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Abstract

In this thesis is initiated a more systematic geometric exploration of energy shaping. Most of
the previous results have been dealt with particular cases and neither the existence nor the
space of solutions has been discussed with any degree of generality. The geometric theory
of partial differential equations originated by Goldschmidt and Spencer in late 1960s is
utilized to analyze the partial differential equations in energy shaping. The energy shaping
partial differential equations are described as a fibered submanifold of a k-jet bundle of
a fibered manifold. By revealing the nature of kinetic energy shaping, similarities are
noticed between the problem of kinetic energy shaping and some well-known problems in
Riemannian geometry. In particular, there is a strong similarity between kinetic energy
shaping and the problem of finding a metric connection initiated by Eisenhart and Veblen.
We notice that the necessary conditions for the set of so-called A-equation restricted to the
control distribution are related to the Ricci identity, similarly to the Eisenhart and Veblen
metric connection problem. Finally, the set of A-equations for kinetic energy shaping are
coupled with the integrability results of potential energy shaping. This gives new insights
for answering some key questions in energy shaping that have not been addressed to this
point. The procedure shows how a poor design of closed-loop metric can make it impossible
to achieve any flexibility in the character of the possible closed-loop potential function.
The integrability results of this thesis have been used to answer some interesting questions
about the energy shaping method. In particular, a geometric proof is provided which
shows that linear controllability is sufficient for energy shaping of linear simple mechanical

systems. Furthermore, it is shown that all linearly controllable simple mechanical control



systems with one degree of underactuation can be stabilized using energy shaping feedback.
The result is geometric and completely characterizes the energy shaping problem for these
systems. Using the geometric approach of this thesis, some new open problems in energy
shaping are formulated. In particular, we give ideas for relating the kinetic energy shaping
problem to a problem on holonomy groups. Moreover, we suggest that the so-called Fakras

lemma might be used for investigating the stabilization condition of energy shaping.
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Chapter 1

Introduction

Consider the following control problem: given a mechanical system with an unstable equi-
librium at qg, stabilize the system using feedback. One of the recent developments in the
stabilization of equilibria is the energy shaping method. The key idea concerns the construc-
tion of a feedback for which the closed-loop system possesses the structure of a mechanical
system. A feedback so obtained is called an energy shaping feedback and the procedure by
which it is obtained is called energy shaping. In the classical notion of energy shaping, the
assumed method consists of two stages: shaping the kinetic energy of the system—so-called
kinetic energy shaping—and changing the potential energy of the system—so-called poten-
tial energy shaping. If such an energy shaping feedback exists, then for stability one has to
ensure that the Hessian of the closed-loop potential energy is positive-definite.

The cart-pendulum, as a mechanical system with one degree of underactuation, is one
of the systems that has been stabilized using the energy shaping method [16, 33]. Potential
energy shaping alone can be shown to be not enough to stabilize the system; therefore
kinetic energy shaping is necessary. More complicated mechanical systems with more de-
grees of freedom, like the spherical pendulum, have been stabilized using the energy shaping
method [11]. Linear controllability is a necessary condition for stabilization using energy
shaping. For linear systems, linear controllability is also a sufficient condition for the exis-

tence of a stabilizing feedback [51, [36]. Such sharp conditions for nonlinear systems do not



exist in the literature. Thus the question of which mechanical systems are stabilizable using
energy shaping is still unresolved. Moreover, almost all the existing results on energy shap-
ing are based on a specific parametrization of the assumed solutions to the energy shaping
problem. While the parameterizations used are sufficient for particular problems, it is not
clear whether (1) a better controller would result if a richer class of feedbacks were available
or (2) there are systems that are not presently amenable to stabilization by energy shaping
using existing parameterizations, but which could be stabilized using energy shaping were
the complete set of energy shaping feedbacks known.

Recently there have been notable attempts to investigate various features of the energy
shaping problem. The first classical appearance of the notion of potential energy shaping
problem is in [45]. Van der Schaft [47] made a significant geometric contribution to the
problem from the Hamiltonian point of view. It turns out that this method has an exten-
sion in the Lagrangian setting called the method of Controlled Lagrangians; this has been
investigated in [11, [10]. In recent work, Chang, Woolsey and others have realized that the
space of possible kinetic energy feedbacks can be enlarged by considering the addition of
appropriate gyroscopic forcing [16) 50]. In the Hamiltonian framework, the idea of kinetic
energy shaping has been related by van der Schaft [17] to the notion of interconnection and
modified into the IDA-PBC method [33]. The equivalence of the Controlled Lagrangian
method and the IDA-PBC method has been addressed in [16), 9]. Both methods result in
a set of partial differential equations whose solutions determine the energy shaping feed-
backs. In other recent work, the possibility of finding a coordinate change for simplifying
the kinetic energy shaping partial differential equations in the IDA-PBC method has been
investigated [48].

A differential geometric approach to the kinetic energy shaping problem—the so-called
A-method—has been presented in [7]. In this paper, the authors propose a system of
linear partial differential equations for the kinetic energy shaping problem in terms of a
new variable, A = Ggle where G, and G are the open-loop and closed-loop metrics,

ol’

respectively. The main idea of the A-method is that it transforms the set of quasi-linear



equations for kinetic energy shaping into a set of overdetermined linear partial differential
equations [5]. In [6] an equivalent system of linear partial differential equations is given for
the assumed procedure of kinetic energy shaping problem. Moreover, the authors investigate
the compatibility conditions for the set of A-equation in local coordinates. However, the
analysis of the compatibility conditions is not complete, and many structural questions
remain unanswered, even after one accounts for the results in [5, 6]. The A-method has
been modified by adding the possibility of using gyroscopic forces for enlarging the space of
solutions [16]. The resulting partial differential equations remain poorly understood.

Lewis [31] has introduced an affine differential geometric approach to energy shaping
in order to have a better geometric understanding of the problem and to state some of
the questions that had not been addressed before. The main idea of the approach involves
first understanding the existence of such an energy shaping feedback and then what such a
feedback might look like. In recent work, sufficient conditions for the existence of potential
energy shaping are derived assuming that kinetic energy shaping has been performed [32].
The results are based on the integrability theory for linear partial differential equations
developed by Goldschmidt [21] and Spencer [44]. Although the results offer some insight,
they are limited by the fact that kinetic energy shaping has been assumed to precede
potential energy shaping.

In the next section a formal statement of the energy shaping problem is given. Before
that, some of the basic notation used in this manuscript is presented.

Notation. The basic differential geometric notation that is used in this thesis is that of
[2] and [14]. The identity map for a set S is denoted by idg and the image of a map
f S — W by Im(f). For a vector space V, the set of (r, s)-tensors on V is denoted by
T7(V). By SiV and A,V we denote, respectively, the set of symmetric and skew-symmetric
(0, k)-tensors on V. The dual space of V is denoted by V*. Let V and W be R-vector
spaces; by L(V,W) we denote the set of linear maps from V to W. We shall also require

symmetrizing and skew-symmetrizing maps. Thus, for A € Tg (V), we define the following



projection maps:

1

Alt(A) (o1, o) = 15 > (1A, Voiy);
ceBy
1
Sym(A)(Ula R ,’Uk) = y Z A(Ua(l)a s ,Ua(k))y

cEeGy

where &y, is the permutation group on k symbols and sgn (o) is the parity of the permutation
o. Let A be a (0, 2)-tensor on V. We define the flat map A’ : V — V* by (A’(u); v) = A(u, v),
u,v € V. The inverse of the flat map is denoted by Af : V* — V in case A® is invertible. We

also define a similar notation for a (0, 3)-tensor A on V by
<Ab(u),w> = A(w, u, u), u,w € V.
For S C V and W C V* we denote

ann(S) ={a e V* | a(v) =0, VwveS}

coann(W) ={v eV |aw)=0, VaecW}

For the purpose of using a version of the Cartan—-Ké&hler theorem, all manifolds and
maps will be assumed to be analytic unless otherwise stated. Many of the theorems and
lemmata are still true in the smooth case. Let Q be an analytic manifold. If 7 : E — Q is
an analytic vector bundle, I'“(E) denotes the set of analytic sections of E. We often denote
a bundle by a triple (E, 7, Q). We denote the tangent bundle of Q by mq : TQ — Q. Let
(E1,7m1,Q) and (Eg, 72, Q) be two vector bundles over the same base manifold Q. Then the
fibered product bundle is the triple (E; xq E2,m xq m2,Q), where the E; xq E2 is defined
by

{(ul,UQ) <3 = XQ Eo | 7T1(U1) = 71'2(11,2)}

and the projection map is defined through m xqme(u1, ug) = m1(u1) = m2(uz). Furthermore,

the tensor product of m; and mp with fibers (E;), and (E2)q, ¢ € Q, is the vector bundle



on Q with fibers (E1)q ® (E2)q; we denote this vector bundle by (E; ®q Ez2, m1 ®q m2, Q).
Consider a vector bundle (E,7,Q) and a map & : N — Q. Then the pull-back bundle of 7
is the bundle (£*(E), £*(m), N), where £*(E) is defined to equal

{(u,y) € ExqN | 7m(u) =£(y)}

and the projection map is defined through &*(7)(u,y) = y.
The set of analytic functions on Q is denoted by C¥(Q). The exterior derivative of a
k-form a on Q is denoted by da. For a (0, k)-tensor field A and a Riemannian metric G on

Q, we define the (1, % — 1)-tensor field G*A by

G*A(a, X1, ..., Xp1) = A(G¥(a), X1, ..., Xip_1), (1.1)

where v € T¥(T*Q), X1,..., X € I'¥(TQ). Finally, we give a decomposition of the (0, 3)-
tensor fields. We call a (0, 3)-tensor field A on Q:

a) gyroscopic if A(X1, Xo, X3) = —A(X9, X1, X3) for all X1, Xo, X3 € T¥(TQ);

b) torsional if A(X;, X9, X3) = —A(X1, X3, Xo) for all X, X, X3 € I'(TQ);

c) geodesic if A(X1, X, X3) = A(X1, X3, Xo) for all X1, X9, X3 € I¥(TQ);

d) skew if A € I'“(A3(TQ)).

We denote the set of gyroscopic and torsional tensor fields on Q, respectively, by Gyr(TQ)

and Tor(TQ). We can record the decomposition of TY(TQ) as follows [31} 19]:

TY(TQ) = S3(TQ) @ (Gyr(TQ) Nker Alt) @ (Tor(TQ) Nker Alt) & A3(TQ).

1.1 Statement of the problem

A forced simple mechanical system is a quadruple ¥ = (Q,G,V,JF,), where Q is an n-

dimensional manifold called the configuration manifold, G is a Riemannian metric on Q, V'



is a function on the configuration manifold called the potential function, and F, : TQ — T*Q
is a bundle map over idq called the external force. We denote by V© the covariant derivative
with respect to the associated Levi-Civita connection. The governing equations for a forced

simple mechanical system are
VE 7 (1) = —GF 0 dV (4(1)) + (v (1)),

where v : I — Q is an analytic curve on Q.

Similarly, a simple mechanical control system is a quintuple ¥ = (Q, G, V, F,, W), where
Q is an n-dimensional manifold called the configuration manifold, G is a Riemannian metric
on Q, V is a function on the configuration manifold called the potential function, Fe : TQ —
T*Q is a bundle map over idq called the external force, and W is a subbundle of T*Q called
the control subbundle [14]. The governing equations for a simple mechanical control system
are

V' (1) = =GP o dV (v(1)) + GHFe(+'(t)) + Gru(~/(¢)),

where v : I — Q is a curve on Q and u : TQ — W is the assumed state feedback. A class

of external forces in which we are interested is gyroscopic forces.

Definition 1.1 Let ¥ = (Q,G,V,JF,) be a forced simple mechanical system. We call an

external force Fg : TQ — T*Q a gyroscopic force if, for all X € T*(TQ),
(X, Fa(X)) =0.
A linear gyroscopic force is a gyroscopic force g1 of the following form:
Fea(X) =B (X), X eI*(T,Q),

where B¢ ;1 is a skew-symmetric (0, 2)-tensor. A quadratic gyroscopic force is a gyroscopic



force Fg o with the following form:
Fop(X) = Beo(X), X eI¥(T,Q),

where Bg o is a (0,3)-tensor which is skew-symmetric in the first two arguments, i.e.,
Bgo(X,Y,Z) = —Bga2Y, X, 2), X,Y,Z € T¥(T,Q). By definition of the flat map, a

quadratic gyroscopic force is defined by
(Fg2(X): Z) =Ba2(Z, X, X), X, Z e T¥(T4Q).

Given an open-loop simple mechanical control system ¥, = (Q, Go, Vo1, For, Wor), we
seek a control force such that the closed-loop system is a forced simple mechanical system
Ya = (Q,Ga, Ve, Fa), possibly with some external force. The reason for seeking this as
the closed-loop system is that the stability analysis of the equilibria for mechanical systems
is well understood [14, Chapter 6]. The class of gyroscopic forces does not change the
total energy of the closed-loop system, while the addition of gyroscopic forces improves the
possibility of finding a stable closed-loop system [16]. Here it is assumed that the open-loop
external force F,) is zero. Moreover, it seems that only the quadratic gyroscopic forces are
useful in extending the space of possible closed-loop metrics [31]. The objective, therefore,

can be phrased with the following definition.

Definition 1.2 Let X, = (Q, Go, Vor, Fo1, Wo1) be an open-loop simple mechanical control
system with Fo; = 0. If there exists a bundle map ug,p : TQ — W (called the control) with
Ushp = —Ukin — Upot such that the closed-loop system is a forced simple mechanical system
Ya = (Q, G, Va, Fa), where Fq is a quadratic gyroscopic force with associated (0, 3)-tensor

B and
B ) — TG Ay Gol s i L b A
1. Gol o ukm(’y (t)) - v,y/(t)")/ (t) v,y,(t)’)/ (t) GCI © (B (’Y (t))),
2. upot (7()) = G2y 0 GEdVar(v(t)) — dVar(y(t)),

then the control wugyp is called an energy shaping feedback.

7



Remark 1.3 Throughout this work, it is assumed that the equilibrium point gg € Q is a
regular point for W,;. Moreover, it is assumed that the control codistribution W, is inte-
grable. These assumptions are common, even implicit, in the literature and many examples
fall into this case. Nevertheless, these assumptions, especially the integrability assumptions

are stringent, and relaxing them is an interesting challenge.

The conditions of Definition [1.2/ contain as unknowns the closed-loop metric G, the
closed-loop potential energy V¢, and the gyroscopic (0, 3)-tensor field B. One can observe
that these equations involve the first jet of the unknowns. Omne can construct a set of
first-order partial differential equations which completely characterize the existence of an
energy shaping feedback. Let W, C T*Q be a given subbundle and define the associated

Gor-orthogonal projection map P € T¥(T*Q ® TQ) by
ker(P) = Gﬁlwol.

Note that P completely prescribes W,1. We apply P to the equation from part 1] of Defini-

tion 1.2/ to arrive at the following equation:

P(V5,7 (6) = V55,7 (8) = G o B (Y (1)) = 0.

Assume Q is an n-dimensional manifold and W, is an integrable codistribution of dimension
n—m. In adapted local coordinates, the kinetic energy shaping partial differential equation

is given by
PG (Gargjn + Gelinj — Gegja) — Gt (Got ik + Golikj — Gol kjt) — GiBus) = 0,

where 4,7, k,l,r € {1,...,n}, a € {1,...,m}, and where we denote the first derivative of

Ge1,; with respect to ¢* by Gelyj - Similarly, let P:TQ — T*Q/W, be the canonical



projection on to the quotient vector bundle. We have
P(G?) 0 GEdVa(v(1)) — dVe(v(t))) = 0.
In local coordinates we have
Pi(Go G’V g — Vor i) = 0,

where 1,7,k € {1,...,n}, a € {1,...,m}, and where we denote the first derivative of V¢,
with respect to ¢* by Vel - For more details on the affine differential geometric setup of the

energy shaping problem, see [31].

1.2 Some open problems in energy shaping

Now that the energy shaping partial differential equations have been specified, a summary

of some of the fundamental questions one can now ask are provided.

P1. Describe the set of achievable closed-loop metrics. Until the recent paper [20], there
has not been much consideration of this problem in the literature, apart from giving a
geometric description of the problem [7] and some initial and incomplete integrability

results [6].

P2. Assume that one has found a closed-loop metric which solves the kinetic energy shaping
problem. What are the conditions under which there exists a closed-loop potential

function which satisfies the potential energy shaping problem?

P3. Describe the set of achievable closed-loop potential functions by allowing the closed-

loop metric to vary over its achievable set.

P4. Give a complete description of the set of stabilizing potential energy shaping functions.

In order to have a stabilizing energy shaping feedback, the Hessian of the closed-loop



P5.

P6.

P7.

Ps.

potential functions should be positive-definite. The type of obstruction this condition

puts on the set of achieved energy shaping feedbacks has not yet been characterized.

Describe the effect of including gyroscopic forces in the procedure of energy shaping.
An algebraic presentation of this problem has been given in [31]. Although one can
extend the results of Chapter 4/ to the case with gyroscopic forces, many geometric
and algebraic constructions remain to be performed to clarify how the results should

be interpreted in terms of stabilization.

Reconstruct some of the existing results using the sufficient conditions of Chapter|4;

namely, answer the following questions:

(a) Why is it always the case that one can construct an explicit solution to the set

of partial differential equations for systems with one degree of underactuation?

(b) Why is linear controllability a sufficient condition for existence of a stabilizing

enerqy shaping feedback for linear systems?

Find some interesting counterezamples. It would be revealing to have an example
for which there exists no stabilizing energy shaping feedback, even in the absence of
gyroscopic forces. This might help to understand the key primary question in energy

shaping: when is it possible to stabilize a system by the energy shaping method?

Is it possible to give a complete solution to the stabilization problem, at least in special
cases? In particular, can we give a complete description of stabilization of simple
mechanical systems with one degree of underactuation? Since, for these systems, for
any solution to the kinetic energy shaping partial differential equations there exists a
potential function that satisfies the potential energy shaping system of partial differ-
ential equations (see [20]), it is an interesting question to see whether any/some/all

of these solutions are stabilizing solutions.

10



1.3 Contribution of thesis

In this thesis a geometric framework is developed for stabilization of simple mechanical

systems using energy shaping. In particular, the geometric theory of partial differential

equations has been used to discuss the integrability of the energy shaping partial differential

equations. As a summary, in this document the following answers to some of the problems

of Section (1.2 are provided.

Note. Most of the integrability results of this document have been published in a recent

paper [20], coauthored with Drs. Andrew D. Lewis and Abdol-Reza Mansouri.

Al.

A2.

A3.

In Section 4.1l we partially answer Problem 1. Assuming that W is integrable, we
describe a set of sufficient conditions under which one can construct a formal solution
to the set of kinetic energy shaping partial differential equations in the analytic case
and in the absence of gyroscopic forces. Moreover, we show that any analytic solution
to the kinetic energy shaping problem satisfies these conditions. (See Theorems 4.7
and 4.15.) In Section [7.2.1 some observations are made that suggest a possible re-
lationship between the kinetic energy shaping problem and holonomy groups. This
might lead to some new insight into the sufficient conditions for kinetic energy shaping

problem.

Lewis [32] presented a set of sufficient conditions for Problem 2 using a geometric
analysis of the potential energy shaping partial differential equations. In Section 4.3
we couple this sufficient condition with the kinetic energy shaping results. In other
words, we give conditions on the closed-loop metric so that there exists a solution to

the set of potential energy shaping partial differential equations. (See Theorem [4.24.)

Problem 3 remains open, and even a clear geometric formulation of this problem
is far from being achieved. In this document we provide one possible approach by
placing the problem in the setting of geometric partial differential equations [21} 22].

In particular, we give conditions on the set of closed-loop metrics under which there

11



exists a closed-loop potential function that satisfies the set of potential energy shaping

partial differential equations.

A4. In Section [7.2.3 a promising approach is introduced for answering the question of
whether a solution to the energy shaping partial differential equations is stabilizing
or not. The approach relies on the so-called Farkas lemma [29]. This might be the

subject of future work.

A5. The integrability results in this thesis do not include gyroscopic forces. Moreover, an
algebraic description of gyroscopic forces that reveals the interaction of the gyroscopic
forces and the kinetic energy shaping partial differential equations is far from being

achieved. In Section [7.2.2 we suggest some future directions for this problem.

A6. Problem 6(a) has been discussed in [6] and [3]. But the results do not reveal how the
geometric obstructions given by the kinetic and potential energy shaping conditions
are intertwined. We give a result in Theorem 6.1/ which essentially solves the problem.
The second question has been posed and solved in [51,36]. In Chapter 5, a geometric
proof for this problem is presented that specializes the integrability results of Chapter/4

to linear simple mechanical control systems.

A7. In Section/4.5/an example of a simple mechanical system is given that is not stabilizable
using the energy shaping method in the absence of gyroscopic forces. The integrability

results of Chapter |4 are essential in devising such an example.

A8. In Chapter (6] the energy shaping problem is fully characterized for systems with one
degree of underactuation and these systems are proved to be stabilizable using an
energy shaping feedback. Furthermore, Example 6.6/ demonstrates how it might be
the case that the energy shaping for a system with one degree of underactuation is

not possible via a positive-definite closed-loop metric.

This document is organized as follows. In Chapter 2, a brief review is given of the

fundamental mathematical background required in this thesis. In particular, Section 2.1

12



gives an introduction to the geometric methods for analyzing formal integrability of partial
differential equations [21, 22]. The character of the theorems in this section is mainly
algebraic and may seem unmotivated to a reader unfamiliar with the formal theory of
partial differential equations. A reader new to these techniques is advised that some effort
will be required to become comfortable with them. A list of useful references is [21, 22, 23,
44134, 24, 25, 41]. In Section 2.2, we motivate the definition of a connection as a section
of a jet bundle [38] in order to give a precise definition for the space of torsion free affine
connections on a manifold. A geometric formulation for the partial differential equations
of kinetic energy shaping is presented in Chapter [3, and the existing results for potential
energy shaping [32] are recalled. The main results of the so-called A-method [7] for kinetic
energy shaping are reviewed and reproved in Section [3.2. Chapter |4/ contains the formal
integrability results for the partial differential equations in the energy shaping problem.
Section 4.1/ involves one of the main contribution of this thesis. The set of A-equations has
been proved to have an involutive symbol and to be formally integrable under a certain
surjectivity condition. In other words, sufficient conditions for the existence of a formal
solution to the A-equations is given. Section 4.3/ deals with the potential energy shaping
problem. The set of conditions in [32] is analyzed to characterize the set of acceptable
closed-loop metrics. Finally, in Section 4.4/ a set of sufficient conditions is given for the total
energy shaping problem. Chapter [5is devoted to linear simple mechanical control systems.
In particular, we give an algebraic proof for the result of [51, 36] which shows that linear
controllability is sufficient for linear energy shaping (it is always necessary for asymptotic
stabilization). In Chapter |6/ systems with one degree of underactuation are considered and
the result of Chapter 4| is been used to obtain Theorem 6.4, which essentially solves the
stabilization problem for systems with one degree of underactuation. Chapter [7/ contains
the conclusions of the thesis. Moreover, some of the future directions of this thesis have
been presented in this chapter: Section|7.2.1] gives some ideas for relating the kinetic energy
shaping problem to problems in holonomy groups. Work in this direction might reveal the

essential character of the kinetic energy shaping partial differential equations. Section [7.2.2
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raises the issue of gyroscopic forces, concentrating on the limitations of gyroscopic forces as a
tool for extending the solutions of the kinetic energy shaping partial differential equations.
Finally, in Section [7.2.3 a new approach is suggested for dealing with the stabilization
condition after solving the energy shaping partial differential equations. This approach

suggests using a version of Farkas lemma [29) 8] for this stabilization condition.
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Chapter 2

Mathematical preliminaries

The mathematical preliminaries that are used in this thesis are reviewed in this chapter.
In particular, a summary of some basic background for modeling the system of partial
differential equations in the energy shaping problem is given. The differential geometric
notions used in modeling of simple mechanical systems are assumed here, and the unfamiliar
reader is referred to [14, 2], [1, 30, 26] for more details. This section consists of three main
parts. The first part deals with the geometric modeling of partial differential equations
and the second part gives a useful definition of a connection on a vector bundle which
characterizes the structure of the set of all affine connections. Finally, we present the so-
called Ricci identity [15] which plays a significant role in answering some questions about

the kinetic energy shaping problem.

2.1 Formal integrability of partial differential equations

In this section, we describe the main technique that we use for studying the energy
shaping partial differential equations. The discussion centers around an analogue of the
Cauchy-Kowalevski theorem [13] and formal integrability. We review the contributions
made by Goldschmidt and Spencer in the late 1960’s [21] 22, [44].

Although understanding the proofs of the main theorems in Chapter 4 depends on
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techniques from the formal theory of partial differential equations, we emphasize that the
statement of the main results of the thesis are accessible without understanding formal
methods in detail. The main integrability results in this document involve applications of
the important Theorem [2.20 stated below. However, the verification of the hypothesis of
this theorem typically takes some effort. In this section we describe the tools used to verify

the hypothesis of Theorem 2.20.

2.1.1 Representation of a partial differential equation as a fibered sub-

manifold of a jet bundle

We denote by (E, 7, Q) a fibered manifold 7 : E — Q. The wvertical bundle of the fibered
manifold 7 is the subbundle of Tw : TE — TQ given by Vrr = ker(T7). We denote by Jim
the bundle of k-jets [39]. A local section of 7 is a pair (U, §), where U is an open submanifold
of Q and § is a map £ : U — E such that 7 o £ = idy. If ({,U) is an analytic local section
of 7, we denote its k-jet by jp{. We denote an element of Jim by jp&(z), where z € U.
If we represent the sheaf of germs of sections of m by .#q(7), then j; induces a morphism
of sheaves Sq(7) — SQ(Jkm). We let 7, : Jym — Q and wf : Jpm — Jim, | < k, be the
canonical projections. One can show that 7 and 7rf are surjective submersions. Moreover,
7le : Jym — Jym is an epimorphism of fibered manifolds and (Jx, 7T’]§71, Jp_17) is an affine
bundle modeled on a vector bundle over Jp_im whose total space is the tensor product
75 (SET*Q) @ (mh1)*Vrr; see [39]. The following definition establishes the relationship

between jet bundles and systems of partial differential equations.

Definition 2.1 Let (E, 7, Q) be a fibered manifold and let Ji7 be its bundle of k-jets. A

partial differential equation is a fibered submanifold Ry C Jim.

We denote by 7 the restriction of 75 to Rg. As one can see, the “equation” representa-
tion of the partial differential equation is obscure here. The following local characterization
of a partial differential equation as a kernel of a fibered manifold morphism is helpful for

identifying the “equation.”
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Proposition 2.2 Let (E,7,Q) be a fibered manifold. Given a partial differential equation
Ri C Jgm and a point p € Q, there exists neighborhood U of p, a fibered manifold (E',n",U),
an analytic section n of 7', and a morphism of fibered manifolds @ : 7r,;1(U) — E' such
that

7 HU) MRy, = ker, @ = {uy, € m, H(U) | @(ug) = n(me(ug))}-

Proof: Because Ry is a fibered submanifold, there exists an adapted chart (U, ¢y) for Jpm

with the induced chart (U, ¢) on Q such that
or(Up) CHU) XV x W CR* X R™ xR™,  n,m,m' € Zso,

and such that

1 (U) N Ry = {(x,0,0) | € ¢(U), v € V}.

Take E' = U x V and 7/(z,v) = z. Taking ®(n) = (z,v), where (¢(z),v,w) = ¢r(n) and

n(z) = (x,0), the result follows. [ |

A morphism ® : Jpm — 7 of fibered manifolds induces a differential operator © of order

k which is a sheaf morphism of the form ® o j; : Sq(7) — LQ(r').

2.1.2 Prolongations and symbols

The notion of involutivity for partial differential equations was defined by Cartan, where he
used his exterior differential calculus to prove the existence of formal solutions for involutive
partial differential equations of first order using Cauchy—Kowalevski theorem. This notion,
which is an essential ingredient of the Cartan—Kahler theorem, relies on the important
notions of prolongation and symbol. In particular, Kuranishi [28] proves that, by prolonging
a partial differential equation a sufficient number of times, one obtains an involutive system.
These two notions are the subject of our study in this section.

Prolongation. The process of differentiating a partial differential equation in order
to arrive at a higher order partial differential equation is called prolongation. One can

formalize this statement as in the following definition.
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Definition 2.3 Let (E, 7, Q) be a fibered manifold and let Ry, C Ji7 be a partial differential

equation. The rth-prolongation of Ry is the subset

pT(Rk) = b7, N Jpgr .

A partial differential equation Ry is regular if p,(Ry) is a fibered submanifold of Ji 7
for each r € Z>o. One can represent the rth-prolongation of a partial differential equation
using the associated morphism. The rth-prolongation of ® is defined to be the unique
morphism of fibered manifolds over Q, p,.(®) : J,.xm — J,7’, that makes the following
diagram commute:

SoUhrm) 2 Fo(d)

jk+rT JTT

H(r) —2— Fo(n)

It is fairly clear that, for r,l € Z>¢ and r > [, we have wlljﬂ(pr(Rk)) C pi(Rg). We adopt
the notation frl,zilr : pr(Rg) — pi(Ry) and 7y @ pr(Rk) — Q as the canonical projections.
There is no guarantee that the first map is a surjective submersion; surjectivity of this

map leads to the concept of formal integrability that will be discussed later. The following

remark will be used in Section 2.1.3} for details of the proof we refer to [23, 22].

Remark 2.4 Let 7 be a fibered manifold as before and let R, C Ji7 be a partial differential
equation. If p,(Ry) is a fibered submanifold of Ji 7, then p;(p,(Ri)) = pr4r(Rk). Since one
can define p,(Ry) as the kernel of a morphism of fibered manifolds, this follows immediately

from studying the following exact commutative diagram and showing that the map ~y is an
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isomorphism of fibred manifolds.

0 0

J/ P14 (®) J/

0 —— pr+1(Ry) —— Jprum — Jipp’

P |
pi(pr(®))

0 — pi(pr(Ri)) — Jpgrum —— 1y

|

0

Whenever Ry, is regular, for sake of convenience, we use Ry, for the rth-prolongation.

Symbols. The highest order terms in the linearization of a partial differential equation
carry valuable information about formal integrability of the equation [22]. Similarly to
our approach for defining a partial differential equation, we give two equivalent formal
definitions to capture these higher order terms, one as a vector bundle morphism and one
as a family of subspaces.

Given pp_1 € Jp_1m, recall that (W,]:_l)_l(pk,l) has the structure of an affine space

modeled on S, T )Q ® Vﬂ§71(pk_l)7r. For each p; € Jpm we have

k—1(Pr—1

Vg =~ ST QOV ko1,

Tr—1(PE—1

as well as a vector bundle isomorphism 775, T*Q ® (Wg)*VW &~ V7r,]§_1. The identification of

these bundles is made implicitly in most of the literature [39] and we follow this convention.

Definition 2.5 Let (E, 7, Q) be a fibered manifold and let R, C Ji7 be a partial differential

equation. The symbol of Ry is the family Gi of vector spaces given by
Gk’pk = Vpkﬁ-k N Vpkﬂlpf,l, pr € Jpm.

Let £ be a section of E on an open neighborhood U C Q and let p € U. Let {f1,..., fx}
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be R-valued functions defined on a neighborhood U of p € Q which vanish at p. As in [21],
define €, : SET*Q ® Vr — Vi, by

e (dfy - dfi ® &) (p) — Je((TTy £3)-€) (p).

The map ¢ is well-defined since the derivatives of (Hf:1 fi) vanish up to order k — 1 at p.

We have the following lemma.

Lemma 2.6 Let (E, 7, Q) be a fibered manifold. We have the following short exact sequence

of vector bundles over Jpm:

k
Ve

0——= S, T*Q® Vi —=> Vi, (nh_)*(Vmp_1) —= 0.

The following definition introduces the symbol map as a morphism of vector bundles.
It is crucial to understand the distinction between the definition of the symbol map as a
bundle map and the definition of the symbol map at a point as a map of vector spaces.

This explicit distinction is usually dropped in the literature.

Definition 2.7 Let (E, 7, Q) and (E', 7/, Q) be fibered manifolds and let ® : Jym — E’ be a

morphism over idq. The symbol of ® is defined to be
o(®) =Vdoe: 1S T Q® (n8)*Vr — Vr'.

The following proposition relates the definition of the symbol as a family of vector spaces

with that as a map.

Proposition 2.8 Let 7 be a fibered manifold as above and let pr, € Ry C Jgm. Then the
following sequences are exact:

. a(®)|
1. 00— Gplp, —=SkT7, () QB Var ()T *T;ICVCP(;D;C)WI ;

AVWII:—l‘Vﬁk
2.0 > Gk‘pk Vi, Tk Vﬂlﬁ,l(pk)ﬂk71 .
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Sketch of the proof: The proof of exactness of the first sequence follows from the following

commutative diagram:

0 0
Gl SkT: - Q@V. (1) 2L v /
0 klpr k(o) 7k i) \T) ——> Vo (p,)T™

| |

00— Vﬂg(pk) (ﬁ'k) - > ng(pk) (’ﬂ'k)

Va o)™
where the bottom row is exact. Similarly, for the second sequence, one should consider the

following exact commutative diagram:

0 0
l lAVWk_ lva
0 G lpy Vi Tk S V”Zq(ﬁk)ﬂ-k—l

L,

0 > Vpﬂ’/f;—1 > Vpkﬂ-k‘ > VW

Z_l(pk)ﬂ—k_l 0

The second row is exact since VT['Z_I is an epimorphism of vector spaces. |

Note that Gg is not always a vector bundle over V. The first statement of Propo-
sition 2.8 reveals the relationship between Definition 2.5 and Definition 2.7, by basically
identifying the kernel of the symbol map at p; with Gg|,,. The second statement of
this proposition, along with the affine structure of jet bundles, shows that the symbol
of a partial differential equation can be identified as the highest order component in the

linearization of the equation.

Prolongation of symbols. We establish a process for prolonging the symbol of a
partial differential equation. This process can be obtained in a purely algebraic manner
[24]. Let (E,m, Q) be a fibered manifold and Ry C Ji7 a partial differential equation. We
fix a point pp € Ry, we let © = m(px), and we let {e!,... e"} be a basis for TQ. We

denote an induced basis element for S TXQ by e'te® ... e where iy,...,ix € {1,...,n}
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satisfy i1 <9 < --- <4y, For k,r € Z>0, we define the natural inclusion Ay ;. : S, T;Q —

S, TEQ ® S, T;Q by

i1 02 i . 1,02 ( Irt1 i
Apr s Ay, €€ € = Agy iy el e @ et et

The map Ay, can be extended naturally to
Ak,r ® idyy : Sk+rT;Q & Vﬂg(pk)ﬂ — STT;Q X SkT;Q ® Vﬂg(pk)ﬂ'

Let @ : Jym — 7’ be the local morphism associated to Ry and let o(®) be the associated
symbol map. With G|, = kero(®)|,,, we establish the rth-prolongation of the symbol

using the following definition.

Definition 2.9 Let Ry C Jip7 be a partial differential equation. For each p, € R; with

x = m(pk), the map
pr(0(®)lp,) : Skar ToQ O Vo)™ = S TLQ® Vo'

defined by (ids, T:q ® o(®)|p,) © (A, ® idvy) is called the rth-prolongation of o(®)|p, . Its

kernel is denoted by p,(Gg|p,) and is called the rth-prolongation of the symbol.

Remark 2.10 Even if G is a vector bundle over V7, p,(Gy) might not be a vector bundle

over V7. In case it is, we sometimes use the notation Gg., instead of p,(Gg).

2.1.3 Formal integrability

Given a partial differential equation, we would like to study the existence of solutions.
Specifically, we would like to construct the solutions of a given partial differential equation
by constructing their Taylor series order by order. Since the theory we use rests on the
Cauchy—-Kowalevski theorem, we assume analyticity of all the data. We start by giving a

formal definition for solutions.
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Definition 2.11 Let (E, 7, Q) be a fibered manifold and let Ry, C Ji7 be a kth-order partial
differential equation. A local formal solution of order k is a pair (§, U), where U is an open
subset of Q and & is a section of Ry over U. If Ry is regular, one can define a formal solution

of order (k + ) as a pair (g4, U), where &, is a section of Ryy,.

One can come up with examples which are not “formally integrable” in the sense that

one cannot iteratively construct a solution as a Taylor series; see Example [2.22.

Definition 2.12 Let (E, 7, Q) be a fibered manifold and let Ry C Jxm be a regular partial
differential equation. Then Ry is formally integrable if the maps W’,jfr:“ : pr+1(Rk) — pr(Ri)

are epimorphisms of fibered manifolds for each r € Z>.

Note that in our definition of formally integrable we assume that Ry is regular.

Proposition 2.13 If Ry is formally integrable then p,(Gy) is a vector bundle over Ry for

each r € Z>.

Proof: As Ry is formally integrable, 7'(']]:_—:::—’_1 is an epimorphism and so locally of constant

rank. Then the following short exact sequence
00— Gpyry1 —> Vg1 —= Vg —=0

yields that Gy, is of constant rank. [ |

The d-sequence. Another purely algebraic construction which is used extensively for
the formal theory is the d-sequence. The J-sequence has been utilized by Spencer [43] in the
theory of deformation of structures. We describe this construction in the partial differential
equation framework, omitting some details, and we construct the d-sequence for T*Q which
provides a characterization of the d-operator with the fiberwise exterior derivative on the
set of differential r-forms on T*Q. Generally, there is no necessity for a manifold structure
and one can give the construction of the J-sequence in a purely algebraic fashion [24].

We start by characterizing A, T*Q ® S T*Q as a subset of differential r-forms on T*Q.

First we give the following lemma.
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Lemma 2.14 Let V be a R-vector space and denote by
PV) = {f: V=R f(x) = Ala,....z), AeT)V}

the homogenous polynomial functions of degree k. Then, for f € Py(V), there exists a
unique A € SV such that A(x,...,x) = f(x) for each x € V.

Proof: We first prove that A exists. Take B € TOV. If f(v) = B(v,...,v), for v € V, we
define A by

A(vi,...,vx) = Sym(B)(vi,...,v),

which is symmetric by definition and f(v) = A(v,...,v). In order to prove the uniqueness,
we show that if A € S,V satisfies f(v) = A(v,...,v) for all v € V, then A = A. Note that if
Ac TV then
2 2 2
Z A(vg(l),vg(g)) = A(Z (T Z Vj,) Z A( (v, v5,)-

€Sy J1=1 J2=1

An inductive argument shows that for Ae TgV

k k
D Aoy Vo) = A vjrs s Y v5,)
geS jl_l o
_Z Z Ujl -—|—Ujl,...,1}j1-|-..._|_vjl),

=1 j1,..,J1

where {j1,...,51} € {1,...,k} whose elements are distinct. Thus if A € S,V satisfies
f(w)=A(v,...,v) forallv eV,

A 1 A
Alvs, .. ) = 45 > Aoy Vo))

ceBy
1
:l{:l(fvh"-a Zz.fvjl '+vjl))
’ = 1.]17 7.]1
:A(vl,...,’uk).
Thus A is unique. |
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Lemma 2.15 The following map from A, TiQ ® S TEQ to the set of differential r-forms

on T:Q is a monomorphism of R-vector spaces,
Orr(a@A)(u)(vr,...,v) =AU, ..., u)a(ve, ..., vp),  V1,...,0 € T, T,Q=T,Q,

where x € Q and v € TEQ.

Proof: The map ¢y, is linear by construction. We need to show that it is injective. Suppose

that ¢p (A1 ® a1 + -+ A; ® ;) = 0. Then

ZAa(u, oo w)ag (v, .o v0) =0
a=1

for all vq,...,v, € TiQ. If uy,...,ur € TiQ, then, by the previous lemma, for each

a€{l,...,i} we have

k k
Ag(ui, ... ug) :Aa(z Ujyy ey Z uj,.)

Ji=1 Jrk=1
k—1

_Z Z Aa(ujl ot Uy, Uy +”'+ujl)'
I=1 j1,.-,1

As a result, we have

i i k k
ZAa(ula cee yur)aa(vla cee ,Ur) = Zaa(vly cee 7Ur)Aa(Z Ugyy ooy Z ujk)
a=1 a=1

Jji=1 Jek=1
i k—1
ST Aalug gy e ug) =0,
a=11=1 j1,...ji

where the last equality holds by assumption; thus 22:1 Aq ® ag = 0 and the map ¢, is

injective. |

The preceding characterization basically identifies the symmetric tensor part of A, T;Q®
S;T:Q with a homogeneous polynomial function of order k. Let d, be the exterior derivative

on T;Q restricted to differential r-forms. One can define a linear map 6,5 : A, TLQ ®
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SET:Q — A1 TEQ ® Skp—1T2Q by asking that the following diagram be commutative:

O
ATIQRSTIQ —5% A 1 TEQ® Sp1 TEQ

J/(bk,r J/(bkl,r«kl

dy .
Fw(ArT;Q) r~ (Ar—‘rlTxQ)

Explicitly, for « € A, TEQ and A € S, T:Q,

Orp(a @A) (1, Vpg1, UL, -, UR—1)

r+1
= Z(—l)JJrlka(Ul, N ,?fj, v ,UTH)A(vj,ul, v ,uk,l).
j=1

In other words, the d, j, operator imitates the exterior derivative on the space of differential
forms on T;Q with polynomial coefficients when we identify the symmetric homogenous
polynomials of degree k with a symmetric k-tensor.

It turns out that the following sequence, the so-called kth §-sequence, is exact (here we

simply denote 6, ; by ¢)

0—=S$TIQ 2> T*Q® Sk THQ —2> - -

O A TEQ® SEn TEQ —— 0

The exactness is the Poincaré lemma for the class of differential forms. Let R, C Jipm be a

partial differential equation. Consider the following exact and commutative diagram:

or [
0—> AT Q® Grprit — AT QD Sy T Q@ VA YA T*Q ® S, T*Q & Vi
|

) l(S lé
or(P)

y
0—=AiT"QAGpyr —= A1 T QO S5, T QO VT —> Ay 1 T'Q @ S, T"Q @ V7'

The map ¢ induces a new J-sequence for the symbol at each point. Note that sequences
involving the symbol shall really be specified at each point and for the sake of simplicity we

omit the point. What is more, there is no guarantee that this sequence is exact in general.
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Summarizing, we have the following graded differential complex

OHGk—ﬁ-r#T*Q@Gk—i—r—l H(S'

2o AT Q® Gl — 0. (2.1)

We denote by Hj . (Gg) the cohomology at A;T*Q ® Gpy—s of this complex and we call

it the Spencer cohomology group of degree k + r — s:

HZ—H’—S(G’C) = ker(‘SS,kJrrfs)/Im((ssfl,k+r+1fs)‘

Gy, is said to be m-acyclic if sz =0forall0<s<mandr>0.

Definition 2.16 Let Q be an n-dimensional manifold and let R, C Ji7m be a partial differ-

ential equation as above. If the symbol is n-acyclic it is called involutive.

By definition, a symbol is involutive if and only if its corresponding d-sequences are
exact. In particular, the symbol of the trivial system of partial differential equations is

involutive.

Remark 2.17 The concept of involutivity is critical in the formal theory of partial differ-
ential equations, and is not easy to grasp at first glance. It is simply not possible to provide
a complete review of the concept in this document. Guillemin and Sternberg relate the
different interpretations of an involutive symbol and actually propose a practical method
for verifying involutivity [25]. J. P. Serre’s complementary note in the appendix of this
paper completes the picture by relating the sequence given in Equation (2.1) to the Koszul

complex.

We next address the concept of a quasi-regular basis and a practical method for verifying
involutivity [42]. Let (E, 7, Q) be a bundle with Q an n-dimensional manifold and z € Q.

Let Rg C Jip7m be a partial differential equation with associated symbol G; and let p € Ry
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be such that m(pr) = 2. Let {al,...,a"} be a basis for TXQ. Let j € {1,...,n}, we define

Grjl(z,pn) = Gklpe N Sk,

where 3; is the subspace of T%Q generated by {a/*1 ... a"}.

Definition 2.18 (Quasi-regular basis) Let (E,7,Q) be a bundle with Q an n-
dimensional manifold and x € Q. Let Ry C Jgm be a partial differential equation with
associated symbol G and let pp € Ry be such that mp(pr) = x. A basis {a!,...,a"} for
T:Q is called quasi-regular if
n—1
dim (Gt 1lpsy) = dim(Gxlp,) + Y dim(Gr iz py))- (2:2)
j=1
The following theorem relates the concept of involutivity to the existence of a quasi-

regular basis; the proof of the theorem can be found in [42].

Theorem 2.19 (Criterion of involutivity) Let Ry € Jim be a partial differential equa-

tion. If there exists a quasi-regular basis for T;krk(pk)Q’ the symbol Gy is involutive at

Pk € Rg.

We now have the required machinery for the following central theorem for formal inte-
grability [22]. This theorem is an analogue of the Cartan—Ké&hler theorem and is essentially

a local result.

Theorem 2.20 (Goldschmidt) Let (E,m, Q) be a fibered manifold and Ry, C Jim a partial

differential equation. Assume the following hypotheses:
1. p1(Rg) is a fibered submanifold of Jgii7m;
2. frlljﬂ : p1(Rg) — Ry is an epimorphism of fibered manifolds;

3. Gy is 2-acyclic.
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Then Ry, is formally integrable and thus, given a point pi1; € Reyy with mpy(prs1) = x € Q,

there exists an analytic solution & of the equation Ry on a neighborhood of x such that
Ji(&k)(x) = pryy, where 1 > 1.

Sketch of the proof: Let ® be the local morphism associated to R and recall the affine
structure of p1(Ry) over Ry. Since p;1(Ry) is a fibered submanifold of Jj17, we have Gp11 =
p1(Gyg) as a vector bundle over Ry, and so one can define a vector bundle C = coker(p1(o(®)))

such that the following sequence is exact:

0 Gr41 Sk+1T*Q®V pr(o(D) T*Q®V7r L =C—>0

where 7 is the canonical projection onto C. The essence of the proof is the construction of a
map k : Ry — C as follows. Consider the following exact and commutative diagram where
the upper row is a sequence of vector bundles on which the second row of affine bundles are

modeled:

pi(a(

0__>Gk+1——>sk:+1T*Q®V T*Q®V’—T—>C——>0

I I
p1(®) v

|

\

v v
0 —p1(R1) ———Jpm i
0 Rk 2 !

Let p € R, with m(p) = ¢ € Q and let p’ € Jpi17 projecting to p. By commutativity of the

diagram, p1(®)(p’) projects to ®(p). As a result,
p1(®)(Y) — 71®(p) € T'Q® V'

Let
w(p) = 7(p1(®)(P') — j12(p))- (2.3)

One can show that this definition is independent of the choice of p’ [21]. This map is called

the curvature map. A diagram chase shows that the map k is zero with respect to the

k+1

zero section of the vector bundle C if and only if the map 7, is an epimorphism of affine

k+r+1

bundles. The 2-acyclicity of the symbol implies that 7 is also an epimorphism of affine

bundles for r € Zx>. n

29



If the symbol is involutive, condition 3| is automatically satisfied. We have the following

definition.

Definition 2.21 A partial differential equation Ry, is called involutive at a point p if
1. its associated morphism is of constant rank,

2. there exists a quasi-regular basis at p, and

3. the map 7%],:_“ is surjective and is of constant rank in a neighborhood of p.

Example 2.22 Let Q = R? and E = R3 xR with 7(x, v, 2, f) = (2,9, 2). Let X be a vector

field on Q. Consider the partial differential equation

Rgrad = {(x,y,z,f, fmfyvfz) € ‘ grad(f) = X}

We show that the solutions to this partial differential equation exists if curl(X) = 0. The
symbol map of this partial differential equation is clearly the identity map and hence invo-

lutive. Following the proof of Theorem [2.20, we have the following diagram:

0-->SHTRIQR3 - - >SHT*RIQR3I- - >T*R3® TR3 - - > A,T*R3QR3 — — =0
| | |
| | |

A N rad \
0——— pl(Rgrad) J2R3 pi(grad) J1R3

| | |

00— Rgrad JlRS e

—ad> TR3 ~ Ri’)

The map 7 is defined by the composition of the alternation map and an isomorphism of
T*R? @ TR3 to T*R? ® T*R? which maps e’ to e; for i € {1,2,3}. This alternation map in

coordinates yields
0X' - 0X7 _ 0
oxd Ozt 7

which is exactly curl(X) = 0 as claimed.
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2.2 The space of connections

In this section we fix a fibered manifold (E, 7, Q). As before, we denote by Vr and Ji(),
the vertical bundle and the bundle of k-jets of the fibered manifold 7, respectively [39]. We
start by defining what we mean by a connection. It is not hard to show that the definition
we give is equivalent to the usual construction of a connection as a splitting of the total

space of a bundle on which the connection is defined [38, 13].

Definition 2.23 A connection on a fibered manifold (E, 7, Q) is a section 8 : E — Ji7 of

the bundle 776 :Jim — E.

In natural coordinates (qi,ua,u%) for Jim, a connection has the form (q¢’,u%)
(¢*,u®,8¢), which defines the connection coefficients 8¢, where a € {1,...,m} and i,k €

{1,...,n}. One can define the covariant derivative associated to a connection as follows.

Definition 2.24 Let 8§ : E — J;7 be a connection on a fibered manifold (E, 7, Q). If  is a
smooth local section of E, then the 8-covariant differential of £ is the smooth local section

V€ of T*Q ® £*Vrr defined by

V3€(q) = j1&(q) — 8(£(q)). (2.4)

In natural coordinates we have

Ve = (Zii - sg) dz' @

ous’

If X is a vector field on Q, then the S-covariant derivative of £ with respect to X is
the section of £*Vr defined by V¢ = V8¢(X). A linear connection on a vector bundle
(E,7,Q) is a connection 8 : E — Jy7 that is also a vector bundle morphism over idg. In
adapted coordinates (z*,u?) for E and (2%, u%, uf) on Ji7, a linear connection has the form
(z%,u) — (2%, u?, 8¢, u’) which defines the connection coefficients 8%, for a,b € {1,...,m}

and 7 € {1,...,n}.
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A linear connection § on the vector bundle (TQ,7q, Q) is sometimes called an affine

connection on Q. We have the following proposition which generalizes to vector bundles.

Proposition 2.25 The set of affine connections on a manifold Q is the set of sections of
an affine subbundle of the vector bundle T*Q ® Jimq over Q modeled on the vector bundle
T"Qe T'Q® TQ.

The following proposition clarifies the structure of the space of torsion-free affine con-

nections.

Proposition 2.26 The set of torsion-free affine connections on a manifold Q is an affine
subbundle of the vector bundle T*Q®Jimq over Q modeled on the vector bundle SeT*Q®TQ

given by

Affo(Q) =

(1]

{E€T'Qeding | m5 0 E=idrq, (1Y — E(Y))(X) — (i X —EX))(Y) = [X, Y]}, (2.5)

where X, Y € T¥(TQ) and we think of Z as a vector bundle map from TQ to Jimq.

2.3 The Ricci identity

Let (E, m, Q) be a vector bundle. There is a bijective correspondence between the set of linear
connections 8 : E — Jy7 and the type (1, 1)-tensor fields i]’g on E, where 9318'{ is a projection
operator of constant rank, P¥(X) = 0 for every X € I'“(Vr) and Im(P) & Vr = TE.
Such a projection is called the horizontal projection associated to the connection § [39]. An
integral section of a connection 8 is an analytic local section & of 7 satisfying 71§ = 8(§).
There is no guarantee that such a section exists, even locally. The existence of such an
integral section is equivalent to the vanishing of the Nijenhuis tensor of the (1, 1)-tensor
field PE (see [39,27]). In other words, the Nijenhuis tensor measures the involutivity of the

associated horizontal subbundle and, as a result, the Nijenhuis tensor of 8 is directly related
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to the curvature tensor R[8] associated to 8. Let (¢*,u®) be adapted local coordinates on
a neighborhood U of E with ¢ € {1,...,n} and a € {1,...,m}. Also let {e1,...,en} be a

basis for the local sections of E. The curvature tensor, R[S] € I'Y(E* ® E ® A2 T*Q), can be

written as
08¢ 08,
RISJEy, = 522 + 8485, — (52 + 8555 (2.6)
wherei,j € {1,...,n} and a,b,c € {1,...,m}. One can naturally define an induced connec-

tion on the tensor product of two vector bundles as follows. Let (E1, 71, Q) and (Ez, w2, Q)
be two vector bundles equipped with two linear connections 81 and 89, respectively. There

is a unique connection 8; ®q 82 that makes the following diagram commute:

E1 XQ Eg

T ®Q T2
SIXQSQ\L J(81®Q82

Jymo XQ Jymy —>J1(7T1 ®Q 7T2)

For more information about the induced connection on a fibered product bundle, see [39].
One can use the same procedure to induce a connection 8* on the dual bundle 7*. For our
purposes, we consider the tensor bundle (E ®q E, 7 ®q 7, Q), where 7 : E — Q is a vector
bundle. Let (z°) be local coordinates for Q and let (2%, u®) be adapted coordinates for E,
where ¢ € {1,...,n} and a € {1,...,m}. Denote an analytic local section of E ® E by
£ = ¢%e, @ ey, where {e1,...,en} is a basis for local sections of E and a,b € {1,...,m}.

Then the covariant derivative with respect to 8 ® 8 can be represented by
VIS = 1€ — (8 @ 8)(€).

We have the following representation of the covariant derivative with respect to the induced

connection 8 ® 8 in local coordinates:

ab
ai - chgd) - Sg)cgac’ (27)

S®8¢yab
(v é.)l axl 2
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where ¢ € {1,...,n} and a,b,c € {1,...,m}. Using Equation (2.6), one can show that the

associated curvature tensor for § ® 8 is

R[S ® 8]45,,6°% = R[8]%;6 + R85, (2.8)

The vanishing of the curvature tensor is an obstruction for the involutivity of the horizontal
subspace of T(E®E) associated with the induced connection S®8. The relationship between
the curvature tensor of a tensor product bundle and the curvature of the underlying bundles
leads to the Ricci identity [15]. In the literature this identity is typically introduced through

the following lemma.

Lemma 2.27 Let (Q,G) be a Riemannian manifold equipped with a symmetric affine con-

nection 8. Then the following identity holds and is called the Ricci identity:
(VXVYG - VyVxG — V[X,Y]G)(Zv W) = G(R(Xv Y)Za W) + G(Z7 R(Xa Y)W)7 (29)

where X, Y, Z, W € T¥(TQ).

Proof: The proof follows from a direct computation using Equation (2.7) to compute the

covariant derivative of G with respect to a vector field. |

Remark 2.28 We state the following remarks for future use.

1. Lemma 2.27 can be extended to any (0, 2)-tensor on Q, but for our purposes we state

the lemma for a metric G on Q.

2. The Ricci identity appears when one tries to find a set of necessary conditions for a

metric to be associated to a given symmetric affine connection; see [18 [46].
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Chapter 3

Geometric formulation of partial
differential equations in energy

shaping

We give a formulation of the partial differential equations of the energy shaping problem
using the theory of partial differential equations presented in the previous section. This
formulation is an integral part of our approach since it places the energy shaping problem

into the realm of the formal theory of partial differential equations.

3.1 Kinetic energy shaping

We provide a jet bundle structure associated to the kinetic energy shaping system of par-
tial differential equations. This system of partial differential equations involves the affine
subbundle description for the set of torsion free connection; see Section 2.2.

Let (S5 T*Q, g, Q) be the bundle of Riemannian metrics on the configuration manifold
Q. One can generalize the definitions in this section by allowing metrics with other signa-
tures; see Remark [3.7. Let (B, 7g, Q) be the bundle of gyroscopic tensor fields on Q; thus
B = Gyr(TQ) Nker(Alt). We have the following definition.
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Definition 3.1 The kinetic energy shaping bundle is the fibered product bundle (KS, 7 =
7g XQ T8, Q), where KS = S T*Q xq B. We denote by m and my the projections onto the

first and second factors.

In local coordinates, a typical fiber over ¢ € Q is a pair (G(q),B(g)) and coordinates for
Jim are denoted by (¢, Gyn, Bipg, Gjk,a, Bipg,p), where we denote the derivatives of G, and
By, respectively, by G, and By, .

Define the “Levi-Civita” map érc : Jimg — Affo(Q) by ¢rc(1G) = VE. Let Xy =
(Q, Gor, Vo1, 0, Wo1) be a given open-loop simple mechanical control system and let (KS, 7, Q)

be the kinetic energy shaping bundle. We define the following projection:
mw: GT Qe T Qe TQ) — G (TQe T'Q® T*Q)/G!,(Wy © T"Q® T*Q) = X,

where we use the extended definition of sharp map; see Equation (1.1). We now have
the required tools for defining the kinetic energy shaping partial differential equation as a

submanifold of Jy7.

Definition 3.2 Let (KS,7, Q) be the kinetic energy shaping bundle. If my and ¢rc are,
respectively, the projection and the affine connection map defined above, the kinetic energy

shaping submanifold Ry C Jim is defined by
Riin = {p € Jim | Piin(p) = 0},
where @y, is the kinetic energy shaping map given by

Dyin(p) = mw (¢rc(G1m1(p)) — drc(im(po))) — mw(m (p)*m2(p)),

where the last term involves gyroscopic forces.

One can represent the governing system of partial differential equations for the kinetic
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energy shaping problem by the following exact sequence:

q>in
0 Riin Iy — g

where Ry, is the kernel of @y, with respect to the zero section of X.

3.2 The M-method

In this section, we recall a differential geometric approach to the kinetic energy shaping
problem from [7,5]. The main idea is to transform the set of quasi-linear partial differential
equations from the previous section into a set of linear partial differential equations in
terms of a new variable. In the following definition we introduce a set of partial differential
equations which is the main component of this equivalent system.

The following theorem gives the desired transformation.

Theorem 3.3 Let ¥, = (Q,Gol, Vor, For, Wo1) be an open-loop simple mechanical control
system. Let P € T¥(T*Q ® TQ) be the Ggj-orthogonal projection as in Section [1.1. Let
Ga € T¥(SIT*Q) and let B be a quadratic gyroscopic tensor. If G';l = (G‘if(b:1 o\ for A €

I'“(T*Q ® TQ), then the following two conditions are equivalent:
1. P(VEX - V3IX — GY o B’ (X)) = 0, where X € T¥(TQ);

2. (a) V3N (Ga\)(PX,PY) + LBAPX,\PY) + B(APY,\PX),Z) = 0 and
(b) V5 Gu(Z,Z) + 2Ga(VEIAPX, Z) = 2Go (V3 PX, Z) — 2(APX,B’(Z)),

where X,Y,Z € T'“(TQ).

In order to prove this theorem we need the following lemma.

Lemma 3.4 Let (Q,G) be a Riemannian manifold and let W be a codistribution on Q. Let

P eT¥(T*Q® TQ) be the G-orthogonal projection and let G € T (SFT*Q). If

P(VSIX —VEX —GHoB (X)) =0, VX el“(TQ),
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then

1. for X, Y € I'Y(TQ) we have
P(VSY - VSY) = —1PG o (B(X +Y) - B (X) — B’ (Y)), (3.1)

and

2. for G=GgoA for e I“(T*Q® TQ) we have
2G(P(VipxZ — Viiix 2), X) = VE(GN)(PX, PX), (3.2)

where X,Z € T (TQ).
Proof: We begin with the first statement. Note that since the connections are torsion free,
VRY - VY = VEX - ViU X.
We have
P(VSY - Vv¥Y) = 1P(VvSY - VY + VEX — Vi X)
= §P(Viiy (X +Y) = Vi (X +Y)) = 3P(VE(X) - Vi (X))
— 3P(VE(Y) = vy (V)

= — PG} o (B(X +Y) — B'(X) - B(Y)),

where X,Y € I'“(TQ).
For the second part, recall that for the Levi-Civita connection V€ associated to G one
can write
2G(V}Y, Z) = LxG(Y, Z) + LyG(Z, X) — LzG(X,Y)
+G(X, Y], 2) + G([2,X].Y) - G([Y, Z], X). (3.3)
Moreover, we have

Lx(G(Y, 2)) = G(VRY, Z) + G(Y, V5 2). (3.4)
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Thus

2G(P(VSpxZ — V5 Z), X) = 2G(VSpx Z, PX) — 2G(V5s, Z, PX)

= 2G(VSpx Z, PX) — 2Ga(VSs, Z, APX).
We use Equation (3.3) to get
2G(P(VSpxZ — V%}XZ),X) = APXG(Z,PX)—- PXG(\PX,2Z)
+G([PX,\PX],Z) - G([Z,PX],\PX) + G([Z, \PX],PX). (3.5)
Expanding the terms using Equation (3.4), after some simplification, we have
2G(P(VSpxZ — V58 7), X) = G(VE(A\PX), PX) — G(VEPX, \PX).

Note that

Lz(M(X)) = VZ(A)(X) + A(VZX).
As a result,

2G(P(VSpxZ — V5, Z), X) = G(VEN)(PX) + M(VSPX), PX) — G(VEPX,APX)
= G((VEN(PX), PX) +G(\(VEPX), PX)
— G(VEPX, APX)

=G((VENPX, PX).
Since VEG = 0, one can write
2G(P(VSpxZ — V5e, Z), X) = VE(GN)(PX, PX), (3.6)
which is the desired result. n
Proof of Theorem [3.3: (1)=-(2)] We first assume that G, and B satisfy
P(VSIX —V5IX -G oB (X)) =0, VX eI“(TQ).

Using the second part of Lemma 3.4 we have

2G o1 (P(Vie Z — V5 Z), X) = V2(Go\) (PX, PX). (3.7)
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By the first part of Lemma 3.4/ we have
P(VSa Z —V5d. Z) = 1 PG o B (A\PX + Z) - B°(\PX) — B’(2)).
Using Equation (3.7) we get
2Goi(—3 PG, o (B°(APX + Z) — B (APX) — B(2)), X) = V(G \)(PX, PX),
which can be written as
Vz(Go\)(PX, PX) + (B°(A\PX + Z) — B’ (APX) — B’(Z),APX) = 0.

From the definition of the flat operation we have (B’(Y), X) = B(X,Y,Y). Also recall that
the gyroscopic tensor is antisymmetric in the first two arguments. We can then expand the

right hand side of the previous equation to get
V2(Ga\)(PX, PX) = B(APX, Z, \PX) = —(B(APX, \PX), Z).
Notice that GoA and Vz(GgA) are both symmetric (0, 2)-tensors. Thus we have
V2(GaA)(PX,PY) + $(B(APX,APY) + B(APY,APX),Z) =0
for all X, Y € I'Y(TQ) which is (2a). In order to prove (2b) we have

LapxGa(Z, Z) = Ga(V58y Z, Z) + Gu(Z, V58, Z)
= 2Ga(V3px 2, 2)
= 2Ga(VSIAPX — [Z,\PX], Z)

= 2Ga(VEIA\PX, Z) — 2Ga([Z, \PX], Z).
As a result,

LapxGa(Z, Z) + 2Ga([Z, \PX), Z) = 2Ga(VSIA\PX, Z)
= 2L,Go(PX, Z) — 2G(PX, V5 Z)

= 2L.;Go(PX, Z) — 2G(X, PV Z).
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Now, from the kinetic energy shaping system of partial differential equations, we have
PVSiZ = PVSIZ + PGB (Z).
Therefore,

L)\prcl(Z, Z) + 2GC1([Z, )\PX], Z)
= 2L,Go(PX, Z) — 2Goi(X, PV3" Z + PGB (2))

= 9Go(V3' PX, Z) + 2Go)(PX, V51 Z) — 2G4 (X, PV Z + PG! B’ (2)).
This gives
LapxGa(Z,Z) 4+ 2Gu([Z, \PX], Z) = 2G (Ve PX, Z) — 2(\PX, B’ (2)),

which is (2b).
(2)=(1): We have to prove that if A\ = Ggl 0 G’, and if G and B satisfy the set of
extended A equations and the closed-loop metric equation given in part (2) of the theorem,

then (G, B) is a solution to the kinetic energy shaping problem. We compute

Ga(P(VE X — VX + GLB (X)), 2)
= Gu(VE' X — VX 4+ G B (X), PZ)
= Go(VE'X, PZ) — Ga(VY' X, \PZ) + (B’(X), \PZ)
= LxGo(X, PZ) - Ga(X, V5 PZ)
— LxGa(X,A\PZ) + Ga(X,VYIAPZ) + (B (X), \PZ)
= — Gu(X,VSIPZ) + Ga(X,VSIAPZ) + (B’ (X), \PZ)
= — Gu(X, VI PZ) + Ga(X, Vi, X) + Ga(X, [X,\PZ]) + (B’ (X), \PZ)
= — Gu(X,V'PZ) + L LrpsGa(X, X) + Ga(X, [X,\PZ]) + (B*(X), \PZ)
= —Gu(X, V' PZ) + Go(V5'PZ, X) — (A\PZ,B"(X)) + (B°(X), \PZ)
=0.
As a result,
PV X - VX + GLB (X)) = 0,
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as desired. ]

From part (2) of the previous theorem we see that the kinetic energy shaping partial
differential equation is equivalent to two partial differential equations, one for A and one
for obtaining G from A. We will study these partial differential equations in detail in

Chapter 4, but for now let us define them.

Definition 3.5 Let Q be an n-dimensional manifold and let G € F‘“(SéF T*Q) be a Rie-
mannian metric on Q. Let W C T*Q be a subbundle and let P be the associated G-
orthogonal projection map as in Section [1.1. The following set of partial differential equa-
tions with A € I'’(T*Q ® TQ) and B a gyroscopic (0, 3)-tensor field as dependent variables

is called the extended A-equation:
VE(GN)(PX,PY) + %(IB%()\PX, APY) + B(APY,\PX), Z) =0, (3.8)

where X, Y € T¥(TQ).

Definition 3.6 Let Q be an n-dimensional manifold and let G € F“’(S;T*Q) be a metric
on Q. Let W C T*Q be a subbundle and P € T'(T*Q ® TQ) be the associated projection
map as above. Also let A € I'Y(T*Q ® TQ) and let B be a gyroscopic (0, 3)-tensor field on
Q. The following set of partial differential equations with G, € I'“(S2T*Q) as unknown is

called the extended closed-loop metric equation:
VSeoxGa(Z,Z) + 2Ga(VEAPX, Z) = 2G(VSPX, Z) — 2(\PX,B’(Z)),  (3.9)

for X,Y,Z e T¥(TQ).

It is clear that the A-equation is a first-order linear system of partial differential equa-
tions. The word extended is due to the presence of gyroscopic forces. Theorem 3.3 is an
intrinsic version of what has been presented in [7]. Different versions of the proof have been

given in [5, 6] and modified with presence of gyroscopic forces in [16]. One should note that,
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by solving the A-equations, we only obtain the restriction of A to T“(W+ @ T*Q). As in [6],

we assume that one solves the kinetic energy shaping problem in the following steps.
1. Find the set of pairs (A, B) which satisfy the extended A-equations.

2. Use the set of solutions to the A-equations to find a closed-loop metric G as a solution
to the extended closed-loop metric system of equations. This closed-loop metric will
be a solution to the kinetic energy shaping problem by the statement of Theorem 3.3.
Moreover, all the solutions to the kinetic energy shaping problem can be produced by

this procedure.

Remark 3.7 Note that there is no assumption on the positive-definiteness of the closed-
loop metric. In other words, one may very well achieve a closed-loop metric which is not

positive-definite, but which could possibly lead to a stabilizing energy shaping feedback.

3.3 The A-method partial differential equations

In this section, we formulate the two partial differential equations for the A-method in the
language of jet bundles. We make the simplifying assumption in this section that B = 0.
Assume that W is an (n — m)-dimensional integrable subbundle of T*Q, where m is the
number of unactuated directions. In this section, for simplification, we fix the notation

G = G,1. We use the same notation in Sections 4.1 and 4.2.

3.3.1 The equation Ry,

With the assumptions above, the set of A-equations we consider in this section is
V(@GN (PX,PY)=0, X,Y,ZcTI¥TQ),

where A € T¥(T*Q ® TQ), G is a metric on Q and P € T'“(T*Q ® TQ) is the G-orthogonal

projection as before. We denote by W+ the G-orthogonal complement of W and by MwieTq
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the restriction of A to W= ®TQ. Consider the bundle 7 : W-®TQ — Q and let Ay 571q(q)

be a typical fiber element over ¢ € Q. We define the bundle map

b Jyr — T*Qe Wt o Wt

71\l wretq) = VE(GN) mpemmp, (3.10)

In an adapted coordinate system (g%, \2) on W+ ® TQ and (g%, A, X? ,) on Jy,

y ‘ar a,k

B’ Ny M) = (6, Gaidl g, + Cai kM — 81,GsiXy — 87,Gidl), (3.11)
where 8§k, i,j3,k € {1,...,n}, are the coefficients of the Levi-Civita connection associated

to G, and k € {1,...,n}, a,b € {1,...,m}. Thus we define
RL={p€ ir | ®(p) =0}
to be the submanifold of Jy7 corresponding to the A-equation.

3.3.2 The equation Rg

With the assumptions above, the closed-loop metric equation is

VerxGu(Z, Z) + 2Ga(VEAPX, Z) = 2G(VS PX, Z),

for X,Y,Z € I“(TQ). Consider the bundle (SoT*Q, 7, Q) and let W and P be, respectively,
the integrable control codistribution and the G-orthogonal projection, respectively, as in
Section 1.1. Let A be an automorphism of TQ and denote a section of W+ @ TQ by
AwigTq- Define the bundle map Ty : Jim — T*Q ® S2T*Q by Y1(j1Ga) = VEGy. Also
define a bundle map

Yo:Jim— Wt @ ST *Q
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To(X, Z, Z) = 2G4 (VEA\PX, Z) — 2G(VSPX, Z).

Let Ug: T*Q ® S9T*Q — W+ @ S3T*Q be the bundle map given by
(8@ A)(PX) = BAPX) @ A,

where § € T“(T*Q) and A € T%(S2T*Q). Observe that the map Uy is surjective. Finally,
define & = Yo T + Y. Thus Rg = ker & gives the extended closed-loop metric system

of partial differential equations.

3.4 Potential energy shaping

In this section, we explore aspects of potential energy shaping. First, we recall the result of
Lewis [32] regarding potential shaping after kinetic shaping has been done. Then we couple
the sufficient conditions of Lewis [32] with the A-equations from the previous section. In this

way, we can understand how kinetic energy shaping can influence potential energy shaping.

3.4.1 Sufficient conditions for potential energy shaping

We recall the results for potential energy shaping after kinetic energy shaping from [32].
Denote the bundle automorphism GZI o GE] by Aq. Define a codistribution W, = AC_II(WOI)
and assume that this codistribution is integrable. Let (PS = QxR, 7, Q) be the trivial vector
bundle over Q, so that a section of 7 corresponds to a potential function via the formula
g — (q,V(q)). We define a T*Q-valued differential operator ®4(V') = dV which induces
a vector bundle map ®po @ Jim — T*Q such that Dy4(V)(q) = Ppot(j1V (g)). Similarly to

what we did for kinetic energy shaping, we denote by
ﬂ'wcl : T*Q — T*Q/Wcl

the canonical projection.
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Definition 3.8 Let X, = (Q, Goy, Vor, Fo1, Wo1) be an open-loop simple mechanical control

system. The submanifold R,o; C Ji7 defined by

Rpot = {p € J17T ‘ W, © (Ppot(p) = TTw, © A&ld%l}

is called the potential energy shaping submanifold.

Let m : Jim — Q be the canonical projection. Lewis [32] gives a set of sufficient
conditions under which the potential shaping problem has a solution. The proof follows from
the integrability theory of partial differential equations; in particular, the potential energy
shaping partial differential equation has an involutive symbol. We recall the definition of

(Go1-Ge)-potential energy shaping feedback from [32].

Definition 3.9 A section F of W is called a (G-G.)-potential energy shaping feedback if

there exists a function V; on Q such that
F(q) = AadVi — dVq, q€Q.

The following theorem implies when one can construct a Taylor series solution to the

potential energy shaping partial differential equation order-by-order.

Theorem 3.10 Let X = (Q, Goy, Vor, For, Wo1) be an analytic open-loop simple mechanical
control system. Let Gq be a closed-loop analytic metric. Let py € Rpor and let gy =
m1(po). Assume that qo is a regular point for W and that W = A;lwol is integrable in

a neighborhood of qy. Then the following statements are equivalent:

1. there ezists a neighborhood U of qo and an analytic (Go-Ge)-potential energy shaping
feedback F € T (W) defined on U which satisfies

Dpot(po) = AadV (q0) — dVii(qo) + A5 dVai(go),

for a solution V' to Rpot;
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2. there exists a neighborhood U of qo such that d(A;ldV})l)(q) € la(Walq), where we
denote la(Walg) = |(Weilg) N A2(T;Q) and the algebraic ideal |(Wal,) of A(T,Q) is

generated by elements of the form v Aw with v € Wel,.

The theorem gives a set of compatibility conditions for the existence of a (G -Gg)-
potential energy shaping feedback. Moreover, one can give a full description of the set of
achievable potential energy shaping feedbacks. Let ¢ = Aaldvol. Let us use a coordinate

system (q',...,¢") on U a neighborhood of gq such that
Welgo = span(dg™™!, ..., dg").

In these local coordinates we write the one form «g as ag = ozjdqj and compatibility

conditions become:
O 7 30@;
oqt O

=0, dje{l,...,m} (3.12)

Remark 3.11 One can make the following observations about the potential energy shaping

problem.

1. The choice of G affects the set of solutions that one might get for potential energy
shaping. A bad choice of Gg might make it impossible to find any potential energy
shaping feedback. As a result, if one is able to have an understanding of the set of
closed-loop energy shaping metrics, then the condition given by Equation (3.12) is an
obstruction that detects the closed-loop energy shaping metrics for which their exists
a potential energy shaping feedback. We give a complete description of this problem

in Section [4.3.

2. Following [32], if we denote the set of all solutions for the potential shaping problem
by

PSgy = {Va ® Fa € C“(Q) @ I*(Wa) | dVaa = Fa + Ag'dVar, Valao) = 0},

one can describe the whole set of solutions as an affine subspace of C*(Q) & I'*(Wa1)
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modeled on the subspace

L(PSy) = {f @B € C*(Q) &I (Wa) | df = S}.

3.4.2 The equation Ry

The sufficient condition for integrability of the partial differential equation in potential
energy shaping, given in Equation (3.12), can be seen as a nonlinear partial differential
equation with the dependent variable A = GZI ) Gﬁl. The following commutative diagram

shows the relationship between A and A:

Any condition on A imposes conditions on A and vice versa. Through these conditions, we
can find the obstruction that the potential energy shaping integrability condition imposes
on the set of solutions to the A-equations. The solutions of the A-equation which give
rise to potential energy shaping are the ones that satisfy the partial differential equation
obtained from Equation (3.12)), with the dependent variable A. Thus we wish to analyze the
integrability of the partial differential equation obtained from Equation (3.12). We make

some algebraic constructions.

An algebraic construction Let V be a finite-dimensional R-vector space. Let D be a
subspace of V*. The algebraic ideal (D) of A(V*) is generated by elements of the form
v Aw, where v € D. For k € Z>( we denote I(D) = (D) N Ax(V*). For © € Aut(V*), we
wish to understand I2(©(D)).

Lemma 3.12 We have 12(0(D)) = (© @ ©)(l2(D)).
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Proof: Let {v!,...,v"} be a basis for V*, and suppose that

D = span{v™ " ™2 "}

v
One can identify l3(©(D)) by
lo(©(D)) = span{O(v/) AO(v) | m+1<j<n, 1<i<n}
If one extends © to © ® © on V* ® V* in the usual way, we have
0 © O(12(D)) = span{O(v/) AO(v') | m+ 1 <j <n, 1 <i<n},

as desired. [ |

Lemma 3.13 Let « be an analytic local section of (T*Q,m, Q) in a neighborhood U of Q
and let D C T*Q be a subbundle. Then da € l2(©(D)) if and only if

0 '® 071 (da) € Iy(D).

Proof: Note that (B®0)~! = ©1®0~! and so the proof follows from the previous lemma.
[ |

Proposition 3.14 Let Q be an n-dimensional manifold and let 3 # 0 and « be analytic
local sections of T*Q such that o = O(f3), where © € Aut(T*Q). Let U be a neighbor-
hood of p € Q. Given D, an integrable subbundle of T*Q with adapted local coordinates

{dg™*,...,dq"} as above, we have da € l3(©(D)) in this neighborhood if and only if
k dar

00! o
k k k 1 YPI

where i,7 € {1,...,m} and we denote O~ by A.

Proof: Using Lemma 3.13 we have

06! op . .
—_ AEAP k 1 YR i J
da = AiAj <8xpﬁl +®k8xp> dg' Ndg’.
The proof follows since AsT*Q = I3(D) @ Az(D™). [ |
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Partial differential equation We consider the system of partial differential equations
of Proposition [3.14] with the automorphism © as unknown. One can easily observe that
this system of partial differential equations is equivalent to the system of partial differential
equations one would obtain by assuming Equation (3.12)) as a partial differential equation
with unknown A~'. We consider nonlinear partial differential equations as described briefly
in Section 2.1. More details on the formal integrability of nonlinear systems of partial
differential equations can be found in [22].

Let (Q,G) be an n-dimensional Riemannian manifold and let W C T*Q be a subbundle.
Consider the vector bundle (7, (W ®q TQ)® (Wt ®qTQ), Q) with a typical fiber (¢, 0(q)®
A(q)) and denote its first jet bundle by Jim. We define the following system of partial

differential equations in a neighborhood U of ¢y € Q:

Rr={j1(@®A) € Jim | 1(j1(© & A)) = 0},

where &1 can be written in adapted local coordinates

, 00 o)
ot (00 A)) = (Aka - atar) (Fka+ elgh).

where 4,7,k € {1,...,m} and § € I'“(T*Q). This system of partial differential equations
is quasi-linear and so we need to use Definition 2.7/ to find the symbol. We look at the
linearization of the partial differential equation about a given reference point. Let ©(q) @

A(q) be a typical fiber of 7. If we linearize the system about this point we have

(((akt+ Abyabe+ A7) - (Abt+ ARy (abe+ A7)

<8(®§€t +Oh)
X _— v
oq”

G
dt 1+=0
B+ (Ot + @m))
o0k
g B

_ -7 = 8@l 85
kAT kAT k l l

— (AFA] + AjAF - AFAT - ATAY)
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The effect on the reference point of the linearization should be investigated carefully. For
now, we consider the linearization of the system about a point p € Ji7m with Tré(p) =
(id|rqeqew: ® id|rqeqw:)- The reason for this choice is that the identity solution for ©
refers to the open-loop system which is always a solution to the energy shaping problem.
Thus we study the linearization of the nonlinear system about the open-loop solution. We
emphasize that the involutivity results of Section 4.3 are independent of the choice of point

of linearization. We have the following linearization of ®1 about p:

. oo, , 98] 100 1 9B
V(1) (j1(O & A)) = (aqj b= g B ) + @55~ Oig5): (3.13)

where we have utilized the fact that VJim = J;Vr [34].
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Chapter 4

Formal integrability of energy
shaping partial differential

equations

In this chapter we present some integrability results for the partial differential equations
appearing in the previous chapter. The results rely on the formal integrability theorem of

Goldshmidt, Theorem [2.20.

4.1 Formal integrability of R,

In this section, we apply the integrability theorem of Goldschmidt to the A-equation. The
statement of the result in this section is Theorem 4.7 which gives sufficient conditions for
formal integrability of the A-equation. The proof of this theorem requires the machinery of
Section 2.1. However, the statement of the result can be understood without understanding

the details of the proof.
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4.1.1 The symbol of Ry,

Recall the definition of the partial differential equation Ry, given in Section [3.3.1. We start

by computing the symbol map for Ry..

Lemma 4.1 The symbol map o(Ry) : T"Q@ W+ @ TQ — T*Q ® Wt @ W+ is defined by
o(RL)(A)(X, PY,PZ) = A(X, PY,G’(PZ)), AcT¥TQeW aTQ),

where X, Y, Z € I'*(TQ).

Proof: This can be shown using the affine structure of Jy7 as follows. Take p1,ps € Jy7 such
that 7§ (p1) = 7§(p2). Then A = p; — py € T*Q ® W ® TQ, by the affine structure of J;7.
Now one can define the symbol map to be ®(pa — p1), where ® is defined in Section [3.3.1.

Using Equation (3.11), one can observe that
®(p1 — p2) (X, PY, PZ) = A(X, PY,G’(PZ)),

since 73 (p1) = 7(p2). In local coordinates, this identifies the highest order term of the

partial differential equations. |

Let us determine the symbol G;(Ry,) and its prolongation.

Lemma 4.2 The following sequence is short exact:
(R
0—>Gi(RL) — T*Q@ W' © TQ T8 T:Q 0 W & WL —0 (4-1)

Proof: By the previous lemma one can write o(RL) = idsqgwe ® (G” o P). This map is

surjective since the image of TQ under G” o P is isomorphic to W+. ]

Let {e!,...,e"} be a basis for T,,Q for go € Q and let X; be the subspace of Ty Q

generated by {e/*1 ... e"}. Then we have the following lemma, similar to Lemma [4.2.
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Lemma 4.3 The following sequence is short eract:
R
0GR —— % eW o TQ Y s s Wk e Wt — 0

where Glyj(RL) = Gl(RL) N Ej.
The following lemma characterizes the prolonged symbol p;(Gi(Ry)).
Lemma 4.4 The following sequence is short exact:

1 UR T
0 —= p1(G1(RL)) —= S, T*Qe Wt @ TA Qo T*Q & Wt @ W ——= C ——0

where C = A’°T*Q @ Wt ® Wt and T is given by
T(A)(X17X27}/11Y2) = A(X1;X27Y17)/2) - A(X27X17Y17}/2)7 (42)

where X1, Xo € T¥(T*Q) and Y1,Ys € T¥(WH).

Proof: Note that 7 is, up to a constant, the alternation map on the first two elements and

so is surjective. Moreover, we have
p1(o(RL))(A) (X1, X2, Y1, Y2) = A(X1, Xo,Y1,G'V2),

as a consequence of the fact that 7o pj(o(Ry)) is zero since A is symmetric in the first two
arguments. Thus the image of p1(c(Rp)) is Se T*Q@W@W+ and so C = A?T*QeaWLW-.
[ |

Lemma 4.5 The symbol G1(Ry) is involutive.

Proof: We will show that any basis {e!,...,e"} for T5,Q is a quasi-regular basis. This is

just a dimension count. From Lemmata 4.2 and 4.3/ we have

dim(G1(Ry,)) = nm(n — m),

dim(G1;(Ry)) = (n — j)m(n — m).
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We compute
n—1

dim(Gy(Re)) + Y dim(Gy;(Ry)) = 3nm(n + 1)(n —m).
j=1

On the other side, using the exactness of Lemma 4.4, one computes

n(n mn  n(m)?(n —
dim(pr (61 (R, ) = 2t Dy On =) ey
= gnm(n+1)(n —m);
thus the Gy (Ryr) is involutive. -

4.1.2 Involutivity of Ry,

Theorem 4.6 The set of A-equations Ry, is involutive if, for p € Ry, we have

7(p1(®)(p2) —0) =0,

where pa is any point in Jo(m) that projects to p.

Proof: We shall verify the conditions of Theorem 2.20. Note that p;(G;(Ry)) is isomorphic
to SeT*Q @ WL @ G¥W. Therefore, it is a vector bundle on the open subset of Q for which
G*W is a vector bundle. Let C be the cokernel of p; (¢(®))). Then G(Ry) is involutive and so
the system of partial differential equations Ry, is involutive if the curvature map « : R, — C,

defined as in Equation (2.3)), is zero. We have the following exact commutative diagram:

1(o(®)) -
0—>p1(Gi(R)) —= S, T*Qa WL 0 TR > T*Q@ T*Q@ W- @ Wr — > C —>0

| e

0 —p1(Rp) Jom Ji!
0 Ry, I e T*Q @ Wt @ Wt

where we denote by 7’ the bundle (T*Q ® W+ @ W, 7/,Q). Let p € Ry, so that 7(p) = ¢
for ¢ € Q. Therefore, ®(p) = 0. Take ps € Jom projecting to p and define £ = p1(P)(p2) €
Jim’. By commutativity of the diagram, & projects to 0 € T*Q ® Wt @ W, so we take

k(p) = 7(£ — 0). It is easy to show that the definition of  is independent of the choice of
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p2 [34, 35]. By the discussion in Section 2.1, p is in the image of the projection of p1(Ry,)

to Ry, if and only if x(p) = 0. [

Using Theorem 4.6 and the map 7 defined by Equation (4.2), we can write the following

intrinsic formula for k:

k(1A (Z, W, PX, PY)

= Vi (VZ(GN)(PX, PY)) = VZ(Vii(GA\)(PX, PY)) = Vi, 4 (GA)(PX, PY), (4.3)

where X, Y, Z, W € I'“(TQ). This leads to the following theorem which gives an explicit

expression for the compatibility conditions of the A-equations.

Theorem 4.7 Let (Q,G) be an analytic Riemannian manifold of dimension n and let S
be the Levi-Civita connection on Q with the associated curvature tensor R. Let W C T*Q be
an analytic integrable subbundle and let P € T“(T*Q® TQ) be the associated G-orthogonal

projection as above. If the partial differential equation

(GN)(R(PX, PY)W, Z) + (GX\)(W,R(PX, PY)Z)
+ V(G (VS PX, PY) + VE(GN)(VE PY, PX)

— VE(GA)(VEPX, PY) — VS (GAN(VEPY, PX) =0 (4.4)

is satisfied in a neighborhood of Ay € T“(T*Q ® TQ), then the set of A-equations has a
solution in a neighborhood of Ag. Moreover, any solution to the A-equations will satisfy

Equation (4.4).

Proof: From Theorem 4.6 and involutivity of the symbol of Ry, a sufficient condition for

the existence of solutions to the A-equations is that the curvature map be zero. We have

VE(GN)(PX,PY) = G((VEN)(PX), PY)
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for all X, Z € T*(TQ). Thus

Vi (VZ(GN)(PX, PY)) = Vi, (G((VZN)(PX), PY))
= G(VS(VENPX)), PY) 4+ G(VEA(PX), VS PY),

where XY, Z, W € I*(TQ).

As a result, one can compute
Vi (VZ(GN)(PX, PY))
= G(VEVENPX), PY) + VE(GN (VS PX, PY) + VE(GN) (PX, VS PY).

We conclude that

Vi (VZGA)(PX, PY)) = VZ(Vii (GA)(PX, PY)) = Vi, 4 (GA)(PX, PY)
= G(Vi; VEA(PX), PY) = G(VZVHA(PX), PY) — G(Viy, g A(PX), PY)
+ VS(GN (VS PX, PY) + VE(GN) (VS PY, PX)
— VS (GN(VEPX, PY) — V5 (G (VSPY, PX) = 0.

Equation (4.4) then follows using the Ricci identity. The necessity of this condition is clear

since any formal solution of the A-equation satisfies Equation (4.3) by definition. |

4.2 Formal integrability of Rg

We prove that the system of partial differential equations for the closed-loop metric has an

involutive symbol and is formally integrable under a certain surjectivity condition.

Assumption 4.8 An additional assumption is that A(coann(W)) is involutive. This as-
sumption is not necessary for proving the involutivity of the symbol, however, it helps
simplifying the compatibility conditions. Recall that a similar assumption has been used in

Theorem [3.10.

The main result here is Theorem 4.15. Again, this result can be understood separately

from the details of its proof.
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4.2.1 The symbol of Rg

We have the symbol map o(Rg) : T*"Q ® S2T*Q — W+ ® S T*Q for the partial differential
equation Rg given by

o(Re) (3 & A)(PX) = BOPX) @ A,
where § € I'Y(T*Q) and A € I'*(S2T*Q).

Lemma 4.9 We have G(Rg) = ker(o(Rg)) is isomorphic to W ® SoT*Q.

Proof: If 5 ® A € ker(¢o(Rg)) then S(APX) = 0 and thus # € ann(A(coann(W))). Since X is
an isomorphism, we have that ker(c(Rg)) is of dimension (n —m) x (n x (n + 1)/2) and so

is isomorphic to W ® SoT*Q as claimed. [ ]

Let {e!,... e} be a basis for T,,Q such that {el,...,e" ™} spans W and let ; be the

subspace of T} Q generated by {ed*1 ..., e"}. Consider the restriction
o(RE)|5;@8,T+qQ 1 85 ® S2T*Q — W ® S, T*Q,

of the symbol map to X; ® S2T*Q. We have the following lemma.

Lemma 4.10 We have
G(Rg)1,; = ker(o(Rg)[s;0s,7:Q) = (£, NW) @S2 T*Q.

Proof: The proof follows by Lemma 4.9 with restricting the symbol o(Rg) to 3; @S2 T*Q. B

Define a map
p1(0(RE)) : S2T*Q®S2T*Q — T* Q@ WH © S, T*Q,
by p1(0(Rg)) = idt+q ® o(Rg). Explicitly,

p1(o(Re))II @ A)(X, PY, Z,W) = II(A(PY), X) ® A(Z, W),
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where II € T'“(S2T*Q). This map then identifies the prolongation of ¢(Rg). We have the

following lemma.

Lemma 4.11 The following sequence is short exact:

o(R -
S2T"Q® SQT*&&))I'*Q QWL ®S,T*Q —= AW ® S, T*Q ——0

where T is the canonical projection onto cokernel of p1(c(Rg)).

The proof of Lemma [4.11 follows immediately from the following lemma.

Lemma 4.12 Let V be an n-dimensional vector space and let W be an m-dimensional

subspace of V*. Let v be an automorphism on V. Suppose ¢ is the map from SaV* to

V* ® V* defined by ¢(A)(u,v) = A(yu,v), where u,v € V. Then the following diagram is

exact and commutative:

0 0

L

SQV* — W RV* AQW

oot

SoV*F — > V* @ V¥ — > AV*

where T, is given by

75(B)(u,v) = B(y"'u,v) = B(y"'v,u

and B € V* @ V*.

),

Proof: It is immediate by definition that ker(¢,) = 0. Thus the image of ¢, is isomorphic

to S9V* and the cokernel is of dimension ”("2_1)

and thus isomorphic to A2V*. The map 7,

precisely prescribes the projection to the cokernel since 7., 0¢,(A) = 0 for all A € SoV*. The

first row of the diagram is the restriction of the second row by restricting v to W @ V. We

only need to verify that the cokernel of this restriction is isomorphic to AsW. This follows
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since

7y(B)(u1 @ 0,v1 @ v2) = —74(B)(v1 ® 0,u; ®0) = 7(B)(u1 & 0,v1 ® 0),

where B € W ® V*, i.e., 7,(B) € AgW. [ ]

An immediate corollary of Lemma 4.11 is that the kernel of p;(o(Rg)) is isomorphic
to S9W ® SoT*Q. One could also verify this in adapted local coordinates. By definition,
II®A € ker(p1(o(Rg))) if and only if ij/\g =0, where j,k € {1,...,n}and a € {1,...,m}.
Since A is an isomorphism, all of the equations that describe the kernel are independent;
thus a dimension count gives that the space of all I® A which are in the kernel is isomorphic

to SoW ® SoT*Q.

Proposition 4.13 The symbol of Rg is involutive.

Proof: Let {e!,...,e"} be a basis for T5,Q for go € Q and let 3; be the subspace of T; Q
generated by {e/t1 ... e"}. We show that this yields a quasi-linear basis for T7,Q. Using

Lemmata 4.9 and 14.10 we have

dim(G(Rg)) = 2(n — m)n(n + 1),

Ltn—m—jnn+1), 1<j<n-—m,
dim(G(Rg)1;) = § °
0, n—m<j<0.
We compute
dim(G(Rg)) + Z dim(G(Rg)1,;) = 3n(n —m)(n —m+1)(n + 1).
j=1

On the other side, Lemma 4.11] implies that

(m—m)(n—m+1Dn(n+1) 1

dim(p1(G(Rg))) = 1 = Zn(n—m)(n—m+1)(n+1),

as desired. [ ]

4.2.2 Involutivity of Rg
The following theorem applies Goldschmidt’s theorem to Rg.
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Theorem 4.14 The partial differential equation Rg is involutive if, for p € Rg, we have

7(p1(p2) — 0) =0,

where pa is any point in Jom that projects to p.

Proof: Since the symbol is involutive, the proof follows along the same lines as that of

Theorem 4.6. [ ]

One can construct the curvature map, similar to the one for Ry, using the map 7 defined

in Lemma [4.11:

K:(lecl)()‘PXv APY, Z, Z)

= Vipy [Vapx(Ga)(Z, Z)] = Vipx[Vipy (Ga)(Z, 2)] = Viipyarx) (Ga)(Z, Z).  (4.5)

Note that, by Assumption 4.8, there exists a ¢ € I'Y(TQ) such that [APY, A\PX]| = AP(. We

state the following theorem which provides the obstruction to finding a closed-loop metric.

Theorem 4.15 Let (Q,G) be an analytic Riemannian manifold of dimension n and let 8
be the Levi-Civita connection on Q with associated curvature tensor R. Let W C T*Q be
an analytic integrable subbundle and let P € TY(T*Q® TQ) be the associated G-orthogonal
projection as above. Let \ be an automorphism on TQ which satisfies Assumption 4.8. If

the first-order partial differential equation

2Vipy (Ga)([Z,APX], Z) = 2V5px (Ga)([Z,APY], Z)
+2Ga(VSpy (VEAPX) = VSpx (VEAPY), Z) + 2G(VSpy (VEPX) — Vipx (VEPY), Z)
+2Ga(VSpy Z, VEAPX) — 2Ga(VSpy Z, VIAPY ) + 2G(Vpy Z, VEAPY)

—2Ga(Vipy Z, VEAPX) + 2Ga(VZN(, Z) —2G(VEC(,Z) =0 (4.6)
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is satisfied in a neighborhood of G¢ € I'Y(S2T*Q) for X,Y,Z € T¥(TQ) and ¢ € T¥(TQ)
as above, then the set of closed-loop metric equations has a solution in a neighborhood of

Ge1. Moreover, any solution to the closed-loop metric equations will satisfy Equation (4.6).

Proof: The proof follows from a direct computation using Equation (4.5) and the Ricci

identity (similar to Theorem [4.7)). One also uses the following identity

(Ga)(R(Z, Z)APY,A\PX) + (Gu)(APY,R(Z, Z)APX)

= (G)(R(Z, Z)APY, PX) + (G)(PY,R(Z, Z)APX) = 0,

which holds by the Ricci identity, since R is the curvature associated to the Levi-Civita

connection V. [ |

4.3 Formal integrability of Ry

We prove that the system of partial differential equations relating the A-equations to the
potential energy shaping equations is formally integrable under a surjectivity condition.
The main result here is Theorem 4.24. As with the previous two sections, this result can

be understood separately from the details of its proof.

4.3.1 The symbol of Ry

In this section we construct the symbol map for the quasi-linear partial differential equation

®1 defined in Section [3.4.2. Note that the linearization V®1 about a point p € Jym with

1 . .
To(p) = (idlrqeqw: @ idlrqaqwt ),

can be reduced to a map on J; V| (WLeoTQ)eo Since there is no A involved in the linearization
(see Equation (3.13))). As we showed in Section 3.4.2) the linearization V@ can be identified
as a map from J;Vm to Va/, where 7’ denotes the bundle (7/, A2W+, Q). We identify

Vo (T and Vo™ with (W ®q TQ)lr1(p) and Ao (WH)|g(p), respectively. In this section,
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we wish to define the symbol map o(Rr) of Rt as a morphism of vector bundles from
mT*Q ® (m§)*Vr to Va'. In order to do this, we start with some algebraic constructions.
We will often drop the points of evaluation for simplicity of notation.

Consider the alternation map Alt acting on the (0, 2)-tensors and denote the restriction

of 2Alt to (W+ ® T*Q)]Wé(p) by &. Explicitly, if we have b € WT{I (p and ce T2/ Q, then

5‘(b X® c)(u1 @D ug,v1 D ’1)2) = b(ul)c(vl D Ug) — b(vl)c(ul D UQ).

Lemma 4.16 We have ker(5) = SoW* and Im(¢) = lo(W+).

Proof: Since ¢ is the restriction of the alternation map, one can easily observe that ker(5) =
ker(Alt) N (W @ T*Q). Clearly SoW+ € SoT*Q N (W @ T*Q). Moreover, for any © €
I“(SeT*QN (W @ T*Q)), we have

O(u1 @ ug,v1 ®v2) = O(0 B v2,u; Duz) = O(0D uz, 0D v2).

Thus © € T'“(SoW) and as a result, we have SoT*QN (W ®T*Q) = SoW+. Recalling that
A(T*Q) = A2(W) @ Ag(WH) @ (W @ W) and using the definition of &, one can observe
that Im(2Alt) = Im(5) U A2('W). [ ]

The symbol map o(Rr)|, can be characterized as the composition
T*Q® (W g TQ) —7= (W) —— A, W',
where p is the canonical projection of lo(W+) onto AsW+ and
gbec®v)=p1w)ab®c),

with 8 € T;‘rl(p)Q, be Wé(p)’ ce Tjrl(p)Q and v € T (,)Q. In local coordinates, o(Rr)

captures the highest order derivatives in Equation (3.13). We now identify the kernel of

o(Rr).
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Lemma 4.17 The following sequence is short exact:

o(R
0— > G(Ry) — > T"Q® (W- 2 TQ) "X A, (W),

where
G(Ry) = (SQWL ® TQ> ® ((W QWhH ® TQ) ® (AQWL ® coann(ﬁ)) .

Proof: Clearly T*Q ® (W* ® coann(f3)) C ker(o(Rt)). Lemma [4.16 yields SeW+ @ TQ C
ker(o(Rt)). Finally 6((W ® W+) ® TQ) C ker(p). If v ¢ coann(3) then, by definition, the
image of AoW+ ® v under o(Rt) is AgW. [ |

Let {e!,...,e"} be a basis for T;“rl(p)Q. Let ¥, be the subspace of Tj‘rl (p)Q generated by
{eIt1 ... e"} and define M*; = W NY; and M*jL =Wwhtn Ej. Let Io(M*;) = I(M*;) N
Ao(WH). The following lemma can be proved along the same lines as Lemma 4.17.
Lemma 4.18 The following sequence is short exact:

o(RT)

0—G(Rr)1; —=%; ® (W ®q TQ) — I2(M¥;) ,

where

G(Rr)1 = (S:Mf 2 TQ) @ ((WNS)) @ WH) 2 TQ)

@ (W N5) @ W) /S:M; @ coann(8) )
We define the prolongation map pi(o(Rr)) as idt+q ® o(Rt). Explicitly,

p1(o(Rr)) = (idr-q ® p) © p1(d(Rr)),
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where

p1(0(RT))(CR®b®v)(w1 © w,u; ® uz, 21 © 22)

= B(v) (C(wr ® wa, w1 ® uz)b(z1) — C(wy & wg, 21 B 22)b(u1)),
and 8 € T;krl(p)Q, be ijr}(p)’ Ce SQT;:I(p)Q, and v € T, Q.
Lemma 4.19 The following sequence is short exact:
o(R
0—> p1(G(Rr)) —= $,T*Q @ (W' 9 TQf T+ Q @ AW

where

p1(G(RT) = (SsWH e TQ) @ (We W e W) & TQ)
® ((52w oW @ TQ) ® (((s2wL © W) /S3Wh) @ coann(ﬁ)) .
The proof of this lemma requires the following lemma.

Lemma 4.20 Let V be an n-dimensional R-vector space and define p : SoV* @ V¥ —
V* ® AV* by

p(A® a)(u,v,w) = Alu,v)a(w) — A(u, w)a(v).

Then the following sequence is short exact

0 S5V* SoV* @ V* — 2o VF @ AgV*F —= AV* ——= (),

where T is defined by

7(B)(u,v,w) = B(u,v, w) + B(v,w, u) + B(w, u, v).

Proof: The kernel of p consists of elements of T$(V*) which are symmetric in the first two
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entries and the last two entries. Thus ker(p) = S3V*. The map 7 is surjective, since if
C € AgV* then C = 7(3C). Furthermore, one can easily check that 7o p = 0; thus the

sequence is short exact. |
We now are ready to prove Lemma [4.19.

Proof of Lemma 4.19: By definition of p1(c(RT)),
S9T*Q ® Wt @ coann(B) C ker py (o(Rr)).

Let v ¢ coann(3) and take C € S2T (»)Qand b € Wf;l () Such that C®b € Sng;l(p). Then

p1(c(R))(C®b @ v)(wy ® we,ur O ug, 21 O 22)
= B(v) (C(w1 ®0,u1 ®0)b(z1) — Clwy; ®0,21 B O)b(ul))

=0,
by symmetry in the last two entries; thus
SsWt © TQ C ker(p (o(Rr))).

Furthermore, (W@ W ® W) ® TQ and (S2W ® W) ® TQ are subsets of ker(p;(o(Rr))),
because the image of these two sets under p;(6(Rr)) is in the kernel of idt+q ® p. Finally,
the elements of S T*Q ® (W ®q TQ) that look like C® b ® v, where C® b € (SgW#l(p) ®

er-l (p))\53WTJr'1 (p) and v ¢ coann(f3), have nonzero image under p;(o(Rt)), see Lemma [4.20.

Proposition 4.21 The symbol of Ry is involutive.

Proof: We will show that any basis {e!, ..., e"} is a quasi-regular basis. Using Lemmata/4.17
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and 4.18 we have

m(m +1)

dim(G(Ry)) = 5 n+mn(n —m) + 5 (n—1),
dim(G(Rr)1 ;) = =i *21)(7” —J) mn(n —m)
Flm—jym - DO IE Dy,

dim(G(R)1,5) = mn(n — j), Jj>m.

As a result, we compute

m—1 (n(m_j +1)(m —j) + mn(n —m)

n—1
;dim(G(RT)m) + dim(G(R)) = .

s (tY)
n—1

+ Z (mn(n—j)) + nm(m2+1)
j=m

+mn(n —m) + M(n— 1)

2

= émn(m—i— 1)(m+2)+ smn(n+m+1)(n—m)

1
+ gm(m —1)(m+1)(n—1).
On the other side, by Lemma 4.19/ we have

m(m +1)(m + 2) (n—m)(n—m+1)

dim(p1(G(RT))) =n + nm?(n —m) 4+ nm

6 2
N (mm(m;- 1) m(m+ 16)(m+2))(n_ 1)

= émn(m—k 1)(m+2) + gmn(n+m+1)(n —m)
+ %m(m —1)(m+1)(n—1)

which completes the proof.

4.3.2 Involutivity of Ry
To compute the curvature map for Rt we use the following lemma.
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Lemma 4.22 The following sequence is exact:
. 1 1(0(RT)+ LT n 0
$2T*Q® (W g TQJ "> T*Q ® Ay W+ —= AsWh @ (W@ AWh) ——0

where T is the projection to coker(pi(o(Rr))) given by

7(b)(v1 @® vo, u, w) =

b(vy, u,w) + b(u, w,v1) + b(w, v1,u)) + b(ve, u, w), vl,u,wEWL, v € W.
(

Proof: Recall that SoT*Q = SoW @ SoWL @ We WL). Using Lemma 4.19 and since
(s?,wl ® TQ) ® ((w W W) ® TQ) C ker(p1(o(Rr))),

we observe that

W @ AW+ C coker(p1((Rt))).

Moreover, by Lemma 4.20
AsW+ C coker(pi(a(Rr))).

Finally, a dimension count using Lemma [4.19 then shows that the sequence is exact. |

As a consequence of the previous computations, we have the following theorem.

Theorem 4.23 The partial differential equation Ry is involutive if, for p € Ry, we have

7(p1(®)(p2) — 0) =0,

where pa is any point in Jom that projects to p.

Proof: The proof follows by verifying conditions of Theorem 2.20. Notice that p1(G1(Ry))
is a vector bundle on the open subset on which W is a vector bundle. Since G(R) is
an involutive symbol, the system of partial differential equations Ry is involutive if the

curvature map k defined as follows is zero:
K Ry — AW @ (W@ AW, (4.7)
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with k(p) = 7(p1(®)(p2) — 0), where po is any point in Jo7 that projects to p. [ |

Recall the definition of Ry from Section 3.4.1. We have the following theorem.

Theorem 4.24 Let ¥ = (Q, Goy, Vor, For, Wo1) be an analytic open-loop simple mechanical
control system. Let py € Rpor and let qo = mi(po). Assume that qo is a reqular point for
Wol and that there exists a bundle automorphism © on T*Q defined on a neighborhood U

of qo such that © satisfies the following equation in the neighborhood U :

r(©)] = [ 22O Vot 00 Ve | (00] 0V 905 5V
"\ 9grog) O¢t 9q"Oqt ¢! 0¢7 0q"0q!  dq* Oq"Oq

08} Vo _ 96; 9*Vy L PV OV
0q" 0¢70q!  Oq" OqiOq L 9qm g7 B¢ I 9q" g

)

where i,j € {1,...,m},l€{1,....,n} andr € {m+1,...,n}. Then there exists an analytic
closed-loop energy shaping metric G prescribed by Gzl =0o Ggl and an analytic (G-
Ga1)-potential energy shaping feedback F € T (W) defined on U which satisfies ®pot(po) =
O~ 1dV(qo) — dVoi(qo) + ©dVoi(qo) for a solution V to Rpot.

Proof: Observe that the system of partial differential equations Rp, with © = Aal and
B = dVq, gives the sufficient conditions for existence of a (G,-G¢])-potential energy shaping
feedback; see Equation (3.12). Using Theorem 4.23, this partial differential equation is
integrable if the curvature map given by Equation (4.7) is zero. By calculating the 7 map,
defined in Lemma 4.22 in local coordinates and after some simplifications the curvature
map can be written as

n(©)] = [ 226L Vol _ 0°6) oViy | 08) DV 00 9*Vy
N\ ogrogi d¢t  0grOqt O¢' T O¢i Dg"Oqt  Oqt Dq"Oq!

00l 9*Vy  09) PV o Ve Vg
Oq” 0¢70q¢t  dq" Oqidqt '9qr0q Oq 7 9qr0q'0q’

) dq" ® dg' N dg’,

where 7,7 € {1,...,m},l€{l,....,n} and r € {m +1,...,n}, as desired. [ |
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4.4 Summary of integrability results

In this section we give a summary of the theorems we have obtained in the previous sections.
Moreover, we state a procedure that clarifies how one should perform the energy shaping
method so that certain problems—such as having a closed-loop energy shaping metric for
which no potential energy shaping is possible—will not arise. This procedure reveals some
of the fundamental properties of energy shaping partial differential equations that have not

been understood in the literature to date.

1. Kinetic energy shaping: Find the set of bundle automorphisms A on TQ which
satisfy the sufficient conditions of Theorem 4.7 and denote it by Sk. Use the sufficient
conditions of Theorem 4.15/to find the set of A\ € Sk for which there exists a closed-loop

metric G and denote it by Sk.

2. Potential energy shaping: Find the set of bundle automorphisms © on T*Q which

satisfy the sufficient conditions of Theorem [4.24/ and denote it by Sp and let
b={0"'6¢cSp}.

The set of bundle automorphisms S}, induces a set of bundle automorphisms on TQ
by
Sp = {GL AG?, | A € Sb).

Note that, by Theorem [3.10, for each A € Sp there exists a V; which satisfies the

potential energy shaping partial differential equations.
3. Total energy shaping: The intersection Sp N Sk yields the set of A such that

(a) there exists a closed-loop metric which is a solution to the kinetic energy shaping
problem and
(b) more importantly, potential energy shaping is possible and as a result, energy

shaping is possible.
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4. Determine the set of closed-loop potential functions V. with positive-definite Hessian
at the desired point. It would be interesting to have a geometric characterization of

this. Some ideas for this are addressed in Section [7.2.3.

4.5 A simple mechanical control system with no energy shap-

ing feedback

We emphasize the importance of the sufficient conditions obtained in the previous sections
by designing a class of linearly controllable systems that are not stabilizable by the energy
shaping method in the absence of gyroscopic forces. We postpone the extension of this

problem in the presence of gyroscopic forces for the future work; see Section 7.2.2.

Example 4.25 Let Q = R? and consider a simple mechanical control system Y, =

(R3,G, Vi1,0, Wy1) as follows.

1. The open-loop metric is

G = Mdq' ® dg* + Mdg® ® dg* + ((¢")* + (¢°)* + 1)dg* ® dg°,

where M € Ryg.

2. The open-loop potential function Vg is
Vo = (¢") + ¢’ ¢ + ¢*¢" +p(d', ¢%),
with p = O((¢")*1 (¢®)*2), k1 + ko > 3.

3. The control subbundle is W = span{dq3}.

The system is linearly controllable at the origin gy = 0 € R?. Furthermore, the system is
not stable at ¢p. So we wish to proceed with the energy shaping method. We have the

following proposition.
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Proposition 4.26 X is stabilizable at the origin by energy shaping method if and only if

p=0.

In order to prove this proposition we need the following lemma.

Lemma 4.27 For the above example, the set of analytic closed-metrics for which there

exists a potential energy shaping feedback is
{Mdg' @ dg" + Mdq* @ dg* + (¢')* + 2(¢". ¢*,¢°)dg’ ® dg® | M,€ € R, 2 € C¥(Q)}.

Proof: For this example, one can easily check that the only nonzero Christoffel symbols are

815, 835, 83,, and 83,. Thus the A\-equations are the following:

o (G11Af) =0,

1. %(Gll)\%) =0,
a5 (GuiA}) — 283, GazA] = 0;

aqr (G2223) = 0,

2. 2 (GgN3) =0,

D

qQ

a5 (G2223) — 283,G33A3 = 0;
ar(GiiA) =0,

5 gz (G1123) = 0,

a5 (G11A) — 83,Ga3A3 — 85,633} = 0;

gyt (G22A]) =0,
4. %(@22>\%) =0,

| 593(G22AT) — 85,Ga3A] — 831Gz = 0.
From the first set of equations we conclude that ¢'\3 = g(¢?), where g € C¥(Q). Similarly,
we have ¢?A\3 = h(q?), where h € C*(Q). Substituting this into the third set of equations,

one can conclude that h = g = 0. Furthermore, since G is required to be symmetric,
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AL =A% = 0. Thus the set of solutions to the A-equation in a neighborhood of the origin is
given by

A =cndg' ®dg' + c1a(dg' ® dg” + dg” @ dq') + caadq” ® dg” + 2(q", %, ¢*)dg® @ dg®, (4.8)
where ¢11, c12, 22 € R and 2z € C¥(Q). Recalling the definition of © in Proposition 3.14, we
have

0 = C11d¢* @ dg* + C2(dg* @ dg* + dg® ® dq') + Cordq® @ dg* + Z(¢*, ¢%, ¢*)dq® ® dg?,

where C11,C12,C22 € R and Z € C¥(Q). We denote the set of all such © by Sk as
in Section [4.4. Our main goal is to find the subset Si which leads to a potential energy
shaping feedback. Since W, is invariant under ©, the potential energy shaping compatibility

condition (see Equation (3.12)) in a neighborhood of the origin is given by

82Lol 82Lol 82Lol
Ci1 —C»)——— +Cio=—5-——5 — — =0
(Cri = Ca) gt 0g? o 0q?0q> 2 9q'0q1 ’
thus we conclude that C1; = Cog and Ci2 = 0. |

Proof of Proposition [4.26: Since c¢11 = ca9 and c12 = 0, the potential energy shaping partial

differential equations for V; reads

Vg OV

g a aq
where ¢ € {1,2} and a € R\{0}. Thus we have

Va=a((@")’ + ¢ +a*¢* +pld",¢*) + f(a*),

where a € R\{0} and f € C¥(Q). The Hessian of the closed-loop potential function has the
following form at the origin.

2 01

Hess(Va)(qo) =a | 0 0 1 |,

1 1 b
where a € R\{0} and b € R are arbitrary parameters. Thus it is clear that the Hessian
cannot be made positive-definite for any choice of @ and b. If p = 0, then C2 need not be zero

and thus the Hessian can be made positive-definite using this extra arbitrary parameter. B
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Chapter 5

Energy shaping for linear simple

mechanical systems

In this chapter, a geometric proof is given that, for linear simple mechanical control sys-
tems, linear controllability is sufficient for the existence of a stabilizing energy shaping
feedback. Although the same result has been proved in the Lagrangian setting [51] and in
the Hamiltonian setting [36], the proofs are not constructive and do not reveal the structure
of the partial differential equations for energy shaping. Our proof relies on an adaptation
of the integrability results of Chapter 4! to linear simple mechanical systems. Moreover, we
clarify the role of kinetic energy shaping in the construction of a stabilizing energy shaping

feedback for linear simple mechanical systems.

5.1 Linear simple mechanical systems

In this section we recall the algebraic formulation of linear simple mechanical systems
from [14]. We use this formulation to give an algebraic description of the energy shap-
ing problem for linear simple mechanical control systems in the next section. We start by

defining what we mean by a linear simple mechanical system.
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Definition 5.1 A linear simple mechanical control system is a quadruple ¥ = (V, M, K, F),

where
1. V is an n-dimensional R-vector space,
2. M is an inner product on V,
3. K is a symmetric (0, 2)-tensor on V, and
4. F € L(R™,V*) corresponds to the controls.

The governing equations for a linear simple mechanical system are
(1) + MK (2(1)) = MF o F(u((t), (1)),

where t +— z(t) is curve in V and u: V@V — R™.

If F = 0 we call ¥ a linear simple mechanical system and we denote it by the triple
¥ = (V, M, K). The equations of motion for a linear simple mechanical system in the absence

of external forces can equivalently be defined by x = Ax(x), where x € V& V and

0 id
Ay, = v
—MEK> 0

is a linear map on V & V.

Lemma 5.2 For a linear simple mechanical system ¥ = (V, M, K) the eigenvalues of MEK®

are real.

Proof: The proof is immediate since M#K” is symmetric with respect to the inner product

M. |

The following proposition follows immediately from the stability analysis of linear sys-

tems; see [14].
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Proposition 5.3 Let ¥ = (V,M,K) be a simple mechanical system with the equilibrium

configuration 0 € V. Then the system is stable if and only if MEK® is positive-definite.

5.2 Energy shaping for linear simple mechanical control sys-

tems

Although the statement of the energy shaping problem for linear simple mechanical systems
can be given in a purely algebraic fashion, in this section we study the energy shaping
problem for these systems using the energy shaping partial differential equations. The
advantage of such a treatment is (1) characterizing the space of linear stabilizing solutions to
the energy shaping partial differential equations and (2) describing the space of closed-loop
metrics for which there exists a closed-loop potential function which satisfies the potential
energy shaping partial differential equations. It is worth reminding ourselves that the
achievable closed-loop systems by performing energy shaping on a linear simple mechanical
control system are not necessarily all linear simple mechanical systems. What we need
in this section, however, is that the space of linear closed-loop systems is large enough to
stabilize a linear simple mechanical control system using energy shaping. When we seek
a linear solution to the energy shaping problem, we call the procedure the linear energy
shaping. We start this section by presenting the closed-loop systems achievable using linear

energy shaping.

5.2.1 The algebra of linear energy shaping

Let ¥ = (V, Mg, Ko, Fo1) be a linear simple mechanical system. Let us define Ey, | C

L(V,V) to be the subset of linear maps A that satisfy the following conditions:
1. A=M K’ + M o FyoL, where L € L(V,R™);

2. A is diagonalizable over R.
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The following proposition shows that the set Es, | prescribes the closed-loop systems achiev-

able by linear energy shaping.

Proposition 5.4 Let 3o = (V, Mo, Ko1, Fo1) be a linear simple mechanical control system
and define Ex, as above. Let M be an inner product on V and let Ky € SoV*. The

following statements are equivalent.

1. There exists a linear feedback w: V@V — R™ given by u(x,v) = —L(x) for which the
dynamics of the closed-loop system are those of the linear simple mechanical system

ch = (V7 Mcl: Kcl)-
2. MPK>, € B
- MgReg € By, -

Proof: The governing equation for X is

x(t) 0 idy x(t) 0
B(t) ~MEKE 0 o(t) M o Fy
So the closed-loop system has the following form

z(t) 0 idy x(t)

0(t) —MilKZI - Mgl oFgoL 0 v(t)
for L € L(V,R™). As a result, the closed-loop system has the dynamics of ¥ if and only
if MQIKZ1 = Mf)lK(b)1 + Mgl o Fypo L. So if the closed-loop system has the dynamics of X,

then Mﬁlel € Ey_,, since Mile is diagonalizable. Conversely, if MilKil € Py, then by

cl

definition there exists L € L(V,R™) such that MglKil = MglK"1 + Mgl oF,olL. [ ]

[e]

5.2.2 The energy shaping partial differential equations

The goal in this section is to obtain the linear energy shaping solutions from the energy
shaping partial differential equations and show that, for all linear simple mechanical systems,
these solutions lie in the subspace Ey ;. Then, if the open-loop system X is linearly
controllable, one can design Fy; o L such that MEIKZI is positive-definite. Thus a stabilizing

energy shaping feedback is achieved.
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Recall that for each K, € SoV* there exists a function V;) such that Kg (v, v) = Vgi(v),
for all v € V. We adapt the energy shaping definition, Definition [1.2, to the linear simple

mechanical systems to arrive at the following
Mg MEdVa (1)) — dVo(2(t)) = For o upor((1)), (5.1)

where M is an inner product on V, V is the closed-loop potential function, and upey :
V&V — R™is a feedback. The following proposition shows that the linear solutions of

Equation (5.1) lie in By, .

Proposition 5.5 Let Yo = (V, Mg, Koi, Fo1) be a linear simple mechanical control sys-
tem. Let My be an inner product on V and let Ko € SoV*. The following statements are

equivalent:

1. there exists a linear feedback upot : V@V — R™ given by upot(x,v) = —L(x) which

satisfies Equation (5.1);
b
2. M(ﬁlecl € Ex,.

Proof: We denote the projection of V* onto V*/Im(F,)) by P. As a result, if M and Vg
satisfy Equation (5.1)
P(M%M:dVy — dVy) = 0. (5.2)

Note that by Theorem [3.10| this partial differential equation is involutive provided that
d(MME Vo) € (W), (5.3)

where W, = MilMgl(Im(Fol)). Note that we are only interested in the solutions to Equa-

tion (5.2)) that lead to a linear closed-loop system. Thus one can write this equation as
P(MyMEKq(v) — Ko (v)) =0,

where v € V. This holds if and only if
M2ME K (v) — Kor(v) € Im(Fy)
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for all v € V. Equivalently,
MilKEl - MilKZl = Mil o Foo L, (5.4)

where L € L(V,R™), i.e., MﬁlKil € Ex_,. In order to proceed with the proof, we show
that, in fact, the integrability condition of Equation (5.3) holds for all solutions given by
Equation (5.4). Let Pg be the projection of V* onto V*/W,. Then Equation (5.3) can be
written as

M (MK (01), v2) — Ma(ME K, (1), v2) = 0, (5.5)

for all v1,vy € coann(W). If v € coann(W), then leMgl(a)(v) = 0 for any a € Im(Fy)).
This implies that v € coann(Im(Fy))), since leMil is an isomorphism. If Equation (5.4)
holds, we have MglKEl(v) = I\/IE)IKZ](U) for all v € coann(Im(Fy;)). Thus Equation (5.5), for

all vy, vy € coann(Im(F,))), can be written as
Kei(v1,v2) — Ka(ve,v1) =0,
which holds by symmetry of K. |

Theorem 5.6 Let X, = (V, Mg, Kol Fol) be a linear simple mechanical control system
which is linearly controllable. Then there exists a linear energy shaping feedback which

stabilizes the system.

Proof: By Proposition 5.5, for any inner product Mg on V and K, € SoV* such that
MEIKZl € Ey,, there exists a linear feedback u : V@&V — R™ given by u(z,v) = —L(z),
with L € L(V,R™), for which the dynamics of the closed-loop system are those of the linear
simple mechanical system ¥ = (V, M, Kc). Then, by pole placement, one can design

F,) o L such that MglKil € Ly, is positive-definite. [ |

One can choose a basis of eigenvectors for I\/IglKZ1 and by requiring that this basis be

orthonormal, one can define M and thus pull apart Mgle into its components. In following,

cl

we present an example of linear energy shaping.
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Example 5.7 Let V = R? and consider the stabilization of the following system around

the origin using energy shaping:
1. Mg = da! @ da! + da? ® dx?;
2. Vo = —(2)? +20%a% + (2%
3. F, = span{dz?}.

This system is clearly linearly controllable. We shall find a closed-loop system which has

the same dynamics as ¥ = (Mo, Vo1, Fo1). We compute

-2 2

Bs, = {A € D(R?*%) | A= , Ly, Ly € ]R},

Ly Lo

where we denoted the space of diagonalizable two by two matrices by D(R?*2). We are
looking for an inner product M and K¢ € SoR? such that Mﬁlel € FEy ; see Proposition|5.5.

ol?

Suppose that the closed-loop inner product is characterized as

b
P e
Mcl - ’
b ¢
where a,b,¢c € R. Furthermore, suppose that K, = Kijd:vi ® da’, where Kij € R for
i,7 € {1,2}, and K1 = Kj2. Then the prolongation of the energy shaping partial differential

equation, Equation (5.2), reads

aKi + aKip = =2,

aKis 4+ bKoy = 2.

Thus
-2 2

cl

b(—2 = bKyg) + K1z £(2 — aKya) + bKyy
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which clearly belongs to Ey . It is easy to check that A € Ex , is positive-definite if and
only if L1 < 0, Ly > 2, and —Ly > Lo. Moreover, since the desired closed-loop inner
product is positive-definite (note that, in general, this assumption is not necessary), we
have a > 0, ¢ > 0 and ac — b*> > 0. If we incorporate this assumption, we can choose the

arbitrary variables a, b, ¢, K12 such that the closed-loop system is stable at the origin. For

example, the closed-loop simple mechanical system is stable with choosing a = %, b= %,
__ 48 __ 705
¢ =15, and Kyg = —57.
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Chapter 6

Energy shaping for systems with

one degree of underactuation

Numerous systems considered in the literature on energy shaping have one degree of under-
actuation. In this chapter we show that all linearly controllable simple mechanical control
systems with one degree of underactuation can be stabilized using an energy shaping feed-
back, with closed-loop metrics which are not necessarily positive-definite. The results fully
solve the problem of stabilization of systems with one degree of underactuation. First, in
Theorem 6.1, we show that any solution to the kinetic energy shaping partial differential
equations gives rise to a closed-loop potential function. Then we investigate, in a geometric

fashion, if there exists any stabilizing solution.

6.1 Formal integrability of potential energy shaping partial

differential equations

We first show that for systems with one degree of underactuation the potential energy
shaping partial differential equations is always involutive. The following theorem is an

immediate corollary of Theorem 4.15.
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Theorem 6.1 If Y is a simple mechanical control system with one degree of underactu-
ation, for each bundle automorphism that satisfies the \-equation, there exists a closed-loop
metric and a closed-loop potential function that satisfy the energy shaping partial differential

equations.

Proof: Note that the projection map 7 in Lemma 4.22] is the zero map for m = 1 and so
the closed-loop metric equation is involutive by Theorem 4.15. Moreover, Equation (3.12)

vanishes for m = 1. [ ]

6.2 Stabilization of systems with one degree of underactua-
tion

In this section, we wish to determine the stabilizing solutions to the energy shaping partial
differential equations for systems with one degree of underactuation. Throughout this
section, let Q be an n-dimensional analytic manifold and ¥, = (Q, G, Vo, W,1) be an open-
loop simple mechanical control system with one degree of underactuation. We denote the
Hessian of a potential function V' at ¢o € Q by Hess(V)(q) € S2T;, Q. In particular,
we denote the Hessian of the open-loop potential function and the closed-loop potential
function at the equilibrium point by Hess(Vy1)(qo) and Hess(Ve1)(qo), respectively.

Since the compatibility conditions of Theorem [3.10 always satisfy for systems with one
degree of underactuation, Theorem 6.1, one can study the prolongation of the potential
energy shaping partial differential equations instead of the original partial differential equa-
tions. We shall perform this in the same fashion as in Chapter [5. Let (¢',...,¢") be local
coordinates in a neighborhood U of gy € Q such that W, = span{dq¢?,...,dq"} and let P
be the projection of T*Q onto span{dq'}.

If we prolong the potential energy shaping partial differential equation and evaluate the

result at the origin, noting that dV;(qo) = 0, we have

P(G?(g0)G¥,(go)HessVza (v) (go) — HessVoi(v)(q0)) = 0,
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where v € Ty Q, i.e.,

G (qo)Hess’ (Var) (q0) — G (qo)Hess” (Vir) (q0) = G (q0) (ulg, ), (6.1)

where u : TQ — W,,. If the system is linearly controllable, then one can design a control
such that G¥(qo)Hess’(Vo1)(qo) + GF(qo)(ulg) is diagonalizable and positive-definite. Tt is
important to note that this does not necessarily imply that there exist G and V such that
Gﬁl(qo)Hessl’(Vcl)(qo) is positive-definite, since the kinetic energy shaping partial differential
equation puts restrictions on the achievable closed-loop metrics. However, we will show
that, for systems with one degree of underactuation, the space of solutions of the kinetic
energy shaping partial differential equations is large enough so that Gil(qo)Hessb(Vcl)(qO)

can be made positive-definite. We do this in the following steps.
1. We first identify a simple class of solutions to the A-equation using Proposition 6.2.

2. We show that this class of solutions is large enough to ensure that Equation (6.1))

holds with Gﬁl(qo)Hessb(Vcl)(qO) diagonalizable and positive-definite.

Let U be a neighborhood of the equilibrium point ¢y € Q and let (¢%,...,q") be local
coordinates on U. In order to find the class of solutions mentioned in (1, we need to make
some observations about the kinetic energy shaping partial differential equations for systems
with one degree of underactuation. For these systems, the A-equation in adapted local

coordinates is given by

o . ,
where 8§k, for i,j,k € {1,...,n}, are the Levi-Civita connection coefficients associated to
G and i,k,s € {1,...,n}. Suppose we are seeking solutions to the A-equation that in local

coordinates look like A(q) = )\qui ® %, where )\f € R and g € U, i.e., A\ is constant. Then

one can write Equation (6.2) as follows:

<8qi1 - 2821(@@1) AL+ ( aq? - 2821@%‘2) A4+ ((?q}“ - 2821Gin> 1=0.(63)

84



Because § is the Levi-Civita connection for G, the first term vanishes, leaving A\ arbitrary.

One can rewrite Equation (6.3) in the following fashion:

n n
D> (81,Gin — 81,Gij) M =0, (6.4)
i=1 j=2

where k € {1,...,n}. Thus, if )\% =0forj € {2,...,n}, A(q) is a solution to the A-equation.

Note that we further require that A(¢) o G¥(¢) is symmetric. In the following, we try to

describe the space of such solutions of the A-equation in an algebraic fashion.

Let V be an n-dimensional R-vector space and let G € SoV be a nondegenerate symmetric

tensor. Let ®¢ : V* ® V — A5V be the map defined by
(I)G(A)(Ul, ’Ug) =Ao G(Ul, UQ) — Ao G(Ug,vl),

where v1,v9 € V. The space of all tensors, A € V* ®V, such that Ao G is symmetric belongs
to the kernel of ®¢ and thus is of dimension w, we denote this subspace by Sg. Let
{e1,...,e,} be a basis for V and let {e!,...,e"} be its dual. Let W C V* be the vector
subspace generated by {e?,...,e"} and denote its complement by E. We denote by S the
space of all A € V* ® V such that, if v € coann(W), then A(v) € coann(W), for all v € V. A

tensor A € S can be written as

n n
A=Ale'@er+ Y > Al we,,
i=2 j=1
where Al € R and Ag € Rforie{2,...,n}and j € {1,...,n}. Thus the dimension of
Sis n(n — 1) 4+ 1. If we denote the restriction of the map ®g to S by dglg - S — AyV,

then ker(®glg) is of dimension @ + 1. If we additionally require that A € ker(®g|z) be

W—dimensional subspace of V¥ @ V.

nondegenerate, we obtain a
Let Q be an n-dimensional analytic manifold and ¥, = (Q, G, V1, We1) be an open-loop
simple mechanical control system with one degree of underactuation. Let U be a neigh-

borhood of the equilibrium point go € Q and let (¢!,...,¢") be local coordinates on U
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such that Wq|, = span{d¢?, ...,dq"}, where ¢ € U. In following, we define a subspace of
T,;Q® T,Q which is large enough for stabilization of systems with one degree of underactu-
ation. Consider the space of solutions to the A-equation that in local coordinates look like

Ag) = )\gdqi ® 8%]. € T,Q® T,Q, where )\g € R and ¢ € U, and satisfies the followings
1. Mq) o G¥(q) is symmetric and nondegenerate;
2. if v € coann(span{dq'}) then A(v) € coann(span{dg'}) for all v € T,Q.

We denote this subspace by .. The following proposition is a corollary of the algebraic

discussion above.

Proposition 6.2 .¥ is an %—dimensional subspace of T;Q ® T,Q.

We wish to show that the space of solutions of the A-equation, described in Proposi-

tion 6.2, is large enough to guarantee that Gﬁl(qo)Hessb(Vcl)(qo) can be made diagonalizable

C

and with positive real eigenvalues. If A(q) € .7, then Equation (6.1) gives

o 0 1 g 0
b _ b =
Hess (‘/CI)(QO)(qu’ aiq]) - )\% Hess (%1)(%)(8(]17 aq] )7 (65)
G (a0)(dg", dg’) = NG (qo)(dg", dg?), (6.6)
where j € {1,...,n}. As a result, we have the following proposition.

Proposition 6.3 Let Q be an n-dimensional analytic manifold and Yo = (Q, G, Vo1, Wo1)
be an open-loop simple mechanical control system with one degree of underactuation. Let U
be a neighborhood of the equilibrium point qo € Q and let (¢',...,q") be local coordinates

on U such that We1|, = span{dq?,...,dq"}, where q € U. Suppose that

A = G*(qo)Hess’ (Vir)(q0) + G*(q0) (ulg)

is diagonalizable with real eigenvalues, where ulgy @ TqQ — Woilg,. Then there ezists a

closed-loop metric G¢ and a potential function Vi such that
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1. @ =G’ o\, where A€ .7,
2. G (qo)Hess’ (Vi) (q0) = A.

Proof: We only need to show that if [1! holds, then G¢ and V. can be selected so that 2
holds. Using Equations (6.5) and (6.6), we can write Gil(qo) in coordinates as

Ma  AB

MBT  C
where a € R, B € L(R* 1 R), and C € SoR"! are such that a = G*(dq',dq") and

B(dq',d¢’) = G¥(dq",d¢?) for all j € {2,...,n}. Similarly, Hess’(V,1)(go) can be written as

1 1
sk B |
1T

LBT e

where k € R, B € L(R" 1, R), and € € SoR"! are such that k = Hessb(%l)(qo)(a%, a%)

and B(ai W) Hess” (V) )(qo)( 34T Dq 2) for all j € {2,...,n}. Thus we have
g b : b 0 0
Gry(q0)Hess’ (Var) (q0) = Gy, (q0)Hess’ (Vo) (q0) + ,
L1 Lo
where
1. Ly = kBT + 4 CBT € L(R,R" 1) and
2. Ly = MBBT + Ce? e L(R* ! x R* 1)
can be set to any value by appropriate choice of C and C. |

Theorem 6.4 Let ¥ = (Q, G, Vo, Wo1) be a linearly controllable open-loop simple me-
chanical control system with one degree of underactuation and with qo € Q an equilibrium

point. Then the system is stabilizable at qy using an energy shaping feedback.

Proof: The involutivity of the energy shaping partial differential equations ensures that for-

mal solutions exist. If the system is linearly controllable, then one can design a control
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such that G*(go)Hess’ (V1) (q0) + GF(go)(uly,) is diagonalizable and positive-definite. Propo-
sition 6.3/ then guarantees that G, can be found such that it satisfies the kinetic energy

shaping partial differential equations, by choosing A € ., and taking

G (q0)Hess’ (Vi) (a0) = G*(qo)Hess’ (Vir) (90) + G (g0) (ulgo)

to be diagonalizable with positive real eigenvalues. |

Note that this proof does not require that the closed-loop metric be positive-definite and
in fact, there are cases for which energy shaping is not possible with positive-definite closed-
loop metrics; an example of this is presented in Example 6.6. The following proposition
clarifies when it is necessary to perform kinetic energy shaping for systems with one degree

of underactuation.

Proposition 6.5 Let Q be an n-dimensional manifold and let Yo = (Q, G, Vo1, Wo1) be a
linearly controllable simple mechanical system. Let (q*,...,q") be coordinates on a neigh-
borhood U of g € Q such that W = span{dg?,...,dq"}. If Hess(Vo)(gor, gor) > 0, the
system can be stabilized around its equilibrium point qg without kinetic energy shaping.

Proof: We shall show that ¥ is stabilizable using an energy shaping feedback with G, = G.

Equation (6.1)) then reads
Hess’ (Vo) (q0) = Hess’(Vor) (g0) + tlgo;

where u is a feedback. Note that since Hess(V;)) is symmetric, it is positive-definite if and
only if all of its principal minors are positive. The first principal minor of Hessb(Vd) is
positive. Then, by linear controllability, one can choose the controls so that the system is

stabilizable at the equilibrium point qq, similar to Proposition 6.3. |

Next, we present an example of energy shaping for simple mechanical systems with one
degree of underactuation for which the energy shaping is possible only via a closed-loop

metric that is not positive-definite.
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Example 6.6 Consider the stabilization problem for a simple mechanical control system

¥ = (R?,G, Vg, 0,W,)) at the origin g = 0 € R?, where
1. G = ((¢*)* + 1)d¢" @ dg® + ((¢')* + 1)d¢* ® dg?,
2. Vor = —(¢")? + 2¢'¢* + (¢*)?, and
3. Wo = {dq?}.

This system is linearly controllable at the origin. We show that, for any solution of the A-
equation, the constant term in the Taylor expansion of \? is always zero. In order to show
this, we need to modify Equation (6.4) by adding an extra term, since A, in a neighborhood

of qo, is not necessarily chosen from .. We have
- ON N i : :
Z(Guaiq,i + Z( ki Git — 811Gij) M) = 0,
i=1 j=2

for all k € {1,...,n}. For this example, by substituting the nonzero Christoffel symbols,

we have

2\2 87)\% 202 _
((¢7)" + 1)6q1 +2¢°A\] =0, (6.7)
1
<<q2>2+1>§2; _ag'N =0, (6.8)

It is clear that A{(qo) can be chosen arbitrarily. Consider formal expressions for A? and Ai:

)\% = Coo + C'l()q1 + Co1q2 + 020(q1)2 + COQ(q2)2 + ququ + ...,

A2 = Doo + D1og* + Do1¢* + Dao(q")? + Do2(¢?)? + D1ig*® + . ..,

where Ci;, D;j € R for i,j € Zso. If A} and A\ satisfy Equations (6.7) and (6.8), then
C11 = Doy = 0, i.e., M¥(go) = 0. Thus the closed-loop metric at the origin has the form

Galqo) = édq1 ® dq' + %dq2 ® dg?, where a,c € R\{0} and A\l (go) = a. Equation (6.5)
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implies that

=2 2
Hess’(Va)(q0)=| ¢ * |,
2k
where k € R. Thus
4 b -2 2
G (gqo)Hess’(Va)(qo) =
2c ck

From the discussion in Example 5.7, we have to choose %

< 0 and ck > 2 in order to
make Gil(qo)Hessb(%l)(qg) positive-definite, i.e., none of the achievable closed-loop metrics
is positive-definite. However, one can choose a,c,k € R so that Gil(qO)Hessb(Vd)(qo) is

positive-definite, for example a = —%, c= %, and k = 1.

Remark 6.7 If we take the open-loop metric given by
G = ((¢*)? + Ddq' @ dg” + ((¢")* + 1)d¢* © dg® + 2¢'¢*(dg" © d¢* + dg” @ dq'),

then A?(qo) need not be zero and the system can be shown to be stabilizable by the energy
shaping method with a positive-definite closed-loop metric, similar to the linear system given
in Example [5.7. This reveals that a slight change in the structure of the open-loop Levi-
Civita connection has a huge impact on the achievable closed-loop metrics. In Section|7.2.1)
we provide some observations that suggest a possible relationship between the holonomy

group generated by the closed-loop metric and the one generated by the open-loop metric.
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Chapter 7

Conclusions and future directions

7.1 Conclusions

In this thesis a geometric framework for stabilization of simple mechanical systems using the
energy shaping method is developed. The geometric theory of partial differential equations
has been used to show that the partial differential equations involved in the energy shaping
method are integrable under a surjectivity condition. The geometric framework has been
utilized to reveal the obstructions to the energy shaping method. This geometric approach
has been used to obtain a geometric proof that linear controllability is sufficient for energy
shaping for linear simple mechanical systems. Furthermore, the problem of stabilization of
systems with one degree of underactuation is completely resolved. This approach gives some
new insights for answering key questions in energy shaping that have not been addressed in

the existing literature. Some of these new open problems are outlined in the next section.

7.2 Future directions

Understanding the geometry of the kinetic energy shaping problem and the interaction of
gyroscopic forces in the dynamics of kinetic energy shaping should be the main focus of
the future directions of this thesis. Furthermore, an algebraic formulation of the positive-

definiteness of the Hessian of the closed-loop potential function is another open problem in
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energy shaping. In following, we describe some of these future directions in more detail.

7.2.1 Kinetic energy shaping via holonomy groups

The most interesting open problem in the energy shaping method is the characterization
of closed-loop kinetic energy shaping metrics. A deep understanding of the integrability
conditions of kinetic energy shaping partial differential equations is far from being achieved.
Here, we propose a possible direction for investigating this problem. The main motivation
for the approach is a theorem on holonomy groups by Schmidt [40]. Given a metric, the
theorem provides the conditions for a connection on a connected manifold to be a metric
connection. As the kinetic energy shaping partial differential equations is, in fact, the
metric-connection problem restricted to a distribution, one might hope to rephrase the
kinetic energy shaping problem in terms of the holonomy groups. In the following we
review the result of [40].

Let Q be a connected manifold equipped with an affine connection §. Then, for any
path 7 between two points of the manifold, parallel transport along 7 defines a linear map
between the tangent spaces at the two points which we denote by L(7); here the tangent
spaces are regarded as vector spaces and the parallel transport is a linear isomorphism
of vector spaces [26]. This linear map is an isometry if the connection is a Levi-Civita

connection.

Definition 7.1 Let p € Q, where Q is a connected manifold. Denote by C(p) the loop
space at p, i.e., all the continuous closed curves starting and ending at p. We call the set of
all linear transformations in the tangent space at p defined by the parallel transport along

elements of C'(p) the holonomy group at p and we denote it by ®(p).

It can be shown easily that for connected manifolds the holonomy groups at different
points are isomorphic [26]. A connection can only be the Levi-Civita connection of a metric
G on Q if the holonomy group is a subgroup of the orthogonal group corresponding to the

metric G (metric preserving and parallel preserving properties). The following theorem
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of [40] shows that the converse is true.

Theorem 7.2 Let 8 be a torsion free conmection on a connected manifold Q whose
holonomy keeps a metric G invariant. Then § is the Levi-Civita connection of a metric

which has the same signature as g.

Remark 7.3 Let Q be a simply connected manifold. Then ®(p) is a connected Lie subgroup
of the group of linear transformations in the tangent space at p. Therefore, ®(p) is uniquely
determined by its Lie algebra g(p). So the metric G,(X,Y) is invariant under ®(p) if and
only if

G(A(X),Y)+G(X,A(Y)) =0 (7.1)

for all A € g(p). Since the elements of g(p) for a simply connected analytic manifold are
generated by the curvature and its covariant derivatives [26], this in fact includes the local
integrability result of [18]. Although the holonomy group ®(p) is not necessarily connected,
one can obtain a similar result on a universal covering of Q and so the result can be extended

to the case that the manifold is not simply connected; see [40].

Key question: Is there a relationship between the holonomy group of the Levi-Civita
connection associated to Go and that of G ?
We observe that this gives rise to the metric-connection problem restricted to a distribution.
A proper answer to this key question may resolve the mystery behind the kinetic energy
shaping process and, furthermore, may give a global proof for the sufficient conditions of

energy shaping.

7.2.2 Gyroscopic forces

It is well-known that the presence of gyroscopic forces can enlarge the space of solutions of
the kinetic energy shaping partial differential equations. Although the integrability results
of this thesis have been obtained in the absence gyroscopic forces, the involutivity results

hold even in the presence of gyroscopic forces. These computations are omitted from the
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thesis. One can ask the following key questions.

1. Describe the integrability conditions of the kinetic energy shaping problem in the pres-

ence of gyroscopic forces in an algebro-geometric fashion.

2. Ezxtend the results of Example .25 to a system for which there exists no energy shaping

feedback even at the presence of gyroscopic forces.

7.2.3 Stabilization condition via the Farkas lemma

After possibly solving the energy shaping partial differential equations, one has to check
if the Hessian of the closed-loop potential function at the equilibrium point is positive-
definite. In this section, we provide a possible algebro-geometric framework for this positive-
definiteness condition using the Farkas lemma [29]. The type of obstruction the stabilization
condition puts on the set of achieved energy shaping feedbacks has not yet been characterized
in an algebro-geometric fashion. We show that one can possibly investigate this question
using tools from convex analysis [4], 49, 12].

We denote the cone of positive-semidefinite R-bilinear maps on V* by SgOV; that is
SV ={AeVaV|ApB) >0, VYafeV}

We use = as a partial order on the positive semidefinite cone: A = B if A — B is positive

semidefinite.

Some properties of SgOV

We start this section by showing that the set of all positive semidefinite symmetric R-bilinear

maps forms a convex cone in SoV.

Lemma 7.4 The set of all symmetric positive semidefinite symmetric R-bilinear maps

=0y
S5V is a convex cone.
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Proof: Let A, Ay € S5°V. This implies that A;(x,z), Ay(x,2) > 0 for all z € V*. As a
result,

c1Ai(z,x) + coAg(z, ) > 0, c1,c2 € R,
which implies ¢1 A1 + ca Az = 0 for all ¢z, ca € R>g as required. [ |

Note that the interior of S5 OV consists of all positive-definite symmetric R-bilinear maps.

The dual cone for the positive-semidefinite cone is defined by
STOVF = {Y € Sov* | YA € S5OV, A(Y) > 0}.

The following theorem is a corollary of the so-called Hadamard product theorem and gives

an important characterization of the positive-semidefinite symmetric R-bilinear maps [49].

Theorem 7.5 (Fejer) A € SZEOV if and only if A(Y) >0 for all Y € SQEOV*.

Algebraic extended Farkas lemma

It is well-known that it is not possible to generalize the classical Farkas lemma [8] to non-
polyhedral cones due to the closedness assumption in the Farkas lemma; see [29]. In this
section, we reformulate the closedness sufficient condition of [4] in an algebraic fashion.
Let V be an n-dimensional R-vector space and let W be an m-dimensional R-vector space.

Suppose that we have a linear map
A SV —-W,

and define K = Im(A) The following lemma provides a Slater-type constraint qualifi-

|S§°V'
cation that enables us to extend the Farkas lemma [8] for the positive-semidefinite cone [29],

for proof see [4].

Lemma 7.6 (Algebraic version of closedness condition) If A(a) € S5°V* for some

a € W* then K is closed in W with the topology induced from R™.
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Now we can state an algebraic version of the so-called extended Farkas lemma.

Lemma 7.7 (Algebraic version of extended Farkas lemma) Let V and W be, re-
spectively, n and m-dimensional R-vector spaces. Let A € W ® SoV* and b € W. Assume

that A(a) € S;OV* for some o € W*. Then the following statements are equivalent:
1. there exists X € SgOV such that A(X) = b;

2. b(e) > 0 for all a for which A(c) € S5°V*.

Proof: Suppose that (1) is true. Then, by the Fejer Theorem, Theorem (7.5,

Conversely, suppose that there exists no X € SZEOV such that A(X) = b, i.e., b is not in K.
Since the cone K is closed by Lemma (7.6, there exists a hyperplane that separates b and K
(see so-called separation theorem [37]), i.e., there exists some o € W* such that b(a) < 0
and A(X)(a) > 0 for all X € SQEOV which, by the virtue of Fejer Theorem, means that

A() € S5Ov*. [

Stabilization condition

Suppose that we want to stabilize ¥ = (Q, G, Vo1, 0, Wo1) at an equilibrium point ¢y €
Q. If there exists a A € I'“(T*Q ® TQ) that satisfies the kinetic energy shaping partial
differential equations of Theorem 3.3/ and yields a positive-definite closed-loop metric on Q,
then one needs to check whether there exists a closed-loop potential function that satisfies
the potential energy shaping partial differential equations. One can take local coordinates
around gg in which A and the closed-loop potential function satisfy the following partial
differential equation:
iOVa Vo _

, 2
a aqz 6qa 07 (7 )
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where i € {1,...,n} and a € {1,...,m}. Moreover, we require that the Hessian of V¢ at

qo be positive-definite. Prolonging the above equation and evaluating at gy we have

i 9*V, 9*V,
Na(40) 5 (00) = e (00) =0 (7.3)

since dV1(q0) = dVii(go) = 0. In the following, we use Lemma [7.7 to investigate the
possibility of having a positive-definite solution to Equation (7.3).

Suppose that A is a solution to the kinetic energy shaping partial differential equa-
tions. Ome can observe that positive-definiteness of the Hessian of V at gy, along with
Equation (7.3), is equivalent to the intersection of the cone of positive-definite symmetric
R-bilinear maps on Ty Q with the affine subspace prescribed by Equation (7.3) being non-
empty. Thus a version of the extended Farkas Lemma 7.7 might be suitable for determining
if the intersection is nonempty. The challenge, however, is deriving an appropriate version
of Lemma 7.6/ that allows us to use the extended Farkas lemma. In fact, one can extend
Equation (7.3) in such a way that it satisfies the closedness condition of Lemma7.6. Thus a
necessary condition for existence of a positive-definite Hessian that satisfies Equation (7.3)

can be achieved. But it is not clear whether such a result is sufficient or not.
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