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Abstract

In 1997, Xian-Jin Li gave an equivalence to the classical Riemann hypothesis,
now referred to as Li’s criterion, in terms of the non-negativity of a particular
infinite sequence of real numbers. We formulate the analogue of Li’s criterion as
an equivalence for the generalized quasi-Riemann hypothesis for functions in an
extension of the Selberg class, and give arithmetic formulae for the corresponding
Li coefficients in terms of parameters of the function in question. Moreover, we
give explicit non-negative bounds for certain sums of special values of polygamma
functions, involved in the arithmetic formulae for these Li coefficients, for a wide
class of functions. Finally, we discuss an existing result on correspondences be-
tween zero-free regions and the non-negativity of the real parts of finitely many Li
coefficients. This discussion involves identifying some errors in the original source
work which seem to render one of its theorems conjectural. Under an appropriate
conjecture, we give a generalization of the result in question to the case of Li
coefficients corresponding to the generalized quasi-Riemann hypothesis. We also
give a substantial discussion of research on Li’s criterion since its inception, and

some additional new supplementary results, in the first chapter.
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Chapter 1 Introduction

1.1 Summary and organization

In this thesis, we discuss some generalizations of Xian-Jin Li’s 1997 criterion for
the classical Riemann hypothesis, referred to as Li’s criterion. In the classical
case, Li’s criterion states that the Riemann hypothesis is equivalent to the non-
negativity of a particular infinite sequence of real numbers (known as Li coeffi-
cients). This idea has been extended significantly in the last several years, and
there has also been substantial progress in understanding the behaviour of the Li
coefficients themselves in special cases (especially that of the classical Riemann
zeta function). Our discussion of Li’s criterion comprises several aspects, each of
which refer to and expand upon different components of the literature work on
Li’s criterion that has been completed since its inception. Among these are some
remarks on certain errors in [3], which pose problems for the proof of one of its

main theorems.

Indeed, the subsequent sections of this chapter will be devoted to a review of the
ideas motivating Li’s criterion, and of work by a number of researchers studying
and expanding upon it. Moreover, we will give some preliminary new results and
proofs that will inform our later original work. This exposition will lead into our

own work in Chapters 2 and 3.

In Chapter 2, our work focuses on giving a generalization of Li’s criterion to an
equivalence for the generalized quasi-Riemann hypothesis in the Selberg class. The

first section gives the generalization itself, along with results that show that the
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Li coefficients in this context are well-defined, and that give several equivalent
definitions for them. In the second section, we give arithmetic formulas for the Li
coefficients in these cases, along with some exposition on the versatility of these
formulae. In the last section, we give explicit non-negative bounds on one of the
terms in these arithmetic formulae (corresponding to a sum of special values of

polygamma functions) that applies with relatively wide generality.

In Chapter 3, we change our focus to studying connections between the non-
negativity of finitely many Li coefficients and the existence of zero-free regions for
the corresponding function. These correspondences were studied by Brown in [3] in
the case of Li coeflicients corresponding to the full generalized Riemann hypothesis
for a wide class of functions. Unfortunately, [3] contains an error which renders
one of the main theorems of this correspondence conjectural, without further work.
Under an appropriate conjecture, we generalize the problematic theorem to the
case of Li coefficients corresponding to a restricted case of the generalized quasi-

Riemann hypothesis.

Chapter 4 focuses on a discussion of the significance of our results, and of prospec-
tive future research on Li’s criterion. Finally, the Appendix gives the application
of some of our discussion to the special case of the Riemann zeta function (repro-

ducing work of several other authors).

The main results of the thesis are contained in Theorems 2.1.3, 2.2.1, and 2.3.2
in Chapter 2, and Theorem 3.3.1 in Chapter 3 (which here is proved only under
an appropriate conjecture, given in Section 3.2). There are also numerous other
original results of some interest throughout the thesis. Some particular examples
of these are Proposition 1.5.1 and Theorem 1.7.3 in Chapter 1, Lemma 2.1.2,
Proposition 2.2.3, and Corollary 2.3.3 in Chapter 2, and the contents of Sections

1 and 2 of Chapter 3 (including detailed discussion of some problematic errors in



CHAPTER 1: INTRODUCTION

the arguments of [3] in Section 3.2).

Lastly, we wish to outline the contents of the present chapter in more detail. The
next section will give a general introduction to the theory of the Riemann zeta
function and related ideas. In the third section, we introduce a type of complex
multiset that will be of interest to us throughout the thesis, and we also define
x-convergence for sums over complex multisets. The fourth section introduces
the Selberg class and some of its fundamental properties, along with an exten-
sion to the Selberg class that we will frequently use in our later work. The fifth
section begins with some fundamental equivalences to the Riemann hypothesis,
and proceeds to give Li’s criterion itself, along with two distinct ways to inter-
pret it on intuitive terms. The sixth section presents a set of results that allow
the formulation of Li’s criterion for arbitrary complex multisets under appropriate
hypotheses, which provide the mechanisms needed to generalize Li’s criterion to
new classes of functions. For illustrative purposes, we give proofs of most results
in this section. The seventh section is divided into three subsections, which give
background on separate ideas that we will expand upon later in our own work.
These three subsections concern the ideas of generalizing Li’s criterion to apply
to quasi-Riemann hypotheses, the generalization of Li’s criterion to the Selberg
class, and correspondences between zero-free regions and the non-negativity of
finitely many Li coefficients (and initial discussion of the problems in [3]), respec-
tively. Finally, the last section of this chapter discusses arithmetic formulae for
Li coefficients, and the study of particular terms of arithmetic formulae to better

understand the behaviour of Li coefficients.
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1.2 The Riemann zeta function and the Riemann

hypothesis

Since its introduction in 1859 in Riemann’s memoir [22], the question of the truth
of the Riemann hypothesis is one that has received more attention from mathe-
maticians than nearly any other. This thesis concerns itself with generalizations

of a new approach to this question, first presented in 1997 by Xian-Jin Li [17].

The Riemann zeta function is the fundamental object of study of most of classical

analytic number theory.

Riemann zeta function: For a complex variable s, we define the function ((s)
for R(s) > 1 by
¢(s)=TTA-p™)"

/2
where the product is over all prime numbers p. The Riemann zeta function is
defined to be the meromorphic continuation of ((s) to C~ {1}. Henceforth, the

notation ((s) denotes this meromorphic continuation.

The definition can be shown to imply that {(s) does not vanish for 58(s) > 1, and

that ((s) has a simple pole at s = 1.

Completed zeta function: The completed Riemann zeta function, denoted by

&(s), is defined for all s € C by

() = (5= DT (5] ¢(s),

where I' is Euler’s gamma function.

For a classical discussion of these functions, one may refer, for example, to Dav-

enport [9] or Edwards [10]. We review a few of their properties here, without
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proof.

Theorem 1.2.1 (Functional equation) The completed zeta function is entire,

and satisfies the functional equation

£(s)=¢€(1-5)
for all complex s.

In particular, this theorem implies that s = —2n is a simple zero of ((s) for every
positive integer n, as a consequence of the existence of simple poles of I’ (%) at

those points.

For completeness, we recall the statement of the prime number theorem.

Definition: For any real x > 0, the prime counting function, denoted by 7(z), is

equal to #{p prime: p < x}.

Definition: If f(z) and g(z) are real functions of a real variable x, the notation

f(z) ~g(x) as © - co means that

lim f(z)

= 1.
oo g(x)

Theorem 1.2.2 (Prime Number Theorem) 7(z) ~ 77 as x — oo.

Stronger statements of this theorem give explicit error bounds. The Riemann
hypothesis was originally formulated to provide a best-case error bound for the

prime number theorem.

Definition: A non-trivial zero of the Riemann zeta function is a zero of ((s)

which is not equal to —2n for any positive integer n.
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It is then clear that the non-trivial zeros of the Riemann zeta function coincide

with the zeros of the completed Riemann zeta function.

Definition: The critical strip is the region 0 < RR(s) < 1 in the complex plane.

The critical line is the line RR(s) = 1 in the complex plane.

It can be shown that the prime number theorem is equivalent to the following

result.

Theorem 1.2.3 FEvery non-trivial zero p of the Riemann zeta function lies in the

interior of the critical strip.
The functional equation also implies the following.

Theorem 1.2.4 A complexr number p is a non-trivial zero of the Riemann zeta
function if and only if p and 1 — p are also non-trivial zeros with the same multi-

plicity.
It will prove convenient to define Euler’s constant, v, at this point.

Euler’s constant: We define Euler’s constant, denoted v, by

fyzlim[((s)— ! ]

s—1 s—1
Finally, we can give the Riemann hypothesis itself.

The Riemann Hypothesis: Every non-trivial zero of the Riemann zeta func-

tion lies on the critical line.
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1.3 Complex multisets, and other tools

To discuss Li’s criterion, we first need to construct some specialized tools. It will
prove convenient to define a particular notion of conditional convergence of sums
over complex multisets, called *-convergence. We must also first specify exactly

what type of complex multisets we are concerned with.

Definition: A wvertically simple complex multiset is a set R c C x N, consisting
of pairs of complex numbers p with corresponding positive integer multiplicities
n,, such that if (p1,n,,) # (p2,n,,) are both in R, we have p; # p,, and such that
only finitely many (p,n,) in R satisfy |J(p)| < T for any real T > 0. If (p,n,) is
in R, we often simply say that p € R with multiplicity n,. Moreover, whenever
we discuss complex multisets in this thesis, it is implied that they are vertically

simple, unless otherwise specified.

Definition: Let R be a vertically simple complex multiset. Throughout this
thesis, the notation Z* is meant to denote summation over R in the sense that if
R

a(p) is a complex number for every p in R, then

> alp) =Y a(p) = lim Y alp),
R peER o peER
[Im(p)|<T

if the limit on the right exists, where the term corresponding to p occurs according

to the multiplicity of p in R. If the limit exists, following the terminology of

Bombieri and Lagarias [2], we refer to the sum Y. a(p) as *-convergent. We may
R

also apply this notation to infinite products, where

[Ta) =lim T a(p).
R 7 peR
[Im(p)|<T



CHAPTER 1: INTRODUCTION

Note that in all of our summations and products whose indices are multisets of
complex numbers, throughout this proposal, it is always implied that p is the

variable which runs over the indicated index multiset, unless otherwise specified.

Definition: We denote the complex multiset of non-trivial zeros of the Riemann

zeta function by Z (&) = Z.

We will also need to use the idea of big-O notation in our work. As such, we give

its definition here.

Definition: Suppose that f is a complex-valued function of a complex variable,
and that g is a positive-valued real function of a complex variable. We write
f(x) =0(g(x)) on a subset S of C if and only if there exists some positive real
constant C' such that |f(z)| < Cg(z) for every z in S. In other words, we adopt

the standard notion of “big O notation.”

We can use this idea to define another idea from complex analysis.

Definition: If f is an entire complex function of a single complex variable, we
say that f has finite order if and only if there exists a real number o > 0 such
that f(s) = O0(e(s1")) as |s| - oo. If f is of finite order, and a* = inf{a >0 | f(s) =

O(els"))}, then we say that the order of f is a*.

One may refer to [9], [18], or [16] for additional discussion of the theory of functions

of finite order.

The following theorem (see [9, Chapter 12], for example) states that the completed
zeta function is of finite order, and that it may be represented by a Hadamard
product, a fact that is critical to classical proofs of the prime number theorem,

and to the formulation of Li’s criterion.
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Theorem 1.3.1 The completed zeta function £(s) is an entire function of order

1. As such, it may be represented as a Hadamard product in the form

£(s) :g(O)eBSH(1 _ E)e;, (1.3.1)

Z

where

Here, the product is absolutely convergent, and the sum for B is *-convergent.

Moreover, with our definition of £(s), it can be shown that £(0) = 1.

1.4 The Selberg class

This thesis concerns itself mainly with generalizations of Li’s criterion to wider
contexts than that in which it was originally formulated. In particular, we work
heavily with a general class of functions containing the Selberg class. In this
section, we give discussion and definitions relevant to the Selberg class, and state

some of its elementary properties.

The Selberg class was introduced in 1991 by Atle Selberg (see [24]), as the conjec-
tural largest context in which it makes sense to talk about the Riemann hypothesis.
The Selberg class S consists of all complex functions F' of a single complex variable

s satisfying the five axioms (1)-(5) below.

(1) (Dirichlet series) For fi(s) > 1, F(s) may be expressed as an absolutely

convergent Dirichlet series, in the form

(o9}

F(s) = ; —aFn(?),

where ap(n) is a complex number for every integer n > 1.
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(2) (Analytic continuation) There exists a non-negative integer m such that
G(s) = (s =1)mF(s) extends to an entire function of finite order. The

least such integer m is called the polar order of F', and is denoted by mpg.

(3) (Functional equation) There exists a non-negative integer r, a real number
Qr > 0, positive real numbers wy,...,w,, and complex numbers vy,..., v,

with R(v;) >0 for 1 < j <r, such that the completed function

§NQZF@WW@—UWQ%§FWﬁ+%)

is entire, and satisfies the functional equation

Er(s) =wép(l-s),

for some complex number w with |w| = 1 (where £x(s) = £(5), and T is

Euler’s gamma function).

(4) (Euler product) When fR(s) > 1, we may express log F'(s) as an absolutely

convergent Dirichlet series, in the form

log F(s) = 3 201,

oo

where for each n, bp(n) is a complex number such that bp(n) = 0 whenever
n # p™ for some prime p and positive integer m, and br(n) = O(n?) for some

real 0 < %

(5) (Ramanujan hypothesis) For every positive real number €, we have
ar(n) =0(n), (1.4.1)

where the constant implied in the relation (1.4.1) may depend on the choice

10
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of e.

While the values of the numbers w; are not unique in axiom (3), it can be shown
that the quantity deg(F') = dp = 2¥}_; w; is a well-defined constant, referred to
as the degree of the function F', and denoted by deg(F') (see, for example, [18,
p.118)).

There are some related classes of functions whose definitions we will also need.
The extended Selberg class, denoted by St, consists of all functions which satisfy
properties (1), (2), and (3) above. Another class of functions, denoted by St
and satisfying St 2 St? 2 S, is studied in Lejla Smajlovié¢’s paper [25] in terms of
the construction of Li’s criterion in this context. The class St is defined to be
the set of all functions F' in S* such that F' also satisfies the following additional
property:

(4’) (Modified Euler product axiom) For $R(s) > 1, the quantity < log F(s) =

F'(s)
F(s)

may be expressed as an absolutely convergent Dirichlet series

d _F(s)  &cp(n)
£IOgF(S)_ F(s) == 2, ns

n=2

where the coefficient cp(n) is a complex number for every integer n > 2.

The following theorem was proved by Smajlovié¢ in [25].

Theorem 1.4.1 FEvery function contained in the Selberg class S is also contained

in Stv. More precisely, we have St 2 St 2 S.

We also make some remarks on the zeros of the completed function {r for any
function F' in Stb. Property (4’) implies that if F' is in St*, then F(s) does not
vanish for P(s) > 1, and thus the form of the functional equation shows that
&r does not either. Additionally, property (3) implies that 1 —p is a zero of {p

whenever p is. Combining these two observations gives us the following theorem.

11
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Theorem 1.4.2 If F' is any function in St*, then every zero of &g lies in the

critical strip.

We remark the contrast with our corresponding theorem for the Riemann zeta
function, which states that every non-trivial zero of the Riemann zeta function
lies on the interior of the critical strip. In the case of the Selberg class and its
extension St our current knowledge does not allow us to exclude the boundary
lines in general (though this exclusion has been proved in the special case of
automorphic L-functions [12]). As a result, in most statements concerning the
formulation of Li’s criterion in this context, we must assume that 0 is not a zero

of the function in question.

For convenience, we state our previous observation about the symmetry on the

zeros of {x formally in the next theorem.

Theorem 1.4.3 If F is a function in S', then p is a zero of £p(s) if and only if

1-pis a zero of £p(s) with the same multiplicity.

We also make the following definition, analogous to that in the previous section

for the Riemann zeta function.

Definition: If F' is a function in St*, we refer to the zeros of £ as non-trivial

zeros of F'. Moreover, we denote the complex multiset of non-trivial zeros of F' by

Z(F).

We have the following analogue to the Riemann hypothesis in the context of the

Selberg class.

Generalized Riemann hypothesis (GRH): We say that the generalized Rie-
mann hypothesis holds for a function F' in St if and only if all of the non-trivial

zeros of F' lie on the critical line.

12
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For additional discussion of some properties of the Selberg class, one may refer,

for example, to [18, Chapter 8].

1.5 Equivalences to the Riemann hypothesis, and

Li’s criterion

The Riemann hypothesis is a critical question in analytic number theory. As such,
it is interesting to examine different ways to frame it, which may shed more light

on its resolution.

The following proposition is a simple result giving an elementary equivalence to

the Riemann hypothesis, which we prove here for the sake of interest.

Proposition 1.5.1 Let S be a vertically simple complexr multiset with 0 ¢ .S, and
such that (p,n,) € S if and only if (1-p,n,) € S. Suppose that ¥ # converges
S
absolutely and that Z*%} 18 *-convergent. Then the following two statements are
S
equivalent:
(1)

1

T o(3)

S |P|

(2)
R(p) :% Vpes.

Remark: The proof shows that in fact, condition (1) may be replaced by the

weaker assertion that 3 # < 29‘{( N %)
S S

Proof: First, assume that R(p) = % for all pe S. Then
e
[of?

5 5 PP

13
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Since Y ¢ 7 is real, and R (1) =R for every p e C*, it follows that
|l o

1
Fi

T (z)

P| s P

as we wanted.

Conversely, suppose that Y ¢ # =2R ( Z* g %) . As before, we have

Moreover,

It follows that

ol s P
(1 1 ( 1 )
= Z — 4+ - —
s \p  p/\2%(p)
If R(p) = 1, then ) ~ L = 0. It follows that we may re-write our last equation

as

5, i)

peS, R(p)#5

14
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) [m(§<§ (% ' %) (zml(p) i 1)] ' L(%Zé (% ' ’15) (2%1('0) . 1)] |

Now, by assumption, (p,n,) € S if and only if (1 -p,n,) € S. It follows that

(%+%)(2m1(p) _1): 2 (1iﬁ+ lip)(%(ll—ﬁ) _1)'

R(p)<s

R(p)>5

Using our equality above, this shows that

O:m%gl(%%)(wl(m_l)%lif 1;)(2%(%—/3) _1)]'

Remarking that for any z € C*, we have

(Y1)

and writing p € S as 8, + 17, with 3,,7, € R, we obtain

1-2R 1-2R(1 -
m(§<§ |p|2(p) ' 1 —(p|2 p))
-5 i)
(1—25p)((1—5p)2+7§)+(25p—1)(5§+7§))
R(p)<l (B3 +72) (L= B,)* +77)
4(ﬁp_%)2 )
(e \ (B3 + (1 =5,)2 +72) |

]

]

The summands are all well-defined since 0 ¢ S by our hypotheses. Moreover, the

summand is clearly positive for any real 3, # %

Thus the equality above shows

that in fact, there are no p € S with 3, = R(p) < 3 (since otherwise the sum on

the right would be strictly positive). Using our hypothesis that pe S <= 1-pe S

then establishes that :R(p) = 5 for every p € S, as we wanted. |

15
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Corollary 1.5.2 The Riemann hypothesis for the Riemann zeta function is equiv-

alent to the statement that Y. , # =2 Z*Z % =2+ —log(4m).

Proof: As we have mentioned previously, the completed zeta function £(s) is an
entire function of order 1, whose zeros all lie in the critical strip. We also know
by earlier discussion that £(0) # 0, and by the functional equation that p is a zero
of £(s) if and only if 1 - p and p are a zeros of £(s) with the same multiplicity.
Well-known results of complex analysis (see [16]) state that the set of zeros of an
entire function that is not identically zero does not have any accumulation points
on any bounded subset of C, and moreover that for an entire function f of finite

order a, the sum
1

p#0,f(p)=0 |p|"
converges absolutely whenever o > « (see, for example, [9, Ch.12]). Combining

these observations shows that the multiset Z(&) of zeros of £(s) is a vertically

simple complex multiset, and that the sum Y =5 converges absolutely. Finally,

lpl?
peZ(€)
it is a consequence of classical analytic number theory (see [9, Chapter 12], for

example) that the sum
« 1
pez(€) P

converges to the real value 1+~ — ilog(élw). All of these facts together allow us

to apply Proposition 1.5.1 to the multiset Z(&) to obtain the corollary.

Remark: One may also derive an explicit expression for Z* % for functions F' in
peZ(F)
the Selberg class. This is easily accomplished from the definition of the completed

function corresponding to F' from Section 1.4, by using the fact (see [25], or Section

1.7.7) that

peZ(F) P — &e(0)

> 1 &x(0)

16
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Indeed, we find that

« 1 4
Z —:mF+10gQF+fﬁ UQ(F)+Zqu/(Wj+Vj)],

peZ(F) P j=1

where 79(F) is the constant term of the Laurent expansion of £+ about s = 1.

Another example of a simple equivalence to the Riemann hypothesis is given in

the next theorem.

Theorem 1.5.3 The Riemann hypothesis for the Riemann zeta function is equiv-

alent to the statement that every non-trivial zero p of ((s) satisfies |p—fl‘ <1

Proof: Let p be any non-trivial zero of ((s). If the Riemann hypothesis holds,

then by definition we have R(p) = 3, which makes it clear that |ﬁ| =1.

Conversely, suppose that |ﬁ‘ <1. Writing p = B, + 1y, with 3, and v, real, we see

that this inequality states that

B <1,
(Bp=1)2+73

or

28,<1,

which is equivalent to R(p) = 5, < % By the functional equation, 1 - p is also

a non-trivial zero of the Riemann zeta function, and by hypothesis it must also
satisfy the analogous inequality 1 -3, = R(1 - p) < % The only solution to this
system of inequalities is R(p) = B, = %, and so the Riemann hypothesis holds, as

we wanted. |

From one perspective, Li’s criterion, to be described presently, reframes this the-

orem by combining it with information about the distribution of zeros of ((s)

17
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vertically within the critical strip.

The following trivial lemma, which may be interpreted as the essential ingredient

in the proof of the previous theorem, will be useful to us in the future.

Lemma 1.5.4 Let p be any complex number not equal to 1. Then |L1‘ <1 f and

p
only if R(p) < 3.

To describe Li’s criterion itself, we begin by considering a convenient conformal

mapping of the complex plane. Recall that the Riemann hypothesis states that

all of the zeros of £(s) should lie on the line R(s) = 1. If we make the replacement
1

s = 7, then it is easy to see that fR(s) = 1 is equivalent to w lying on the unit

circle, or |w| = 1. This suggests that we should examine the function
1
o) =¢().
-5

since then questions about the behaviour of £ on the critical line may be trans-
formed into questions about the behaviour of ¢ on the unit circle. The Riemann
hypothesis is equivalent to the statement that all of the zeros of p(s) lie on the
unit circle. The equivalent statement that £(s) has no zeros in the half-plane
R(s) > % corresponds to ¢(s) having no zeros in the open unit disc, specified by
|s| <1 (as we may readily observe by investigating the mapping s — ). Since £
is an entire function, it follows that the Riemann hypothesis is equivalent to the
statement that there exists a branch of the complex logarithm such that log(y(s))

is holomorphic on the interior of the unit disc (see [16, p.122]). Moreover, the log-
2 (s)
v(s)

©(sp) =0. Thus Z(—(ss)) is holomorphic on the interior of the unit disc if and only if

arithmic derivative = Llog(ip(s)) is analytic at any point s = sy # 1 unless

©(s) has no zeros inside the unit disc, where the second statement is equivalent
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to the truth of the Riemann hypothesis. Defining

0(s) = - losles)) = 3, (15.0)

and following our reasoning above, Li’s criterion relates the truth of the Riemann
hypothesis to the non-negativity of the power series coefficients of ¢(s) about

8020.

More specifically, following [17], we define a sequence of numbers A, for non-

negative integers n by

1 dn+1

= E d8n+1

)\n+1

[s"log(£(s))],-1 - (1.5.2)

We refer to A, as a Li coefficient. It can be shown that A, may also be expressed

in the form
A=Y (1 - (p—f’l)n). (1.5.3)

This form shows that A, is real for every n, by the symmetries on the elements of
Z imposed by the functional equation for the completed zeta function. Finally, it

turns out that the power series expansion of ¥)(s) about sg = 0 is exactly

PG ™
U(s) = () nzzom : (1.5.4)

The equivalent interpretations (1.5.2), (1.5.3), and (1.5.4) for the Li coefficients
follow from the Hadamard product for the completed zeta function, as we will
see when we prove more general versions of these forms in Chapter 3. We also
remark that Biane, Pitman, and Yor have interpreted the classical Li coefficients

as combinations of cumulants of a certain probability distribution in [1].

Li’s criterion for the classical Riemann hypothesis [17, Theorem 1] is the following
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statement.

Theorem 1.5.5 (Li’s criterion for the Riemann zeta function) The Riemann

hypothesis is true if and only if A\, is non-negative for every positive integer n.

Remark: Our expression in (1.5.3) for the numbers A, is not identical to that
given by Li in [17]. In fact, Li’s definition corresponds to A_, in ours. However,
the symmetry conditions imposed by the functional equation on the zeros of ¢

actually show that according to expression (1.5.3), A, = A_, for all integers n.

-1 -1
This follows because (%) = ("—;1) = ((19;?31) ,and 1 - p is always a zero of

&(s) with the same multiplicity as p.

We will prove Li’s criterion for the Riemann hypothesis in the next section, using
arguments of Bombieri and Lagarias [2]. In Li’s original paper, he proved his
criterion using special properties of the Riemann zeta function (along with an
analogous theorem for Dedekind zeta functions of number fields). Bombieri and
Lagarias’ work later showed how Li-type criteria could be formulated in much
more general contexts. We remark that Keiper also studied some ideas related to

Li’s criterion in [13].

1.6 The Li criterion for complex multisets

The general framework under which generalizations to Li’s criterion for the Rie-
mann hypothesis may be most easily formulated in other contexts is due to work
of Bombieri and Lagarias in 2000 [2]. Throughout this section, we let R be a ver-
tically simple complex multiset. We begin with a lemma first stated by Bombieri

and Lagarias without proof.
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Lemma 1.6.1 Assume that 0 ¢ R if n <0, and that 1 ¢ R if n>0. Furthermore,

assume that
1+ |R(p)|

; T < (1.6.1)

Then for every integer n, the sum

Zzﬁ(l - (Ll)n) (1.6.2)

converges absolutely, where we take 0" =0 for alln >0 and 0° = 1. Moreover, if we
also have that ;*% 18 *-convergent, then so 1s ;* (1 - (%) ) for every integer

n.

Proof: If n = 0, the absolute convergence of both series examined in the lemma
is clear since 1 ¢ R. In order to establish the absolute convergence of (1.6.2) for
other integers n, we wish to bound the series of absolute values of the summands.

From the assumption (1.6.1), by remarking that necessarily |p| = oo, we see that

1
— < 0
217
and
R(p
PO, 163)
R

It clearly follows from the first of these facts that

1
R

for every integer k > 2. By identical reasoning we may also conclude that as long

as 1 ¢ R, then we have that for integers k£ > 2

1
;|p—1|k < 00, (1.6.5)
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and also that

SR R -1 (1.6.6)

7 lp-1P
These last several observations follow formally from applications of the limit com-

parison test for mutual convergence of series [27, §19.2, Theorem III].

-1
Since ﬁ = (1 - %) , proving that (1.6.2) is absolutely convergent for every non-

zero integer n is equivalent to proving that the two series

and

B.-y

R

"(1-(5))

are both convergent for all positive integers n, where we assume that 0 ¢ R when

computing A, and that 1 ¢ R when computing B,,.

We first prove the convergence of A, for positive n under the hypotheses of the

theorem. Using a binomial expansion, we obtain

sh(00)
25 ((

()] < )

(since for any complex number s,
we have |R(s)| < |s|, and 0 ¢ R). We may then write

A < ;( R +é(2) (;)k)
(s P) 5 ()|

k=2 R
where all of the series in the last line converge by (1.6.3) and (1.6.4). Thus the

—
> 3

Clearly, for k > 2, we have

?
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series for A, converges for every positive integer n.

Now consider B,,, which we may rewrite as

=Zg{ 1-

R

Expanding the binomial as we did for A,,, and then simplifying in an identical

manner (and using the fact that now 1 ¢ R), yields

e (52 507

R k=2

)|

where all of the series in this expression are convergent by (1.6.5) and (1.6.6). This

shows that the series for B, is convergent for every positive integer n. Together
with our previous results, this also completes the proof that the sum in (1.6.2)

converges absolutely for every integer n.

Finally, suppose that

« 1
Yo (1.6.7)
R P
is *-convergent. It follows that 0 ¢ R, and that
« 1
Yo — (1.6.8)
R L-p
. . 1 1 _ 1 .
is also *-convergent as long as 1 ¢ R, since %(Tp + ;) = %—p(p_l) is absolutely

convergent (apply the previously mentioned limit comparison test for mutual con-
vergence to this sum and the sum in (1.6.4) or (1.6.5), with k = 2, for example).
Using the same binomial expansions as in our previous arguments for A, and B,,,

we obtain that for n >0 and 1¢ R,

2GR ECer ()

Ed
—_
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() R (R ) e

and for n>0 and 0 ¢ R,
(-0 ) 2 e ()
n(—;%)+§;( )(—1)’“(%*(%)3, (1.6.10)

where all of the sums in (1.6.9) and (1.6.10) are convergent by our observations in

I
S ™|~

x>

(1.6.7), (1.6.8), (1.6.4), and (1.6.5), and the interchanges in order of summation
are justified because the sum over R is the only infinite summation. Thus we have

established the last assertion of the lemma, and the proof is complete. |}

The main theorem of Bombieri and Lagarias stated in [2, Theorem 1] is a version of
Li’s criterion valid for arbitrary complex multisets. For a complex multiset R, the
proof uses the lemma above to ensure convergence of the series %9% (1 - (ﬁ)n>,
in order to establish equivalent conditions for the elements of R all to lie in the
half-plane R(p) < 3. Moreover, the requirement (1.6.1) also imposes a necessary

restriction on the distribution and density of the imaginary parts of the elements

of R.

The theorem proved by Bombieri and Lagarias is given below, with proof, since

the ideas contained in its proof are essential to understanding Li’s crierion itself.

Theorem 1.6.2 (Bombieri and Lagarias) Suppose that 1 ¢ R, and that

LR
LTy <

Then the following statements are equivalent:

(a) R(p) <L for every element p of R.
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(b) Zi)‘i(l - (/ﬁ)n) >0 for every positive integer n.
R

(c) For every e >0, there exists a constant c(¢), dependent on €, such that

p n
%(1—(—) )2—0 €)e"
p;% = ()
for every n > 1.

Proof: It is obvious that (b) implies (¢). Moreover, the fact that (a) implies (b)
is clear from Lemma 1.5.4. This leaves us only to consider whether or not (c)
implies (a). Indeed, let us suppose that (a) does not hold. Then there exists some
p € R such that R(p) > 3. Lemma 1.5.4 shows us that this is equivalent to the
existence of some p € R such that ’pr1| > 1. For any given p € R, write p = 3, + 17,

with 8, and 7, real. The hypothesis that

Z 1+ |R(p)| _ Z 1+3,|
7 (L+p))*  J (1+\/B2+72)?
18p]

converges implies that by taking sufficiently large |7,|, ﬁ may be forced to be

arbitrarily small. It follows that

P B

B (ﬁp_ 1)2 +’7;2;

’ P
p—1

tends to 1 as |,| tends to infinity. Thus, the existence of some p € R such that
|ﬁ| > 1 implies further that the quantity |p—f’1|7 for p € R, attains its maximum for

finitely many elements of R. Suppose now that

P
max =7
peR |p—1 M
with 7, > 1, and that this maximum is attained by K elements py,...,px of R

(repeated according to multiplicity). Then there exists some § > 0 such that for
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any pe R with p# p1,..., px,

< -9.
p-1|="

Let us denote the multiset of elements of R not equal to any of py,...,px by Ry

Moreover, for j =1,..., K, define ¢; to be the phase of pf 25, so that for each such

value of j we have

Pi = rMei¢j.
pi—1

Then for any k£ > 1 we have

Z%[l - (ﬁ)n] jf;(l —riycos(ng;)) + Z‘ﬁ[l - (p—fl)n]

R Ry
ij — 7} cos n¢J))+RZg19%[ —(ﬁ)n]
. RZM m[l_(p_/_)l)"] (1.6.11)
0<|pl<n

We wish to estimate the latter two sums in the last equality above. Indeed, using
the same binomial expansion as in the proof of our last lemma, we can see that

as n tends to infinity,

2ol £ PE0G)]

2 rp(5)

220

Ry
lpl>n o>
_ Z |§R(p)| Z z":(n) Ik
R |P 12 Rar k=2 k
lpl>n o>
SR k
<Y n | (p)l 3 Z (1.6.12)
Ry | 1| Ry k=2
lpl>n lol>n
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Here, since n is tending to infinity and |[p| > n, we have in particular that for

2<k<n,
k 2
Fl——| =0(1) = o
n = O(1) O(,O—l ,
and so
n k 2
S| =0(nL )
k=2 p-1 p-1

Here, the implied constant may be taken to be independent of p. Thus we find

that

=
—
[S—y
|
—
<
N~——
3
| —]
|

)

L0 O(n‘%

R p-1 R |P - 1|2 R
lp|>n lpl>n lp|>n
_ Z 0 (n|9‘{(p)2| + n3)
R |P|
lol>n
= O(n3), (1.6.13)

where the last line follows from the hypothesis that

1 +[R(p)| -
LT

To estimate the last term in (1.6.11), notice that based on our previous definitions,

as n tends to infinity, we have
> 1= (L) ] - coote - om.
R p-1
lol<n

where for any n > 0, we define C(n) to be the number of elements p of Ry,

satisfying |p| < n, counted with multiplicity. We again invoke the hypothesis

1+ [R(p)| -
LTy <
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which also clearly implies that

1
— < 00,
TP

from which it follows that C'(n) = O(n?) as n tends to infinity. Thus, in fact, we

have that

R%:I 9‘{[1— (Fpl)n] = O(n*(ry = 6)") (1.6.14)
lpl<n

as n tends to infinity. Now, combining (1.6.13) and (1.6.14) with (1.6.11) shows

us that as n tends to infinity,

Ziﬁ[l _ (%)n] =S (1= cos(ndy)) + O(n2(rag )" 1Y), (16.15)

J=1

Dirichlet’s theorem on simultaneous diophantine approximation (see, for example,
23, Chapter 2]) implies that, for any ¢’ > 0, there exists some subsequence {n;};°,
of {n}22, such that for every [, there exist integers ky (1), ... k;({) with the property
that

gy = 2mk; ()] < 0’

for 1 <j < K. In view of (1.6.15), this last statement may be re-interpreted to say

precisely that there exists a subsequence {n;}°, of {n}>, such that

Czen[i- ()]

I—o00 -Kri ’

which contradicts statement (c) of the theorem (take any e satisfying 0 < € <
logryr). Thus we have shown that a violation of (a) implies a violation of (¢), and

so (c¢) implies (a). This completes the proof of the theorem. |}
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The third equivalent condition (c¢) in the theorem is striking. It initially appears
to be strictly stronger than (b). However, as the proof shows, (c) is actually
equivalent to (b). This implies the statements that, in fact, infinitely many Li
coefficients must be negative for the Riemann hypothesis to be false, and if at
least one Li coefficient is negative, then there must exist a subsequence of Li
coefficients {\,, }, all of whose elements are negative, and where the magnitude

of \,, grows exponentially with a,, as n tends to infinity.

For completeness, we give the corresponding direct analogue to the version of
Li’s criterion for the Riemann zeta function, stated in the previous section, below

(where taking R to be Z = Z(£) yields a stronger version of (1.5.5) itself).

Corollary 1.6.3 (Generalized Li criterion) We take the same hypotheses as
in Theorem 1.6.2. Furthermore, assume that whenever p is an element of R, then
1-p and p are elements of R with the same multiplicity as p. Then the following

statements are equivalent:
(a) R(p) =1 for every element p of R.

(b) M(R) = Z* (1 - (%)n) > 0 for every positive integer n, where the sum is
R

*-convergent to a real value.

(¢) For every € >0, there exists a constant c(€), dependent on €, such that

for every n > 1.

The proof of this corollary is straightforward upon the imposition of its symmetry

requirements on R to the statement of Theorem 1.6.2. Indeed, taking R to be Z,
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and noting that the fact that £ is an entire function of order 1 implies that

and the fact that 2R(p) is uniformly bounded for p € Z, we see that our earlier

statement of Li’s criterion for the Riemann hypothesis is an easy consequence.

As we have mentioned previously, Theorem 1.6.2, and the ideas involved in its
proof, are the basic tools permitting the straightforward formulation of general-
izations of Li’s criterion in wider contexts. We present some of these in the next

section.

1.7 Further generalizations of Li’s criterion

In this section, we discuss several generalizations of Li’s criterion which have been
formulated since its introduction. The generalizations of particular interest to us
in this section are due to Pedro Freitas [11], Lejla Smajlovi¢ [25], and Francis
Brown [3], which we present separately in the following three subsections. In the
last case, we also mention several errors in the source work, one of which appears
to render one of its main theorems conjectural until a corrected argument can be
given. Our work in Chapters 2 and 3 of this thesis will relate in large part to

combining ideas from the various approaches presented in this section.

1.7.1 The Li criterion for arbitrary half-planes

One natural question to ask, in our present context of discussion, is whether it
is possible to formulate Li-type criteria for statements weaker than the Riemann

hypothesis itself. We start with the following definition.

d-Riemann hypothesis (5-RH) Every non-trivial zero p of the Riemann zeta
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function satisfies RR(p) < 6. In particular, when § = 1, this is the classical Riemann

hypothesis.

Analogously, the d-generalized Riemann hypothesis (0-GRH) for a function F' in
the Selberg class (or the larger class Stt) is the same assertion about the non-trivial

zeros of F.

Our question now translates to whether we can formulate a Li-type criterion for

the -Riemann hypothesis with o > % Freitas considered this question in 2004

[11]. To begin discussing his results, for every 7 > 0 and non-negative integer n,

we define

1 dn+1
a d5n+1

[s"log(&(s))],- » (1.7.1)

an1(7) =

and

An(7) = An(€,7) =;(1—(pf7)n). (1.7.2)

Freitas then proved the following results, in analogue to Li’s discussion of his

criterion for the classical Riemann hypothesis.

Lemma 1.7.1 For every real number T >0 such that T is not a zero of £(s), and

every positive integer n, we have

an(7) = %Z (1 _ (pf )”) Lo

Z

1
1-2z9

coefficients of 1(s) (defined by (1.5.1)) about zy # 1 by d,(z0), so that for s

Furthermore, whenever is not a zero of £(s), we denote the power series
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sufficiently close to zy we may write
0(s) = £ - o) (s )
90(8) n=0
Then we also have that for every positive integer n,

an(7) = Tidn 1 (1 _ %) (1.7.3)

Theorem 1.7.2 (Freitas’ half-plane criterion for the Riemann ¢ function)
Let 7> 1. Then ((s) satisfies the 5-RH if and only if a,,(7) > 0 for every positive

mteger n.

Equivalently, the non-trivial zeros p of ((s) all lie in the strip 1 -5 <R(p) < § if

and only if a,(7) >0 for every positive integer n.

Interestingly, Freitas’ original work uses arguments analogous to Li’s own in [17],
rather than the more general framework of Bombieri and Lagarias discussed in
the previous section. Since Freitas’ results are special cases of theorems we will
prove in Chapter 3, we will omit detailed proofs here. It will, however, prove
convenient for us to generalize the ideas of Bombieri and Lagarias appropriately
to permit discussion of Li’s criterion for the 6-GRH. We accomplish this goal with

the following two results.

Theorem 1.7.3 (Arbitrary half-plane criterion) Let 7 >0 be a real number,

and suppose that T ¢ R. Assume that

1+ [R(p)|

; e < 00 (1.7.4)

Then the following statements are equivalent:

(a) R(p) < 5 for every element p of R.
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(b) %9“1(1 - (#)n) >0 for every positive integer n.

(c¢) For every e >0, there exists a constant c(e), dependent on €, such that

Zf)‘i(l - (p_%)n) > —c(e)e™

R

for every n > 1.

Proof: Under the hypotheses of the theorem, we define R, = {£ | p € R}, where
the element 2 has multiplicity in R, equal to that of p in R. By assumption, 7 ¢ R,
and so 1 is not an element of R.. Moreover, we have that

1+]9R(p)] 1+ |R(2)]

LTl "% e

_ T+ R(O)|
"L

< 00,

and it is clear that ¥ T&ﬁfg%‘ converges simultaneously with ¥ E?TFEG;I. These facts
R R

show that the multiset R, satisfies the hypotheses of Theorem 1.6.2. The theorem

then tells us that the following three conditions are equivalent:
(i) R(p) < & for every element p of R,.
(ii) Z ‘ﬁ( (p 1) ) > 0 for every positive integer n.

(iii) For every € > 0, there exists a constant ¢(¢), dependent on €, such that

for every n > 1.

for every element p of R, or

Condition (i) is equivalent to saying that R (f) <3

that R(p) < I for every element p of R (since 7 > 0), which is condition (a) in the
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statement of the theorem. Similarly, condition (iii) is equivalent to saying that for

every € >0, there exists a constant ¢(¢), dependent on €, such that

sa(i-(2))- 20 (- () )
(i (1))

> —c(e)e™,

for every positive integer n, which is condition (c) in the statement of the theorem,
and condition (b) may be shown to be equivalent to (ii) by replacing the right hand

side of the last inequality by 0. This completes the proof. |}

Corollary 1.7.4 (Generalized Li criterion for arbitrary strips) We take the
same hypotheses as in Theorem 1.7.3, along with the assumption that 7 > 1. Ad-
ditionally, we make the same symmetry assumptions on the elements of R as in
Corollary 1.6.3: Assume that whenever p is an element of R, then 1—p and p are

elements of R with the same multiplicity as p. Then the following statements are

equivalent:

(a) 1 -3 <R(p) < 5 for every element p of R.

(b) \i(R,T) = Z* (1 - (#)n) >0 for every positive integer n, where the sum is
R

*-convergent to a real value.

(¢) For every € >0, there exists a constant c(e), dependent on €, such that

(R, T) = %:* (1 - (pr)n) > —c(e)e™

for every n > 1.

Proof: Applying Theorem 1.7.3 to R ensures that the following conditions are
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equivalent.
(i) R(p) < Z for every element p of R.
p-T

(ii) %9‘% (1 - (L)n) > ( for every positive integer n.

(iii) For every € > 0, there exists a constant ¢(¢), dependent on €, such that

Zﬂ%(l - ( P )n) > —c(e)e™
R p—-T

Since, by assumption, whenever p is an element of R, 1—p is also an element of R
with the same multiplicity, condition (i) equivalently says that for every element p
of R, we have \(1-p) < 7, or R(p) > 1-7. Putting these two equivalent meanings
for (i) together, we see that the statement (i) above may be replaced by condition

(a) from the statement of the corollary.

Now consider condition (ii) above. As p is in R whenever p is in R, with the same

multiplicity, it follows that for any 7" > 0, the sum

> (-G5))

Im(p)|<T

is real. Since the sum in conditions (ii) and (iii) converges absolutely, we then

have

sa(-(5) )-m 2 w(-(35))

tm(p)|<T

2 ((5)

[Tm(p)|<T
2-G5))
R p-T

and the last sum is *-convergent and equal to the sum in condition (ii) for every
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positive integer n. Thus conditions (ii) and (iii) may equivalently be replaced by

conditions (b) and (c) of the corollary, respectively, which completes the proof. |}

Indeed, applying this corollary to the multiset Z of non-trivial zeros of the Rie-
mann zeta function proves Freitas’ generalization of Li’s criterion without appeal-

ing to special properties of the Riemann zeta function itself.

1.7.2 The Li criterion for the Selberg class

Smajlovi¢ has recently generalized Li’s criterion to functions in the extension St
of the Selberg class [25], defined earlier in this chapter. This was accomplished
via proofs of some fundamental properties of functions in the class St?, and then
applying the framework of Bombieri and Lagarias to this setting. We note that
the generalization of Li’s criterion to this context has also been studied by Omar

and Mazhouda in [20], [21].

Definition: Let F' be a function in Stt. Then we denote the complex multiset of

non-trivial zeros of F' by Z(F).

Now, if F'is a function in St* such that 1 ¢ Z(F'), then for every integer n we
define

A(F 1) =3 (1— (ﬁ)n) (1.7.5)

Z(F)

as long as the sum on the right is *-convergent.

Remark: Our definition of A, (F,1) is not identical to the definition of the num-
bers Ar(n) in [25]. In fact, according to our definition, A,(F,1) = Ar(-n) in
the notation of [25]. This deviation is for the purposes of maintaining consistent

notation throughout the present thesis. It may easily be observed that in fact,
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M (F,1) = A, (F, 1), since (ﬁ) =2l- 12 and 1-pisin Z(F) if and only

if p is, with the same multiplicity.

The following theorem is proved in [25, Theorem 4.1], and establishes the conver-

gence of the sum in (1.7.5) under appropriate conditions on the function F'.

Theorem 1.7.5 (Convergence of \,(F,1)) Let F be a function in S' such
that 0 ¢ Z(F'). Then the series on the right of (1.7.5), defining A\, (F,1), is *-

convergent for every integer n. Moreover, the series

D m(l—(p%l)n) = R\ (F,1))

Z(F)

1s absolutely convergent for every integer n.

The proof of this theorem in [25] relies on Lemma 1.6.1 and two other results given
below. We state these two results since we will need them for our own proofs in
Chapter 3. The first provides a characterization of the behaviour of &z for any

function F' € S, given in [25, Lemma 3.3].

Lemma 1.7.6 Let I be a function in St. Then &g is an entire function of order

1.

This lemma allows the construction of Hadamard products for the function &g
whenever F' is in St, according to the Hadamard factorization theorem for entire
functions of order 1 (see [18, Theorem 6.2.1] or [16, Theorem 3.5, Ch.X]). If F' € St
and 0 ¢ Z(F'), then as in [25, (8)], the Hadamard product takes the form

r(s) = () 7 (1- /3) (1.7.6)

Z(F)
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where bp = ggg;,

on every disc |s| < R for R >0 (see [16, Theorem 2.3, Ch.X]). Additionally, under

and the infinite product is absolutely and uniformly convergent

the same conditions on F', we have a simpler *-convergent product formula for &g,

€p(s)

and a *-convergent sum for 0L

proved in [25, Theorem 3.4] and stated in the
next theorem. This theorem is again crucial to the proof of Theorem 1.7.5 in [25],
and will be required in our proofs in Section IV of this proposal, along with the

more standard Hadamard product representation (1.7.6).

Theorem 1.7.7 (Simplified Hadamard product for St) Let F' be a func-
tion in S, and assume that 0 ¢ Z(F'). Then whenever s is a complex number,
not in Z(F), we have

Ee(s) _ v 1
(0) &5 = 2 v
Z(F)

(b) & (s) = &p(0) [T (1-2).

Z(F)

where the sum in (a) and the product in (b) are %-convergent. Moreover, the

constant bg defined in (1.7.6) is given by the x-convergent sum — Z* %.
Z(F)

Using these three results, Smajlovi¢ was able to prove the following two theorems,
which give the direct generalization of Li’s criterion to the context of the class of

functions Stb.

Lemma 1.7.8 Let F be a function in St such that 0 ¢ Z(F). Then for every

integer n > 0, the number A\, (F, 1) defined by (1.7.5) is also given by the expression

n+1

1
n! dsntl

At (F)1) = [s"log £4(s)].._, (1.7.7)

Furthermore, if we define pr(s) = &p (ﬁ) for all s # 1, and also define Vp(s) =

L log pp(s) = iigg whenever pp(s) # 0, then the numbers A,.1(F, 1) are the power

series coefficients of 1p(s) about s =0. More precisely, for |s| sufficiently small,
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we may write

Vr(s) = i))\nH(F, 1)s". (1.7.8)

Theorem 1.7.9 (Generalized Li criterion for the Selberg class) Let F' be
a function in St such that 0 ¢ Z(F'). Then the GRH holds for F if and only if

RN (F,1)) >0 for every positive integer n.

Once again, these results are special cases of more general theorems which we will

prove in Chapter 3, and so we omit proofs here.

1.7.3 Li-type criteria for zero-free regions

Li’s criterion states that the generalized Riemann hypothesis for a given function is
equivalent to the non-negativity of the real part of each element of the correspond-
ing of sequence of Li coefficients. This invites us to ask whether the non-negativity

of finitely many of these numbers tells us anything about the function in question.

Francis Brown gave a partial answer to this question in 2005. Indeed, in [3,
Theorem 3], Brown proves that the non-negativity of the real parts of the first N Li
coefficients implies the existence of zero-free regions for the corresponding function
in an effective way. Conversely, [3, Theorem 2] attempts to give a partial converse,
showing how the existence of zero-free regions of a particular form implies the non-
negativity of the first N Li coefficients, also in an effective way. Unfortunately, as
we will discuss in this section (and in more detail in Chapter 3), there are some
problems in Brown’s proof of a supporting lemma for [3, Theorem 2] which seem

to render its statement conjectural without some further work.

Brown’s statements are given in sufficient generality to apply to the entire Selberg
class, and we outline them (and the motivation for his work) in this section. In
Chapter 3, we will consider the problem of generalizing [3, Theorem 2] to the

case of Li coefficients for the quasi-Riemann case in the Selberg class, under an
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appropriate conjecture (which is needed, for the moment, to bypass some problems

present in the arguments of [3]).

In [3], Brown studies functions {p satisfying a certain set of assumptions, listed
below. The hypotheses required by his arguments, not always simultaneously, are

the following.

0. {p is an entire function of order < 2 with £5(0) # 0 and which satisfies the

functional equation

€p(s) = wép(1-s)
for all s € C, where w is a fixed complex number of modulus 1.

I[. The zeros of {g lie in the critical strip.

IT. For T > 0, if 2N(T') is the number of zeros p of {g(s) satisfying |J(p)| < T,
then we have

N(T)=aTlogT +bT +¢(T),

where |e(T)| < clog™ T'+d for some constants a, b, ¢,d € R, such that a,c,d > 0

and 3a + b > 0, and where log*(7T) = max{log T, 0}.

Remark: In [3], Brown also includes a third hypothesis (III), which, as stated in
the paper, regards the possible presence of a pole of £5(s) at s = 1. However, this
hypothesis is superfluous. In [3], this extra hypothesis always appears along with
(0), which states that {g is an entire function. Indeed, if {g is thought of as a
completed function corresponding to some L-function with a potential pole at s =
1, Brown’s hypothesis (IIT) becomes relevant in terms of the underlying L-function
itself. However, since Brown only considers the function g (corresponding to a
completed function which is entire), the inclusion of this hypothesis in its given

form in [3] seems to constitute an oversight.
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Let us now consider an arbitrary complex number s # 1. We remark that the

inequality
s
s—1

<1

is equivalent to the statement that 92(s) < 1 (as noted in Lemma 1.5.4).

If we consider a complex multiset S whose elements p all satisfy ‘;Tl‘ <1, then it
follows that every element of S must lie in the half-plane to the left of the line
MR(s) = 3. Moreover, Bombieri and Lagarias’ work on Li’s criterion shows that,
under an additional assumption on the structure of S (which may, in one sense, be
interpreted as a limitation on the number of elements of S with small modulus),

both of these facts are equivalent to the non-negativity of the real parts of all of

the sums %:9%[1 —( o )n], for n > 1.

p—-1

This observation raises the question of what happens if, instead, we require

<r (1.7.9)

for some r > 1, and this question is the starting point for Brown’s work [3, p.3].
This condition turns out to be equivalent to statement that the elements of S
all lie outside an open disc whose bordering circle is specified by the points 1 +
i(v/r2=1)"1 and —=. Indeed, for any 7 > 1, let us denote this open disc by D(r),
and moreover let us denote the disc obtained by reflecting D;(r) about the line
R(s) =1 by Do(r) (i.e. pe Dy(r) if and only if 1 - p e Dy(r)). We then let C(r)
denote the critical strip with its intersection with D;(r) and with Dy(7) removed.
Interpreting S as the set of non-trivial zeros of a function in the Selberg class,
whose elements must all lie in the critical strip and satisfy the symmetry relation

that p € S if and only if 1 — p € S, this means that for any given r > 1, the truth

of the inequality (1.7.9) for every element of S is equivalent to the existence of
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zero-free regions of the corresponding function inside the critical strip about 0 and

1.

Under hypothesis (II), Brown was able to connect (1.7.9) with the non-negativity
of the real parts of finitely many Li coefficients \,,(£p) in an effective sense. Indeed,
if r =1, then (1.7.9) is equivalent to every Li coefficient having non-negative real
part; analogously, the case that r > 1 results in the first N Li coefficients having
non-negative real parts for some finite N. This result is one that is naturally
expected when performing this analysis, and is suggested by ideas in the proof
given by Bombieri and Lagarias for their generalized version of Li’s criterion (and
reproduced in our proof of Theorem 1.6.2). Here, we state some of Brown’s results
without proof. Unfortunately, as mentioned previously, the first of these appears
to remain conjectural, by virtue of some errors in the proof of a supporting lemma
(to be discussed following its statement in Conjecture 3.2.7). In Chapter 3, we
give a generalization of this result to the case of Li coefficients corresponding to
restricted cases of the generalized quasi-Riemann hypothesis, under an appropriate

conjecture.

Definition: For a function £ satisfying (0) above, and for any positive integer k

and any real 7 > 1, define the Li coefficient A\ (&g, T) by

Me(€p,m) = Y ll—( i )kl

Z(€p) p-T

In the following two theorems (given by Brown in [3, Theorem 2] and [3, Theorem

3]), £p is taken to be a function satisfying hypotheses (0), (I), and (II) above.

The first statement we would like to give explains how the existence of zero-free
regions of the particular forms discussed above imply the non-negativity of finitely

many Li coefficients in an effective sense. It was originally presented as [3, Theorem
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2]. Unfortunately, here we must give its statement as a conjecture.

Conjecture 1.7.10 Let r > 1 and T = \/:2__1 (so that r = (1+ %))% Then there
exists some constant Ty, dependent only on a,b,c,d (as defined in (1)), such that
as long as T > Ty, we have that if all of the zeros of {p lie in the region C(r), then

R(A\:(F, 1)) is non-negative for 1 <k <2T%logT.

Moreover, if b > 0, then we can take Ty =12 max{l, %C, SZ‘ib}, and if b< 0, then we

b

can take Ty = maX{QTl2 long,el‘E}, where T = max{5, 3¢ _d

a’ 3a+b) -

The next result is given as [3, Theorem 3|. Its proof in [3] is unaffected by the
problem disrupting the validity of [3, Theorem 2], and so it may be stated uncon-

ditionally.

Theorem 1.7.11 There exist real constants Ny, i, v (dependent only on a,b,c,d)
such that, if N is any integer with N > Ny and such that R(A\p(F,1)) is non-
negative for 1 <k < N, then all of the zeros of &g are contained in a region of the

form C(r), where

with

3
" (o)
1 (log(Nv))
Moreover, writing w = max{1,a,b,c,d}, we cn take p = 27w, v = w3, and Ny =

1200 log 100w.

Remark: As we have mentioned, Brown’s original proof of [3, Theorem 2] (stated
above as Conjecture 1.7.10) includes some errors. Notably, the proof of [3, Lemma
5] is erroneous in two ways. One of these is easily resolved, but the other presents

more significant difficulties. We elaborate on these problems in Section 3.2.
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In Chapter 3, we will show how Conjecture 1.7.10 may be generalized to a con-
ditional theorem in the case of Li coefficients Ay(F,7) for 7 > 1 (which, in our

formulation here, is a natural problem), under an appropriate conjecture.

Note that Brown also applies a similar idea to show that the non-negativity of real
part of the second Li coefficient, \o(€p, 1), is sufficient to show the non-existence
for a Siegel zero for £, under some additional hypotheses (an idea which we also
might hope to generalize to the 7 > 1 case). It is interesting to note that Biane,
Pitman, and Yor’s interpretation of Li coefficients for the Riemann zeta function
as combinations of cumulants of a probability distribution (mentioned briefly at
the end of Section 1.5) allows an indirect argument for the non-negativity of Ay in
the classical case [1]. It may prove interesting to consider the idea of generalizing
this interpretation for Li coefficients corresponding to other functions, in future

work.

1.8 Arithmetic formulae for the Li coefficients

In Li’s classical case, his original formulation for his criterion gave three equivalent
interpretations for the coefficients A,. One of these, (1.5.4), was as power series
coeflicients for the function ¢, (s) about s =0. The second, (1.5.3), was as a sum
over the non-trivial zeros of the zeta function. The last, (1.5.2), was as a derivative

of s”logé&(s) evaluated at s = 1.

In fact, all of these identities arose as a consequence of the Hadamard product
representation (1.3.1) for £(s). However, from classical analytic number theory,
we also have other information about the structure of £(s), and thus about the
coefficients \,,. This raises the question of what other equivalent representations

we may give to the Li coefficients which may help us to verify their non-negativity.

This idea was first explored by Bombieri and Lagarias in [2]. Bombieri and La-
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garias originally approached the derivation of more useful formulae for Li coeffi-
cients from the perspective of Weil’s explicit formula for sums over zeros of the zeta
function [2]. However, as has been observed by others (see, for example, Coffey
[4]), appealing to the explicit formula is not necessary, and in fact one may obtain
the arithmetic formula of Bombieri and Lagarias using an elementary argument
from the definitions of the Li coefficients and of the completed zeta function. We

have

() =s(s = DT (5) (o),

and for any positive integer n and 7 > 1, by Lemma 1.7.1,

1 A
M) = ey 9 (D).,

With some manipulation, one can obtain Bombieri and Lagarias’ arithmetic for-
mula for A, from these identities. To proceed with our discussion of this idea, we
first give some necessary definitions and lemmas. We defer proofs of the results
stated in this section to later chapters (usually in more general forms), unless

otherwise noted.

Lemma 1.8.1 Let n be a positive integer. Then we have

n+l n+1 Tk dk
()= % ( K )m [d_ logg(S)L

Digamma and polygamma functions: We define the digamma function, de-

noted by V¥, to be the logarithmic derivative of the gamma function. More pre-
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cisely, for complex s not equal to a non-positive integer, we have

()

Similarly, for any non-negative integer n, we define the nth polygamma function,
denoted by the standard derivative notation ¥(")  to be the nth derivative of the

digamma function.

Hurwitz zeta function: The Hurwitz zeta function of complex variables ¢ and

s is defined by

[ee]

(g, s) Z

whenever R(q) >0 and R(s) > 1.

q+m)

The following theorem is a standard result on digamma and polygamma functions

(see, for example, [19]), and we omit its proof.

Theorem 1.8.2 (Representations of the digamma and polygamma functions)

Whenever |s — 1| < 1, we have

W(s) = - 2“”“ 1)(-1)"(s-1)™.

Moreover, whenever s #0,-1,-2, ..., we have

\I/(s)=—7+i( b )

=o\m+1 m+s

It also follows that whenever |s — 1| <1 and n is a positive integer, we have that

o0

VO (s) = (1) Y ()"

m=0

Mg(n fma1)(s-1)"m,
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and that whenever s #+0,-1,-2,... and n s a positive integer,

U (s) = (-1)"*! = (-1)"nl¢(s,n +1).

n Z o (s +m)’“r1

The following definitions will enable us to state the main results of this section.

Laurent expansion of C : For k > 0, we denote the kth Laurent coefficient of

¢'(s)
¢(s)

about s =1 by n;. Formally, this means that we have that for some region

around s =1

and that whenever k is a nonnegative integer, we have

wli (-5

Definition: For integers k > 0, we define gy by

1l
_ (1
pk‘mkﬂqj( (2)

In particular, we have that

and for positive integers k,

e () o)

Lemma 1.8.3 Let s be a complex number with R(s) > 1. Then we have that

C(%,s) _95(1 - 29)¢(s).
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In particular, it follows that for positive integers k,

L)1),

Pk = (_1)k+1(1 - ok

Proof: From the definition of the Hurwitz zeta function, we have that

as desired. The fact that g, is given by the equality in the lemma then follows

immediately from its definition. [

We now have the tools to give the Bombieri and Lagarias arithmetic formula, and

to properly interpret it.

Theorem 1.8.4 (Arithmetic formula for Li coefficients) Letn be a non-negative

integer. The Li coefficient N\, is given by the expression

An = 1—g(7+log(47r))+Sl(n)+52(n), (1.8.1)
where
5im) = 33 Jorr
and

Sy(n) = z”: (Z)nkL

k=1
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Our notations S;(n) and Sy(n) are adopted from Coffey [4]. As we can see from
Lemma 1.8.3, S1(n) may be interpreted as a combination of special values of the
zeta function at positive integers. On the other hand, Sy(n) is a combination of

Laurent coefficients of the logarithmic derivative of the zeta function about s = 1.

The theorem is a consequence of combining the expression in Lemma 1.8.1 for A\,
with the definitions of the completed zeta function £(s), and of p; and 7. We

will prove a more general version of this theorem in Chapter 2.

The idea of constructing arithmetic formulae for Li coefficients has been general-
ized significantly. These generalizations have included one for the Selberg class by
Smajlovi¢ in [25], and one by Freitas to his case of Li coefficients \,,(7) with 7> 1
in [11]. Both of these are special cases of a generalization of the idea that we will

give in Chapter 2, and so we do not state them explicitly here.

To conclude this section, we will remark on further work on the formula (1.8.1)
due to Coffey in [4]. His first result provides a bound on the term S;(n). We will
prove a more general version of this theorem in Chapter 3, which will apply to a

wide class of functions within the extension Stb of the Selberg class.
Theorem 1.8.5 (Coffey) Let n >2 be an integer. Then we have that
1 1
5 [n(log(n) +v-1)+1] < Si(n) < 3 [n(log(n) +vy+1)-1].
In particular, S1(n) is nonnegative and real for every positive integer n.

This theorem shows that proving the nonnegativity of A, reduces to the inves-
tigation of the term Sy(n) in its arithmetic formula. To this end, we have, for
example, the following result on the Laurent coefficients 7, involved in the defini-

tion of Sy5(n), also due to Coffey [5, Proposition 4.2].
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Theorem 1.8.6 The Laurent coefficients ny, have strict sign alternation. That is,

we have N1k <0 for every nonnegative integer k.

Coffey has continued to study the behaviour of the components S;(n) and Sy(n)
in the arithmetic formulae for \,(7) since the publication of [4], including gen-
eralizations to Li coefficients corresponding to quasi-Riemann hypotheses for the
Riemann zeta function itself. Moreover, his techniques have been adapted by other
authors to give analogous results for more general classes of functions. We refer
to [7], [6], [14], [8] for some of Coffey’s additional work on this subject. Also, we
refer to [15] for Lagarias’ application of refined versions of Coffey’s arguments to
the case of automorphic L-functions, and to [26] for further application of these
refined arguments to the case of Li coefficients corresponding to the full GRH in

the Selberg class.
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Chapter 2 Li’s criterion for arbitrary halt-

planes in the Selberg class

This chapter concerns formulating Li’s criterion as an equivalence for the §-GRH
for functions in the class St’. In the first section, we will derive this criterion
explicitly and provide several alternate forms for the corresponding Li coefficients.
In the second section, we will derive arithmetic formulae for the Li coefficients
in this general context, using the definition for completed functions provided by
the Selberg class axioms. In the last section, we will give explicit non-negative
bounds on polygamma sums which appear in the arithmetic formulae for the Li
coefficients in this context, applicable to a wide class of functions within St*. For
functions to which these bounds apply, they effectively reduce the question of the
0-GRH (and the full GRH) to the investigation of certain combinations of Laurent
coefficients of the logarithmic derivative of the function in question. The results
in this chapter arise from combining ideas of Freitas, Smajlovi¢, and Coffey ([11],

[25], [4]) discussed in the first chapter.

2.1 Zero-free half-planes for the Selberg Class

In this section, we give a Li-type criterion for the -GRH for functions F' in the
class St defined in the first chapter. To this end, we wish to apply Theorem
1.7.3 to the set of non-trivial zeros of F(s), denoted by Z(F'). In view of this

objective, and the discussion of the preceding chapter, for every real number 7 > 1
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and positive integer n we define \,,(F,7) by

An(F,T)=Z*(1—( P )n) (2.1.1)

Z(F) pP-T
as long as the sum on the right is *-convergent. This convergence is provided by

the following lemma, as long as 0 ¢ Z(F').

Lemma 2.1.1 (Convergence of \,(F,7)) Let F' be a function in St*, and as-
sume that 0 ¢ Z(F'). Let 7 > 1 be a real number. Then we have the following three

results.
(a) The sum defining A\, (F,7) in (2.1.1) is *-convergent for every integer n.

(b)We have

ROWE D)= 3 ol ()],

Z(F) p-T
where the sum on the right is absolutely convergent for every integer n.
(c)

1+ |R(p)|
z%;) (1+1p])?

Proof: Since the zeros of {p(s) lie in the strip 0 <R(s) <1, 0¢ Z(F), and 7 > 1,
it follows that 7 ¢ Z(F) (if 1 were in Z(F') then 1-1 =0 would be as well). Define
Z;={2 | pe Z(F)}, where the multiplicity of £ in Z; is the same as that of p in
Z(F). Then 0,1¢ Z,.

Now, to prove the lemma, note that since 0 is not in Z(F'), by part (a) of Theorem

1.7.7, the sum
r(0) 1

&r(0) Z(F) P

is »-convergent. It follows that the sum

(2.1.2)

TZ*EZZ*Z:;*

1
Z(F) P z(@F) P P
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is also *-convergent.

Next, we recall a theorem of complex analysis, which says that if f is any entire
function of order 1, then
1

20 P°
p+0

is absolutely convergent for any real o > 1 (see, for example, [16, Ch.X, Theorem

3.2]). It follows by Lemma 1.7.6 that the sum

Z 1

Z(F) ol?

is absolutely convergent. Since every element of Z(F’) is in the strip 0 < R(s) <1

and 7 > 1 is real, we see that

o> (7+1) Z L
Z(F) |o[?
7+ [R(p)|
Z(F) (7 +pl)?
1w LR
A (1+]2)
1 1+ [R(p)|
LR

(2.1.3)

(2.1.4)

In particular, the sums in (2.1.3) and (2.1.4) are both absolutely convergent. The

sum in (2.1.3) clearly converges simultaneously with

L+ [R(p)|
Z(zf;) (L+]ph)?”

and so this completes the proof of part (c¢) of the lemma.

To prove parts (a) and (b), we remark that the *-convergence of the sums in (2.1.2),

together with the finiteness of the sum in (2.1.4) and the fact that 0,1 ¢ Z,, allows
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us to apply Lemma 1.6.1 to the set Z,. The last assertion of Lemma 1.6.1 then

shows us that the sum

is *-convergent for every integer n, which completes the proof of part (a) of the

present lemma. Similarly, the first assertion of Lemma 1.6.1 shows us that

zf-(75)
Zr p-1
is absolutely convergent for every integer n. Re-indexing this sum over the ele-

ments of Z(F'), exactly as we just did to prove (a), we establish (b). This completes

the proof of the lemma. |j

Next, we prove a result which gives alternate descriptions of the coefficients
A (F,7) for a function F' in Stb. These reduce to the relations (1.5.2) and (1.5.4)
for \,(¢,1) = A\, in the classical case of the Riemann zeta function. The lemma
itself is a generalization of Lemma 1.7.1, which is restricted to the case of \,,((, ),
and of Lemma 1.7.8, which is restricted to the the case of A, (F,1). To maintain
notational consistency with Lemma 1.7.1, for any real 7 > 1 and non-negative

integer n, we define a1 (F,7) by

1 n+1

an+1(FJT) = n! dsn+l

[s"log&r(s)],. - (2.1.5)

Then we have the following lemma.
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Lemma 2.1.2 (Alternate forms for \,(F,7)) Let 7 > 1 be a real number and
let F' be a function in St such that 0 ¢ Z(F). Define ¥r and @r as in the
statement of Lemma 1.7.8. Denote the power series coefficients of Yr about any
real number zy # 1 which is not a zero of pr(s) = SF( ) by d,(z0, F'), so that in

some neighborhood of zy we have

P'(s) &
Yr(s) = = dpy(20, F)(s—20)". 2.1.6
Then for every positive integer n,
1 1 1
an(F,T)=—)\n(F,T)=Tdn_l(l——,F). (2.1.7)
T T T

Proof: We begin by proving the first equality in (2.1.7). Since 7 > 1 and 0 ¢ Z(F'),

it follows that 7 ¢ Z(F"). For analytic functions f and g and any positive integer n,

we may write £-(f(s)g(s)) = Yi (Z) (dskf(s)) ( 4 kkg(s)) Therefore, for every

non-negative integer n, we have

1 dn+1
an+1(F7T) = Ed8n+1 [Sn logé.F(s)]s:

1 [l m+1\( dr 1k
- 5[2( ! )(d_) (d klogms))L
[i(nJrl)(nn'k)l ”_k(%bg&(s))] . (2.18)

To proceed further, we require an expression for the derivatives of log(&r(s)). We
remark that we might naively attempt to apply term-by-term differentiation to

part (a) of Theorem 1.7.7, which states that whenever s ¢ Z(F),

d ~ £.(5) e 1
s ()= E = 2 (2.9
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from which we would obtain that

n+1

. !
log{p(s) :—Z !

dsntl A (p _ S)n+1 ’

Unfortunately, this term-by-term differentiation is not valid, since we have no
information about the uniform convergence of either of these sums (nor is the first
sum absolutely convergent). This point is frequently overlooked in related work,
as in the proofs in [25], for example. Instead, we begin with the general Hadamard
product from (1.7.6), which is absolutely and uniformly convergent on any closed

disc of radius R > 0. Write

er(s) = €r(0)e T] (1;)

Z(F)

where bp = — Z*% by the last assertion of Theorem 1.7.7. By the absolute and
Z(F)

uniform convergence of the infinite product on arbitrary closed discs, it is clear

that the factors satisfy the hypotheses of [16, Ch.X, Lemma 1.2] on any open disc.

It follows that we may logarithmically differentiate the factors term-by-term to

see that

d ~ £:(5) ~ 1 1
%1Og£F(S)—£§(S) —bF+Z(ZI;)(S_p+;), (2]_]_0)

where the sum over Z(F') is absolutely and uniformly convergent on any closed
bounded region not containing an element of Z(F'). In some region around any
point which is not in Z(F'), each of the summands is analytic, and thus we may
differentiate term-by-term repeatedly to find all of the derivatives of {7 at any
such point (see, for example, [16, Ch.V, Theorem 1.6] applied to a sequence of

partial sums). Thus we find that for every integer n > 1,

dn+1 nl
WIOgSF(S) = - Z

A5 = —
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where the sum on the right is also absolutely and uniformly convergent in some
region around any point not in Z(F'). In any case, whenever s ¢ Z(F), we see
from (2.1.9) and (2.1.11) that for every positive integer n (using the standard

convention 0! = 1),

dnlogﬁF(S)‘—Z* (n—-1)!

, (2.1.12)
ds 7y (p=8)"

where the indicated *-convergence is actually absolute whenever n > 2.

Since 7 > 1 is not in Z(F"), combining (2.1.8) and (2.1.12) yields

a1 (F,7) = ! Lz: (”Z 1) (n T—l!k)!sn_kz%;: %]S:T
5 ) e
0 (O [

TZ(F)IcO p—T
n+l-k
7))

(200G

where the interchange in the order of the summations is justified by the fact that

the only infinite summation is over Z(F'). The finite summation in the last line
n+l
above is exactly the binomial theorem expansion of (1 + #) . Thus, for every

non-negative integer n, we find that

aml(F,r):—lZ*((u T )n+1—1)

1 . n+1
AR
1
= _)\n+1(F77_)a
T

which completes the proof of the first equality asserted by the lemma in (2.1.7).

To prove the second equality in (2.1.7), we again start with the expression (2.1.10)
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for the logarithmic derivative of . Whenever ﬁ ¢ Z(F) and s # 1, we may write

ur(s) = S-1og (60 (1))

1-s
1 ()
T (1-s)2gp ()

1 1 1
:(1—8)2 [bF Z%;?)( L p+;):|

where the infinite sum is absolutely and uniformly convergent in some region

around s. Multiplying the outside factor through, we re-write this as

bp 1 1 1
Yr(s) = -2 2[1 : + ] (2.1.13)

Zll-s 1-p+sp p(l-s)?

Now let 29 =1-2 # 1. Then z; is not a zero of pr(s) because —— =7 ¢ Z(F). As
T 1-2z9

in Freitas’ proof of [11, Lemma 3.1], we observe that for any p € Z(F)

I 1 1 _( T ) 1
l-p+sp  \p(1-2)-1 1_[P(3_ZO)] \p-7/\ 1 erl=20)

p(l-z0)-1 p-T

13‘5:(1_120)(1—1?_22):T(l_T(clg_ZO)).

Using these identities in (2.1.13) lets us write

and

by -2 1 1 1
Yr(s) = m Z(Zl;)lp_T(1_PTE)S_—ZO))(1—7‘(5—20))_/0(1_5)2]‘

T

For s sufficiently close to zy, the two factors involving s in the first part of the

infinite summation above may be interpreted as geometric series. Thus for s
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sufficiently close to zp, we obtain

:(1b—F8)2 Z(Zz;)[p T(ni(pmf) (s ==)" )(:o m(s_z())m)_ﬁ]
:(1€Fs)2‘z%lp ( 2 () e ZO))‘puis)?]
<Z>Z[( (5565 ) 6 ]

*q _S) (2.1.14)

where in the last line we use the fact that % 3 2% = 1. The interior finite summation

n=0
in (2.1.14) is geometric. Furthermore, all of the infinite summations are absolutely

convergent for s sufficiently close to zy, and so we may reverse their order. This

shows us that for s sufficiently close to zy, we may write

vr(s) =~ Z > M(p—r_l) 1—1(/)—[;9)% (s—20)" - (l)n+1 :

n=0 Z(F) 2/ p(1-s)?

L br
(1-s)?

P (G2 ) Yo () ]

Finally, using the last assertion of Theorem 1.7.7, we see that the sum Z* % =-bp
Z(F)
is *-convergent. It follows that we may split the absolutely convergent infinite

summation over Z(F') above into two *-convergent sums to obtain

) b B bp > i N &0 on+l * B P n+l o
¢F(S)— (1_3)2 2(1_8)27;)271] 7;) [Z(zl;) (1 (p‘T) ):|( 0) .
=M N (Fo) (s = 20)"

n=0

= Z (20, ') (s = 20)",

n=0

8

8
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where the last two lines use the definitions of \,(F,7) and d,(zo, F'), and the
power series above are absolutely and uniformly convergent for s sufficiently close
to zg. Using the uniqueness of power series expansions and the fact that zg = 1- %,
it follows that 77\, (F,7) = d,,_ (1 - %, F ) for every integer n > 1. This establishes

the second equality of (2.1.5), and thus completes the proof of the lemma. |

With the two previous lemmas in hand, we are now equipped to state and prove
the first main theorem of this chapter. This theorem provides the analogue of
Freitas’ result stated in Theorem 1.7.2, for functions in the class Stb. The proof
will use Theorem 1.7.3, along with Lemma 2.1.1. This approach lies in contrast to

Freitas’ proof of [11, Theorem 1], which closely mirrors Li’s original work in [17].

Theorem 2.1.3 (Half-plane criterion for the Selberg class) Let F' be a func-
tion in St such that 0 ¢ Z(F'), and let 7 > 1 be a real number. Then F satisfies
the T-GRH if and only if R(\,(F,7)) >0 for every positive integer n.
Equivalently, every zero p of {p(s) lies in the strip 1 -5 <R(p) < T if and only if

RN (F,7)) 20 for every positive integer n.

Remark: The proof shows that the theorem is still valid if the statement that
R(N\.(F, 7)) > 0 for every positive integer n is replaced by the weaker assertion that
for any € > 0, there exists a real constant c(e) such that R(\,(F, 7)) > —c(€)e™

for every positive integer n.

Proof: By identical arguments to those we have used previously, we see that

7 ¢ Z(F). We may apply part (c) of Lemma 2.1.1 to see that

> 1+ [R(p)|

z) (L+1pl)?

Thus the set Z(F) satisfies the hypotheses of Theorem 1.7.3. Application of the

theorem shows that the following conditions are equivalent:
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(i) R(p) <7 for every element p of Z(F).

(i) > ?ﬁ(l - (p_%)n) > 0 for every positive integer n.
Z(F)

(iii) For any € > 0, there exists a real constant c¢(e) such that

> 9‘{(1—( P )n) > —c(e)e™

Z(F) p-T
for every positive integer n.

Applying part (b) of Lemma 2.1.1 shows that the sum in (ii) and (iii) is absolutely
convergent to R(A,(F, 7)), and this proves the first assertion of the theorem, since
for 7> 1, any zero of F' with real part greater than 7 must be non-trivial and thus

in Z(F).

To establish the confinement of the non-trivial zeros p of I’ to the strip 1 -3 <
R(p) < %, we use the fact that p is in Z(F') if and only if 1 - p is in Z(F'). Thus
condition (i) equivalently says that S3(1 - p) < Z for every p e Z(F'). Rearranging

shows that JM(p) > 1 -7 for every p e Z(F), and the proof is complete. i

With this theorem in hand, we are ready to move on to discussing arithmetic

formulae for the Li coefficients in this context.

2.2 Arithmetic formulae for \,(F,7)

In this section, we wish to derive some additional representations of the coefficients

-3 (%)

Z(F) pP-T
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defined in the last section for functions F' in St* and 7 > 1. As we have proved in

Lemma 2.1.2, for n > 0, we have

n+1

-
n! dsntl

A1 (Fy7) = a1 (F, 1) = [s"log&r(s)],

whenever F' € St? and 0 ¢ Z(F'), where {p is the completed function corresponding
to F'. Henceforth, for positive integers k, functions F' € St*, and s ¢ Z(F"), we will

write

% 1
Zk(F7S) = VR
Z(ZZ;) (p—s)*

as long as this sum is *-convergent. From the definition of \,(F,7), using a

binomial expansion, we obtain that

- ()

Z(F) p-T

) _Z(zf;: 1:1 (Z) (PiT)k‘
= _’i (Z)Tka(F, 7).

It is also convenient at this point to observe that using the symmetry condition
that p is in Z(F) if and only if 1 - p is in Z(F'), with the same multiplicities, we

may re-write this expression for A, (F,7) as

A(F,7) = —kil (Z)Tkz% m

At

) E(FT- 7).

I
[
=
—_
> 3
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Another useful identity appears in our proof of Lemma 2.1.2, from which we see

that for non-negative integers n,

>\n+1(FaT) :Tan+1(Fa7—)

T n+1
= e [s"log {p(s)],-,

7 [ n+1\ [ dvti-* dk

Tt -
n+1 TL+1 n' d

n'z( )(k: DT [dkloggF(s)]T

i(n+1)(kik1)|lcgd—;]og§F(s)‘| . (2.2.1)

T

T

In fact, examining these last two identities, we see that they are simply a conse-

quence of the fact that whenever s ¢ Z(F),

Troger(s) =~y B (e o1yz(m),
z(F) \P~ 5)

which we established in our proof of Lemma 2.1.2.

In order to understand the Li coefficients \,(F,7) better, we must examine the
function £r(s). What we know about {p(s) is contained in the Selberg class
axioms discussed in Section 1.4, and so we must appeal to them. In particular,

the functional equation axiom tells us that

€uls) = F(s)s™ (s - 1)MFQ;QP(%S+VJ-) (2.2.2)

for some non-negative integer r, with w; > 0 and v; € C, R(v;) >0 for 1 < j <r,
QF >0, and where my is the polar order of F' (i.e. the order of the pole of F' at

s=1).

Using this definition for £z(s) gives us another natural way to calculate < log Er(s)
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in terms of Laurent coefficients of %’ and polygamma functions. Indeed, from

(2.2.2), we obtain that for any k£ > 1 and R(s) > 1,

T logér(s) =~ OB oo (2.2.3)

dsk
+0k1logQp+ Y. wf\If(k‘l)(sz +15),
Pt

dk dk-1 (F’(s) mp )_ (k-1)mp

where 0; ; is the Kronecker delta function (defined by d;; =11if i =5 and ¢, ; =0
otherwise) and we adopt our notation from Chapter 1 for the digamma function

U and polygamma functions W),

Our next aim is to use the expression (2.2.3) for the logarithmic derivatives of
¢r(s) to give a new description of the Li coefficients A, (F, 7). To this end, for any

non-negative integer k, we define

1 &,
er(F,7) = E;wf W) (w1 +vy), T>1 (2.2.4)
L[ dr F'(s)
Fr)y=—|— 1 2.2.
gk( 77-) Lk |:d8k F(S) ]T7 T> ( 5)
1| d¥ (F'(s) mp
nk(F7T)_H[@(F(S)+S—1 T, T2>1 (226)

We remark that 7, (F,7) is well-defined for every 7 > 1 since the fact that F' has

F’ . .
(8) L me jg analytic for s > 1. Moreover,

a pole of order mp at s =1 implies that F(s) T s

F'(s)
F(s)

recall that F' e Stb) so is analytic for s > 1 and ¢ (F,7) is well-defined for
7 > 1. Finally, since w; > 0 and PR(v;) > 0 for every j, pi(F,7) is well-defined for
every 7 > 1. We also note that we have the Laurent expansion

_F(s) _ mp
F(s) s-1

- i;onmml)(s— 1y
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for s in a neighborhood of 1. Moreover, we have the useful identity

mpg

m(F,7) = b (F,7) + (—1)km,

valid for all k£ > 0 and 7 > 1. We adopt the notational convention that n,(F') =

Ne(F,1) and pp(F) = pi(F,1), when convenient.

With the definitions above in hand, we state the resulting expansion of A, (F,7) in
the following theorem. This theorem gives the most general form for the arithmetic
formulae we will discuss for A, (F, 7). Indeed, we will see later that by re-expressing
the values of i, ¢x, and g in convenient ways, we may be able to obtain more

transparent interpretations of the coefficients A, (F, 7).

Theorem 2.2.1 Let n be a positive integer and F be a function in St* with cor-
responding completed function g specified by (2.2.2). Then whenever 7 > 1, we

have

M(F,7) =mp+ntlogQp + i (Z)Tknk_l(F, T) + i (Z)Tkpk_l(F, T), (2.2.7)
k=1

k=1

and moreover, for T > 1, we have

M(E,T) =mp [2 +(=1)"t (%)n] +n7logQF

(s £ (totrn. 2

Proof: These expansions arise from substituting (2.2.3) into (2.2.1) and using the

definitions of ¢ (F,T), pr(F,7), and n,(F,T) above, as follows. We have

noin Tk dk
AlEr7) = ,; (k) (k- 1) [@logfp(s)] '

T
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Substituting (2.2.3), we obtain
R e |
_mFZ( )( 1)k + Z(k:)(k Bl k1 log Qp
,ﬁ;( )(k 1)| Z k\y(kz 1)(wﬂ+uj)

Since Yy (7)(-1)F =07 - 1= -1, we find

M(E,7)=mp+ntlogQr + Z ( )Tknkl(F,T) + zn: (:)Tkgakl(F,T),
k=1

k=1

which is (2.2.7). Now, we remark that for 7> 1,

ol SR e P o e

= —mp ((1 t7 7_—7_)” - 1) + ; (Z)Tkﬁk_l(F,T)

=mp (1 +(=1)"*t (Ti 1)n) + zn: (Z)Tkﬁk_l(F,T).

Substituting this into (2.2.7) now yields (2.2.8). |}

This theorem invites several ways of re-expressing A\, (F,7) for a given 7 > 1 via
different interpretations of g (F,7), ¢k (F,7), and ni(F). Indeed, using Theorem
1.8.2, we immediately obtain the following proposition, which gives equivalent

interpretations for g (F, 7).

Proposition 2.2.2 We have that for 7 > 1,

po(F,7) = > wi U (w;T + 1),

J=1
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and for k> 1,

W;T + U +m

or(F,7) = (~1)F1 Zi (“—) . (2.2.9)

Moreover, if we assume that v; i

j, 1<j<r, then fork>1,

pk(F,T)=(—1)k+lii: (kf;”) Ckem+ D) (wyr+v- 1) (2.2.10)

Proof: These assertions follow directly from the definition of p4(F, 7) and Theo-

rem 1.8.2, using the fact that w; > 0 and 2R(v;) > 0 by definition. |}

Next, let us consider ¢ (F,7) for 7 > 1. Indeed, by the modified Euler product
axiom of St we have that there are complex numbers ¢,,(F') for m > 2 such that
for R(s) > 1,

FI(s) . culF)
F(s) '

m=2 m?

The following proposition is then clear.

Proposition 2.2.3 Let k be a non-negative integer. Then for any T > 1, we have

(DM em(F)(logm)®

Ty

m=2

Ue(F,7) = (2.2.11)

mT

Recall that our interest is in investigating the non-negativity of the real parts of
the coefficients A, (F, 7) for a given function F’ and 7 > 1 in order to provide insight

into whether the GRH, or some weaker version of the GRH, holds for F'.

To this end, the next section concentrates on bounding the polygamma sums
(i.e. the sum involving px(F,7) terms) involved in the arithmetic formulae for Li

coefficients using a generalization of an elementary argument of Coffey in [4].

There also exist ways of investigating these Laurent coefficient sums by methods
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of contour integration, applied, for example, by Lagarias in [15] for automorphic
L-functions, and by Smajlovi¢ in [26] for the Selberg class in the case 7 = 1. We

leave the application of these methods to our present 7 > 1 context to future work.

2.3 Estimation of the polygamma sums

In this section, we wish to estimate the sums

Si(n,F,7) = ZL; (Z)Tkpk_l(F, T)

involved in the formulae given for A\,(F,7) in Theorem 2.2.1, under appropriate
hypotheses on the function F'. We follow methods of Coffey in [4], which provided
effective bounds on Si(n,(,1) using the integral test from elementary calculus.
Note that the sum defining Si(n, F,7) starts at k = 2, since the k = 1 term,
corresponding to a sum of digamma functions rather than polygamma functions,

is not convenient to consider in the same way.

Here, by (2.2.9), we have that for k> 2,

k
T oo Wi

(F.7)=(=1)* -7

prr(F.7) = (1) mz(wm)

J

from which we obtain

Si(n, F,7) = i (Z)(_T)ki i (L)IC

§=1m=0 w;T + v +m

n
w;T nw;T
(o) s
ij+Vj+m wj7'+uj+m
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Let us now assume throughout this section that v; is real for all j (a hypothesis
that holds for most classes of L-functions of interest, for example). Then the

summand in the expression above is real. In fact, more is true.

Lemma 2.3.1 Take any 7> 1, and assume that v; is real for 1< j <r. Then the

summand

Y LS S,

W;T+V;+m Ww;T+V;+m
in the expression (2.3.1) for Si(n, F') is positive and decreases monotonically with

m.

Proof: Clearly, s;(m) approaches 0 as m increases to infinity. Thus it is sufficient
to prove that s;(m) is monotonically decreasing as m increases. To this end, we

differentiate, to find

n(vj+m)r! n(vj +m)" nw;T

d
Jsi(m) =

(w;T +vj+m)" - (w;T +vj +m)n*t - (w;T + v +m)?

w;T (v +m)" =t = w;T(w;T + vy +m)n

(wyT+v; +m)n+t 7

which is negative for m > 0, since by the axioms of the Selberg class, we have
w; > 0, and v; > 0 by assumption (and, as usual, 7 > 1). This establishes the

lemma. ||

We remark that the lemma itself immediately establishes that Si(n, F,7) is non-
negative whenever v; is real for every j. This conclusion itself is already relevant

to resolving when JR(\,(F, 7)) is non-negative.

To proceed further, define

L Fr)=Y /[(_m) I

=1
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forneN, FeSth with 0¢ Z(F'), and 7 > 1. The lemma shows that in the present

context, by the integral test, we have

]1(n7F77—)

INA

Sl(naFT)
r n_ WjT
Ii(n, F,7) Zl(wﬂwj) 1+n(—wﬂ+yj)]. (2.3.2)

In particular, in the case that v; = 0 for all j, this reduces to

INA

Li(n,F,7)<Si(n,F,1)<r(n-1)+1(n,F,T). (2.3.3)

In order to establish effective bounds for S;(n, F,7) in the case that v; is real, it

remains only to evaluate I1(n, F,7). We make the substitution

(.OjT
U; = ———————
j
w;T+V;+m
for 1 <j <r, so that
2
w;T u;
duj = — . Sdm = ——Ldm.
(wjT+vj+m) w;T
In this situation, we see that u; = 5 T+V when m =0 and that u; tends to 0 as m

tends to infinity. This shows us that

st (1—u))" =1 +um

[1(n,F,T):ZCUij 7 3 de
j=1 0

Noting that

and

d((1-u;)" = 1+umn) =n(l-(1-u;)")du;,
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we see that by integration by parts, we have

wiT

2

(1—uj)"—1+ujn]“j“”f +nfw]f+uj 1- (1—uj)"*1duj
0
0

Li(n,F,71) = ijT -

j=1 uj Uj

We can simplify further in the case v; = 0 for all j, considered briefly above when
we gave the bound (2.3.3) on Si(n, F, 7). Indeed, if v; = 0 for all j, then our last
equality simplifies to

1
r 1—u) =1 +u, 11— (1 =)L
jl(n,F,T):ijT(_[( u;) +u3n] +”f &duj)
g=1 0 0 '

Uj

(1 n(T(n) + - 1)) gw, (2.3.4)

where here we have used the identity

U(n) :—7+‘/01—1_(1;u)n_1d

for n e N (see [19], for example), and the fact that

U

1-u)n -1
TS St
u—0 u

We summarize the results we have established above in the following theorem.

Theorem 2.3.2 Assume that v; is real for all j. Then Si(n, F,T) is non-negative

for every n e N, 7 > 1. Moreover, we have

“(”’FﬂSSﬂnaFm)sh(n,F,T)@[( - )1n( . )]

J=1
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In the special case that vj =0 for all 7, this result may be stated more simply as

[(1=n) +n(T(n)+7)] %deg(F) <Si(n,F,7) < n(\If(n)+fy)%deg(F)+(n—1) (r - %deg(F)) .
In the statement of the theorem, we have recalled the definition

deg(F)=2) w;
=1

for functions in the Selberg class, given in Chapter 1.

Our last theorem, combined with Theorem 2.2.1, also allows us to give the follow-
ing bound on the Li coefficients A, (F,7) for functions in St such that v; is real

for every n. In presenting this result, we adopt the notation

So(n, Fy7) = ZL; (Z)Tknk_l(F, T)

for the Laurent coefficient sums in the arithmetic formulae for the Li coefficients,

again following Coffey’s example from the classical case.

Corollary 2.3.3 Suppose that v; is real for every j, 1 < j <r. Then we have
M(F,7) > mp +n7logQp + I1(n, F,7) — |Se(n, F,7)|. If v; =0 for every j, this
amounts to saying A, (F,7) >mp+n7logQp + 5 [(1-n) +n(¥(n) +7)]deg(F) -
|Sa(n, F, 7).

Similarly, we have upper bounds on A\, (F, 7). Indeed, if v; is real for every j, we

have A(F,7) < mp -+ nrlog Qe + Ii(m, For) + S [ ()~ 1o (225)] +

W T+Vj WiT+Vj

|Sa(n, F,7)| and if v; = 0 for every j, A\(F,7) < mp + ntlogQr + n(¥(n) +
v)5deg(F) +(n-1) (r - %deg(F)) +|Sa(n, F, 7).

We see that the behaviour of I1(n, F, ) is approximately nlogn in the case that

vj = 0 for every j, and that its magnitude will be smaller in the case that v; > 0 for
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some j (since then wjf:yj < 1). In fact, there exist refinements to Coffey’s original
methods (which we have directly adapted here), applied, for example, by Coffey
in [6], Lagarias in [15], and Smajlovi¢ in [26] (for the case of the Selberg class,
7 =1 case), which we expect to allow us to extract the same leading behaviour in
the 7 > 1 case without any special hypotheses on the parameters v;. However, we

leave the careful application of these techniques to the present context to future

work.

The strongest form of Li’s criterion requires only that there not be any subsequence
of {R(A\.(F, 7))}, that becomes negative and exponentially large in magnitude
with increasing n. Our discussion in this section shows that we need only consider
estimates of Sy(n, F, 7) in order to approach questions about the generalized quasi-

Riemann hypothesis.
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Chapter 3 Generalizing results on zero-

free regions

3.1 Generalizing Brown’s work to the

guasi-Riemann case

In this chapter, we have two goals. The primary goal is to show how it is possible
to adapt the arguments of [3], dealing with correspondences between zero-free
regions and the non-negativity of finitely many Li coefficients, to apply to Li
coefficients corresponding to generalized quasi-Riemann hypotheses. A secondary
goal arises in detailing a problem in the proof of [3, Lemma 5|, which forces us
to state the main theorem of this chapter on a conjectural basis, and assigns the
same conjectural status to [3, Theorem 2|. This secondary goal is fulfilled in a

remark following the statement of Conjecture 3.2.7 in Section 3.2.

Here, we will consider functions F' in the Selberg class S, satisfying an additional
hypothesis on the distribution of their zeros, and obtain a generalization of [3,
Theorem 2| for such functions under a conjecture to be given in Section 3.2 (here,
our results could also be formulated in the setting of Brown’s less restrictive hy-
potheses on the function in question given in Section 1.7.3, but for consistency
with our work in Chapter 2, we restrict ourselves to functions F' in the Selberg

class).

Definition: For any function F' in the Selberg class § and any T > 0, we let
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2Np(T) denote the number of non-trivial zeros of F' whose imaginary part has

absolute value no greater than 7. More precisely, we define

2NR(T) = #{pe Z(F) : [3(p)| < T},

where each zero p is counted with multiplicity.

Remark: Throughout this section, we let F' be a function in S such that 0 is not
in Z(F). We write N(T') = Np(T') for convenience. Moreover, we assume that

N(T) satisfies

Np(T) =aTlogT +bT +¢(T),

where |e(T")| < clog™ T +d (using the notation log” T = sup(logT',0)), with a,c,d >
0, and where in addition, we assume that 3a + b > 0. This hypothesis on Ng(T")
is the same as hypothesis (II) taken by Brown in [3]. Note that the fact that
Np(T) takes this form for functions in the Selberg class, less the assumption that
3a+b>0, is easily established (see, for example, [18, p.117]). The hypothesis that

3a + b > 0 is necessary for the proof of the main result of this chapter.

Definition: Under the hypothesis on F' given in the remark above, we also define

N (T)=aTlogT +bT + (clog" T +d)

and

N_(T)=aTlogT +bT - (clog" T +d).

The following theorem gives a simple criterion for there to exist an explicit zero-

free region for a function F' in §.
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Definition: Let 7 and r be real numbers such that » > 1 and 1 < 7 < ’”;—1 We
define C,.(7) to be the region in the complex plane consisting of the critical strip

with the overlapping portions of the open discs defined by

2
T2 r2r2

(%(s)— 702_1) +73(s)? < NG

and

72 \? r2r
+3(s)2 < —
2—1) (&) < a1y

(1-m(s)-

r

removed.

Theorem 3.1.1 Let 7 and r be real numbers such thatr > 1 and 1 < 7 < r;r—l

Then the following statements are equivalent.
(a) Every non-trivial zero of F' lies in the region C,.(T).

(b) Every non-trivial zero p of F salisfies |p%| <.

Proof: Let p be any complex number not equal to 1, and write p = 38, + i, with

B, and vy, real. Then the relation

<r (3.1.1)

is equivalent to
24 A2
—ﬁp % <r?
(5p -T)?+ ’7,3

Rearranging, we see that this is equivalent to the inequality

2 \? 5 r2r2
- 2>
(ﬁp 702_1) ’yﬂ—(r2_1)2’

and so (3.1.1) is equivalent to p lying outside the interior of the disc of radius

’TT'2
2_

re-1°

with center at
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Applying the symmetry on the zeros of F' enforced by the functional equation
axiom, and using the fact that the zeros of F' are confined to the critical strip,
we see that the argument above shows precisely that if every non-trivial zero p of
F satisfies (3.1.1), then every non-trivial zero lies in the region C,.(7) as defined

above, and vice-versa, as we wanted. |}

This theorem is analogous to the elementary criterion for the Riemann hypothe-
sis given in Theorem 1.5.3, which can be interpreted as a starting point for the
formulation of Li’s criterion. Mirroring Brown, this equivalence encourages us to

ask about finite analogues to Li’s criterion.

We begin with the following definitions.

Definition: Given any complex number p # 0 such that 0 < R(p) < 1, any non-

negative integer k, and any real 7 > 1, we define

Tp(k;,f):m(g_(pi)k_(pf(il))k).

Definition: Given any complex number p # 0 such that 0 < R(p) < 1 and any

72> 1, we define

_|_P
rp(T) = ‘,0—7’

Lemma 3.1.2 Let k be a positive integer and 7 > 1. Then we have
2R(\e(F, 7)) = ZTp(k,T).
P

Proof: From the definition of A\y(F,7), we have

2R(A\(F, 7)) = Me(Fym) + A (F7)

Sl Ge) sG] e
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Imposing the functional equation symmetry requirement that p is in Z(F) if and

only if 1 —pis in Z(F) with the same multiplicity means that we may write

S G )3 (- (5) )

Combining this last observation with (3.1.2) and using the definition of T,(k, )

completes the proof of the lemma. |

Lemma 3.1.3 Given any complex number p # 0,1 such that 0 < R(p) < 1, any

nonnegative integer k, and any real T > 1, we have the inequality
2+7,(T) +r () F 2T, (k) 22 =1, (7)F = (7)7 .
Moreover, we also have that
T,(k,7)=T_5(k,T).
Proof: The definition of T,(k,7) shows us that

Tp(k;,f):%(2_(pf7)k_(p+p(:l))k),

and so we clearly have

P
T,(k,7)>2-
(k)22 |

k_ ,0_1
p+(r-1)

Since 0 < R(p) <1l and 7 > 1, we have [p-1| <|p-7]and [p+ (7 -1)| > |p|. Tt

follows that
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k

)

-1 k —
‘P_ g‘u
p+(r-1) p

and so

P k

p—T

k ‘p_,]_

Tp(]{,T)ZQ—‘
p

Recalling the definition of r,(7) completes the proof of the lower bound on T,,(k, 7)
claimed by the lemma. The upper bound may be established by a completely
analogous argument. For the final part of the lemma, we can simply check from

the definition of T,(k, ) that

Ty_5(k,7) =% |2-

as was claimed. |}

The next section concerns itself with establishing bounds required for the proof of
our main theorem of this chapter. In the course of this discussion we will arrive
at an analysis of the problems in Brown’s proof of [3, Lemma 5], and state a

conjecture that will allow us to proceed with our own generalization.
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3.2 Bounds on sums over zeros

To proceed with our generalized (conditional) version of [3, Theorem 2|, to be
stated in Theorem 3.3.1, we will first need to prove a number of bounds on various
components of the sum over the non-trivial zeros of F' defining A\, (F, 7). Some of
these results were proved by Brown in [3] and do not need modification for our
purposes, while others require special tailoring to the context of Li coefficients
with 7 > 1. Moreover, we will arrive at the necessity of adopting Conjecture 3.2.7,
and discuss the problems in Brown’s proof of [3, Lemma 5]. In a number of cases,
we prove more general versions than are necessary to establish our main theorem
of this chapter, since these may prove useful in terms of giving further refinements
of its statement in the future, or in terms of giving an unconditional proof of a

similar result.

Our first lemma is one that is required in the proofs of most of the others to follow.
This result was given by Brown in [3], and for completeness we include its proof
here (the proof itself is an application of partial summation, an elementary tool

of analytic number theory in estimating sums).

Lemma 3.2.1 Let H > 1, and let j be an integer no smaller than 2. Then we

have

—_

1 Hi
- Y == -- [a(1+logH)+b+,L]
2 pypr TP 7-1 J-1

<H7 (E +2010gH+2d).
J

Proof: For real numbers = and y, we define the function 1,(y) by 1,(y) =1 if

y>x and 1,(y) = 0 otherwise.

Suppose that f(t) is a real function of a real variable, differentiable for ¢ > 0, such
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that tlim f(t)=0. Let {x;},>1 be a sequence of positive real numbers. We clearly

have that for each 1,

- [ r@yde = f(a).

It follows that as long as the following sum converges absolutely,

if () ;f "(x)dx
__; [ ()1, (2)dw
:_A f’(x)glxi(x)dx. (3.2.1)

@

We remark that for j > 2, the function f(t) = t% satisfies the hypotheses above.

Moreover, by Lemma 1.7.6, the completed function £z is an entire function of

order 1, and so
3(p)>H

[16, Ch.X, Theorem 3.1]). Thus if we take our sequence of points {z, },»1 to be the

|3(p)|9 converges absolutely whenever j > 2 (see, for example,

elements of the multiset {|J(p)| : pe Z(F), |3(p)| > H}, where the multiplicities
of elements are carried over from Z(F'), using some arbitrary ordering, then the
equality (3.2.1) derived above holds for this choice of f and sequence of points

{z,},»1. It follows that we have, for j > 2,

1 -*ff[%ﬂ 2. Apgy(e)de

a(or (PP Mo pyon

d 1

[ GE] #eeze) s 2z p@)l> myda,

where #{pe Z(F) : x>|3(p)| > H} is counted with multiplicity.

Now by definition, we have

#Hpe Z(F)  x2[3(p)|> H} = 2(Np(x) - Np(H)).
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Thus, again by definition,

2(N-(x) = Np(H)) <#{pe Z(F) = = 2[I(p)|> H} <2(N.(x) - Np(H)).

Since — [%t%]m; >0 for x > 0, our last several observations imply that

3 2 mone [ ln] (@ - N

2 oo 3PP~ dt v

and

L L “[d 1
§|3(§>H B - L [Eﬁ]m (N-(2) = Np(H))dz.

Now, noting that N, (z)x=7, N_(z)x™7 — 0 as x — oo, we may apply integration by

parts to the inequalities above to obtain that

1 1 1 ©1
2 ot Bp < TV =N ) ¢ [, SVi@d 322)

and

% y 1 z%(N_(H)—NF(H))+/HOO%NL(:U)CZ;E, (3.2.3)

pr (PP

as long as the integrals on the right converge. It remains to evaluate the terms
on the right hand sides of these inequalities. Indeed, by definition of N,(x) and

N_(z) and the fact that H > 1, we have that for = > H,
, c
Ni(z)=alogx+a+b+—,
x

and it follows that

o ) 1
/ iNi(x)dl‘:f [a+'b+a 8T, © ]dm
H ) H ) ) i+l
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1 (a+b)x a ( x ) c
=|—-= - - — - | = +J}10gI + —

j-1  a (j-Da \j-1 Jod |y
H-i
7-1

[(a+ b)H + aH( L - logH)] L (3.2.4)

Jj- JHI

Moreover, we find that

N, (H) = Ne(H) _clogH +d-e(H) _ 2(SEZY) G2
Hi H) H
and
N_(H) - Np(H) _~clogH —d—e(H) _ o SERT). (3.2.6)
H H H

Combining together (3.2.2), (3.2.3), (3.2.4), (3.2.5), and (3.2.6) now establishes

the lemma. ||

The following lemma generalizes a claim proved by Brown in Lemma 3 of [3].

Lemma 3.2.2 Let p be a complex number with 0 <R(p) <1 and write p = 5,+17,

with B, and vy, real. Fiz a real number 7 satisfying 1 <1 < 2. Then we have that

1 ( 1 1 ) 21 -1
<R + <
T2 + 2 T—-p p+7-1 oF;

and that

Proof: Here, we can easily see that

1 1 T8, By+T1-1
%( " _1): "3y .2 1242
T—p pHT (1-5,) +72 (Bp+7—1)%+~2

Since 0 < 5,<1 and 1 <7 <2, we have
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T -0, . By+1-1 <T—Bp+ﬂp+7—1
(T=B)+7 (Bo+7-1+7 " 7} 7
_27—1
g7
and
-0, . By+T1-1 1—ﬁp+ By
(T=Bo)2+% (Bo+7=-1)2+7; 72+7 7+
1
242

The first part of the lemma is established by these two facts.

For the second part of the lemma, we similarly start with

_sﬁ( 1 .\ 1 ): V2= (1~ 05,)? N VE-(B,+1-1)?
(p=7)2 (p+7-1)2) ((1-5,)2+72)2 ((By+7-1)2+72)2

1
‘[v—ﬂp)?w,%*

o

(ﬂp+7_1)2+73

(Bp+7-1)2

_Ql (T_BP)Q

((7=8,)*+77)?
Following the reasoning we used in the first case, we observe that since 0 < 3, <1

+((ﬁp+7—1)2+vﬁ)2]’

and 1 <7 <2, we have

SN — ]2[ (- B,)" (B 7= 1) ]
(T=Bo)+7; (Bp+7-1)*+7; (=82 +7)  ((Bp+7-1)>+77)
2 _2((7—5p)2+(5p+7—1)2)

ST o
_ 2 Ly (282 -2B,+1) +2(1% - 1)

I o

S 2 _2_4(7’2—7')

T o g
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which establishes the lower bound in the second part of the lemma. The upper

bound is clear. |}
Next, we prove the full analogue of Lemma 3 of [3] for our 7 > 1 context.

Lemma 3.2.3 Let k be an integer greater than or equal to 2, T be a real number
such that 1 <7 <2, and let p = B, + 147, where 8, and v, are real, 0 < 3, <1, and

| }p| > k1. Then we have that
T(k 7)< —3k27'2+/{ T“=7T)| —
p( ’ )_ 2 ( ) ’72’

and as long as k > 6,

2k2 (36 1 2(r-1 2 72k
Ty(k,7) > u 5 (—+5—2e— 5 - (7 )) >l >
5 \37 367 97 5 7,
Moreover, for all k > 2, we have
3 72k?
Ty(k,7) > = >
10 v,
whenever 1 <1< 2,
2 72k?
Ty(k,7)> <
5 72
whenever 1 <71 <1.648, and
172k
Tp(k},T) > 5 3

p

whenever 1 <7 <1.054.

Proof: Using a binomial expansion of the definition of 7,(k,7), one may obtain

Tp(k,f)zm[jé(’;)(-1)ﬂﬂ( L L )]

(r=py  (p+7-1)
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= T 1 1 +k(k_1)72 1 . 1
_SR|:]€ (T_p+p+7'—1) 2 ((T—p)2 (p+7_1)2)
j 1 1
Z( )(_ )((T_P)j+(,0+7'—1)j)]' (3.2.7)

It follows from the hypotheses 0 < 5, <1, |v,| > k7, and 1 < 7 < 2, along with the

Taylor expansion of e* about x =0, that

é(];)(_Tj)((T—lp)j ' (P”l‘l)j)

(k—T) (3.2.8)

Combining Lemma 3.2.2 with (3.2.7) and (3.2.8), and using the hypothesis that

|7,| > kT, gives us the upper bound

kr(21-1) s k(k-1)712 . k373
oF V2 2}y,[?
k(r2-71) Kk?r2 k373
2 t— 7t 3
7p 7p 2|7p|

< (§k27'2 + k(7% - T)) i,
2 ~2

p

Ty(k,7) <

as claimed by the lemma.

For the lower bound in the case that k > 6, we again combine Lemma 3.2.2 with

(3.2.7) and (3.2.8) and use the hypothesis |y,| > k7 to see that

kT 1 1 2(r%2-71) k373
T,(k 1) > Ek-D)r?|—-— - —~——2 2e -5
P( 77-) 7_2+,yg + ( )T (7_2_'_73 ’73 ’73 ) ( )| p|3
2 2 3 2.3
(e BB el o 1>(2’” BT
TEY % Y o % o
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K2 1 k 2k?73
> (27” - +5- 26)—(7 1)(272+ . (3.2.9)
v\ R

Now, sinc

and that |y,| > 7k give us that

-1 B 1
oF; 3672
and
Y5 36
T3 +q2 37
We also clearly have that
2
_ Tp -1
2420

Using these inequalities in 3.2.9 yields

T72)2

Ty(k,7) >

kr 2k2r?
37 362+5 26’) (r- 1)(27 47)
T +fyp oF

T2k T-1 ¥ 2
- 5-2 r ) r(r-1)=
oF (37 36T2 " S (k’(r2 + 73)) (7 )73)

7'2k:2( 5 9 _7'—1_7'—1)
Ty \37 367’2 67 187
7'2k:2 1 2(7’— 1)

- 3672 97 )
27'2k2

5 'yp

which is the lower bound claimed by the lemma in the k > 6 case. By minimizing
the quantity in brackets as a function of 7 for 1 <7 <2, we see that it is always at
least %, giving the last inequality. Moreover, minimizing the quantity in brackets
for 1 <7 < 1.054 shows that it is always at least % as long as 7 is in this range,

and so for 1 <7 <1.054 and k > 6, we always have

k2T2

22 '

T,(k,7) >
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Now, for lower bounds in the cases k = 2,3,4,5, we again call on Lemma 3.2.2,

along with (3.2.7) and (3.2.8) to write

kT 5 1 1 2(r2-71) Enf Y
T(km)2 o+ b= )7 (—2__4_—4)_22(,)(_)

T2+ 2
2.2 2 _ k J=2
:k;— 2% 2(1—2(1—1))—]{ 1(1+2(7‘2—T))—%Z(k_;)(i) .
72 | 1242 k T Ky k2 = \57 \ |l

Here, set

C(k’%ﬂ-):lﬂ%gﬁ(l_%(l_%))_%(kgl +2(T2_7—))_%é(/j) (|7Lp|)j—2]’

so that our inequality for T,(k,7) above may be written as

1272
T,(k,T)> 5
p

C(k,~,, 7).

Examination of C'(k,7,,7) shows that, for any integer k > 2, as long as 7, > 0 and
T > 1, it is increasing as a function of |7y,|. Since |v,| > k7 by assumption, it follows

that for any k> 2 and 7 > 1, we have

k27-2

2
p

T,(k,T)>

C(k,7k,T).

Calculating, we obtain

2 2 A4r?-41+1
C(2,21,7)=—+—— L

5 571 872 ’
71 3 672 -67+2
CB3MT) = s 07 ™ o

1247 4 _87‘2—8T+3

C(4.47.7) =
(447.7) = o6+ 177 642
24074 5 1072— 107 +4
C(5.57.7) = _
(5:57.7) = 0625 * 267 12572
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Each of these is a function decreasing with 7 for 1 < 7 < 2. Since we can easily
check that C(k,2k,2) > 1% for k =2,3,4,5 using the expressions above, combining
with our earlier result for k > 6 shows that

3 k272

T,(k,7)>—

whenever 1 < 7 < 2 and k > 2, as claimed by the lemma. Moreover, checking

that C'(k,1.648k,1.648) > 2 and C(k,1.054k,1.054) > 3 for 2 < k < 5 yields the

1
2

remaining results of the lemma, and the proof is complete. |}

Corollary 3.2.4 Let k be an integer greater than or equal to 2 and let T be a real

number with 1 <7< 2. Let

K_=[27kalog(Tk) +2(2a + )Tk — 4clog(Tk) — ¢ — 4d]

and

K, =[27kalog(7k) + 2(2a + b)Tk + 4clog(Tk) + ¢ + 4d] .

Then we have that

3 7-1
> Tp(k,T)g(§+ . )K+
13(p)[>kT T

and

Yo T,(k,7)> %K_.
D(o)okr 0

Moreover, if k > 6, we have

36 1 2(r-1
D Tp(k,T)Z(—+5—2€— o - (r ))K_,
35l 37 367 or
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if k>6 or T <1.648, we have

2
Y Ty(k,7)> K.,
5
[3(p)|>kr

and if T < 1.054, we have

1
E: jk(k,T)Z 5}(“

[3(p)[>kT

Proof: Let C be a positive constant. Then given that for every zero p of F', with

|7,| > kT (where we write v, = J(p)), we have

k272

T,(k,7)<C

5
p

it is easy to check that Lemma 3.2.1 with j =2 and H = k7 implies

Y T,(k,7) <CK,.
[3(p)|>kT

Similarly, if for every zero p of F' with |7,| > k7 we have

k272

T,(k,7)>C

)

2
p

it is again easy to check that Lemma 3.2.1 with j =2 and H = k7 implies

Y Ty(k,7)>CK_.
13(p)I>kT

Combining these facts with Lemma 3.2.3 yields the corollary. [
Following Brown, we prove a supplementary lemma below, using the same ideas.

Lemma 3.2.5 Let k be an integer greater than or equal to 2, let T be a real number
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with 1 <7<2, and let H > max{kT 5d_ 5S¢l - Then we have that

) 4a+b’ a

3 T2k2
Y T,(k,7)>———N.(H).
ser 10 H2

Moreover, if k>6 or T <1.648, we have

2 72k
> Ty(k7) > - o No(H),
P 5

and if T <1.054, we have

1 212
ST, (k7)o kz N, (H).
MO 2 H

Proof: For every zero p of F, let us write J(p) = v,. Let C be a positive con-
stant. Following the reasoning we used in the proof of Corollary 3.2.4, given that

whenever p is a zero with |y,| > H we have

2.2
Ty(k,T) > Ck Z ,
o
it follows by Lemma 3.2.1 with 5 = 2 that
Ck2r?
Y T,(k,7)> 7 (2aHlog H +2(2a+b)H — ¢ - 4clog H — 4d) .

13(p)[=H

Let us write
K(H)=2aHlogH +2(2a+b)H - ¢—4clog H - 4d,

so that

22
5 Tp(k,T)ZCZ;— K(H).
B
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Here, by hypothesis we have H > k > 2, and so by definition,

N.(H)=aHlogH +bH +clog" H +d =aHlog H+bH + clog H +d.

Consider
K(H)-N,(H)=(aH -5c)logH + [(4a+b)H - 5d] + [aH - c].

Recalling that 3a +b > 0 and a,c,d > 0 by assumption, and using our hypothesis

that
5d 50}

HZ kv—a_
max{ g 4da+b" a

it follows that the difference K'(H) - N,(H) is non-negative. This means that
Ck27? Ck27?
> T,(k,7)> 7 K(H) > e

(o) =H

N.(H).

Now, combining the argument above with the results of Lemma 3.2.3 completes

the proof. |

We have now arrived at a convenient point to consider the proof of a generalization
of [3, Lemma 5]. Unfortunately, in examining Brown’s proof of his result in this
special case, one arrives at some errors which will require additional future work

to resolve. Let us begin by proving the following lemma.

Lemma 3.2.6 Let k be an integer greater than or equal to 2, and let T be a real

number such that 1 <1 < 2. Then for every non-trivial zero p of F that does not

e
7

lie on the real line, we have

k
2

[Ny

T
Tp(k,T) > 2— (1 + ?)

p
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where v, = I(p) # 0.

Proof: Let p be any non-trivial zero of F'. Write p = 8, +1i7, with 3, and v, real,

and recall that necessarily 0 < 3, <1 and |y,| > 0. We have by definition that

p
TP(T) = ’p_ - )
and we see that
ro(7)? = O
(ﬁp -7)%+ 7;2;

=1+ T(2BP ; T) -
(T - ﬁp) + Yo

<1+ (3.2.10)
o

Moreover, we have similarly that

rip(7)? <1+ %
P

since 1 — p is also a non-trivial zero of F' and J(1 - p) =TJ(p).

Next, we remark that if
g(z) = a* +a7F,

then since k > 2, for > 1 we have that ¢'(z) = ka"! - 5

> 0. Moreover, since
MR(1-p)=1-R(p) =1-p,, we necessarily have either r,(7) > 1 or r1_5(7) > 1. It
follows that for any non-trivial zero p of F' that does not lie on the real line, we

have either

—r () =r, (1) - T
Rt ()
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or

MBS

2-11 () =1 p(r) 22~ (1 + 12)2 - (1 + 12)_ :

7 v
Now, applying both parts of Lemma 3.1.3, we can see that for any non-trivial zero

p of F' not lying on the real line,
Ty(k) 221y (r) — (1), 2= rip(r) ()

Thus our last several observations imply that for any non-trivial zero p of 7" not

lying on the real line, we have

k
2

T
Tp(k,T) > 2— (1 + ?)

p

_(1+12)_ : (3.2.11)

as claimed. |

We will now state a conjecture which will be required for our proof of the main
result of this chapter in the next section. This conjecture, combined with the

previous lemma, provides a modified, generalized version of [3, Lemma 5].

Conjecture 3.2.7 Let k be an integer greater than or equal to 2, and let T and H
1

be real numbers such that 1 <1 <2 and H > e. Define ry(7) = (1 + #)2 Let b be

as in our hypothesis on N(T') in the previous section, and define b, = max{b,0}.

Then, if for every zero p of F' we write v, =J3(p), we have

> (1+%) +(1+12) -2
3(p)l>H T 7o

<2 (T‘H(r)’f +rg(T)7F - 2) EaHlogH + (4a + Sb+)% +2clog H + 2d + ﬂ

INIES
STk

< %(TH(T)}C +r(7)% - 2) [aH log H + b, H +2clog H + 2d] .

Remark: The necessity to adopt Conjecture 3.2.7 in the effort to generalize
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Brown’s statement of [3, Theorem 2] arises from noticing that the proof of |3,
Lemma 5] contains two errors, one of which will require additional work to recon-
cile. These problems also interfere with proving a generalized version suitable to

our needs.

The first error in the proof of [3, Lemma 5| is in Brown’s statement that the
function f(z) = 2F + 7% (where k is a non-negative integer) is increasing for all
x > 0. In fact, this function is only increasing for x > 1. This error is not a
significant obstacle, however, and is essentially irrelevant in the special case that
Brown is addressing in [3] (though it requires some consideration in our more

general context).

The second error is more serious. The proof of [3, Lemma 5] takes the power series

expansion of g(z) = (1+2)2 + (1+2)"% —2 about z = 0 to be

o0

pd
chx ’
Jj=2

remarking that g(0) = ¢’(0) =0, in order to write

k
1\2 1\ >,
1+ =] +|(1+=] -2=> —
( 72) ( %?) ;mﬁ”

for a non-trivial zero p of F' with [J(p)| = v, > H, where H > e. It follows this

ISTES

by taking the sum over all non-trivial zeros with imaginary part of magnitude at

least H on both sides of the equation above, obtaining

k &
> (1+1)2+(1+1)2‘2‘Zicj (3.2.12)
Nol>H g7 " o> H j=2 ’Y;%J

The problem in the argument arises in the next step. The proof of [3, Lemma 5]

interchanges the order of summation on the right hand side, and then applies the
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upper bound on the sum
1

[vol>H ﬁ
provided by Lemma 3.2.1 (given originally in [3, Lemma 2]) by direct substitution
in order to bound the left hand side of (3.2.12). This step is not valid because not
all of the coefficients ¢; in the power series expansion of g(x) are non-negative (as
one may easily observe). Indeed, Lemma 3.2.1 also gives us a lower bound on
1

237
el>H p

and so we expect that with some additional work, a bounding procedure along
these lines may yield a useful result. We relegate the proof of variants of Conjecture

3.2.7 to future work.

We now continue with the proof of a final lemma before proceeding to our main
result of this chapter in the next section (under the hypothesis that Conjecture
3.2.7 holds). The next lemma was proved by Brown in [3], and does not require

modification for our purposes. For completeness, we provide a proof here as well.

Lemma 3.2.8 If b >0, then the quantity N}(QT) is decreasing as a function of T
forT >e. If b<0 then % 1s decreasing as a function of T for T > el=a.

Proof: In either case described by the lemma, we have T' > e, and so logT > 0. It

follows that by definition,

N.(T) alogT . b clogT d

T2 T T 71z T2

Differentiating, we find that

dr T2 T2 T2 T2 T3 T3 T3

96



CHAPTER 3: GENERALIZING RESULTS ON ZERO-FREE REGIONS

1
=78 [(logT —1)aT +bT +2d + (2log T — 1)c] .

Here, recalling that a,c,d > 0 by hypothesis, it is clear that if b > 0, then every
term in the square brackets is non-negative as long as 7' > e, and that some of
them are strictly positive. This establishes the first part of the lemma. On the
other hand, if b < 0, then the quantity in square brackets is still positive as long
as

(logT - 1)aT +bT >0

and

logT' >

N | —

For T > 0, the first condition above is equivalent to

logT>1—9.
a

b

Moreover, we always have 1 -2 > % since b < 0 and a > 0. This establishes the

second part of the lemma. |

We are now ready to give the main result of this chapter, in the next section.

3.3 Generalized results on zero-free regions

With the tools of the previous section in hand, we now give a generalization of
Conjecture 1.7.10 (stated originally as [3, Theorem 2]) to the case that 7 > 1,
which holds conditionally on the hypothesis of the truth of Conjecture 3.2.7. This
theorem gives the first half of an effective correspondence between the existence
of effective zero-free regions for the function F' and the non-negativity of finitely

many Li coefficients, in the 7 > 1 case, under appropriate restrictions.

97



CHAPTER 3: GENERALIZING RESULTS ON ZERO-FREE REGIONS

As we will discuss at the end of this section and in the next chapter, we expect
that it will prove possible to strengthen this result with further refinement of the
bounding procedures involved. Moreover, we hope that an unconditional variation

on this theorem will be obtainable in the near future.

Theorem 3.3.1 Assume that Conjecture 3.2.7 holds. Let r > 1, and set T =

(r2=1)"2y/1-r2(r = 1)2. Let 7 be a real number with 1 < < L. Suppose that

every p in Z(F) lies in C,.(7). Then there exists some absolute constant Cy with

0<Cy<1, and some Ty >0 depending only on a,b,c,d, such that if T <1+ % and

T > Ty, then R(A\p(F, 7)) >0 for 1<k < w.

In particular, we may take Cy = %. Moreover, when b > 0, we may take Ty =

12 max{l Ze 2d }, and when b <0, we may take T = max {2T12 long,el‘g} with

@’ 3a+b

— 3c _d
T1 = maX{E), % 3asb )"

Proof: If k =1, it is easy to check that for any complex p with 0 < 9R(p) <1 and

p# 1, and any real 7 > 1, we have

o) (520

which implies that A\ (F,7) > 0 (independent of any hypotheses about zero-free

regions). Thus we look at R(A\y(F,7)) with k£ > 2. We will consider the case
that 2 < k7 <T at the end of the proof. Most of our work will concern the case

T <kt <2T?%logT.

Lemma 3.1.2 tells us that for any k > 1 we have

2R(\e(F,7)) =Y Ty(k,7),
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where by Lemma 3.1.3 we have
T,(k,7)>2~ TP(T)k - Tp(T)ik-

Our hypotheses tell us that every p in Z(F) is in C,.(7), and by Theorem 3.1.1,
it follows that 7,(7) < r. The last part of Lemma 3.1.3 tells us that we always
have T),(k,7) = T1_;(k,7) as long as p # 0,1 (and these cases are impossible by
hypothesis on F'). Since ¥ + 2% is an increasing function for z > 1, the symmetry
of zeros provided by the functional equation satisfied by &g, along with the first

part of Lemma 3.1.3, then implies that we always have
T,(k,7) 221" —rF

Suppose henceforth that H > 5 is a real number. Assume that k7 > H. Then our

observations so far clearly show that

2ROe(Fy7)) > Y Ty(k,7)
[3(p)|>kT

+ > T,(k,7)+2N.(H)(2-7rF-r7F). (3.3.1)

H<|3(p)|<kT

The results we have proved earlier in this chapter, along with Conjecture 3.2.7,
allow us to bound the first two terms in the expression above. Indeed, by Corollary

3.2.4, we have

Yo Ty(k,7)> 3 [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) — ¢ — 4d] .
B ohr 10

L which

In fact, we will henceforth assume that 7 =1 + % with 0 < C < Cy = g,
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allows us to use the stronger bound

1
Y T,(k,7)> 3 [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) —c—4d], (3.3.2)
13 (p)[>kr
also given in Corollary 3.2.4, valid for 1 < 7 < 1.054. Similarly, since 2—zF-27% <0

for all x>0 and H > 5 > e, we have by Conjecture 3.2.7 and Lemma 3.2.6 that

Y, Ty(k7r)> ). 2—(1+73) -(1+7—3)

H<|3(p)|<kT H<|3(p)|<kT

k k

2 2
Y 2—(1+l2) -(1+12)
3(p)>H Tp Tp

> (2-ry(T)* —ry(r)™) (3.3.3)
x [%HlogH+ Sat 6b+H+ g +4clog H +4d|,

T

1
where rg(7) = (1+ m)Q and v, = J(p). Suppose now that H < T. Here, by

definition, we have

T (- 1) /TR

and recalling that 7 =1+ % shows us that

VI1-r2(r-1)2=V1-C2

It is then clear that for 0<C'<1 and 72> 1,

=

ry(T) = (1 +

¢ l

:(1+ T (7"2—1))2

D=

+

IR m|ﬂ
Do

S——" ~——

v

1-C?

>r>1, (3.3.4)
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where the last two inequalities follow from the fact that (1+2A)? is an increasing

function of x for A, x >0, and by hypothesis on r, respectively.

Once more, let us recall the fact that z* + 7% is increasing for x > 1, and combine
equations (3.3.1), (3.3.2), (3.3.3), and (3.3.4) to obtain that, as long as T'> H > 5,
kt>H, andOSTT—1=CSCb=%,

1
2R(\e(F, 7)) > 3 [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) — ¢ — 4d]

Ra + 6b.,
9

(2= (r)F =y (7)) [23_“H10gH+ H+ g +dclog H +4d]
+2N, (H)(2-7"—17F)
> % [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) — ¢ — 4d]

+ (2 —rg(T)* - T’H(T)_k)
Sa + 6b,

2
x[gaHlogH+ H+§+4clogH+4d+2N+(H)].

Substituting the definition N,(H) = aH log H +bH +clog H +d into the expression

in the last square bracket, we obtain that when b > 0,

2R(\e(F,7)) 2 % [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) — ¢ — 4d] (3.3.5)

+(2-ra(n)* —ru(r)™) [gaHlogH + Sa[—[ + ng +6clog H + 6d + g] ,
and when b <0,

2R(\e(F,7)) 2 % [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) — ¢ — 4d] (3.3.6)

8 8
+ (2 —r(T)* - TH(T)_k) [gaHlogH + §aH +2bH + 6¢log H + 6d + g] :

At this stage, it is convenient to split our consideration into the cases b > 0 and
b < 0. Thus, for now, let us assume b > 0. The proof in this case follows Brown’s

quite closely.
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In the b > 0 case, we will set H = T. Assume that T < k7 < 27?logT. Thus we
may write

k= T"?logT,

for some real A\ satisfying ﬁ <AL2

The idea we will use in the b > 0 case is to find real numbers x; and x5, and an
explicit lower bound Ty for T in terms of a, b, ¢, d, such that as long as T' > Ty and
kr>T,
8 8 c
(5 - $1) (aTlogT +bT) + §aT +6¢clog T + 6d + 5 < 0

and

(1 - 22)(halog(rk) + Tkb) + 27ka — 2clog(1k) — g ~2d>0.

Together, these two inequalities would imply that
27kalog(7k) +2(2a + b)Tk — 4clog(Tk) — ¢ — 4d > 229 \T?*(log T) (alog T + b)
and

8 8 8
SaTlog T+ SaT + SbT + Gelog T+ 6d + g < 21(aTlog T + bT),

and so (by (3.3.5) with H =T),
2R(A\L(F, 7)) > 2o\ T?(log T) (aT log T+b)+x1 (aT log T+bT) (2 - ro(7F = rp(7) 7).

Given appropriate values for x; and w9, completing the proof in the case b > 0,

kt > T (with Cy = 55) would then reduce to checking the non-negativity of the

right hand side as a function of .

Indeed, Brown observed that in the 7 = 1 case, the choices Ty = 12max {1, 2, 241,
Ty = %, To = % satisfy these properties. It is easy to see that these choices also

work in our present context (remark that our choice Cy = 2—10 is critical to this point,
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since otherwise we would not have our present bound on SR(A,(F,7)). With more
work, it may be possible to refine our bounding procedures to allow larger values
of Cy.) Indeed, using this choice of Ty, we find by simple rearrangement that as

long as T' > Ty,

8 8 8
§aTlogT+ §aT+ ng+6010gT+6d+§

1 T
< EO (aTlogT +bT) + [60— %] logT

o (55
3 2

where all of the terms in square brackets are negative by the definition of 75, and

similarly

Tkalog(Tk) + (2a + b)Tk — 2clog(Tk) — g -2d

11 21
= 5 (arklog(rh) +brk) + [% - 20] log(7k) + [Emk - g] + [36‘1; L Qd]

11
> E(m-klog(rk) +b7k)
11
275 (aXT?(log T)? + bAT?logT),
where the last two lines follow from the definition of Ty and the facts that k7 > T,

and kT = AXT?logT by our choice of A (since these imply that the contents of each

square bracket is non-negative).

Thus, with the choices Cy = % and Tp = max{1, 2, 24} we have that if b > 0 and

a’ 3a+b

kT =XT?logT, then

11
2R(\e(F,7)) > E)\T2(log T)(alogT +b)

+ %(aTlogT +6T) (2 —rp(T)F - TT(T)_k) ) (3.3.7)

and so in this case, it remains only to show that the right side of the inequality
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above is non-negative for % <AL2.
ogT

To show this fact, let us first examine the factor 2—r¢(7)*—r7(7)* in more detail.

We have

T

ro(T) = (1 + ﬁ)é

by definition, and so by using the fact that (1 + ﬁ)n < e (where e is Euler’s con-

stant) for every n >0, we obtain
r(7)F < 37 = ¢3108T T3
Now, we also clearly have r7(7) > 1, and so 1 —r7(7)7* > 0. It follows that
2—rp(T)f—rp(r)F 21 —rp(r)F 21~ T2.
Combining this fact with (3.3.7) yields that

IROW(F, 7)) > %)\TQ(logT)(alogT+ b) - %(aTlogT w7 (1-1%)

11 4
= 5T (alogT +0) [)\TlogT - 1—(1](T3 - 1)] (3.3.8)

For the case b > 0 with k7 > T and our present choices of Tjy and CY, it remains only
to show that the factor in square brackets above is non-negative for ngT <AL2
In fact, this is exactly the term that arises in Brown’s paper, and we may use his

argument: when \ = ﬁ, the quantity in square brackets is

log

51 40
— ——e2T >0
11 11

since T' > 12, and moreover, for A < 1.5, we have

0 40, 40,
a[)\TlOgT—ﬁ(T2—1):|—|:l—ﬁT2 ]TlOgTZO,
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which together show that it is non-negative for ﬁgT < A < 1.5. On the other

hand, for 1.5 < A <2, we have

4 4
AT logT - 1—(1)(T3 ~1)> T(1.5log 12 - %) > 0.

This finishes the case that b > 0 and k7 > T, in the sense that we have shown
that those hypotheses imply SR(A;(F, 7)) is non-negative as long as T' > T and

731+%.

Next, let us consider the case that b < 0 and k7 > T. Again we follow Brown’s
work quite closely. As in Brown, we now define T} = max{E),%c,ﬁ}, choose
Tp = max {2T12 log T1’€1—§}7 and assume that k7 > T > Ty > 2T logT; (remark
that this choice of T} still keeps our previous hypothesis that 7" > 12). Again
we only consider k7 < 2T2%logT. We define H to be the real number such that
kT =2H?log H.

We certainly have 5 < H < T, by the definitions of T} and Ty and the fact that
T < kT <2T?logT. Thus equation (3.3.6) holds for this choice of H. Since, by
assumption, b < 0, we can eliminate the term involving b inside the second square
bracket of (3.3.6). Moreover, using the same reasoning as in the b > 0 case along

with the fact that k7 = 2H?log H, we have

2—ru(T) =g (r) 2 —rp(r)f = - (1 + i) > —ezn? = —elost = _ [,
Combining these facts with (3.3.6) we obtain that

2R(\e(F,7)) > % [27kalog(Tk) + 2(2a + b)Tk — 4clog(Tk) — ¢ — 4d]

—H[gaHlogH+ gaH+6010gH+6d+ g]
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The proof from this point in the case b < 0 is essentially identical to Brown’s,
once again. Indeed, dividing both sides by k7 = 2H?log H and using the fact that
log(k7) = log(2H?log H) = loglog H + log2 + 2log H > 2log H (since H > 5), we

can rearrange the last inequality to show that

2R(A\e(F, T clog(tk c+4d
( kg_ ) 2(a_—HQIOgH)lOg(Tk)+2a+b_HQI(EgI:;_ZlHQlogH
4 4a 3c 3d c
"3% " 9logH H HlogH @ 4HlogH
8 4 3d d
a[?logH—gH— 910gH]+[(3a+b)_ Hlog H - HQIOgH]
a 3c c 2c c
[§_ﬁ_4H10gH_ﬁ_4H2logH]

where the last inequality follows from the fact that the definitions of T and Tj,
along with the inequality 77 < H < T, implies that the contents of each square
bracket is non-negative. This finishes the case that b <0 and k7 > T, in the same

sense as the b >0 case (with a different choice of Tp).

Finally, we consider 2 < k7 < T (again, this follows Brown very closely). As

previously, let Tj = 12max{1 e if b >0, and let T = max {2T2 log T}, et a}

’ 3a+b

with 7] = max {5, 3¢ if b < 0. Assume that T > T in either case. When

) 3a+b}

2 <kt <T, Lemma 3.2.5, along with observations from earlier in our proof, allows

us to write

29%(Ak(F,T))zj(§)%T Lk, T) + 2N (T)(2 -1 = r7F)

> N, (T)[ £ 22— rp () = rp(7) k)]

277
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Since 7% + r~% is an increasing function of x for x,r > 1, we have

Q—TT(T)k —7"7*(7')71C > Q—TT(T)T—TT(T)iT

T T
22 (tegs) (1o )

>9—e3T —e 3T
oo 1 T 2k
-2y — |
,;1(2k)!(2T) ’

where the last line uses the power series expansion of the exponential function
about 0. This last line makes it clear that 2 — ry(7)F = rp(7)7% > —;—22 for T > 1,

and so we find that in fact,

WR(\:(F, 7)) > No(T) [%2 272] >0

0T T2

when k > 2 (since then clearly ’“2—2 >2).

Combining all of our cases, and making note of our choices of Ty and Cj, now

concludes the proof of the theorem. |}

The fact that Theorem 3.3.1 is conditional on Conjecture 3.2.7 makes the present
state of results on zero-free regions in the case that 7 > 1 quite unsatisfying.
Moreover, even Brown’s special case of [3, Theorem 2| seems to be invalidated by
problems in the proof of [3, Lemma 5]. We hope to devote additional work in the
future to establishing an unconditional result in this respect (by finding a valid

and sufficiently powerful bounding procedure for the term involved in Conjecture

3.2.7).

As we have mentioned, we expect it to be possible to give stronger results than
Theorem 3.3.1 by refining our bounding procedures (allowing us to take larger

values for Cp and smaller values for Tj, in particular). This possibility is the
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motivation for many of the the additional, more general, results stated in our
lemmas in the previous section, which we have not used directly in the proof of

the theorem.

Moreover, we should also naturally hope to obtain an analogue to Theorem 1.7.11

(also given by [3, Theorem 3]) in the 7 > 1 case, giving the second half of the

correspondence between zero-free regions and the non-negativity of the real parts
of finitely many Li coefficients in this more general context. Many of the upper
bounds proved in Section 3.2 are relevant to this problem. The proof of [3, The-
orem 3| also does not appear to be subject to the errors that affect that of [3,
Theorem 2|, and so we expect such difficulties to be avoidable in attempting a

generalization as well. We leave the proof of a generalized version of the second

half of the correspondence to future work.
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Chapter 4 Summary, Conclusions, and Fu-

ture Research

This thesis has presented new results on generalizations of Li’s criterion, as well as
reviewing other research related to its study since its inception. In particular, the
focus has been on combining ideas of Freitas [11] relating to extending Li’s criterion
to an equivalence for the quasi-Riemann hypothesis, with work of Smajlovié [25],
Coffey [4], and Brown [3]. In the last case, our main result (Theorem 3.3.1) remains
conditional on Conjecture 3.2.7, a fact that is carried over from some errors in the
proof of [3, Lemma 5]. We have elucidated the problems in this proof (and shown
that, unfortunately, they seem to invalidate the proof of [3, Theorem 2], as well),

and hope to be able to establish an unconditional generalized result in the future.

We have also extended the framework of Bombieri and Lagarias [2] to the context
of equivalences for elements of complex multisets to lie in arbitrary half-planes,
and given some additional results on equivalences to the Riemann hypothesis and

discussion of the general context for the consideration of Li’s criterion.

In this chapter, we wish to evaluate the significance of the work in this thesis, to
contrast it with other work in the literature, and to discuss promising avenues for

future research and for improvements to our results.
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4.1 Significance of our results, potential
improvements, and comparisons to other

research

Here, we wish to summarize our results and their significance in terms of progress
towards the study of Li’s criterion and its generalizations, along with providing
some discussion on the clearest paths to their improvement or further generaliza-

tion. To this end, we will roughly follow the structure of the thesis itself.

Thus, we begin with the consideration of some of the supporting results that we
presented in Chapter 1. In particular, in Section 1.7.1, we provided the direct
generalization of the framework of Bombieri and Lagarias from [2] to the context
of criteria for elements of a complex multiset to lie in an arbitrary half-plane.
While this generalization (Theorem 1.6.2 and Corollary 1.7.4) is quite elementary,
it provides a clear bridging step between the work of Freitas in [11] and other
research on Li’s criterion. Indeed, Freitas’ original arguments approached the
question of the Li criterion for quasi-Riemann hypotheses from the perspective
of Li’s methods in [17], which have been generally regarded as subservient to
the approach of Bombieri and Lagarias in more recent work. Our discussion in
Section 1.7.1 provides the results required to view Freitas’ work from the alternate

perspective of Bombieri and Lagarias’ general framework, in an explicit way.

Chapter 2 contains several of our main results, and these deserve substantial dis-

cussion in our present context.

First, in Lemma 2.1.2 and Theorem 2.1.3, we give a general version of Li’s crite-
rion for the /-GRH in an extension of the Selberg class. This generalizes results

of Smajlovi¢ in [25] and Freitas in [11]. The argument itself is a straightforward
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application of the framework of Bombieri and Lagarias for the Freitas case (de-
veloped in Section 1.7.1), supported by properties of the Selberg class (and the
extended class St?) developed by Smajlovi¢ in [25]. Its main contribution is sim-
ply to show that Freitas’ ideas do, indeed, immediately generalize to more general
contexts in an extremely straightforward way. It is also worth noting that, in
our proof of Lemma 2.1.2, we are careful to establish the absolute and uniform
convergence of certain sums with careful rigor, solidifying the work in Smajlovi¢’s

proof of [25, Theorem A.1] (which does not pay attention to some of these issues).

Next, in Theorem 2.2.1, we gave the general form of arithmetic formulae for the Li
coefficients in the Selberg class, quasi-Riemann hypothesis case. Again, this gener-
alizes work of Smajlovi¢ [25] and Freitas [11]. Giving such arithmetic formulae for
Li coefficients is quite standard, and this theorem gives the general form of such
formulae for Li coefficients corresponding to any quasi-Riemann hypothesis for
functions in an extension of the Selberg class. Once again, the arguments involved
are quite standard, and rely simply on the form of completed functions provided
by the Selberg class axioms, and the definition of the Li coefficients themselves.
In addition to the arithmetic formula for A (F,7) itself, Section 2.2 also provides
some alternate descriptions for terms involved in the arithmetic formulae. Of par-
ticular note is the observation that, in the 7 > 1 case, the Laurent coefficients of
%' involved in the arithmetic formulae for Ay (F,7) may be interpreted as Dirichlet
series. This observation invites the application of techniques of classical analytic
number theory to the study of the Li coefficients via our significant understanding

of the theory of Dirichlet series, a strategy that does not appear to have been

considered sufficiently in the literature.

It should be noted at this point (as it was briefly in Section 2.1) that there are
methods of bounding these Laurent coefficient sums via contour integration that

have been applied in the literature already [15], [26]. It is certainly expected that
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this approach should also yield similar results on these Laurent coefficient sums
in the 7 > 1 case, but we have left the application of these arguments to this case

to future work.

In Theorem 2.3.2, we give an explicit non-negative bound on the polygamma sums
involved in arithmetic formulae for A;(F, 7) in the case that the parameters v; of
the completed function in question are real. In this case, we observe the leading
behaviour O(klogk) in these polygamma sums. Our argument was based on
methods of Coffey in [4], applying the integral test to estimate the relevant sums.
In fact, as also mentioned at the ends of Section 1.8 and of Section 2.3, there also
exist refinements of this argument (developed in [15] by Lagarias, and also applied
in [26] to the 7 = 1 case for the Selberg class, for example) that we expect to allow
the extraction of the same leading behaviour without requiring such hypotheses
on the parameters v;. We have also left the application of these arguments to the

7> 1 case to future work.

Chapter 3 of this thesis concerns attempting to generalize [3, Theorem 2| (stated
here as Conjecture 1.7.10) and supporting results to the context of Li coefficients
corresponding to quasi-Riemann hypotheses (i.e. the 7 > 1) case. This has, unfor-
tunately, involved clarifying some errors which appear in the proof of [3, Lemma 5]
and which seem to invalidate the proof of [3, Theorem 2| in its current form. The
statement of [3, Theorem 2] represents half of a correspondence given by Brown
between zero-free regions and the non-negativity of the real parts of finitely many
Li coefficients. The other half of the correspondence, given by [3, Theorem 3],
seems unaffected by the problems with the proof of the first half, and appears to

remain valid.

In Theorem 3.3.1 we have given a generalization of [3, Theorem 2], conditional on

Conjecture 3.2.7, which concerns Li coefficients corresponding to quasi-Riemann
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hypotheses. There is a great deal of potential for improvement and further progress
in this respect. Most obviously, we hope to develop a valid bounding procedure
for the terms involved in Conjecture 3.2.7 (and [3, Lemma 5]) which will allow us

to prove an unconditional variation of Theorem 3.3.1.

Another obvious natural problem is to give a quasi-Riemann analogue to the sec-
ond half of the correspondence, proved by Brown as [3, Theorem 3] (and stated
here in Theorem 1.7.11). We expect this generalization to be obtainable by rela-
tively straightforward extensions of Brown’s arguments (and some results proved
in Section 3.2) in an unconditional sense, but we have left its proof to future work.
Beyond this, there are several other aspects inviting improvement in our treat-
ment of generalizations of Brown’s work. First, by refining bounding arguments,
we hope to be able to improve the choices of Cjy and Tj suggested in the statement
of Theorem 3.3.1. Indeed, the bounding arguments used by Brown (and followed
quite closely in our work on generalizing his results) are quite crude and certainly
invite improvement. We hope to investigate this possibility in the future as well.
Second, we also hope, in the future, to prove at least a partial 7 > 1 analogue to
[3, Theorem 5], which states that the non-negativity of Ao(F,1) alone is enough

to prove the non-existence of a Siegel zero in a very general context.

4.2 Further research

In this final section, we wish to focus specifically on discussion of the most promis-
ing avenues of future research on Li’s criterion and the Li coefficients. We have
mentioned several potential improvements to our work in the thesis itself in the
previous section, and we will avoid repeating those ideas again here. Instead, we
focus on discussing some ideas that have not been investigated in the literature

thus far to our knowledge, but that seem as though they may offer some promise
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in the further study of Li’s criterion and the Li coefficients.

The most important aspect of the study of Li’s criterion, in a substantial sense,
is that of understanding of the arithmetic formulae for the Li coefficients. Indeed,
it is only by gaining insight into the behaviour of the Li coefficients by methods
of analysis that we can hope to use Li’s criterion to improve our understanding of

the Riemann hypothesis and its generalizations.

One natural approach, invited directly by the formulation of Li’s criterion for
the generalized quasi-Riemann hypothesis in the Selberg class, is to look at the
behaviour of Li coefficients Ay (F,7) for 7 very close to 2. Indeed, as a clear
consequence of the axioms of the Selberg class, the zeros of completed functions
&p corresponding to functions F'in § must lie in the critical strip. Thus, we know
that A\x(F,2) > 0 for every k > 1 whenever F' is a function in & with F'(0) # 0.
Yet, this fact is not obvious from our arithmetic formulae for the Li coefficients.
Indeed, the derivation of arithmetic formulae for Li coefficients in the Selberg class
relies essentially solely on the functional equation axiom, while it is clear that both
the Euler product axiom and the Ramanujan property are critical to the fact that
all of the zeros of £ lie in the critical strip. Thus, we must look at ways to study

our arithmetic formulae using the information contained in these axioms.

Thus far, it is not known whether or not functions in the Selberg class may have
zeros on the line YR(s) = 1 in general. The Selberg conjectures (see [24] or [18,
Chapter 8|, for example) may be shown to imply non-vanishing on this line, and
in the case of automorphic L-functions, non-vanishing on 9R(s) = 1 has been es-
tablished unconditionally by Jacquet and Shalika [12]. Studying the behaviour of
Li coefficients near 7 = 2 may shed light on this question more generally without
relying explicitly on the Selberg conjectures. An inviting approach in this respect

is to look at power series expansions of the arithmetic formulae for Li coefficients
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about 7 = 2. Indeed, investigating the behaviour of the Li coefficients near 7 = 2
via expansions of this type may shed some light on quasi-Riemann hypotheses and

on the analogue to the Prime Number Theorem in the Selberg class.

Another idea, mentioned briefly in the previous section, involves applying our
knowledge of Dirichlet series to the study of the Laurent coefficient sums involved
in arithmetic formulae for the Li coefficients. Indeed, for functions F' in the Sel-
berg class (or the class S#), we know that the logarithmic derivative £-(s) may
be expressed as a Dirichlet series for 2R(s) > 1. Under appropriate additional hy-
potheses on the Dirichlet coefficients, applying our knowledge of Dirichlet series
from classical analytic number theory along with the axioms of the Selberg class
itself may allow us to extract significant information about the behaviour of these

Laurent coefficient sums.
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Appendix: Arithmetic formulae for classi-

cal Li coeflicients

In this section we give the application of our arithmetic formulae of Chapter 2 to
the special case of the Riemann zeta function. In large part, this is a reproduction
of work of many other authors [2], [4]. We give some additional interpretation of
the terms involved, and note an interesting property of the form of these arithmetic

formulae. Recall that for 2R(s) > 1,

and

Moreover, the completed zeta function £(s) is given by

() =s(s - i1 () <o)

In terms of parameters for completed functions in the Selberg class in general
(discussed in Section 1.4), we have in this case that m =1, Q. = ﬁ, r=1,w =3,

l/1=0.

Let us consider the coefficients nx(7) = mx((,7), ©r(7) = (¢, 7), and lx(7) =

Uk (¢, 7) for k >0, as defined in Section 2.2. For convenience, we use the notation

¢(s)
¢(s)

e = Nk(1) and g = pr(1). Here, 1 is simply the kth Laurent coefficient of
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about s = 1. We also have

o) = v (1) = 0 3 ()
k k12k+1 S\ T +2m ’
and so in particular,
e 1
— -1 k+1 -
o= CDT L e

(“1)F1¢(k+1) (1 - 2kl+l )

Finally, to consider ¢;(7), we remark that for 7 > 1 using the Dirichlet series for

’ .
% above, we obtain

o0

Oe(7) = (-1)F*1 Z A( )(logm)k (.0.1)

m=1

As a corollary of Theorem 2.2.1, we then have the following results for A, ({,7) =
A (7) and A\, (¢, 1) = \,..

Corollary .0.1 Forn>1 and 7 > 1, we have the following identities for A\, (7).

An(T)

1—%10gw+%\1}(%) Z(k)Tnkl(T) Z( )( T)kZ( ! )k

k=1 T+2m
= (2+( 1)”+1(711)n)—%logw+7\11(5)
3 (o & T o
+kz:( )(_ k§0(7+2m)k' (:0.2)

Moreover, remarking that W (%) =—v—2log2, we have

An=1—§(v+log<4w>)+k§(k)nk 1+2( Jenr (-5 ) e (o
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In the case that 7 = 1, the arithmetic formula for the Li coefficients of ((s) is quite

striking. Indeed, the sum

“(n 1
sim = 3 (1) 0 (1 5 ) et
k=2
is a combination of special values of ((s) at positive integer arguments, while the

Sy(n) = kZ: (Z)Uk—l

is a combination of Laurent coefficients of %’ about s = 1. Thus, the Li coefficients
may be given completely in terms of coefficients characteristic of the behaviour of
((s) for R(s) > 1, but by Li’s criterion, also contain enough information to give

insight into the truth of the Riemann hypothesis.

The main element of these formulas left to study is the sum of coefficients 71 (7).
For 7 =1, our only option is to examine the behaviour of the Stieltjes constants
using analysis. On the other hand, for 7 > 1, and in particular for 7 very close to
2, we may hope to be able to achieve significant results simply by analysis of the

Dirichlet series for /4 (7), applying tools from classical analytic number theory.
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