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Abstract

Modern applications of XML use automata operating on unranked trees. A com-
mon definition of tree automata operating on unranked trees uses a set of vertical
states that define the bottom-up computation, and the transitions on vertical states
are determined by so called horizontal languages recognized by finite automata on
strings. The bottom-up computation of an unranked tree automaton may be either
deterministic or nondeterministic, and further variants arise depending on whether
the horizontal string languages defining the transitions are represented by DFAs or
NFAs. There is also an alternative syntactic definition of determinism introduced by
Cristau et al.

It is known that a deterministic tree automaton with the smallest total number of
states does not need to be unique nor have the smallest possible number of vertical
states. We consider the question by how much we can reduce the total number of
states by introducing additional vertical states. We give an upper bound for the state
trade-off for deterministic tree automata where the horizontal languages are defined
by DFAs, and a lower bound construction that, for variable sized alphabets, is close
to the upper bound.

We establish upper and lower bounds for the state complexity of conversions be-

tween different types of deterministic and nondeterministic unranked tree automata.
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The bounds are, usually, tight for the numbers of vertical states. Because a minimal
deterministic unranked tree automaton need not be unique, establishing lower bounds
for the number of horizontal states, that is, the combined size of DFAs used to define
the horizontal languages, is challenging. Based on existing lower bound results for
unambiguous finite automata we develop a lower bound criterion for the number of
horizontal states.

We consider the state complexity of operations on regular unranked tree lan-
guages. The concatenation of trees can be defined either as a sequential or a parallel
operation. Furthermore, there are two essentially different ways to iterate sequen-
tial concatenation. We establish tight state complexity bounds for concatenation-like
operations. In particular, for sequential concatenation and bottom-up iterated con-
catenation the bounds differ by an order of magnitude from the corresponding state

complexity bounds for regular string languages.
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Chapter 1

Introduction

Since introduced in the 1990’s, XML [62] has played an increasingly important role in
data representation and exchange through the web. Many concepts in formal language
theory [3, 14, 116, 24], e.g., regular expressions, grammars and automata have been
used for various XML data management and processing tasks.

Every XML document has a tree structure and for many applications it is adequate
to model this structure by labeled trees without data contents. Consequently tree
automata become a natural way to represent sets of XML documents. Since there
is no a priori restriction on the number of children of a node in an XML document,
unranked tree automata [4, 19, 16, 40, 59] are used for XML applications.

Unranked tree automata serve XML research in various ways. One of the major
applications of unranked tree automata is to recognize sets of trees that model XML
documents. A schema is a set of rules from which an XML document can be generated.
It defines the eligible structures for XML documents and gives a precise description
of the XML documents which are permitted. We can check whether a given XML
document is legal with respect to a schema.
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CHAPTER 1. INTRODUCTION 2

Unranked tree automata are an abstraction of various schemata of XML lan-
guages [31, 139]. A Document Type Definition (DTD) is the simplest and most fre-
quently used schema for XML documents and is already specified in the XML stan-
dard [62]. There is an equivalent deterministic unranked tree automaton for every
DTD. Extended DTDs provide a general framework for XML schemata. Many spe-
cific schema languages describing different XML schemata can be defined as restricted
variants of EDTDs. Examples include DTDs and restrained competition EDTDs. Re-
strained competition EDTDs define exactly the languages allowing 1-pass pre-order
typing, which is the property that the type of a node can be uniquely determined
without looking at its children. For every extended DTDs there is an equivalent
non-deterministic unranked tree automaton accepting the same tree language. Thus,
unranked tree automata can be used to test whether a tree is valid with respect to a
given schema [40]. The validation of an XML document with respect to a schema is
the same as the membership problem for automata, however, the form of the input
influences the complexity of the validation problem.

Other applications of unranked tree automata on XML processing tasks include
XML navigation [37], queries [15] and transformations [61]. The purpose of naviga-
tion is to locate positions in XML documents. It usually does not return any output,
but is used as a subtask for other processing jobs, such as queries. Navigation can
be performed by unranked tree automata equipped with selecting states [12]. Au-
tomata serving for XML transformations are usually referred to as transducers. As
the transformation language XSLT (Extensible Stylesheet Language Transformations)
uses modes that are similar to the states in automata, automata working as tools for

XML transformations have been widely investigated [26, 42, 43].
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1.1 Unranked tree automata

Tree automata, particularly tree automata operating on unranked trees, have gained
renewed interest, as XML has played increasingly important roles in data represen-
tation and exchange through the web. The classical tree automata [9, [14] are an
extension of finite automata to trees where the label of each node determines the
number of children. This type of tree is called a ranked tree. On the other hand, in
the trees used to represent the structure of XML documents a given node may have
an unbounded (albeit finite) number of children that are ordered from left to right
corresponding to the order in XML documents. While the number of transitions of
a tree automaton operating on ranked trees is finite, the same is not true when the
automata process unranked trees.

One method to handle unranked trees is to encode them as binary trees, and then
use the classical theory of ranked tree automata. Two such encodings are considered
in [, 40]. However, the encoding may result in trees of unbounded height since there
is no a priori restriction on the number of children of a node in unranked trees. Also
depending on various applications, it may be difficult to come up with a proper choice
of the encoding method. The other approach that we consider here is to define the
computation of the tree automaton directly on unranked XML-trees [9, 59]. XML
documents can be abstracted as unranked trees which makes unranked tree automata
a natural and fundamental model for various XML processing tasks [7, [16, |8]. An
early reference for unranked tree automata is [4].

In unranked trees, the label of a node does not determine the number of children
and there is no a priori bound on the number of children of a node. Due to this

reason, the set of transitions of an unranked tree automaton is, in general, infinite
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and the transitions are usually specified in terms of a regular language, which is called
a horizontal language. Thus, in addition to the finite set of vertical states used in the
bottom-up computation, an unranked tree automaton needs for each vertical state ¢
and input symbol ¢ a finite string automaton to recognize the horizontal language
consisting of strings of states defining the transitions associated with ¢ and o [9].

Thus, an unranked tree automaton has two different types of states, horizontal
states that are used in a finite string automaton to recognize a horizontal language
and vertical states that are used in the bottom-up computation.

The total state size of a tree automaton is defined by the number of vertical
states and the number of horizontal states used by automata to specify the horizontal
languages [35, 46, 149, 50]. Since there is no a priori restriction on the number of
children of a node in unranked trees, many problems for unranked tree automata
become essentially different and more difficult than the corresponding problems for
automata operating on ranked trees (or for ordinary finite automata on strings).

We get different unranked tree automaton models depending on whether the
bottom-up computation is nondeterministic or deterministic and whether the hor-
izontal languages are recognized by an NFA or a DFA ((non-)deterministic finite
automaton).

It should be noted that there are other deterministic automaton models used for
applications on unranked trees, such as syntactically deterministic tree automata [10],
stepwise tree automata [5, [7] and nested word automata [1, 2, 41, 45]. The first
mentioned model from [10] we consider also in this thesis under the name of strongly

deterministic tree automata.
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1.2 Descriptional complexity

Regular languages have many representations in the world of finite automata [22].
The analysis of different representations of regular languages is not only restricted
to their expressive power, but also with respect to descriptional complexity of these
representations. In fact, descriptional complexity is one of the fundamental problems
in automata theory. Descriptional complexity measures the succinctness of different
models that represent regular languages by the number of states (i.e. state complex-
ity), transitions (i.e. transition complexity), or alphabet size.

Most of the work on descriptional complexity is focused on state complexity, where
the size of the automaton is measured by the number of states. The work on state
complexity can be classified into areas of representational and operational state com-
plexity. Representational state complexity studies the state complexity of transfor-
mations between models. To be more specific, given two classes of automata A and
B, how many states are sufficient and necessary in the worst case to construct an
automaton from A that is equivalent to an automaton from B? In other words, rep-
resentational state complexity studies the cost of converting one model to another.
Operational state complexity describes how the size of an automaton changes under
regularity-preserving operations. For example, how many states are sufficient and
necessary in the worst case to recognize the intersection of two automata with m and
n states, respectively?

Descriptional complexity of finite automata and regular languages has been ex-
tensively studied in recent years. Tight bounds for the state complexity of basic
operations and many combined operations, and for the representational state com-

plexity of finite automata and regular languages have been established, see e.g. [11,
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17, 120, 121), 22, 125, 130, 133, 156, 164, [65]. Descriptional complexity of extensions of finite
automata, such as tree automata [35, 150] or nested word automata [2, 41, 45] has
also been considered. The operational state complexity of nested word automata has
been studied in [18, 45]. The transformational state complexity of stepwise tree au-
tomata is studied in [35]. Much work remains to be done on state complexity of tree
automata.

State complexity of operations on regular languages has been comprehensively
studied and tight state complexity bounds are known for most operations [27, 64, [66],
however, very few results have been obtained for tree automata. Many properties
of finite automata operating on strings carry over, more or less straightforwardly, to
finite tree automata operating on ranked trees. For example, it is well known that
every n-state (bottom-up) nondeterministic tree automaton can be determinized and
the minimal deterministic automaton needs in the worst case 2" states. However,
descriptional complexity of unranked tree automata leads to many new questions
that will be explored in this thesis. Furthermore, as we will see, even when restricted
to ranked trees the state complexity of (certain variants of) operations that extend
concatenation or Kleene-star to trees is of a different order of magnitude than the
corresponding bounds for regular string languages. There are various representations
of unranked tree automata for regular tree languages. It is natural to investigate
the efficiency of each model. The study on the state complexity of unranked tree
automata helps to optimize the space requirements. Obtaining a proper quantitative

understanding of unranked tree automata will be useful also for their applications.
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1.3 Contributions of the thesis

Below we list the main contributions of the thesis. Most of the work has appeared or

been accepted for publication. In the thesis we study

e state trade-offs in (non-)deterministic unranked tree automata [49)]

e the state complexity of the conversions between variants of unranked tree au-

tomata [50, 52]
e the operational state complexity of tree languages, including:

1. union and intersection [46]
2. concatenation and star [47, [51]

3. projection and quotient [48§]

e tree homomorphisms for unranked trees [53]

In the following subsections we describe the contributions of the thesis in a lit-
tle more detail. Before that we introduce some notation. We use DTA(DFA) and
DTA(NFA) (respectively, NTA(DFA) and NTA(NFA)) to denote the class of deter-
ministic (respectively, nondeterministic) unranked tree automata where the horizontal

languages are specified, respectively, by a DFA or an NFA.

1.3.1 State trade-offs

A regular tree language does not need to have a unique minimal DTA(DFA) [35]. In
particular, it is possible that an automaton with the smallest total number of states

does not have the smallest possible number of vertical states, and we will consider the
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question by how much we can reduce the number of horizontal states by adding more
vertical states, that is, we will consider trade-offs between the numbers of vertical
and horizontal states.

We establish upper bounds for the maximal state trade-offs in DTA(DFA)s by
considering, roughly speaking, how much smaller can be a set of DFAs whose disjoint
union recognizes a regular language defined by a given DFA. Finding the worst-case
upper bound leads to questions that are related, but not the same, as the question
of maximizing the product of summands considered by Krause [29]. We also give an
exponential lower bound for the state trade-offs using a fixed size alphabet. With a
variable sized alphabet we give an improved lower bound that by, roughly, doubling
the number of vertical states reduces the number of horizontal states from 4™ to 8n.
Also by relying on nondeterministic state complexity of regular languages [19] we
show that for DTA(NFA)s there can be no trade-offs between the number of vertical
and horizontal states, that is, any regular tree language has a minimal DTA(NFA)
that has also the smallest possible number of vertical states. However, this does not
mean that a minimal DTA(NFA) would be unique, because it is well known that a
minimal NFA for a regular language need not be unique [60, (64].

We also consider corresponding state trade-offs for nondeterministic tree automata.
Here the situation becomes more involved due to the fact that also the bottom-up
computations with a minimal number of vertical states can be constructed in very
different ways. For trade-offs in NTA(DFA)s we give an exponential lower bound,
however, establishing lower bounds for NTA(NFA)s is more challenging. We give
a lower bound example for NTA(NFA)s where the number of horizontal states is

reduced from O(n?) to O(n) by adding one vertical state.
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1.3.2 Conversions between variants of unranked tree automata

We consider bottom-up (frontier-to-root) unranked tree automata. Roughly speaking,
we get different models depending on whether the bottom-up computation is nonde-
terministic or deterministic and whether the horizontal languages are recognized by
an NFA or a DFA ((non-)deterministic finite automaton). Furthermore, there is more
than one way to define determinism for unranked tree automata and we compare here
two of the variants.

The more common definition of determinism [9, |59] requires that for any input
symbol o and two distinct states ¢i, g2, the horizontal languages associated, respec-
tively, with ¢; and ¢ and with ¢, and ¢ are disjoint. The condition guarantees that
the bottom-up computation assigns a unique state to each node. To distinguish this
from the syntactic definition of determinism of [10, 54], we call a deterministic tree
automaton where the horizontal languages defining the transitions are specified by
DFAs, a weakly deterministic tree automaton. A weakly deterministic tree automa-
ton where the horizontal languages are described by DFAs is, using the notation
described earlier, a DTA(DFA). Note that a computation of a weakly deterministic
tree automaton still needs to “choose” which of the DFAs (associated with different
states) is used to process the sequence of states that the computation reached at the
children of the current node. Since the intersection of distinct horizontal languages is
empty, the choice is unambiguous, however, when beginning to process the sequence
of states the automaton has no way of knowing which DFA to use.

A different definition, that we call strong determinism, was considered in |10, 54].1

A strongly deterministic automaton associates to each input symbol a single DFA H,

IThe paper [10] refers to weak and strong determinism, respectively, as semantic and syntactic
determinism.
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equipped with an output function, and the state at a parent node labeled by o is
determined (via the output function) by the state H, reaches after processing the
sequence of states corresponding to the children. Strongly deterministic automata
can be minimized efficiently and the minimal automaton is unique [10, 54]. On
the other hand, it was shown in [35] that for weakly deterministic tree automata
the minimization problem is NP-complete and a minimal automaton need not be
unique. Another unranked tree automaton model for which the minimal deterministic
automaton is unique consists of the stepwise tree automata that also allow a Myhill-
Nerode type characterization of regularity [35].

We study the state complexity of determinizing different variants of nondeter-
ministic tree automata. That is, we develop upper and lower bounds for the size of
deterministic tree automata that are equivalent to given nondeterministic automata.
We define the size of an unranked tree automaton as a pair of integers consisting of
the number of states used in the bottom-up computation, and the sum of the sizes
of the NFAs defining the horizontal languages. Note that the two types of states
play very different roles in computations of the tree automaton. The other possibility
would be, as is done, e.g., in [35], to count simply the total number of all states in
the different components.

Also, we study the state complexity of the conversions between the strongly de-
terministic tree automata and the weakly deterministic tree automata. Although
the former model can be viewed to be more restricted, there exist tree languages for
which the size of a strongly deterministic automaton is smaller than the size of the
minimal weakly deterministic tree automaton. It turns out to be more difficult to

establish lower bounds for the size of weakly deterministic tree automata, that is,
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DTA(DFA)s than is the case for strongly deterministic automata. Naturally, this can
be expected due to the intractability of the minimization of weakly deterministic tree
automata [35]. Using lower bound results for unambiguous finite automata [32] we

develop a lower bound criterion for the number of horizontal states of a DTA(DFA).

1.3.3 Operational state complexity

We study two different models of determinism for unranked tree automata. As men-
tioned before, we call the usual deterministic unranked tree automaton [9] model
where the horizontal languages defining the transitions are specified by DFAs (de-
terministic finite automata), a weakly deterministic tree automaton (or DTA(DFA)).
We call the other bottom-up deterministic unranked tree automaton model a strongly
deterministic unranked tree automaton (or SDTA).

We consider the state complexity of union and intersection of unranked tree lan-
guages, that is, the question how many states are sufficient and necessary, in the
worst case, to recognize the union (respectively, intersection) of tree languages L;
and Ly where L; is recognized by an unranked tree automaton with m; vertical and
n; horizontal states, i = 1,2. We give upper and lower bounds for the numbers of
both vertical and horizontal states for the operations of union and intersection. The
upper bounds for vertical states are tight for both SDTAs and DTA(DFA)s. As ex-
pected, the upper bounds for the number of vertical states for union and intersection
of DTA(DFA)s and SDTAs are similar to the upper bound for the corresponding op-
eration on ordinary string automata. For the number of the horizontal states, we get
upper bounds which are almost tight for SDTAs. Obtaining a matching lower bound

for the horizontal states of DTA(DFA)s turns out to be very problematic. This is
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mainly because the minimal DTA(DFA) may not be unique and the minimization
of DTA(DFA)s is intractable [35]. Also, as discussed in the previous subsection the
number of horizontal states of DTA(DFA)s can be reduced by adding vertical states,
i.e., there can be trade-offs between the numbers of horizontal and vertical states,

respectively.

Concatenation and iterated concatenation

While the state complexity of Boolean operations is similar in the tree case as for
ordinary finite automata operating on strings, the situation becomes essentially more
involved when considering concatenation operations where, roughly speaking, we sub-
stitute a leaf node of some tree by another tree. It is possible to extend the concatena-
tion operation from strings to trees either as a sequential or a parallel concatenation
operation. In the sequential (respectively, parallel) concatenation of trees ¢; and o
one occurrence (respectively, all occurrences) of leaves of ¢, having a designated label
are replaced by t;. The operations are extended in the natural way for sets of trees.

In order to keep the connection with string operations more transparent, we define
the substitution operation by replacing a leaf (or leaves) of t5 by #;. In the context of
trees one could define more general substitutions where a node (or nodes) of ¢, with
a given label is replaced by t;, however, this would not change the worst-case state
complexity bounds for either sequential or parallel substitutions.

We consider the state complexity of concatenation operations for regular tree
languages. As discussed above, when dealing with the weakly deterministic tree
automaton model, obtaining tight lower bounds for the number of horizontal states is

challenging already in the case of Boolean operations. For this reason when dealing
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with concatenation (and iterated concatenation) we concentrate only on bounds for
vertical states.

We give tight state complexity bounds both for sequential and parallel concatena-
tion. Interestingly, the state complexity of sequential concatenation of tree languages
turns out to be of a different order of magnitude than the corresponding bound for
regular string languages. The results for parallel concatenation are more similar to
the string case.

It should be noted that the weakly deterministic tree automaton model allows
some vertical state transitions to be undefined, that is, the model is an incomplete
deterministic automaton. The reason for this convention is that the total size (that is,
the number of vertical and horizontal states) of an incomplete weakly deterministic
automaton and an equivalent completed automaton may be significantly different.?
In order to keep the state complexity bounds consistent between different models,
we allow also ranked deterministic tree automata to be incomplete. In the case of
DFAs operating on strings, it is common to give state complexity bounds in terms of
complete DFAs, that is, all transitions of a DFA are required to be defined, see, e.g.,
[22,164]. The results for concatenation of string languages known in the literature are
stated in terms of complete deterministic finite automata (DFAs) [27, 136, [66], and
the bounds are slightly different for incomplete DFAs.

As discussed above, concatenation of tree languages can be defined either as a se-
quential or a parallel operation. We consider iterated concatenation of trees, that is,
an extension of the Kleene-star operation for tree languages. It is easy to see that iter-
ated parallel concatenation is not a regularity-preserving operation and, consequently,

we will focus on iterated sequential concatenation. Since sequential concatenation of

2This will be discussed in Section
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trees is non-associative, there are two essentially different ways to define the corre-
sponding iterated operation. We name these variants as the bottom-up star and the
top-down star operations.

We give tight state complexity bounds for both bottom-up and top-down Kleene-
star operations. We show that the bottom-up star of a tree language recognized by a
deterministic bottom-up automaton with n states can be recognized by an automaton
with (n + %) - 2"~ states and, furthermore, there exist worst-case examples where
this number of states is needed. This bound is, roughly, n times the corresponding
bound for regular string languages. On the other hand, the state complexity of the
top-down star operation is shown to coincide with the state complexity of Kleene-star

on string languages.

Other operations

Based on the sequential concatenation we define top-quotient and bottom-quotient
operations on trees which correspond, respectively, to right and left quotient of string
languages, when dealing with automata that process the input tree from the leaves to
the root. We investigate the state complexity of these two operations on deterministic
unranked tree automata. For a tree language T recognized by an n vertical state
deterministic unranked tree automaton, n vertical states are necessary and sufficient
for any deterministic unranked tree automaton to recognize the top-quotient of 7" with
respect to an arbitrary tree language. This result is analogous to the corresponding
result for the right-quotient of string languages. However, for the bottom-quotient
operation, the tight state complexity bound is (n 4 1)2" — 1 which is of a different

order than the state complexity of left-quotient for automata operating on strings.
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Recall that the state complexity of left-quotient is 2" — 1 [64]. The factor n + 1 is
necessary here because the automaton has to be sure that the concatenation takes
place in only one branch of the tree.

The natural projection on strings plays an important role in the field of supervisory
control [6,63]. The natural projection on strings is a mapping that erases from the
string all unobservable symbols. The underlying alphabet Y is considered to be a
disjoint union of observable and unobservable symbols. The natural projection could
be extended to trees in (at least) two different ways. The first possibility is to delete
from a given tree all subtrees where the root is labeled by an unobservable symbol.
The second possible way to define a natural projection for trees is to delete each
node u labeled by an unobservable symbol and then “attach” the children of u as the
children of the parent of u (the children will be listed after the left sibling of u and
before the right sibling of u). Note that both variants of the definition rely on the
fact that we are dealing with unranked trees, i.e., the label of a node does not need
to fix the number of children.

Again it is not difficult to see that the latter definition of natural projection does
not preserve regularity of tree languages. Hence we concentrate on the first mentioned
variant of natural projection on trees. We give a tight upper bound on the number
of vertical states that is different than the known state complexity 3 -2"72 — 1 of

projection for string languages [28 63].

1.3.4 Tree homomorphisms for unranked trees

Another classical operation on ranked trees is the tree homomorphism [14]. A tree

homomorphism A is defined by mappings h,,, m > 0, that associate to each symbol
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o € X, atree h,(c), possibly over a different ranked alphabet, and having variables
X1, ..., T,. The tree homomorphism h then, roughly speaking, replaces each node u
labeled by o with h,,(0) where an occurrence of the variable z; is replaced by h(t;),
if ¢; is the subtree corresponding to the ¢th child of u, i =1,...,m.

The tree homomorphism is an operation that has no obvious extension for un-
ranked trees and, as far as we are aware, tree homomorphisms for unranked trees
have not been considered before. Obviously, when dealing with unranked alpha-
bets, the tree t,,, with m variables that is used to replace an occurrence of a fork
o(xy1,...,x,), for some alphabet symbol o, should depend on the number of children
of the node labeled by o, that is on m, and m can be arbitrarily large. Thus, it is not
at all clear how the trees ¢,,, should be defined, especially, if we want the mappings
to preserve recognizability. In our definition the tree ¢,,, is output by a string-to-
tree transducer that receives as input the string consisting of the node labels of the
children of a node labeled by o.

We focus on mappings that preserve recognizability of tree languages and consider
only linear tree homomorphisms, that is, each tree ¢,,, contains at most one occur-
rence of each of the variables zq,...,x,,. In the case of unranked trees additional
conditions are needed to guarantee that a tree homomorphism preserves recogniz-
ability, and arbitrary permutations of the sequence of subtrees cannot be allowed.
For example, a mapping that moves the children from odd numbered positions to a
contiguous chunk at the beginning, followed by the sequence of children that orig-
inally occurred in even numbered positions, does not preserve recognizability. We
need to introduce additional restrictions for the string-to-tree transducers in order to

guarantee that the defined mappings preserve recognizability.
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On the other hand, we attempt to make the definition of tree homomorphisms
as general as possible while enforcing the requirement that the mappings preserve
recognizability of tree languages. In particular, we want that trees ¢, ,,, for sufficiently
large m, can include any unranked tree, modulo the restriction of linear variable
occurrences.

In order to satisfy these conflicting requirements we introduce string-to-tree trans-
ducers that build an output tree in left-to-right depth-first order. Note that models
that could build the output tree in parallel at more than one location would define
mappings that do not preserve recognizability (at least for naturally defined models
that do not involve some artificial restrictions). Another technical issue to deal with
in the definition of the transducers is that the output trees need to contain variables
from a potentially infinite set, however, the transitions of the transducer need to have
a finitary definition. During the computation, the transducer stores variables in a
finite number of memory locations, however, the transducer is not able to distinguish
between the names of the variables.

Our definition gives one possible way to define tree homomorphisms for unranked
trees, however, other extensions of tree homomorphisms from ranked trees to un-
ranked trees could be possible. Establishing bounds for the state complexity of tree
homomorphisms remains a topic for future work. If a tree homomorphism A is defined
using a string-to-tree transducer M, then a state complexity bound for h(L) would
depend on the size of the DTA for the tree language L and on the number of states

of the transducer M.
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1.4 Organization of the Thesis

We summarize the contents of the thesis. In Chapter [2] we recall definitions for tree
automata operating on unranked trees and ranked trees, respectively, some notation,
and introduce some lower bound techniques that are used in the later chapters. In
Chapter [3] we study the state trade-offs for both deterministic and nondeterministic
unranked tree automata. State complexity of conversions between variants of un-
ranked tree automata is presented in Chapter 4l In Chapter Bl we define extensions
from strings to trees of operations such as concatenation, iterated concatenation and
natural projection. There is more than one way to extend concatenation-like op-
erations from strings to trees. The operational state complexity is investigated in
Chapter [0l and Chapter [[l Chapter [§ gives a definition of regularity-preserving tree

homomorphisms on unranked trees. Chapter [@ concludes the thesis.



Chapter 2

Preliminaries

Here we recall and introduce some basic definitions concerning strings and trees that
will be used in the following subsections. A good general reference on automata
and formal languages is the handbook by Rozenberg and A. Salomaa [55]. For more
information on tree automata see the electronic book by Comon et al. [9] or the
handbook article by Gécseg and Steinby [14].

The set of positive integers is denoted IN. The cardinality of a finite set S is
denoted |S| and the power set of S is denoted 2°. When there is no danger for
confusion a singleton set {s} is denoted simply by s. For a Cartesian product S =
Sp x -+ x 8, the ith projection, 1 < ¢ < n, is the mapping m; : S — S; defined by
setting m;(s1,...,5,) = si, s; € S5, 7 =1,...,n. The set of all strings over a set K is
denoted K™.

A nondeterministic finite automaton (NFA) is a tuple A = (Q, 3, 9, qo, F') where ¥
is the input alphabet, () is the finite set of states, ¢y € () is the start state, F' C @) is the

set of final states, and 6 : Q x ¥ — 29 is the nondeterministic transition function. A

19
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deterministic finite automaton (DFA) is an NFA where the transition function is one-
valued, that is, ¢ is a function @ x 3 — (. An unambiguous finite automaton (UFA)
is an NFA where any accepted string has only one accepting computation. Sometimes
we consider also an extension of an NFA where some transitions are labeled by the
empty string, this model is called an e-NFA. More information about finite automata
on strings can be found in [60, 64].

For a string w over an alphabet ¥, |w|,, o € ¥ denotes the number of occurrences
of o in w. For a regular language L, we denote the (respectively, nondeterministic)
state complexity of L by sc(L) (respectively, nsc(L)) the number of the states of the
minimal DFA (respectively, a minimal NFA) recognizing L.

We assume that notions such as the root, a leaf, a subtree and the height of a tree

are known. We use the convention that the height of a single node tree is zero.

2.1 Basic definitions on trees

A tree domain is a prefix-closed subset D of IN* such that if ui € D, u € IN*, i € IN
then uj € D for all 1 < 5 < 4. The set of nodes of a tree t is represented in the
well-known way as a tree domain dom(t) and the labeling of the nodes can be viewed
as a mapping t : dom(¢) — X where ¥ is a finite alphabet of symbols. For u € dom(t),
t(u) is the element of 3 labeling the node u in the tree t. The label of a node does not
determine the number of children, and thus, we use labeled ordered unranked trees.
Each node of a tree has a finite number of children with a linear order, but there is
no a priori upper bound on the number of children of a node. The set of all >-labeled
trees is Tx. A tree language is any subset of T;.

We introduce the following notation for trees. For ¢ > 0, a € ¥ and t € T, we
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Figure 2.1: The tree a(by, b, ..., by,)

denote by a'(t) = a(a(...a(t)...)) a tree, where the nodes ¢, 1, ..., 1! are labeled by
a and the subtree at node 1" is t. When a € 3, w = biby...b, € ¥*, we use a(w) to
denote a tree a(by, by, ..., b,) shown in Figure 2] which is also referred to as a fork.
When L is a set of strings, a(L) = {a(w) | w € L}. The set of all 3-trees where
exactly one leaf is labeled by a special symbol z (z ¢ X)) is Tx[z]. For t € Tx[x] and
t' € Ty, t(x < t') denotes the tree obtained from ¢ by replacing the unique occurrence
of variable x by t'.

For o € ¥ and t € T, leaf(t,0) C dom(t) denotes the set of leaves of ¢ with label
o. Let t be a tree and u some node of t. The tree obtained from ¢ by replacing the
subtree at node u with a tree s is denoted ¢(u < s). The notation is extended in the
natural way for a set of pairwise independent nodes U of t and S C Tx: t(U < S) is
the set of trees obtained from ¢ by replacing each node of U by some tree in S.

A ranked alphabet is a pair (3,7) where ¥ is a finite set and r : ¥ — INU {0} is
a function that associates with each element o € ¥ its rank (o). The set of elements
of rank m is ¥,,, m > 0. Usually instead of (X, r) we speak of the ranked alphabet
Y. and assume that r is known. The set of trees over a ranked alphabet >, is the
smallest set S satisfying the condition: if m > 0, ¢ € ¥, and t1,...,t,, € S then
o(ti,...,tm) € S. That is, trees over a ranked alphabet ¥ are Y-labeled trees where a
node with m children is labeled by an element of ¥,,. Note that in order to make the

distinction more transparent, the set of all trees over a ranked alphabet is denoted
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Fs, (as opposed to Ty in the unranked case).

In the following two subsections, we define tree automata operating on ranked
and unranked trees, respectively. In each case the automaton reads the tree from
the leaves towards the root, and the states at the children of a node u determine
the state at node u. In the case of ranked trees, the number of transitions is finite
and a tree automaton can be specified simply by listing the transitions. On the
other hand, the transitions of an unranked tree automaton need to be specified using
regular languages, called horizontal languages. Naturally a ranked tree automaton is
a special case of an unranked tree automaton. We include a separate definition for
ranked tree automata mainly because the notations are much simpler when we can
just list the transitions of the automaton. Some state complexity lower bounds can be
reached by tree languages over a ranked alphabet, and in such cases it is convenient

to restrict consideration to automata operating on ranked trees.

2.2 Ranked tree automata

A nondeterministic bottom-up tree automaton' (NTA) is a four-tuple A = (2, Q, Qr, 9)
where ¥ is a ranked alphabet, () is a finite set of states, Qr C @ is a set of accepting
states and g associates to each o € %, a mapping o, : Q™ — 29, m > 0. For each
t =o0(ty,...,tm) € Fx we define inductively the set ¢, C @ by setting ¢ € ¢, if and
only if there exist ¢; € (t;),, ¢ = 1,...,m, such that ¢ € o4(q1,...,¢,). Intuitively,

ty consists of the states of () that A may reach at the root of . The tree language

'We view trees to be drawn with the root at the top, and hence a bottom-up automaton processes
an input tree starting from the leaves.
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Figure 2.2: An input tree ¢ (a) and the states A assigned to each node in t (b)

accepted by A is L(A) = {t € Fx | t,NQr # 0}. The intermediate stages of a com-
putation, or configurations, of A are trees where some leaves may be labeled by states
of A. Thus the set of configurations of A consists of ¥'-trees where ¥ = ¥y U {Q}
and X! =X, when m > 1. The set of configurations is denoted as Fx[@Q)].

The automaton A is deterministic (a DTA) if for each o € X, (m > 0), g, is
a partial function @™ — . The nondeterministic (bottom-up or top-down) and
deterministic bottom-up tree automata accept the family of reqular tree languages

[9,14]. A Kleene’s Theorem for the family of regular tree languages is defined in [14].

Example 1. Consider a ranked tree automaton A = ({w, 7,0}, {qw, ¢4}, {90}, 9),

where

09 =G, Tg(Go1q0) = vy Wo(dor Gr) = Gu-

An input tree t is shown in Figure (a) and the states assigned to each node in ¢

are shown in Figure (b).

Note that we allow a deterministic tree automaton to have undefined transitions,
that is, 04, 0 € ¥, is a partial function Q™ — (). While adding a dead state to
an incomplete ranked tree automaton changes the number of states only by one, the

situation is essentially different in the case of unranked tree automata, see Remark
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in Section 2.3l In order to make the state complexity bounds compatible between the
two models, we allow also the ranked tree automata to be incomplete.

Most of our work uses the more general model of tree automata operating on
unranked trees that will be defined in the next subsection. We have here given the
more restricted definition of ranked tree automata because the model is considerably
simpler and it will be used in Chapter [0 where essentially similar state complexity
lower bounds can be achieved with ranked automata as with the more general (and

more complicated) model of unranked tree automata.

2.3 Unranked tree automata

A nondeterministic unranked tree automaton is a tuple A = (Q, %, 4§, F'), where @ is
the finite set of states, X is the alphabet labeling nodes of input trees, F' C @) is the
set of final states, and § is a mapping from ) x ¥ to the subsets of Q* which satisfies
the condition that, for each ¢ € Q, o € 3, 6(q, 0) is a regular language. The language
d(q,0) is called the horizontal language associated with ¢ and o.

A computation of A on a tree t € Ty, is a mapping C' : dom(t) — @ such that for
w € dom(t),if u-1,...u-m, m > 1, are the children of u then C(u-1)---C(u-m) €
d(C'(u),t(u)). In case u is a leaf the condition means that m = 0 and € € §(C'(u), t(u)).

Intuitively, if a computation of A has reached the children of a o-labeled node u in
a sequence of states ¢, qo, . . ., ¢m, the computation may nondeterministically assign a
state ¢ to the node u provided that qiqs - - - qm € 0(g,0). For t € Tx, t* C Q denotes
the set of states that in some bottom-up computation A may reach at the root of
t. We extend this notation for a string w € ¥*, by setting w € Q* to denote the

string of states that A reaches at leaves labeled by elements of the string w. The tree
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Figure 2.3: An input tree ¢ (a) and vertical states A assigned to each node in ¢ (b)

language recognized by A is defined as L(A) = {t € Tx | t*" N F # 0}.

For a tree automaton A = (Q, %, 4, F'), we denote by H;}U, g€ Q, o€, anon-
deterministic finite automaton (NFA) on strings recognizing the horizontal language
d(q,0). The NFA H/! is called a horizontal NFA, and states of different horizontal

automata are called collectively horizontal states. We refer to the states of ) that

are used in the bottom-up computation as vertical states.

Example 2. Consider the following bottom-up unranked tree automaton as an ex-

ample. Let automaton A = ({qa, %, ¢c}, {a, b, c}, 0, {q.}), where

0(¢asa) =€, 0(a,b) = qala;  6(Ge; €) = GaGae-
Let t be an input tree shown in Figure (a). The vertical states that A assigned
to each node in t are shown in Figure (b). The horizontal languages associated
with ¢, b and q., ¢, respectively, are shown in Figure 2.4 Figure shows the
horizontal DFA H (ﬁ,c recognizing the horizontal language 0(q., c¢) and {0,1,2, 3} are

the horizontal states.

A tree automaton A = (Q, %, 4, F') is said to be (semantically) deterministic if
for o € ¥ and any two states ¢; # ¢, d(q1,0) N(g2,0) = 0. The above condition

guarantees that the state assigned by A to a node u of an input tree is unique (but
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Figure 2.4: Horizontal languages
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Figure 2.5: Horizontal DFA and horizontal states

A need not assign any state to u if the computation becomes blocked below u).

We get a further refinement of classes of automata depending on whether the hor-
izontal languages are defined using DFAs or NFAs. We use NTA(M) or DTA(M),
respectively, to denote (the class of ) nondeterministic or deterministic tree automata
where the horizontal languages are specified by the elements in class M. For ex-
ample, NTA(DFA) denotes the nondeterministic tree automata where the horizontal
languages are recognized by a DFA.

Note that when referring to a tree automaton A = (Q, %, 6, F) it is always assumed

that the relation d is specified in terms of automata H,

,q € Q, 0 €, and by saying
that A is an NTA(DFA) we indicate that each H/ is a DFA.
If Aisa DTA(NFA), for any tree ¢t € T% the bottom-up computation of A assigns

a unique vertical state to the root of ¢, that is, ¢4 is a singleton set or empty. If the



CHAPTER 2. PRELIMINARIES 27

horizontal automata H ;}U are DFAs, furthermore, for each transition the sequence
of horizontal states is processed deterministically. However, a computation that has
reached children of a o-labeled node in a sequence of states w € QQ* still needs to make
the choice which of the DFAs H, C‘;‘J, q € Q, is used to process w. For this reason we
consider also the following notion introduced in |10] that we call strong determinism.

A tree automaton A = (Q, %, 6, F) is said to be strongly deterministic if for each

o € ¥, the transitions are defined by a single DFA augmented with an output function

as follows. For o € X define
H&A = (SU7Q7707827F07)\0)7 (21)

where (S5, Q,7s, 82, F,) is a DFA over input alphabet @, with set of states S, where
sV € S, is the start state, F, C S, is the set of final states and 7, : S, x Q — S, is
the transition function, and A, is a function F, — (). Then we require that for all
geQand o € X: 6(q,0) = {w € Q" | \o(7,(s2,w)) = q}. Note that the definition
guarantees that d(q1,0) N (g, o) = O for any distinct ¢1, ¢ € @, o € X. The class of
strongly deterministic tree automata is denoted as SDTA.2

By the size of an NFA B, denoted size(B), we mean the number of states of
B. Because in the computations of an unranked tree automaton the roles played by
vertical and horizontal states, respectively, are essentially different, when we want to

measure the size of an automaton more precisely we count the two types of states

separately. The size of an NTA(NFA) A = (Q, %, 6, F) is defined as?

size(A) = | |Q; ) size(H,,) | (€ NxIN). (2.2)

qeEQ,0€X

2Strictly speaking, & is superfluous in the tuple specifying an SDTA and the original definition
of [10] gives instead the automata H2, o € ¥.. We use J in order to make the notation compatible
with our other models, and to avoid having to define bottom-up computations of SDTAs separately.

3For readability we use [ ; ] to denote a pair instead of ( , ).
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Using notations of (2.]), the size of an SDTA A is defined as the pair of integers
size(A) = [ |Q; Y _,ex |9] ]. Comparisons between pairs of integers are done compo-
nentwise, that is, we denote [z1,y1] < |22, yo] if 21 < 5 and y; < yo.

For any unranked tree automaton A = (Q, X, 9, F'), we denote as tsize(A) the total

number of vertical and horizontal states

tsize(A) = |Q| + Z size(H;}J). (2.3)

qEQ,0€X

We say that a DTA(DFA) (NTA(NFA), NTA(DFA), DTA(NFA), respectively) A
is v-minimal if A has the smallest number of vertical states among all the DTA(DFA)s
(NTA(NFA)s, NTA(DFA)s, DTA(NFA)s, respectively) that recognize L(A), and A is
t-minimal if A has the smallest total number of states.

It is known that a DTA(DFA) with a minimal total number of states for a regular
tree language need not be unique [35]. In particular, it is possible that an automaton
with the smallest total number of states does not have the smallest possible number

of vertical states.

Remark 3. For deterministic tree automata operating on unranked trees, the sizes
of an incomplete deterministic automaton and the corresponding completed version
may be significantly different. Adding a dead state for the bottom-up computation,
requires adding, corresponding to an input symbol o, a horizontal language L that is
the complement of a finite disjoint union L(A;)U...UL(A,,) where A;, i =1,...,m,
are the DFAs recognizing the horizontal languages corresponding to symbol o and the
states of the incomplete automaton. The size of the minimal DFA for L may be
considerably larger than the sum of the sizes of A;, i = 1,...,m. When considering
state complexity of tree automata operating on unranked trees it is convenient to allow

the use of incomplete automata.
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2.4 Lower bound techniques

It is well known that each regular ranked tree language has a unique minimal DTA
that can, furthermore, be computed efficiently [14]. The situation is essentially more
complicated in the case of unranked tree automata and, in particular, the DTA(DFA)
with the smallest total number of (vertical and horizontal) states need not be unique.
In this subsection we provide several lower bound criteria that will be used later on
for our state complexity bounds for unranked tree automata.

The following two lemmas provide lower bound estimates for vertical and horizon-
tal states of SDTAs, respectively. These are, essentially, consequences of the Myhill-
Nerode type characterization of regular unranked tree languages given in [4, [10].

For t € Ty, a leaf u of t, and ¢ € @) we denote by t(u < q) the tree obtained from
t by replacing the label of u by q. We say that states ¢; and ¢ of a DTA(DFA) A
are equivalent if for any ¢ € Ty, and any leaf u of ¢, the computation of A accepts
t(u < ¢) if and only if it accepts t(u < o).

For our purposes it is convenient to have separate conditions for vertical states
and for horizontal states, although it is possible to have a Myhill-Nerode characteri-
zation that integrates the conditions for the vertical and horizontal states into a single

subtree equivalence relation.

Lemma 4. Let A be an SDTA or a DTA(NFA) with a set of vertical states Q) recog-
nizing a tree language L. Assume R = {t,... t,,} C Tx where foranyl <i<j<m
there exists t € Tx|x] such that t(x < t;) € L if and only if t(x < t;) ¢ L. Then
Q[ = |R| - 1.

Proof. The condition of the lemma guarantees that the state of A can be undefined
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at the root of at most one of the trees of R. If ) has less than |R| — 1 states, then
A must reach in the same state the root of two distinct trees t1,ty € R. According
to the assumption, there exists ¢ € Tx[z] such that t(x < ¢;) € L if and only if

t(x < t9) ¢ L. This is a contradiction. ™

Lemma 5. Let A be an SDTA with a set of vertical states () recognizing a tree
language L. Let S be a finite set of tuples of Y-trees and let b € ¥. Assume that for
any distinct tuples (11, ...,7Tm), (S1,...,8,) € S there exists t € Tx[z] and a sequence

of trees uy, ..., ux such that

tx <« 0(ry,...,"m,u1,...,ug)) € L if and only if t(z < b(s1,...,Sn,U1,...,ux)) & L.
(2.4)

Then the horizontal automaton H{ needs at least | S| — 1 states.

Proof. If H{! has less than |S| — 1 states, then for two distinct tuples (ry,...,7,),
(51,...,8,) of S the automaton H/ must be in the same state after reading the
strings 77" - -2 and s7'- - 52 (€ Q*). Note that the condition (2.4) guarantees that

at most one tuple of S can contain a tree r for which 74 is undefined. Now A

reaches the same vertical state at roots of ¢(z < b(ry, ..., 7, U1, ..., ug)) and t(z <

b(S1,. .y Sny U1, ..., ug)). This contradicts (24). =

By extending the Myhill-Nerode congruence from words to trees, we can prove

the following proposition.
Proposition 6. The v-minimal DTA(DFA) of a regular tree language is unique.
Proof. Let A = (Q,%,0,F) be a DTA(DFA). We say that states ¢i,¢q2 € Q are

equivalent if for any t € Ty and any leaf u of ¢, the computation of A accepts

t(u < ¢q1) if and only if it accepts t(u < ga).
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Denote L = L(A) and the above equivalence relation by =;. Now exactly as
in the case of ranked tree automata [14] it follows that the vertical states of any v-
minimal DTA(DFA) equivalent to A consist of the congruence classes of =y, that is,
the set of vertical states is determined by the tree language L. The operations on the
congruence classes then uniquely determine the horizontal languages. * Note that in
any v-minimal DTA(DFA) B equivalent to A, an individual congruence class cannot

be divided into separate states because this would destroy the v-minimality of B. =

The extension of the Nerode congruence is called the top-congruence in [4], and
the corresponding construction for tree languages over ranked alphabets can be found
in [14]. A Myhill-Nerode theorem for stepwise automata on unranked trees can be
found in [35].

Next we develop a lower bound criterion for the number of horizontal states in
DTA(DFA)s. Since there is no unique DTA(DFA) with the smallest total number of
states, determining lower bounds for horizontal states is more involved than in the
criterion of Lemma [B] used above for SDTAs. As will be seen in Chapter [3] it is often
possible to reduce the number of horizontal states by introducing redundant copies
of vertical states, that is, replacing a horizontal language as a disjoint union of one
or more languages. The proof of Lemma [7] below is based on the idea that (at least
in certain restricted situations) if in a v-minimal DTA(DFA) we replace a vertical
state ¢ with equivalent copies py, ..., p, for an input symbol o, the horizontal DFAs
corresponding to o and each of the p;’s, yield an unambiguous NFA for the horizontal

language corresponding to ¢ and the original vertical state ¢. This result together

4As noted in |4, [10], for unranked tree languages in addition to the congruence having a finite
index we need further conditions to guarantee regularity of the horizontal languages. However, in
Proposition [(] we just need a v-minimal deterministic automaton for a tree language that is known
to be regular, and we do not need to consider the additional conditions.
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with existing lower bounds for the size of unambiguous NFAs [32, 58] can then be
used as a lower bound criterion for the number of horizontal states in DTA(DFA)s.
We first introduce some technical notions used in the lower bound condition. Let

L be a regular tree language over X. We say that o € X is a unique height-one label

for L if

1. in trees of L, o occurs only as a label of nodes of height one, and,

2. for any 1,70 € X, 71 # T, that label leaves below a height one node u labeled
by o, 71 and 7, are inequivalent with respect to the Nerode congruence of the

tree language L.

Note that any DTA(DFA) can assign only one state to a leaf node. It follows that
if o is a unique height-one label for tree language L, any DTA(DFA) recognizing L
must assign a distinct state to all leaves occurring below a node labeled by o. This
observation will be used in the proof of Lemma [7l

Let A be a v-minimal DTA(DFA) and B an arbitrary DTA(DFA) recognizing
L(A). By considering the usual equivalence relation among vertical states of B, as
was defined in the proof of Proposition[@ we see that the states of B can be partitioned
into equivalence classes, each consisting pairwise equivalent states (in terms of the
vertical computation) that were used to replace one vertical state of A. For a state ¢
of A, we denote by [g]p the set of states of B that correspond to ¢ in this way.

Recall that if A is a DTA(DFA), the DFA recognizing the horizontal language
associated with state ¢ and symbol ¢ is denoted as H C‘;‘J. We denote the number of

states of H.\, as |H_\

R ,J"
Lemma 7. Let A = (Qa, X, 04, Fa) be a v-minimal DTA(DFA) for tree language L
and let B = (Qp,%,0p, F) be an arbitrary DTA(DFA) for L.
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Suppose that o € ¥ is a unique height-one label for L. Then for any q € Q 4,

> Hyl

p€ld)B

is greater or equal than the size of the smallest unambiguous NFA for L(H;}J). (Fol-

lowing [32] we allow here an NFA to have multiple initial states.)

Proof. Since ¢ is a unique height-one label for L, both A and B assign a unique
state to any leaf labeled by 7 that in some tree of L may occur below a height-one
node labeled by o. Denote by €2, the set of symbols that in trees of L may label a

leaf occurring below a node labeled by o. Let f, be the bijection
Pstates_below_a = {S € QB | €€ 53(577—)’7— € QO’} — {T € QA | €€ (5,4(7’, T),T € QO’}

that for each 7 € Q,, maps the unique s € @) such that € € dg(s,7) to the unique
7 € Qa such that € € d4(r, 7).

Let ¢ € Q4 be arbitrary (such that d4(q,0) # 0). Let t = o(71,...,7m) be a tree
of height one with root labeled by o. For any p € [¢]p, if B reaches the root of ¢
in state p then A reaches the root of ¢ in state ¢, and conversely if A reaches the
root of ¢ in state ¢ then B reaches the root of ¢ in some of the states of [¢]z. This
means that from the DFAs Hﬁ,, p € [q], we can construct for the language d4(q, o) a
DFA C with multiple initial states simply by taking their disjoint union and replacing
each transition labeled by s € Pitates.below.s DY fo(s). Since B is deterministic, the
languages L(H) ) and L(HJ[ ,), p1,p2 € [q]B, p1 # P2, are disjoint. This means that

for w € @)%, C has at most one accepting computation on w and C' is an unambiguous

NFA (with multiple initial states). =

Please note that Lemma [] gives a method to prove a lower bound for the number

of the horizontal states without the influence of the state trade-offs.



CHAPTER 2. PRELIMINARIES 34

$ |2
§omostesg
b

Figure 2.6: An NFA for the language Lyjoore-

Lemma [ gives a lower bound condition for the number horizontal states in terms
of the size of a smallest unambiguous NFA for the horizontal language. A useful lower
bound condition for the size of unambiguous NFAs has been given by [58], for a good
presentation of this result see also [32]. We denote the rank of a (square) matrix M

as rank(M).

Theorem 8. [58] Given a regular language L and strings z;, y; fori =1,...,n, let
M be an n x n matriz such that M|x;,y;| = 1 if v;y; € L, and 0 otherwise. Then any
UFA for L has at least rank(M ) states.

2.5 Auxiliary results on regular string languages

We recall here some properties of finite automata on strings and establish a technical
property of a particular unary regular language. The properties will be used in
Section

It is well known that for each n > 1 there exists an NFA with n states such that

the minimal equivalent DFA needs 2" states [38, 164].

Example 9. [38] Let Lyjoore be the language defined by the NFA in Figure[Z.0. It is
shown already by Moore [38] that any DFA for the language Lyioore needs at least 2"

states.
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We recall some notation concerning unary DFAs. An arbitrary unary DFA recog-

nizing an infinite language can be written as a tuple

A= (Qa{a}v(sa quF) (25)
where Q = {qoa .- '7qh+k—1}a h > Oa k > ]-7 F - Q and 5((]’57(1) = Gi+1, 0<i< h+k_]-7
(qnik—1,a) = qn. The states qo,...,qn_1 are called the tail of A and the states

Gh, - - > Qner—1 are called the cycle of A.

Lemma 10. Let py, ..., p, be the first n primes. Suppose that Ry and Ry are a

partition of {1,...,n}. Define
Lo={d | [(Vr € R))j =0 (modp,)] and [(Vr' € Ry)j # 0 (mod p,)] }.

Assume Ly is a reqular infinite subset of Lo. If A is a DFA recognizing Ly then

the cycle of A has length at least I1}'_;p;.

Proof. We use for A notations as in ([Z.5]). Now the claim can be written as k >
I pi-

Since L is infinite, the cycle of A has an accepting state g, 14, 1 <z < k.

First consider an arbitrary r € R;. Now a"~'*® € L; and " '"**** € L,. Hence
h—1+4+2x=0 (modp,) and h—14+x+k =0 (mod p,), which implies that p, divides
k.

Next consider an arbitrary ’ € Ry and for the sake of contradiction assume that
k # 0 (mod p,). This means that the equation v -k =1 (mod p,») has a solution wy
for u. Choose y € {0,...,p — 1} such that h — 1 4+ = = y (mod p,).

Since a"~1** € L, and k is the length of the cycle of A, it follows that also
al— ety —y)uok ¢ 1. This is a contradiction because, by the choice of uy and ¥, we

have h — 1+ x + (p — y)upk = 0 (mod p,»), and by the definition of Ly the prime p,
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should not divide the length of a word in L; C L.

We have shown that each p;, 1 < i < n, divides k£ and the claim follows.

36



Chapter 3

State trade-offs in unranked tree

automata

It is known that a regular tree language does not, in general, have a unique minimal
DTA(DFA) [35], and in particular, the DTA(DFA) with the smallest total number
of states does not need to have the smallest possible number of vertical states. This
is illustrated in the following example by giving a regular language L, with state
complexity 256 such that L is a disjoint union of eight languages requiring a total of
176 states. Thus, by replacing one vertical state that has horizontal language Ly by
eight distinct vertical states (that could be equivalent in the bottom-up computation)

we could reduce the total size of A.
Example 11. Recall that we denote the size of a minimal DFA for a regular language
L, or the state complezity of L, as sc(L). Consider the language
Lo = (a+b)*b(a +b)".
The minimal DFA for Ly has 256 states and Lo can be represented as a disjoint

37
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Table 3.1: State complexity of disjoint union

Language (L;) sc(Ly) Language (L;) sc(L;)
Ly = (a+b)*bbbb(a +b)* | 29 | Ly = (a+b)*babb(a+b)* | 23
Lz = (a+b)*bbab(a +b)* | 28 | Ly = (a+b)*bbba(a +b)* | 19
Ls = (a+b)*baabla +b)* | 22 | Ls = (a+b)*baba(a +b)* | 22
L; = (a+0b)*bbaa(a+b)* | 19 | Lg = (a+b)*baaala+b)* | 19

union of languages L;, 1 < i < 8, that are listed in Table 31 together with the state

complezity of each language. From the table we see that Zle sc(L;) = 176.

On the other hand, by defining an equivalence relation for the set of vertical states
(as in the case for tree automata on ranked trees) it is easy to see that any regular
tree language has a unique DTA(DFA) with the smallest number of vertical states, as
stated in Proposition [0l By a state trade-off we mean a situation where we add to a
DTA(DFA) additional vertical states in a way that reduces the total number of states.
Since minimization of the total number of states of a DTA(DFA) is NP-complete [35],
questions of state trade-offs can be expected to be hard.

We establish upper bounds for the maximal state trade-offs in DTA(DFA)s and
give exponential lower bounds for the state trade-offs. Also by relying on nondeter-
ministic state complexity of regular languages [19] we show that for DTA(NFA)s there
can be no trade-offs between the number of vertical and horizontal states, that is, any
regular tree language has a minimal DTA(NFA) that has also the smallest possible
number of vertical states. However, this does not mean that a minimal DTA(NFA)
would be unique, because it is well known that a minimal NFA for a regular language
need not be unique [60, 64].

We also consider corresponding state trade-offs for nondeterministic tree automata.
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Here the situation becomes more involved due to the fact that also the bottom-up
computations with a minimal number of vertical states can be constructed in very

different ways.

3.1 Maximal trade-off in DTA(DFA)

In this section, we first investigate the upper bounds on the state trade-offs in a
DTA(DFA). After that we give two lower bound results, with a fixed size and a

non-fixed size alphabet, respectively.

Lemma 12. Let A = (Q, %, 6, F) be an arbitrary DTA(DFA) with n vertical states,
Q =1{1,....,n}, and for each o0 € ¥, let L, ,, 1 < i < n be the horizontal language
associated with o and state i. Assume that L;, = @?:1 Liyj, ki > 1, where €@
denotes disjoint union.

Then there exists a DTA(DFA) B equivalent to A where state i is replaced by
k; equivalent states and the transitions of B associated with symbol o need at most

Yo Zf’zl sc(Li ;) horizontal states.

Proof. Let B = (@', %, F’), where Q" = {(i,7) | 1 <i<n,1 <j <k}, and the
d'-transitions are defined for each o € ¥ and (i,7) € @' by setting

5/((i7j)70-) = { (ilajl)(i2>.j2) e (Zma.]m) | m Z 07 Z.12.2 o Zm S Li,a,j }
A state (4,7) is in F’ if ¢ € F. Since by our assumption the languages L, ;, and

L, ;, are always disjoint when j; # jo, the tree automaton B is deterministic.

The total number of horizontal states needed for transitions associated with o is

n k;
Dict Zj:l sc(Ligy). ™
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Since the state complexity of a regular language L;, may be considerably larger
than Zf’:l sc(Li ey j), Lemma [[2 gives a method to reduce the total number of states
in a DTA(DFA). In order to establish an upper bound for the worst-case state trade-
off, we first observe that any trade-off for a v-minimal DTA(DFA) has to be based on
a construction where a given vertical state and its horizontal language are replaced
by equivalent vertical states with disjoint horizontal languages.

Suppose that A is the unique v-minimal DTA(DFA) (as given by Proposition [0),
and B is any DTA(DFA) that is equivalent to A. By considering the standard equiva-
lence relation among vertical states of B (as defined in the the proof of Proposition ),
it is easy to see that B is a “refinement” of A where each vertical state of A has been
replaced by one or more equivalent vertical states. Thus, when considering the trade-
off between the number of vertical and horizontal states, it is sufficient to restrict
consideration to situations where in a v-minimal DTA(DFA) we replace each vertical
state by a number of states that are equivalent (in terms of the vertical computation),
as described in the statement of Lemma [I21

In the following we want to identify the maximal reduction of the total number of
states that may result when we replace one vertical state i of a v-minimal DTA(DFA)
A by k; vertical states. Recalling the state complexity of (disjoint) union [64] and using
the notations of Lemma/[I2] the maximal number of horizontal states corresponding to
tand o € ¥in Ais H?;lsC(Li,g,j) and in the modified DTA(DFA) B these are replaced
by Zle sc(L;;) horizontal states and k; — 1 additional vertical states. Thus the
question of finding the maximal trade-off amounts to finding k; > 1 and horizontal

languages L, ;, 1 < j < k;, such that the
ki
value Hfizlsc(Li,g,j) is maximized as a function of Z(SC(LLUJ) +1). (3.1)
j=1
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We note that Krause [29] considers a related, but different, problem of maximizing
the product of integers H?Zldj as a function of their sum Z?Zl d;. Our solution is
inspired by the solution given in [29], but the case analysis for our problem turns out
to be a bit more complicated.

In order to solve (B, define {z1,..., 2%}, z; € N, i = 1,...,k, k > 1 to be a
partition of s € IN if s = Zle(xi + 1). A partition is a winning partition if Hle x;
is maximal among all partitions of s. We observe that the following properties hold

for a winning partition.

1. No winning partition can contain a one (except when s = 2). If x; = 1, we just

take it out and add two to some other z;.

2. No winning partition needs to contain a six because a six can be replaced by a

two and a three. (Note an extra vertical state is needed.)

3. No z; can be greater than six. If z; > 6 is even, then z/2(x/2 — 1) > z. If
x; > 6 is odd, then (x —1)/2- (x — 1)/2 > x. In both cases P is not a winning

partition.

4. P cannot contain a two and a five because they could be replaced by a three

and a four.

5. P cannot contain a two and a four because they could be replaced by two

three’s.
6. P cannot contain two two’s because they could be replaced by a five.

7. P cannot contain a two, and two three’s because they could be replaced by a

four and a five.
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Table 3.2: Winning partitions for s < 11

s | vertical states | horizontal states (P)
1 _ _
2 1 1
3 1 2
4 1 3
> 1 4
6 1 >
7 2 2.3
3 2 3.3
9 2 3,4
10 2 44
11 2 45

The above means that x; = 2 can only occur in P when P = {2,3} and s =7, or
P = {2} and s = 3.

The winning partitions for small values of s are listed in Table3.2l In the following
we restrict consideration to cases s > 12. Up to now we have concluded that the only

numbers that can occur in P are three, four and five.

8. P cannot contain two five’s because they could be replaced by three three’s.

9. P cannot contain a three and a five because they could be replaced by two

four’s.

Now we know that either P contains only four’s and one five, or only three’s and

four’s.

10. P cannot contain two four’s and a five because they could be replaced by four

three’s.

Thus, the number five can occur only in cases s = 11 and s = 6.
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11. P cannot contain five three’s because they could be replaced by four four’s.

Thus, we know that when s > 12, P contains only three’s and four’s, and at most
four three’s.

Clearly if P is a winning partition, the sum of (z; + 1)’s is exactly s (because
otherwise we could add one to one of the z;’s).

Putting the above together means that writing s = Zk

i=1(sc(Loyj)+1), s > 12, and

t = II¥_;sc(Ly,;), we have exactly one possible solution for (31)) that is determined

as follows:

e If s = 0(mod 5), then ¢ is maximized to 4*/> when each sc(L, ;) = 4,

e If s = 1(mod 5), then ¢ is maximized to 3* - 4¢~19/5 when four of the sc(L,;)’s

are equal to 3, and the rest of the sc(L, ;)’s are equal to 4,

e If s = 2(mod 5), then ¢ is maximized to 3%-4¢~12/5 when three of the sc(L,;)’s

are equal to 3, and the rest of the sc(L,,;)’s are equal to 4,

e If s = 3(mod 5), then ¢ is maximized to 32 - 4578/5 when two of the sc(L,)’s

are equal to 3, and the rest of the sc(L, ;)’s are equal to 4,

e If s = 4(mod 5), then ¢ is maximized to 3 - 4©~4/5 when one of the sc(L,;)’s is

equal to 3, and the rest of the sc(L, ;)’s are equal to 4.

The above analysis allows us to give an upper bound for the worst-case trade-off

that can be obtained based on the method of Lemma [12]

Theorem 13. Using the notations of Lemma (12, let s; = Z?’:l(sc(Li,U,j) +1),1<

i <n,! and assume that s; > 12. Let X,Y, Z, UV C {1,2,...,n} be the sets of s;’s

ITo be completely general the values s; depend, in addition to i € @ also on a symbol o € X.
We have omitted o in the notation to avoid making the formulas even more complicated.
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defined by the conditions
e s, =0(mod 5),z€X, s,=1(mod5),yeY, s,=2(mod5H), z€Z,
e 5, =3(mod b5),uelU, s,=4(modb5),veV.

The maximal trade-off (corresponding to (31)) occurs when the tree automata A
and B (as in Lemma [13) have the following numbers, respectively, of vertical and
horizontal states:
size(A) = [ e 4074 ey 3 A0 T 30 401200y
S e 3% A(5u=8)/5 4 > uer 3 4lse=4)/5]
and
size(B) = [Vyex 0/5+ Xyer (4 (5, = 16)/5) + Y., (3 + (5. — 12)/5)+
Douer 2+ (su = 8)/5) + X, (14 (50 —4)/5); 3001, 81,

where
( 25; if s; = 0 (mod 5),
3(s; —16) + 12 if s; = 1 (mod 5),
$i =14 #(s; —12)+9 if s, = 2 (mod 5), 1<i<n.
2(s; —8) 46 if s; = 3 (mod 5),
| 3(si—4)+3 if s; =4 (mod 5).

For s; < 12, the mazimal trade-offs are listed in Table[3.3.

3.1.1 Lower bound results

We first present a lower bound result for an alphabet of fixed size and afterwards give

a better lower bound result on an alphabet depending on n. Recall that the size of a

DTA(DFA) A is defined in (2.2)), and the tsize of a DTA(DFA) is defined in (2.3).
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Table 3.3: Maximum trade-offs when s; < 11

45

A B
s; | vertical states | horizontal states | vertical states | horizontal states | trade-offs
2 1 1 1 1 0
3 1 2 1 2 0
4 1 3 1 3 0
5 1 4 1 4 0
6 1 5 1 5 0
7 1 6 2 2,3 0
8 1 9 2 3,3 2
9 1 12 2 3,4 4
10 1 16 2 4,4 7
11 1 20 2 4,5 10

Lemma 14. There exists a tree language T over alphabet ¥ = {a,b,c} where any

v-minimal DTA(DFA) for T has at least three vertical states and at least 2", n > 2

horizontal states, and T is recognized by a DTA(DFA) B with size(B) =

[n+1;n?+n].

Proof. We define the tree language T' = {¢'(w) | i > 1,w € L}, where L is the union

of the languages accepted by DFAs Ay, Ao, ...,

A, _1 shown in Figure Bl

Let A = (Q,%,9, F) be a v-minimal DTA(DFA) with three vertical states that

% () a,b i C .ab‘
@ @ © E

(a) DFA A,

(b) DFA A,

DO DTy
@ @ @) @

(c) DFA A;

Figure 3.1: DFAs A;

a .ab 0 ‘L@
ONO,

(d) DFA A,
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recognizes T'. Clearly A must assign different states ¢, and g, to leaves labeled by a
and b, respectively. Assume that A assigns ¢, to the root of a tree c(w), w € {a, b}*.
This means that A would have to accept trees obtained from ¢ € T by replacing the
leaves labeled by a with ¢(w), and we conclude that A would not recognize T. In
exactly the same way we see that A cannot assign g, to the root of any tree c(w),
w € {a,b}*. Thus, A has only one state ¢ such that §(q,c) # (. This argument
also establishes that any DTA(DFA) for T needs at least three vertical states. Since
A recognizes T, we conclude that d(q,c¢) N QT = ¢+ {w” | w € UIZ'L(A;)}. The
horizontal language {w” | w € U~ 'L(A;)} can be accepted by a (n — 1)-entry DFA,
and any equivalent DFA has at least 2" —2 states according to Lemma 3 in [23]. Then
a DFA needs at least 2" states to recognize 0(q, ¢). Thus, we have that A has at least
three vertical states and 2" horizontal states.

Let B = (Q',{a,b,c},0', F'), where Q" = {p1,p2, -, Pn1,Pas Db}, 0'(Pas@) = ¢,
8 (py, b) = €, &' (piyc) = pi +{sP | s € L(A)}, F' = {p1,p2,...,pu_1}. It is obvious
that L(B) = T. Since L(A;) N L(A;) = 0 when i # j, the tree automaton B is a
DTA(DFA). Each horizontal DFA needs at least n + 2 states to recognize ¢'(p;, ¢),
and two horizontal states are needed in total to recognize ¢'(p,, a) and &' (py, b). We
have size(B) = [n + 1;n% + n]. Although all the vertical states {pi, p2,...,pn_1} are

equivalent in B, B has a total size that is much smaller than A. =

The upper bound in Theorem [I3] and the lower bound in Lemma [14] do not match.

We can get a better lower bound using an alphabet that depends on n.

Lemma 15. Let ¥ = {ag,a1,...,a,}, n > 1. There exists a tree language T' over
Y such that any v-minimal DTA(DFA) A for T has n + 1 vertical states and at
least 2*"*1 — 3" — 1 + n horizontal states, and T has a DTA(DFA) B such that
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size(B) = [2n; 8n].

Proof. We define the tree language T = {a{(w) | i > 1,w € L}, where L is the
union of the languages L; = {wa; € {ai,...,a,}* | |w|s, =0 mod 4}, 1 <i < n.

Let A = (Q,%,6, F) be a v-minimal DTA(DFA) with n + 1 vertical states that
recognizes T'. Clearly A must assign different states ¢;, 1 < i < n to leaves labeled
by a;. Assume that A assigns ¢; to the root of a tree ag(w), w € {ay,...,a,}*. This
means that A would have to accept trees obtained from ¢ € T' by replacing the leaves
labeled by a; with ag(w), and we conclude that A would not recognize T'. Thus, A
has only one state gy such that §(qo,ag) # 0. This argument also establishes that
any DTA(DFA) for T needs at least n + 1 vertical states. Since A recognizes T', we
conclude that §(qgo,ap) = qo + {w? | w € UL, L;}. The minimal DFA H for the
horizontal language {w? | w € U L;} has 22"*1 — 3" — 1 states. H has non-final
states (j1,...,Jn) where each j; € {0,1,2,3} keeps track of the number of symbols
a; mod 4, and the last seen symbol was some a, where j, # 1. There are 4™ — 1 such
states (since the state (1,1,...,1) is unreachable). H has final states (ji, ..., jn, f)
where each j; keeps track of the number of symbols a; mod 4, and the last seen symbol
was some a; where j, = 1. The last component f is used just to differentiate the state
from the corresponding non-final state (ji, ..., j,). There are 4™ — 3™ such states. It is
easy to see that all states of H are pairwise inequivalent. Since A needs a singleton
DFA for the horizontal language associated with ¢;, 1 < i <n, A has in total at least
22ntl _ 3n 1 + n horizontal states.

Let B = (Q',%,d, F'), where Q" = {p1,p2,--,0n, h1, .-, hn}, 8(hi,a;) = € for
1<i<nandd(p,ap) =p;+{s®|se€ L}, FF={p1,p2,--.,pn}. It is obvious that
L(B) =T. Since L; N L; = () when i # j, the tree automaton B is a DTA(DFA). We
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have size(B) = [2n;8n|. =

The lower bound construction of Lemma [I5 can be compared with the worst case
upper bound of Theorem [13] as follows. Consider A and B as in the statement of
Theorem [I[3l Denote by n the number of vertical states of A and suppose that the
number of vertical states of B is ¢-n (in the construction of Lemma [I5 we have ¢ = 2).
In this case the difference between the numbers of horizontal states, respectively, of
A and of B would be at most constant times 4.

Thus, at least for the particular numbers of vertical states given by the con-
struction of Lemma [T, the lower bound is reasonably close to the worst-case upper
bound. However, Lemma [I5] uses an alphabet of size n and for a fixed sized alphabet
in Lemma [14] the conversion from A to B increases the number of vertical states by
a non-constant factor while the number of horizontal states of A is only 2V™ where

m stands for the number of horizontal states of B.

3.2 Results for DTA(NFA)

Compared with a DTA(DFA), it is interesting that it turns out that there are no
trade-offs between the numbers of vertical and horizontal states in a DTA(NFA). For
any regular tree language there exists a v-minimal DTA(NFA) that is also a t-minimal
DTA(NFA). Recall that nsc(L) denotes the number of the states of a minimal NFA
recognizing the regular language L, or the nondeterministic state complexity of L,

and the tsize of an unranked tree automaton is defined in (2.3]).

Theorem 16. For any DTA(NFA) A, there always ezists an equivalent DTA(NFA)
B such that
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(1) B has a minimal number of vertical states,
(2) tsize(B) < tsize(A).

Proof. Let T be an arbitrary regular tree language, and A = {Q,%,d, F'} be a
DTA(NFA) recognizing T such that the number of vertical states in A is not minimal.
(B could just be equal to A if A is v-minimal.) Since the number of vertical states
in A is not minimal, there exist at least two states ¢,¢ € @ that are equivalent [9]
(as defined in the proof of Proposition [6]). Without loss of generality, we assume
that for 0 € ¥, 0(q,0) = Ly and §(¢',0) = La. Now construct a DTA(NFA) B =
{Q), 5,0, F'}, where Q' = Q — {q,¢'} + {p}. The transition function ¢’ is defined as

same as ¢ except that
1) transition rules 6(q,0) = L; and §(¢’, o) = Lo are replaced by ¢'(p, o) = LU Lo,
2) all occurrences of ¢, ¢ in § are replaced by p.

The final set of states F' = F if ¢,¢ ¢ F, and F' = F —{q,¢'} + {p} if ¢,¢ € F.
(Note that since g, ¢’ are equivalent states, either both of them are final or neither of
them is final.) It is easy to see that A is equivalent to B. According to the results in

[19], we know that
nsc(Ly U Ly) < nsc(Ly) + nsc(Ly) + 1.
Now we have that
tsize(A) — tsize(B) = |Q| + nsc(Ly) + nsc(Lse) — (|Q] — 1 + nsc(Ly U Ly)) > 0.
We repeat the above process if the number of vertical states in B is not minimal. =

The following corollary is immediate.
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a
a,b a,b a,b

OF

Figure 3.2: NFA Ay

Corollary 17. Any regular tree language has a DTA(NFA) A that is both v-minimal

and t-minimal, and A can be effectively constructed.

3.3 Results for NTA(DFA)

We state a lower bound construction, where we reduce the number of horizontal states
exponentially by adding only one vertical state. Recall that as defined in Section 2.3
for a string w and an automaton A, w4 denotes the string of states that A reaches

at leaves labeled by elements of the string w.

Example 18. Let ¥ = {a,b,c}. Consider a tree language T = {c'(w) | 1 < i <
m—2,m > 3,w € L} where L is the language recognized by an NFA Ay shown in
Figure (32

T has an NTA(DFA) M = ({qa, @, 90, @15 - - - » Gm—3}, 2, 0,{q0, q1, - - - , @m—3}) where

hd 5((]&7&) =€, 5(q1),b) =€, 5(qm_3,c) = {SM | S &€ L},
® 0(gj—1,¢) = qj, where 1 < j <m — 3.

M is v-minimal. The horizontal language §(qy,—3,c) is recognized by an NFA Ay
shown in Figure[F3. According to [38], any DFA equivalent to Ay needs at least 2"

states. Thus, we have size(M) = [m,2" 4+ 2m — 4].



CHAPTER 3. STATE TRADE-OFFS IN UNRANKED TREE AUTOMATA 51

([(I
qu quQ7 Q(hqh qg,q~;

U qb

Figure 3.3: The NFA A; for the horizontal language (g3, ¢)
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PaPb Q ) PaPb (@)
Q Pb Da

Figure 3.4: The DFA for the horizontal language ¢ (p,,_3, ¢)

The tree language T has also the following NTA(DFA). Define

N = ({paapbapxaPOapla s 7pm—3}; Z’ 6/a {pOapla s 7pm—3})

where
i 5,(pa7a’) =€ 5/(pbab) =€ 5,(]91,0/) = €, 5/(pm737c) = {SN ‘ S € L};
i 5,(2%7170) =Dj, where 1 < 53 <m — 3.

The horizontal language &' (pp—3, ) is recognized by a DFA shown in Figure[3. Thus,

we have size(N) = [m + 1;n 4+ 2m — 3].

Using the fact that the minimal syntactically deterministic bottom-up automaton
is unique [10], and the conversions between NTA(DFA)s and syntactically determin-
istic automata (which will be discussed in Chapter ), we can get an upper bound
for the trade-off that is exponential in the total number of states (vertical and hori-
zontal states). Note that the syntactically deterministic automata of |[10] are called
“strongly deterministic” in the thesis. Since also the nondeterministic vertical com-

putation of an NTA(DFA) (or NTA(NFA)) with a smallest number of vertical states
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can be constructed in very different ways, we do not have a good upper bound for

the trade-offs in these cases.

3.4 Results for NTA(NFA)

In the same way as described at the end of the previous section, we can get a com-
putable upper bound for state trade-offs in NTA(NFA)s, but again we do not have a
good upper bound. Also finding lower bounds turns out to be more difficult in the
case of NTA(NFA)s. Note that the construction used in Example [[8 relies essentially
on the property that the horizontal languages are recognized by a DFA and similar
constructions do not seem to work for NTA(NFA)s.

In Example[I9 below, we give a construction that reduces the number of horizontal

states from O(n?) to O(n) by adding only one vertical state.

Example 19. Let ¥ = {a,c,d} be the alphabet, p1,...,p, be any integers and P =
P1 ... Pn. Define tree language T to consist of trees

{a'(d™) |1 <i<n, m=0(mod p)}U{a’c(d™)|1<i<n, m=0(mod P)}.
T can be recognized by an NTA(NFA) A = ({q1,...,qn,q4}, 2,6, {q1}), where J-
transition is defined as:

* 0(qa,d) =€, 0(gia) = (qz')" + i, for 1< i <n— 1,

o 0(qn.a) = (¢7")",  Olg,c) = (qf)*, for 1 <i<nmn,

It is easy to verify that A has the smallest number of vertical states. To count the
number of a’s, A needs at least n states. (The number of a’s is from 1 to n.) A

needs a state for leaf nodes labeled by d. If A assigned any other state in {q,...,qn}
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to a node labeled by d, the automaton will accept some trees that are not in T. For
instance, if A assigns qa to a leaf node labeled by d, A will accepts tree a(d), which is
not inT. (Node labeled by d is assigned with state qa and according to 6(q1,a) = ¢, a
final state is assigned to the root of a(d).) Any NFA for §(gi,a) = (¢')* + gi+1 needs

at least p; + 2 states. Thus, the size of A is

size(A) =[n+1; nP+ Zpi +2n — 1].
i=1

By adding one more vertical state q. to A, we can construct an equivalent NTA(NFA)

B={aq, 940}, 5,0, {q}), where §'-transition is defined as:
 9'(ga,d) =¥, 0'(ai,a) = (gq)" + Gir1 + e, for 1 <i<m—1,
o 3'(gn,a) = (") + ¢er '(ge ) = (q7)"
The size of B is
size(B) = [n+2; P—|—ipz~ +2n + 1].

=1

By choosing n = P, we have that tsize(A) = O(n?) and tsize(B) = O(n), which
means that in the worst case the number of horizontal states can be reduced to the

square root by adding one more vertical state.



Chapter 4

Conversions between variants of

unranked tree automata

We study the state complexity of determinizing different variants of nondetermin-
istic tree automata. That is, we develop upper and lower bounds for the size of
deterministic tree automata that are equivalent to given nondeterministic automata.

Also, we study the state complexity of the conversions between the strongly deter-
ministic tree automata and DTA(DFA)s. Although the former model can be viewed
to be more restricted, there exist tree languages for which the size of a strongly de-
terministic automaton is smaller than the size of the minimal DTA(DFA)s. It turns
out to be more difficult to establish lower bounds for the size of DTA(DFA)s than is
the case for strongly deterministic automata. Naturally, this can be expected due to
the intractability of the minimization of DTA(DFA)s [35].

In this chapter, we make the following notational convention that allows us to use
symbols of ¥ in the definition of horizontal languages. Unless otherwise mentioned,

we assume that a tree automaton always assigns to each leaf symbol labeled o a

o4
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state o that is not used anywhere else in the computation. That is, for ¢ € ¥ and
q € Q, e € d(qgo)onlyif g =7, 0(@,0) ={e} and §(7,0) = 0 for all 0,7 € X,
o # 7. When there is no confusion, we denote also & simply by o¢. When the
alphabet X is fixed, there is only a constant number of the special states & and since,
furthermore, the special states have the same function in all types of tree automata,
for simplicity, we do not include them when counting the number of vertical states.
The purpose of this convention is to improve readability: many of our constructions
become more transparent when alphabet symbols can be used explicitly to define
horizontal languages. The convention does not change our state complexity bounds

that are generally given within a multiplicative constant.

4.1 Size comparison of the strongly deterministic

tree automata and DTA (DFA)s

Here we give upper and lower bounds for the size of a DTA(DFA) simulating a strongly
deterministic one (an SDTA), and vice versa. The computation of a DTA(DFA) can,
in some sense, nondeterministically choose which of the horizontal DFAs it uses at
each transition. An SDTA does not have this capability and it can be expected that,
in the worst case, an SDTA may need considerably more states than an equivalent
DTA(DFA). However, there exist also tree languages for which an SDTA can be

considerably more succinct than a DTA(DFA).
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4.1.1 Converting an SDTA to a DTA(DFA)

We show that an SDTA can be quadratically smaller than a DTA(DFA). This can
be compared with [35] where it was shown that deterministic stepwise tree automata
can be quadratically smaller than SDTA’s (that are called dPUTASs in [35]).

The upper bound for the conversion is as expected but we include a short proof.
As introduced in Section 2.3] for an SDTA A we denote the deterministic automata

for the corresponding horizontal languages by HA, o € 3.

Lemma 20. Let A = (Q,%,6, F) be an arbitrary SDTA. We can construct an equiv-
alent DTA(DFA) A’ where

size(A) < | |Q; 1Q] x ) size(HJ') | . (4.1)

oeR

Proof. For o € ¥ denote the components of H2 as in ([2.1]). Construct an equivalent
DTA(DFA) A" = (Q,%, ¢, F), where for each 0 € ¥, ¢ € Q, 0'(q,0) = {w € Q* |
Ao (V5 (8%, w)) = q}. The languages & (q1,0) and &' (g2, 0), q1 # g2 are always disjoint,
and &'(q, o) is recognized by a DFA obtained from H# by choosing as the set of final
states A\;1(q), ¢ € Q, 0 € 3. The construction does not change the number of vertical

states and (1) holds. =

Next we give a lower bound for the conversion. The construction is based simply
on the idea that an SDTA B uses a single DFA H? (equipped with an output map-
ping) to compute all transitions associated with o € ¥, while a DTA(DFA) needs a
separate DFA corresponding to each vertical state for the transition associated with
o. Thus, we can use a construction where a large prefix of the horizontal languages
corresponding to different vertical states is identical, and HZ distinguishes the state

to be output based on a suffix of logarithmic length.
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Lemma 21. Let n,z € IN and choose ¥ = {a,b,0,1}. There exists an SDTA B
with input alphabet 3, n vertical states and z + 4n horizontal states, such that any
DTA(DFA) for the tree language L(B) has at least n vertical states and n - (|logn] +

2 4 z) horizontal states.

Proof. Let n,z > 1 be arbitrary but fixed. For 1 <i < n, y; € {0, 1}1°8m+1 i the
binary representation of 4, possibly containing leading zeros. Define L = {a’(b?y;) |
n>i>1}.

The tree language L is recognized by an SDTA B = (Q,%,6, F), where Q =
{ar, - an}, F={a}, 6(a,q:) = 0% - yi + giy1, when 1 <i <n —1, and, §(a,q,) =
b -yt

Clearly the bottom-up computations of B recognize the tree language L and it
remains to estimate the size of the DFA with output H? that defines transitions at
a-labeled nodes. The DFA needs z + 1 states to process the prefix b* and at most
2(2+llogn]) _ 1 states to remember the suffix of length 1 + |logn| and output the
correct vertical state using the A-function. Thus, B can be constructed with z 4 4n
horizontal states.

Consider an arbitrary DTA(DFA) B' = (Q',%,§, F') accepting L. First using
Lemma [, we see that |Q'| > n. Choose R = {a(b?y;) | 1 < i < n} U {a(b*™)}.
Clearly for any t1,t; € R there exists ¢t € Tx[z] such that ¢(x < t;) € L if and only if
t(x < t3) € L. Note that a(b*!) corresponds to the dead state and t(x — a(b*™)) &
L for any t € Tx[z].

Denote by p; the state that B’ assigns to the root of a(b®y;), 1 <7 < n. It is easy

L As explained at the beginning of the current chapter, we use notation where an alphabet symbol
o occurring in strings of a horizontal language is interpreted as a leaf node labeled by 0. We use -
and + to denote concatenation and union in regular expressions.
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to verify (as in Lemma [) that p; # p; when ¢ # j. Now &' (p;,a) N E* = {b*y;}. (If
d'(psi, a) were to contain some other string over 3, B’ would accept trees not in L.)
Thus the DFA HP' | recognizing ¢'(p;, a) has at least [b*y;|+1 = z+ [log n] 42 states.

Since the above holds for all 1 < i < n, a lower bound for the numbers of vertical

and horizontal states of B’ is size(B’) > [n; n- (|logn| +2+2)]. =

Using Lemma 2T with z = n — |logn|, we see that the upper bound of Lemma 20]

is tight within a multiplicative constant. This is stated as:

Theorem 22. An SDTA with n vertical and m horizontal states can be simulated by
a DTA(DFA) having n vertical and n - m horizontal states.

For n > 1, there exists a tree language L,, recognized by an SDTA with n vertical
and O(n) horizontal states such that any DTA(DFA) recognizing L, has n vertical

and 2(n?) horizontal states.

It can be viewed as expected that in the conversion of Theorem the number
of vertical states does not change. However as discussed in the previous chapter, in
general, for a DTA(DFA) it may be possible to reduce the number of horizontal states
by increasing the number of vertical states. As observed in [35], this is the reason

why a DTA(DFA) with a minimal total number of states is not unique.

4.1.2 Converting a DTA(DFA) to an SDTA

We now consider the equivalent SDTA of a DTA(DFA). Again we give first an upper
bound for the construction. It is known from ([35] Proposition 24) that the equivalent

SDTA does not increase the number of vertical states.
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Lemma 23. Let B = (Q,%,0, F) be an arbitrary DTA(DFA), where |Q| = n. Let
Hfa = (S40: @, Vg0 327U,Fq,g) be a DFA for the horizontal language 0(q,0), q¢ € Q,
o€ .

We can construct an equivalent SDTA B’ where

size(B') < | |Q); Z(H(|Sq,a| = [Fyol) + Z | Fool - H ([Sp.ol = [Fpol))

o€X qeQ q€Q PEQ,p#q
Proof. We construct an equivalent SDTA B’ = (Q, %, ¢, F) as follows. Denote

Q=A{q,...,q,}. For each o € ¥, we define a DFA with output

B 0 0
Ho‘ = (H Sq,aa Q, Ay, (Sqlpa SR Sqn,g)a Ey, )\0)7
q€Q
where for r; € Sp, », 1 <i < mn,

AU((Tla ro, ... arn)7 Q) = (7!]1,0’(7“17 q)’ s a’)/qn,a(rna Q))a

A ((rr ) = ¢; fmin{k |y € F, ,} =7 > 1,
undefined, otherwise;

and F, consists of elements of ] €0 Sq.0 for which A, is defined. The output function
A, assigns to a tuple (ry,...,r,) € E, the vertical state ¢; where j is the smallest
index such that r; is a final state of the DFA H, 570. The choice may seem arbitrary,
however, the construction works because, since B is a DTA(DFA) the horizontal
languages 6(g;,,0) and d(gj,,0), j1 # J2, are always disjoint and hence in any tuple
(r1,-++,7n) € [l eq Seo that the computation of HB" may actually reach, at most
one of the components r; can be a final state of the corresponding horizontal DFA
HE,

Above we have noted that computations of H f/ use as states only tuples (71, ...,7,)

where either, forall 1 < j <n,r; € S, ,—Fy; o, or there exists exactly one 1 < j < n,

such that r; € Fy .. Eliminating the unnecessary tuples and taking the sum over
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all 0 € X, gives for the total number of horizontal states of B', )~ . size(HP'), the
upper bound claimed in the statement of the lemma. The number of vertical states

of B'isn. n

If B has m horizontal states, Lemma 23 gives for the number of horizontal states
of B’ a worst-case upper bound that is less than 2™ but is not polynomial in m.

Next we give a lower bound construction. It can be noted that also |34] con-
tains a claim that a minimal SDTA may be exponentially larger than an equivalent

DTA(DFA) (see the discussion on Proposition 10.29 of [34] on page 211).

Lemma 24. Let ¥ = {a,b,0,1}. For any m € IN and relatively prime numbers
2 <k < ky < ... < ky, there exists a tree language L over ¥ recognized by a
DTA(DFA) B with size(B) = [ m; Y. .- ki + O(mlogm) | such that any SDTA

recognizing L has at least m vertical states and 1172, k; horizontal states.

Proof. Let y; € {0,1}* be the binary representation of ¢ > 1. Choose L =
Ui<i<m at((B%)"s)-

We define for L a DTA(DFA) B = (Q, %, 0, F'), where Q = {q1, ....,qm}, F = {1},
§(a,q) = (V") - yi+ i1, for 1 <i <m—1, and §(a, ¢) = (0*)" - y,. Note that the
bottom-up computation of B is deterministic because different horizontal languages
are marked by distinct binary strings ;.

Each horizontal language (b*)" - y; + ¢;+1 can be recognized by a DFA with k; +
|logi] + 3 states, and in total B has » ;" k; + > .- ([log¢]) + 3m horizontal states
(and m vertical states).

Let B' = (@', %,d, F') be an arbitrary SDTA recognizing L. By choosing R =

{a(briy;) |1 <i <m}U{a(b)}, Lemma @ gives |Q'| > m.
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We show that the DFA H f/, with notations as in (2.]]), defining transitions cor-
responding to symbol a needs at least [[I", k; states. Suppose that H, f/ has fewer
than J[, k; states. Then there exist 0 < j < s < [[I", k; such that H”" reaches the
same state after reading strings &’ and b®, respectively. There must exist 1 < r < m
such that k, does not divide s — j. Let z = j + ((k, — j) mod k,). Since H? reaches
the same state on & and b°, it follows that H”' reaches the same state also on b* - y,
and b***77 .y, respectively. This means that a* (b%y,) is accepted by B’ if and only

if ab (b7 . y,) is accepted by B’, which is a contradiction because k, divides z and

does not divide z+s— 5. ®

In the above proof, using a more detailed analysis it could be shown that HZ'
needs (m-logm) additional states to process the strings y;, however, this would not
change the worst-case lower bound.

Now we establish that the upper and lower bounds for the DTA(DFA)-to-SDTA
conversion are within a multiplicative constant, at least when the sizes of the hori-

zontal DFAs are large compared to the number of vertical states.

Theorem 25. An arbitrary DTA(DFA) B = (Q, %, 0, F') has an equivalent SDTA B’

with

size(B') < | Ql; > [ [ size(HL,) | (4.2)

oeX qeQ

and, for an arbitrary m > 1 there ezists a DTA(DFA) B = (Q, %, 6, F) with |Q| =m
such that for any equivalent SDTA B’ the size of B’ has a lower bound within a

multiplicative constant of ({4.3).

Proof. The upper bound follows from Lemma 23] We get the lower bound from

Lemma [24] by choosing each k; to be at least m -logm,¢=1,...,m. =
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We note that when converting a DTA(DFA) B = (Q,%,6, F') to an equivalent
SDTA A, for each o € ¥ the horizontal DFA H# needs at least as many states as a
DFA recognizing Lp, = ,cq 0(¢, 7). Note that from HZ we obtain a DFA for Lg,
simply by ignoring the output function. However, H# needs to provide more detailed
information for a given input string than a DFA simply recognizing Lp,, and in fact
H# recognizes the marked union, as formalized below, of the languages 6(gq, o).

We say that a DFA A = (Q, X, 7, so, F') equipped with an output function A :
F — {1,...,m} recognizes the marked union of pairwise disjoint regular languages
Ly, ..., Ly, it L = {w € ¥* | AN(v(so,w)) =i}, i =1,...,m. The following result
establishes that the state complexity of marked union may be arbitrarily much larger

than the state complexity of union.

Proposition 26. Let A = (Q, 3,7, so, F, A\) be a DFA with output function \ : F —
{1,...m} that recognizes the marked union of disjoint languages L;, i = 1,...,m,
and let B be the minimal DFA for \J*, L;.

Then size(A) > size(B), and for any m > 1 there exist disjoint regular languages

L;, 1 <i<m, such that size(B) = 1 and the size(A) > m.

Proof. The inequality size(A) > size(B) follows from the observation that we obtain
B from A simply by ignoring the output function.

Let L;, 7 =1,...,m, be regular languages that form a partition of ¥*. The union
of the languages L;, 1 < i < m, can be recognized by a DFA with one state but a
DFA recognizing their marked union needs at least as many states as the number of

components. H
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4.2 Converting nondeterministic tree automata to
deterministic automata

In this section we consider conversions of different variants of nondeterministic au-

tomata into equivalent strongly deterministic automata and DTA(DFA)s.

4.2.1 Converting a nondeterministic automaton to an SDTA

When determinizing an NTA(NFA) A with set of vertical states @), the set of verti-
cal states becomes P(Q)) as in the usual subset construction. This means that the
horizontal languages will be defined over subsets of @ and a horizontal DFA HP as-
sociated with o € ¥ has to determine for a string P, --- P,,, P, € P(Q), 1 <i < m,
all possible states of () that A may reach at a node labeled with ¢ and having m

children, when the ¢th child is labeled by some state in P;, 1 <17 < m.

Lemma 27. Let A = (Q,%,6,F) be an NTA(NFA) and for q € Q, 0 € ¥ denote

size(HZ!,) = mg,.

(i) We can construct an equivalent SDTA B where

(X mgo)
219, Y " 2uca ] : (4.3)

ceEY

size(B) <

(ii) If Ais a DTA(NFA), in the upper bound ({4.3) the number of vertical states is at

most |Q)].

Proof. First we consider the case (i) where A is an arbitrary NTA(NFA). Denote ) =
{q1,...,q,} and H;;a = (Cayi» Q. YVayi» 444+ Fuyi) is the horizontal NFA corresponding

to ¢; € Q and a € X.
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We define an SDTA B = (P(Q), %, n, Fg) where Fp ={X CQ | XN F # ()} and

n-transitions corresponding to a € ¥ are determined by a DFA with output function:

Hf = (P(Oa,l) X X P(Ca,n)> P(Q)? Ha, ({(]271}7 R {qg,n})’ Eaa )\a)a (44)

where p, and )\, are defined below, and E, consists of all tuples (Y7,...,Y},),Y; C C,,,
i=1,...,n, such that \,(Y7,...,Y,) # 0. Note that since B uses P(Q) as the set of

states, this is also the input alphabet for H?. For X CQ and Y; C C,;,i=1,...,n,

/La((Yl,...,Yn),X) = (U PYa,l(Ylax)a SRR U PYa,n(Ynax))'

zeX rzeX
Here v,(Y;, ) stands for Uzen Yai(z,2). For Y; C Cyyi=1,...,n,

Aa(()/la"'ayn)) = {qz | Yv@ mFa,i 7& @}

The computation of H? on a string w = wy---wy, w; € P(Q), j = 1,...,k,
roughly speaking, simulates the computation of each NFA H, (ﬁ?a, 1 <14 < n, on each
string u = uy - --up € QF, u; € wy, 1 = 1,..., k. With above notations, we say that
u € QF is a projection of the string w € (P(Q))*. Assume that the computation
of H on w reaches a state (Y1,...,Y,), ;i C C,;, @ = 1,...,n. Then A\, maps
(Y1,...,Y,) to the set P (C @) consisting of exactly those elements ¢ € @) such that
H (fa accepts some projection of the string w. These conditions guarantee that if the
nondeterministic computation of A can reach the children of a node v labeled by a in
states determined by the string w € (P(Q))*, the possible states at node v are exactly
the states of P. Note that this property relies strongly on the fact that computations
in subtrees corresponding to different children of v are independent. It follows that
L(B) = L(A). The SDTA B has 2" vertical states and Yy, 22-i=1 %l horizontal

states.

(ii) Now assume that A is a DTA(NFA). Analogously, as in (i) above we define
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an equivalent SDTA B = (Q, X, n, Fg). Now for the horizontal DFA HZ the input
alphabet is just ). However, because the automata H, qia remain nondeterministic
the set of states of HP is, in general, as in (44) and the upper bound for the total

number of horizontal states is the same as in (i). ®

We do not require the deterministic tree automata to be complete, that is, for a
sequence of states labeling children of a node u, the automaton need not associate
any state to u. This means that in the subset construction we can naturally omit the
empty set and in (3] the number of vertical states of B could be reduced to 2/9! —1.
A similar small improvement could be made to the number of horizontal states, but
it would make the formula look rather complicated.

Also, in Lemma [27] (ii) the upper bound for the number of horizontal states could
be slightly reduced using a more detailed analysis, as in the proof of Lemma 23]
taking into account that, in no situation, two distinct NFAs defining the horizontal
languages associated with a fixed input symbol ¢ can accept simultaneously.

Lemma 271 did not discuss the case where the bottom-up computation is nondeter-
ministic but the horizontal languages are represented in terms of DFAs. We note that
for an NTA(DFA) A = (Q, %, 6, F') the construction used in the proof of Lemma
gives for the size of an equivalent SDTA only the upper bound (£3). Although the
horizontal languages of A are defined using DFAs, the horizontal languages of the
equivalent SDTA B are over the alphabet P(Q), and this means that, at least when
using the straightforward construction, the upper bound for the number of horizontal
states would not be improved. With the notation used in the proof, when reading a
string w in P(Q)*, for each ¢; € Q, the horizontal DFA H? would need to keep track

of a subset of states that the DFA H, é,a can reach on any projection of w.
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Next we state two lower bound results.

Lemma 28. Let ¥ = {a,b}. For any relatively prime numbers my, msy, ..., m,,, there
exists a tree language L over ¥ such that L is recognized by an NTA(DFA) A with

size(A) < [ n; m;) +2n — 2|, and any SDTA for L needs at least 2" — 1 vertical
( y
i=1

=

states and (][] m;) — 1 horizontal states.

1=1

Proof. We choose L = {a’((b™)*) |1 <i < n}.

The tree language L is accepted by an NTA(DFA) A = (Q,{a,b},0,{q1}), where
Q =10, ¢ @}, 0(a,q) = (V™) + g1, 1 <i<n—1,0(a,q,) = (b")". Each
horizontal language d(a, g;) can be recognized by a DFA with m; + 2 states, 1 <1i <
n — 1, and §(a, q,) is recognized by a DFA with m, states. Note that since A is
an NTA(DFA) there is no requirement that different horizontal languages associated
with a would need to be disjoint.

Let B = (@', %,d, F') be an arbitrary SDTA recognizing L. For r C {1,...,n},

define s, = a(bier™). Denote
R={s, | 0#rC{1,...,n}}U{adT=m)t)},

We show that R satisfies the conditions of Lemma [l First consider any two
distinct nonempty sets 1,75 C {1,...,n}. Choose k € r; — 5. The other case where
ry — 79 # () is completely symmetric. Now for ¢t = a*~1(z) € Ty[x], t(x + s,,) € L
and t(x < s,,) & L.

Second, for any () # r there exists ¢t € Tx[z] such that t(z < s,) € L. On the
other hand, for any t € Tx[z], t(z + a(bM=1m)+1) & [ because no m;, 1 < i < n,
can divide (I} ,;m;) + 1.

Thus, we have verified that the set R satisfies the conditions of the statement of
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Lemma [ Since |R| = 2" it follows that B needs at least 2" — 1 vertical states.

It remains to establish the lower bound for the number of horizontal states of B.
Let K =TII"_;m; and define S = {&¥ | 1 <j < K}. ? Consider any distinct integers
1 <z <y < K. Since all the m;’s are pairwise relatively prime, there exists 1 <i <n
such that m; does not divide y —x. Choose 0 < z < m; such that y+2z = 0 (mod m;).
Also let t = @' !z] € Tx[z]. Now t(z + a(b¥*?)) € L and t(x < a(b***)) ¢ L. Note
that because m; divides y + z and m; does not divide y — z, m; does not divide x + z.

According to Lemma B B needs at least |S| — 1 horizontal states. ®

Lemma 29. For eachn > 1, there exists a tree language L, recognized by a DTA(NFA)
A with n wvertical and O(n) horizontal states such that for any SDTA B for L,,

size(B) > [n; 2™ ].

Proof. Choose ¥ = {a,b,c}. The construction is, essentially, based on using an
NFA of size n for which the minimal equivalent DFA has 2" states.

Let Lypoore be the language defined from Example [0 Define 7' = {¢"(w) | w €
Lyoore}- The tree language T is recognized by a DTA(NFA) A = (Q,%,6,{¢1}),
where @ = {q1,q2, ..., @}, (¢, @) = {qis1}, 1 < i <n—1,0(¢,qn) = Lyoore- Each
d(c, q;) can be recognized by an NFA with 2 states, 1 <i < n—1, and from Example [0
we know that d(c, g,) = Lnoore is Tecognized by an NFA with n states.

Let B ={Q',%,¥, F'} be an arbitrary SDTA recognizing T. Define R = {c'(a"!) |
1 <i < n-—1}U{c(b)}. Let t € Ty[z] be arbitrary. For 1 < ¢ < n — 1,
t(x < c(a™™)) € T if and only if t = ™ *(z), and t(x < c(b)) is never in T.

Thus, R satisfies the conditions of Lemma [] and it follows that |Q'| > n.

2To be consistent with the notation of Lemma [B], we view the elements of S as tuples of trees
each having one node.
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Let HP = (S.,Q', %, F., 7., Ac) be the DFA with output function that determines
the transitions of B at symbol ¢.*> Denote P = {q € Q' | B accepts ¢"'(q)}. De-
fine £ = (S.,Q',s%, A\, (P),7.). Now L(E) = Ly and we know by Example [ that

y<er C

size(E) > 2", which means that also H” has at least 2" states. ®

The lower bounds given by Lemma 28 and 29 for the resulting number of horizontal
states when converting an NTA(DFA) or a DTA(NFA), respectively, into an SDTA
is far away from the corresponding upper bound given in Lemma 27 Furthermore,
even for general NTA(NFA)s we do not have a worst-case construction that provably
would give an essentially better lower bound than the one obtained for NTA(DFA)s

in Lemma

4.2.2 Converting a nondeterministic automaton to a DTA (DFA)
Lemma 30. Consider an NTA(NFA) A = (Q,%,0,F). Forq € Q, o € ¥ we denote

size(H[!,) = mgo.

(i) There ezists a DTA(DFA) B equivalent to A where

291, 9101 (37 2(Cacqmae)) ] _ (4.5)

oeX

size(B) <

(ii) If A is a DTA(NFA), it has an equivalent DTA(DFA) B where

QY Y 2mee

qEQ oY

size(B) <

Proof. Let Q = {qi,...,qn} and as usual denote by Hyl, = (Sg.0, Q. Ygo: 500s Foo)
the horizontal DFA corresponding to ¢ € () and o € 3. We note that the construction

below has similarities with the proof of Lemma 27 At first sight it might seem that

3Recall that according to our notational conventions elements of ¥ are used also as states of Q.
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while in Lemma the horizontal automaton of the SDTA needed to simulate all
horizontal automata corresponding to the same input symbol, here for a horizontal
DFA associated with P C @ it would be sufficient to simulate only the horizontal
NFAs of A that are associated with states in P. However, in order to guarantee
the disjointness of the horizontal languages in the current construction the horizontal
DFA associated with P needs to simulate also the horizontal NFAs associated with
states in Q) — P. The difference in the upper bound is caused by the fact that a
DTA(DFA) needs a separate horizontal automaton for each state.

We use the following notation. For P = {¢;,,...,¢;,,} CQ,1 <1 <ip <--- <
im < mn, we denote by Ip = {i1,...,iy,} the index set of P. We define a DTA(DFA)
B =(P(Q),%,n, Fp) where Fp ={X C Q| XNF #0} and for PC Q and 0 € &,

the horizontal language n(P, o) is recognized by a DFA

Hp, = (P(Sqe) X - - X P(Sgui0)s P(Q):Boy (100 -+ 50,.0): Hp),
where the set of final states is
Hep={(X1,....Xs) | XiCSpmi=1....m M €elp) X;NE, ,#0
and (Vi€ {1,...,n} —Ip) X; N F, , = 0},
and the transitions are defined by setting for X; € S, ,, 1 <i<n, Y C Q,

Bo((X1,. ., X0),Y) = (U Yaro (X1, )5+, U V.o (Xms Y))-

yey yey

The above construction and the argument justifying that B correctly simulates A are
similar to ones used in the proof of Lemma 271
We note here just the following. In the above construction H ﬁa simulates, besides

the NFAs H;JA , q € P, also the computation of each NFA H;}U, q € Q— P. This is

Nea
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necessary,? in order to guarantee that the bottom-up computation of B is determin-
istic, i.e., that all horizontal languages n(P, o), P C @, are pairwise disjoint. Note
that Hf, accepts the strings w € (P(Q))* such that the set of all states that A can
reach at a node labeled o with leaves labeled by some projection® of w is exactly P.
This means that automatically L(Hp, ,) N L(HE, ,) =0, for P, # P, 0 € X.

In fact, we can note that the definition of the DFA H ga depends on P only in
the choice of the set of final states Hp and the sets of final states corresponding to
distinct sets P; and P, are disjoint.

The above construction of the DFAs Hﬁa, P CQ, o €%, gives the upper bound
for the number of horizontal states in (i).

Finally, the upper bound for (ii) follows from the observation that it is sufficient

determinize the NFA H C‘;‘U separately for each g € Q andc € ¥. =

Roughly speaking, the simulation uses a standard subset construction [64] for the
set of vertical states, and in order to guarantee that the bottom-up computation
remains deterministic the DFA for the horizontal language corresponding to P C @,
o € Y, needs to simulate each horizontal NFA of A corresponding to o. In the
case where A is an NTA(DFA) we do not have a significantly better upper bound
than (43]), because the horizontal languages of the DTA(DFA) will consist of strings
of subsets of (), which means that we again have to simulate multiple computations
of each horizontal DFA of A. In the lower bound construction of Theorem 1] below
we, in fact, use an NTA(DFA).

We do not have a lower bound that would match the bound of Lemma [30 Recall

that strongly deterministic automata can be minimized efficiently and the minimal

4That is, at least there seems to be no obvious way to avoid simulating all the NFAs H ég.
°A projection of a string over P(Q) is defined as in the proof of Lemma 27l
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automaton is unique [10], however, minimal DTA(DFA)s are, in general, not unique
and minimization is intractable [35]. When trying to establish lower bounds for the
size of a DTA(DFA) A = (Q,%,6, F) there is the difficulty that by adding more
vertical states, and hence more horizontal languages, it may still be possible that the
total number of horizontal states is reduced, which was illustrated in Example [I1l
Below in Theorem [B1] we give a lower bound construction for the NTA(DFA) to
DTA(DFA) transformation that relies on particular types of unary horizontal lan-
guages that are constructed in a way that prevents a trade-off between vertical and
horizontal states. After that we give a more general lower bound that relies on
Lemma [l The lower bound result of Theorem [31] below relies on an ad hoc proof.
Let ¥ = {a,b} and let py, ..., p, be the first n primes, n > 1. Define the tree

language
T, = {a'(®)|i>1,k>0, (31 <j<n)k=0(modp;) and i = j (mod n)]}.
Theorem 31. The tree language T, can be recognized by an NTA(DFA) A with
n; (i pi) + 2n
i=1

and for any DTA(DFA) B recognizing T,,,

)

size(A) =

n

2'—1; (2" =1 ][]

i=1

Proof. The tree language T,, can be recognized by an NTA(DFA) A = (Q, {a,b},0,{q1 }),

size(B) >

where Q = {q1,q2, .., @n }, 0(a,q;) = (P)* + i1, 1 <1 <n—1,a,q,) = (") +q.
Clearly B accepts only trees of the form a’(b*), i > 1, k > 0. On a tree a’(b*), B can
nondeterministically assign a state g;, 1 < j <n, to the node of height one provided
that £ is a multiple of p;. After this the vertical computation checks deterministically

that j = ¢ (mod n).
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The NTA(DFA) B has n vertical states and each language 6(a, g;) can be recog-
nized by a DFA with p; 4+ 2 states, 1 =1,...,n.

Let B = (R, 3,05, Rr) be an arbitrary DTA(DFA) for T,,. Recall that for a ¥-tree
t we denote by t? the state of B reached at the root of .

We establish a lower bound for the number of vertical and of horizontal states of
B. Tt would be fairly easy to establish directly that |R| > 2" — 1. We derive this as
a consequence of the more general Claim [32] that is useful for a lower bound for the
total number of horizontal states.

Define H; = {a(b™) | m > 0}. For t = a(b™) € H; we define

PRIMES; = {1 <j<n|m=0 (modp;)} (C{1,...,n}).
Then for S C {1,...,n} we define
TREESs = {t € H, | PRIMES, = S}.

TREESg consists of elements of H; where the number of leaves labeled by b is divided

by exactly those p;’s where j € S. Furthermore, we define
(TREESs)p = {t? | t € TREESs}.

(TREESg)p consists of states that B reaches at roots of elements of TREESg.
Claim 32. For any S1,S2 C {1,...,n}, S1 # Ss, we have

(TREESs, ) N (TREESg, )5 = 0.
Proof of the claim. For the sake of contradiction assume that

r € (TREESg, )5 N (TREESs, ) 5. (4.6)

Without loss of generality, we can choose 5 € S; — S5. The other possibility where

Sy — 51 # (0 is symmetric.
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By ([B2), there exist t; = a(b™) € TREESg,, i = 1,2, such that (¢;)% = (t,)? =r.
By the definition of the sets TREESg, it follows that m; = 0 (mod p;) and my #
0 (mod p;).

Choose u = a/~!(x) € Tx[x]. Since B reaches the same state at the roots of ¢

and tg, respectively, it follows that
u(x < t1) is accepted by B if and only if u(x < t9) is accepted by B.

We have derived a contradiction because u(x < t1) € T,, and u(x < t3) ¢ T,,. This
concludes the proof of the claim.

As a consequence of Claim [32]it follows that R contains 2" — 1 nonempty disjoint
sets of states, each of which consists of states reached at the root of elements of
TREESs for some 0 # S C {1,...,n}. In particular, |R| > 2" — 1.

For S C {1,...,n} define the unary language
UNARY = {b" | a(b™) € TREESg}.
By Claim [32]

UNARYs = |  dp(ra). (4.7)

re(TREESs)
If (TREESs)p = {ro} is a singleton set, the minimal DFA C for the horizontal

language 0p(r9,a) = UNARY g has exactly 17 ,p; states. Note that on an input 0™,
the DFA C' has to verify for each p;, 1 <1 < n, that p; divides m if and only if i € S.

More generally, UNARY g can be a finite union of horizontal languages dz(r, a),
where r € (TREESg) 5 as in (83]). Now we apply Lemma[I0lto UNARY g by selecting
(in the notations of Lemma [I0) Ry = S and Ry = {1,...,n} — S. Since UNARY 5
is infinite, we know that one of the languages dp(r1,a), 1 € (TREESg)p has to be

infinite, and by Lemma [I0] the minimal DFA for é5(r;,a) has a cycle of length at
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Figure 4.1: The NFA M recognizing Licung

least II7 ;p;.

In all cases, for any nonempty set S (C {1,...,n}) the DFAs for the horizontal
languages 0p(r,a), r € (TREESg)p, have in total at least I ,p; states. Since S is
an arbitrary nonempty subset of {1,...,n}, we have established the required lower

bound for the number of horizontal states of any DTA(DFA) for 7,,. ™

Theorem 31l gives a construction where converting an NTA(DFA) to a DTA(DFA)
causes an exponential blow-up in the number of vertical states, and additionally the
size of each of the (exponentially many) horizontal DFAs is considerably larger than
the original DFA. However, the size blow-up of the horizontal DFAs does not match
the upper bound of Lemma[B0l In the proof of Theorem B1 roughly speaking, we use a
particular type of unary horizontal language in order to be able to (provably) establish
that there cannot be a trade-off between the numbers of vertical and horizontal states,
and with this type of construction it seems difficult to approach the worst-case size
blow-up of Lemma

Next we give another lower bound result for converting an NTA(NFA) to a
DTA(DFA) that relies on Lemma [7l

Let Lieung be the language recognized by the NFA M shown in Figure {1l The

final states in M consists of all the odd numbered states, i.e. {1,3,5,...}. Define an
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NTA(NFA)

A = ({Q17 R qm7 qd? qe}? {a’7 b? C? d? 6}7 5A7 {qwl})7 (4‘8>

where
e Sa(qa,d)=¢€, da(ge,e)=¢€, dalq,c)=w?, where w € Lreung
® 0a(q,0) = qu,  0alq1,a) = Gm,  0a(g2,0) = ¢1 + ¢m
® 04(qiy1,0) =¢q for2<i<m-—1
® 04(qiy1,0)=¢q for2<i<m-—1

In the tree language L(A), symbol c always labels a node of height one. The leaves
below ¢ spell out a word recognized by the NFA of Figure 41l On top of the node
labeled by ¢ there is a unary branch belonging to the language Lasoore- Lnroore can
be recognized by an NFA shown in Figure In this case the NFA has m states

instead of n.

Theorem 33. There exists a tree language L that is recognized by an NTA(NFA)
with m + 2 vertical and n+4m horizontal states such that any equivalent DTA(DFA)

B = (P,{a,b,c,d, e}, dp, Fp) needs at least 2™ vertical and 2™ — 1 horizontal states.

Proof. We choose L = L(A) where A is as in (£.8). It is obvious that ¢ is a unique
height-one label of L(A). According to Lemmaldl the total size of all horizontal DFAs
associated with ¢ in B (3 .p|H[.|) is greater or equal than the size of the smallest
unambiguous NFA for the horizontal language d4(qi,c), which is equal to Licung
when we identify symbol e (respectively, d) with state g. (respectively, gz). Using

Theorem [§, Leung [32] shows that any unambiguous NFA recognizing Lie,n, has at
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least 2" — 1 states. This means the number of the horizontal states of B is at least
2™ — 1, and this number cannot be reduced by introducing state trade-offs.

The vertical branch above the node labeled by ¢ belongs to the language Lasoore-
Since any DFA for Ljs..r. has at least 2™ states, where m is the number of states of
the minimal NFA recognizing Ljseore, any deterministic tree automaton recognizing

L(A) has at least 2™ vertical states. ™

The lower bound above gives an exponential blow-up on both the number of
vertical states and horizontal states. Furthermore, the exponential blow-up on the

number of horizontal states cannot be reduced by any state trade-offs.



Chapter 5

Operations on tree languages

In this chapter, we extend the operations on strings to tree languages. Some oper-
ations such as union, intersection and complementation are similarly performed on
trees as on strings. Thus, here we give the definitions of the operations that cannot
obviously be extended to tree languages, such as concatenation and Kleene-star.

In the following chapters we will study the state complexity of operations on
tree languages. Interestingly it turns out that the state complexity of many basic
operations on trees is essentially different than the corresponding operational state
complexity results for regular string languages.

An operation such as concatenation of strings can be extended either as a se-
quential or a parallel operation to trees, and the same holds naturally for iterated
concatenation (or Kleene-star). In this chapter we develop a systematic notation for
some basic operations on trees, such as concatenation, iterated concatenation and
quotient. Variants of tree concatenation (or substitution) operations have been used

in different places in the literature [14].

7
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When defining concatenation and iterated concatenation, for the sake of conve-
nience our notations use ranked trees (partly because for these operations the main
state complexity results can also be formulated in terms of ranked trees). The defi-

nitions are extended in the obvious way for unranked trees.

5.1 Concatenation and iterated concatenation of
tree languages

Concatenation of strings can be extended to trees as a sequential operation, where one
occurrence of a leaf with a given label is replaced by a tree, or as a parallel operation,
where all occurrences of a leaf with a given label are replaced.

For o € ¥y and T C Fy, ty € Fx, we define their sequential o-concatenation
T1 '(ST t2:{t2(u<_t1> ‘ UEIQ&f(tg,O'),tl ETl } (51)

That is, T3 - to is the set of trees obtained from ¢, by replacing one occurrence of a
leaf labeled by o with some tree of T}. In order to get concatenation of individual
trees we can choose T} as a singleton set.!

The parallel o-concatenation of T and t5 is
Ty Pty = to(leaf(ty, o) < T7). (5.2)
Note that when T} = {t;} consists of one tree, ¢; -2 t5 is an individual tree while
t1 -5ty is a set of trees. In the case where no leaf of ty is labeled by o, ¢ -5ty = ()

and t; ‘P to = t5. The example below illustrates the difference between parallel and

sequential concatenation.

IThe first argument in (G.1) and (5.2) is a set of trees because otherwise the extension of parallel
concatenation to tree languages would be somewhat cumbersome.
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(a) parallel concatenation

(b) sequential concatenation

Figure 5.1: Parallel and sequential concatenation for ¢ty and T}

£

(a) parallel (b) sequential
concatenation concatenation

Figure 5.2: Parallel and sequential concatenation for ¢, and 7

Example 34. Let ¥ = {a,b}, to = b(a,a) and Ty = {t1,t2} C Fyx. The resulting
trees of 11 - ty and Ty -5 to are shown in Figure 5.l (a) and (b), respectively. Note
that if 7] = {t;} is a singleton, T -? to is an individual tree and T} -5 ¢¢ is a set of two
trees. The resulting trees are shown in Figure 5.2] (a) and (b), respectively.

In the natural way we extend o € {-2, -2} for tree languages 17, T, C F, by setting

T10T2: U T10t2.

to€Ts
The parallel concatenation 77 -2 T5 is called the o-product of T} and 75 in M] When
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(a) t = wl(o,0) (b)y t-,°¢

Figure 5.3: t = w(o, 0) in (a) and sequential concatenation t -5 ¢ in (b)

Figure 5.4: Trees in ¢ -5 (t-5¢

considering bottom-up tree automata operating on unary trees, the above definition
of T} oT), reduces to the usual concatenation of string languages: the automaton reads
first an element of 7} and then an element of 75.

The parallel concatenation operation is associative, however, sequential concate-

nation is non-associative.

Example 35. It is easy to see that sequential concatenation is non-associative. Con-
sider a ranked alphabet ¥ determined by ¥y = {w}, ¥y = {0} and let t = w(o,0)
which is shown in Figure (a). Now t -5 t = {w(w(o,0),0),w(o,w(o,0))} which is
shown in Figure (b) and t; = w(w(o,0),w(o,0)) € t-5 (-5 t) but, on the other
hand, t; & (t-5t) -5 t. All trees in (¢-5¢) -5 ¢t have height three. The resulting trees of

t-5(t-5t)and (t-5t) 5t are shown in Figure B4l and Figure [5.5] respectively.

Finally, we note that instead of (sequential or parallel) concatenation where we
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Figure 5.5: Trees in (t-5t) -5t

replace occurrences of o € Xy, we could define a more general substitution operation
where a subtree with root labeled by o € 32,,,, m > 0, can be replaced by another tree.
In the parallel case the selected nodes labeled by o € ¥, should be independent, and
there is more than one way to define the parallel operation. The state complexity of
such generalized operations is the same as the state complexity of tree concatenation

considered here; see Remark B9 in Section [6.11

5.1.1 Iterated concatenation of trees

We can define powers of a tree language based on sequential or parallel concatenation
in the natural way, and then define a Kleene-star operation by setting 77 to be the
infinite union of all the ith powers (i > 0) of 7. Since sequential concatenation is
non-associative, as observed in Example B3] there will be two different ways to define
an iterated version of sequential concatenation.

For ¢ € ¥ and T C F¥, we define the kth sequential top-down o-power of T,
k > 0, by setting T5%0 = {5}, and T5"* =T -5 T54*1 when k > 1. The sequential

top-down o-star of T is then

Stk stk
Tt = | Ttk

k>0
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(a) top-down star (b) bottom-up star

Figure 5.6: A tree in T5"* (a) and in T%* (b). Here to,ty,...t;11 are trees in T

Similarly, the kth sequential bottom-up o-power of T, is defined by setting 750 = {o},
TP =T and TS0k = T 1. T when k > 2. The sequential bottom-up o-star of
T is

S,byx s,b,k
Tt = | T,

k>0

Note that the definition of bottom-up o-powers explicitly sets T5%! to be equal to
T. This is done because T5*0 -5 T can be a strict subset of T if some trees of T
contain no occurrences of o. Figure illustrates the definitions of top-down star
and bottom-up star.

To illustrate the difference of top-down and bottom-up star, respectively, consider
a ranked alphabet ¥ determined by ¥y = {w}, ¥ = {0} and let T = {w(o,0)}. We

note that T5%* = Fy, and
TP = {r € Fx, | each non-leaf node of 7 has at least one leaf as a child }.

Note that with T = {w(o,0)}, T*** k > 0, consists of trees of height (exactly) k.
The trees of T%* all consist of a path labeled by binary symbols w and all children
of nodes of the path that “diverge” from the path are labeled by the leaf symbol o.

The following characterization of bottom-up o-star as the smallest set closed under

concatenation with 7" from the right follows directly from the definition of bottom-up
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star. The characterization will be used in the next section.

Lemma 36. For 0 € ¥y and T C Fx, define cl,(T) as the smallest set S C F
such that (i) TU{c} C S, and (ii) t; -5 ts € S for everyty € T and t; € S. Then

cl,(T) = T=b*.

Completely analogously we can define, for T° C F¥, the parallel o-star of T,
denoted T?*. Since parallel concatenation is associative, we do not need to distinguish
the bottom-up and top-down variants. However, we note that with 7' = {w(0,0)},
TP* consists of all balanced trees over the ranked alphabet 3, where ¥y = {w},
Yo ={0}.

Since iterated parallel concatenation does not preserve regularity, we will consider
only the sequential variant of iterated concatenation. The top-down (respectively,
bottom-up) o-powers and o-star of a tree language T' are in the following denoted

TEkE (k> 0), and T (respectively, T>* and T>*), that is, we drop the superscript

g

(192

s” in the notation.

Finally, we note that it would be possible to define a regularity-preserving iterated
version of the parallel concatenation, by defining the kth (k > 1) power of T' by
parallel-concatenating 7" with the union of all the ith powers of T, 0 <i <k —1. It
is easy to verify that this definition of a parallel star operation would coincide with
the sequential top-down star defined above.

Here the definitions are on ranked trees. Concatenation and Kleene-star can be
defined on unranked trees in exactly the same way except that we do not consider

the rank of the alphabet.
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5.2 Projection

To begin with we recall the projection operation on strings as studied in [28, |63].
For an alphabet X, ¥p C X and a string w = opo; ..., € X*, a natural projec-
tion P is defined as: Py, (w) = 007 . ..o, such that
o;, if o; € Xp;
€, otherwise.
Now we define projection operation on trees.
For alphabets ¥ and ¥p C ¥, all ¥-labeled (X p-labeled respectively) trees are
denoted 7% (Tx, respectively). Symbols in ¥/¥p are called unobservable symbols. A
projection on trees is a mapping My _,»,: Ty, = T%,. When ¥ and ¥p are understood

from the context, we denote My_,5, simply by M. M is inductively defined as:

e for a leaf node u labeled by o,

u, ifoe ZP,
M(u) =

€, otherwise.

e for a tree t = o(to,t1,...,tn),

M) = o(M(to), M(t1),..., M(t,)), if o € p;

€, otherwise.

By an (e, 0)-substitution, 0 € ¥, we mean a (finite) substitution that maps o to
{€,0} and maps each v # o to itself. Furthermore, by an (e, A)-substitution, A C ¥
we mean a (finite) substitution that maps each o € A to {€,0} and maps each v ¢ A
to itself. The result of applying the (e, A)-substitution on a string s is denoted as

éa(s). The (e, A)-substitution is extended to a regular language L as:

Ea(L) = {&a(s) | s € L}.
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We noted that it is also possible to define the projection on trees in another way

as follows, denoted by My, .5 .

e for a leaf node u labeled by o,

u, if o € Xp;
M (u) =

€, otherwise.
o for a tree t = o(tg, t1,...,tn),

o(M'(ty), M'(t1),...,. M'(t,)), if o € Ep;
M (to), M'(t1), ..., M'(t,), otherwise.

M(t) =

When the root node of ¢ is labeled by a symbol that is not in ¥p, by the definition
of My .y, the root node labeled by o of t is deleted and the children of ¢ are kept
as a sequence of trees M'(ty), M'(t1), ..., M'(t,). This sequence of trees become the
children of ¢’s parent, and are listed between the left sibling and the right sibling of

t. However, this definition does not preserve regularity as shown in Example [37L

Example 37. Consider ¥ = {a,b,c,d}, Xp = {a,b,d}, and T = U5, fi is induc-

tively defined as,
o o =c(a,c,b),
o fori>1,t;1 =c(a,t;b),
o fori >0, fi =d(t;).

We get My_5, (T) = {d(a’, V") | i > 1}, which is not regular.



CHAPTER 5. OPERATIONS ON TREE LANGUAGES 86

5.3 Quotient

Concatenation on unranked trees can be exactly defined as on ranked trees except
that we do not consider the rank of the alphabet. The operation of concatenation
is already defined in detail in Section .1l Here we just briefly define the sequential
concatenation on unranked trees which will be used to define quotient operations on
unranked trees.

For t,t' € Ty, and o € X, we denote by t-3 ¢’ the set of trees that are obtained from
t' by replacing one leaf labeled by o by the tree t. The o-concatenation operation

(sequential concatenation) is extended in the natural way to sets of trees Ly, Lo:

SLy= ] tot

teL,t/€Lo

Ly
The quotient operation on unranked trees is defined as follows.

Definition 1. Let 0 € . The o-top-quotient of a tree language T with respect to a

tree language T" is defined as:

T'T,T={t|HeT titeT}

Definition 2. Let o € 3. The o-bottom-quotient of a tree language T with respect to

a tree language T' is defined as:

TLT ={t|3H Tt 3teT}

When considering computations that process a tree in the bottom-up direction,
the top-quotient can be viewed as an extension of right-quotient from strings to trees,
and similarly, the bottom-quotient extends the left-quotient operation from strings
to trees. When o € ¥ is understood from the context, we simply call the operations

top-quotient and bottom-quotient and write 7" TT (respectively T LT") in place of
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T'T,T (respectively T L,T").
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Chapter 6

State complexity of

concatenation-like operations

The results of this chapter are summarized at the beginning of Sections and [6.2]
We begin here with some comments on why we are using automata on ranked trees,
instead of the more general model of unranked tree automata. The main justification
is that, while the notations needed for automata operating on ranked trees are much
simpler, already using tree languages over a ranked alphabet we can construct worst-
case examples that match the general upper bound for the number of vertical states
for the sequential concatenation of unranked tree languages. In the case of the Kleene-
star operations, the worst-case state complexity bounds for the numbers of vertical
states can be reached using just binary trees. The bounds are of a different order
of magnitude than the known state complexity of concatenation and Kleene-star of
regular string languages.

The general upper bound construction for concatenation and Kleene-star of un-

ranked tree languages is given in Appendix [Al While the idea is similar to the one

88
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used in Lemma [38 and Lemma (4] in this chapter, the notations are considerably
more complicated with unranked tree automata. On the other hand, establishing
lower bounds for the sizes of horizontal DFAs in unranked tree automata is a chal-

lenging question, and a topic for further research.

6.1 State Complexity of Concatenation

As we have seen in Section .1 it is possible to extend the concatenation operation
from strings to trees either as a sequential or parallel concatenation operation. In
the sequential (respectively, parallel) concatenation of trees ¢; and ¢, one occurrence
(respectively, all occurrences) of leaves of t; having a designated label are replaced by
t;. The operations were extended in the natural way for sets of trees. In order to keep
the connection with string operations more transparent, we defined the substitution
operation by replacing a leaf (or leaves) of ¢, by ¢;. In the context of trees one could
define more general substitutions where a node (or nodes) of ¢, with a given label
are replaced by t;, however, this would not change the worst-case state complexity
bounds for the sequential or parallel substitutions, respectively.

We consider the state complexity of concatenation operations for regular tree lan-
guages, that is, the question how many states are sufficient, and necessary in the
worst-case, to recognize the concatenation of tree languages recognized by determin-
istic bottom-up tree automata with m and n states, respectively. We give tight state
complexity bounds both for sequential and parallel concatenation. Interestingly, the
state complexity of sequential concatenation of tree languages turns out to be of a dif-
ferent order of magnitude than the corresponding bound for regular string languages.

The results for parallel concatenation are similar to the string case.
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6.1.1 State complexity of sequential concatenation

Note that for DTAs A; and As, the difficulty in constructing a DTA B for the (se-
quential) concatenation of A; and A, is caused by the fact that B has no way to
“know” where a substitution may have occurred, and consequently B has to simulate
multiple computations in its state. It turns out that for sequential concatenation of
tree languages, the size blow-up of B differs by an order of magnitude from the known
state complexity of concatenation of regular string languages [64].

First we give an upper bound for the state complexity of sequential concatena-
tion. As mentioned at the begin of the chapter, for ease of presentation we restrict

consideration to automata operating on ranked trees.
Lemma 38. Let A; be a DTA with m; states, i = 1,2. For o € Y, the tree language
L(Ay) -5 L(As) can be recognized by a DTA with

(mg +1) - (my -2m +2m271) — 1

states.

Proof. Denote A; = (X, Q;, Qir, gi), and let Q) = Q;U{dead}, i = 1,2. The symbol
“dead” will be used to denote a simulated computation that is undefined!. Without
loss of generality we assume that o, is defined. Note that otherwise trees of L(A3)
cannot contain leaves labeled by o and L(A;) -5 L(Ay) = 0.

We define B = (X, Qp, Qp.r, g5) where

Qp=Q,x29 xQ}, Qpr={q¢€Qp | m(q) N Qzr # 0},

and the transitions of gg are determined below. For 7 € ¥,,,, m >0, q1,...,q¢n € Q;,

'We use a new symbol “dead” (instead of ) to make a more transparent distinction between
components of B that are, respectively, a state or a set of states of 4;,7=1,2.
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1 =1, 2, we denote

o= To (@15, qm) i 75,(qu, ..., qm) is defined, 6.1
dead, otherwise.
For 7 € ¥y, define
(T2 {09}, 701) 1 7y € Quy,
Tose =\ (Tg2s 0, T1) if 7,, or 7, is defined, 7,, & Q1 r, (6.2)
undefined, if 74, and 7,5, are both undefined.
Forr e ¥,,,m>1 and (p;, Pi,q;) € Qp, pi € Qy, P C Qa, ¢ € Q,i=1,...,m,

define

TgB((p17P17q1>7'"7(pm7Pm7qm)) (63)

to be equal to

(1) (Tga(P1s- -y Pm)s X, oy (q1y -+ s @m)) i 7oy (@1, - -+, @) € Q1 F, Where

X = U (U ng(pla..-,pz’1,~T,pi+1,...,pm)> U {Ugg}-

1=1 \z€P;

(11) (7—92(]91""7pm)aKTgl(QI7"'7qm)) if 791(91,~~-,C]m) g QLF and [TQQ(p17"'apm)
or 74, (q1, - .., Gm) is defined, or Y # ()]. Here

Y = U (U ng(pla---api17x7pi+17---7pm)> .

=1 \zeh;

(iii) undefined, otherwise.

The computation of B operates as follows. The first component of the state simu-
lates the computation of A, assuming that no o-substitution has occurred below the
current node. Similarly the third component of the state simulates the computation

of A; on the current subtree.
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Finally, the second component of the state of B consists of the set of states S C )5
that Ay could be in assuming a o-substitution has been done below the current node,
that is, S consists of all states that As would reach if exactly one subtree of the
current node belonging to L(A;) is replaced by a leaf labeled by . Both rules (6.6])
and (63]) add the state o4, to the second component exactly in case when the current
subtree is in L(A;). The rules (i) and (ii) simulate all computations where for
exactly one 1 < i < m we take a state of Ay corresponding to a computation where
a o-substitution was done below the current node and for all 7 # ¢ we take the state
of A, that corresponds to a computation where no substitution has occurred.

Thus, by induction on the height of an input tree t = 7(t1, ..., t,,) it follows that
assuming that B reaches the root of ¢; in a state (p;, P, ¢;) where P; consists of all
states that Ay can reach assuming that in ¢; exactly one subtree belonging to L(A;)
would be replaced by a leaf labeled by o (and p;, ¢; are as described above), then the
second component of the state ([6.3]) again consists of all states that As can reach at
the root of ¢ assuming exactly one subtree of ¢ belonging to L(A;) had been replaced
by the symbol o.

A state of B is final exactly in case the second component contains a final state
of A,. This means that B accepts exactly the trees that are obtained from some tree
of L(A,) by replacing exactly one o-labeled leaf by a tree of L(A;).

We note that |Qp| = (mg + 1) - 2™ - (my + 1), however, not all states of Qg
are reachable. According to the definition of gp, a state (p, P,q) where ¢ € Q1 p
and o4, & P cannot be reached in any computation of B and, furthermore, the state
(dead, (), dead) is omitted as the sink state. Thus, Qp has (at least) (mg-+1)-2m271 41

unreachable states. Subtracting this number from |@Qg| gives the upper bound for the
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size of B given in the statement of the lemma. ™

Remark 39. Suppose that instead of tree concatenation, where the substitutions occur
only at leaves, we consider a more general sequential tree substitution t; ©5 ty that
substitutes in to the subtree at some node labeled by o € X,,, m > 0, by the tree
ty. For o € ¥, and DTAs Ay and A,, the o-substitution of L(Ay) into L(As),
L(A;y) o5 L(As), could be recognized by a DTA C with the same set of states as the
DTA B in the proof of Lemma [38, however, the transitions of C' would be defined
slightly differently. In (6.0) and (6.3) (i) always when the third component is a final
state of Ay, the transition would add to the second component all states that As may
reach at the root of an arbitrary tree with the root labeled by o.

On the other hand, since tree concatenation (as considered here) is a special case
of o-substitution, the state complexity lower bound established below applies also for
o-substitution, for an m-ary symbol o. Hence the state complexity of o-substitution
for an m-ary symbol o, m > 0, coincides with state complexity of tree concatenation.

Similarly, the upper bound construction of Theorem[{3 could be modified, without
changing the set of states, for a parallel substitution operation that replaces subtrees at
nodes labeled by an m-ary symbol o by another tree. There are various ways to define

a parallel substitution operation and we leave the details to the interested reader.

The upper bound of Lemma [38] is of a different order of magnitude than the tight
state complexity bound for concatenation of string languages [64], and it remains to
be verified that there exists a worst-case example matching the upper bound.

For our lower bound construction we use tree languages consisting, roughly speak-
ing, of trees where each branch belongs to the worst-case languages L(A) and L(B)

for string concatenation [64] and, furthermore, the DFA A (or B, respectively) reaches
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a,d a,c,d a,d a,d a,d

Figure 6.2: The DFA B from @] with added d-transitions

the same state at an arbitrary node u in computations starting from any two leaves
below u. Although the construction is based on the worst-case string languages, the
extension is non-trivial and additional technical modifications are required in order
to establish a lower bound matching the upper bound of Lemma

Let A and B be the DFAs from Figures [6.1] and [6.2] respectively. Note that A
and B are modified variants of the automata used for the worst-case construction for
concatenation in [64]. In the DFA B we have added a new alphabet symbol d and a
self-loop on d for each state of B. With the modified alphabet, A is an incomplete
DFA where the d-transition is undefined in each state.

We choose ranked alphabet ¥ = ¥,UX, UY, where X = {e}, ¥; = {a, b, ¢,d} and
Yo = {ag, by, c2,ds}. Denote by hy the morphism (£, UXs)* — {a, b, ¢, d}* defined by
the conditions hyx(z2) = hx(z) = z, z € {a,b, ¢,d}, that is, the morphism hy simply

erases the subscript from elements of .
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Using the DFAs A and B of Figures 6.1l and [6.2] we define tree languages Ty, Ts C

Fy.. First, Ty is defined to consist of all X-trees t such that

(i) The following holds for any u € dom(t) and any nodes v; and vy of height one
below u. If w; is the string of symbols labeling the path from v; to u, i = 1,2,
then B reaches the same state after reading the strings hy(w;) and hs(ws).

Furthermore, if u = €, B accepts the strings hy(w;) and hy(ws).

(ii) Suppose that v € dom(t) is labeled by as, by or dy and w has a child that is a
leaf (labeled by e) and another child «' that is not a leaf, and w is the string
of symbols labeling a path of symbols from a node of height one below v’ to u'.

Then B reaches the state 0 after reading the input hy(w).

Intuitively, the condition (i) means that for a tree in T, when the DFA B reads
strings of symbols (with subscripts omitted) labeling paths starting from nodes of
height one upwards, the computations corresponding to different paths “agree” at
each node, and the computations accept at the root. The technical condition (ii) is
just used to simplify the definition of the DTA Mp below.

Note that the simulated computations of B on path of the tree are started from
the nodes of height one and they ignore the leaf symbols. This is done for technical
reasons because in tree concatenation a leaf symbol is replaced by a tree, i.e., the
original symbol labeling the leaf will not appear in the resulting tree.

The tree language Tp is recognized by a DTA Mp = (3,Qp,@5r,95) Where
Qs = {0,1,...,n — 1} Qpr = {n — 1} and the transition function is defined by

setting:

® e, =0,
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o a,, (1) = (ag)y,(4,7) =i, 0<i<n-—1,

byp (1) = (b2)gs(3,7) =i+1,0 < i <n—2,and by, (n—1) = (ba)g,(n—1,n—1) =

0.

b CgB(i) - (CQ)gB(iaj) = 1a 0< Z,j <n-— 1,

dy, (i) = (dy) g, (i,1) =i, 0<i<n—1.

Note that the transitions of gg on the binary symbol ¢y allow different values for the
arguments while this is not the case in the transitions on as, by and dy. The reason
is that the transition function of B on each of the symbols a, b, d is injective while
the transition function on c is not. It is clear that Mp recognizes the tree language
T defined previously. Note that the condition (ii) implies that for ¢ € Tg, if a node
u € dom(t) is labeled by asg, by or dy and w has a child v -4, 1 < i < 2, that is a leaf,
the computation of B started from a node of height one below w - j, j # i, arrives at
node u - j in state 0, which is the state assigned by Mpg to the leaf node w-i. Thus, the
transitions of Mp for a symbol of rank two (labeling u) continue to correctly simulate
the computation of B on one path of the tree.

The tree language T4 and a DTA M4, with m states, recognizing Ty are defined
completely analogously based on the DFA A from Figure 6.1l Note that since all
d-transitions of A are undefined, trees of T4 have no nodes labeled by d or ds and all
d- and ds-transitions of M4 are undefined.

In the following we establish that the DTA constructed from M, and Mpg to recog-
nize the sequential concatenation of T4 and T is minimal, and thus gives a worst-case
example that matches the upper bound of Lemma B8 Let My = (3, Qc, Qc.r, 9c)

be the DTA for the tree language T4 -2 Tz constructed as in the proof of Lemma [38
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We make the convention that the “dead” state added to My (respectively, to Mp) is

denoted by m (respectively, n). That is, the set of states Q¢ consists of all triples
(¢,S,p), 0<q¢<n,SC{0,1,...,n—1},0<p<m, (6.4)

where if p=m — 1 then 0 € S, and if S = () then ¢ # n or p # m.? The number of
states of Mg is (n+ 1)((m +1)2" —2"71) — 1.

In the following two lemmas we establish that all states of My are reachable
and pairwise inequivalent with respect to the Myhill-Nerode equivalence relation (ex-
tended to trees). We still introduce the following notation. For a unary tree where
the leaf is an element of ¥y or a state of Q¢, t = z1(22(. .. zm(2) ...)) € Fx|Qc], we
define word(t) = 2z, 2m—1 - . - z1. Note that word(t) consists of the sequence of symbols
labeling the nodes of ¢ bottom-up, and the label of the leaf is not included. In the
following when we refer to word(¢) of a tree ¢, without further mention, this implies

that ¢ is a unary tree (with the leaf possibly labeled by a state of Q¢).

Lemma 40. All states of Mc are reachable.

Proof. Using induction on |S| we establish that all the states (6.4 are reachable.
The DTA M assigns to a leaf symbol e the state (0,0,0). When |S| = 0, (4,0, 7),
0<i<n-—1,0<j < m—2is reachable from (0,0,0) by reading a unary tree
t where word(t) = b'a’. (Note that (i,0,m — 1) is not a state of Qc.) The state
(n,0,7), 1 < j < m—2, is reachable by reading tree as(t, %) where word(t;) = ba’~!
and word(ty) = b*a’~! and the leaves of t; and t, are labeled by (0,0,0). The state
(n,0,0) is reached by reading a unary symbol b from state (n,0,7), 1 < j < m — 2.
State (i,0,m), 0 < i < n — 1 is reached by a tree by(ty,1s) where word(t;) = b ta

and word(t3) = b'"'a? and the leaves of ¢; and t, are labeled by (0, ,0).

2As at the end of the proof of Lemma B8] we have omitted from Q¢ the unreachable states.
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In the following, for an integer x > —n, denote

zifz >0
T =
n+axifz <0
Consider z > 0 and inductively assume that for |S| < z, all the states (7,5, 7) as
in ([@4),0<i<n, 0<j<m,SCH{0,...,n— 1} are reachable. We will show that
any state (z,5,y),0 <z <n,0<y<m,|S| =241 is reachable.

First consider the case where y # m — 1. Let s; > s9 > ... > s, > s,,1 be the

elements in S’. Let P = {s1 — .11, — Sy01,--+,5: — S»11}-

(i) When 0 < x < n—1, according to the inductive assumption, the state (x — s,.1, P,0),
is reachable. Then the state (x —s,+1, P U {0},m — 1) is reachable from
(= s.41, P, 0) by reading a sequence of unary symbols a™~!. The state (z, 5", y),

0 <y < m — 2 is reachable from (x —s,;1,P U {0},m — 1) by reading a
sequence of unary symbols b%+'a¥. The state (z,S’,m) is reachable from

(x — s.41, PU{0},m — 1) by reading a sequence of unary symbols b*=+!d.

(ii)) When = = n, according to the inductive assumption, the state (n, P,0), is
reachable. Then the state (n, P U {0},m — 1) is reachable from (n, P,0) by
reading a sequence of unary symbols a™ 1. The state (n,S5",y), 0 <y <m —2
is reachable from (n, P U {0}, m — 1) by reading a sequence of unary symbols
b**t1a¥. The state (n,S’,m) is reachable from (n, P U {0}, m — 1) by reading a

sequence of unary symbols b%*+1d.

Finally, consider the case when y = m—1. According to the definition of (€4]), 0 € 5'.
By the inductive assumption, the state (z,S" — {0}, m — 2) is reachable. Then the
state (z,S’,m — 1) is reached by reading the unary symbol a.

This concludes the proof of the inductive step and the proof of the lemma. =
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It remains to establish that the DTA Mg has no two equivalent states.

Lemma 41. All states of M¢c are pairwise inequivalent.

Proof. Let (i1,51,71) and (ig, Ss,j2) be any distinct states as in (64). First we
consider the case when S; # S, or j; # jo. We get from the DTA My a bottom-
up tree automaton recognizing the restriction of 7y -5 Tz to unary trees simply by
ignoring the first component of the states, and making all transitions undefined on
elements of ¥y. Note that for unary trees t; € Ty, ty € Tp, word(t; -5 t9) is simply
the string concatenation of word(¢;) and word(ts).

Let B’ be the DFA obtained from B (in Figure [6.2) by deleting all d transitions.
In [64, 166] it is established that the minimal DFA for the concatenation of the string
languages L(A) and L(B') needs m2™ — 2"~! states, which means that the elements
(S,i), S C{0,....n—1}, 0 <i < m—1, where 0 € S always when i = m — 1,
correspond to states of a minimal DFA for L(A)L(B’), and also to states of a minimal
DTA for Ty - T's restricted to unary trees without occurrences of the symbol d. Note
that in the construction of Mg, the unary transitions operate on the second and
third components in the same way as in the DFA constructed in [64, 66] to recognize
L(A)L(B').

This means that when (S7,71) # (S2,j2) and 0 < 71,752 < m — 1, the states
(1,51, j1) and (iz, S, J2) can be distinguished using a unary tree. Note that j; = m
(1 < i < 2) corresponds to a “dead” state of M4, and this “dead” state does not occur
in the construction of [64, 166], and we need to consider the cases j; = m, 1 <i < 2,
separately.

First consider the case j; = m, 0 < jo < m — 1 (and S;, Sy may or may not be

M7j271bn71

equal). Choose a sequence of unary symbols ca . From state (is, Ss, J2),
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state (1,{1},72) is reached after reading ¢, state (1,{1,0},m — 1) is reached after
reading ™ 727! and a final state (0,{0,n — 1},0) is reached after reading 0"~'. On
the other hand, from state (iy,S;,m), state (1,{1},m) is reached after reading c,
state (1,{1},m) is reached after reading a™ 7271 and state (0,{0}, m) is reached
after reading 0" !. The latter is not a final state.

Next consider the case where S; # Sy and j; = j, = m. Without loss of generality
choose s € S1—S55 (the other possibility being symmetric). Choose a sequence of unary
symbols w = b" 175, After reading w, M¢ reaches a final state when the computation
begins from state (i1, 51, m) while the computation beginning with (ig, S5, m) does
not reach a final state.

So far, we have showed that any two states (i1,S571,71) and (ig, Sa,72) can be
distinguished when S; # S5 or j; # j2, 0 < j1,72 < m. It remains to consider the
case when S; = Sy = S, j1 = jo = j and 17 # 15. Since 17 # 19, one of iy, iy has to
be distinct from n and, without loss of generality, we assume that 0 < i3 < n — 1,
0 < iy < n. In order to establish that (i1, 5, 7) and (is,S,j) are inequivalent, it is
sufficient to give a tree t € Fsy|[x] such that the computation of M¢ on t(x < (i1, .5, 7))
(respectively, t(x < (ig,S,7))) reaches a final state (respectively, a non-final state).
Here ¥ = £y U Q¢ and X} = Xj, when £ > 1. Above we use the fact that by
Lemma [46] all states of ()¢ are reachable.

Denote ¢, = (i1+1, {41}, j) and as the tree t € Fs[x] we choose t = b** 2~ hy(x, q,).

First consider the computation of My on t(xz <« (i1,.5,7)). Since the second
component of g, contains i; and the first components of ¢, and (i1, S, j) are different,
the computation assigns (n, {i; + 1},0) to the root of bs((i1,.5,7), qu). After reading

the remaining 0’s on the unary path, the final state (n,{n — 1}, 0) is reached.
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Now consider the computation on t(x < (i2,.5,7)). Denote by (y, U, z) the state

assigned to the root of be((i2,.5,7),q,). We note that z = 0 and
(11 +2) (mod n) if 1o =4; + 1
{(i14+2) (mod n)} ifi; +1 € 5,
y= andi; +1#n, U=

() otherwise
n otherwise

Above we use z (mod n) as an element of {0,1,...,n — 1}. Recall that the number
of b’s after the root of by((i2,.5,7),q,) (the binary symbol by is not counted) to the

root of t(z < (ig, S, 7)) is 2n — iy — 2.

(i) fy = (i1+2) (mod n) and U = {k}, k = (i1 +2) (mod n), the computation be-
ginning from state (y, U, z) after reading the sequence of unary symbols p** 12

reaches the state (0,{0},0).

(ii) If y = n, the first component of the resulting state will change to n, and if

U = (), the second component of the resulting state will change to (0.

In all cases the computation of My reaches a non-final state at the root of t(z «+
(iQa Sa j)) :
This concludes the proof showing that all the states of (6.4]) are pairwise inequiv-

alent. =

The following is now a consequence of Lemmas [38], [46] and [41]

Theorem 42. Suppose that A; is a DTA with m; states, 1 = 1,2, and o € ¥y. The
sequential o-concatenation L(Ay) -5 L(As) can be recognized by a DTA with
(mg +1) - (my -2 427271 — 1 (6.5)

states.
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For any integers my, mo > 2, there exist DTAs A; with m; states, 1 < i < 2, such

that the minimal DTA for L(A;) -5 L(Ay) has (83) states.

6.1.2 State complexity of parallel concatenation

In this section we give a tight state complexity bound for the parallel concatenation
of tree languages. As can perhaps be expected, the bounds are similar as for regu-
lar string languages. We give a short construction for the upper bound because we
are considering incomplete automata and the bounds differ slightly for complete and
incomplete DFAs, respectively. The well known state complexity bounds for concate-
nation of string languages are stated in terms complete DFAs [27, 136, 66]. Transition

complexity of incomplete DFAs has been considered in [13].

Theorem 43. Let Ay and Ay be DTAs with m and n states, respectively (m,n > 2).
For o € %, the tree language L(Ay) £ L(As) is recognized by a DTA with m - 2™ +

on—1 _ 1 states and this bound can be reached in the worst-case.

Proof. Denote A; = (£, Q:, Qir, i), i = 1,2, and let Q) = @1 U {dead}. Without
loss of generality o, is defined (because otherwise L(A;)-2 L(A;) = L(As)). We define
D = (%,Qp,Qp,r, gp) where Qp =29 x Q}, Qp,r = {g € Qp | m(q) N Qo r # 0},
and the transitions of gp are determined below. For 7 € ¥, define

({7925 0901, 71) 1 7y, € Qup,
Top =N {Tee}s Tar) if 7, & Q1.p, and at least one of 7, and 7,, is defined,

undefined, if 74, and 7,4, are both undefined.

Above the overline notation is as in (6.1). When 7,, is undefined, {r,,,0,,} = {04, }.
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Fort € ¥, k> 1,and (P, q) € Qp,i=1,...,k, define

TgD((P17q1>7"'7(Pk7qk>> = (ng(Pl,---,P]g) UX7 Tgl(qla"'7Qk))7

where X = {o,,} if 75, (q1,...,q) € Q1.r and X = () otherwise.

We leave to the reader the details of verifying that D recognizes the tree language
L(Ay) -2 L(As). Among the states (P,q) € Qp, P C Q9, ¢ € @}, the states where
q € Q1.r and 0,4, & P are unreachable, which gives in total at most (m+1)-2" —2"!
states. Furthermore, we can eliminate from the state set of D the sink state (), dead)
which gives a DTA with the claimed number of states.

To establish a matching lower bound we consider the string languages defined by
the DFAs A and B of Figures and [6.2l As above, we construct a DFA D to
recognize the concatenation of L(A) and L(B), hence states of D are pairs (P, 1),
PCH{0,...,n—1},i€{0,...,m — 1} U{dead}.

Denote by B’ the DFA obtained from B by omitting all transitions on d. The fact
that A and B’ are the DFAs used in [64, |66] to establish the tight lower bound for

concatenation of complete DFAs? implies that all states of D belonging to
Z={(Pi)| PC{0,....,n—1},0<i<m—1, where i =m — 1 implies 0 € P}

are reachable and pairwise inequivalent. Furthermore, each state of the form (P, dead),
) #P C{0,...,n— 1} is reachable in D from state (P,0) by reading the symbol d.
(Recall that d-transitions are undefined in A.)

In order to complete the proof, it is sufficient to show that states of the form
(P,dead) are all pairwise inequivalent, and no state of this form can be equivalent
with a state of Z.

First consider two states (P;,dead) and (P,, dead), where i € P, — P,. Now after

3A and B’ are complete DFAs over the input alphabet {a,b, c}.
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reading 0”17 from state (P, dead) (respectively, from state (P, dead)) D reaches a
final (respectively, non-final) state.
Second consider states (P;,dead) and (P,7), 0 < i < m — 1 (where P, and P,

m=1=ipgn=1 = After reading c in state

are not required to be distinct). Choose w = ca
(P, dead), D goes to state ({1}, dead) and a is the identity on states of B. After this
n — 1 symbols b give the non-final state (0,dead). On the other hand, the symbol ¢
yields from state (P, %) the state ({1},7) and reading the sequence a™ '~ yields then
({0,1},m —1). After this the sequence b"~! yields the accepting state ({0,n —1},0).

Thus the computation of D on input w reaches a non-final and a final state from

states (P, dead) and (P, 1), respectively. B

6.2 State Complexity of Kleene-star

Concatenation of tree languages can be defined either as a sequential or a parallel
operation. Here we consider iterated concatenation of trees, that is, an extension of
the Kleene-star operation for tree languages. We have seen in Section B.1.1] that iter-
ated parallel concatenation is not a regularity-preserving operation and, consequently,
we will focus on iterated sequential concatenation. Since sequential concatenation of
trees is non-associative, there are two essentially different ways to define the corre-
sponding iterated operation. We have named the variants as the bottom-up star and
the top-down star operations.

We give tight state complexity bounds for both bottom-up and top-down Kleene-
star operations. We show that the bottom-up star of a tree language recognized by a
deterministic bottom-up automaton with n states can be recognized by an automaton

with (n + %) - 2"~ states and, furthermore, there exist worst-case examples where
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this number of states is needed. This bound is, roughly, n times the corresponding
bound for regular string languages. On the other hand, the state complexity of the
top-down star operation is shown to coincide with the state complexity of Kleene-star

on string languages.

6.2.1 State complexity of bottom-up star

We establish for the bottom-up star operation a tight state complexity bound that is
of a different order of magnitude than the state complexity of Kleene-star for string

languages. First we give an upper bound for the state complexity of bottom-up star.

Lemma 44. Suppose that tree language L is recognized by a DTA with n states. For

o € X, the tree language L%* can be recognized by a DTA with (n + %)2"*1 states.

Proof. Let A= (3,Q,Qr,ga) be a DTA with n states recognizing the tree language

L. Without loss of generality we assume that o,, is defined, because otherwise

L(A)y" = L(A);" U L(A);' = {o} UL(A),

g

and it is easy to construct a DTA with n + 1 states that recognizes L(A) U {c}.

Choose three disjoint subsets of 22 x (Q U {dead}) by setting
(1) Pr={(S.0) | S€29{q00}C S qeQr},
(i) P, ={(8,q)|S€2%qeSN(Q-Qpr)}
(iii) Py = {(S,dead) | S € 29,5 # 0}.
Here dead is a new element not in ). Now define a DTA B = (X, P, Pr, gp) where

P=PUPUPsU{puew}, Pr=1(S,q) €P|SNQr # D} U{Pnew}-
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We define the transitions of B by setting, 04, = pnew, and for 7 € ¥g — {o},

({Tgm UgA}a T!JA) if Tga € QFa
Tgs = ({TQA}7 TgA) if Tga € Q - QF) (6‘6>
undefined, if 7,, is undefined.

To define transitions on X,,, m > 1, we view pyey as the state ({0, },0,,), and hence
every state of B is represented in the form (S,q), S C @, ¢ € Q. (Note that ppey is
not the same as ({oy,},0,,), because the former is an accepting state and the latter

need not be accepting.) For 7 € ¥, and (S1,¢1), .., (Sm, ¢n) € P, we first denote

X = U{TQA(qlﬂ .. "qi—la'z)qi-i-l) .. 7qm) | z e S’L}
i=1

Now we define

TQB((Sh%)a“'a(Sman)) (6.7)

to be equal to

(i) (XU {UQA}7TQA(q1’ : "vCJm)) if TQA(qlv""qm) € QFv
(H) (XaTgA(q17"'7QTn)) 1f TgA(qla"'aqm) S Q_ QF7

(iii) (X, dead) if X # 0 and 7,,(q1, ..., ¢n) is undefined.

In the remaining case, where X = 0 and 7,,(q1,. .., ¢n) is undefined, also (6.7) is
undefined. Note that if for some 1 < ¢ < m, ¢; = dead, this implies automatically
that 7,,(q1, .., gm) is undefined.
Recall that if (S5,¢), S C @, ¢ € @ is a state of B then ¢ € S and, furthermore, if
q € Qp then 04, € S. The transitions of gp preserve this property and the state in
(i) (in (ii), (iii), respectively) is an element of P; (an element of Ps, Pj, respectively).
The second component of the state of B simply simulates the computation of A

on the current subtree, and goes to the state dead if the next state of A is undefined.
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Intuitively, the first component of the state of B consists of all states that A could

reach at the current subtree ¢’ assuming that
in ¢ at most one subtree of L(A)>* k > 0, has been replaced by a leaf . (6.8)

Inductively, assume that B assigns to the root of tree t; a state (S, (t;),,) Where
S; C @ satisfies the property (6.8) for ¢;, i = 1,...,m. Now the rule (6.7)) assigns to
the root of tree t = 7(t1,...,t,) a state (S, q) where ¢ = 7,5, ((t1)g,s- - -, (tm)g,) and
S consists of all states that A could reach at the root of ¢ assuming the computation
uses as arguments qi, ..., ¢, where at most one of the ¢;’s can be replaced by an
arbitrary state from S;, 1 < ¢ < m. This means that the state (.S, ¢) again satisfies
the property (6.8) for the tree ¢.

The choice of the set of final states Pr and Lemma B@l now imply that L(B) =
L(A)%*.

It remains to estimate the worst-case size of B. We note that if Qr = {0,,}, in B
only states of the form ({¢q},q), ¢ € @, can be reachable, and pye,, can be identified
with ({o,,},0,,). In this case L(A)%* has a DTA with n states. Thus, without loss
of generality we assume that Q) contains a final state distinct from oy,

We note that |P| = |QFp|-2"72, || = |Q — Qp|-2"" and | P3| = 2" — 1. Here the
estimation of the size of P, relies on the above observation that we can exclude the
possibility @ = {0,,}. Thus, the cardinality of Py U P» U P35 U {pyew } is maximized

as (n+3)2""! when |Qp|=1. =

The upper bound of Lemma [#4lis of a different order of magnitude than the known
state complexity of Kleene-star for string languages [64]. It remains to verify that the
bound of Lemma [44] can be reached in the worst case.

Figure represents a DFA A used in [64, 166] for the lower bound construction
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Figure 6.3: The DFA A from [64] with added c-transitions.

for Kleene-star where we have added transitions on the symbol ¢. Note that A is an
incomplete DFA since the ¢ transition on 0 is undefined. Based on A we define in the
following a tree automaton M 4.

Choose 3 = ¥y U Xy U Xy where 3y = {e}, X1 = {a,b, ¢} and ¥y = {ag,d2}. We
define a DTA My = (3,Q4,Qar, ga), where Q4 = {0,1,....n—1}, Qar = {n—1}

and the transition function g4 is defined by setting:
(i) eg, =0,¢5,(1) =1, 1 <i<n—1,

(i) ag, (i) = (as)y,(i,i) =i+1,0<i<n—2

a’gA(n - 1) = (0’2)9A(n - 17n - 1) = 0,
(iii) by, (i) =i+1,1<i<n—2 by,(j)=0,j€{0,n—1},
(iv) (da)g,(0,6) =4, i =0,2,3,....n—1, (da)y,(1,1) = 1.

All transitions of g4 not listed above are undefined. Intuitively, the construction of
M4 can be, roughly speaking, explained as follows. Denote by Ty the subset of Fy,
consisting of trees without any occurrences of the binary symbol ds, thus the only
binary symbol in trees of T is as. On a tree t € Ty, the DTA M, simulates the
computation of A on each string of symbols starting from a node of height one, where
occurrences of as are “interpreted” simply as a. The computations on different paths

verify that for any u € dom(t) labeled by as and any nodes v; and vy of height one
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below u, the simulated computations started from v; and v, agree at u. Furthermore,
if u = ¢, the simulated computation has to accept.

Note that the original DFA has no transitions on d, and the transitions on dy have
been added for a technical reason that will be used in the proof of Lemmal46l Also, the
above intuitive description is not completely precise on how M4 operates on binary
symbols as where one child is a leaf (that gets assigned the state 0) and the other child
is not a leaf. The following Lemmas (3] and [46] rely only on the formal definition of
the transition function g4 of M,. The above intuitive description of the operation of
M 4 is intended only as a guide that may be useful in understanding the operation of
the DTA constructed to recognize the bottom-up e-star of L(M,). Finally, note that
the dy-transitions will be needed only to establish the reachability of one particular
state, and in most of the technical constructions the above intuitive description of
the operation of My (based on the DFA A of Figure [6.3)) can be sufficient.

Using the construction of the proof of Lemma (4] based on M, we construct a
DTA Mp = (%,Qp,Qp.r,gp) that recognizes the tree language L(Ma)%*. We make
the convention that the sink-state “dead” used in the proof is denoted by n. Thus

the set of states Qg consists of the special state pye. assigned to e and all pairs

where 0 < ¢ < n—1implies ¢ € P, ¢ = n—1 implies 0 € P and ¢ = n implies P # ().
The number of pairs as in [69) is (n + 3)2"~1 — 1.

In the following two lemmas we establish that Mp is a minimal DTA. That is, first
we show that all states of Qg are pairwise inequivalent with respect to the Myhill-
Nerode equivalence relation extended to trees. Second we show that all states of Qg

are reachable, that is, for each ¢ € Q)p there exists t € Fy, such that t,, = ¢. The
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proof of our first lemma assumes that all states are reachable which will be established

next in Lemma MG

Lemma 45. All states of Mg are pairwise inequivalent.

Proof. For the sake of convenience, we assume that we have already proven that all
states of Mp are reachable (Lemma[46]). Thus, in order to distinguish two states with
respect to the Myhill-Nerode relation, we can use an arbitrary configuration of Mg
where one leaf is replaced by the given states. More formally, in order to show that
two distinct states of @ g, p1 and ps, are inequivalent, it is sufficient to find t € Fyny []
such that the computation of Mp started from the configuration t(x < p;) accepts
if and only if the computation started from the configuration t(x < py) does not
accept.

We first show that any two distinct states (S1,¢1) and (S2,¢2) as in ([6.9) are not
equivalent. After that we consider the special state ppey. We begin by considering
the case where neither of ¢; or ¢ is equal to n (which was used to denote the “dead”

state of M4).

Case 0 < q1,q2 <n—1: (a) Assume S; # S and s € S; — Sy (The other possibility
is completely symmetric.) After reading n —s— 1 unary symbols a, a final state
is reached from state (S7,q;). On the other hand, since (Sz,¢2) is as in (6.9,
g2 # s. This means that the computation C' that begins with (S5, ¢2) and reads
n — s — 1 unary symbols a ends with a non-final state. Note that at some point
during the computation C, the second component may become n—1 which adds
an element 0 to the first component. However, at the end of the computation

C the first component cannot contain n — 1.

4The proof of Lemma [46] does not rely on Lemma
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(b)(i) Next we consider the case S; = Sy = S, {0,1,...,n — 2} € S and
¢1 # q2. According to the definition of the states (€9), ¢1,¢2 € S. Choose
p e {0,1,...,n—2} — S and consider a tree t; = a* > "ay(({q1,p},p), ) €
Fsuglz]. Since p € {0,1,...,n — 2}, ({q1,p},p) is a legal state ([6.9). Con-
sider the computation of Mp on tree ti(x < (S,q)). Since p € S the state
({q1 + 1}, n) is assigned to the root of the subtree as(({q1,p}, ¢1), (S,q1)). (Here
addition is modulo n.) After this the computation reads the 2n — 2 — ¢; unary
symbols a in t; and ends in an accepting state. On the other hand, consider the
computation of Mg on t1(z < (S, qz)). Since p € S and ¢ & {q1,p}, the transi-
tion (as)g, on arguments ({qi,p},p), (5, ¢2)) is undefined and the computation

does not accept.

(b)(ii) Consider S = {0,1,...,n — 2}, and hence we know that ¢;, ¢ # n — 1.
From state (5, ¢;) by reading a unary symbol b we get (5, ¢.), where S’ =
{0,2,...,n—2,n—1}. Since q1,q2 # n — 1, ¢} # ¢4 and the states (S’,¢q]) and

(57, ¢4) are distinguished as in b(i) above.

(b)(iii) Consider then the possibility S = {0,1,...,n — 1} and ¢ # ¢. If
{q1,92} # {0,n — 1}, by reading a unary symbol b from (S,q;) and (S, ¢2),
respectively, we get two states (5, q,), (57,43), ¢} # q), that are distinguished
as in the previous case®. Next consider the case {q1,¢2} = {0,n — 1}, and first
assume that n > 3. By reading a unary symbol a we obtain states (S, ¢ + 1),
(S,qg2+1) where ¢ +1# go+1and ¢; +1 #n—1, i = 1,2 (addition is modulo
n). The states (S, q1 +1) and (S, g2 + 1) can be distinguished as in the previous

cases.

5The b-transitions of A violate injectivity only on states 0 and n — 1.
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Finally consider the possibility n = 2 and {q1,¢2} = {0,1}. From state
({0,1}, 1) by reading unary symbols ca, we reach the accepting state ({0,1},0).
On the other hand, a computation starting from ({0, 1}, 0) by reading the unary

symbols ca reaches the non-accepting state ({0}, 2).

Case where g; = n: First assume ¢; # n. Choose ty € Fyug[z] by setting ty =
a"2ay(({0,1},1),0" (x)). Since n — 1 consecutive b-transitions take any state
of A to state 0, the computation of Mg on t3(z < (51, q1)) assigns state ({0}, 0)
to the root of the subtree 6" ~'((S1,q1)). Then the state ({1},n) is reached at
the root of the subtree as(({0,1},1),0" 1((S1,q1))). A final state ({n — 1},n)
is reached after reading further n — 2 unary symbols a. On the other hand,
in the computation of Mp on ty(x < (S2,n)) the state ({0}, n) is assigned to
the root of the subtree 0"~ !((S2,n)). When reading the binary symbol ay with
arguments ({0, 1}, 1) and ({0}, n) the computation step of Mp is undefined, and

hence Mp does not accept ta(x < (S2,n)).

Finally consider the case where also ¢; = n. Thus S; # S5 and choose s €
Sy — Sy. After reading n — s — 1 unary symbols a, a final state is reached

from state (S1,n), and the same computation does not reach a final state from

(Sa,m).

It remains to show that p,e is not equivalent with any state (S, ¢) as in ([6.9). Since
Prew 1s final, it is sufficient to consider states where n—1 € S. Thus, by reading a unary
symbol ¢ from state (S, q) we get a state (5',¢’), where n —1 € §" and 0 < ¢’ < n.
On the other hand, computations starting from py., are identical to computations
starting from ({0}, 0) and hence a computation step with unary symbol ¢ is undefined.
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Before the next lemma we introduce the following notation. For a unary tree
representing a configuration of Mp, t = z1(22(...2m(20)...)) € Fsug, we define
word(t) = zmZm-1...21. Note that word(t) consists of the sequence of symbols la-
beling the nodes of ¢ bottom-up, and the label of the leaf is not included. In the
following when we refer to word(t) of a tree t, without further mention, this implies

that ¢ is a unary tree.

Lemma 46. All states of Mg are reachable.

Proof. The transition function of Mp assigns the special state ppe, to leaf symbol
e. Recall that from ppey the computation of Mp continues as from ({0},0). Thus,
after reading n — 1 unary symbols a we reach the state ({0,n — 1},n —1).

Inductively, we assume that a state ({0,1,2,...,k,n—1},n—1),0<k <n — 2,
is reachable. We show that ({0,1,2,..., k4 1,n — 1},n — 1) is also reachable. From
state ({0,1,2,...,k,n — 1},n — 1), we reach the state Z; = ({1,2,...,k + 1,0},0)
by reading a unary symbol a. By our assumption on k, £k +1 < n — 1. Thus from
Zy we reach the state Zy = ({2,3,...,k + 2,0},0) by reading b. Since k < n — 2,
all elements of {2,3,...,k+ 2,0} are distinct (that is, the b-transition does not take
k+1to0). After reading n — 1 symbols a, the state ({1,2,...,k+1,n—1,0},n—1)
is reached. The element 0 is added to the first component as the second component
becomes n — 1.

By the above inductive claim we now know that the state ({0,1,...,n —2n —
1},n — 1) is reachable. After reading ¢ + 1 a's, state ({0,1,...,n —2,n — 1},4) is
reached, 0 <i<n—1.

Inductively, assume that all states (S,j), where |S| > k+ 1,1 < k < n and

0 <j<n-—1asin (69) are reachable. We show that then also states where |S| = k
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are reachable. Let (S,s;) where S = {s1,89,...,8:}, 1 <i<kand 0 < s < 55 <
... < 8 < n—1 be an arbitrary state where |S| = k. Recall that in states of Mp,
when the second component is not n, it must belong to the first component.

In the cases (a) and (b) below, numbers z > n are interpreted as the unique

element of {0,1,...,n — 1} congruent to z modulo n.

(a-1) First consider the case where s; < n—1. The following discussion assumes n > 3,
and the case n = 2 is handled in case (a-ii). Since |S| = k < n, in the “cyclical
sequence” of sq, ..., s, there exist two consecutive numbers with difference at
least two, where the difference between the numbers s, and s; is counted modulo
n. More formally, either there exists 1 < j < k — 1 such that s;;; —s; > 2 or
n+ s1 — s; > 2. In the latter case we choose 7 = k. In the following we assume
that ¢ < j. The case where ¢ > j is similar and only some notations are changed.
According to the inductive assumption, the state Z3 = ({0,n —1}US;, n+s; —
s;—1) where S; = {sj4y1—5;—1,8j40—5;—1,..., 8y —s;—L,n+s1—s;—L,n+
so—s;—1,...,n+s;_1 —s; — 1} is reachable. Note that since 0 < 51 < 55 <
. <sp<n—1landsj; —s; >2,|S;U{0,n—1}| = k+1. After reading from
state Zs a unary symbol b, we get the state Z, = ({0} U Sz, n + s; — s;) where
Sy = {sj+1—5j,5j42—Sj,...,8k—S;,n+ 51 —Sj,n+S2—5j,...,n+5;_1—5;}.
Since 0 < 81 < 89 <...<s,<n—1,0¢ Sy From state Z, we reach the state
({5), Sj+1, Sj42, - - -, Sk, M+ 51, M+ S92, ..., n+5,_1},n+s;) by reading s; symbols

a. The latter state is the state (5, s;) that we wanted.

(a-ii) Assume that s; <n—1and n = 2. Now k = 1, and the only legal state (S, s;),
S| =k=1,0<s; <1,is ({0},0) (because we know that s; € S). The state

({0}, 0) is reached from state ppey by reading unary symbols ab.
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(b) Now consider the case where s; = n — 1, and thus ¢ = k. This implies that
0 € S, and we have s;(= sy) = n — 1 and s; = 0. Since k < n, there exists
1 <j <k —1such that s;;1 —s; > 2. According to the inductive assumption,
the state Zs = ({0,n — 1} U S3,n — 2 — s;) is reachable, where S3 = {s;41 —
si— 1,840 —8;—1,...,80-1—8;—1ln—1—-5s;—1,n+0—-35; —1,n+
So—s;—1,...,n+sj_1 —s; —1}. Similarly as in (a) above we observe that
|S3U{0,n—1}| = k+ 1. From state Z; we get the state Zg = ({sj11— 5, Sj42—
Sjy..-sSk—1—8j,n—1—s;,n+0—s5;,n+s2—s;,...,n+s;_1—s;,0},n—1—s;) by
reading a symbol b. After reading s; symbols a, from state Zs we reach the state
({541, Sj4+2, - - - Sk—1,n—1,n+0,n+53,...,n+5;_1,5;},n—1). This means that

we have reached the desired state (S,n — 1) with S = {0, s9,...,sx_1,n — 1}.

Up to now, we have shown that all that states (S,7), S C {0,...,n — 1}, 0 <
j <n—1asin ([69) are reachable. Next we will show that the states (S,n), S C
{0,1,...,n — 1} are reachable.

We know that ({0,1,...,n — 1},0) is reachable and from this state we get Z7; =
({1,...,n — 1},n) by reading a unary symbol c¢. From Z; we get all states (S5,n),
|S| = n—1 by cycling the elements of S using a-transitions. Now inductively, assume
that all states (S,n), n > |S| > k+1, k < n—1 are reachable. Consider an arbitrary
state (S,n) where |S| = k. Choose 0 < j < n — 1 such that j € S. By our inductive
assumption the state (S U {j},n) is reachable. From this state we reach (S,n) by
reading the sequence of unary symbols a®7ca’. Note that transitions on a always
add one modulo n to states of S and the c-transition deletes the element 0 and is the
identity on all other elements.

It remains to consider the state ({0,1,...,n — 1},n). We know that states
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({0,1},0) and ({0,1,...,n — 1}, 1) are reachable. According to the definition of da-
transitions of My, the do-transition of Mg with arguments ({0,1},0) and ({0, 1,...,n—

1},1) gives the state ({0,1,...,n —1},n). =

Note that above the transitions on dy were needed only to establish that the state
({0,1,...,n — 1},n) is reachable in Mp. The transitions of dy in M, did not have
a similar intuitive interpretation as the other transitions based on the DFA A, and
they were introduced only for the technical purpose needed at the end of the proof
of Lemma (46l

By Lemmas [44] and 46 we have a tight bound for the state complexity of
bottom-up star that differs by an order of magnitude from the known bound for

Kleene-star of string languages [64].

Theorem 47. If A is a DTA with n states, the bottom-up star of L(A) can be rec-
ognized by a DTA with (n + %) 2"~ states. For every n > 2, there exists an n-state

DTA A and o € Sy such that the minimal DTA for L(A)%* has (n+ 3) - 21 states.

6.2.2 State complexity of top-down star

Here we give a tight state complexity bound for top-down star of regular tree lan-
guages. The top-down iteration of the concatenation operation allows the replacement
of subtrees at arbitrary locations and, as can perhaps be expected, the state com-
plexity is similar as for the Kleene-star of string languages. For completeness, we
give a brief construction for the upper bound, because we are considering incomplete
automata and the known state complexity bounds for ordinary DFAs are stated in
terms of complete DFAs [64, 66]. The state complexity results for complete and in-

complete DFAs, respectively, differ slightly for operations such as union [64, [13] or
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concatenation [64, |46].

Theorem 48. Let A be a DTA with n states and o € ¥y. The top-down o-star of the

t,*
o

tree language recognized by A, L(A)y*, can be recognized by a DTA with 7 - 2" states

and this bound can be reached in the worst case.

Proof. Denote A = (X,Q4,Qar,ga) and let guew be a new element not in Q4. We
can assume that o,, is defined because otherwise L(A),* = L(A) U {o}.

g

We define B = (X, Qp, Qp,r, gB), where

QB = A{tnew} U{0 # P C Qa| PNQar # 0 implies 0, € P},

QB,F - {QHew} U {P € QB | PN QA:F 7£ @}
The transitions of B are defined for 7 € ¥q — {0} by setting

{7g1:00aF 75, €Qar,
Tos =\ {7ga} if 79, € Qa — Qar,
undefined  if 7,, is undefined.

For the leaf symbol o used to define the star-operation, we set 0,, = gnew. For m > 1,

T € X, and Xy,...,X,, € Qp we define 7,,(X4,...,X,,) =Y U Z, where
Y = {r,, (w1, .., 20) | 2 € X; if X; €294 2, =0y, if X; = quew, 1 < i <m},

and Z = {0,,} f Y NQar # 0, Z =0 otherwise.

The construction of B is similar as the construction used to recognize the Kleene-
star of a string language. Note that the state gnew is used as a copy of o4, because
the latter state is not, in general, accepting. We leave to the reader the details of
verifying that B recognizes L(A)L*.

To get the upper bound on the number of states, we note that if Q4 r = {0y, },

then we can identify gnew and 0,4, and in the resulting DTA the number of reachable
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states is (at most) n. Thus we can assume that Qa r — {0,,} # 0. In the case where
04, & Qar, we observe that (2/94rl — 1) . 2n=1Qarl=1 of the elements P € 294 — {()}
contain an element of Q4 r and, at the same time, do not contain o,,. Thus, by
choosing |Qa r| = 1, the cardinality of @p is maximized as |Qp| = 2" — 1 — (2 —
1)-272 41 =3.2" Tt is casy to verify that this bound cannot be exceeded with
Ogs € Qar, |Qar| > 2.

When restricted to unary trees, the top-down (or bottom) star operation coincides
with Kleene-star on string languages. Theorem 5.5 of [64] gives a complete DFA C
with n states such that the state complexity of the Kleene-star of L(C) is % AL
Furthermore, C' does not have a “dead” state, which means that the same lower

bound construction works for incomplete DFAs. =



Chapter 7

State complexity of other

operations

In this chapter we consider the state complexity of union, intersection, projection
and quotient operations on tree languages. We consider unranked tree automata and,
for union and intersection, we give the bounds separately for strongly deterministic

automata and DTA(DFA)s.

7.1 State complexity of union

We investigate the upper bounds on the numbers of vertical and horizontal states for
the operation of union on SDTAs and DTA(DFA)s. The upper bounds for vertical
states are tight for both SDTAs and DTA(DFA)s, and as can be expected these
bounds are similar as the state complexity of union on regular strings. We also get an
upper bound which is almost tight for the number of the horizontal states of SDTAs.

Obtaining a matching lower bound for the horizontal states of DTA(DFA)s turns out

119
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to be very problematic. This is mainly because the minimal DTA(DFA)s may not
be unique and the minimization of DTA(DFA)s is intractable [35]. Also, as we have
seen in Chapter [B] the number of horizontal states of DTA(DFA)s can be reduced
by adding vertical states, i.e., there can be trade-offs between vertical and horizontal

states.

7.1.1 Union of strongly deterministic automata

The following lemma gives the upper bound for the operation of union for SDTAs.

Lemma 49. Let A; and Ay be two arbitrary SDTAs, A; = (Q;,2,0;, F;), i =
1,2, transition function for each o € ¥ is represented by a DFA HX = (C!,Q; U
2L, ¢ o, BL) with an output function N,

The language L(A1) U L(As) can be recognized by an SDTA By with

size(Bu) < [(1Qi] +1) x (1Q2[ +1) = 1; D (1G] +1) x (IC3] + 1) = 1) .

oER
Proof. Choose B, = (Q] x Q,,%,0, F), where Q) = Q; U {dead},i = 1,2, (¢,p) €
Q) x Q) is final if ¢ € F} or p € Fy.

The transition function for each o is represented by a DFA HPv = ((ClU{dead}) x
(C2 U {dead}),(Q) x Q5) U X, (cky, cty), V) with an output function A\JV, where
(c1,¢2) € (CrU{dead}) x (C? U {dead}) is final if ¢; € E! or ¢, € E?. Transition
function p is defined as below: For any input (¢, p) € Q] x @5,

(vE(cr, @), v2(ca,p)) if vi(c1, q) and 42(cy, p) are both defined,
p((c1,e2),(4,p) = ¢ (vi(cr,q), dead) if X (c1,q) is defined but ~2(cy, p) is not defined,

(dead, v2(ca, p)) if ¥2(cq, p) is defined but vl(c1,q) is not defined,
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For any input a € X,
(vi(cr,a),72(ea,a)) if v (i, a) and 42 (co, a) are both defined,
(1, e2), (v (cr, a), dead) if v (cy, a) is defined but v2(cy, a) is not defined,
(dead,v2(ca, a)) if ¥2(cq, a) is defined but v}(ci, a) is not defined,
For any (c1, ) € (CL + {dead}) x (C? + {dead}) and (cy,c2) € V,
(AL(c1), A2(cy)) if ¢; # dead and ¢; € E° for both i = 1,2
AM(er,e2)) = € (A(ey), dead) if ¢; # dead and ¢, € E} but ¢, = dead
(dead, \2(cy)) if ¢ = dead but ¢y # dead and ¢y € E?
State (dead, dead) is not used in vertical or horizontal computation. Thus, we deduct

the numbers of horizontal states in each HP and the vertical states both by 1. ®

Next we state a lower bound result.

Lemma 50. For any integers m, n and relatively prime numbers ky < ky < ... <
km < kmyr < ... < kpan, there exist tree languages Ty and Ty such that Ty, Ty can
be recognized respectively by an SDTA Ay, Ay with size(Ar) < [m; [[;~, ki + m] and
size(Az) < [n; [[i ) Kivm + 1.

Any SDTA recognizing Ty UTy needs at least (m~+1)(n+ 1) —1 vertical states and

Her" k; horizontal states.

Proof. Let Zy, = [[\2, ki, Z2 = [ ks, Z = Hm+” k;. Consider tree languages

i=m-+1

Ty and Ty. Tree language T} consists of trees t € {e'~(a(a"))}, where
(1) Ji:1<i<m,k=0(mod k;),
(2) Vj:1<j<m,j#i,k; does not divide k.

T, consists of trees t € b= "!(a(a")), where
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(1) Fi:m+1<i<m+n,k=0(mod k),
(2) Vi:m+1<j<m+n,j#1,k; does not divide k.

Tree language T} can be recognized by an SDTA A; = (Q1, {a, e}, d1, F1), where Q1 =
{p1,p2,---,Pm}, F1 = {p1}. The transition function associated with a is represented

by a DFA HM = (C},Q, U {a},~}, ¢}, E}) with an output function Al where C! =

a’

11 1 - 1l ) — ol 1(,1 _ 1
{egrer- ey} For 0 < < Zy =2, vi(ef,a) = ¢y, valcy _y,a) = ¢ For any

cj, € C} where k satisfies that
(D)Fj:1<j<m,k=0(mod k;), (2)Vi:1<i<m,i# j,k; does not divide £,

define ¢; € E} and A\.(c;) = p;. The horizontal language associated with e is rep-
resented by a DFA HA' = (DY, Qy,~}, d}, E}) with an output function A\!, where
D' = {d},d},db,....d} _,}. For 1 <i<m—1, the transition function is defined as
Y (d}, piv1) = d}. The set of final states is E! = {dj,d},...,d} ,}. Forl <i<m—1,
the output function is A(d}) = p;. The SDTA A, recognizing Ty can be similarly de-
fined.

Let B, = (Q,{a,b,e},d, F) be an arbitrary SDTA recognizing Ty U Ty. By needs
at least (m + 1)(n + 1) — 1 vertical states. Let ¢t € Tx[z] be arbitrary. Choose

R = {a(a?™)} U {a(a*)}, where k can be any of the following values:
(a) ki-kj where 1 <i<m,m+1<j<m+n,
(b) k; where 1 <i < m+n.

For any two trees w; = a(a*>1 %) and wy = a(ak=2 %), where 1 < 21,20 < m, m+1 <
y1,¥2 < m +n, choose t = e () if x1 # @9, t = 0™ H(z) if y; # yo. We have

t([L‘ — wl) € Ty UTs and t(l’ — wg) ¢ T, UTs.
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For any two trees wy = a(a®1 %) and wy = a(ab=2), where 1 <ay <m, m+1<
y1 <m+n,1 <2y <m+n, choose t = 0" Hz) if 1 <@y <m, t = () if
m+1<xy <m+n. Wehave t(x < wy) € Ty UT, and t(z < wq) ¢ T) UTs.

For any two trees w; = a(a**1) and wy = a(a®), where 1 < 1,y < m +n, choose
t=enta)if 1l <z <m, t =0"""Yz)if 1+m < 21 < m+n. We have
t(x < wy) € TYUTy and t(x < we) ¢ T1 U Ts.

For any two trees w; = a(af*1) and wy = a(a?*!), choose t = e®1~1(x) if 1 <
ry <m, t =0""""Yx)if 1 +m < x; <n+m. Wehave t(x < w;) € Ty UT, and
t(z < wq) ¢ Ty UTs.

For any two trees w; = a(a*1 ) and wy = a(a?*1), choose t = e*1~1(x). We have
t(z < wy) € Ty UTy and t(x + wy) ¢ T U Ts.

Since |R| = (m+1)(n+1), according to Lemmal], B, has at least (m+1)(n+1)—1
vertical states.

Now we show that By, needs at least Z horizontal states. Let t € Tx[x] be arbitrary.
Choose S = {b} U{a’ | 1 < j < Z}. Consider any distinct integers 1 <z <y < Z.
Since all the k;’s are relatively prime, there exists a k;, 1 < ¢ < m + n, such that
k; does not divide y — x. Choose 0 < z < k; such that y + z = 0(mod k;). Let
t=c¢"Hz)if 1 <i<m, t=0"""Yz)if 1 +m <i<n+m. Since k; divides y + 2
and does not divide y — z, k; does not divide z + x. Now t(z + a(a¥™)) € T} U Ty
and t(x < a(a®**)) ¢ Ty UTy. Consider any string o/, 1 < j < Z and b. Let t = e(x).
Now we have t(x « a(a/t?77%k2)) € Ty U T, and t(x + a(ba?~ 7)) ¢ Ty U Ts.

According to Lemma [Bl B, needs at least Z horizontal states. ®

Following Lemma [49] and Lemma [50, the theorem below is immediate.

Theorem 51. For any two arbitrary SDTAs A; = (Qi,%,0;, F;), i = 1,2, whose
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transition function associated with o is represented by a DFA H% = (C! Q; U

¥, 5, ¢ho, EL) augmented with an output function X., we have

1 There exists an SDTA By recognizing L(A1) U L(As) such that

size(Bu) < [ (11 +1) x (1Q2) +1) = 1; Y (IG5 + 1) x (IG5 +1) = 1) ).

oeX

2 For integers m,n > 1 and relatively prime numbers ky, ko, ..., kmn, ka1, - -y
Kman, there exists tree languages Ty and Ty such that Ty and Ty, respectively,
can be recognized by SDTAs with m and n vertical states, [[\~, ki + O(m) and
[1247,, ki + O(n) horizontal states, and any SDTA recognizing Ty U Ty has at

least (m + 1)(n + 1) — 1 wertical states and [[[=1" k; horizontal states.

Theorem [51] shows that for the operation of union on SDTAs the upper bounds

are tight for vertical states and almost tight for horizontal states.

7.1.2 Union of DTA(DFA)s

The upper bounds on the numbers of vertical and horizontal states for the operation
of union on DTA(DFA)s are investigated, and followed by a matching lower bound

on the number of vertical states.

Lemma 52. Let A; = (Q;,%,0;, F;), i = 1,2, be DTA(DFA)s where each horizontal
language 6;(q,0) is represented by a DFA Dﬁg ( mez U ana qUO,El ).
The language L(A;) U L(As) can be recognized by a DTA(DFA) B, with
size(By) < [(|Q1] +1) x (|Q2f +1) = 1;
|E| X (ZqEQl,pEQQ |D£é| X |Dﬁ§| + ZQ€Q1 |D£é| X HP€Q2 |Dﬁ§| + ZP€Q2 |D;74,¢27

x [gequ D25 ]
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Proof. Denote the complement of D as: Eﬁ; = (U;U, Q; U 2,7270,627070,E;J).
The language L(A;) U L(Ay) can be recognized by a DTA(DFA) B, = (@) x
Q4,%,9, F), where Q) = {Q; U {dead}},i=1,2, (¢,p) € Q) x Q) is final if ¢ € F} or

p € Fy. 0 is defined as below:

(1) For any (q,p) € Q1 X Q2, horizontal language §((q,p), o) is represented by a
DFA Ggp).0 = (Cpp X C2 ), (Q) X Q) U, (¢; 50, Cog0)s 11, V), where (¢!, ¢?) €

Chox Ch isfinal if ¢! € B}, and ¢® € E7 . p is defined as below:

(i) For any input a € X,
u((ct,c?),a) = (d, d?), d* = yé’g(cl,a), d? = 75’0(02,@, d' =dead, i =1,2,
if 7% (¢, a) is undefined, x is p or ¢.

(ii) For any input (z,y) € Q] x @5,
u((ch, ), (,y) = (dd?), d' = v, (c',x), & = 7, (P, y), d = dead,

i=1,2,if 5 (' ) or 72 ,(c*,y) is undefined.

(2) Suppose Q2 = {p1,p2,...,pr}. For any (q,dead), ¢ € @1, horizontal language

d((q, dead), o) is represented by a DFA G4 dead),c = (Cé(7 X 612)1,0 X 612)270 X ... X

2 / / 1 =2 -2 =2 1.2 .2 2
C o (Q1X Q) U, 11, (€l 505 Co 905 Coago00 -+ -5 Cop0)s V), Where (¢ cf, ¢35, ..., ¢f) €
—2 —2 —2 —2
1 : o1 1 2
Coo X CpoxCp,x...xC, isfinalif ¢ € E,, and ¢; € E,, , for all
1=1,2,..., k. The transition function y is defined as below:

(i) For any input a € %,
p((ct, 2 c3, ... c2),a) = (d',d3,d3,...,d7),d" = 'y(;a(cl, a), d? = ngva(cf, a).
d' = dead, if v} (c',a) is undefined. d? = dead, if 7> _(c?, a) is undefined,
q,0 ? Pi, o\

i=1,2,... k.
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(ii) For any input (z,y) € Q] x Q%,
p((ch, et i3, i), (yy) = (dhdi,ds, .. dR), db = y,.(ch2), df =
To.o(cy). d' = dead, if v, ,(c', ) is undefined. d} = dead, if 7, ,(c,y)

is undefined, 1 = 1,2,... k.
(3) 0((dead,p), o) is defined similarly.

In the computation of By, state (¢,p), p,q # dead, is assigned to a node u labeled
by a whose children are assigned with states (qi,p1),..., (¢, p.) if and only if A;
assigns state ¢ to u after reading sequence ¢ ...q, and A, assigns state p to u after
reading sequence p; ...p,. (q,dead) is assigned to u, if A; assigns ¢ to u and none
of the horizontal languages associated with a in As recognizes the sequence of states
p1...p.. A similar situation happens when state (dead,p) is assigned to u. The
automaton By, accepts when either the first or the second component of the state is

final. =

Next we state a lower bound on the number of vertical states.

Lemma 53. For any integers m,n, there exist tree languages Ty and Ty such that
Ty, Ty can be recognized respectively by a DTA(DFA) with at most m and n vertical
states.

Any DTA(DFA) recognizing Ty UT; needs at least (m=+1)(n+1)—1 vertical states.

Proof. Consider tree languages 71 = {b'(a(y; a x;)) | 1 <i<m,1 < j <n+ 1},
and Ty = {d(a(y; a z;)) | 1 <i <m+1,1<j <n}, where y; (or z;) is a binary
expression of number 7 or (7).

T can be recognized by a DTA(DFA) A; = (Q1,{a,b,1,0},d1, F}), where Q1 =

{01, a2, -, am}, Fr ={q:}. For 1 <i<m, 6(¢;,a) = y; a z;, where 1 < j <n+1.
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For1 <i<m-—1, 0(g;,b) = gix1. DTA(DFA) recognizing T5 can be similarly defined.

Let By, = (Q,{a,b,¢,1,0},6, F) be an arbitrary DTA(DFA) recognizing T; U Ts.
By needs at least (m + 1)(n + 1) — 1 vertical states. Let t € Tx[x]. Choose R =
{a(yiaz;) |1 <i<m+1,1<j<n+1,and when i =m+1,5 # n+1}U{a(0aal)}.
Consider any two trees wy = a(yy,ax,,) and wy = a(yu,ax,,) in R. When uy # ua,
then u; and us can’t both be equal to m + 1. Without loss of generality, suppose
u; # m+ 1. Choose t = b"'(x). We have t(x +— wy) € Ty UT; and t(z + wq) ¢
T1 UTy. When vy # vy, similarly suppose v; # n + 1. Choose t = ¢"'(z). We have
t(z < wy) € Ty UT; and t(x < wy) ¢ Ty UT,. For any two trees w; = a(y,ax,) and
wy = a(0aa0), choose t = b*(z) when u # m+ 1, t = ¢’(z) when v # n+ 1. We have
t(z < wy) € Ty UT; and t(z < wq) ¢ Ty UT5. Since |R| = (m+ 1)(n+ 1), according

to lemma [l By has at least (m + 1)(n + 1) — 1 vertical states. ™
The theorem below shows that the upper bound for the vertical states is tight.

Theorem 54. For any two DTA(DFA)s Ay and Ay with m and n vertical states

respectively, we have

1 there exists a DTA(DFA) recognizing L(Ay) U L(Ay) with at most (m + 1)(n +

1) — 1 wvertical states,

2 for any integers m,n > 1, there exist tree languages Ty and Ty such that T} and
Ty can be recognized by DTA(DFA)s with m and n wvertical states respectively,
and any DTA(DFA) recognizing Ty U Ty has at least (m + 1)(n+ 1) — 1 vertical

states.

Proof. The upper bound follow from Lemma [52 and the lower bound is obtained

from Lemma [ |
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7.2 State complexity of intersection

We investigate the upper bounds on the numbers of vertical and horizontal states
for the operation of intersection on SDTAs and DTA(DFA)s. The upper bounds for
vertical states are tight for both SDTAs and DTA(DFA)s. We also get an upper

bound which is almost tight for the number of the horizontal states of SDTAs.

7.2.1 Intersection of DTA(DFA)s

In this section, the upper bounds on the numbers of vertical and horizontal states
for the operation of intersection on DTA(DFA)s are investigated, and followed by a

matching lower bound on the number of vertical states.

Lemma 55. Let A; = (Q;,%,0;, F;), i = 1,2, be DTA(DFA)S where each horizontal
language 6;(q, o) is represented by a DFA DY = (Ci |, Q; UX, v . ¢} 0. EL ).
The language L(Ay) N L(As) can be recognized by a DTA(DFA) Bn with

size(Bn) < [ Q1] % [Qal; B % g, peqs 1 Dasl ¥ 1D52] ]

Proof. Denote the complement of D7 as: D (U;U, Q; U 2,7270,627070,E;J).
Choose Bn = (Q1 X Q2,%,0, F'), where (q,p) € Q1 x Q9 is final if ¢ € F; and
p € Fs.
Each horizontal language d((¢,p), ) is represented by a DFA G, = ((Cy, X
2 0) (Q1xQ2)UX, 11, (¢} 50, Cop0), V), where (¢!, ¢?) € C , x C? | is final if ¢' € E}

and ¢® € E? .y is defined as below:
(i) For any input a € X,

N((Cl,CZ)aa) = (dl,d2), At = fy;p(cl,a), 4?2 = 7}%,0(62’(1)’ both 7;70(61’61) and
5 ,(¢?, a) should be defined.
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(ii) For any input (z,y) € Q1 X Qs,

pu((ct, ), (z,y)) = (d*, d?), d* =~} ,(c', x), d? =42, (c%,y), both +/ ,(c!, z) and
7370(02, y) should be defined.

Next we state a lower bound for the number of vertical states for intersection.

Lemma 56. For any integers m,n, there exist tree languages Ty and Ty such that
T1, Ty can be recognized respectively by a DTA(DFA) with at most m and n vertical
states.

Any DTA(DFA) recognizing Ty N Ty needs at least mn vertical states.

Proof. Let s € (0+ 1)*. Consider tree languages T} = {s(a(y; a z;)) | |slo =1,1 <
i<m,1<j<n} and Ty = {s(a(y; a x;)) | |sh = 7,1 <i<m,1 <j <n}, where
y; (or x;) is a binary expression of number i (or j).

Ty can be recognized by a DTA(DFA) A; = (Q1,{a, 1,0}, 01, Fy), where Q; =
{01, a2, am}, F1 = {@:}. ¢ is defined as: For 1 < i < m, 6(¢;,a) = y; a zj,
3(¢i,1) = ¢;; For 1 <i <m —1, 6(¢;,0) = g;+1. DTA(DFA) recognizing 75 can be
similarly defined with n states. 1 N Ty = {s(a(y; a x;)) | |slo = i,|sh = 5,1 <@ <
m,1 <j <n}.

Let Bn be an arbitrary DTA(DFA) recognizing 77 N Ts. Bn needs at least mn
vertical states. Let t € Ty[z]. Choose R = {a(yaz;) | 1 < i < m,1 < j <
n} U{a(0aa0)}. For any two trees wy = a(yy,az,,) and wy = a(yu,ax,,) in R, choose
t = 0" (1" (x)). We have t(x < wy) € Ty NTy and t(x + we) ¢ Ty NT. For

any two trees w; = a(y,az,) and wy = a(0aa0), choose t = 0“(1%(z)). We have
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t(x + wy) € A NTy and t(x « wy) ¢ Ty NTy. Since |R| = mn + 1, according to

lemma [ B has at least mn vertical states. ®

The theorem below shows that the upper bound for the vertical states is tight.

Theorem 57. For any two DTA(DFA)s Ay and Ay with m and n vertical states

respectively, we have

1 there ezists a DTA(DFA) recognizing L(A1) N L(Ay) with at most mn wvertical

states,

2 for any integers m,n > 1, there exist tree languages Ty and Ty such that T} and
Ty can be recognized by DTA(DFA)s with m and n vertical states respectively,

and any DTA(DFA) recognizing Ty N'Ty has at least mn vertical states.

Proof. The upper bound follows from Lemma b3 The lower bound is obtained by

Lemma ]

7.2.2 Intersection of strongly deterministic automata

First we present upper bounds on the numbers of vertical and horizontal states for

intersection of SDTAs.

Lemma 58. Let Ay and As be two arbitrary SDTAs, A; = (Qi,2,0;, F;), i = 1,2,
the transition function associated with o is represented by a DFA H% = (C!,Q; U
S8, o, BL) with an output function .

The language L(Ay) N L(As) can be recognized by an SDTA Bn with

size(Bn) < [ Q1] x [@a; Y 1Ch| x |C2] ).

oeX
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Proof. Choose Bn = (@1 X Q2,%, 0, F), where (q,p) € Q1 X Qs is final if ¢ € F} and
pE FQ.
Horizontal language associated with each o is represented by a DFA HP = (C! x

g

C2),(Q1 X Q2) UX, p, (chg,c2p), V) with an output function AJ, where (¢!, ¢?) €

o)

Cl x C? is final if ¢! € E! and ¢® € E?%. p is defined as below:

(i) For any input a € X,

cl,c?),a) = (vi(ct, a),~v2(c?,a)), both 44 (¢t a), i = 1,2, should be defined.
M g g g

(ii) For any input (z1,x2) € Q1 X Q2,

N((Clac2)7 (z1,22)) = (7;(Clax1)77g(c2vx2))a both ’ny(ciwxi)a i = 1,2, should be
defined.

For any (c',c®) € By x B, AJ(c', ) = (A7 (c!), Az2(c%)).

Next we give the lower bounds on the number of vertical and horizontal states for

the operation of intersection on SDTAs.

Lemma 59. For any integers m, n and relatively prime numbers ky < ky < ... <
km < kmi1 < ... < kpin, there exist tree languages Ty and Ty such that Ty, T, can be
recognized respectively by an SDTA Ay, Ay with size(Ay) < [m; T2, ki + 2m] and
size(Az) < [n; [y Kitm + 2n].

min g

Any SDTA recognizing Ty N Ty needs at least mn wvertical states and [[;-]

horizontal states.

Proof. Choose ¥ = {a,b,c}. Let Z; = [[", ki, Z = [[“" ki. Let s € ¥* and |s|.
denotes the number of ¢’s in s. We define the tree language 77 to consist of trees

t € {s(b(a*))}, where
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(1) F:1<i<m,k=0(mod k),

(2) Vj:1<j<m,j#i,k; does not divide £,

(3) se(b+o),|slp=1i—1,|s[.>0.

We define T5 to consist of trees t € {s(b(a*))}, where
(1) 3j:m+1<j<m+n,k=0(mod k),

(2) Vi:m+1<i<m+n,i#jk; does not divide k,
B) se(b+o)|sle=7—m—1,]s|y > 0.

The tree language T; can be recognized by an SDTA A; = (@1, {a, b, c}, 1, F1),
where Q1 = {p1,p2,---,Pm}, F1 = {p1}. The transition function is represented by
two DFAs H{" and HA. H/" = (C},Q, U {a},~}, ¢}, EY) with an output function
A Cy = {ch,cln ey, didy, . dy b For 0 < i < Zy — 1, vy, (¢ a) = ¢,
V(e a) =ci. For 1 <i<m—1, %(cj,pis1) = di. Forall 1 <i<m—1, define
d} € B} and \}(d}) = p;. For k satisfies that

()35 : 1 <j <m,k=0(mod k;), (2)Vi:1<1i<m,i# j,k; does not divide k,
define ¢ € B} and \)(c}) = p;.

HM = (CL,Qq,7}, el, EY) with an output function Al. C! = {e},el,... el }. For
1<i<m,yiel,p)=el. E}={el,...;el }. For 1 <i<m, \(e})=p;.

The SDTA accepting T can be defined similarly.

Let Bn = (Q,{a,b,c},0, F) be an arbitrary SDTA recognizing T} N Ts. B needs
at least mn vertical states. Choose R = {b(a***) | 1 <2 < mm+1 <y <

m+n} U {b(a?T1)}. Let t € Tx[z] be arbitrary.
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For any two strings w; = b(a*1 %) and wy = b(ak=2v2) where 1 < 2,29 <
m,m+1 <y, y2s < m+mn, choose t = V="~ 1p*171(x). We have t(x < w;) € Ty NT
and t(x < wy) ¢ Th N Ts.

For any two strings w; = b(a*=1"*) and wy = b(a?*!), where 1 < 27 < m,m +
1 <y < m+mn, choose t = v~ 1p"171(z). We have t(x + wy) € Ty N'Ty and
t(x < wy) ¢ Ty N Ts.

Since |R| = mn + 1, according to Lemma 1, B has at least mn vertical states.

Now we show that Bn needs at least Z horizontal states. Choose S = {a/ | 1 <
j < Z}U{bb}. Consider any distinct integers 1 < z < y < Z. Since all the k;’s are
relatively prime, there exists a k;, 1 <7 < m 4+ n, such that k; does not divide y — .
Choose 0 < z < k; such that y + z = 0(mod k;).

If 1 < ¢ < m, choose k;, where m+1 < j <m+n. Choose 0 < w < k; such that
w+y+z = 0(mod kj). Let t = 7~ 1Y (z). Now t(x + b(avTWr=+wki—v)) € T)NT,
and t(z « b(a®tWH=twki=v)) ¢ Ty N T,. (Both k; and k; divide y + (y + 2 +w)k; — y.
Since k; does not divide z—y, k; does not divide x4 (y+z+w)k;—y. It does not matter
whether k; divides x + (y 4+ z + w)k; — y or not.) The case when m+1<i<m+n
can be similarly proved.

For any s; = bb and s, = @/, 1 < j < Z, choose t = ¢v~™ 1p*~!(z), where
I1<u<mm+1<v<m+n Wehave t(x < b(sy,a? I TFk)) € Ty NTy and
t(x < b(sy,a?Ithwko)) & Ty NTy. According to Lemma 2, Bn needs at least Z

horizontal states. =

The following result gives the upper bound and the lower bound for the operation

of intersection for SDTAs.

Theorem 60. For any two arbitrary SDTAs A; = (Qi,%,0;, F;), i = 1,2, whose
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transition function associated with o is represented by a DFA H% = (C! Q; U

¥, 5, ¢ho, EL) augmented with an output function X., we have

1 There exists an SDTA Bpn recognizing L(A1) N L(Ag) such that

size(Bn) < [1Qu] x [Qel; D 1C] x G2 .

ceEY

2 For integers m,n > 1 and relatively prime numbers ky, ko, ..., kn, kmat, - -y
Kman, there exists tree languages Ty and Ty such that Ty and Ty, respectively,
can be recognized by SDTAs with m and n vertical states, [[;~, ki + O(m) and
H:’:;Zm k; + O(n) horizontal states, and any SDTA recognizing Ty N Ty has at

m+

least mn vertical states and [[/2]" k; horizontal states.

Proof. The upper bound follows from Lemmal[58. The lower bound is obtained from

Lemma ]

Theorem shows that for the operation of intersection on SDTAs the upper

bounds are tight for vertical states and almost tight for horizontal states.

7.3 State complexity of projection

In this section, we will present a tight bound for the projection on unranked trees for
the number of vertical states, which is different than the known tight bound for the
projection operation on regular string languages. Before going to the upper bound
constructions for the state complexity of projection, we present a technical lemma on

string languages.

Lemma 61. Let A = (Q, %, 6, s, F') be an arbitrary DFA, and E(A) be the set of NFAs

with e-transitions where an arbitrary number of transitions §(s;,0) = s; are replaced
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by 6(s;,0) = s; and d(s;,€) = s;. An NFA in E(A) is obtained by adding between
some, but not necessarily all, pairs of states s; and s; connected by a o-transition
an e-transition from s; to s;. The corresponding o-transition will remain also in the
constructed NFA.

Any DFA recognizing an n-state NFA in E(A) has at most %2” — 1 states and the

upper bound is tight.

Proof. Let A € £(A) be an n-state NFA with only one e-transition, §(i,€) = j.
We can get a (2" — 1)-state DFA B after the subset construction. Since the states
1 and j are connected by an e-transition, all the strings that can reach the state ¢
automatically reach the state j. However, all the strings that can reach the state j
not necessarily reach the state 7, since the e-transition is going out from ¢ to j. Thus,
excluding all the states that contains i but not j, B has at most 2" —2"~2 —1 reachable
states if we don’t require the automata be complete. From the above discussion we
also notice that any more e-transitions added to A will result in more unreachable
states in B. The above means any NFA in £(A) that contains more than one e-
transition cannot have more than 2" — 272 — 1 reachable states. This means an
n-state NFA A € £(A) with only one e-transition gives the largest state blow-up after
determinizing.

Let A be the DFA shown in Figure [.Il and A’ in Figure be the NFA with
only one e-transition. According to the proof given in Theorem 5 28], any DFA for
L(A)N{a,b}" needs at least 22" — 1 states. The state complexity of L(A4’) is at least

the state complexity of L(A") N {a,b}*. Thus, we proved what we claimed. =

After finishing the work, we found that [44] gives the same upper bound as

Lemma Also [44)] gives, without proof, a conjectured lower bound construction
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Figure 7.1: DFA A

a,c,e

a a,b _alj @ a
()b

Figure 7.2: NFA A’

that uses similar (but not the same) languages as the languages used in our lower
bound proof. In Lemma [1], the o-transition from s; to s; is replaced by two transi-
tions from s; to s; labeled by o and e, respectively, and not necessarily all pairs of
states s; and s; connected by a o-transition from s; to s; are replaced. In [44], all pairs
of states s; and s; connected by a o-transition are replaced by only one transition

labeled by € from s; to s;.

7.3.1 Upper bound for projection on unranked trees

We recall that the projection operation is extended to trees by deleting from a given
tree all subtrees where the root is labeled by an unobservable symbol, and the defini-
tion relies on the fact that we are dealing with unranked trees. We present two upper
bound constructions that give the same state complexity of projection operation on

unranked trees.
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Construction 1

Since the subtrees rooted at the unobservable symbols are deleted from the original
trees, the states that associated only with unobservable symbols are not assigned
to any node in the vertical computation. Thus, all such vertical states and the
corresponding horizontal languages should be deleted after the projection. The states
that can be assigned to both observable and unobservable symbols may arbitrarily
be replaced by € in horizontal languages, as they may correspond to nodes that are
labeled by unobservable symbols and deleted after projection.

Consider a DTA(DFA) A = (Q, X, 9, F'), where the horizontal language associated
with 0 € ¥ and ¢ € @ is recognized by a DFA H;‘fq with size m,,. Let X¥p C .
We can construct a NTA(NFA) B = (Q,Xp,, F') recognizing M(L(A)) from A as
follows. Recall that the (e, A)-substitution on a regular language L, denoted as {a (L),
is defined in Section

e Let P C @ consists of all the states in A that associated with the symbols in

¥/Yp. That is P consists of p € P and d(p, ) # () for a € /% p.
e For the symbol « in ¥/ p, define (g, ) = for all ¢ € Q.
e For the symbol g € ¥p, define v(q, 5) = £p(d(q, B)).

The horizontal NFA associated with ¢ and § has the same size as H éq as the
construction of B adds only e-transitions to H éq. To convert the NTA(NFA) B to
a DTA(DFA) C, a powerset construction is applied to the vertical states of B and
P(Q) is the set of states in C'. As we do not require tree automata to be complete,
() is omitted from the set of states in C'. For the horizontal states, the horizontal

DFA in C' must simulate all the NFAs in B to get disjoint horizontal languages. (The
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details of determinizing an NTA(NFA) please refer to Lemma B0 in Section £.2.2])
According to Lemma [61], the size of a horizontal DFA associated with a state in P(Q)

and f in C is at most [ (3272 —1). Thus, the size of C' is

size(C) < [ 2190 —1; 2190 (3~ H(%Qmﬁvq —1))].

BEXp qeQ

Construction 2

Compared with Construction 1 where the states associated with both observable
and unobservable symbols can be arbitrarily replaced by €, here we give a different
construction where two types of states are used in the vertical computation, the states
that are assigned to only unobservable symbols and the states that are assigned to only
observable ones. Then it is fine to replace all the states associated with unobservable
symbols with e after the projection. The construction doubles the number of the
vertical states at the beginning, however, at the end it gives the same upper bound
as Construction 1.

Given ¥p C ¥ and a DTA(DFA) A = (Q, %, 6, F'), where the horizontal language
associated with o € ¥ and ¢ € @ is recognized by a DFA H ;‘fq with size m, 4, we can

construct an equivalent NTA(NFA) B = (P, Xp,, F') as follows.

e For each state ¢ € @ associated with both symbols in ¥/¥p and ¥p in A,

¢*/*P € P and ¢*F € P.
e For each state g € Q associated with only symbols in Xp in A, ¢*F € P.

For the state ¢ associated with both symbols in 3/¥p and Xp in A, we replace ¢ by
two states ¢>/>F and ¢>F in B. For the state that associates only with ¥p in A, we

keep it the same in B. Then we modify the transition functions as follows.
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e First for all horizontal languages d(p,0) = L, p € @, replace each occurrence
of ¢ in L by ¢*/*7 4+ ¢*7. Denote by &(p,0) = L' the modified horizontal

languages.

e Then for each the horizontal language ¢'(p, o) = L', where p is associated with

both symbols in ¥/¥p and Xp in A, define v(p*/*7, o) = L' and y(p**,0) = L.

e For each the horizontal language 0'(p, o) = L', where p is associated with only

symbols in ¥p in A, define v(p*r,0) = L.

It is easy to verify that B is equivalent to A. In B the state p™/*F is associated only
with symbols in ¥/¥p and p*” is associated only with symbols in ¥p. Thus, B at
most doubles the number of the vertical states of A. The horizontal language L’ can
be recognized by a DFA constructed from H (‘fq by replacing each transition labeled
with g by a transition labeled by ¢>7 and ¢>/*7. Thus, the size of the horizontal DFA
associated with ¢*7, o is the same as the DFA associated with ¢, 0. That is m,,.

Now we construct an NTA(NFA) C recognizing M(L(A)) from B as follows.

Step 1 Deleting all the horizontal languages associated with ¢=/*7,

Step 2 Replace by € each occurrence of ¢*/>7 in the remaining horizontal languages.

Since all the horizontal languages associated with ¢*/>7 are deleted, C' has @ vertical
states. Since step 2 is a natural projection on the horizontal languages, each DFA
recognizing projected language can have at most %Qm(’»q — 1 states, according to the
upper bound of natural projection on string languages [28, 63].

To convert the NTA(NFA) C to a DTA(DFA) D, a powerset construction is ap-

plied to the vertical states of C' and P(Q) is the set of states in D. As we do not
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require tree automata to be complete, () is omitted from the set of states in D. For
the horizontal states, the horizontal DFA in D must simulate all the NFAs in C' to
get disjoint horizontal languages. (The details of determinizing an NTA(NFA) please
refer to Lemma B0 in Section L.2.2]) The size of a horizontal DFA associated with a

state in P(Q) and § in D is at most [[ (52"« —1). Thus, the size of D is at most

size(D) < [219—1; 2191 (Y H(ZQ’”B»Q —1))].

BEXPp q€Q
7.3.2 Lower bound on vertical states

Next we present a tight lower bound for the number of vertical states, which is
different than the known tight bound for the projection operation on regular string
languages.

Let p1,...,p, be first primes;, ¥ = {a,b, ¢} and ¥p = {a,b}. Consider the tree

language T' consisting of trees
{a' (V) [1<i<n, k>0, (31 <j<n)[k=0 (modp,) and i = j (mod n)]}.

T can be recognized by a DTA(DFA) A= ({q1,--,qn, ¢, @}, 2, 6, {q1}) where
® 0(ge;c) = ¢,
* d(q,b) =¢,
e 0(gi,a) =q.(g)*, 1 <i<n.

The prefix ¢’ in the horizontal languages are used to make the horizontal languages
disjoint. After the projection, all nodes labeled by ¢ are deleted. Then M(T") consists

of trees

{a’(*) |i>1,k>0, (31 <j<n)[k=0(mod p;) and i = j (mod n)]}.
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According to Theorem [BI]in Section 1.2.2] any DTA(DFA) recognizing M(T') has at

least 2™ — 1 vertical states.

7.4 State complexity of quotient operations

In this section we establish upper bounds for the state complexity of top-quotient
and bottom-quotient operations that are tight for the numbers of vertical states. The
state complexity bound for bottom-quotient is of a different order of magnitude than
the corresponding state complexity bound for left-quotient of string languages.

We start with top-quotient operation.

Theorem 62. For any integer n > 1, n vertical states are necessary and sufficient in
the worst case for a deterministic unranked tree automaton to accept the top-quotient
of the tree language recognized by an n wvertical states deterministic unranked tree

automaton with respect to an arbitrary tree language T".

Proof. Let A= (Q,%,4, F) where |Q| = n, be an arbitrary deterministic unranked
tree automaton. We can construct a deterministic unranked tree automaton B =

(@, 3,0, E) recognizing T"T,L(A), where
E={qcQ |3 eT)3rc[t'(b<+ q)]) r* € F}.

Next we show that n states are necessary. Let 7" = {b} and A = ({¢1, 2, ..., qn}, {a},
5,{q1}), where § is defined as:

e for1<i<n-—1, 5(qi,a) = Qi+1,
i 5((]7’”0') = €.

A accepts the unary tree language a™. We have T"TL(A) = L(A). =
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We present the following theorem for bottom-quotient operation on unranked tree

automadta.

Theorem 63. For any integer n > 1, (n+ 1)2" — 1 wvertical states are necessary and
sufficient in the worst case for a deterministic unranked tree automaton to accept the
bottom-quotient of the tree language recognized by an n vertical states deterministic

unranked tree automaton with respect to an arbitrary tree language T'.

We prove Theorem [63 by stating two lemmas. Lemma [64] establishes the upper
bound and Lemma establishes a lower bound that differs by the constant one.
Finally, after the proof of Lemma [65] we explain how the proof of Lemma [63] can be

modified to exactly reach the upper bound given in Lemma 64l

Lemma 64. For an arbitrary deterministic unranked tree automaton A with n vertical
states and an arbitrary tree language T', any deterministic unranked tree automaton

recognizing L(A) LyT" needs at most (n + 1)2" — 1 vertical states.

Proof. Let A= (Q,%,J, F) where |Q| = n, be an arbitrary deterministic unranked
tree automaton. Define G = {#'4 | #' € T'}. G consists of all the states that are
assigned to the roots of trees in 77 by A. We can construct a deterministic unranked

tree automaton B = (P, X, u, E) recognizing L(A)L,T", where
e P={(6,P(Q))] q €QU{dead}},
e (¢,S)e Eif SNF #0.
B operates as follows. For a leaf node u labeled by o,

e assign (¢,0) to uif o # b and € € §(q,0),
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a,b,a; i#n-1

a,b,a;i#2 @ a,b,a;,i#n-2

Figure 7.3: The DFA A

a,b,a;, i+l

e assign (¢,G) tou if o =b and € € §(q, b),
e assign (dead,G) to u if o = b and € & 6(q,b).

For a tree o(oy,...,0,) where the leaf nodes are assigned with a sequence of
states (q1,51), - -, (Gm, Sm), the root node is assigned with state (g, S) provided that

¢ ---qm € (q,0) and S consists of all s € @) such that for some 1 <i <m
(3s; € S;) such that ¢ ...¢;_18Giv1 - Gm € 0(s,0).

We define ¢ = dead if ¢ . .. g, is not included in any (s, o), s € Q.

In states of B the first component directly simulates the computation of A. In a
state (g, 5), the second component keeps track of all states that A may be in provided
that exactly one leaf labeled by b below the current node was replaced by a tree of
T

Thus, the upper bound on the number of vertical states is (n 4+ 1)2" — 1 as we do

not require the tree automata to be complete. =
Next we state a lower bound on the number of vertical states.
Lemma 65. There exists a tree language T that can be recognized by a deterministic

unranked tree automaton with n vertical states, such that any deterministic unranked

tree automaton recognizing T L, Tx, needs at least (n 4 1)2" — 2 wvertical states.
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Proof. Shown in Figure [[.3, A is the DFA we modified from the one used in The-
orem 5 of [66] by adding symbols aq, ...,a,_1. Based on the DFA A we define the
tree language 7' used in our lower bound construction. The tree language 7' consists

of Y-labeled trees ¢, ¥ = {a, b, c}, where:

(i) All leaves are labeled by @ and if a node u has a child that is a leaf, then all the

children of u are leaves.

(ii) A accepts the string of symbols labeling a path from any node of height one to

the root.

(iii) The following holds for any u € dom(¢) and any nodes v; and v of height one
below u. If w; is the string of symbols labeling the path from v; to u, i = 1, 2,

then A reaches the same state after reading strings w; and ws.

The computation starts from nodes of height one. This is done because when the
bottom-quotient takes place, the leaf node is substituted by a tree, and it will not
appear in the resulting tree.

T can be recognized by a deterministic tree automaton
M =(Q,{a,b,ag,...,a,_1},d, F) where Q@ = {0,1,...,n—1} and FF = {n —1}. The

transition function is defined as:
(1) 0(0,a) =€U (n—1)",
(2) 6(iya)=(i—1Dtfor 1 <i<n-—1,
(3) d(j,b)=(—1)Tfor1<i<n-—1,

(4) 6(0,b) = {n—1,0}",
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(5) 6(iya;) =(t—1)" for 1 <i<n—1andi#j,
(6) 0(0,a;) = (n—1)* for j #n — 1.

Let 7" = Ts, and N be the deterministic tree automaton for L(M) LT’ as consid-
ered in Lemma [64l According to the upper bound construction, the states in N are
of the form (¢, 5),0 < g <n,S C{0,1,...,n— 1}, where ¢ = n denotes dead state
in the construction.

First we show every state is reachable except (n,{0,1,...,n—1}). The leaf node
labeled with «a is assigned with (0,{0,1,...,n — 1}). The state (i,{0,1,...,n —1}),
0 < i < n —1is reachable after reading a unary tree ‘. For S C Q, 0 < i <n — 1,
i €S, (i,9) is reachable from state (i,Q) by reading s¢s,_1...s; where for each
0<j<n-1,s;=aif j € S and s; = b, otherwise.

For i ¢ S, we show that the state (¢,.5) is reachable using decreasing induction
on the size of S. First we note that for S C Q,0<i<n—-1,i ¢S, (i,Q — {i})
is reachable from state (i — 1, Q) by reading a;. Now suppose (s;,Q — {s1,...,Sk}),
1 < i < k is reachable. Let p = (s5;,Q — {s1,...,S,41}), 1 < j < k+1, 51 <

. < Sgpy1 and Q — {s1,...,Sgr1} = {71,...,Tn_k_1} be an arbitrary state. p is
reachable from (s; — 1,{r; — 1,ry — 1,... 71 — 1,5'}), by reading ay, where
sE{s;—1,ri—1,ro—1,...,rp_j_1—1}.

We have already shown that (0,{0,1,...,n—1}) is reachable. State (n,{1,...,n—
1}) is reachable by reading ag. State (n,{0,1,...,n —1} —{i}), 1 <i <n—1is
reachable after reading i a’s. Assume all states (n,5), n > |S| > k+1, k <n—1
are reachable. We will inductively show that all states where |S| = k are reachable.
Let (S,n) where S = {s1,82,...,8k}, 0 < 81 < 89 <...< 58 <n—1Dbean arbitrary

state where |S| = k. According to the inductive assumption, state (S U {0}, n) is
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reachable. State (S,n) is reachable by reading ag. The state (n, () is reached at the
root of tree a(u, v) where u and v are assigned with (1,{1}) and (2, {2}), respectively.
That is all the states except (n,{0,1,...,n — 1}) are reachable.
Now we show that all states are pairwise inequivalent. Given two states (i, 5)
and (j,S2), first we consider the case when S; # Sy. Without loss of generality, let

1= a final state is reached from (i, S;)

s € S1 — Sy. After reading unary tree a"~
and no final state is reached from (j,S;). Now we consider the case when i # j
and S; = Sy = S. Suppose (i,.5) and (j,.5) are assigned to the roots of tree t; and
ta, respectively. Consider tree a">~*(a(u,z),v) where u, v are assigned with states
(1,{¢}) and (n,{i + 1}), respectively. Now (i + 1,{i + 1}) is assigned at the root
of a(u,z < t1) and (n, {i + 2}) is assigned at the root of a(a(u,x < t1),v). After
reading the rest of a’s, a final state (n,{n — 1}) is reached. On the other hand, if
i €S, (n,{i+1}) is assigned at the root of a(u,z + t3), (n,0) if i € S. In either

case (n,() is assigned at the root of a(a(u,z < t1),v). (n,0) is a dead state, which

means no final state can be reached. ®

In fact, state (n,{0,1,...,n — 1}) is reachable by introducing a new symbol and
a few transitions. Let T be the tree language defined in Lemma and M is the
deterministic tree automaton constructed for 7" in the proof of Lemma 65l Let d be a
new symbol not in ¥. Based on M we define a tree automaton M’ = (Q, XU{d}, ', F)

where ¢’ for elements of ¥ is defined as § and
(1) 6(1,d) =11,
(2) §(2,d) = 22,

(3) 0(i,d) = li for 3 <i <mn.
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The symbol d and the transitions associated with it could also be defined directly on
the tree language T used in the proof of Lemma [65. However, this would make the
definition of T" very complicated and unreadable. Thus, we only add the new symbol
and the transitions to the tree automaton M.

The node labeled by d has two branches. If the root of the left branch is assigned
with state 1 by M’, then the node labeled by d is assigned with the same state (except
state 2) as the root of its right branch. If the root of the left branch is assigned with
state 2 by M’, then the root of its right branch must also be assigned with state 2,
and so is the node labeled by d. The sequence of states 12 is not defined at the node
labeled by d. Now let T" = Ty 4. Consider tree ¢t = d(t1,12) where the roots of ¢
and t, are assigned with state (1,{1,2}) and (2,{1,2,...,n}), respectively. According
to the above definition, state (n,{0,1,...,n — 1}) is assigned to the root of the tree
t.

We get a tight bound for the state complexity of top-quotient and bottom-quotient,
respectively. Note that the bound for bottom-quotient differs, roughly, by a multi-
plicative factor n+ 1 from the corresponding result for ordinary finite automata. The

precise state complexity of left-quotient for ordinary finite automata is 2™ — 1 [66].



Chapter 8

Tree homomorphisms for unranked

trees

In this chapter we introduce tree homomorphism defined on unranked trees. Recall
that, in the case of ranked trees, h,,, m > 0 is a mapping that associates a tree h,, (o)
to each symbol o € ¥,,, and a tree homomorphism h : Fy, — Fy determined by h,,,

m > 0 is defined as follows:
e h(a) = ho(a) € Fy for a € %,

o B(f(tr, .. tm)) = ho(F) (@1 <= h(t1), -, am = h(tm)).

Roughly speaking, the tree homomorphism A replaces each node u labeled by o with
hm (o) where an occurrence of the variable z; is replaced by h(t;), if ¢; is the subtree
corresponding to the ith child of u, i =1,...,m.

When dealing with unranked alphabets, the tree ¢,,, with m variables that is
used to replace an occurrence of a fork o(x1,...,2,), m > 1, where o is an alphabet

symbol, should depend on the number of children of the node labeled by o, that is
148
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on m, where there is no a priori bound on m. For technical reasons t,,, is made to
depend also on the labels of the children of the node labeled by o, that is, the symbols
labeling the roots of the trees corresponding to the variables x;, ¢ = 1,...,m. The
tree t,,, is output by a string-to-tree transducer that receives as input the string
consisting of the node labels of the children of a node labeled by o.

We concentrate on mappings that preserve recognizability of tree languages and
consider only linear tree homomorphisms. In the case of unranked trees additional
conditions are needed to guarantee that a tree homomorphism preserves recognizabil-
ity, and arbitrary permutations of the sequence of subtrees cannot be allowed (see
Example [66] in Section B1.2). We need to introduce additional restrictions for the
string-to-tree transducers in order to guarantee that the defined mappings preserve
recognizability.

On the other hand, we attempt to define tree homomorphisms that are as general
as possible, while the mappings preserve recognizability of tree languages. In partic-
ular, for sufficiently large m, we want that trees t,,, can include any unranked tree,
subject to the condition that any variable can occur only once.

To satisfy these conflicting requirements we introduce string-to-tree transducers
that build an output tree in left-to-right depth-first order. Note that the output trees
need to contain variables from a potentially infinite set, however, the transitions of
the transducer need to have a finitary definition. To solve this issue, variables are
stored in a finite number of memory locations during the computation, however, the
transducer is not able to distinguish between the names of the variables and refers to

the variable only by its location in the memory.
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8.1 Definitions

Before introducing the definition of tree homomorphisms on unranked trees, we give
some notations that are used only in this chapter.

In the following X = {x1, z2,z3,...} is always a countable set of variable names.
We denote X, = {z1,...,2,}, m > 0. For n € IN, we denote [n] = {1,...,n} and
n]o ={0,1,...,n}.

Let X be a finite alphabet and S a set. The set of X-labeled unranked trees where
leaves can be labeled also by elements of S is denoted T%(S) and Ty, = T5(0).

Fort,ty,...,t; € Ty, and pairwise distinct i1, ... 4, € IN, t[z;, < t1, ..., 2 < ty]
is the tree obtained from ¢ by replacing all occurrences of the variable w;; by t;,
j=1,... k.

For t € Ty, and r € Tx(X,,), we say that r is an inside subtree of t if there exist
T1,.. ., Tm € Tx such that rxy < rq,..., 2, < r,] is a subtree of ¢. Intuitively, an

inside subtree of ¢ consists of the “top part” of some subtree of .

8.1.1 String-to-tree transducers

Here we define a string-to-tree transducer model that will be used to produce the

trees defining the tree homomorphisms in the next section.

Definition 3. A deterministic string-to-tree transducer with k£ memory locations,
k >0, or k-transducer, for short, is a tuple M = (3,Q,Q, qo, R), where ¥ is a finite
alphabet of input symbols not containing $, Q is a finite alphabet of output symbols,
Q is a finite set of states, qo € Q 1is the start state and R has for each pair (q,n),

q € Q,neXU{$}, at most one rule of one of the following types.
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Store move: (q,n) — (store,i,q’), where q,q' € Q, n € X U{$}, i € [k]o.
Add leaf: (q,n) — (leaf, z,q’), where q,¢' € Q, n € LU{S$}, z € QU [K].
Down move: (q,n) — (down, 0,q), where q,¢' € Q, n € LU{$}, 0 € Q.
Up move: (q,n) — (up,¢'), where q¢,¢' € Q andn € X U {$}.

We list a brief intuitive description for each of the rules in the above definition.
The more precise meaning of the rules becomes clear later from the definition of the
computations of a k-transducer. For each of the types of rules, the state changes
from g to ¢. The store rule consumes the current input symbol 1 and stores in
the ith memory location the index of the current input symbol (that is, a variable
corresponding to this position). If ¢ = 0, then the current input symbol is simply
discarded. The “add leaf” rule inserts a new node u as the left sibling of the state.
If z € Q, the node u is labeled by z. If z € [k], the node u will labeled by z;, where
j > 1is the contents of the memory location z and the new contents of the memory
location z will be 0. The down move replaces the state by label o and the new state
will be the only child of . The up move deletes the current state node and places
the new state as the right sibling of its parent.

A k-transducer M processes an input string biby---0,%, b; € X, 1 = 1,...,m,
m > 0, where, informally, the b;’s correspond to the symbols labeling the sequence
of children of a node and as output M produces a tree in T(X,,). The symbol § is
used as an end marker. The computation keeps track of the position 7, 1 <7 < m
(since the output has to contain variables indexed by any ¢ = 1,...,m), in the input,
however, the actual transitions of M do not see the index ¢ and depend only on the

label b;. The transducer M has k£ memory locations, where each memory location
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can store an index i, 1 < i < m, that is used to represent a variable z;.
More formally, a configuration of a k-transducer M = (X,9Q,Q, g, R) on input
bi- by, bjeX, 1=1,...,m, m>1,is a triple
C = (4,5, (bs, 5) (b1, 5 + 1) -+ (b, m)$), (8.1)
where ¢, is a tree of To(X;_1) where the rightmost leaf is labeled by an element of
q€Q,5=1(s1,--.,8), S €[J—1]o,7=1,...,k, 1 < j < m+1is the current
contents of the & memory cells and b; - --b,, is the remaining input. Intuitively, a
positive value s, indicates that the variable x;_ is stored in the rth memory location
and s, = 0 indicates that the rth memory location is empty. The wnitial configuration
of M on input by - - - by, is Cinig(by -+ b)) = (qo, {0}*, (b1, 1) - - - (b, m)$).
The next configuration following C' in one computation step of M, denoted C -,
(', is the configuration that is obtained from C' by the rule of M that is determined
by the pair (g, b;). Note that since M is deterministic it has at most one rule for the

pair (g, b;); if no such rule exists the computation cannot continue from C'.

i) If the right side of the rule for (¢, b;) is (store,i,q’'), i > 1, C" is
j

(tgrs (1w Sic1y Js Sit1y -y Sk), (bjr1, 7 + 1) -+ (b, m)$),
where t, is obtained from ¢, by relabeling the rightmost leaf with ¢’. This
operation advances the input one step and stores the index j in the ¢th memory
location. A possible non-zero value that existed in the ith memory location

previously is discarded.

If the right side of the rule for (q,b;) is (store,0,¢’), C’ is the configuration
(tgys 3, (bj1,7+1) - -« (bm,m)$), that is, the input is advanced by one step. Note

that if £ = 0, all store rules are of this form.
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(ii) Suppose that the right side of the rule for (¢, b;) is (leaf, z,¢’). In this case the

computation step depends on the type of z.

(iia) If z € Q, then C’ is the configuration (¢, 4,3, (bj,7) - (b, m)$), where
t..q is the tree obtained from ¢, by inserting a left sibling labeled by z for

the right most leaf and relabeling the rightmost leaf by ¢'.
(iib) If z € [k] and s, > 1, then
C' = (ta:SZ,q/a (Sla ceey 821, 07 Sz+1, Sk)7 (bjaj) e (bma m)$)7

where 7, is the tree obtained from ¢, by inserting a left sibling labeled by

xs, for the right most leaf and relabeling the rightmost leaf by ¢'.

(iii) If the right side of the rule for (q,b;) is (down,o,q¢’), C" is the configuration
(to(q), 5, (bj, 4) - - - (b, m)$), where t, (g is the tree obtained from ¢, by replacing

the rightmost leaf ¢ by the height one subtree o(q’).

(iv) If the right side of the rule for (q,b;) is (up, ¢’) the configuration C" is
(ty, 3, (bj,7) - (b, m)$), where t, is the tree obtained from ¢, by deleting the
leaf u labeled by ¢ and creating a new leaf v’ as the right sibling of the parent
of u. In the case where the parent of u is the root of ¢, (and hence the parent

cannot have siblings), the operation instead relabels u by ¢'.

(v) If 5 = m + 1, that is the computation has reached the end-marker $, the next
configuration C’ is the tree t' € To(X,,) obtained from ¢, by deleting the leaf

labeled by gq.

Figure B illustrates the computation steps of (iib) and (iii). In the figure, (a) is

the output tree (i.e., the first component of the configuration) before the computation
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a; a; a; q a, a> as X, q’ a, a> a;z

@) 1, ® 7, , (©) L,y 7’

Figure 8.1: Computation steps (iib) and (iii) of a k-transducer.

step, (b) is the output tree after a step that adds a leaf labeled by a variable (as in
(iib)), and (c) is the output tree after a down move (as in (iii)).

The output of M oninput by - - - by, is the tree toy € T (X,,) such that Ciyie(b1 -+ - bm) Fiy
tout- Note that since the operation of M is deterministic, the tree ¢y is unique, if it
exists. The output of M on input by - - - by, is denoted M (by - by,).

Intuitively, a k-transducer produces the output tree in left-to-right depth-first
order. The rules (i) consume the next input symbol and store it at one of the k
memory locations. None of the other rules consume the input.

The rules (ii) add a new leaf symbol to the tree that is labeled by a symbol from
2 or by a variable taken from one of the memory locations. It should be noted that
the set of variables is potentially infinite, however, the operation of M has a finitary
definition — the machine M cannot distinguish between different variable names stored
in the memory locations, and the rules (ii) refer to the variable only by its location in
the memory. Note that in (iib) an error situation is produced if the rule refers to an
empty memory location, however, this situation can be prevented by keeping track
in the finite-state memory of the empty memory locations.

Finally, the down-rules (iii) label the current node by a symbol of {2 and start

producing children for the current node. The up-rules (iv) move to the right-sibling
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of the parent of the current node and produce new siblings for the parent in left-to-
right order. Since the transducer has no way of keeping track of the position of the
state, representing the “output head” walking in the tree, in the special case where
output head has reached the root an up-move has no effect.

In cases where the output alphabet is the same as the input alphabet, a k-
transducer is denoted simply as a four-tuple (X, @, qo, R) where ¥ is both the input

and the output alphabet.

8.1.2 Tree homomorphisms on unranked trees

We define a tree homomorphism by associating to each fork f = og(oy,...,0m),
m > 0, a tree t; € Tx(X,,), and then in the global tree the fork f is replaced by ¢;.
Note that in the usual definition of tree homomorphism for ranked trees [14], the tree
ts depends only on the symbol oy labeling the root of the fork. When dealing with
unranked alphabets, it is natural to require that ¢; may depend on the unbounded
number m of children. In our model, we define the tree t; using a k-transducer
M,, that receives the sequence o -- -0y, as input. Thus, the tree t; is completely
determined by the (m + 1)-tuple of elements of X, (09,01, ...,0).

It is clear that in any reasonable definition of tree homomorphisms for unranked
trees, 5 has to depend on m, because otherwise in the trees obtained as images of a
tree homomorphism the number of children of a given node would be bounded.

Another possibility would be to define ¢; as the output of a k-transducer M, when
it receives a unary string of length m as input. We feel that this definition would
be too restrictive because, when m is greater than the number of states of M,,, the

computation would necessarily enter into a loop and, consequently, M, could output
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only very particular types of trees of size greater than this constant. This can be

compared with Proposition [69] below.

Definition 4. Let ¥ and ) be finite alphabets and for each o € ¥, M, is a k-
transducer with input alphabet 3 and output alphabet 2, k > 0.
A (X,9Q, k)-mapping family is a collection of mappings h,, : X" — To(X,),

m > 0, defined by the k-transducers (M, ),ex by setting

hin(00, 01, ...y Om) = My (01 0p), 0, €%, i=0,1,...,m.

Definition 5. A (X, k)-mapping family (h,,), m > 0, determines a k-tree homo-

morphism h : Ty, — T defined inductively as follows:
(i) Ift consists of one node labeled by o € ¥, h(t) = ho(o).

(ii) Ift=o0(t1,...,tm), m>1,

h(t) = hp(o,t1(g), ... tm(€)) |1 < h(t1), ..., Tm < h(ty)].
The family of all k-tree homomorphisms, k > 0, is denoted by HOMj.

Note that in the operations of a k-transducer, variables are written on the output
tree only after they are stored in a memory location. Hence for a 0-tree homomor-
phism h, for any m > 0 and @ € ™" h,,(©) € Ty, that is, the tree h,, () does not
contain variable occurrences and h maps any tree ¢ to a tree that depends only on
the root label of ¢ and the labels of the children of the root.

Similarly, for a 1-tree homomorphism h, the possible variable occurrences in h,, (@)
appear in increasing order from left-to-right based on the index of the variable. In-

tuitively, this means that the mapping h cannot swap the places of any two subtrees.



CHAPTER 8. TREE HOMOMORPHISMS FOR UNRANKED TREES 157

It is easy to see that all ordinary linear tree homomorphisms defined on a ranked
alphabet X [14] can be realized by an myay-transducer, where my,.y is the maximum
rank of symbols in . It follows from Lemma [67] below that the transducer needs
Mmax Memory locations to realize all tree homomorphisms.

Our goal here has been to define a class of tree homomorphisms on unranked trees
that preserve regularity, but otherwise the mappings are as general as possible. The k-
transducers of Definition Blhave been designed with this goal in mind. The output tree
produced by a k-transducer has at most one occurrence of any variable and similarly
the definition does not allow expanding the output tree in parallel at more than
one location which would easily define mappings that are not regularity-preserving.
Furthermore, the definition uses only a bounded number of variable locations because
otherwise it would be easy to define tree homomorphisms as in the example below.
When dealing with unranked trees, a regularity-preserving homomorphism cannot
perform an arbitrary permutation of variable locations below a given node. This
applies even to very simple permutations as the one that places all odd numbered

variables before the even numbered variables.

Example 66. Let > = {o} and let h : Ts, — Ty, be a mapping determined by mappings
By, m > 0, as in Definition[A.' Here h,, associates to an (m+1)-tuple (o,...,0) the
tree
0'(1'1, T3y... ,1'2.[%1_1, Lo, Tgy ... ,l‘QL%J)
It is easy to see that if, for example, L is the tree language

{o(t1,...ton) | ti=0 ifi is odd, t; = o(0) if i is even, 1 <i < 2n, n > 1},

Note that for any m > 2(k + 1) the mapping h,, cannot be defined by a k-transducer as in
Definition Ml and, hence, h is strictly speaking not a tree homomorphism.
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then h(L) consists of all trees o(o,...,0,0(0),...,0(0)), n > 1.

n copies n copies

As indicated by Example [60, the way that a regularity-preserving tree homomor-
phism can manipulate the order of the variables is necessarily restricted. The finite
number of memory locations that a k-transducer can use to manipulate the variables
restricts the possible permutations of the sequence of variables. In the next section
we will see that the tree homomorphisms defined by k-transducers are guaranteed to
preserve regularity.

The following lemma characterizes the permutations that can be defined by k-

transducers, £ > 0.

Lemma 67. Let m,k > 0 be arbitrary but fized. Consider an (m+1)-tuple of elements
of 3, (00,01, ...,0m) and a permutation 7 of [m)].

There exists a k-transducer M that on input oy - - - 0, outputs
00(Tr(1), - -, Ta(m)) tf and only if for pairwise distinct ji, ..., j, € [m] and i € [m] the

conditions

Jiy ey dr <, and, 7(i) <w(j1),...,7(J), (8.2)

imply that r <k —1.

Proof. Suppose that there exist ji,..., ., ¢ as in ([82]) with » > &k and that some
k-transducer M on input of length m outputs oo(zr(1), ..., Txrm)). When at time ¢4,
M writes x; to the output tree, the value ¢+ must be stored in one of the memory
locations of M. (Recall that a k-transducer outputs only variables corresponding to
some memory location.) On the other hand, since variable indices ji, ..., j, occur in

the input before ¢, and z;,, ..., x;, are written to the output after x;, at time ¢; also
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the indices ji, ..., j,. need to be in memory. This is impossible since M has only k
memory locations.
Conversely, using induction on m it can be established that any permutation sat-

isfying the condition in the statement of the lemma can be realized by a k-transducer.

As a consequence of Lemma [67 we see that (k + 1)-transducers can always define

mappings that cannot be defined by k-transducers.

Proposition 68. For any k > 0, HOM; C HOM,; ;.

Proof. Choose ¥ = {o}. We observe that the tree homomorphism that on a (k+1)-
ary node swaps the first and the last subtrees cannot be computed by a k-transducer.
Denoted formally, let w; o, be the tuple consisting of k + 2 copies of o and let
his1(@) = 0(xgs1, To, 3, . .., Tg, x1). Then, by Lemma [67, ~ cannot be computed by
a k-transducer.

On the other hand, the above mapping h can be computed by a (k+ 1)-transducer
simply by storing the k£ + 1 variables in memory and after that outputting them in

the desired order. ®

If we disregard the variable occurrences, a k-transducer as in Definition [3] can
produce all possible trees as output. In Proposition 69 for simplicity, we assume that
the input alphabet contains two symbols not occurring in the output alphabet. With
more effort, a transducer performing a similar computation could be constructed for
any input and output alphabet, as long as the input alphabet is at least binary. (The
up and down “move” instructions would be coded in binary.)

Note that in the proposition below we do not consider variables, and hence the
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transducer does not need any memory locations. In exactly the same way, a k-
transducer can output any tree in To(X,,) subject only to the restriction that each
variable occurs at most once and the left-to-right order of variables satisfies a condition

analogous to Lemma [67]

Proposition 69. Suppose that |X| > |2 + 2. There exists a 0-transducer M such

that, for any t € Tq, there exists an input w € X* such that M(w) = t.

Proof. In the proof we use the input symbols as caterpillar instructions for a tree-
walking automaton [57]. Without loss of generality, 2 C ¥ and let gown and oy
be elements of ¥ not occurring in €2. An input w € ¥* for M simply lists the node
labels of ¢ in left-to-right depth first order. After reading a symbol of Q, M uses a
corresponding “add leaf” instruction. A symbol oqow, indicates a down move and
the needed symbol of €2 appears in w immediately following ogowy. Similarly, reading
the symbol o, instructs M to continue adding siblings for the parent of the current

node. ®

Note that in Proposition [69] the transducer M does not depend on t.

8.2 Linear homomorphisms preserve recognizabil-
ity

We show that the k-tree homomorphisms preserve recognizability. Consider a tree

automaton A and a k-tree homomorphism computed by a transducer M. We want

to construct an NTA(NFA) B for h(L(A)). What makes the construction essentially

different from the case of linear tree homomorphisms for ranked trees is that, for a
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subtree of the form o(s1,...,sy), the tree h,, (0, s1(€), ..., sm(e)) can be arbitrarily
large for sufficiently large m. Because of this, B has to simulate in parallel both M
and A. A horizontal NFA of B guesses the corresponding sequence of states of A
and simulating the computation of M verifies that the actual inputs correspond to
the outputs produced by M on the hypothetical inputs. At each node, B records the
states paown and pyp of M that correspond to the point in the computation just before
M moves down from the current node and just after M has moved up to the current
node.

Our construction borrows ideas from the well-known bottom-up simulation of a
tree-walking automaton. The construction of the bottom-up automaton here is more
involved because the computation of B has to nondeterministically guess the represen-
tation of the input tree in the form h(¢) and then simulate the transducer M in com-
putations that output each of the inside subtrees of the form h,,(c, s1(¢),. .., sm(g))
and, by identifying vertical states of A with variable occurrences in the inside subtree,

combine the computations as one accepting computation of A on t.

Theorem 70. Any k-tree homomorphism, k > 0, preserves recognizability.

Proof. For simplifying the notations we consider the case where the input and
output alphabets coincide. Having distinct input and output alphabets would not
change the construction in any essential way:.

Let £ > 1 and consider an arbitrary k-tree homomorphism A computed by a k-
transducer M = (X, P,po, R). Let A= (Q, %, 6, F') be an arbitrary DTA(DFA) where
H;}U is the horizontal DFA corresponding to ¢ € Q, o € X.

We outline the construction of an NTA(NFA) B that recognizes the tree language

h(L(A)). On an input tree ¢t;, B nondeterministically guesses how ¢ is represented
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in the form h(ty), to € Ty, and then simulates a computation of A on t5. Consider
a subtree s = o(s1,...,Sy,) of to where the computation of A assigns state ¢; to the
root of s;, 2 = 1,...,m, and ¢ to the root of s. Now the computation of B should,

roughly speaking, assign to the root of

h((0,81(8), ..., $m(E))) X1 = q1y -+, Ton 4 G (8.3)

the state ¢. In order to perform the above computation, the vertical states of B need
to contain additional components besides the vertical state of A.

A vertical state of B is a 7-tuple
(p’ r7w’ Z?p’? T,’ w/)’ (8'4)

where p,p’ € P, r and 1’ are states of a horizontal DFA of A (when simulating a com-
putation on (B3) this is the DFA H ), w, w' € (QU{#})*, where # is a new symbol,
and z € QU X. The use of the components can be described as follows. The first
three components record the following information from the simulated computation

of M at the point before it makes a down move from the current node:

e p is the state of M that the transducer has reached before making a down move

from the current node.

e 7 is the state of the horizontal DFA H ;}U after processing a sequence ¢ - - - q; of
states of () where the computation of M has processed the first ¢ elements of
the input sq(¢) - - - s(€). That is, the computation of M has processed a prefix

of length ¢ from the input that corresponds to variables x1, ..., x; in the output

of M, and x; corresponds to g; in the simulated computation.

o w € (QU{#})* is a tuple containing the elements of Q corresponding to the

up to k variables stored in the memory of M before the simulated computation
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Figure 8.2: A vertical computation step of B.

makes a down move from the current node. A component # in the tuple

indicates that the corresponding memory location is empty.

The last three components p/, 7', w’ of (8.4]) analogously store the same information
at the point where the computation of M has made an up move to the current
node. Finally, z is the state of ) in the simulated computation of A, assuming the
current node of ¢; “corresponds” to a node of t5 (when h maps ts to t;). Otherwise,
when the current node is not the root of the corresponding internal subtree of the
form (83), z € ¥ encodes the label of the current node (that is not a variable) in the
corresponding internal subtree (83)).

An individual vertical computation step of B is illustrated in Figure 82 We
consider a node ug with n children, where the bottom-up computation has reached
the children in a sequence of states (p;, r;, w;, z;, pl, i, w}), i = 1, ..., n. The horizontal

computation of B performs the following steps on this sequence:

(H1) The horizontal NFA of B remembers the components py, 1, wy, (as these will

be needed for verifying the correctness of the computation at the parent node).

(H2) For each 1 <i < n, such that the ith child wu; of ug is a leaf of the input tree,

the horizontal computation of B checks that
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e the states p; and p, correspond to a correct sequence S; of state transi-
tions resulting from possible “store instructions” followed by an “add leaf”

instruction of M.

— If the “add leaf” transition of M added a leaf labeled by a variable,
then z; is the state of @) associated to that variable in the memory
component w;.

— If the “add leaf” transition of M added a leaf labeled by o € X, then
2 =0.

e When performing the sequence of transitions S; of M, the sequence of
states of @ (corresponding to variables) that were consumed and stored in

memory changes the state of the horizontal DFA H éq of A from r; to r;.

e When performing the sequence of transitions S, the memory contents of
M changes from w; to w;, when a variable stored in memory is interpreted

as the corresponding element of ().

(H3) For 1 <i < n, such that the ith child u; of ug is not a leaf, the correspondence

between p;, r;, w; and pl, v, w!, respectively, is arbitrary.?
p Db, T Wy p y y
(H4) Verifies that for all 1 < i <n, p, = piy1, ri = rip1, W = wiy1.

Continuing with the notation of Figure 8.2l the vertical computation of B verifies

that

(V1) The computation of M in state py makes a down move writing the label of the

node ug and changing the state to p;. Note that the vertical computation step

2Note that in this case the computation of M first makes a down move from u;, and the state
of M, as well as, the state of the simulated horizontal computation of A after a corresponding up
move is represented by the components pl, ., wj.
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Figure 8.3: Combining the bottom-up computation step at uy with the left-to-right
computation of M.

of B “knows” the label of ug (as the fourth component of the state (84])) and,
according to (H1), the horizontal computation of B remembers p;. Also, it is
required that wy = w; because the memory contents of M does not change in

a down move.
(V2) The computation of M in state p], makes an up move to state pf, and w!, = wy.

By verifying the properties (V1) and (V2) the computation of B is able to check
that the state labeling simulates a correct computation of M also with respect to the
siblings of ug in Figure The overall computation of M is illustrated in Figure 8.3l

The computation of B on an inside subtree of the form (83]) assigns a state g of A

to the root of the inside subtree, where H, ;;"0

accepts the input ¢; - - - ¢,. A state of B
as in (8.4)) is accepting if z € F' is an accepting state of A. Thus, the nondeterministic
computation of B verifies that the input tree ¢; can be represented in the form h(ts)

where A has an accepting computation on ¢t,. H



Chapter 9

Conclusion

In the thesis we have investigated various aspects of descriptional complexity of un-
ranked tree automata. In the following we summarize some of the main contributions.

Since a minimal DTA(DFA) need not be unique [35], DTA(DFA)s can have trade-
offs between the numbers of vertical and horizontal states, that is, we can reduce the
number of horizontal states by introducing additional vertical states. In Chapter [3] we
investigated the state trade-offs in unranked tree automaton models. For DTA(DFA)s
we gave a lower bound construction that is close to the corresponding worst-case upper
bound for state trade-offs. Although a DTA(NFA) is a more general model than a
DTA(DFA), we proved that there can be no state trade-offs in DTA(NFA)s. We gave
a lower bound example where by adding one vertical state to an NTA(NFA), the
number of horizontal states is reduced to the square root. However, the lower bound
remains very far away from the upper bound. The state trade-offs for nondeterministic
unranked tree automata is a topic for further research.

In Chapter Ml we studied the state complexity of conversions between different
models of tree automata operating on unranked trees. The comparison shows that

166
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the horizontal state complexity of SDTAs and DTA(DFA)s, respectively, is incompa-
rable. A DTA(DFA) can be more succinct than an SDTA because, while the vertical
computation is deterministic, a DTA(DFA) can be viewed to use “unambiguous non-
determinism” to choose the corresponding horizontal DFA. An SDTA, on the other
hand, has to process the sequence of states reached below the current node with la-
bel o completely deterministically. However, an SDTA can be more succinct than a
DTA(DFA) in cases where, roughly speaking, it is easy to distinguish the different
states to be assigned to o but the sizes of the horizontal DFAs are large. For con-
verting nondeterministic automata to SDTAs and DTA(DFA)s, respectively, we gave
non-polynomial lower bounds, however, the upper and lower bounds for the numbers
of horizontal states remain far apart, and this is a topic for further research.

In Chapter [6] and Chapter [7l we investigated state complexity on various opera-
tions of deterministic tree automata (DTA(DFA)s). For the basic operations of union
and intersection we gave bounds also for strongly deterministic automata (SDTAs).
We studied the operational state complexity of two variants of deterministic unranked
tree automata in Section [.I] and Section [Z.2l For union and intersection, tight upper
bounds on the number of vertical states were established for both strongly deter-
ministic automata and DTA(DFA)s. An almost tight upper bound on the number
of horizontal states was obtained in the case of strongly deterministic unranked tree
automata. For DTA(DFA)s, lower bounds for the numbers of horizontal states are
hard to establish because there can be trade-offs between the numbers of vertical and
horizontal states. This is indicated also by the fact that minimization of DTA(DFA)s
is intractable and the minimal automaton need not be unique [35].

In Section [6.1] we established tight state complexity bounds for both sequential
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and parallel tree concatenation. The bound for sequential concatenation of tree lan-
guages differs by an order of magnitude from the corresponding bound for regular
string languages. The results for parallel concatenation are similar to the string case.

In the natural way, based on the concatenation operations we can define the ith
powers, ¢ > 0, of a tree language 7', and then we can define the Kleene-star of T’
as the infinite union of all ith powers of 7', ¢+ > 0. With this definition it is easy
to see that a Kleene-star operation based on parallel concatenation does not need to
preserve regularity. There are two different ways to define the Kleene-star based on
sequential concatenation, depending on how we define the powers of a tree language,
which we call the bottom-up and the top-down star.

We gave tight state complexity bounds for both bottom-up and top-down Kleene-
star operations in Section We showed that the bottom-up star of a tree language
recognized by a deterministic bottom-up automaton with n vertical states can be
recognized by an automaton with (n + %) - 2"~1 gtates and, furthermore, there exist
worst-case examples where this number of states is needed. This bound is, roughly, n
times the corresponding bound for regular string languages. On the other hand, the
state complexity of the top-down star operation is shown to coincide with the state
complexity of Kleene-star on string languages.

The state complexity for bottom-up star is of a different order of magnitude than
the corresponding bound for string languages. This means that the worst-case con-
structions essentially need to rely on “tree properties” and finding the minimal al-
phabet size remains an open question.

In Section [7.3] we extended the projection operation to tree languages and gave

a tight upper bound on the number of vertical states. It differs from the known tight
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Table 9.1: Operational state complexity of tree languages

Union Intersection
(m+1)(n+1)—1 mn
Concatenation
Sequential concatenation | Parallel concatenation
(n+1)-(m-2"+2"1) —1 m 2"+ 27—
Kleene-star

Bottom-up star Top-down star
(n+35)2" 1 2.2"
Quotient
Bottom-quotient Top-quotient
(n+1)2" -1 n
Projection
2" —1

upper bound on the string languages. For quotient operation, we get a tight bound
on the number of the vertical states for the state complexity of top-quotient and
bottom-quotient, respectively, in Section [Z.4l. The bound for bottom-quotient differs,
roughly, by a multiplicative factor n + 1 from the corresponding result for ordinary
finite automata. To obtain tight upper bounds on the number of horizontal states for
different operations will be a topic for future research.

Finally we sum up the state complexity of different operations in Table[@.Il Given
two tree languages T} and T with state complexity of m and n respectively, the state
complexity of different operations on the number of vertical states is listed in the

table. The bounds listed in Table are all tight.

9.1 Future work

In this section we list some questions that are left open.



CHAPTER 9. CONCLUSION 170

e We do not know what is the smallest alphabet size needed for the lower bounds
for tree concatenation. In Section [6.], for ease of presentation our lower bound
constructions for sequential and parallel concatenation were based on the lower
bound construction of [64] that uses an alphabet of size three. The alphabet
size could be reduced by basing the constructions on the lower bound example
of Jirdskova [27] over a binary alphabet. However, even in the simpler case of
parallel concatenation our construction requires the addition of a new symbol
and we do not know whether the lower bound of Theorem [43] holds for incom-
plete DFAs over a binary alphabet. The question of minimal alphabet size
is more involved for sequential concatenation because there the lower bound

construction needs to use a non-unary ranked alphabet.

e In Section [3.4] we have given a lower bound example where by adding one
vertical state to an NTA(NFA), the number of horizontal states is reduced to
the square root. However, the lower bound remains very far away from the
upper bound. For state trade-offs in NTA(NFA)s, it remains open whether it

is possible to have exponential trade-offs.

e For converting an NTA(NFA) A to a DTA(DFA) B, we have a tight upper
bound on the number of vertical states. For horizontal states, Lemma [30 in
Section has given an upper bound for B that is exponential in the sum of
vertical and horizontal states of A. However, the number of horizontal states
given in the corresponding lower bound of Theorem [33 is exponential only in
the number of horizontal states of A. We can try to get close estimates on the
number of horizontal states by state complexity approximation as the authors

did in [11] for finite automata operating on strings. A tight upper bound for
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sizes of horizontal automata in the NTA(NFA) to DTA(DFA) transformation is

still open.

e We have obtained tight upper bounds for the number of vertical states for
various operations in Chapter [0l and Chapter [l For operations of union and
intersection we also get almost tight upper bounds on the number of horizontal
states for DTA(DFA)s and SDTAs. We also gave upper bounds on the number
of horizontal states for various operations in Chapter [l and Appendix[Al As we
can see it is already non-trivial to obtain tight upper bounds for the number of
vertical states. It would be challenging to get any reasonable lower bound for the

size of horizontal automata in the operational state complexity constructions.

e We have defined regularity-preserving tree homomorphisms for unranked trees.
Establishing bounds for the state complexity of tree homomorphisms remains a
topic for future work. If a tree homomorphism A is defined using a string-to-tree
transducer M as we discussed in Chapter [§, then a state complexity bound for
h(L) would depend on the size of a tree automaton for the tree language L and

on the number of states of the transducer M.
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Appendix A

Upper bound constructions for
Concatenation and Kleene-star on

unranked trees

In Chapter [6l we presented upper bound constructions for the different concatenation
and iterated concatenation operations only for ranked trees. This was done for read-
ability, because also for the corresponding tight lower bound constructions we needed
only binary trees. Here, for the sake of completeness, we present upper bounds for
the Kleene-star and concatenation operations in the more general case of unranked

tree automata.

A.1 Kleene-star

The following lemma gives an upper bound for the state complexity of bottom-up

star.
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Lemma 71. Let A = (Q, 3,0, F) be an arbitrary DTA(DFA), and
H2, = (Cog, Q. lto,g: Coq0, Usg) be the DFA representing the horizontal language as-
soctated with o and q.

We can construct a DTA(DFA) B recognizing the language L(A)%*, a € ¥ (bottom-

up star operation) with at most
3
(1Q1+3)2!

vertical states.

Proof. Let Q = {s1,52,...,8,} and 0 € @ be the state assigned to the leaf nodes

labeled by . Choose B = (P, %, A\, E), where P = P, U P, U P,

e Pi={{a}Up,q) I peP(@Q—{q}),q€Q— F},
o P, ={({q,0}Up,q) | p € P(Q—{q,0}),q € F},

o P3={(p,dead) | p € P(Q)}.

State (p,q) in P is final if ¢ is in F' or there exists state ¢’ in p such that ¢’ is in F.
In the following, we assume that {0} N F' # F, which means there is a final state
different from 0.

For states (p U {q},q) € P and states (pU {q,0},q) € Py, let p = {q1,...,qm},
0 < m < n. The transition function A(o,(p,q)) is defined by DFA G, 4 =
(Do(p,q)s P> Yo (p.q)s Qo (pg),00 Vor(pig))- The set of states is Dy g0 = ((P(Cog,) X ... X
P(Corg)) X (Cog ... xCo g )X Cyq. The initial state is dy (p,g)0 = (({Cog1,0}s - - - {Coqm,0}),
(Coq1,01 - - > Corqm0)s Cog0)- The set of final states V (, 4) consists of all the states
v = ((C1,...,Cn), (ur,ug,...,uy),u) where for every 1 < i < m, C; N U,,, # 0,

u € Usyg.
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The transition function 7, (4 is defined as follows: for any input (p',¢') =

({J1:J2s - -, i}, q') and any state d = ((C1,...,Cp), (c1,¢25 .- Cm), €) in Dy (g,

Yo.ma) (0, 4), d) =

U :U’Uth q C UU/laq1 .]l)cl U /‘LO'Qm q C UUFLqu jlacm))

ceCq ceCm =
(,Uo,q1 (q ) Cl)7 s 7ﬂa,qm (q ) Cm))y ,ua,q(q 5 C))

The ~-transition in the horizontal DFA G, 4 of B is defined using the u-
transition in the horizontal DFAs in A. However, since the input of G, ) is a
sequence of states of B, e.g. (p1,q1), (p2,dead), ..., (Pm,qmn), dead is also a possible
input for the p-transition. Since dead is not in the alphabet of the horizontal DFAs
of A, which means that p is undefined for input dead, we define the p-transition in
the horizontal DFAs in A such that any transition labeled by dead goes to the sink
state of the DFAs.

For states in (p,dead) € Ps, let p={q1,...,qn}, m < n. The transition function
Ao, (p, dead)) is defined by the DFA

GJ,(p,dead) - (DJ,(p,dead)a P7 Vo, (p,dead) da,(p,dead),Oa VJ,(p,dead))‘ The set of states is DJ,(p,dead) =

(P(Cogy) X oo X P(Corgn)) X ((Cogy) X oo X Cog) X (Cosyy ooy Cos,.). The initial
state 15 do eato = ({emgrohs- -+ {ogmo})

(Cog1,05 - -+ Cogm0)» (Cas1,05 - - - s Casn0))- The set of final states V. ( deqqy consists of all
the states v = ((C1,...,Cn), (w1, us, ..., Up), (V1,...,v,)) where for every 1 <i < m,
CiNU,, # 0, and there does not exist any v; that v; € UseQ Up.s.

The transition function 7,y dead) is defined as follows: for any input (p',q') =

({j1,72,---,7i},q) and any state
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d=((Cy,...,Cp),(c1,co,...,Cm), (cty...,c")) in D (p.0)5

Yo, (p,dead)((p/ q/) d) =

U :U’Uth q c UU/‘LO'Ql .]l)cl U /‘LO'Qm q c UUMqu jlacm))

ceCq ceCpmy =1

(Hoq (d'c1)s - - ,ua,qm(q vem))s (o (45", g (45 €™)))

The vertical states in B consist of two components. The first component simulates
the situation where the concatenation occurs, and the second component records the
computation where there is no concatenation. At a subtree o(ty,ts,...,t,), where
states (p1,q1), (P2, 42)s -+, (Pmy Gm), Pi € @Q,1 < i < m are assigned to the roots of
t1,t, ..., tm, respectively, state (p,q) is assigned to the root labeled by ¢ provided
that the sequence of states qiqs ... q,, is accepted by H JAq, and p consists of all states
that are obtained by A by in the child nodes “taking” one state in p; and using g;, for
all j # i for all choices of i. The state (p, dead), p # @ is assigned to the node labeled
by o if none of the DFAs H, , in A accepts the sequence ¢1qs . . . g,,. When the vertical
computation produces a state with the second component in F', the computation adds
0 to the first component of the state.

For states (p,q) in P, we always have ¢ € p. This is done because for any state
(p, q) where g ¢ p there is always an equivalent state (pU {q}, q). Recall that a state
(p,q) is final if ¢ € F or pNF # (). Thus, after B reading some tree, B reaches a final
state from the state (p, q) if and only if the state (p U {q}, q) reaches a final state.

According to the construction, |P;| = (|Q| — |F|)2I9171, |Py| = |F|219172) |Ps| =
2191 We have |P| = (|Q| — @ 4 2)2/91=1, The worst case is when |F| = 1. Then the

number of vertical states of B is at most (|Q] + 2)2/¢I=1. =



APPENDIX A. UPPER BOUNDS FOR UNRANKED TREES 185

As regards the top-down star operation, the construction of a DTA(DFA) B rec-
ognizing L(A)L* (o € ¥), is more straightforward as there is no restriction on the
location where a leaf can be replaced and B needs to keep track only of a set of states
of A. We omit here a detailed construction which is actually quite similar to the

construction used for ranked trees. The construction for ranked trees was given in

Theorem 48]

A.2 Concatenation

We give a construction of an SDTA recognizing the sequential concatenation of two

tree languages recognized by given SDTAs.

Lemma 72. Let Ay and Ay be two arbitrary SDTAs. A; = (Qi, 3,0, F;), i =
1,2, transition function for each o € ¥ is represented by a DFA HX = (C!,Q; U
3L, ¢ o, BL) with an output function N,

The language L(As) -5 L(A;)', a € ¥ can be recognized by an SDTA B with

size(B) < [ (1Qu[+1)x (29 x(|Qal+1) =227 ~1; [D[(C2+1)(ICH+1) x2+1 )

Proof. Choose B = (Q] X P(Q1) x Q%,%,0, F), where Q] = Q1 U {dead}, Q) =
Q2 U{dead}. A state (p1, P2,q) € Q) x P(Q1) x QY is final if P, N Fy # ().

The transition function § associated with each o is represented by a DFA HZ =
(S xP(Cp) x 8, (Q) x P(Q1) x Q) UX, i, (¢, 0, ¢2,), V) with an output function
A3 where S = Cl U {dead}, S" = C? U {dead}. A state (c;,Cy,s) € S x P(CL) x S’
is final if s € Eg or there exists ¢ € ¢; UCy such that ¢ € E; The transition function

1 is defined as below:

'Recall that T4 - T consists of trees where in some tree of Ts a leaf is replaced by a tree of T4.
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For an input a € X,

pu((cr, Ca, 8),a) = (’Yi(claa)v U PY;(C%CL)’ 7§(Saa>>

c2€Cs

For an input (p1, P, q) € Q] X P(Q1) x @5,

M((Chc?vs)a (p17P27Q>> = (7;(617]71% [ U 7;(617292) U U 7;(627]71)]7 ”Yg(S,Q))

p2EP c2€C?

Write the computation above in an abbreviated form as u((c1, Co, s),7) = (p}, Ps, q'),
r e XU(Q) xP(Q1) xQ%). When compute p} and ¢/, if any v (c,€),i = 1,2, c = ¢y, s,
£ € X UQ,, is not defined in A;, assign dead to p| or ¢. When computing Pj, add
nothing to Py if any 72 (c,£) is not defined.

Let p, € @1 denote the state assigned to the leaf labeled by « in A; that is
substituted by a tree in L(Ay). The function AP is defined as: for any final state

€ = (Cl,CQ, 8), Iy =C N E;, X2 = 02 N E;,

1 Ifse Eg
33y = | Aol PaUlsex, Aol@a)s Ao(9)), 3 Ao(s) € By
AL (@1), Unyex, Aa(2), A2(5)), i X2(s) ¢ P
2 If s ¢ E2,

A2(e) = (Ablan), | Ablaa), dead).

T2€X2

If vy = (), above we interpret A\l(z1) = dead. If X, = (), above we interpret

U:I?QEXQ /\i(l‘g) = @

A state of B has three components (p;, P», q). The first component p; is used to keep
track of A;’s computation where no concatenation is done. p; is computed by the first
component ¢; in the state of H f. The set P, keeps track of all the vertical states A;

may be in assuming a concatenation has taken place at some node below the current
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node. In a state (¢;,Cy, s) of HZ, Cy # 0 (or Cy = ()) records whether there is (or is
not) a concatenation in the computation. The third component ¢ keeps track of the
computation of As. When a final state is reached in Ay, this means a concatenation
might take place. In this case, the state p, is added to P,, which is achieved by the
AB function in B.

According to the definition of A2, when A\2(s) € Fy, p, is always in the second
component of the state. We can exclude the cases when A\2(s) € Fy, and p, is not
in the second component of the state, and we do not require B be complete. These
observations indicate that B needs at most (|Q1]+1) x (2191l x (|Qo| +1) —2/@11=1) —1

vertical states. ®

Note that, when we are not concerned about the number of horizontal states, from
an SDTA A we get immediately an equivalent DTA(DFA) B with the the same set
of vertical states. For each ¢ € ¥ and each state g of A, the horizontal DFA of B
corresponding to ¢ and o, is obtained from the horizontal DFA H# of A by omitting
the output function and selecting as final states all the states of H2 for which the
output function assigns the state q.

The above observation means that as a consequence of Lemma [[2 we get an upper

bound for the number of vertical states needed to recognize the concatenation of two

DTA(DFA)s:

Corollary 73. Let A; be a DTA(DFA) with m; states, i = 1,2, and let 0 € ¥. The

sequential concatenation L(Ay) -5 L(Ay) can be recognized by a DTA(DFA) with
(Jmn] 1) x (271 x (o] +1) — 2™1=1) 1

states.
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As we have mentioned before, the bound of Corollary [[3] coincides with the upper
bound given for the state complexity of sequential concatenation of ranked trees in

Theorem [T
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