in terms of Qandr). This is carried out for all the four zeros of

(4-94) and the results are illustrated withiig. 4-4, Fig. 4-9 andFig. 4-10. For this purpose, the range of

variation on each axis is divided into a thousand points. In other words, both the voltage ratio and the
normalized power variables are changing from zero to the maximum (one) as®foQl , 0.002, 0.
0.999, 1. And all the four zeros @-90) are acquired fop 11 1T Tp TT TPWInts equally separated from each

other.It is worth mentioning that the first two roots(@#90), & , & are complex conjugates of each other.

82



The real and imaginary parts of these two saot illustrated ifrig. 4-4. As can be seen in this figure, no
matter what the operating point would be, the first two zérgg, would alwayshave norzero imaginary

parts Thus,we only need to take the other two rodtsandd into consideration.
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Fig. 4-4: The real and the imaginary parts of the first two rootéed0), & , & (these two are compl
conjugates of each other)
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It is also worth noting that tfeurth-degregpolynomial in(4-90) can be directly solved and the solution
can be acagjred in terms of the normalized operating conditions of the converter. For this purpose, rather
than using the simple algorithm introduce8] as the first method to solve tforth-degregpolynomial,
by taking benefit from the second techniqu@4®, we can express all the zero{491) directly in terms

of the coefficients of théourth-degreepolynomial. Forinstancefrom [48], the third zero of4-91) can be
directly expressed in terms of the coefficients as shov#igird-5. Then to solve the equation-ef—

Ttin (4-90) in terms of operating conditions of the systé@andr), we should replace all the standard

b
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Fig. 4-5: Expressing the third root of a standard fourth degree polynomigd-@f) in terms of it
coefficients[51]
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4-5is already very complicated; and expressing the polynomial coefficients as some funclizarslgf
besides that, adds more complexdyhe modulation system. Therefore, to find the optimtiming ratios
for converter modulation, the first method[#48] and the procedure described within the equatior{d-of
90) to (4-94) is preferred in practical systems.

Now we need to consider the constraints impose@8b.b) to find out whether the remainimgo
roots 0f(4-90) & fix fall into the admissible range 6 in which'Q is permitted to change. As can be seen
in (4-85.b), all these constraints are just some-lioear inequalities of the primary duty cyd&k, and the
normalized operating condition®@ndT)). To find out which of the roots of4-90) satisfies all these
conditions, they first need to be converted into some inequatities the neighborhood & . The correct
procedure is presented in the following:

First, we should stawith the first constraint on the left side @#85.b) which in fact consists of two

separate inequalities as:

Q Q g9y [ EQmmMQ o© Q Q &y Q (4-95.2)

NER N Q0 &y ™WQ (4-95.b)
Taking the first constraint i(@-95.a) into consideration yields:

VO ™Y TR E TR Lp QN
Q Q & 4 Q ©° (4-96)
NI 0Q a® ¢ Dé & QQREA EA QQ
In a similar way, the second constrain{4m5.b) can be rewritten as:

N Q pFMHY ™ p p [ Q
Q Q & 0 ™ UQ O (4-97)
ETDI VA ‘N pd NEEQODNY EA
Now we consider the second condition#85.b) (.e.,Q T®). This conditioris already expressed
in desired form; therefore, we only need to convert the last constraint on the right @850 into the

preferred form of some neighborhood®f From(4-85.b):
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n 1TQ p Q w0 ™p p N (4-98)
It is worth mentioning that if the preonditiors within the constraints of4-96), (4-97) are not met,
then tlese conditionsdo not needo be checked. Because for instanit is easy to show that if the
precondition of | T in (4-96), is not satisfied, theits correspondingonditionwithin (4-96) (i.e.
Q Q & § Q ) will always be met; thus there is no need to checkahgmore andthe same

scenario holds true for the peendition andheinequalitywithin (4-97). Therefore, the set of conditions

within (4-85.b) can be rewritten as:

Q mp p N Q n ™ £€1 AQ ™M & T Uup C¢N
(4-99

Q mMm QO N Q p EiQ Wp p nfQ
Now that we expressed all the conditions as some inequalities within the neighborkbpthefnext
step is to make a comparison between all such conditions so that the maximum and the minimum bounds
for Q are achieved in terms of the normalized afiag conditiong"Qandny). First, all the constraints in
which Q needs to be less than or equal to a function of operating con(iandry) is taken into

consideration. Combining the last two condition§499) yields:
™mp pn Q E&Q p
0 (4-100
@ I OEAOxEOA

Which demonstratethe upper bound d® in terms of Qandr) as shown irFig. 4-6. The remaining
two conditions i(e. the first two within(4-99)), are only a function of the normalized powgeand do not
have any dependency on voltage r&fiohe first condition ir(4-99) as demonstrated Ifig. 4-7 shows the
lower bound oR2 in terms of the normalized power (this condition is also expresgé¢B)). And finally,

the second condition if#-99), as demonstrated Fig. 4-8, represents a horizontal parabola, out of Wwhic

the duty cycléQ must reside. This condition is also expressgd-@6) andcan be further simplified as:
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“ T8 VP )
g EFE ™

Q TR U ™® Uup ¢N (4-10)

P& dnéEQUODEEA QD OE JORX E
In fact, all the three conditions including the upper boun@-ih00) (a function of botiQandn), the

lower bound in(4-98) (a function off] only), and he parabola bound i#-101) (a function off only),
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altogether should be taken into consideration. By doing this, the permittable range in whliaty thycle
Q is permitted tahange would be achieved within every operating conditien €very pair ofQandry).
In the following, we are trying to scrutinize the remainiogts of(4-90) (other than the imaginary

roots ofdx , & ), to see under what operating conditions, each of these roots would lie within the admissible

1
o
o)

d

0.25

the parabola bound for

0 ox5p osp 075 p

Fig. 4-8: The parabola bound constraint for primary duty cy€lg (
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Fig. 4-9: lllustration of the fourth root df-90) in terms of normalized operating conditidiise real p&
of & is shown for small zone whe¢e has norzero imaginary part)
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range ofQ . For this purposeg comparison must lmrried out between any tife remaining roots d#-
90) andthe three constraints &.

In Fig. 4-9, such a comparison can be made betvéeen (4-94.d) with the upper limit foiQ in (4-
100). As can be seen in this figure, no matter what the operating condition is, therémtirti(4-90), ¢
is either a complex.g. not real) number or it is a real number greater than 0.5 and therefore it falls outside
the admissible range fi2 ; because the upper bound foras in(4-100), (also illustrated irFig. 4-6), is
alwaysequal to or smaller than 0.5. Thus, the conclusion can be maderteaery operating poinfy is
either a complex number with n@ero imaginary part or it falls above the upper bound¥adefined in
(4-100);

— @ T «
I nhQg, O g 0MOQGQ i VIBRD (4-102
a W ™

Which clearly shows that as in(4-94.d), always falls outside the admissible rangé&afthus, itis
not required to be takento consideration.

Also, it was already demonstrated that for every operating condition, the first and the second roots of
(4-90), (i.e., @ andd ) are always complex numbers with Rpero imaginary parts. Andt was just
illustrated inFig. 4-9 that for every operating conditio@, (or the real part of it, ithe case of a complex
root) is always greatéhanor equal to 0.5 which is in contradiction with the condition impose@ dhe.

‘Q 1 in (4-99)). Thus, none of the three rodts & anda are required to be considered as potential
critical points in which) might become minimum.

As a result, we only need to consider tihied zero o0f(4-90), & as the last critical point (other than the

trivial root of Q @) in which is zero.Fig. 4-10 can be used to demonstrate for what operating

conditions, this root lies within the admissible rangéQof As can be seen in this figure, there is an
imaginary zone in whiclr is complex &nd not a real) number. In addition, as illustrated by the red surface
in Fig. 4-10, there is a region in the neighborhood of this imaginary zone ichwihiis greater than 0.5;

and this is clearly outside the admissible rang&Xafthe duty cycle on each bridge cannot be more than
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0.5).To precisely figure outinderwhat operating conditiong falls into the admissible range o, we
need to pueach of the three conditions defined4r98), (4-100 and(4-101) into effect separately. First,
we consider the two simpler conditions witl#98), (4-101) as they are each a functionrpbnly and do

not have any dependency on the voltage ratio. These two conditions denoted by the lower bound and the

l 0.6

0.5

VO/fage bt 05 o5 . 1) .
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Fig. 4-10: lllustration of the third root of4-90) in terms of normalized operating conditigttise real pa
of & is shown for small zone whe¢e has norzero imaginary part)
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Fig. 4-11: The range of variation a@f for every power condition as the voltage ratio changes from z
unity.
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parabola bound fof2 are illustrated inFig. 4-11. Also, the hatched area in this figure represents the
variation range oft within every specific power condition. For instance, for a conigtawer transfer near

zero,& would change from zero to 0.5 as the voltage ratio changes from zero to unity. Therefore, it seems
thatFig. 4-11is just a twedimensional representation liy. 4-10in whichthevariation ofd in thery, "Q

plane withinFig. 4-10is reflected onto thg axis inFig. 4-11. In other wordskig. 4-11 shows the variation

of & in a two dimensional diagram irrms offy only; while, & was already illustrated in a three
dimensional diagram iRig. 4-10in terms of the two normalized variabf@andr).

By making a comparison between the inadmissible ran@2 whposed by the lower bound Fig. 4-

7, with the variation range df , illustrated by the hahed area ifrig. 4-11, we can observe that no matter
what the operating condition is, this third root(4f90) (i.e. @ ) would always fall above the minimum
bound and thus within the admissible rangeQarin other words, for every specific power condition, the
minimum ofg coincides with the lower bound & as acquired i4-98) and illustrated by the green line
in Fig. 4-11. Therefore, for every operating condition,would be greater or equal to the minimum bound
of Q.

It is also worth noting that for every normalized power conditionyould become minimm as the
voltage ratio tends to zero. This can be verifieFign 4-10. As can be seen in this figure, within every
specific normalized powet; would increase as the voltage ratioes. In other words, for each definite
power condition@ is just a monotonic increasing function'@fthe voltage ratio), thus the minimum of
G takes place when the voltage ratio tends to Z&® f{t that correspond® the area near theaxison
the right side ofig. 4-10 or the green line ifrig. 4-11). In Fig. 4-12, the derivative ofy with respect to
the voltage ratioQis illustrated (please note the inconsiderable triangular imaginary zone is removed for

the sake of simplicity). As can be seen in this figure, for every operating cor(ditioavery pair ofQand
n), — is always positive which shows thatis a monoonic increasing function of the voltage ratib
So, to summarizeheconclusion can be made that for every power condition, as the voltage ratio tends

to zero, the third root q#-90), & approaches to the lower bound®fthat is illustrated by the green line
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in Fig. 4-11; and since for every normalized power and voltage ratio condition, the third 2dr@@f ¢
would always lie within the admissible rangerig. 4-7, therefore the constraint of minimum bound4n
98) in fact does not impose any limitation on the operating conditiomhich & can be chosen as the
optimum duty cycleQ . In other words, for every operating conditiGn would always fall within the
admissible range defined I{¢-98) and thus this condition does not eliminate amgcific operating
condition.

However, there is a different scenario for the parabola bound defifgd @i). As can be seen Fig.
4-11, for every power condition that is less than 50% of (equivalently if the normalized power is less
than 0.5), the variation range @f consists of some area within the horizontabpata; and this area, as
illustrated inFig. 4-8 is outside the admissible range @t Thereforefor every power condition (less than
50% ofn as inFig. 4-11), we need to find outnderwhat voltage ratio conditiong, would bewithin
the admissible range f@ . The admissible range determined in4-101) andis illustrated inFig. 4-8.
Before answering this question, | would like to consider all three cortsttaiethe(4-98), (4-100 and
(4-101) and seainderwhat operating conditions, would fall into the admissible range of all of them. For

this purpose, the upper bound conditior{4rL00) should alsdoe considered as the last constraint to see
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what limitations are imposed by it. As already mentioned, the @nistf (4-100) is a function of both

operating parameters.€., both j and Q. Therefore, the analysis here might seem more complicated

compared to the lower and parabola bound conditions defir{éeB), (4-101). The upper bound condition

is depiced in terms of the two normalized parametefSin4-6. Obviously, the selected value far must
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be less than the upper bound within each operating point. To figutsndetwhat operating conditions,

& would be lower than the upper bouikdy. 4-13 is taken into consideration. In this figure a comparison
is made between the third zero(#f90), & with the upper bound condition {4-100). Please note that the
triangular area in whiclr is a complex number is already removed from this figure. Since an imaginary
number is not accepike for duty cycle then we only need to consider the operating conditions indvhich

is real. As can be seenfiig. 4-13, & is represented by gredatue surface while the color range of yellow

red is used for the upper bound. Having the upper bound greater thans that the surface in yellow

red color sbuld be placed on top of the grellue surface. To have a better understandingithin what
operating conditionsi lies under the upper bounHig. 4-14 can be used. This figure is just another
representation dfig. 4-13 as if we are lookin@t Fig. 4-13 from the top angle. As can be seerFig. 4-

14, thereare two zones in which the green surface correspondiaigisoplaced on top of the regellow
one;and therefor@ is greater than the upper bound®fwhich is obviously not a@ptable. These two
regions, illustrated by green areasHig. 4-14, consist of 1 a semicircular like area centered at (0.5, 0)
within the low power prt (.e. towards the left side dfig. 4-14) and 2 a triangular like area within the
high power range and the higbltage ratio zond.ge. within the topright side ofFig. 4-14 where the power
tends to maximum and the voltage ratio tends to unity). The question that comes up here is how to find a
mathematical expressionf the transition boundary in terms of the tna@rmalized operating parameters
("Qandr)). To answer to this questidfig. 4-15, can be taken into consideration. This figure illustrates all
the operating zone in whichr falls into admissible range f& (based on the upper bound constraint).

The transition boundary as illustratedHig. 4-15, refers to the boundary line between the two scenarios
of no. 1: whend meets the condition of upper bound constraiet ¢ is smaller than the upper bound
condition as shown byhegreen area ifrig. 4-15); and scenariao.2: whend does not meet the condition
of upper bound constrairit€. & is greater than the upper bound condition as illustratedeyellow zone
in Fig. 4-15). In the following an algorithm on how to find the mathematical expression of these transition

boundary linesis presented
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First, we try to find the mathemasil expression for the boundary line tbie semicircular area
positioned on the left side &ig. 4-15. Sinced , as a continuous function operating parameterand
n), is smaller than the upper bound on the left of this boundaryilsmevithin the yellow semtircular
area inFig. 4-15) and is greater than upper bound on the right (outside the yellowcseniar area irthe
green zone dfig. 4-15), therefore we can deduce tidaimust be equal to the upper bound on the boundary
line. Therefore, to find the mathematical expression for this boundary line we shodldipy#-94.c)
equal to the upper bound (#-100).

A similar approach should be usedmathematically express the second boundary line between the
triangular yellow area and the green zone adjacent to it within thightpart ofFig. 4-15. Since the upper
bound andx are both continuous functions of operating paramel@e(r)), and again a§ is greater
than the upper bound dhe right side and smaller on the left (as illustrateffigm 4-15). Therefore &
must be equal to the upper bound on this boundary line.

Puttingd from (4-94.c) equal to the upper bound(#100) results in somewhat complicated equations

for bah boundary lines. Therefore, | am trying to present a simpler approach to find the mathematical

voltage ratio (0 < k<1)
o

o] 0.5 1
normalized power (0 < p = 1)
Fig. 4-15: lllustration of operating conditions in which the selediedan be accepted as duty cy€k
based on the upper bound constraint (the admissible area is colored in green and the inadmisgi
yellow)
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expression of these two boundary lines. In the following, the identification of both boundary lines is fulfilled
through a comparatively straightforward algjon.

For thispurposeFig. 4-16 andFig. 4-17 should be taken into consideratiéing. 4-16is similar toFig.
4-10as in both figuresy is illustrated in terms ohie two normalized variable¥andr). However, here

in Fig. 4-16, & is shown only within the part of operating zone in which the upper bound condition is
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satisfied.Fig. 4-17 is just a 2D representation dfig. 4-16 in which variation ofx inr} "Qplane inFig.

4-16 is reflected onto thq axis inFig. 4-17. In other wordsFig. 4-17 is used to represent the variation
range ofg in a two dimensional diagram in termsrpbnly; while & is already depicted in terms of the
two normalized variable®andr) in a three dimensional diagram agrig. 4-16. Similar toFig. 4-11, here

in Fig. 4-17 also for every specific normalized pewcondition, the voltage ratio is changed and the
corresponding range af is shown for that specific power condition. The main difference between the two
scenarios is the range in which the voltage ratio is varyirigigla-11, for every specific power condition,
the voltage ratio is varied from zero (the minimum) to one (the maximum) and the variatiorisof
depicted. Here ifrig. 4-17, for every specific power condition, the minimum and maximum extents of the
voltage ratio are determined based on the upper bound consfr&hi@0). In other words, for every
operating power condition, the voltage ratio varies only within the rangeé tisdess than the upper bound;
and the variation ofx for that specific power condition is illustratedfig. 4-17 accordingly. The other
two conditions denoted by the lower boumdi she parabola bound f@r are also illustrated in this figure.
And the hatched area is again used to represent the range of variafian for

As explained, the-Bimensional diagram dfig. 4-17 shows the variation range @f only within some
operating zone in which the upper bound constraint is met. However, as can be seen in this figure the
parabola bound constraint is also completely satisfied here. In other words, by making a comparison on the
range of variation fo@ in this figure with that ofig. 4-11, and also with the inadmissible rangd-ig. 4-

8, we can see that no matter what the operating condition is, the parabola bound cong¢dift)oifs
already atisfied providing that the upper bound conditiori4+100) is met.

The other thing that can be deduced fifeign 4-17 is that no matter what the normalized power is, the
maximum ofd would always be limited to 0.5. In other words, as can be seen in this figure, for every
operating power condin, & always varies in a range that has a maximum extent of 0.5. Therefore, it
seems that instead of considering the upper bound constrghi 06 which is a function of botRh and

"Oand results in somewhat some complicated equations (especially when trying to express the boundary
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lines as inFig. 4-15in terms of normalized variables)we can simply replace the upper bound condition
with two far simpler conditions consisting of the parabola bourfd-ir©1) (which is only a function af),
and the simple condition d 1@ (which only imposes a constant upper limit @r). Therefore,
regarding to the conditions @n, we have:
¢ ™
« ™mp p N Q Kk - (4-103
A TR & TR UP N

Equation(4-103 shows that we can either take benefit from the upper bound constraint or just the two
separate inequalities defined(#103). For the sake of simplicity, the use of these two simple constraints
is preferred sincéhey are merely a function of normalized power and do not have any dependency on the
voltage ratio. To & more precise, to determine the acceptable operating zoaehdmty the two simple
conditions includingQ 1@ and the parabola bound is sufficient and can be used instead of all the
necessary constraints for this pattern that are listé#t99). Since, among all these conditions, the lower
bound constraint is already satisfied as illustrated by the green li¥ig.i&17; also as elaborated {#-

103), the upper bound constraint f@r is equivalent to the union of the two aforementioned conditions.
Therefore, for the third root @#-90) & , the union of all constraints {@#-99), is equivalent to just the two
simple conditions 0f2 1@ and the parabola bound as show(4103).

To express the boundary lineshiy. 4-15, in terms of the normalized parameters, now we just need to
puta from (4-94.c) equako the simpler two constraints {4-103). The trajectory of the curve that results
ina 1@, is denoted by the second boundary line as shovgiM-15. To acquire the mathematical
relationship between the normalized variabl@arfdr)) on the second boundary line (as illustrateBim
4-15), we just need to find out for what pairs'®@andr), @ 1@ would be a root of the characteristic
equation in(4-90). By puttingd equal to 0.5 (the maximubound) in(4-90), we have:

oM TQ ton th ot o An tp np Qp 0 (4-109
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It is easy to find the relationship betwe@andr) on the trajectory line. Sinde 1@ must be a root
of the characteristic equati on this boundary line, therefore by puttiGg® in (4-104) equal to zero,

we have:

M Mmoo N T p p 0 (4-105

S
o)
In a similar way, we can expre®in the terms ofy on this boundary trajectonpgain, by putting

"Qmd in (4-104) equal to zero and solvirgin terms off), we have:

MM M o4 Q Cc hn (4-1006)

For the first boundary line corresponding to the seingiular area within the low power zone (as shown
in Fig. 4-15), again we can put in (4-94.c) equal to the parabola bound constrain{4al01). However,
as it was just explained within the last few pages, the boundary line of theisgdeis where the two
conditions of upper bound and parabola bound coincide. This results inmmewversimplified equations
regarding the identification of the first boundary line. Putting the parabola boyad.01) equal to the

upper bound irf4-100) yields:

MU p g TP p A Q un cQ Q (4-107)
Again, in a similar way, we can expré&s the terms of) on this boundary trajectory. For this purpose,

we just need to put the parabola bound and the upper bound equal and th&irstéves off):

MU p ¢ MpPp p AN Q QM cp gy QN (4-108

Now that we have found the trajectory equations between each two adjacent zones, the next step is to
find the optimum modulation within each regidfig. 4-18 can be used to distinguish between the three
zones of operation. As can be seen in this figure, zone 1 refers-pleer region; and the surface of this
zone consists of 33.28% (aroypjdo) of the whole normalized operating plane withig. 4-18. Also, zone
3 correponds to the higipower area towards unity voltage ratio and the surface of this zone consists of

14.26% (aroun@j x) of the whole operating planekig. 4-18; and finally zone 2 refers to the area between
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zones 1 and 3 with the area equivalent to 52.46% of total. It was proven that®@avinyg is only viable
within zone 2 since in the other two zones, the required set of conditions and inequdHt@&s ) are not
met.

In the following, | am going to show th& &, will be the optimum solutioni.g., resulting in
minimumrmswhile meetingthe zerevoltage switching conditions) within all operating points in zone 2;
andQ & 1@ will be the optimum modulation for every operating condition in zone 3. The optimum
modulation within zone 1 will be investigated in the subsequentkaptersAs another pattern will be
the optimum solution for that range of operating conditions.

Now in this part | want to show th& & results in minimunrms current providing that the

converter is being operated within the green area (zone 2) as illustr&igd4rl8. It was already shown

that the——is zero ifQ & is selected. Sincé , is in fact a root of the characteristic equatioiiin

90). And the zeros d#-90) as shown irf4-86)i (4-89) would be the roots ef——. It was also investigated

in detail thatif the converter is operated within zone 2, then choo$lng & satisfies the necessary
constraints including all the zekmltage switching conditions i@-85.b). Also, it was elaborated within

the previous section that the converter, if modulated based on this pattern, would have only one timing

vo(tage ratio (o< k<1)
o

o] 0.5 1
normalized power (o sps 1)
Fig. 4-18: lllustration of operating condition of the converter based on the operating zones.
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variable as the only degree of freedom that should be optimized; so that converter losses are minimum
while a definite power is being transferred within a constant switching frequency condition. All the other
timing variables within this symmetrical pattern were already determined based on the converter
parameters, the switching frequency, and the transfpoeeér. Therefore, the only timing variablesf

should be selected so that the converter is optimally modulated (i faotresponds to the duty cycle of

the voltage on the bridge with higher amplitubeotherwords,the voltage ratiddefined in(4-41) is less

than one). It was also shown that the other duty ci§zlécorresponding to the low voltage bridge if the
voltage ratio, Qin (4-41) is less than one), must be equal to 0.5 (the maximum) so that the converter is
optimally modulated17], [18], [36]. All in all, we get to only one timing ratio that needs to be optimally
selected; the duty cycle corresponding to the bridge with higher voltage (primary in our example) is selected

as this timing ratio that needs to be optimally determined.
Now let us get back to explaining how selectidg & would result i—— to become zeralso

satisfies all the necessary constraints including thevadtage switching conditions (if the converter is
operated within zone 2). Now to show that seledfing & would result ir) to be a minimum (neither
a maximum nor a saddfint), we should benefit from the second derivativ® of with respect tdQ

as achieved i4-87). As it was derived irf4-62), there are two solutions fpr. Although both solutions
for] result in the same inequalities and conditions that need to be satisfie@-a5in); also, the same
characteristic equation that needs to be solved is acquired for both solutioresah(4-90). Therefore,
for both solutions df in (4-62), the first two zeros of characteristiguation in(4-90), & , & are always
nonreal and complex conjugates of each other as illustratéid id-4. Moreover, for both solutions pf

in (4-62), the last zero of4-90), & as illustrated irFig. 4-9 would always beutside the aalissible range
for Q and therefore is not acceptable. Finally, for both solutions oh (4-62), due to the necessary
conditions and requirements (as describgd-85.b)), the thirdsolution of(4-90), & , illustrated inFig. 4-
10, would only be acceptable in zone 2 aig. 4-18. The difference heris in the secod derivative of

0 with respect t@2 . As can be observed (#-87), the two solutions fgr wouldresult in two different
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expressions fo——. To be more precissglecting the first solution of with the plus sign as i#-62),

would result——-in (4-87) to become as:

2 90 m 00 0 o my mu
o 1.0 PCW poer och pQ N
1Q Mo Q m™®y (4-109

PCW qU® T 0Q p@en pQ ¢ on
., , . 8
nQ Q m®ao

Similarly, for the second solutionof with the minus sign as if#-62), we have:

) P Q QO ™ Q Q 0Q Q T™® 0§ T& U
(4-110
o 1.0 PCW poex och pQ U
TQ M Q Q may
. 2 4
><1o4 Qg/-%ins/ X10

y |
O/félge g é[_O-S : 05

< 1)
0 (O < . Owev (O =P
ks 7) e novma\‘zed 4

Fig. 4-19: lllustration the second derivative of  with respect t€) (whenQ is equal tax and the firs
solution of is selected as i@-109)
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In Fig. 4-19,

is illustratedwithin the whole operating plane@ & is selected and, the first

solution of] with plus sign as in4-109 is selected. As can be seen in this figure— would be

negative within most of operating conditions. Clearly, we are only looking for the operating region in which

is positive. InFig. 4-20,

is illustrated within the operating conditions in whiech— Tt

As can be seen inithfigure, is positive only within a small region of operating conditions. For a

better clarificationfig. 4-21 should be taken intoonsideration. In this figure, only the areas with—
Ttis mapped onto the normaliz&l 1) plane. Also, thgparabola bound as {@-101) is determined by the

green line. Therefore, a comparison between— and the admissible range with respect to the parabola
bound can be made. As can be seen, the operatingqiregiio——— 11 only comprises of a small

operating zone. Also, all the operating region in which— is positive (whiléQ & and is achieved

as in(4-109), would be within the inadmissible area of parabola bound as illustraftégl #8. Therefore,
in this situatio (.e. when] is acquired as if4-109)), the third solution of the characteristic equation in

(4-90) (i.e.a ) would not resulin optimum solution for any operating conditions. On the other sidggin

4-22,

is illustrated within the whole operating plawhile Q & and the second solution {of

with the minus sign as i(#-110) is selected. As can be seen in this figure, within allthihee operating

zones, is always positive (pleaseote that the triangular area regarding the imagimeany is

removed for the sake of simplicity). It is alskear that for every operating point within zon&2, would
be a continuous function @ as can be verified i(4-85.a). Therefore, the continuous function wf

within all of this operating zone, would have a minimum wken @ and if the first solution df is
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selected as if4-109); and sinca) , iIs a continuous function & and

within every operating

point (every pair off{(NQ) in this region has only one root@f & in which is positive, therefore

the global minimumob  , would occumwithin the local minimum of2 & in this zonelndeed, there
.2 10000
0” jrms
0 =7
ady \ =
10000
5000
| 5000

0.5 < 1) 0
o Vma\lzeo\ power =P
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Fig. 4-20: lllustration the second derivative of  with respect tdQ (only within the region whe
—— mandwhenQ & and is acquired as i(4-109)

Fig. 4-21: The 2D representation of the second derivativa)of with respect tdQ (only within the
region where—— TmandwhenQ & and isacquired as i4-109), (green line is parabola bot
as in(4-101))
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