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Abstract

Network coding is known to be able to improve a network’s throughput and resilience
to packet losses. However, in practice high decoding complexity has been a major
obstacle that prevents network coding from being widely employed. This thesis con-
siders efficient network coding methods that have low complexity for different types
of scenarios.

Simple network topologies are first considered. We propose a systematic network
coding approach for networks that consist of one or two two-hop lossy paths. It is
proved that, compared to the random linear network coding approach, the proposed
scheme requires much less computation in encoding and decoding and also achieves
a higher end-to-end rate. It is demonstrated that a judicious use of uncoded packets
in these networks may provide considerable gain over random coding.

For networks with complex or changing topologies, we investigate the generation-
based strategy to design network codes, in which source packets are grouped into sub-
sets called generations and coding is only performed among packets belonging to the
same generation. We design generation-based network codes for two different decoders
that may be used in different scenarios to meet specific performance/complexity con-

straints. The first approach, which is generation-by-generation decoding, decodes



within generations and therefore its complexity can be made linear by properly choos-
ing the generation size. We analyze the decoding process and propose 1) a method to
estimate the optimal amount of overlap among generations, which is a key parameter
of generation-based network codes and 2) a new code based on unequal-size gener-
ations. The proposed code is shown to outperform existing codes in terms of both
computational cost and reception overhead. The second approach considers overhead-
optimized decoding, which decodes generations jointly and has lower overhead than
the generation-by-generation decoder but requires more computation. We provide
an overhead-optimized decoder design with low computational cost and then design
codes that are sparser than existing codes. The proposed code is shown to have lower

overhead and decoding cost.
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Chapter 1

Introduction

1.1 Motivation

Network transmissions play an important role in our lives. A variety of networks are
in widespread use which include large ones such as the Internet and cellular networks
or much smaller ones such as sensor networks. Reliable transmission of information
at a high rate in these networks is always of a central interest. To achieve this,
techniques such as automatic repeat request (ARQ), forward error correction (FEC)
and hybrid ARQ which is a combination of ARQ and FEC are heavily used in existing
systems.

Network coding [2], a technique that has been developing since around 2000, is
an emerging approach for improving network throughput. Network coding extends
traditional network operations from routing and store-and-forward to more powerful
operations that allow for coding information at intermediate nodes. In theory, net-
work coding achieves the max-flow capacity of multicast networks, which is the upper
bound of the rate at which information can be send from one source node to one or

more destination nodes through a lossless or lossy network.
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Other than increased rate, network coding also brings other benefits such as ro-
bustness and adapatability against packet losses or link failures. In particular, when
using random linear network coding (RLNC) [22], which is a distributed network cod-
ing approach achieving the max-flow capacity where information packets transmitting
in the network are random linear combinations of the original source packets, net-
work coding brings a useful property that coded packets can be made to be “equally
important” and therefore destination nodes only need to receive a sufficient number
of coded packets to decode, regardless of which packets are received. This property
makes RLNC a rateless code in networks where packet losses may happen. The rate-
less code term refers to a class of erasure codes with the property that a potentially
unlimited number of coded packets can be generated from a given set of source pack-
ets such that the original source packets can be successfully recovered from any subset
of the coded packets of size equal to or only slightly larger than the number of source
packets. The concept of rateless coding (also known the digital fountain property)
is first proposed in [5]. LT codes [33] and Raptor codes [56] are examples of high
performance rateless codes for point-to-point channels. Compared to ARQ, FEC and
hybrid FEC, RLNC as a rateless code is able to achieve the max-flow capacity of
a lossy network without the need of acknowledgements between nodes (indicating
whether a packet is received or not) and estimation of packet loss rates of links.

Given the benefits, the application of network coding has drawn much attention
over the past decade. For example, Microsoft has announced a prototype application
called Avalanche for large file distribution on peer-to-peer networks based on RLNC
[14]. However, one major problem that has been preventing network coding from

being widely employed in practice is its complexity. When using RLNC, the decoder
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has to solve a dense system of linear equations, resulting in cubic complexity using
Gaussian elimination. The computational cost would be prohibitively high if network
coding is performed across a large number of packets. The problem is severe if network
coding is used in networks where destination nodes are mobile devices that have
limited computing capability or battery power, e.g. cellphones.

In order to apply network coding in practice, it is important to devise efficient
coding methods that possess the benefits of network coding but reduce the expensive
computational coding and decoding cost. This is the theme of the thesis. The thesis
shows that in many networks the benefits of network coding can be utilized at a low

computational cost through careful code design.

1.2 Thesis Overview

In the thesis, low-complexity network coding is addressed for information dissemina-
tion in several network scenarios. Throughout the work, lossy networks are considered
where links are modeled as memoryless binary erasure channels (BEC). The informa-
tion unit is a packet, where each contains a number of information symbols from a
finite field F, of size q. Network coding is performed across packets. BEC refers to
channels where packets are either received by nodes successfully and correctly or else
lost.

The key idea of the work is to design sparse linear network codes, in which coded
packets are in the forms of linear combinations of a small subset (rather than all) of
the source packets. The thesis is organized as follows:

In Chapter 2, the background of network coding is first reviewed. A brief literature

review on key theoretic and experimental results in the area is presented. Existing
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strategies of sparse code designs are reviewed.

In Chapter 3, a systematic network coding method for two-hop lossy links is
presented. The method sends a mixture of uncoded and coded packets to reduce the
need of coding at the source and relay nodes. The method is shown to achieve a
rate no smaller than RLNC at a much lower computational cost in this network. A
Markov chain based technique is provided to calculate the expected completion time
of the transmission in the finite regime.

In Chapter 4, the systematic network coding method in Chapter 3 is extended
to a network which consists of parallel two-hop lossy links. This network topology
is useful in modeling many transmission scenarios in practice, for example, WiFi
offloading mode of cellular networks. The method is again shown to outperform
RLNC in terms of both rate and computational cost. A packet allocation problem
is formulated to allocate uncoded packets transmissions among paths such that the
number of uncoded packets that can be received by the destination is maximized; the
computational cost is then minimized. It is also shown that maximizing the number
of received uncoded packets also results in a maximized rate.

From Chapter 5, we shift our focus from networks with simple and known topolo-
gies to networks with complex or unknown topologies. In these networks, the design
of sparse network codes is more challenging because it is difficult to precisely define
the behavior of network nodes to forward sparse coded packets as proposed in Chapter
3 and 4. Therefore, we turn to a generation-based strategy in which source packets
are grouped into subsets called generations whereby network coding is only allowed
to be performed among packets belonging to the same generation. This strategy en-

sures that coded packets received by the destination are always sparse even though



1.2. THESIS OVERVIEW 5

intermediate nodes may not be aware of the network topology. However, other issues
are introduced such as the scheduling of generations and the problem of reception
overhead due to the sparseness of codes and/or non-optimal scheduling, where the
reception overhead is defined as the extra received packets required beyond the num-
ber of source packets to decode all the source data.

In Chapter 5, we design generation-based network codes (GNC codes) for the
generation-by-generation (G-by-G) decoder, in which source packets are decoded from
each generation separately until all generations are decoded. The GNC code specifies
how generations are constructed from the given source packets and how coded packets
are generated from each generation. The G-by-G decoder on GNC codes has decoding
complexity upper bounded by the largest generation size and therefore the overall
decoding complexity can be made linear if generation sizes are properly chosen. The
decoder has low decoding cost even if the number of source packets is very large. We
first propose in this chapter a new scheduling strategy to reduce the overhead that
may be caused by scheduling at intermediate nodes. We then analyze the G-by-G
decoding of GNC using a modified and-or tree analysis technique, based on which we
design GNC codes with reduced overhead.

Chapter 6 considers the design of GNC codes for the overhead-optimized decoding.
The overhead-optimized decoding decodes generations jointly rather than separately
as in the case of G-by-G decoder. Given a GNC code, overhead-optimized decoding
has the minimum overhead among all possible decoders. However, the decoding cost
is increased. The aim of Chapter 6 is to design a low-complexity GNC decoder for
scenarios where the number of source packets may be moderate rather than asymp-

totically large, based on which GNC codes with very low overhead can be designed. It
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turns out that, by exploiting the structure and sparseness among GNC coded packets,
we can achieve overhead-optimized decoding of GNC codes with low decoding cost,
while achieving reduced overhead. This property is of interest in applications where
low overhead is a strict requirement, for example where network services are charged

by the amount of transmitted data.

1.3 Contributions

The main contributions of the thesis are briefly summarized as follows:

e A systematic network coding method for two-hop lossy links that achieves end-

to-end rates no smaller than RLNC at a much reduced computational cost.

e An accurate completion time analysis of the above systematic coding method

based on Markov chain model is provided.

e An extension of the systematic network coding method to parallel path two-hop
lossy links is proposed and an uncoded packet allocation problem is solved and

shown to provide optimal end-to-end rates and decoding costs.

e A general design method for generation-based network coding using the G-by-
G decoder is developed based on a modification to the and-or tree analysis

technique.

e The optimal amount of overlap among generations for GNC codes using G-by-G

decoder is analytically determined using the above design method.

e A new GNC code with unequal-size generations is proposed and is demonstrated

to have both lower overhead and G-by-G decoding cost compared to existing
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GNC codes based on equal-size generations.

o A low-complexity overhead-optimized GNC decoder which has optimal overhead

is designed and shown to have low decoding cost.

e A new GNC code based on existing techniques is designed for the above overhead-

optimized decoder and is shown to have lower code overhead and sparser struc-

ture than existing codes.



Chapter 2

Background

2.1 Basics of Network Coding

The literature on network coding dates back to the 1990s. In their seminal work [2],
Ahlswede et al. show that the achievable rate of multicasting information from one
source node to multiple destination nodes through a network is bounded by the maz-
flow capacity of the network. The results utilize the max-flow min-cut theorem [27]
where a directed graph is used to model the network and the flow is the information
to be multicast. It is shown that the max-flow capacity can be achieved by allowing
intermediate nodes of the network to perform coding on the information; this inter-
mediary coding operation is referred to as network coding. Later in [29] and [26],
it is shown that the max-flow capacity can be achieved by linear network codes, in
which encoding and decoding are based on linear operations on information packets.
In [23], a deterministic algorithm is provided to find a valid linear network code for
a directed acyclic network in polynomial-time.

The benefits of network coding can be illustrated in the well-known butterfly

network shown in Figure 2.1 (given by Ahlswede et al. in [2]). In this example, two
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packets a and b are sent from S to E and F; each link of the network is lossless with
capacity one packet per unit time. The max-flow capacity of the network is 2 packets
per unit time. On the link C-D, forwarding either a or b from C would not allow
E and F to receive both a and b. Instead, if network coding is performed at C by
sending a+ b on C-D, E and F can simultaneously receive the two packets: E will

receive a and a + b while F will receive b and a + b.

Figure 2.1: The butterfly network example where network coding achieves the max-
flow capacity.

In [22], Ho et al. prove that it is sufficient to use random linear network coding
(RLNC) to achieve the max-flow capacity of multicasting. In RLNC, coded packets
are random linear combinations of source packets throughout the network, and the
max-flow capacity can be asymptotically achieved if the finite field from which the
coding coefficients of the linear combinations are chosen is sufficiently large. The idea
of RLNC opens the door for the application of network coding in practice because it

allows network coding to be applied in a distributed manner and in networks whose
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topologies may be unknown.

Suppose that M source packets sq,ss,...,s), are sent from a source node to one
or more destination nodes; each packet consists of K symbols from a finite field F, of
size ¢q. The received coded packets at a destination node of a network where RLNC

is used are in the forms of
M
r = Zgisi, (2.1)
i=1

where g;’s are the encoding coefficients that may be chosen uniformly randomly from
F,. The vector (g1, 92, .- ., gum]| is referred to as the coding vector of the coded packet
r. In [8], it is proposed that the coding vector can be delivered in the header of the
coded packet. The cost of delivering the coding vector is M extra [F, symbols in each
packet, which is negligible if M <« K.

At each destination node of a lossy network in which links are memoryless BEC,
received packets are all error-free. Suppose that N packets rq,rs, ..., ry are received.
The decoding of the source packets is equivalent to solving the following linear system

of equations with multiple right-hand sides

g1 o giMm S1 rp

gNg1 0 gNM Sm ry

where the left-most matrix is referred to as the decoding matrixz, whose rows are coding
vectors extracted from the received packets and the N x K right-hand side matrix
contains information symbols of each received coded packet. In practice, packets
arrive at the destination node in a sequential manner. A received packet whose

coding vector is not in the span of coding vectors of all previous received packets of
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a node is referred to as an innovative packet to the node. Solving (2.2) is possible
if and only if M innovative packets are obtained among the N received packets, i.e.,
when the decoding matrix is full-rank. Suppose that N received packets are needed

for successful decoding. The reception overhead

N-M (2.3)
E = ——. .
M

When RLNC is applied across all the M source packets, encoding coefficients are
uniformly randomly chosen from F, and therefore the decoding matrix is uniformly
random and dense. The decoding of RLNC can be performed using Gaussian elimi-
nation (GE), which results in unique solution as soon as the decoding matrix becomes
full-rank. Solving (2.2) requires O(M? + M?K) arithmetic operations over the finite
field using GE, where an operation refers to either a divide or multiply-and-add oper-
ation between two elements of ;. The computational cost may be prohibitively high
if M is larger than several hundreds as reported in [64], [55].

To reduce the decoding cost, the key idea, which is also the central theme of the
thesis, is to design sparser coding methods that may not perform RLNC all the time
and/or may not perform RLNC across all the M source packets. In these ways, sparser
and /or structured instead of uniformly dense decoding matrices may be obtained. We
can then exploit the properties of the decoding matrix to achieve low computational
cost.

According to when the decoder can succeed, we can classify decoders into two
general categories. Decoders that succeed as soon as M linearly independent packets
are received are referred to as overhead-optimized decoders. Given a network code,

the achieved overhead of using overhead-optimized decoders is the smallest among
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all possible decoders. GE is one example of such decoders. On the other hand, some
decoders may not be guaranteed to succeed when M linearly independent packets are
received, which mostly occurs when the decoder is set to exploit certain properties of
the decoding matrix. The generation-by-generation decoder in Chapter 5 is one such
example, where the decoding is always performed on sub-matrices of the decoding
matrix. For these decoders, the overhead would be larger than that of using overhead-

optimized decoders. However, as a trade-off, the decoding cost would be reduced.

2.2 Sparse Code Design: Fountain Codes

Fountain coding, as first proposed in [5], is a concept of scalable coding method for
dissemination of data over BEC. The motivation of fountain coding is that the source
node can send a potentially unlimited number of coded packets out of a given set of
source packets such that the original source packets can be recovered (hopefully at
a low computational cost) from any subset of coded packets of size equal to or only
slightly larger than the number of source packets. During the transmission process,
the source node does not need to know the channel erasure rate to perform coding
and no feedback channel is required to ensure reliable delivery. In this sense, RLNC
can be viewed as a type of fountain codes with cubic decoding complexity.

Unlike network codes, fountain codes are originally end-to-end codes, meaning that
received packets are always subsets of coded packets generated at the source node; no
coding is allowed in the middle of the network. They are designed for one-hop net-
works, e.g. point-to-point, point-to-multipoint or multipoint-to-point transmissions.
However, good designs of fountain codes involve inspiring sparse coding ideas that

may be useful in design of sparse network codes.
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LT codes [33] are the first example of practically implementable fountain code over
Fy; it is a sparse code, meaning that each coded packet is coded across only a small
subset of source packets. In LT codes, each coded packet is an exclusive-or (XOR)
combination of a small subset of source packets of size d, where d is the degree of
the coded packet whose value is drawn from a degree distribution at random. When
d is sampled from the distribution, d source packets are uniformly randomly chosen
from the M source packets without replacement to form a coded packet. The coding
process can be viewed as building a bipartite graph with M left nodes corresponding
to source packets and a potentially unlimited number of right nodes corresponding
to coded packets, where the right node degrees are randomly drawn from the degree
distribution. The chosen source packets are referred to as the neighbors of the coded
packet. In [33], Luby introduces two forms of degree distributions called the ideal
soliton distribution and the robust soliton distribution. The former one is theoretically
optimal in terms of overhead and the latter one performs better in practice. Both of
the distributions result in the average degree d,,, = log(M) among coded packets.

Given a number of received packets, the decoding of LT codes is performed by
the so-called Luby-Transform process. The process is also known under the name of
belief-propagation decoder over BEC [36], [52]. In each step of the process the decoder
needs to find at least one coded packet among received packets that has degree one.
The set of degree-1 packets among received packets is called the ripple. As long
as the ripple is not empty, the decoder is able to decode one packet because each
degree-1 packet must be identical to some source packet. When one source packet
is decoded, it is removed (by XOR) from the remaining received packets which have

it as a neighbor. The removal may increase the size of ripple as it may reduce some
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received packets to degree one. The process ends when the ripple is empty. The
decoding process succeeds if all source packets are decoded in the end or else fails if
the ripple is empty when not all source packets are decoded.

Essentially, the LT decoding process is no more than solving a linear system of
sparse equations in the form of (2.2). Each equation corresponds to a received coded
packet of symbols; the coordinates of nonzero elements (i.e., the 1’s because Fy is
used) in the equation are the indices of XORed source packets in the coded packet.
However, due to the non-uniform sparseness introduced in the encoding using the
soliton distributions, solving (2.2) can be done quite efficiently instead of using GE.
To see this, we rephrase the decoding process in the context of solving the linear
system of equation through pivoting the decoding matrix. This viewpoint will be
shown to be useful in some of the designs of sparse network codes proposed in this
thesis.

Pivoting is a process of selecting a sequence of elements from the matrix and
re-ordering rows and columns of the matrix accordingly. In each step, one nonzero
element of the matrix is selected as a pivot according to a specific pivoting algorithm.
After M pivots are successfully obtained, the matrix is reordered according to the
sequence of selected pivots by exchanging rows and columns such that the i-th selected
pivot is now the i-th diagonal element of the new matrix. Note that the rows of the
right-side matrix of the linear system of equations need to be reordered accordingly
such that the solution to the linear system remains the unchanged. The pivoting,
if properly done, would ensure that the sparseness of the matrix can be maintained
during row reductions. In Figure 2.2 [10] we show a typical example where pivoting

and reordering are necessary, where if forward row reductions are performed on the
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original matrix on the left directly, all zero elements will be changed to nonzero
after eliminating elements of the first column. However, if the matrix is pivoted and

reordered to the form on the right, the sparse structure would not be ruined.

XXX XXXXX X X
X X X

X X X X
X X X X
X X X X
X X X X
X X X X
X X XXXXXXXX

Before re-ordering After re-ordering

Figure 2.2: Reorder matrix before row reductions to preserve the sparsity.

In effect, LT decoding corresponds to the following simple algorithm: in each step
of pivoting, the algorithm always chooses the nonzero element from a singleton row
as the pivot, where singleton rows are rows with only one nonzero element; if there
are multiple singleton rows, choose the pivot from one of them at random; if else
no singleton rows can be found before M pivots are found, the decoding declares a
failure.

The reordered decoding matrix of LT codes after successful pivoting is in a lower-
triangular form, and the average number of nonzero elements in each row below the
diagonal is log(M). Solving such a linear system of equations only requires forward
row reductions to eliminate nonzero elements below the diagonal, and therefore the
number of required operations is linearly proportional to the number of nonzero ele-
ments and hence results in O(M log(M)) arithmetic operations rather than O(M?)
using GE.

A remarkable feature of LT codes is that the robust soliton distribution designed
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by Luby enables the described pivoting algorithm to succeed with high probability
with only slightly larger than M received coded packets, resulting in a very small
overhead. It is noted that log(M) is an information-theoretic lower bound of the
average degree that is needed such that M source packets can be recovered from
about M coded packets, regardless of what decoding methods are used. A proof of it
using balls-in-bins arguments can be found in [56].

Raptor codes [56] are improved fountain codes based on LT codes. Raptor codes
have O(M) rather than O(M log(M)) decoding complexity. The basic idea of it is
to use a degree distribution that results in a constant (rather than log(M)) average
degree among coded packets and use a fixed-rate erasure-correction precode to recover
some of the source packets that are not recoverable by the LT decoding process.

Raptor codes have been selected as the standard coding method for reliable multi-
media broadcast in 3GPP systems [1] for its linear-time decoding complexity. In [57],
the standardized Raptor codes, Raptor10 (R10) and RaptorQ (RQ), are described in
details. One of the key improvements of standardized Raptor codes over the original
designed Raptor codes is the pivoting algorithm used in decoding. In standardized
Raptor codes, a so-called inactivation decoding is used, which essentially is a pivoting
algorithm that when the pivoting fails to find a singleton row, some columns of the
matrix are declared as inactive such that singleton rows can be found in the remain-
ing sub-matrix that consists of the rest of active columns. The pivoting algorithm
is also seen in [46], [51] and referred to as the structured Gaussian elimination. The
reordered matrix after pivoting is in the form of the left matrix of Figure 2.3, where
the right part of the matrix are the inactivated columns and 0 refers to the area where

elements are zero. The left part of the reordered matrix is in a lower triangular form
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and therefore can be diagonalized by forward row reductions. The average degree of
each row below the diagonal is a constant. The matrix is transformed to the right
one of Figure 2.3 after the diagonalization of the left half. The decoding is then to
first reduce the sub-matrix T; which is now dense because of row operations during
the diagonalization to identity matrix using Gaussian elimination and then eliminate

Uj; to convert the whole matrix to identity.

IA part —_—

Figure 2.3: Reordered matrix after inactivation decoding.

Note that unlike the LT decoding process, the pivoting method above ensures that
the decoding is successful when the matrix is full-rank and therefore the decoding is
overhead optimized. It is important to note that a well-designed degree distribution
of Raptor codes would result in only a small number of columns being inactivated,
normally in the order of v/M. Therefore, the Gaussian elimination on T; is linear in
M and the overall decoding complexity is O(M).

The lesson we can learn from the design of fountain codes is two-fold: 1) the com-
putational cost of solving linear systems relies on not only the sparsity of the matrix
(i.e., the average degree of all equations) but also the “structure” of the sparsity,
which is determined by the degree distributions. Generally, it would be beneficial

to have different numbers of nonzero coefficients in each equation, i.e., non-uniform
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sparsity; 2) using a hybrid process of Gaussian elimination and belief-propagation
decoding may obtain a better trade-off between the overhead and computational cost
performances than using one of them exclusively. Specifically, if the sparsity “struc-
ture” is properly designed, the decoder would achieve the overhead close to that of
Gaussian elimination and the computational cost close to that of belief-propagation.

It is a natural thought to directly apply LT or Raptor codes in networks, while
aiming at preserving its sparsity when performing network coding at intermediate
nodes. Examples of efforts in this direction are [47], [16], [7] for line networks, whose
topology is relatively easy to handle when trying to preserve the sparsity of codes
because there is only one downstream neighboring node of each node. In networks
with more complex topology, however, the task to maintain the required degree dis-
tribution of codes gets challenging. To circumvent the issue, some works such as [6]
consider to decode fountain codes completely at intermediate nodes, i.e., use foun-
tain codes in a hop-by-hop manner. This way, however, loses much of the benefit of

network coding as it incurs much long delay.
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Chapter 3

Systematic Network Coding for Known Network

Topologies: Two-Hop Links

3.1 Introduction

Packet transmission over two-hop lossy links is increasingly important in communi-
cation networks. For example, in current cellular networks, WiFi access points (AP)
may be deployed in cells to offload traffic from the base-station (BS). In this scenario,
transmissions from the P-GW (Packet Data Network Gateway) to a destination via
BS and AP can each be modeled as packet transmissions over two-hop lossy links.
Network coding can be beneficial in these types of networks. When packets pass
through a lossy two-hop link, if intermediate nodes re-encode packets with previously
received ones, coding can achieve the max-flow capacity of the link [67], and therefore
improve the end-to-end rate of the transmission compared to uncoded schemes. More
importantly, this improvement is achieved without the need of either acknowledge-
ments between nodes (as required by ARQ) or estimation of link qualities (as required
by FEC). Random linear network coding (RLNC) [22], in which the re-encoded pack-

ets are random linear combinations of packets received at the intermediate node, can
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achieve this in a distributed manner. RLNC is known to be asymptotically rate-
optimal as it achieves the max-flow capacity when the size of the arithmetic field of
the RLNC goes to infinity.

As mentioned in Chapter 2, an important drawback of RLNC is complexity. De-
coding of RLNC, performed on M source packets each with K symbols from a finite
field of size ¢, Iy, requires the solution of a linear system of equations in M un-
knowns, which requires O(M? + M?K) operations for unstructured matrices, e.g., via
Gaussian elimination (GE). For handheld devices with limited computing capability
and battery power, this computational cost may be prohibitively high. Moreover,
the rate-optimality of RLNC relies on a sufficiently large field size, which, as a conse-
quence, requires a larger packet header to carry coding vectors and also requires more
resources when performing finite field arithmetic (for example, large look up tables
may be needed to perform efficient multiplication). When the field size is small, for
example ¢ = 2 (i.e., binary), the achievable rate of RLNC can be much lower than
the max-flow capacity, especially when the number of source packets is also small.

In this chapter, we address network coding for two-hop lossy links. We propose
a network coding method for this network topology that possesses similar rate per-
formance as RLNC but at significantly lower encoding/decoding computational cost.
The proposed scheme first sends uncoded packets in their original order, and then
sends a potentially unlimited number of coded packets using RLNC. Combined with
the proposed re-encoding strategy at the intermediate node, which forwards received
uncoded packets or else performs the same coding as RLNC, the scheme will be shown
to achieve higher rate than RLNC but with less computation. In applications where

the field size and the number of source packets are not very large, for example in
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WiFi where we may often have frequent transmissions of small amount of data, the
improvement of the proposed scheme over using RLNC is considerable.

The transmission scheme where a source node sends uncoded packets first and
then sends coded packets has recently appeared in the literature for one-hop links.
For example, in [20], [58] and [38], the benefits of reducing decoding complexity and
completion time are explored. For two-hop links, a scheme is presented in [47] (Section
IT11.B) in which fountain-coded packets (e.g. using LT codes [33]) are transmitted in
the first hop; the intermediate node forwards the received packets from the first hop
and sends some re-encoded packets from the buffer after forwarding. The method is
studied from a coding theory point of view in the asymptotic regime. In [13], a scheme
with a similar transmission strategy in the first hop as ours is proposed. However, the
method in [13] assumes a direct link between the source and destination nodes and
only sends coded packets from the buffer on the second hop after all uncoded packets
are transmitted, and does not make use of possible transmission opportunities on the
second hop before uncoded packets are finished. Therefore, the achievable rate of the
scheme in [13] is strictly lower than the max-flow capacity of the link.

The rest of the chapter is organized as follows: in Section 3.2, we present the
system model and describe the proposed scheme. Section 3.3 compares the rate and
complexity performance of the proposed scheme with RLNC, where Section 3.3.1
presents a method to analytically determine the expected completion time of the
proposed scheme using a Markov chain model and in Sections 3.3.2 and 3.3.3 we
establish the advantages of S2HNC compared to RLNC. In Section 3.4, we consider
the effect of using limited size buffer at the intermediate node. We present numerical

and simulation results in Section 3.5 and offer conclusions in Section 3.6.
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3.2 System Model and Coding Schemes

3.2.1 Transmission Model

Suppose a source node, S, has M data packets with K symbols from F, per packet,
denoted as s, ss, ..., Sy, to send to a destination node, D. A relay node, R, connects
S and D to reduce transmission distance. There is assumed to be no direct link
between S and D. Figure 3.1 shows the network topology. Let S-R and R-D denote
the two links between the nodes. The links are modeled as delay-free memoryless
erasure channels. The erasure probabilities of S-R and R-D are denoted as €; and ¢,
respectively. The capacities of the two links are therefore 1—¢; and 1—e,, respectively.
Node R operates in half-duplex mode, meaning that it is only able to either receive
from node S or transmit to node D at a given time but not simultaneously. For

convenience, we use S-R-D to refer to the overall two-hop link.

1_€1
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o

Figure 3.1: Two-hop lossy link.

We assume that transmission opportunities are presented to S and R successively.
We refer to two successive transmissions on S-R and R-D as a network use. When R
receives a packet from S, it stores the received packet in its buffer. We denote the
buffer size at R as U. In most of this chapter, we assume an unlimited buffer size, i.e.,

U = oo except for Section 3.4. Throughout the transmission, we assume no feedback
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between nodes except that D informs S and R when it has finished recovering all the

source packets.

3.2.2 Coding Methods
Random Linear Network Coding

As the baseline scheme, RLNC refers to the case in which S keeps sending random
linear combinations of packets, and R transmits random linear combinations of pack-
ets that have been received thus far on S-R. This packet-level RLNC scheme was first
proposed in [39)].

Packets sent from S are in the form of p = Z?il gisi, where ¢ is a randomly
chosen encoding coefficient from F, at the source node. In RLNC, we assume that
coefficients g are chosen at random with uniform probability from F,. If we denote
packets received at R as p1,p2,...,Ps,, where B, is the number of buffered packets
after at time n, the packet sent on R-D in the next transmission is a linear combination
Zf:l hip;, where h. are uniformly randomly chosen re-encoding coefficients at R.
Coding coefficients are delivered in the header of encoded packets. The coding vector
of the received packets at the destination node is denoted as [g;1,gi2, - - -, gin] for
the i-th received packets, 1 =1,2,....

Suppose that N packets rq,rs,...,ry are received by D. The recovery of source

packets corresponds to solving the linear system of equations

g1 - giMm S1 Iy

gN1 c gN.M Sm ry
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where the matrix on the left-hand side is referred to as the decoding matriz, whose rows
are coding vectors of received packets and the N x K right-hand side matrix consists of
symbols in received coded packets. An innovative packet refers to a received packet
whose coding vector is not in the span of coding vectors of all previously received
packets. Decoding is only possible if M innovative packets are received, i.e., when
the decoding matrix is full-rank. As the decoding matrix in (3.1) is unstructured,
O(M?3+ M?K) operations are required for GE over the finite field, where an operation
refers to either a divide or multiply-and-add finite field operation. If the finite field

is Fo, an operation refers to the XOR of any two bits.

Systematic Two-Hop NC

When M is large, it is clear that the decoding complexity of RLNC is high. Here, we
propose a coding method with lower complexity: S sends M uncoded packets in their
original order for the first M transmission opportunities and sends coded packets
using RLNC after that. Over the S-R-D link, if R receives an uncoded packet from
S, it forwards the packet on R-D in its next transmission and also saves a copy of
the packet in its buffer. If R does not receive a packet or receives a coded packet
on S-R, in its next transmission it generates a packet from the buffer using RLNC
which it then transmits to D. We refer to this overall scheme as systematic two-hop
network coding (S2HNC). The decoding of S2HNC is similar to that of RLNC, i.e.,
solving the linear system of equations (3.1). However, since received packets may
be uncoded, some rows of the decoding matrix are singleton, i.e., contain only one

nonzero element.
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3.2.3 Performance Metrics

We are interested in two performance metrics: end-to-end rate and decoding complex-
ity. The end-to-end rate is defined as R, = %, where T is the expected completion
time, which is defined as the expected number of network uses that are needed for D
to recover M source packets. R, is upper bounded by the max-flow capacity of the
S-R-D link, which is R, = (1 — max {1, €2}) packets per network use. It is clear that
R, is inversely proportional to the expected completion time 7" as M is a constant.
The decoding complexity of schemes are measured by the average number of op-

erations that are needed per packet in recovering all the source data.

3.3 Analysis of S2ZHNC

3.3.1 Expected Completion Time of S2ZHNC

It is known that when M is large, RLNC achieves the max-flow capacity of the
network. In practice, however, where M may not be large, we would experience some
loss in end-to-end rate. In this section, we employ a Markov chain model to calculate
the expected completion time of S2HNC in the small M regime given erasure rates.
In [54], a Markov chain model is proposed to analyze the two-hop network coded
transmission, where RLNC of infinite field size is assumed. In the following we apply
a similar technique to finite field sizes.

We use two Markov chains to characterize the process of D collecting innovative
packets. One denoted as C1 is for the period of time when S is sending uncoded
packets and the other one C2 is for when S is sending coded packets. The state
spaces of the two Markov chains are the same and can be expressed in a two-tuple

state, (k,r), where k and r represent the numbers of innovative packets received
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by R and D at the beginning of each S-R transmission. The state transitions that
may occur at each step is shown in Figure 3.2. It is noted that » < k because the

information received by D cannot exceed that received by R at any time. We have a

(M+1)(M+2)
2

e s e

Figure 3.2: State transitions of the considered Markov chains.

total of n = two-tuple states.

When S transmits uncoded packets, the probability that k& increases by 1 after a
network use is pr_1y1 = 1 — €1 for k < M, i.e., a successful transmission on S-R and
0 for £k = M. The increment of r is dependent on k’s evolution. For k < M, we have
Prosr+1lk—k+1 = 1 —€o for a successful forward by R or p, 15—k = (1 —€2) (1 — qk%r>
for a successful transmission of an innovative packet coded from R’s buffer!. For
k= M, we have p,_,q1jp—r = (1 — €2)(1 — qM%T) The evolution of (k,r) for C1 can
then be characterized. For example, denoting p(x )—(x+1,,+1) as the probability that
k and r are each increased by 1 after a network use, it is seen that it is equal to
Prk—sk+1Pr—r1|k—k+1 for 7 < k < M. Similarly, we can obtain pe. r)—(kr)s Plky)—(k+1,r)5
and Pkr)—(k,r+1)-

When S starts sending coded packets, the transition probabilities are different. In
this stage, k is increased with probability pp_ri1 = (1 — €1)(1 — qM%k) for £ < M.
When k < M, the probability that r increases is pyri1jp—r = (1 — €)(1 — qk%)

and pr i1kt = (1 —€)(1 — W%), where the term QH% is because one more

'The item qk%r is because the coded packet is a random linear combination of buffered packets
[28].
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innovative packet is received at R before it generates a coded packet. When k£ = M,

Prosrifhok = (1 —€2)(1 — =), With these, we can obtain pekr) k), Pikr) (k1,5

Dik,r)— (k1) a0 Dk )= (h1,04+1) for C2.

The detailed expressions of transition probabilities of C1 and C2 are provided in
Appendix A. The calculation of the expected completion time of S2HNC consists
of determining the state of C1 after exactly M steps (i.e., M network uses) starting
from (0,0) and the expected steps that are further needed for C2 to transit from that
state to (M, M). To simplify the computation, we can label each two-tuple state
with an index. Our choice here is to list states in a sequence as (0,0), (1,0), (1,1),
(2,0), (2,1), ..., (M,M — 1), (M, M), and then we label state (k,r) using index
= @ + 7, i.e., using a new sequence of states 0,1,2,3, ... to refer to (0,0), (1,0),
(1,1), (2,0),.... Below we will interchangeably use i or (k,r) to refer to a two-tuple
state. A consequence of this labeling choice is that state ¢ cannot transit to a state
7 < 1. With the notation, we can write the transition matrix of C1 as II;, which is
an upper-triangular matrix with elements 771'13‘ denoting the probability of transition
from state ¢ to j. Similarly, the transition probabilities of C2 are put into a matrix
denoted as II,.

After M steps starting from (0, 0) with transition matrix Iy, the probability that

the system is in state i is equal to the i-th element of 1oIIM, where 1 is a length-

(M+1)(M+2)

5 ) row vector with only the first item being non-zero, 1. The

n (n =
probability vector 1,ITM is the “input” of C2, which is an absorbing Markov chain

in which (M, M) is the only absorbing state. It is easy to verify that II; and Il; can
Qi Ri

be written in the forms of , 1 = 1,2, respectively. ()1 and ()2 are of the
0 1

size t X t; t = n — 1 is the number of transient states. Then the expected number
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of steps, Ay, that is needed by C2 to enter the absorbing state given 111} as the

initial probability vector of states is equal to the first entry of the vector [25]

QY (I — Q) '1,, (3.2)

where [; is a t x t identity matrix and 1, is a length-t column vector whose entries

are all 1. Then the expected completion time of S2HNC is

E{T} = M + Ay (3.3)

We note that the load of computing the expected completion time from (3.2) is
high for large M, even though that )1 and (), are very sparse. For example, the
computation of A,; for M = 500 requires matrix multiplications between matrices
()1 and @), each of order 125,750. However, since S2HNC asymptotically achieves
the max-flow capacity for large M, we only need the presented technique to calculate
the expected completion time for small M, which would not be a problem.

The method presented includes the calculation of expected time for RLNC scheme
as a special case, in which no uncoded packets are sent and C2 with initial state (0, 0)
characterizes the whole transmission process. The expected number of steps before
the process entering the absorbing state is then equal to the first entry of the vector
(I — Q)7 '14.

The variances of the completion time can also be obtained. Note that the initial
state of S2HNC for II, is 1oIT¥ while that of RLNC is 1g. Let N = (I; — Q)7 !; we
have [25]

Var{T} = v(2N — I,)N1, — (VN1,)?, (3.4)
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where v is the first row of QM for S2HNC and is a length-t vector with only the first

item being non-zero, 1, for RLNC.

3.3.2 Advantage in End-to-End Rate

Based on the above analysis, we can establish that S2HNC has shorter expected com-
pletion time, and therefore achieves higher end-to-end rate than RLNC. We achieve
this by examining the probabilities that a received packet is innovative for D when
using S2ZHNC and RLNC, respectively. S2HNC will be shown to have larger such
probability at any time than RLNC.

Since S2HNC has the same behavior (which is characterized by the Markov chain
C2) as RLNC after M transmissions from S, we only need to compare the two schemes
during the first M transmissions from S. We consider S2HNC first. Recall that k£ and
r denote the numbers of innovative packets that have been received by R and D at the
beginning of each S-R transmission, r < k. During the first M transmissions from S,
the probability that D receives an innovative packet after two successive transmissions

on S-R and R-D is equal to

T

pseunc(k,7) = (1 —€) [(1 —e) +a(l - %) , (3.5)

which corresponds to that an uncoded packet is successfully forwarded (which is
innovative for D with probability 1) or the coded packet from the k innovative packets
at R is innovative for D.

Now consider the RLNC scheme. For the same k and r, the probability that a

new innovative packet is received by D after two successive transmissions on S-R and
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R-D is equal to

princ(k,T) = (1—62){(1_61 K _q_M)( k+1>
At -

where the bracketed term (1 — q%) (1 —

=

q,311> + ;ka <1 — Z_k> correspond to that the
coded packet sent from R is innovative for D if a packet was successfully received by
R.

We have psannc(k, ) > princ(k, ) because

k r k r
q q q q
(“rM) (1‘qk+1)+q—M(1‘%)<1'

3.3.3 Advantage in Decoding Complexity

For M source packets, it is expected that M,, = (1 —¢;)(1—€3) M uncoded packets are
received by D using S2HNC. Therefore, S2ZHNC only needs to decode the remaining
M — M, packets from RLNC coded packets using GE. For K > M, the number
of operations that are needed using GE is approximately M2K for RLNC and is
(M — M,)*K for S2HNC. This corresponds to a savings of a factor of W =

m computations. This is a considerable saving compared to RLNC when ¢;

and €5 are small as in many system scenarios.

3.4 Impact of Using Limited Size Buffer

We have assumed unlimited buffer size at the relay node thus far. In practice, however,

it is unrealistic to have unlimited buffer size. Therefore, we need to examine the
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impact of using limited buffer size at R, where at most U packets, U < M, can be
stored. With this setting, we assume that the following buffering scheme [40] is used
when storing packets (either uncoded or coded): if the buffer is not full, the received
packet, r, is stored in its original form; otherwise, it is multiplied by U random
coefficients g1, g2, ..., g chosen independently uniformly from F,, and the products
1T, gor, ..., gur are added to the U buffered packets, respectively. As a result, all
store packets in the buffer is actually coded.

We may use rate loss to measure the influence of using limited size buffer, which is
defined as 1—R./R.. We conduct a similar analysis as in [40] under unlimited field size
assumption, where the maximum achievable end-to-end rate under the assumption is
shown to be equal to

R: = (]_ - 62)(1 - 6171'0), (37)

where 7y is the steady-state probability of state 0 of the Markov chain shown in
Figure 3.3, in which the states denote the numbers of innovative packets that the
U-size buffer at R has for sending to D. The steady-state probabilities are denoted
as Ty, T1,...,Ty. The equation comes from the fact that, under unlimited field size
assumption, every successful transmission on R-D conveys an innovative packet to
D if there is at least one innovative packet buffered in R, and that if the number of
innovative packet at R is zero, then only a successful overall transmission on S-R-D
would convey an innovative packet. The transition probabilities showing in Figure 3.3
area=(l—¢)e, f=e(l—€),y=aea+(1—6a)(l—¢6),a=e+(1—¢€)(1l—e€),
b=eea+ (1 —€1), and ¢ = €1(1 — €).

We note that (3.7) holds regardless of how packets are buffered, i.e., it is the

performance upper bound for any buffering scheme. We also note that the system
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Figure 3.3: Evolution of number of innovative packets in the buffer.

model in this chapter is based on half-duplex R, and therefore the transition proba-
bilities above are slightly different from those in [40] for b and ¢. Using the fact that
m; = . mp;; for all j and that ) . m; = 1, where p;; is the transition probability from
state ¢ to j, it is easy to verify that am; = 711,71 =0,U — 2 and anmy_; = ¢y, and

therefore
1

_1+p+p2+...+pU‘1+§pU’

o (3.8)

where p = a/f.

A key point that we have observed relevant to (3.7) is that the maximum achiev-
able rate fraction using a fixed buffer size varies given different pairs of ¢; and e,.
Specifically, the rate loss performance is comparatively worse at €; = €5. To see this,
for a given U, without loss of generality, we fix e and consider different values of ¢;.
The fraction of the capacity of the link that can be achieved can then be expressed

as a function of ¢; as

1 — ey, €1 < €3;
R (e1)
A TCe _ U .
f(el) - RC(€1> - Utes’ €1 = €2; (39)
l-e

2 (1 —emp), € > e,
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where we obtain the expression for the case €, = €3 by setting p = 1 to (3.8). By
substituting (3.8), it is easy to see that f(e;) is monotonically decreasing with e; on
(0, e2) and monotonically increasing with €; on (eo, 1).

The phenomenon is illustrated in Figure 3.4 for fixed e; = 0.2 and U = 5. We see
that using limited size buffer would affect the end-to-end rate the most at ¢, = 0.2,
i.e., given a fixed buffer size, the system would perform comparatively worse if two
hops are of about the same quality.

1
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Figure 3.4: Normalized maximum achievable rates for various ¢; under e, = 0.2 and
U =05.

Note that this analysis does not mean that the absolute achievable rate R} at
€1 = €5 is lower than that at €; > €5, but that around €; = €5 a much larger buffer is
needed to achieve the same level of Rf/R, compared to other scenarios.

In Section 3.5, we observe by simulations that S2HNC performs better than RLNC
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under the same buffer and finite field size conditions.

3.5 Numerical and Simulation Results

In this section we simulate the performance of S2HNC and compare it with RLNC. We
also include a simulation of the LT-code scheme proposed in [47]. We first compare
S2HNC with RLNC in different scenarios. Specifically, we show the following three
cases: €, = 0.05, ¢ = 0.2, ¢¢ = 0.2, ¢ = 0.2, and ¢; = 0.2, ¢ = 0.05, which
correspond to cases where the quality of the first hop is better, equal to, and worse
than that of the second hop, respectively. In all cases, the max-flow capacity of the

two-hop link is 0.8 packets per network use. Coding is performed in Fy = {0, 1}.
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Figure 3.5: End-to-end rate and decoding complexity for e; = 0.05, €5 = 0.2.

The simulations use K = 8192 bits per packet; the numbers of packets vary from

M = 10 to 1000. We count the number of operations, N,,s, that are needed in
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Figure 3.6: End-to-end rate and decoding complexity for e; = 0.2, e = 0.2.
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recovering all the data in the implementation. The computational cost measurement
we use is the average number of operations per packet symbol (more specifically, bit
as in [Fy) for successful decoding, which is equal to ZA\E’—% Each curve of the following
simulation is averaged over 10,000 trials. The performances for the three cases are
shown in Figures 3.5-3.7, respectively.

Clearly, the rate of S2HNC is always higher, even though the gap is not large
and all the schemes achieve capacity quickly as M increases. The lower decoding
complexity of S2HNC, however, is quite obvious. It is seen that the improvement of
S2HNC in terms of the rate is more considerable in Figure 3.5, where the first hop
is more reliable than the second but is little if the second hop is better as shown
in Figure 3.7. This is because in the former case more uncoded packets would be
received at R, which are always innovative for D when using S2HNC; if the second
hop is more reliable, then S2HNC appears to resemble RLNC at R because more
coded packets would be sent. In practice, the former case is of particular interest
for networks that have a more reliable first hop. For example in cellular networks
where a base-station or WiFi access point is used to relay information from the data
gateway to users, the first hop is much more reliable than the second hop.

We note that when the link quality is poor, i.e., the erasure rates of S-R and
R-D are high, the performance gap between S2ZHNC and RLNC tends to shrink.
An example of this is shown in Figure 3.8, where the two hops have equal erasure
probability 0.8 and the performances of S2HNC and RLNC are almost identical.
This is anticipated because the advantage of S2HNC comes from its use of uncoded

packets, which are innovative for downstream nodes with probability one while require

no decoding. When links are highly lossy, very few uncoded packets would be received
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and S2HNC reduces to RLNC.
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Figure 3.8: End-to-end rate and decoding complexity for ¢, = €5 = 0.8.

We have seen that both S2HNC and RLNC approach link capacity as M increases.
However, when M is small, performance is far below capacity. We show this in Figure
3.9, where the rates and computational costs of the two schemes at small values of
M =10 to 100 are compared. A simulation of the LT-code scheme proposed in [47]
is included, where LT-coded packets are transmitted from S and R either forwards
received packets if receive any or generates RLNC re-encoded packets from its buffer.
Note that here the decoding of LT-coded packets is done by the inactivation decoding
[57] as described in Chapter 2, which finishes at the first instance a full-rank decoding
matrix is received, i.e., the achievable rate of LT-coded scheme is maximized in the
plot. In the low M and ¢ regime, the rate improvement of S2HNC over the other two

schemes is quite obvious. The LT-coded scheme has the lowest complexity due to its
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sparse nature but has the lowest rate.
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Figure 3.9: Comparison of S2HNC and RLNC for small M, ¢, = 0.05, e = 0.2.

The expected rates, M/E{T}, of S2HNC and RLNC are also provided in Figure
3.9, where E{T'}’s are calculated using techniques in Section 3.3.1, respectively. The
analysis results match simulations closely. In Figure 3.10, we show the standard
deviations (i.e., square root of variance) of the completion times of S2HNC and RLNC,
which are calculated using (3.4). It is seen that the deviations are small, suggesting
that using expected completion time to characterize the actual completion time is
sound.

In Figures. 3.11-3.13, we show the rate losses for different buffer sizes at R. We
fix e = 0.2 in the three plots and simulate ¢; = 0.05,0.2 and 0.3, respectively for
M = 100. In each figure we have included the best achievable rate loss performance

calculated from (3.7).
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Figure 3.10: Expected completion times and standard deviations of S2HNC and
RLNC for small M, e; = 0.05, e = 0.2.
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We see that both S2HNC and RLNC would not approach the performance limit
for the small M even when high order finite fields are used. However, in all cases

S2HNC has better performance than RLNC for the same fixed field size.

3.6 Discussion and Summary

In this chapter, we proposed to use systematic network coding for two-hop lossy link
where transmissions occur successively on the two hops. For this specific network
topology and traffic model, we showed that we do not have to always perform the high-
complexity random linear network coding to achieve the max-flow capacity. Sending
some uncoded packets is shown to be advantageous compared to sending randomly
coded ones all the time.

Compared to random linear network coding, which is capacity achieving for large
numbers of source packets and sufficiently large finite field sizes, our proposed scheme
is observed to have better performance in terms of both end-to-end rate and decoding
complexity in the finite regime where fixed M and g are given, and even if limited size
buffer is used at the relay node. The improvement is especially appreciable when the
number of packets is small and binary field is used. The scheme may have potential
use in many applications that consist of two-hop lossy links. One particular scenario
is WiFi offloading, where a WiFi AP is employed to help base station to deliver data
packets from a gateway to users. The transmission in the WiFi offloading scenario

mostly involves with only a small number of packets.
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Chapter 4

Systematic Network Coding for Known Network

Topologies: Parallel Two-Hop Links

4.1 Introduction

In Chapter 3, we saw that using systematic coding in two-hop lossy links may improve
end-to-end rates and reduce computational cost of decoding compared to using RLNC.
In this chapter, we extend the results in Chapter 3 to a network where parallel two-hop
lossy links are used simultaneously for transmission.

An example scenario where the topology of the parallel two-hop lossy links found
is in the WiFi offloading mode of cellular networks. The rapidly increasing data traf-
fic with the advent of smart-phones and tablets has been posing great challenges to
current cellular networks. To meet the explosively growing demand, many cellular
operators start to utilize WiFi networks to transmit part of data. WiFi offloading is
attractive financially because WiFi networks have lower infrastructure cost and more
flexibility. Users also benefit because WiFi access may be cheaper and the simulta-
neous use of cellular and WiFi connections increases throughput and reliability.

In WiFi offloading, data packets may be transmitted from P-GW (Packet Data
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Network Gateway) to user equipment (UE) on two parallel links simultaneously to
speed up the transmission; one is through the base station (BS) and the other one is
through the WiFi access point (AP), as shown in Figure 4.1. The multi-path TCP
(MPTCP) [12] protocol can be used to seamlessly establish/close the two two-hop
connections. The fountain code properties of network coding are potentially useful in
this network, in which the intermediate nodes of the two two-hop links may re-encode
previously received packets to achieve the max-flow capacity of the link. In [9], it is
shown that incorporating RLNC with MPTCP may achieve higher throughput than
MPTCP without network coding when links are lossy, in which the concept “seen
packet” proposed in [61] is used to address the compatibility issue of network coding
with TCP.

In this chapter, we show that systematic network coding is beneficial when parallel
two-hop lossy links are available. While we present the chapter in the context of WiFi
offloading, these techniques may be extended to other parallel multi-hop lossy link
topologies. Following the methodology from Chapter 3, we show that using systematic
network coding outperforms RLNC in terms of end-to-end rates and decoding costs.
In the following, since parallel paths are available, we formulate a packet allocation
problem to schedule the transmission of uncoded (which will be innovative) packets
among the two paths such that the number of received uncoded packets at the receiver
is maximized, so as to minimize the expected completion time of the transmission and
the decoding cost.

The rest of the chapter is organized as follows. In Section 4.2 we present the system
model of the problem and describe the coding methods for the system. In Section

4.3 we establish the advantages of the proposed coding method compared to RLNC,
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and we formulate an uncoded packet allocation problem to optimize transmission.
Simulation results are presented in Section 4.4. We supply the proof for the theorem

of Section 4.3 in Section 4.6.

4.2 System Model

4.2.1 OfHoading Transmission Model

Suppose that a packet data network gateway, denoted as GW, has M data packets
S = {si1,82,...,8n} to send to a UE. Each packet consists of K symbols from F,.
Two parallel paths exist for the transmission as shown in Figure 4.1; each is a two-
hop lossy link. We use GW-BS-UE and GW-AP-UE to refer to the two two-hop links

through a cellular basestation (BS) and WiFi access point (AP), respectively.

Figure 4.1: Network topology of WiFi offloading.

We assume that BS and AP operate in the half-duplex mode. Transmission occurs
successively on the two hops of each path and the two successive transmissions is
referred to as a use of the path. Let rate R; define the number of packets that
are sent on GW-BS or BS-UE per transmission, and let Ry define the number of

packets that are sent on GW-AP or AP-UE per transmission. Links are assumed
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delay-free, meaning that transmitted packets will be received immediately by the
downstream node if not erased. Given the rates R; and R», let €1, €, 6; and s
denote the corresponding packet loss probabilities on links GW-BS, BS-UE, GW-AP
and AP-UE, respectively. The max-flow capacities of the parallel two paths can then
be expressed as C; = Ri(1 — max{e, e2}) and Cy = Ro(1 — max{dy, d2}) packets per
path use, respectively. A network use refers to using each path once. The max-flow
capacity of the network is then C + Cy packets per network use.

Throughout the transmission, we assume that no feedback is available between
nodes to indicate loss/reception of packets except that the UE can inform GW, BS
and AP when it finishes recovering all the M source packets. We denote the expected
number of network uses that are needed by UE to complete decoding of all packets

as the expected completion time of the transmission, 7T'.

4.2.2 Random Linear Network Coding

In the RLNC scheme, GW always sends random linear combinations of source pack-
ets while BS and AP send random linear combinations of packets in their buffers,
respectively.

Received packets at UE are in the form of r = Zi\il gisi, where g; is a random
coding coefficient chosen from F,. The vector [g1, ..., gum] is referred to as the coding
vector of r. UE does not need to distinguish whether the received packets are from
BS or AP.

Suppose that N packets ri,ro, ..., ry are received. The recovery of source packets
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corresponds to solving the linear system of equations

g1 o giMm S1 r

gN1 c gN.M Sm ry

where the matrix of the left-hand side is referred to as the decoding matriz, whose
rows are coding vectors of received packets and the N x K right-hand side matrix
consists of information symbols of the received coded packets. An innovative packet
refers to a received packet whose coding vector is not in the span of coding vectors
of all previously received packets. Decoding is only possible if M innovative packets
are received, i.e., when the decoding matrix is full-rank. As the decoding matrix in
(4.1) is unstructured for RLNC, O(M?® + M?K) operations are required for GE over
the finite field, where an operation refers to either a divide or multiply-and-add finite
field operation. Operations reduce to XOR if Fy is used.

RLNC is capacity-achieving in the asymptotic regime; it achieves the minimum

_M

citc; When M and g are sufficiently large [22].

expected completion time T, =

4.2.3 Systematic 2-Hop Network Coding

A systematic 2-hop network coding (S2HNC) scheme for the network topology of
Figure 4.1 refers to where the first M; and M, packets sent from GW to BS and
AP, respectively, are uncoded source packets. After that, RLNC coded packets (i.e.,
random linear combinations of packets) are sent until UE successfully decodes all M
source packets. At both BS and AP, every received packet is stored in its buffer. If

BS or AP receives an uncoded packet, the packet is forwarded to UE; if no packet
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is received or the received packet is RLNC coded, a RLNC packet is generated from
the buffer for transmission to UE.

The set (M, Ms) is referred to as an uncoded packet allocation of the S2HNC
scheme; different choices of (M7, M,) result in different performances as we will show.

The decoding at UE is similar to that of the RLNC except that some received
packets may be uncoded, which means that some rows in the decoding matrix are
singleton, i.e., contain only one nonzero element.

In the following parts of the chapter, we quantify the S2HNC scheme’s reduction
in the expected completion time and computation over that of RLNC, as a function

of given packet loss probabilities.

4.3 S2HNC Advantages and Design

4.3.1 Completion Time

Lemma 4.1. The M, and My transmitted uncoded packets on the two paths being
distinct is a necessary condition for S2HNC to achieve shorter expected completion

time than RLNC.

Proof. For any M received RLNC packets at UE, packets are linearly independent of

one another as ¢ — o0o. Therefore, the RLNC scheme finishes at Ty, = % with
(R1 + R2)Tmin packets sent from GW with probability approaching one as ¢ — oo
[22]. Now assume that the same number of packets are sent from GW using S2HNC,
among which there are M; + M, uncoded packets. At UE, this results in M, =
(1 —€1)(1 — €)My + (1 —071)(1 — d3) M5 uncoded packets and M — M,, RLNC coded
packets. As ¢ — oo, decoding is successful if and only if the M, uncoded packets are

distinct. However, if there is any uncoded packet sent more than once, then there
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is a constant probability (depends on packet loss probabilities but not ¢) that would
not decrease to zero as ¢ — oo that the uncoded packet is received for more than
once at UE, i.e., the probability that M, packets are distinct does not approach zero
as ¢ — 0o, resulting in a constant decoding failure probability at Ti,;,. The expected

completion time of such a S2HNC scheme is not shorter than that of RLNC. O]

Theorem 4.1. Any S2HNC uncoded packet allocation with the My and M, uncoded

packets being distinct has shorter expected completion time than the RLNC scheme.
Proof. See Section 4.6. m

In the rest of this chapter, when we refer to S2HNC, we mean that uncoded
packets sent on the two paths are distinct. Note that Theorem 4.1 holds regardless of
the values of M, q and packet loss probabilities of links. Therefore, S2HNC achieves
RLNC’s minimum completion time asymptotically, as M — oo and ¢ — oo, and
in the finite regime where M and ¢ may be small, S2HNC has shorter expected

completion time.

Corollary 4.1. The allocation (M, Ms) that results in the most uncoded packets
received at UE has the shortest expected completion time among all S2HNC' uncoded

packet allocations.

Proof. The proof is straightforward from the proof of Theorem 4.1, in which it is
shown that any received uncoded packet at UE is innovative with a higher probability

compared to if a coded packet were received. O
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4.3.2 Computational Cost and Uncoded Packet Allocation

Depending on how many uncoded packets are received by UE, S2HNC exhibits differ-
ent computational cost compared to that of RLNC. Assume that M, uncoded packets
are received, then UE needs to decode only the remaining M — M,, RLNC coded pack-

M—M,)?

ets. This corresponds to a savings of a factor of ( 57z~ computations in solving the

linear system of equations.

To reduce computational cost, we can maximize M,. Based on Corollary 4.1,
maximizing M, results in the uncoded packet allocation that achieves the minimum
expected completion time. The maximization can be done by solving an optimization
problem to determine M; and M,. The optimization, however, requires to know the
link parameters, Ry, Rs, €1, €2, 61 and d5. The allocation problem can be formulated

as follows:
maximize (1 —€1)(1 — €)My + (1 —81)(1 — d2) Mo

My, M>

subject to My + My < M
M, M
il S
R, — Ci+Cy
Mo, M
27
Ry = C1 +Cy

My, My € 7,

(4.2)

where the first constraint is that at most M distinct uncoded packets can be sent
and the next two constraints ensure that uncoded packets on either path should
be transmitted within the first 7},;, network uses. These constraints arise to avoid
uncoded packets being “over-allocated” to one of the paths. If over-allocated on one
of the paths, the allocated uncoded packets may not actually be all transmitted before

UE finishes decoding; the remaining uncoded packets could have been transmitted
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on the other path.
We observe that M; + My = M always holds according to Corollary 4.1, because
GW has to send at least M packets and that distinct uncoded packets are always

better than coded ones. We can therefore solve (4.2) and obtain M; in closed form

as
MR
| (I—e)( —e) > (1—01)(1— )
_ Cy + Oy
M, = iR, (4.3)
M — LmJ Otherwise,

and My = M — M, where |-| maps a real number to the largest previous integer.
With optimized (M7, M), GW can choose any disjoint subsets of source packets of

sizes My and M, as the first transmitted packets on GW-BS and GW-AP, respectively.

4.4 Simulation Results

We compare the performances of RLNC and S2HNC by simulations where coding
is performed in Fy. The simulations use K = 8192 bits per packet and Fy is used
when performing coding. In measuring the computational cost, we count the number
of operations, N,,s, that are needed in recovering all the source packets in software

implementations. The measurement we use is the average number of operations per

Nops

i - Bach curve of the following simulation is

packet symbol, which is equal to
averaged over 10,000 trials.

The first set of network parameters of simulations are Ry = 1, Ry = 2, ¢; = 0.01,
€; = 0.05, 61 = 0.01 and 9, = 0.1. This combination of parameters corresponds to
where the WiFi offloading path may have higher transmission rate but also higher

packet loss rate (e.g. due to congestion) and where the first hops of each of the two

paths are more reliable than the second.
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In Figures. 4.2 and 4.3, we show the averaged completion times and computational
costs of using RLNC and S2HNC schemes, respectively. The solutions of the (4.2) for

some M are given in Table 4.1.

| M [20 ][40 ]60 |80 [ 100 | 120 | 140 [ 160 | 180 | 200 |
M [ 7 [14]21[29] 36 | 43 | 50 [ 58 [ 65 | 72
M, [13 26|39 [51] 64 | 77 | 90 [ 102 | 115 | 128

Table 4.1: Optimized uncoded packet allocations for Ry = 1, Ry = 2,¢; = 0.01, 65 =
0.05,4; = 0.01, 65 = 0.1, as a function of number of source packets, M.

In addition to the optimized allocation obtained by solving (4.2), for comparison
purposes we also include three other allocations for S2HNC, namely all-via-BS and
all-via-AP in which uncoded packets are only sent to BS and AP, respectively, and
proportional where uncoded packets are allocated as M; ~ MR,/(R; + Ry) and

My ~ MRy/(Ry + Rs). To clearly illustrate the comparison, we plot the average

M
T

end-to-end rates of schemes which are inversely proportional to the averaged
completion times. Achieving the minimum completion time is equivalent to achieving
the max-flow capacity between GW and UE, which is equal to C; + Cy = 2.75 packets
per network use for the parameters used.

It is clear that all S2ZHNC allocations achieve higher end-to-end rates than RLNC.
Although the gap decreases as M increases, the rate improvement is considerable for
small M. As expected, RLNC requires the most computations in decoding. Different
allocations of uncoded packets result in different computational costs. The optimized
allocation results in the least computational cost and a significant saving in com-

putational cost compared to RLNC is obtained. It is noted that the proportional

allocation achieves almost the same rate and computational cost as the optimized



4.4. SIMULATION RESULTS 52

Rate

: : : : : : : : : : : —+— RLNC
1.8 : : : ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ —>— S2HNC (all-via-BS) H
—¥— S2HNC (all-via-AP)
—B— S2HNC (proportional)
—6— S2HNC (optimized)

U S T N N S I S i ot

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200

Number of Source Packets
Figure 4.2: Rates of using RLNC and S2HNC as a function of number of source
packets, M, with uncoded packet allocation schemes and R; = 1, Ry = 2,
€1 = 0.01, e = 0.05, 6; = 0.01, 6 = 0.1.
allocation. This is anticipated because the allocation in Table 4.1 is very close to
being proportional to R/ Rs.

We present simulation results for another set of parameters Ry = 1, Ry = 4,
€1 = 0.01, e = 0.5, 6 = 0.01 and o, = 0.05, which corresponds to that the cellular
path has lower quality in terms of both transmission rate and packet loss rate. The
max-flow capacity of the scenario is C + Cy = 4.3 packets per network use. The
achieved rates and required computational costs of using RLNC and S2HNC with
different uncoded packet allocations are shown in Figures 4.4 and 4.5, respectively.
Again, all the S2ZHNC schemes achieve higher rates and lower computational costs
than the RLNC scheme.

Since the WiFi offloading path has much higher rate and better quality than
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Figure 4.3: Computational costs of using RLNC and S2HNC as a function of number
of source packets, M, with various uncoded packet allocation scehmes
and Ry =1, Ry =2, ¢ = 0.01, 3 = 0.05, 6; = 0.01, 62 = 0.1.
the cellular path in this scenario, we expect that the proportional and the all-via-
AP allocations have performances close to that of the optimized allocation. The
optimal allocation solution is provided in Table 4.2, where most of uncoded packets
are allocated to the WiFi path. In Figure 4.4, the achieved rates of proportional, all-
via-AP and optimized allocations are almost the same. However, it is seen that the
three allocations have considerable difference in computational costs at the receiver
as shown in Figure 4.5. In particular, we note that the optimal allocation in Table 4.2
is less close to being proportional to R;/Rs as in the case of Table 4.1, which explains
the gap of computational cost between the optimal and the proportional allocations,

indicating the importance of judicious use (allocation) of every uncoded packet.
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Figure 4.4: Rates of using RLNC and S2HNC as a function of number of source
packets, M, with uncoded packet allocation schemes and R; = 1, Ry = 4,
€1 — 001, €y — 05, 51 = 001, (52 = 0.01.

| M 2040 ]60]80] 100120 [ 140 | 160 | 180 | 200 |
My |23 [5[6[7 ]9 [10]12]13]14
M, [ 18 [37 [ 55 [ 74| 93 [ 111 [ 130 [ 148 [ 167 | 186

Table 4.2: Optimized uncoded packet allocations for Ry = 1, Ry = 4,¢; = 0.01,¢65 =
0.5,0; = 0.01, 95 = 0.05, as a function of number of source packets, M.

4.5 Conclusion

In this chapter we presented a systematic 2-hop network coding method for parallel
two-hop lossy link transmission. The coding method can be used in WiFi offloading
transmission. The computational cost and completion time are quantified and com-
pared to random linear network coding. The improvements are considerable when

the number of source packets of the transmission is small, which may often occur
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in practice. A key point observed from the proposed method is that the use of un-

coded packets (systematic coding) provides a benefit in WiFi offloading transmission

network topology. We have formulated an uncoded packet allocation problem for de-

termining the optimal allocation of uncoded packets on the parallel paths, resulting

in maximized end-to-end rate and minimized decoding cost.

4.6 Proof of Theorem 4.1

We prove the theorem by examining the probability that a received packet at UE

is innovative with respect to (w.r.t.) previously received packets. S2HNC will be

shown to have a larger such probability at any time than RLNC. The completion

time is inversely proportional to this probability because the process of UE collecting
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innovative packets is Markovian, i.e., the probability that whether a received packet
is innovative only depends on the number of innovative packets that UE has received
so far.

Consider a S2HNC with fixed M; and M. In the first T} = min(%—f, %—22) network
uses, packets transmitted on paths GW-BS and GW-AP are all distinct uncoded
packets. The information flows on the two paths are therefore independent. Using
the results from Section 3.3, it is clear that on either path using S2ZHNC will result
in more innovative packets at UE than using RLNC after 7] network uses.

During the time period from T} to Ty = max(%—ll, A}g—j), one of the paths will be
transmitting RLNC coded packets while the other one is transmitting uncoded packets
in S2ZHNC. Without loss of generality, we assume that GW-BS is the one transmit-
ting RLNC coded packets, i.e., ]g—ll < %—;. Now the proof reduces to showing that
transmitting uncoded packets on GW-AP while transmitting RLNC coded packets
on GW-BS is indeed beneficial compared to transmitting RLNC coded packets on
both GW-AP and GW-BS.

Let rng) and réTl) denote the numbers of innovative packets that have been re-
ceived by UE through GW-BS-UE and GW-AP-UE after 77 network uses, respec-
tively. Let rgt) and rgt) denote the numbers of innovative packets that are received
through GW-BS-UE and GW-AP-UE during (73,t), 71 <t < Ty. A new received
packet after ¢ network uses is innovative if and only if it is linearly independent w.r.t.
all the r{™ 4+ p{™ 4 40 4 0 packets. For a given number of innovative packets
at AP, if GW-AP was unsuccessful, the probability that UE receives an innovative
packet from AP in the next transmission is then the same using S2HNC and RLNC

schemes. However, if GW-AP was successful when using S2HNC, a new uncoded
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packet is received by AP, which is innovative with probability 1 w.r.t. previously

received innovative packets at AP and the rng), réTQ) and 7\ innovative packets at

UE because these r](_Tl) + TéTQ) + rét) packets are in the span of other distinct uncoded
packets. The forwarded uncoded packet is non-innovative if and only if it is in the
span of the rgt) RLNC packets. The probability of such event is no larger than that
when using RLNC because a RLNC coded packet may also be in the span of the other

(T2) (t)

™y rs 2 + 1y’ packets. Again, uncoded packets are innovative for AP with prob-

|
ability 1 and therefore AP collects more innovative packets than the RLNC scheme.
Therefore, transmitting uncoded packets on GW-AP is advantageous.

Therefore, in the first 15 network uses, S2ZHNC always results in more innovative

packets at BS, AP and UE compared to RLNC. After T5, S2HNC and RLNC have

the same behavior. Altogether, S2HNC achieves shorter completion time.
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Chapter 5

Generation-Based Network Coding for Unknown
Network Topologies: Generation-by-Generation

Decoding

5.1 Introduction

In Chapters 3 and 4, we see that in networks with simple topologies such as line or
parallel multi-hop networks, the benefits of network coding may be obtained without
the need for random linear network coding (RLNC). Sending some uncoded packets
or sparsely coded packets [47] may achieve end-to-end rates close to or even higher
than RLNC at a much lower decoding cost.

However, in networks whose topology is complex or unknown during the trans-
mission, the design and maintenance of the sparse structure of codes will be more
challenging. A particular scenario of interest that has such network topology is peer-
to-peer file sharing, in which an overlay network is formed on the fly and nodes may
exit the network at random times. When coded packets pass through multiple in-

termediate nodes who are not aware of the network topology and therefore have to
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perform RLNC, the resulting decoding matrix inevitably gets dense [41]. The sparse-
ness of codes is lost and the decoding complexity increases.

In networks with unknown topologies, a possible solution is to group source packets
into subsets called generations and network coding is restricted to be performed
among packets belonging to the same generation [8]. Each received packet is then
guaranteed to be coded across only a small number of source packets; the sparsity
is therefore maintained throughout the network even if nodes are not aware of the
neighboring topology. In [44], it is proposed that intermediate nodes may randomly
schedule generations to perform coding and hence nodes do not require downstream
acknowledgement. The random scheduling of generations enables the overall coding
method to have the same fountain property as RLNC but be much sparser. This type
of acknowledgement-free scheme is referred to as generation-based network coding
(GNC) and will be the focus of this and the following chapter *.

A GNC scheme consists of three major components: a GNC' code at the source
node defining the mapping from source packets to coded packets, a scheduling strategy
at intermediate nodes determining from which generation to re-encode a packet, and
a GNC decoder at the destination. The GNC code specifies how generations are
formed and how coded packets are generated from each generation. Generations may
be disjoint [44] or overlapping [59], [17], [63], [32], and may be of equal size [44],
[17], [63], [32] or of unequal size [59], [31]. Scheduling strategies such as random
scheduling [44], random push [65], local-rarest-first scheduling [66] and transmitted-
innovation-maximizer scheduling [19] can be used at intermediate nodes, where the

random scheduling requires no feedback between nodes while the latter three can

Tt is noted that nothing prevents GNC schemes from being employed in networks considered in
Chapters 3 and 4, but in this chapter we assume an unknown network topology.
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make use of feedback to improve performance.

At the destination, a GNC decoder is employed to recover source packets from
coded packets that may belong to different generations. In this chapter, we consider
the generation-by-generation (G-by-G) decoder as in [44], [59], [63], [32], [62], [42],
[31]: the decoder solves linear systems of equations within each generation. A gen-
eration that can be decoded from coded packets belonging to itself is referred to as
separately decodable. If there is overlap between generations, decoded packets of a
generation will be substituted into the remaining generations that also contain the
decoded source packets. The decoding continues as long as new separately decodable
generations can be found and fails otherwise. Compared to jointly decoding gener-
ations, which will be considered in Chapter 6, the advantage of G-by-G decoding is
that the complexity is upper bounded by the largest generation size and therefore the
decoding cost can be maintained low.

A key metric of GNC schemes is the reception overhead, which is defined as the
extra received packets required beyond the number of source packets to decode all
the source data. Generally, the causes of overhead can be classified into three types:
encoder-induced, decoder-induced, and network-induced. Encoder-induced overhead
(or code overhead) is from GNC encoding, which is introduced if among a random
subset of M generated packets there are fewer than M linearly independent ones;
decoder-induced overhead is incurred if a decoder is unable to decode as soon as M
linearly independent packets are received; network-induced overhead may be incurred
if scheduling or re-encoding at intermediate nodes introduces linear dependency.

The G-by-G decoder has nonzero decoder-induced overhead: in each step of de-

coding, a separately decodable generation has to be found; otherwise the decoder is
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stuck until more packets are received. This process may cause overhead because even
if sufficient number of linearly independent packets have been received it is still not
guaranteed that separately decodable generation can be found among them.

The aim of this chapter is to design GNC codes for the G-by-G decoder to have
low reception overhead. We will focus mainly on code and decoder-induced overheads
and design GNC codes that have low overhead when applying the G-by-G decoding
directly on the GNC coded packets generated at the source node. Therefore, we do
not distinguish between code and the decoder-induced overheads and we simply use
code overhead to refer to either code and decoder-induced overheads in the rest of the
chapter.

Although intermediate nodes may also incur reception overhead via scheduling
and re-encoding, we will only discuss network-induced overhead very briefly. Here, we
propose a new scheduling strategy to replace the existing random scheduling strategy
of [44] and show that it reduces network-induced overhead.

In [59], [17] and [63], it is shown that when constructing GNC generations, overlap-
ping generations may have reduced overhead than disjoint generations if the amount
of overlap is properly chosen. We extend this line of work in this chapter to design
GNC codes based on overlapping generations. To facilitate design, we first use an
and-or tree analysis based technique [34] to analyze the G-by-G decoding of GNC
codes and then design GNC codes based on the analysis.

The rest of the chapter is organized as follows: Section 5.2 presents network and
buffer models, and describes encoding and decoding operations of generation-based
network coding. Section 5.3 briefly examines the overhead that may be caused by

local scheduling and proposes the maximum local potential innovativeness (MaLPI)
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scheduling strategy to replace the random scheduling proposed in [44]. Section 5.4
models the GNC codes as graph codes and uses the and-or tree analysis technique to
analyze the decoding of GNC codes. In Sections 5.5 and 5.6, we present two GNC
code designs based on the obtained analysis results from Section 5.4 and evaluate
performance through simulations. Section 5.7 provides simulation results of codes
and the proposed MaL.PI scheduling applied to some example network environments.

The chapter is summarized in Section 5.8.

5.2 System Model

5.2.1 Network Model

The network is modeled as a directed acyclic graph, denoted as (V, ), where V is
the set of [V| vertices that represents nodes in the network and & is the set of |€|
edges that represents links between nodes. The sets of incoming and outgoing links
of a node v € V are denoted as In(v) and Out(v), respectively. Links are modeled as
memoryless erasure channels. We use (i, j) to denote a link connecting nodes i and j,
and denote its erasure probability as p.,,, which is fixed throughout the transmission.

We consider that M source packets, sq,...,ss, are to be sent from a source node
s € V to a destination node t € V over the network. Each packet consists of K
symbols from a finite field F,, where ¢ is the field size.

For each transmission opportunity at a node, a packet is sent to each of the down-
stream nodes of the node. If no erasure occurs, the packet is received immediately by
the neighboring node. We assume that nodes have no knowledge of global network

topology and are not able to exchange their buffer states information with each other



5.2. SYSTEM MODEL 63

to coordinate transmissions. We assume that the destination node can only acknowl-

edge to the source node when it successfully recovers all the M source packets.

5.2.2 Generation-Based Network Coding

We now describe the detailed generation-based network coding (GNC) method. In
the GNC scheme, source packets may be first precoded using a traditional fixed-rate
erasure correction code. A total of (14 0)M intermediate packets, S = {s;,1 < i <
(1+6) M}, are generated from the M source packets if a precode of rate 1/(1+6),6 > 0,
is applied. We assume that (1 4+ 6)M is an integer. Without loss of generality, we
assume a systematic precode, i.e., the first M intermediate packets are identical to the
original M source packets, and intermediate packets of indices M +1, M +2,..., (1+
0)M are parity-check packets. The source is said to be not-precoded if § = 0. The
reason of precoding will be clear when we analyze the decoding of GNC codes.

The intermediate packets are then grouped into generations. For convenience,
below we refer to packets in generations as intermediate packets even if the source
packets are not-precoded. Each generation is a subset of S. A GNC code is defined on
a set of L generations G = {G1,Gs,...,Gr}, where G, = {sgl),sg), . ,S(Glz}, 1<I<L
are groupings of the (1 + 6)M intermediate packets, in which SZ@ = s; for some
j. Size of generation G; is denoted as G;. We assume that ulegl = 8, i.e., each
intermediate packet is present in at least one generation. We define dpy, = min; Gy,
dmax = max; Gy, and davg 2 (1/L) ZZL:I Gy, where d,, is the average generation
size. We assume d,y; to be an integer. The generations are said to be of equal-
size if G = G;,Vi,7, or of unequal-size if G; # G for some 17, j. Generations are

called disjoint if G; N G; = 0,Vi # j, or overlapping if there exists G; N G; # 0 for
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some ¢ # j. For overlapping generations we have Zle G, > (1 + 0)M and refer
to (30, Gy — (1 + 0)M) as the amount of overlap. In this chapter, we consider
GNC codes based on overlapping generations and treat GNC codes based on disjoint
generations as special cases. When not specified, we assume that intermediate packets
in each generation could be formed randomly from S.

An overview of the considered system is shown in Figure 5.1. A GNC code is de-
fined on G at the source node as follows. For each transmission from the source node,
a coded packet is generated as a random linear combination of source packets in a
randomly chosen generation; coeflicients are chosen from F,. Let P = {py,pa,....pr}
be the distribution where p; denotes the probability that G; is chosen when generating
a packet. The GNC code is then characterized by {G,P,q}. GNC codes are rate-
less, meaning that a potentially unlimited number of packets can be generated by the

source node. An encoded packet of G, = 1,..., L is written as p®) = ZJGZZI gj(-l)sgl),

where gj(-l) is an encoding coefficient chosen uniformly randomly from [F,. Row vector
gl = [99, ce ggg], referred to as the encoding vector, is delivered in the header of
p®.

G,
GZ
6,

Figure 5.1: An overview of the system.
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At each intermediate node j € V' \ {s,t}, L queues Qé, 1 <1 < L are maintained
to buffer received packets, one queue for each generation. A received packet belonging
to G; is said to be innovative for node j if its encoding vector is not in the span of
encoding vectors of packets in Qé We assume that received packets are processed such
that non-innovative packets are discarded. In reality this is not necessary and may
require intermediate-node computations, but the assumption simplifies the model.

Let |Q§(n)| be the number of buffered packets in queue [ at time n. When a
transmission opportunity is presented on an outgoing link (j,7) at time n, a generation
is chosen according to a scheduling strategy. We denote the index of the scheduled
generation as [7;(n). A packet is then encoded from the buffered packets in Q?i(n)
using RLNC [39] and sent on (j,4). The transmitted packet is in the form plii(m) —

)

We maintain an array [Sj;(n), S5(n),...,Sf;(n)] for each link (j,7) € Out(j),
where S%;(n) records the numbers of times queue [ has been scheduled for transmission
on link (j,7) up to time n and can be interpreted as a measure for tracking the
reduction in innovativeness of Qé- due to transmissions on the link. We define P]ll(n) =
Q" (n)|—Sk;(n) as the local potential innovativeness of Q' on (j,7). Here terms “local”
and “potential” are used because the innovativeness is only from the sending-node’s
perspective and does not incorporate knowledge of packet losses or receptions of
downstream nodes. We refer to arrays Pj;(n) = [P}(n), P}(n),..., Pk(n)], ¥(j,1) €
Out(j) as the buffer states of node j at time n. If queue [ is chosen, the value of
Sti(n) is increased by one.

In this chapter, we propose to use the maximum local potential innovativeness
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(MaLPI) scheduling strategy at intermediate nodes: choose the generation
l5;(n) = arg max Pli(n) (5.1)

on link (7, ) for transmission at time n. If more than one queue attains the maximum,

one of them is arbitrarily chosen.

5.2.3 Decoding of GNC Codes: Generation-by-Generation

At the destination, random linear combinations of intermediate packets are received
due to RLNC performed in the network. The decoder needs to successively recover
intermediate packets from the received packets (which are network coded) and re-
cover of source packets from intermediate packets (if source packets are precoded).
The latter is done by the precode decoder. In this chapter, we focus on recovering
intermediate packets from the received network-coded packets.

We use the following generation-by-generation (G-by-G) decoder: the decoder
decodes intermediate packets of each generation by solving A;X; = B; using GE,
where successive rows of the G; x G; A; and the G; x K B; are encoding vectors
and message symbols of received packets belonging to G;,l = 1,..., L, respectively;
X, contains unknown intermediate packets in G;. A; is called the decoding matrixz of
G;. To distribute the computations over time, GE is progressively performed upon
each packet reception using Algorithm 1, where A;[i] and A,[i][¢] refer to the i-th row
and diagonal element of A;, respectively. The generation is decodable if all the G;
diagonal elements of A; are nonzero, i.e., A; is a full-rank upper triangular matrix.
Compared to performing GE only after a sufficient number of packets are received,

the computational cost of the above progressive GE is the same but the decoder can
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know immediately when a generation is decodable.

Algorithm 1 Progressive Forward Gaussian Elimination (GE)

1: Initialize G| x G} zero matrix A;,l=1,...,L

2: Initialize z(A;) = G| > number of zero rows of A
3: while z(A;) > 0 do

4: Receive a packet whose encoding vector is g
5: stored < 0

6: while stored =0 and g # 0 do

7 14 iLM(g)

8: if A;[i][7] =0 then

9: A, [Z] — g

10: stored < 1

11: Z(Al) < Z(Al) —1

12: else

13: t < gli]/Ai][i

14: g g+ A xt

15: end if

16: end while
17: end while

Suppose that generation G; is decodable; standard backward substitution is per-
formed on the matrix resulting from Algorithm 1, and A;X; = B, is completely solved.
Since there is overlap between generations, decoded packets can be subtracted from
received packets of the remaining generations which also contain the decoded packets
2. The subtraction may result in newly decodable generations because it reduces the
number of unknown packets in other generations. If no decodable generations can be
found after the subtraction, the decoder continues to collect packets until another de-
codable generation is found. The subtraction is essentially a binary message-passing
process (see e.g. [52]) and will be investigated in more detail in Section 5.4. The

following is an example of G-by-G decoding.

2The subtraction corresponds to putting a ‘1’ as the corresponding diagonal element of the
decoding matrix of the generation, and eliminating the rest of the elements of the corresponding
column.
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Example 5.1 (Example of G-by-G decoding process). Assume that 5 intermedi-
ate packets are grouped into two generations G; = {s1,S2,83} and Gy = {s3,84,85}.
Suppose that 3 and 2 packets are received for Gi and Go, respectively, written as

rgl) (1) (1) (2)

1 1 2
= 8] + 89, Iy’ =89+ 83, I'y” =81 + 8y + 83 andrg):sg+s5,r2 = S3 + S4,

respectively. In this case, Gy is decoded first. Since sz is also present in Go, it is then

subtracted from r§2) and rg). Gy is then also decodable because the decoding matrix

from the resultant packets r§2)/ =s; and r(zg), =S4 1S now full-rank.

When the number of decoded intermediate packets reaches a threshold, which
depends on the rate of precoding, the precode decoder kicks in and all source packets
are recovered using conventional erasure correction techniques.

Given a GNC code, suppose that the expected number of randomly generated
packets at the source node with which the G-by-G decoding is successful is N. We
define the code overhead of the GNC code as ¢ = (N — M)/M. The goal of this

chapter is to minimize ¢ by optimizing the GNC code parameters.

5.3 MaLPI Scheduling and Local Scheduling Delay

In this section we show that our proposed MaLPI scheduling strategy outperforms
random scheduling (RS) as used in [44], [32] and minimizes the probability of the event
that a queue lacking innovative packets would be scheduled. The event is referred to
as the local scheduling delay because a transmission opportunity is wasted, additional
overhead is incurred, and the completion of transmission may be delayed. For ease of
exposition, we omit all subscripts in the sequel and consider an arbitrary intermediate

node and its outgoing links.



5.3. MALPI SCHEDULING AND LOCAL SCHEDULING DELAY 69

We define an indicator random variable I(n), where I(n) = 1 when a non-
innovative packet is sent and I(n) = 0 otherwise. For any random scheduling, a
generation index [* is randomly chosen with probability Pr{l}, = I} = w;, where

w; € (0,1) and ), w; = 1. We have

prs = Pr{lps(n) = 1} = Y wPr{P'(n) = 0}, (5.2)

while for MaLLPI scheduling,
puarpt = Pr{lyipi(n) = 1} = HPT{Pl(n) = 0}. (5.3)
!

Lemma 5.1. For arbitrary distribution wy,ws, ..., wr and any buffer state P(n), we

have prs > pPumaLpi-

Proof. This is equivalent to showing that Zle wiry > HzL:1 x; for any w; and x;
satisfying >, w; =1, w; € (0,1), and 2; € (0,1), 1 <1 < L.

Using concavity of the log(:) function and Jensen’s inequality, we have

L L
log(z wixy)) > Z wy log x;
=1 =1

L L
> Zlog T = log(H xy), (5.4)

=1 =1
where the second inequality follows from w; log x; > log x; given that w; € (0,1) and
x; € (0,1) for all [. O

The above result is intuitively not surprising because RS does not take the buffer

state into account unlike MaLLPI scheduling.
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It is noted that the Mal.PI scheduling is similar to the local-rarest-first scheduling
of [66], which makes use of feedback from downstream nodes to determine which
generation has the most innovative packets to send. The MaL.PI scheduling, however,
estimates such information based on its own buffer state and therefore requires no

feedback.

5.4 Decoding Analysis of GNC Codes as Graph Codes

In this section, we first model the GNC code as a graph code, and then analyze its

G-by-G decoding using graphs.

5.4.1 Graph Representation of GNC code

A GNC code (with L generations) defined on (1 + 6)M intermediate packets can
be modeled with bipartite graphs. The packets and generations correspond to two
separate sets of vertices on the graph, referred to as packet nodes and generation
nodes, respectively. An edge is created to connect a packet and generation node pair
if the packet is contained in the generation, so the total number of edges £ = Zle Gi.
A node is said to be of degree i if 7 edges are connected to the node. We say an edge
is of packet-side degree 7 if its connected packet node is of degree ¢ and of generation-
side degree 17 if its connected generation node is of degree i, respectively. We denote
the fractions of edges that are of the packet-side and generation-side degrees 7 as
Ai, 1 <o < Land p;, dpin < @ < dpax, respectively.

Since content of generations can be chosen at random from &, a GNC code can then
be viewed as a sampled instance from an ensemble of bipartite graphs. The ensemble is

characterized by the packet-side edge degree distribution A\(x) = Zle \iz~t and the
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generation-side edge degree distribution p(z) = Z?‘:“;; _pir'h Let W(x) = S U
and Q(z) = Y0 Q' such that A\(z) = ¥/(z)/¥(1) and p(z) = Q(z)/Q(1),
where W'(x) and €2 (z) denote derivatives of ¥(x) and 2(x) with respect to x, respec-
tively; U/(1) = Zle iV; and Q'(1) = Z?i‘;"min i€); are the average degree of packet
and generation nodes, respectively. Note that U, is the probability that one interme-
diate packet is present in i generations and §2; is the probability that one generation
contains ¢ intermediate packets. We refer to Q2(z) as the generation-size distribution.

According to [34], instead of analyzing the performance of decoding on a particular

instance of bipartite graph, it is reasonable and also easier to analyze the expected

decoding performance on the ensemble of graphs.

5.4.2 Message Passing and Analysis of Decoding Process

We now model the G-by-G decoding of GNC codes as a message passing process
on the ensemble of bipartite graphs. The G-by-G decoding includes two types of
operations: GE decoding of a generation and subtraction of decoded packets from
other generations. With the graph code representation, we use the and-or tree eval-
uation technique [34] to analyze the message-passing decoding. This requires some
modification to the original technique [34] to incorporate the GE decoding.

At the decoder, each generation node is associated with a random number of
received packets. In the sequel, we assume that the first d received packets of a
generation node of degree d are innovative. This assumption corresponds to the
case where a sufficiently large finite field is used to perform coding. We refer to the
number of innovative packets of the generation node, k, as the received rank of the

node; k € R ={0,1,2...,d} where d is the degree of the node.
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We define a binary message alphabet M = {0, 1} that is used by both of packet
and generation nodes, where 0 and 1 indicates that the node is unknown (not decoded)
and known (decoded) nodes, respectively. At the beginning of the decoding, all the
packet and generation nodes send unknown messages to each of their neighbors. Each
generation node is associated with a received rank k£ € R. The number of adjacent
edges of a node carrying incoming unknown messages is referred to as the unknown
degree of the node, denoted as ¢, and ¢, for packet nodes and generation nodes,
respectively. Corresponding to the decoding process in Section 5.2.3, the message
mapping rules on the graph are as follows: A generation node sends a known message
on all its adjacent edges if and only if its received rank k is larger than ¢, — 1, which
means that the generation can be decoded by GE because there are k innovative
packets while there are only ¢, < k unknown packets therein. A packet node sends
known messages on its adjacent edges if ¢, is smaller than its node degree, which
means that at least one generation containing the packet has been decoded.

The decoding may be more easily explained and analyzed from an and-or tree
perspective [34]. By randomly choosing one edge of the bipartite graph that is uni-
formly sampled from the ensemble of graphs that are characterized by A(z) and p(x),
and expanding the graph starting from its connected generation node, we can obtain
a sub-graph being a tree with high probability [34], [52], [37]. An example is shown
in Figure 5.2, where the sub-graph is obtained by expanding from a generation node
to within a depth 2h. We denote this sub-graph as Pj. In this representation, packet
and generation nodes occur at depths 0,2,...,2h—2 and 1, 3,...,2h—1, respectively.

Let us consider the decoding of the root node of the tree, corresponding to sub-

graph Pj,. Suppose that the subgraph was obtained by exapnsion from a generation
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A depth 2h-1 generation node
depth 2h-2 packet node
depth 1

Figure 5.2: Expanding the graph as a tree.

node of degree m that has received u packets. Let uy(m, pu) denote the probability
that it is not decodable, and assume it to be independent of any other generation
node. For dy,, < m < pu, we have uy,(m, 1) = 0 because generations can be decoded
immediately if the numbers of their received innovative packets are larger than their
degrees. We refer to these generations as self-decodable. Let z;, denote the probability
that an arbitrary packet node contained in the generation is sending an unknown

message, and assume it to be independent of any other packet node. Then we can
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obtain uy(m, ) for m > p+ 1:

up(m, p) = (2) (1 = zp)" 75, (5.5)

The right-hand side of (5.5) is the probability that the number of received packets is
smaller than the unknown degree of the generation node.

Take different values of p into account. Let 7, , denote the probability that the
chosen root node is of degree m and associated with p received packets. Note that
Tm.. depends on p(x) and on the number of received packets for each generation. Let
yr, denote the probability that an arbitrarily chosen generation node is not decodable

by evaluating to within distance 2h on the bipartite graph. We have

= m-1 k —1-k
Yn = Z Nm,p Z (Zh) (1 - Zh)m
(m,pu)m>p+1 k=p k
£ flan A), (5.6)

where the summation is over all possible (m, u) pairs and A is a placeholder matrix
consisting of probabilities 71, , as its elements. The exact form of A will be specified
in later sections on code design.

Now we need to determine the probability z,. For h > 0, since the subgraph
Py is a tree, as explained in [34] we can evaluate zj, based on subgraphs of Py, i.e.,

Pr_1. The probability that a d-degree packet node beneath the root of P, sends an
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unknown message is as follows:

v,(Ld) = ! =1 (5.7)

(yp1)¥t d=2,...,L,
where y,,_1 is the probability that the root node in a subgraph Pj_; is not decod-
able. The two cases in (5.7) correspond to 1) the packet node connects to only one
generation node (i.e., the root node of Py,), which is definitely not decoded, and 2)
all other generation nodes connecting this packet node are not decoded, respectively.

By simply counting nodes in the subgraph,

L
Zn = M+ Z Aa(yn-1)" = Myna), (5.8)
d—2

for h > 1.

Substituting (5.8) into (5.6), we have the recursion

Yn = f(A(Yn-1), A). (5.9)

Eqn. (5.9) shows that, given fixed A(z), p(z), and the number of received packets
of each generation, the evolution of y, i.e., the decodability of each generation, can
be predicted. For h = 0, the subgraph Py only contains the root generation node
and its packet nodes; zp = 1, and yg < 1 corresponds to the probability that a
randomly chosen generation is not self-decodable. The final value of y;,, denoted as
§ = limy, 00 Yn, corresponds to the smallest probability that the G-by-G decoder can
reach after going through all generations, or in other words, the expected fraction of

generations that are not recoverable at the end of decoding given the received packets.
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For precoded GNC, the value of § can be straightforwardly determined. If the
G-by-G is only able to recover a fraction of (1 —0) intermediate packets from received
packets, the precode decoder should be able to recover the rest. Given a precode of
rate 1/(1 4 0), we then have § < 6/(1+ 0).

For the sake of simplicity, we now omit index h and denote the probability that
a generation node is not decodable at any time as y, y € [0,1]. To ensure that the

decoding process continues, it is not hard to see that (5.9) should satisfy

fAMy), A) <y, yels1], (5.10)

which means that the probability that a generation node is not decodable should be
strictly decreasing until a fraction of (1 —0) generations are decoded. This inequality

will be used in the rest of the chapter.

5.5 Design for Equal-size GNC codes: Optimal Amount of Overlap

In this section, we design a GNC code based on the random annex code (RAC) [32]
using the analysis results obtained above. RAC is an equal-size GNC code, and the
construction of an RAC that has generation size G is as follows (we have modified

the definition using the language of this chapter).

Definition 5.1 (Random Annex Code [32]). The (1+ 0)M intermediate packets are
first partitioned into L disjoint subsets By = {sq—1yp+1,-.-,sis},l =1,..., L of equal
size B, one per generation. We assume L to be a divisor of (1+60)M, (1+0)M = LB;
if it is not the case, some null packets can be padded. By is referred to as the base part

of the generation. After that, each generation G is equipped with a random annex of
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size H, denoted as H;, which consists of a random selection of H packets from S — B;.

The annex causes overlap between gemerations. The overall generation G, = B; U H,;

andG=G, =B+ H,l=1,...,L.

When generating a coded packet, the source node chooses a generation uniformly
at random. In [32], it is shown that RAC is helpful in reducing overhead when G-by-G
decoding is used, because random annexes introduce overlap among generations and
the decoding of one generation would provide help to other generations to decode.
A key parameter, the optimal amount of overlap that should be used, remains to
be determined. Through simulations, it is observed that different amounts of overlap
may result in different performances, and too much overlap has severe negative effects.
The amount of overlap is known to have an upper bound (see e.g. [42], [24]) which
unfortunately is loose and does not provide insight into a desirable or optimal amount
of overlap to use. In this section, we apply results from the previous section to estimate

the optimal amount of overlap for RAC.

5.5.1 Derivation of ¥(z) and A\(z) of RAC

We first determine W(x) and A(z) for RAC. According to the RAC construction
method, we observe that the corresponding W(x) and A(z) of RAC may only depend
on B and G when the number of generations is large. It is easy to verify that, for
given B, G and L as defined in Definition 5.1, the probability that a packet node

connects to ¢ generations given the generation construction method is

L—1 . i—1 . L—i
v, — (G B> (1_ G B> |
i1 LB LB
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Therefore, we have
L
U(zr) = Z 0,2
L L -1 G—B i—1 G—B L—i .
= Z 1-— x"
LB LB
L—1 L -1 G—B 7 G_B L—1—3
- ) 05
— ; LB LB

_(@/B=1){1 _1;)]“
7 ,

I
8

| — |
—

(5.11)

where the last equality comes from the binomial theorem. Using A\(z) = ¥'(z)/¥’(1),

Az) =~ (g + (1 - g) x) o (GBI, (5.12)

where the approximation comes from using the fact that lim,,, (1 + %)m = e, which

we have

is accurate even when L is not very large (e.g., 100).

5.5.2 Estimation of Optimal Amount of Overlap

Suppose that the G-by-G decoder is directly applied on the coded packets of RAC
and the decoder succeeds with (1+¢)M generated packets. Our goal is to design RAC
parameters such that the G-by-G decoder can succeed with the minimum required

overhead, €.
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Since packets are generated from each generation with equal probability, the num-

ber of generated packets belonging to each generation, u, follows the binomial distri-

Prip=j} = (1 +j8)M <%>J (1 B %> (14e)M—j | 13

bution

There are difficulties that 1) u’s of L generations are not independent of one
another and hence the calculation of the n,,, in (5.6) will be difficult and 2) the
computation of (5.13) is difficult for large M. To resolve the issues, we can use Pois-
son approximation [45]. The Poisson approximation models the numbers of packets

belonging to each generation as independent and identically distributed (IID) Poisson

(1+e)M _ (14¢)B

T = ~i1¢ - Lhe approximation is

random variables with rate parameter A =
accurate when M is large, 1/L is small and M/L is fixed.
For a RAC code with generation size GG, all the generation nodes of the bipartite

graph have degree G, so we can write 7, in (5.6) as

e
Ny = Nap = . (5.14)
K H ,u|
We can therefore rewrite (5.10) as
G—1 ;(14€)By, —UFB o 4
Gty G [ G- .
> AW (1 =Aw) " <y, (5.15)

where y € [d, 1] and 6 = %. We denote the left-hand side of (5.15 ) as frac(B, G, ¢€,y).

For RAC with fixed parameters B and 0, let

*(G) =inf{e: frac(B,G,¢e,y) <y,y € [4,1]} (5.16)
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denote the minimum overhead that is required for a given G such that (5.10) is
satisfied. We can therefore design G for RAC by solving the problem:
miniGmize £ (G)

(5.17)
subject to  frac(B,G,e*(G),y) <y, vy € o,1],

which finds the optimal G with which the G-by-G decoder can succeed with the
minimum number of coded packets. Unfortunately, it is not possible to obtain a
closed-form solution due to the complicated form of (5.15) and therefore we resort to
search.

To understand how to perform the search, we examine an example where £*(G) is
plotted in Figure 5.3 as a function of G when fixing B = 32 and 6 = 0.015. For any
given value of G, €*(G) is found by evaluation of € from 0 up with desired precision
step Ae until the first € is found such that (5.15) is satisfied. Inequality (5.15) is
tested at J uniformly discretized points y1,y9, ..., ys € [d, 1] for some integer J.

Figure 5.3 shows that £*(G) first decreases as G increases, indicating the benefit
of introducing overlap. Note that G = 32 corresponds to the disjoint case where
no overlap is introduced among generations. When increasing GG to a specific level
(in Figure 5.3 at G = 46), a local minimum can be attained. Experimentally we
have observed that £*(G) increases monotonically with G afterwards, suggesting that
this local minimum may actually be a global minimum. This suggests a heuristic
that the exhaustive search may be reduced. This phenomenon also matches with
the simulation results of [32] that there exists an optimal amount of overlap and if
increasing the amount of overlap to beyond the optimal value, there is only negative

effect (i.e., overhead increases).
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Figure 5.3: Values of ¢*(G) for various G; B = 32, § = 0.015.

Our reduced-complexity search heuristic is then to find the first local minimum.
We can perform the search as listed in Algorithm 2 to solve (5.17). The obtained
estimation of the optimal G is denoted as G* and the corresponding overhead is

denoted as €,y,.

5.5.3 Overlap Upper Bound

As a comparison to the estimated amount of overlap, we include the derivation of a
known upper bound of the amount of overlap, which corresponds to at least having
one decodable generation among slightly more than M received packets (see e.g. [24]).
Suppose generations of equal size a are used and we require no larger than e overhead.
To have at least one decodable generation among the first (1+¢)M received packets,

we need Pr{X > a} > 1/L. Here, X denotes the number of received packets of a



5.5. DESIGN FOR EQUAL-SIZE GNC CODES: OPTIMAL AMOUNT
OF OVERLAP 82

Algorithm 2 Search for the optimal G

1: Input: B, §, Ae

2: Output: G*, epmin

3: Initialize G <+ B, G* < G, epin ¢ 00
4: found <0

5. while found =0 do

6: € <+ 0

7: 1nequality_sat < 0

8: while inequality_sat = 0 do
9: if fRAc(B, G, e*, y) <y, yYe [(5, 1] then
10: mequality_sat <— 1
11: else

12: ¥ "+ Ace

13: end if

14: end while

15: if ¢* < epin then

16: €min < &F

17: G+ G

18: G+ G+1

19: else
20: found <+ 1
21: end if

22: end while

specific generation, which is a random variable following the binomial distribution
with parameters (1 +¢)M and 1/L.

The generation size G is then upper bounded by

a—1
G < sup{aGZ:ZPr{X:k}Sl—%}

k=0
Gmax, (5.18)

where Pr{X =k} = (1+e)M (%)k (1-1
k

tion, we can again use the Poisson approximation with rate parameter A = (14¢)M /L

. To simplify the calcula-
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to approximate X.

It is noted that a critical issue with determining this bound, besides its looseness,
is that we have to first specify the value of €. This is awkward because we do not
know the minimum achievable € a priori. If we specify a small value of €, the resultant
Gumax might be infeasible while if we specify a large one the resultant Gyax might

be too loose.

5.5.4 Numerical and Simulation Results

We now examine the effect of overlap and verify our design of RAC through numerical
and simulation results. Throughout we use B = 32 in RAC constructions. The first
simulation uses M = 65536 source packets, each with K = 1024 symbols from Fas,
i.e., each packet is 1IKB. RLNC is also performed in Fys. We precode the source using
the same systematic LDPC precode as standard raptor codes [35] (Section 5.4.2.3)
because of its fixed yet efficient structure. For M = 65536, the LDPC precode of [35]
adds S = 1019 check packets and hence 0 ~ 0.015. The resulting 66555 intermediate
packets are grouped into L = 2080 generations. Each curve of the following simulation
is averaged over 1000 trials.

We first demonstrate the impact of estimating the optimal amount of overlap. In
Figure 5.4, we plot the overheads of RAC codes as a function of G. We show both
of the simulated results and the estimated minimum ¢ from solving (5.17). Different
G result in different overhead performance. When G = B = 32, the code reduces to
the disjoint case. The simulation shows that overhead is decreasing when increasing
the amount of overlap from G = 32 up until G = 44. However, after that, such

improvement starts vanishing. The analytical result, i.e., ¢*(G), matches with the
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simulation results closely. However, we note that there is a gap between the two
curves for smaller G whereas the curves are perfectly match for G > 46. The gap
suggests that the analysis may not be applicable to scenarios where the amount of
overlap between generations is small and therefore the decoding of one generation

helps very little to the decoding of others.
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Figure 5.4: Simulated overheads at various G; M = 65536, B = 32, § = 0.015.

In Figure 5.5, we compare the minimum achievable overheads for various M with
the overheads that are achieved by using the Gyax calculated using (5.18) and the
estimated G* with Algorithm 2, respectively. The precode rate for each M is deter-
mined according to Section 5.4.2.3 of [35]. The minimum achievable overheads are
obtained by extensive simulations. In the calculation of (5.18), we set € to be the
minimum achievable overheads that are obtained by the extensive simulations. The

estimated G* = 46 for all the M’s.
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Figure 5.5: Comparison of the minimum achievable overheads for various M with
overheads that are achieved when using generation sizes Gyax and G*;

B = 32.

From Figure 5.5, it is seen that the overheads of G* is much lower than that of
Guax and is only about 3% higher than the minimum achievable overheads. Even
though we have used the values of the minimum achievable overheads in the cal-
culation of Gyax, its achieved overheads are far from satisfactory, which are above
20%.

The role of overlap can be better understood by examining (5.15). In Figure 5.6,
we plot y — frac(B, G, ¢,y) as a function of 1 — y for various G on [0,1 — §]. From
the previous analysis, we know that y — frac(B, G, €,y) corresponds to the expected
fraction of newly decodable generations when a fraction of (1 — y) generations have
been decoded. In Figure 5.6 we set ¢ = 10% and § = 0.015 for all G. For each G, the

curve depicts the fraction of newly decodable generations throughout the decoding
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process of the code when given a fixed amount, 10%, overhead. The point when
the curve goes below 0 corresponds to when the decoding process stalls because no

decodable generations can be found, meaning that the given amount of overhead is

insufficient.
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Figure 5.6: Newly decodable fractions for various Gj; fixed ¢ = 10%, B = 32, § =
0.015.

Figure 5.6 reveals that choosing G is essential to balance the difficulty of decoding
between the beginning and the end. On the one hand, when no overlap is used, i.e.,
G = 32, decoding proceeds quite easily at the beginning but gets easily stuck at the
end (after 70% generations are decoded). On the other hand, if we introduce a large
amount of overlap, e.g. G = 50, decoding would not even be able to begin with the

given €.
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5.6 Unequal-size GNC codes

5.6.1 Motivation

Inspired by the fact that LDPC codes based on irregular bipartite graphs [37], [52]
have superior performance compared to regular ones, we are interested in whether the
advantage persists for GNC codes. This corresponds to the question of whether using
unequal-size generations would have advantages over that of equal-size. In [31], it is
shown that the answer is positive. Unequal-size GNC code is shown to incur lower
overhead and decoding cost at the same time compared to the equal-size counterpart,
achieving better overhead-complexity tradeoffs. In this section, we design unequal-
size GNC codes under the framework of the proposed analysis in Section 5.4.

Intuitively, the motivation of using unequal-size generations is as follows: suppose
that L generations of equal-size G are used, where GL > (1 + 0)M. Then decoding
will not begin until at least one generation has received G packets, and the decoder
has to solve at least one system of linear equations with G unknowns. If unequal-size
generations are used, with generation sizes drawn from a distribution 2(x) of average
size dave = G, exactly the same amount of overlap is introduced as the equal-size case,
but decoding could begin earlier because now there are generations of sizes smaller
than G, which might be decodable with fewer than G received packets. Also, this may
help to reduce the unknown degree of other generation nodes earlier. If generation
sizes and amount of overlap are chosen carefully, there is a chance that there are
always generations with unknown degrees smaller than G throughout the decoding
process. As a result, both overhead and complexity may be reduced.

In Figures 5.7 and 5.8, we illustrate the idea using 8 packets, which are grouped

into 4 equal-size and unequal-size generations, respectively. The same amount of
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Figure 5.8: Decoding example of an unequal-size GNC code.
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overlap is used; G = 3. In each figure, the upper graph above the dash line shows
how packets are connected to generations while the lower graph depicts the decoding
process. Red dashed lines in lower graphs of Figure 5.7 and Figure 5.8 correspond
to back-substitutions due to the overlap between generations. In Figure 5.7, consider
when two packets are received for each generation, then the decoder has to wait for
the third packet for the first generation to begin decoding, so the overhead is 1. The
number of operations needed in decoding generations is 3% + 2% + 23 = 43 by GE.
However, if we move packet 6 from the first generation to the third, resulting in
unequal-size generations as shown in Figure 5.8, decoding successfully begins after
two packets are received for each generation, and the overhead is reduced to 0. In
this case, we only need to decode generations with 23 x 4 = 32 GE operations. We
refer to such improvement on both overhead and computational cost as an overhead-

complezity tradeoff benefit.

5.6.2 Generation-size Distribution Design for Unequal-Size RAC

In this section, we design an unequal-size GNC code which we refer to as unequal-
size RAC (uRAC). The construction of the code is similar to that of equal-size RAC
except that random annexes of unequal-size RAC are of unequal-sizes; the size of
base parts of generations remains equal. The minimum generation size is set to
dpin = B = (1 4+ 0)M/L and the maximum generation size is denoted as dpax.

A key component of uRAC is the generation-size distribution, from which gen-
eration sizes are drawn when constructing generations. Using analysis results from
Section 5.4, it is equivalent to designing €2(z) or p(z) such that (5.10) is satisfied. Note

that pm, dpin < M < dyay are encapsulated in A of (5.10). For convenience, in the



5.6. UNEQUAL-SIZE GNC CODES 90

sequel we denote the vector p = [pg.. a1, Pdus). To determine f(A(y), A)
of (5.10), we notice that in order to obtain the aforementioned overhead-complexity
tradeoff benefit, the decoding should be able to succeed with u < G received pack-
ets per generation. Therefore, supposing that each generation has u < G packets

received, (5.10) can be re-written as

dmax m—1 m—1
Yoy ) AW Q=AY <y, yels1].  (5.19)
m=p+1 k=p

We denote the left-hand side of (5.19) as furac(B, G, p, 1, y).

For a specified GG, we can then design p through solving the following problem:
minimize p
p

subject to Z Pm =1,
7= dmin (5.20)

fuRAC(B7G7pa,u7y) <Y, RS [67 1]7

which corresponds to minimizing the average number of received packets per genera-

tion that are needed for successful G-by-G decoding. Note that the expected overhead

R @. The problem (5.20) therefore minimizes the expected overhead of

uRAC.
To solve (5.20), we can conduct an exhaustive search to first find the minimum
1 such that the constraints are satisfied. In doing so, we can test from u = B up

until the first feasible p is found. Testing each p corresponds to solving the following
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feasibility problem:

minimize 1

p
dmax
subject to Z Pm =1,
m=dmin (521)
dmax
m 1 d
— = —=, an
m=dmin m G’

furac(B, G, p,p,y) <y, yed1]

where the inequality constraint can be tested at J uniformly discretized points as we
did in solving (5.17). Each of the J inequalities is a linear function in p, and therefore
testing the constraints is a linear programming feasibility problem and can be easily
solved using standard tools.

Let i1 denote the minimum g with which the problem (5.21) is feasible. Any
feasible solution p corresponding to the ji is supposed to be sufficient to make the
decoding succeed. However, further refinements can still be made to ensure that the
distribution works well in practice. The first refinement, similar to the design of rip-
ple size in raptor codes [56], is to generalize the inequality constraint by including a
parameter c¢; > 0, which represents the increment of decodabilities of other genera-
tions when a generation is decoded. Again, we can search for the largest c; from the
initial value ¢; = 0 such that (5.20) is feasible with known fi, i.e., enforce the proba-
bility increase as quickly as possible. Note that now the last inequality constraint is
furac(B, G, p, f1,y) < y—cp, and is still linear in p. Therefore, the optimal ¢;, which
denoted as ¢;, is also the solution to a linear programming problem.

After obtaining ¢;, an objective function can also be chosen to find a better



5.6. UNEQUAL-SIZE GNC CODES 92

p. A function that works well is Z;‘le furac(B, G, p, f1,y;). On one hand, from
a performance point of view, minimizing Z;-]:1 furac(B, G, p, f1,y;) corresponds to
maximizing the gap area between f(-) and y — ¢;, the latter is the upper-bound
probability that a generation is not decodable at each stage of decoding. The larger
the area is, the larger the portion of newly decodable generations we would have. On
the other hand, the minimization is a least /[;-norm problem on p, which produces
a p with a large number of zero components [3]. This is a very important property
because it simplifies generation construction significantly in the way that only several
generation sizes are possible even when the degree spread (i.e., dimax — dmin) is large.

The generation-size distribution Q(z) is then expressed in terms of p using the

fact that 0, = Gpm/m,m = dupin, - - -, dnax-

5.6.3 Simulation Results

An example of unequal-size RAC is outlined here. For d;, = B = 32, dpnax = 64,
G = 46, and 0 = 0.015, we solve (5.20) and then apply the second refinement (we
omit the first refinement as the obtained ¢; is very close to zero in this case). The

resulting Q(z) is

Qz) = 0.01792%° + 0.13322°° + 0.12292°®

+0.05072% + 0.13132" + 0.0782z* + 0.13962% + 0.32622°*.

In Figure 5.9, we show the performance of the example code and compare it with
the equal-size counterpart for various M. We show their overheads and computational
costs measured as the average number of required operations per packet symbol in

decoding. It is seen that uRAC has both lower overhead and decoding cost, even
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though the two codes have the same G.
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Figure 5.9: Performance of RAC and uRAC for various M with fixed G = 46; B = 32,
6 = 0.015.

Figure 5.10 shows the performance comparison between RAC and uRAC for the
same M = 65536 with various GG. We have not listed the generation-size distributions
for all the G’s to save space.

It is seen that for most of G, uURAC would achieve the same performance as RAC
in both overhead and decoding cost. However, if G is increased, uRAC always has no
higher overhead and decoding cost than RAC and the gap between the two widens
as (G increases. This suggests that uRAC would provide benefit when the optimal G
might not be precisely estimated. As we will show in the next section, the optimal
amounts of overlap for transmissions in more complex networks deviate somewhat

from that in the end-to-end scenario. In these cases, using uRAC would be more
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Figure 5.10: Performance of RAC and uRAC with various G; M = 65536, B = 32,
0 = 0.015.

compelling.

5.7 Network Performance of uRAC with MaLPI Scheduling

In this section, we evaluate our code designs in network scenarios where intermedi-
ate nodes may re-encode packets. We incorporate our proposed MaLPI scheduling
strategy at intermediate nodes and compare the performance with the existing ran-
dom scheduling strategy. Throughout the source node sends coded packets from each
generation uniformly randomly.

We present simulation results for two networks: the two-hop line network of Figure
5.11 and the butterfly network of Figure 5.12. Each link of the networks is modeled

as a lossy channel.
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Figure 5.11: Two-hop lossy line network.
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Figure 5.12: Butterfly lossy network.

In Figure 5.13, we show the overheads and decoding costs of transmitting a variety
of RAC and uRAC codes over a two-hop lossy links, where the erasure probability of
each hop is equally p. = 0.2. The random scheduling is used at the relay node. It is
seen that, compared to Figure 5.10 where codes are evaluated in the point-to-point
scenario, the overheads in Figure 5.13 are much higher (about 20% higher), which
means that much network-induced overhead is introduced by the added intermediate
node. It is interesting to note that the minimum overheads of the two codes are
achieved at G = 43 rather than the G = 44 in Figure 5.10. This suggests that
the optimal amount of overlap estimated using the techniques from Section 5.5 may

become less precise in network transmissions. However, it is noted that the advantage
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of using unequal-size generations persists in the network environment.
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Figure 5.13: Performance of RAC and uRAC with various G over two-hop lossy link
where the relay node performs random scheduling as in [44]; M = 65536,
B =326 =0.015, p. = 0.2.

In Figure 5.14, we show performances of RAC and uRAC for different M and the
fixed G = 46 estimated by the techniques from Section 5.5. Figure 5.14 shows that
uRAC always achieves lower overhead and decoding cost than RAC.

We now replace the random scheduling strategy at the relay node with the pro-
posed MaLPI scheduling. It is observed from Figure 5.14 that the overheads of RAC
and uRAC are much reduced over the case when random scheduling is used. The
decoding cost is also improved because the decoder needs to process fewer redundant
packets. The overhead of uRAC is still lower. The achieved overhead of using uRAC

with MaLLPI scheduling is about 16% when M is sufficiently large; this corresponds

to R = 1’3; ~ 0.69 packets per network use, where a network use refers to where the
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Figure 5.14: Performance of RAC and uRAC for various M over two-hop lossy link;
G =46, B =32, 0 =0.015, p. = 0.2.
source and the relay node each transmit a packet. Note that the max-flow capacity
of the network is 0.8 while the end-to-end capacity when no coding is allowed at the
relay is 0.8 x 0.8 = 0.64. Therefore, the benefits of network coding are obtained.

In Figures 5.15 and 5.16, the same sets of RAC and uRAC codes as in Figures
5.13 and 5.14, respectively, are applied to the butterfly lossy network, where p, = 0.1
is used for each link. We see that the overhead increases as the number of hops
increases. Moreover, the lowest achieved overhead is now around G = 42, suggesting
that the optimal amount of overlap has changed even more compared to that in the
end-to-end and the two-hop lossy scenarios. Therefore, we note that our estimation
of the optimal amount of overlap may be less precise in more complex networks. But

again, the uRAC is shown to achieve lower overhead and decoding cost than RAC,
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and using MaLPI at intermediate nodes reduce the overhead significantly compared
to using random scheduling. The achieved overhead of using uRAC with MaLPI
scheduling, 24%, corresponds to the rate of about 1.45 packets per network use in the

network, whose max-flow capacity is 1.8 for p, = 0.1.
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Figure 5.15: Performance of RAC and uRAC with various G over butterfly lossy link
where the relay node performs random scheduling as in [44]; M = 65536,
B =32,6=0.015, p, = 0.1.

5.8 Summary and Conclusions

This chapter addresses sparse random linear network coding for general network
topologies. We use generation-based network coding method to maintain the sparse-
ness of code throughout the network. To improve the performance, we propose a
maximum local potential innovativeness scheduling algorithm at intermediate nodes

to improve upon previously used random scheduling and show that it reduces local



5.8. SUMMARY AND CONCLUSIONS 99

65% .

T T T T T
60% f } ' i i i |
5% o —X % —% —X —¢
@ 509% | —+— RAC + RandSched : 1 : :
'% 459 || —>€— uRAC + RandSched
£ 4o, || K= URAC + MaL.PI
3 35% |
30% |- : : 1 : : :
25%g % X ‘ ‘ % »
20% 1 |
8192 16384 24576 32768 40960 49152 57344 65536
Number of Source Packets
64 T T T T T T
—_—
62-“ ! } } } i

|
|

(=)
(=]
|

—}— RAC + RandSched

Operations per Packet Symbol

58 | —>€— uRAC + RandSched : : ; : -
—¥— uRAC + MaLPI ‘ ‘ ‘ ‘
56 ; : : : : -
‘ — R ——— * -
54 1 1 1 1 1 1
8192 16384 24576 32768 40960 49152 57344 65536

Number of Source Packets

Figure 5.16: Performance of RAC and uRAC for various M over butterfly lossy link;
G =46, B =32, 0 =0.015, p. = 0.1.

scheduling delay, which accounts for a large portion of the overhead at the desti-

nation. To design GNC codes, the code is modeled as a graph code and then we

use techniques from graph codes to analyze the decoding process of GNC codes and

design more efficient codes.

The proposed analysis technique is shown to be useful in understanding and de-
signing important parameters of GNC codes, namely the optimal amount of overlap
and generation sizes. It shows that introducing overlap among generation is essen-
tial to balance the difficulty of decoding between the beginning and the end. We
use the analysis result to estimate the optimal amount of overlap that results in the
lowest code overhead. In the end-to-end scenario, we can significantly reduce the

overhead. When the code is used in more complex networks, it is shown that the



5.8. SUMMARY AND CONCLUSIONS 100

optimal amount of overlap may change due to the network-induced overhead, which
is however not considered in our analysis. Therefore, the estimated amount of overlap
gets less useful. In this case, it is shown that using unequal-size GNC code may be
useful, because it has no higher overhead than the equal-size counterparts. The ben-
efit is especially compelling when the optimal amount of overlap to be used cannot
be precisely estimated.

The improvements achieved by the proposed scheme have significant potential
in file distribution applications. Given the inherent ratelessness and the erasure-
correcting capability of network coding, using GNC in cloud storage and peer-to-peer
communications has the potential to reduce protocol overhead and improve network

throughput significantly, especially when the UDP protocol is applied.
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Chapter 6

Generation-Based Network Coding for Unknown
Network Topologies: Overhead-Optimized

Decoding

6.1 Introduction

In Chapter 5 we have discussed the design of generation-based network codes (GNC)
for the generation-by-generation (G-by-G) decoder. It is seen that GNC codes with
the G-by-G decoder can reduce the computational cost of RLNC in general network
topologies while retaining the throughput benefits of RLNC.

As mentioned in the introduction of Chapter 5, a key performance metric of the
GNC coding method is the reception overhead, whose components can be classified
into three categories: encoder-induced, decoder-induced and network-induced. Al-
though the G-by-G decoder considered in Chapter 5 has fast decoding, it may have
nonzero decoder-induced overhead, which means that the decoder may not succeed
as soon as M linearly independent packets are received.

In some application scenarios, low overhead may be a critical requirement. For
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example, if packets are requested by users who are charged by the amount of transmit-
ted data, reception overhead means a waste of money for users and should be avoided
as much as possible. In this chapter, we aim to design GNC codes that have lower
overheads than that of Chapter 5. Unlike in Chapter 5, we consider code overhead
and decoder-induced overhead separately in this chapter. We design GNC codes for
moderate number of source packets, M, to have negligible (< 1%) code overhead and
a decoder with zero decoder-induced overhead. By moderate we mean the value of M
varies between hundreds and thousands, which is commonly seen in applications, for
example the streaming media, where the supported number of packets of the playback
buffer is moderate.

We first propose a general low-complexity overhead-optimized decoder for GNC
codes. The decoder succeeds as soon as M linearly independent packets are received
and hence has zero decoder-induced overhead. Generally, overhead-optimized decod-
ing has high decoding cost and may not be practical for very large M. However, we
show that for moderate M, the decoding may bring considerable advantages. The
proposed decoder is termed overlap-aware (OA). It is able to exploit the sparseness
of GNC codes whose decoding matrices may have deterministic or random structure.
The decoder also provides flexibility to control the trade-off between overhead and de-
coding cost: it can achieve either zero decoder-induced overhead with slightly higher
decoding cost than that of the G-by-G decoder or the same overhead as the G-by-G
decoder with the same decoding cost, or some operating point in between.

The basic idea of OA decoding is to first process received packets locally within
generations to obtain sparser coding vectors and then pivot the global sparse lin-

ear system to lower computational cost. The pivoting preserves matrix sparseness
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during row reductions [10]. While the benefits of pivoting have been exploited in
the maximum-likelihood (ML) decoding of sparse erasure-correction codes, such as
LDPC codes [4], [50], [48] and standardized Raptor codes [57], its application to
decode GNC codes has not been investigated to date. A crucial difference between
GNC and erasure-correction codes is that GNC-coded packets mix with others from
the same generation throughout the network, whereas erasure-correction coded pack-
ets are independent of one another after being generated. Therefore, while one round
of pivoting suffices in [4], [50], [48], [57] to exploit the sparseness, for GNC codes local
processing and multiple rounds of pivoting are necessary.

Given the above decoder, we then propose a GNC code that combines binary
precoding, using random overlapping generations, with binary RLNC. We show that
the proposed code can achieve close to zero code overhead and has efficient OA
decoding. Precoding [56], [43] and random generation overlap [32] together ensure
that the probability of receiving an innovative (i.e., linearly independent) packet
does not decrease significantly after a large fraction of innovative packets has been
received, avoiding overhead when collecting the last several innovative packets. The
use of binary field Fy for RLNC within generations allows for simpler encoding and
sparser coding vectors because operations are XOR and each coding coefficient has
a probability of % being zero. On the other hand, using Fy results in a smaller
probability that a coded packet is innovative, which may incur overhead. However,
we will show that through precoding and overlapping generations, we can achieve
almost the same code overhead as codes in which higher order finite fields are used.

Similar overhead-optimized decoding of GNC codes has been considered in some

prior work. In [17], [18], [11] and [21], GNC based on banded (or close-to banded)
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matrices are designed. Each band of the decoding matrix corresponds to a generation.
The decoding therein uses straightforward GE, which preserves the banded structure
during row reductions and therefore has low decoding cost [15].

Our work differs from and improves upon [17], [11], [21] in several major ways.
First, the proposed OA decoder has low complexity for GNC codes with more general
overlapping patterns while the straightforward GE decoder in [17], [11], [21] only ap-
plies to GNC codes with banded decoding matrices. To achieve close-to-zero overhead,
GNC codes with random overlap may be more desirable as we will show. Second, in
achieving close-to-zero code overhead, the proposed design creates sparser codes due
to the combined use of precoding and random overlap, with lowered computational
cost, while no precoding is used in [17], [11], [21].

The rest of the chapter is organized as follows: Section 6.2 presents the model of
generation-based network coding and describes the relevant encoding and decoding
operations. The decoding problem of GNC codes is considered in Section 6.3, where
we review existing decoders and propose the OA decoder. We analyze the OA decoder
in Section 6.4. In Section 6.5, we present the code design and its OA decoding. We
analyze its performance and propose a method to determine key parameters of codes.
In Section 6.6, we evaluate our design by simulation. The chapter is summarized in

Section 6.7.

6.2 Model: Generation-based Network Coding

We consider that M source packets, S = {s;;1 < i < M}, are presented to the
source node to be sent to destination nodes over a network that contains intermediate

nodes. Links between nodes are lossy and are modeled as erasure channels. Each
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source packet consists of K message symbols from a finite field F,, where ¢ is the

finite field size. Each s; is then a K-length row vector with elements from F,. A

set of L generations G = {G,...,Gr} are constructed from the M source packets.
Each generation G, = {sgl), e ,Sg} 0 =1,...,L, is a subset of source packets of
size G, = |G|, where sgl) = s; for some 1 < i < M for each j = 1,...,G;. We

assume that UX G, = S, i.e., each source packet is present in at least one generation.
A one-to-one index mapping fi(-) : j — 4 indicates that the i-th source packet is
selected as the j-th packet in G;. The source packet indices in G; are stored in the
set Z; = {fi(1), fi(2),..., fi(G))}. G is said to be disjoint if 7, NZ; = ),Vi # j or
else overlapping, and is of equal-size if Gy = G,Vi,j or else of unequal-size. For
overlapping G, Zle Gy > M.

A GNC code is defined on G as follows. For each transmission from the source
node, a coded packet is generated as a random linear combination of source pack-
ets in a randomly chosen generation; coefficients are chosen from F,. Let P =
{p1,p2-..,pL} be the set of probabilities where p; denotes the probability that G,
is chosen when generating a packet, 1 <[ < L. The GNC code is then characterized
by (G,P,q). The GNC codes are rateless codes, meaning that a potentially unlim-
ited number of coded packets may be generated. The source node is informed to stop
transmission only after the destinations have recovered all the source packets. Let
N’ be the expected number of randomly generated packets among which there are M
linearly independent ones. We define . = (N’ — M) /M as the code overhead of the
GNC code.

At intermediate nodes, packets are re-encoded from previously received packets of
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a chosen generation. The re-encoding is assumed to be RLNC, i.e., re-encoded pack-
ets are random linear combinations of received packets at intermediate nodes. The
procedure of choosing generations is called scheduling. Different scheduling strategies
may be used, such as random scheduling [44], [32] and the maximum local potential
innovativeness scheduling (MaLPI) proposed in Chapter 5.

At a destination, received packets of G;,I = 1,...,L are in the form of r¥ =

Zgl gz-(l)s<l) where g(l) is an encoding coefficient from a finite field. We refer to

gl = [gy),ggl), . ,gg] as a generation encoding vector (GEV) belonging to genera-
tion G;. The GEV is delivered in the header of each coded packet. Each GEV can
be transformed to a length-M encoding vector (EV), denoted as g, in which elements
91.G) = g§l> for  =1,...,G; and the rest of the M — (G| elements are zero.

Decoding of GNC codes is performed by solving linear systems of equations since
the received packets are linear combinations of source packets. We refer to a received
packet whose EV is not in the span of EVs of the previously received packets of the
destination node as an innovative packet and the EV is referred to as an innovative
EV. The receiver has to receive M innovative EVs to recover all the source packets.

Let N” be a random variable denoting the number of received packets among
which M innovative packets can be obtained in a transmission session, we refer to
€en = (N" — M) /M as the code-and-network-induced overhead. This overhead may
be caused by either the encoding at the source node or scheduling and re-encoding
at intermediate nodes, or both, but the receiver cannot distinguish the cause of the

overhead. Supposing that the decoder successfully decodes M source packets after

receiving N > N” packets, ¢, = (N — N")/M is referred to as the decoder-induced
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overhead. Zero decoder-induced overhead is achieved if the decoder succeeds imme-
diately when M innovative packets are received. The overall reception overhead of
the session is e = (N — M) /M = €., + €4.

The decoding cost of GNC codes is measured as the number of finite field arith-
metic operations required in decoding all source packets, where an operation refers

to either a divide or a multiply-and-add between two elements of a finite field.

6.3 Decoding Algorithms of GNC Codes

In this section, we present the GNC decoding algorithms. We first review the
generation-by-generation (G-by-G) decoder and identify its decoder-induced over-
head. Two approaches are used to improve efficiency: the first approach serves as a

baseline and the second is the proposed OA decoder.

6.3.1 G-by-G Decoder

Definition 6.1 (G-by-G Decoder). At the beginning of each step, the decoder attempts
to select a generation G;,1 < 1 < L and decode it by solving A;X; = B, using GFE.
Successive rows of A; and By are the GEVs and information symbols of received coded
packets belonging to Gy, respectively. Rows of X; are the undecoded source packets
i G;. A generation G, whose Ay is full-rank is called separately decodable. When
one generation is decoded, decoded packets are subtracted from received packets of
remaining undecoded generations which also contain the decoded packets. This marks
the end of the current step. Since the subtraction may reduce the numbers of unknown
packets of other generations, new separately decodable generations may be found. If

this is the case, the next decoding step can begin; if no such generations can be found,
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decoding waits until further packets are collected such that a new separately decodable

generation is found. The decoder proceeds until all generations are decoded.

The following example shows that the above G-by-G decoder has nonzero decoder-

induced overhead.

Example 6.1 (Inefficiency of G-by-G decoding). Assume that 4 source packets are

grouped into two generations Gy = {s1,82,83} and Go = {s9,83,84}. Suppose that 2

packets have been received for each generation, written as r(ll) = S + Sg, rgl)

) = So + Sy, réz)

=Sy +sS3
and r§2 = S9 + S3 + sS4, respectively. In this case, the 4 packets are
linearly independent. However, neither generation is separately decodable and we have

to receive more packets if using the G-by-G decoder.

6.3.2 Straightforward Overhead-Optimized Decoding

The inefficiency of G-by-G decoding arises from decoding each generation separately
and possible overlaps among generations are only checked after a generation is de-
coded. To resolve the issue straightforward overhead-optimized approach may be
used, i.e., directly solving AX = B using GE where successive rows of the M x M A
and the M x K B are the EVs and information symbols of received coded packets,
respectively, and X contains all the M source packets. In this case, decoding is suc-
cessful as soon as M innovative packets are received, resulting in zero decoder-induced
overhead. For illustration purposes, in the following we focus on the operations on A
and omit the corresponding operations on B.

The approach straightforwardly performs GE on each received packet, whose GEV
is transformed to a length-M EV. We refer to this decoder as the naive decoder. The

key component is the forward elimination that results in a full-rank upper triangular
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A when M innovative packets are received. The detailed procedure is presented as
Algorithm 3, where A[i] and A[i][i] denote the i-th row and the i-th diagonal element
of A, respectively, and i1\ (g) denotes the coordinate of the left-most nonzero element
of vector g. The upper triangular matrix is converted to an identity matrix using

standard backward substitution of GE.

Algorithm 3 Progressive Forward Elimination of GE

1: Initialize M x M zero matrix A

2: Initialize z(A) = M > number of zero rows of A
3: while z(A) > 0 do

4: Receive a packet whose EV is g

5: stored < 0

6: while stored = 0 and g # 0 do
7 14+ ZLM<g)

8: if Ali][i] =0 then
9: A[Z] — g

10: stored < 1

11: 2(A) < z(A) -1
12: else

13: t < gli]/Ali]]d
14: g g+ Al xt
15: end if

16: end while

17: end while

Since the naive decoder does not take into account the fact that the EVs may be
sparse, the decoding cost may be high. Note that the naive decoder is efficient for
GNC codes with banded decoding matrices, because GE preserves the band structure
[15]. However, this is not the case for GNC codes with more general structures.
Nonetheless, the above decoder does guarantee zero decoder-induced overhead and

therefore can be used as a reference decoder for overhead comparison.
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6.3.3 Overlap-Aware Decoder

We now present a new overlap-aware (OA) overhead-optimized decoder for GNC
codes with the same overhead as the naive decoder but at a lower computational
cost. The decoder is overlap aware because even though some generations may also
be separately decodable, the OA decoder is better able to exploit possible overlaps

among generations. We first define the following:

Definition 6.2 (Solo packets). Solo packets refer to source packets that are only

present in one generation.

Definition 6.3 (Overlapping packets). Querlapping packets refer to source packets

that are present in at least two generations.

Definition 6.4. D; and O, denote the subsets of indices of solo and overlapping
packets in each generation Gy, | = 1,..., L, respectively; D; = |Dy|, O; = |Oy| and
D, + O, = G,. Note that D; N D; = 0,Yi # j. The total numbers of solo and

overlapping packets are denoted by Mp =, D; and Mo = M — Mp, respectively.

In the following, we assume that coding coefficients in received GEVs and EVs
are sorted in increasing order of the number of times that the corresponding source
packets are included in all generations. Therefore, coding coefficients corresponding
to solo packets are positioned at the first coordinates of GEVs and EVs.

The OA decoding is first performed locally in each generation. Let A; and B,
denote the decoding and message matrices of G;,l = 1,..., L, respectively. We refer
to the Gy x G; A, as the local decoding matriz (LDM) of G;. The local decoding
performs a similar progressive forward elimination as Algorithm 3 on the GEVs to

populate the A;’s. Each stored GEV (step 9 of Algorithm 3) is referred to as an
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imnovative GEV of the current generation. Note that an innovative GEV may not be
an innovative EV. We declare the decoder as OA ready when 1) the first D; rows of
each A; are not zero and 2) a total of M innovative GEVs have been received.
When the decoder is OA ready, we attempt to jointly decode generations. For
joint decoding, A;, Il =1,..., L are first partially diagonalized by eliminating elements
above nonzero diagonal elements, which makes A; even sparser. The M innovative
GEVs in the resulting A;’s are then converted to EVs and put into the global decoding
matriz (GDM) A. The detailed GDM construction is summarized as Algorithm 4.

The resulting GDM can be expressed in the form:

A= , (6.1)

where D is an Mp x Mp diagonal matrix whose diagonal elements are from the D; x D

diagonal sub-matrix of each A; and T is an My X Mo matrix.

Lemma 6.1. OA readiness is a necessary condition for the successful decoding of

GNC codes.

Proof. Only one or zero innovative EV may be generated from an innovative GEV.
Therefore, if fewer than M innovative GEVs are received, no decoder can succeed as
A is rank deficient. Consider that M innovative GEVs are received but the LDM
A, of generation G; has one of the first D; rows being zero; this means that there is
one zero row among the first Mp rows of A. Even though M innovative GEVs are
available, there are more than My innovative GEVs whose left-most nonzero elements
are at coordinate D;+1 or greater, i.e., these GEVs are only coded across overlapping

packets; there are at most My independent vectors among them. A is therefore not
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Algorithm 4 Construction of GDM

1: Input: A;,l=1,...,L
2: Initialize M x M zero matrix A
3: for [ =1to L do

4:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:

for k=G; to 1 do
if A,[k][k] # 0 then
for j =1to k do
£ Aj]IK]/AdK]IK]
form=Ek+1to G; do
if A;[m|[m] =0 then
Adfj)[m] < Adfj)im] + Adfk]m] x t
end if
end for
Bl[]] < Bl[j] + Bl[k’] Xt
A[j][k] <=0
end for
end if
end for
ng < 0, n,+ 0
for k=1 to D; do
Convert GEV A[k] to EV
Nng < ng+1
A[?’Ld] — g
end for
fOI‘k:Dl—{—ltOGl do
if A;[k]|[k] # 0 then
Convert GEV Aj[k] to EV g
Ny ¢ Ny + 1
A[MD + no] — g
end if
end for

31: end for
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full-rank and decoding cannot be successful. ]

Some properties of matrix T should be noted. First, in each length-My row of
T there are at most Oy = max{O;,l = 1,..., L} nonzero elements. In GNC codes,
Oy < Mo and therefore T tends to be sparse. Second, due to the assumed orderings
of GEV and EV, the last few columns of T contain more nonzero elements because the
corresponding source packets are covered for more times in all generations. Third, if
any generation is already separately decodable, its LDM has been fully diagonalized,
resulting in some rows in T that are singleton, i.e., contain only one nonzero element.

The joint decoding needs to transform T to an My x My identity matrix. Due
to T’s sparse structure, T may be pivoted as described in next subsection such that
the transformation has low computational cost. Once T is transformed, My source
packets are decoded. By back-substituting these packets, we can eliminate U in (6.1)

and completely decode the remaining source packets.

6.3.4 Pivoting T in OA Decoder

The purpose of pivoting is to reorder rows and columns of a sparse matrix such
that fill-ins can be avoided, where a fill-in refers to a zero element in the matrix
that is changed to nonzero during row reductions, thereby increasing computational
cost thereafter. Unfortunately, finding the globally optimal pivoting sequence that
minimizes the number of fill-ins of a matrix is known to be an NP-complete problem
[53]. Therefore, we only consider local heuristic methods. We propose the following

method that employs two rounds of pivoting:
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First Round

We first pivot T using an inactivation approach. Inactivation [46], [51], employed in
decoding of standardized raptor codes [57], is a special type of pivoting in which only
a nonzero element of a singleton row can be chosen as the pivot in each step. If no
singleton rows can be found, one or more columns that contain the largest number of
nonzero elements are declared as inactive such that singleton rows can be found in
the resultant sub-matrix that comprises the active columns. The reordered matrix
after pivoting consists of a number of sparse active columns (active part) and some
other dense inactive columns (inactive part). Since pivots of the active part are from
singleton rows, after reordering the active part will be lower triangular and therefore
can be diagonalized without incurring any fill-ins. This is shown in Figure 6.1, where
0 refers to areas consisting of only zero elements, and U; and T; refer to two sub-
matrices of the inactive part after diagonalizing the active part of T. The complexity

of inactivation pivoting is O(n) for an n x n matrix.

1A part —

Figure 6.1: Reordering and partial diagonalization of T using inactivation pivoting.

Second Round

After the first round of pivoting, T of Figure 6.1 becomes dense due to row reductions
to diagonalize the active part of T. However, due to the structure of GNC codes

(nonzero elements of the inactive part might not be uniformly located), T; may still
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be sparse. We perform another round of pivoting on T; to exploit this sparsity.

The second round pivots T using a modified Markowitz criterion due to Zlatev
[68]. The Markowitz criterion (see e.g. [10]) selects a nonzero element T;[i][j] as the
pivot if it has the smallest Markowitz count of the matrix, defined as (r; — 1)(¢; — 1),
where r; and c¢; are the numbers of nonzero elements on the corresponding row and
column, respectively. After finding each pivot, the numbers of nonzero elements
on the rows and columns of the remaining sub-matrix are updated. Note that the
criterion ensures that if there is a singleton row (which rarely occurs because T is
much denser than the original T), its nonzero element will be chosen as the pivot.
T; is reordered after pivoting such that the ¢-th selected pivot is the i-th diagonal
element of the reordered matrix. The modification used in Zlatev pivoting is that
each pivot is searched only from a constant number (normally < 3) of rows with the
least number of nonzero entries. In contrast, the original Markowitz criterion searches
n — i+ 1 rows for the ¢’s pivot. Therefore, the complexity of Zlatev pivoting is also

O(n) for an n x n matrix while that of the original Markowitz criterion is O(n?).

< Mp e Mo,
=
U ||»
%.
U
0 1|
0 T |y
et
My M

Figure 6.2: The final form of GDM A using inactivation pivoting.
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After two rounds of pivoting, the final form of A is shown in Figure 6.2, where M,
is the number of inactivated columns and M4 = Mo — M;. Regular row reductions
are then performed on the smaller dimension matrix T; to reduce it to an identity

matrix. Eliminating U; and U will recover all the source packets.

6.4 Analysis of OA Decoder

6.4.1 Zero Decoder-Induced Overhead

Given M innovative EVs, from Lemma 6.1 the decoder must be OA ready. Since M
innovative EVs are received, the constructed A in (6.1) is full-rank. Since pivoting
does not change the matrix rank, OA decoding is guaranteed to succeed and therefore
has zero decoder-induced overhead. On the other hand, given M innovative EVs,
the G-by-G decoding may have nonzero decoder-induced overhead, as illustrated in

Example 6.1.

6.4.2 OA Decoding Cost

Let us consider the OA decoding cost when M innovative EVs are received. For
simplicity, we consider generations of equal-size, G. From the previous section, OA
decoding includes the following steps: (a) process received packets in each generation
and partially diagonalize each LDM when constructing the GDM; (b) diagonalize the
active part of T; (c) reduce T; to the unit matrix to decode M; packets after the
second round of pivoting; (d) back-substitute M; decoded packets to eliminate Uy,
which decodes M, packets; (e) back-substitute Mo = M4 + M packets to eliminate
U, which decodes the Mp solo packets.

Parts (a) and (e) are two sub-parts of full GE in each generation and can be
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Number of Operations
Parts LHS RHS
(a)+(e) 2GBTS T, LG*K
2 2
() | (M + MM (M +1) | p(X2 + MyM)K
(c) W M2K
(d) 0 M;M4K

Table 6.1: Number of operations required in OA decoding.

combined. Let p denote the fraction of nonzero elements in T when the GDM is
constructed. Since T is sparse, p < 1. The numbers of required operations involved
in all parts on the left-hand side (LHS) and right-hand side (RHS) can be explicitly
counted using [15] and are listed in Table 6.1. Note that although we have pivoted T
using Zlatev pivoting, we still count computations in part (c¢) as full GE for simplicity,
which is an upper bound of the actual cost.

We are more interested in the case that K is large and hence operations on RHS
dominate the decoding cost. It is clear that decoding cost decreases as p and M;
decrease, whose values are determined by the specific GNC code design.

An important observation here is that if we have M; = 0, i.e., inactivated no
columns when pivoting T, then M4 = Mo and the total number of computations is
LG*’K +pMTf‘K , which is exactly the decoding cost of the G-by-G decoder where LG?K
and pMTf‘ correspond to the cost of solving each generation and subtracting decoded
packets from other generations, respectively. Therefore, the extra computational
cost of OA decoding compared to G-by-G decoding only comes from the inactivated
columns in T.

Note that OA decoder has the flexibility to control the trade-off between over-

head and decoding cost by postponing its joint decoding. If the joint decoding begins
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after more than M innovative GEVs are received (i.e., postpones the declaration of
OA ready), the code-and-network-induced overhead may increase and the decoder-
induced overhead may no longer be zero. However, the decoding cost would decrease.
This is because later joint decoding tends to increase the number of separately-
decodable generations, and hence the number of singleton rows in T, resulting in
fewer columns that need to be inactivated. The naive decoder, however, does not
have this property because it decodes generations jointly from the very beginning.
We notice that OA decoding would have the same decoding cost as that of G-by-G
decoding if OA decoder were to be allowed the same number of received packets with
which G-by-G decoding is successful. To sketch a proof, it is equivalent to showing
that the number of inactivated columns using the OA decoder is zero. Without loss
of generality, we may assume that the generations would be successfully decoded in
the order Gy, Gs, ..., G with N > M received packets using the G-by-G decoder and
that in each step only one generation is separately decodable. In OA decoding, this
corresponds to where only the LDM of G; is fully diagonalized when constructing
the GDM. This results in a number of singleton rows in T, whose nonzero entries
are chosen as pivots. Nonzero elements of the corresponding columns of the chosen
pivots in T are then eliminated. The rows belonging to the eliminated elements are
the EVs transformed from GEVs of generations that are overlapping with generation
G1. If the G-by-G decoder would proceed, G, should now be found to be separately
decodable. In OA decoding, this corresponds to the case where the LDM of G, had
been partially diagonalized except for some columns, whose nonzero elements are
exactly among those just eliminated elements. Therefore, after eliminating these

elements, the LDM of G, should now be diagonal, which results in new singleton rows
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in T; no columns need to be inactivated. The claim can then be proved by induction.

6.5 Code Design and OA Decoding Performance

We next design a GNC code that is able to achieve close to zero code overhead and

can be decoded using the proposed decoder at low decoding cost.

6.5.1 Code Description

The code is based on the random annex code (RAC), which is proposed in [32] orig-
inally for the G-by-G decoder. The design of code parameters for the OA decoder,
however, differs significantly from that for the G-by-G decoder. A RAC that contains

L generations of equal size G is defined as follows:

Definition 6.5 (Random Annex Code [32]). The M source packets, S = {s1,...,Sm},
are first partitioned into L disjoint subsets By = {sq-1)p41,---,siB}.l = 1,..., L of
equal size B (we assume L to be a divisor of M, M = LB; otherwise null packets
can be used for padding), one per generation. By is referred to as the base part of the
generation. After that, each generation G, is equipped with a random annex of size H,
denoted as H;, which consists of a random selection of H packets from S—B;. The an-
nex code introduces overlap between generations. The overall generation G, = By UH,
and G = |G| = B+ H. When generating a coded packet, one generation is chosen

uniformly at random.

The RAC is chosen to base our design for its following properties: first, its code
overhead approaches zero quickly when increasing the amount of overlap (equivalently
the generation size), and therefore a full rank yet sparse decoding matrix can be

obtained; second, its GDM is close to being uniformly random and sparse and is
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therefore suited to OA decoding; third, its random structure enables performance
analysis.

The proposed design has two customizations relative to the original RAC: 1)
precoded source packets using a binary systematic erasure-correction code and 2) only
binary field is used when coding a packet. We therefore refer to it as the precoded

binary RAC (PB-RAC). The detailed construction is as follows:

Definition 6.6 (Precoded Binary Random Annex Code). The M source packets
are first precoded using a binary systematic code to obtain (1 + 6)M intermediate
packets, {s1,...,Sy,€1,...,Cs}, where ¢; = Z;j\; w; ;85,1 =1,...,5 are parity-check
packets, the w; ; are coding coefficients chosen from Fy and S = 0M. RAC is then

applied to the intermediate packets, i.e., L' = f%} generations are formed from

the intermediate packets with the same base part size B and generation size G.

Similar to Raptor codes [56] where precoding is also used, we assume that the
precoding coefficients of PB-RAC are known a priori to all the receivers of the trans-
mission. This can be achieved by setting up a protocol between source and destination

nodes.

6.5.2 OA Decoding of PB-RAC

The PB-RAC can be decoded very effectively using the OA decoder. Unlike successive
decoding network codes and precodes as seen in previous works, e.g. [62], where the
decoder needs to recover a pre-defined fraction of intermediate packets before the
precode decoder can begin, the structure of OA decoder enables joint decoding of the
two parts of PB-RAC from the beginning. The joint decoding ensures that decoding

is successful if M innovative EVs are received. Note that the successive decoding
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approach does not guarantee that a pre-defined fraction of intermediate packets to be
recoverable from M innovative network coded packets, i.e., successive decoding has
nonzero decoder-induced overhead.

The key idea of OA decoding of PB-RAC is to treat the S parity-check constraint
equations of the precode as encoding vectors (whose corresponding message packets
are all-zero) belonging to a special precoding generation. This is because Zj\il w; jS;+
ci=0fori=1,2,...,5. The precoding generation covers all the M + .S intermediate

packets and its corresponding decoding matrix can be expressed in the form

He| W oL | (62)

where elements w;; of W, 1 <7 < 5,1 < 5 < M are coding coefficients of the

systematic precode and Igyg is the size-S identity matrix. It is noted that

S1

Sm
|: W IS><S :| = OSXK) (63)

C1

Cs

where on the right-hand side Ogy is the S x K zero matrix.

The OA decoding of PB-RAC is almost identical to that of normal GNC codes.
The only differences are first that there are (L’ + 1) generations where the extra
generation (i.e., the precoding generation) covers all the intermediate packets, so no

intermediate packets are solo in PB-RAC. The GDM is constructed as soon as M
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innovative GEVs are received and the resulting GDM A of (6.1) only consists of T
(i.e., D is empty). Second, since RAC is applied to M + S intermediate packets, A
has M + S columns rather than M as in the non-precoded case.

Pivoting will then be performed on the linear system of equations:

S1
H C1
Cs

where the zero matrix on the right-hand side is of size S x K. We denote the binary

A
(M +S) x (M+S) matrix Acg = , where A is of size M x (M +S) and H is of
H

size S x (M +5). A good precode ensures that A.g is full-rank with high probability

when a rank-M A is received.

6.5.3 Analysis of RAC with Precoding

In this subsection we examine how the parameters (i.e., M, 6, B and G) affect
code overhead and decoding cost by analyzing a precoded RAC where a sufficiently
large finite field size is used. Intuitively, PB-RAC would have higher code overhead
but lower decoding cost. In Section 6.6, we will show that the difference in the
overhead between using binary and larger finite field is however very small while that
in decoding cost is indeed considerable, suggesting that PB-RAC is more desirable.

First we are interested in the code overhead, i.e., how innovative EVs are received
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by the decoder. The analysis in the following assumes that a naive decoder with un-
limited computation power is used. This does not affect the overhead results because
OA decoding has the same overhead as the naive decoder. We need to receive M in-
novative length-(M + S) EVs. Consider that £ < M innovative packets are received.

The on-the-fly k£ x (M +.5) GDM can always be transformed to the form

A = [ L, U } (6.5)

through row/column exchanges and row reductions, where U is a sub-matrix consist-
ing of some random elements. We refer to the intermediate packets corresponding to
the first k£ columns of A as received pivots. With a sufficiently large finite field size,
if the next received packet is from a generation that contains at least one intermediate
packet other than the received pivots, its EV is innovative, i.e., after performing row
reductions against the k£ rows of A, the resulting EV is not zero. Assuming that
packets of different generations arrive with equal probability 1/L’, the probability

that a new packet is innovative when k innovative packets have been received is

p=h 0Sk<M-1, (6.6)

where a; denotes the number of generations covering at least one of the remaining
((1 + 0)M — k) not-received pivots. This is equivalently the expected number of
generations that an arbitrary subset of ((1+ 0)M — k) packets may be connected to.
Given G and B, each packet is present in about GG/B generations, and therefore ay,

is approximately

G\ (HOM—k
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and hence

G (1+0)M—k
pr=1-— <1 — m) . (6.8)

It is noted that (6.7) is only an approximation because it assumes that each packet
independently randomly selects its G /B generations.

Let X} denote the number of required received packets to obtain the (k + 1)-th
innovative packet when k innovative packets have been received; X is a geometric
random variable with parameter py so E{X;} = pik. The expected number of packets

that are needed to obtain M innovative packets is then

E{Cu} = { Z Xk}

B M-1 1
=0 Dk
M-1 1
= M+ pETEEYY (6.9)
k=0 (1 _ L) _
A+ M

We see from (6.9) that the code overhead E{Cy}/M — 1 can be reduced to be
arbitrarily close to 0 by increasing either G (i.e., the amount of overlap; note that
the amount of overlap cannot be increased unboundedly in designing RAC for the
G-by-G decoder [32], [30]) or 6 (the precode rate). However, from the decoding cost
point of view, a large 6 should be avoided, because we may need to inactivate at least
OM columns when pivoting A.qg (since H is normally dense). Similarly, we cannot
increase GG too much either, because that would result in a dense A.

To understand the OA decoding cost, in the following we estimate the fraction

of columns that would be inactivated when pivoting A.g. For the analysis, we make
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the following further assumptions: 1) a set of parameters {M, S, G, B} are chosen
so that the first M received packets are linearly independent; 2) after uniformly
randomly inactivating aM columns in A, using G-by-G decoding can successfully

decode (1 — §)L' generations (or equivalently (1 — 0)(M + S) intermediate packets)

0

with M received packets, where § = 1.

According to the analysis in Section 6.4.2, the above assumptions ensure that
A.¢ can be pivoted successfully with a total of (a4 )M columns being inactivated.
Now we can determine the expected proportion of inactivated columns, «a, using the
asymptotic analysis of the G-by-G RAC decoding from Chapter 5 (Section 5.5). In
order to recover (1 —¢)L’ generations using the G-by-G decoder when no inactivation

is introduced, the following inequality has to be satisfied for all x € [4, 1]:

My MA@ (1 = M) < a, (6.10)

e

Il
o
e
Il
IS
o

where 7, is the probability that one generation has w innovative packets received.
The definition of A(z) is defined in (5.12).

Now if we inactivate aM packets in L’ generations, approximately aM /L' per
generation, then the G-by-G decoding only needs to “decode” out G' = G — aM /L’
packets from each generation (the “decoded” packets will be linear combinations of

the inactivated packets of the generation). We therefore need to modify (6.10) to

’_ ’_
G' -1 G' -1 G -1

Yoy . A@) (L= Aa) 9" <, (6.11)

for x € [0, 1].
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Similar as in Section 5.5, we model the number of received packets of each gen-
eration as independent and identically distributed (IID) Poisson variables with rate
parameter A\ = M/L' when M packets are received!. Therefore 7, = Au%,ﬂ in (6.11).
Let f(M,S,G, B, a) denote the left-hand side of (6.11). The required value of « is

o =inf{a: f(M,S,G,B,a) <z, x €[d1]}. (6.12)

We find o* using exhaustive search up from o = 0 with desired precision increment

Aa. In each search step, the above inequality is tested by discretizing x in [4, 1].

6.5.4 Parameter Choices of PB-RAC

Throughout we fix B = 32 as it is demonstrated in [49] that generations of size 32 yield
good decoding speed when performing RLNC in Fs. For a given M, we choose to use
the same systematic LDPC precode as standard raptor codes [35] (Section 5.4.2.3),
which has a fixed yet efficient structure and is suitable for inactivation pivoting. The
value of S therein is the smallest prime number larger than or equal to [0.01M ] + X
where X is the smallest integer such that X (X — 1) > 2M.

Given B and S, G should be chosen to satisfy the following criteria: when a
total of M packets are received where each packet may belong to any generation
with equal probability, no generation receives more than G packets. This is because
any extra packet exceeding G of a generation would be redundant. We again model
the numbers of received packets of each generation as IID Poisson random variables

with rate parameter A = M/L'. Let Y denote the number of received packets of a

!Note that here we strictly require that M packets are received while the analysis in Section 5.5
assumes (1 + €)M received packets.
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generation. We propose to find the smallest G (in favor of sparseness) satisfying the

criteria, which can be expressed as:
1
Gmin:inf{GGZ:Pr{Y>G}< E}’ (6.13)

where the inequality ensures that the expected number of generations that violate the

criteria is less than one. G, can be found by integer search starting from G = B.

6.6 Performance Evaluation

We now evaluate the performance of our design. Throughout we use packets each
containing K = 1600 bytes consisting of 1600 1-byte message symbols. Coding co-
efficients used for precoding and RLNC at the source or intermediate nodes, if not
explicitly stated, are from IFs.

We count the total number of operations in the software implementations (written

in C), denoted as Nops. We use the average number of operations per packet symbol (or

Nops
Y MK

operations per symbol for brevity) to compare decoding costs. As a reference
point, GE for decoding RLNC across M source packets requires about M operations

per symbol. Each curve of the following simulation is averaged over 1000 trials.

6.6.1 Point-to-Point Performance

As a baseline, we first evaluate the design in the point-to-point scenario, i.e., the
decoders are directly applied on GNC-coded packets and therefore only code and
decoder-induced overheads may be incurred.

In Figure 6.3, we compare the proposed OA decoder with the G-by-G and the

naive decoders. We use non-precoded RAC for comparison. We show the overheads
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and decoding costs of RAC for different generation sizes. It is seen that the OA
decoder has the same overhead as the naive decoder. The inefficiency of G-by-G
decoding in terms of overhead is clearly demonstrated. The overheads of the naive
and OA decoders only come from code overhead while the G-by-G decoder incurs
significant decoder-induced overhead. The decoding cost of G-by-G decoder is the
lowest and it increases only slightly with generation size. Since the OA decoder
exploits the sparseness of codes, the OA decoding cost is much lower than that of the

naive decoder and is close to that of the G-by-G decoder.
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Figure 6.3: Comparison of G-by-G, naive and OA decoders; M = 1024, B = 32 and
L =32.

In Figure 6.4, we show the numbers of inactivated columns in OA decoding of
the RAC with G = 64 as a function of reception overhead, in which OA decoder

postpones its start of joint decoding. As explained in Section 6.4.2, the number



6.6. PERFORMANCE EVALUATION 129

of inactivated columns gradually approaches zero as the allowed overhead increases.
From Figure 6.3, the overhead of G-by-G decoding of G = 64 RAC is 60%, which
matches Figure 6.4, where the number of inactivated columns of OA decoding is 0 at

e = 60%, meaning that the performances of OA and G-by-G decoder are identical at

e = 60%.
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Figure 6.4: Performance of OA decoding when allowing for more reception overhead;
RAC code with M = 1024, B = 32, G = 64, L = 32 is used.

Next we compare the proposed PB-RAC with the original RAC of [32], head-to-
toe (H2T) codes of [17], [18], windowed codes of [21], and banded codes of [11]. The
H2T has the same number of L = M/B generations as RAC. Generations of H2T are
overlapped consecutively rather than randomly. The windowed code can be viewed
as a H2T code with M generations. The banded code is similar to the windowed

code except that it does not allow for wrap around and therefore has only M — G+ 1
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generations. The decoding matrices of banded codes are strictly banded while those of
H2T and windowed codes are close to banded (except for the last few rows). In Figure
6.5, we show overheads and decoding costs of the four codes for different generation
sizes. Note that the probability of sending coded packets from each generation of the
banded code is not uniform as in [11] while that of the other three codes are uniform.
The decoding of H2T, windowed codes and banded codes utilize straightforward GE

whereas the decoding of RAC and PB-RAC use the proposed OA decoder.
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Figure 6.5: Comparison of H2T from [17], [18], windowed codes from [21], banded
codes from [11], RAC, and PB-RAC; M = 1024 and B = 32, S = 59 for
PB-RAC.

Figure 6.5 shows that, as generation size grows, overheads of all codes decrease.
However, PB-RAC has much lower overhead than that of H2T and RAC, achieving
less than 1% at G = 41 while RAC achieves this at G = 58 and H2T at G > 64.

It is important to note that overheads of H2T decrease more slowly than that of
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RAC as G increases when approaching zero, which is a major justification of RAC
for our code design. The decoding costs of achieving 1% overheads for PB-RAC,
RAC and H2T are 35, 50, and 60 operations per symbol, respectively. A significant
improvement in both overhead and decoding cost is obtained using PB-RAC. It is
interesting to note that windowed and banded codes have very similar code overheads
to that of PB-RAC even though no precoding is used. The windowed and banded
code achieve 1% overhead at G = 45 and G = 61, respectively, and both require
about 47 operations per symbol to decode. However, subsequent results show that
the two codes might not be suitable for use in networks where intermediate nodes
need to re-encode packets on-the-fly during the transmission.

We have noted that OA decoding costs of RAC and PB-RAC increase quickly with
generation size, while those of H2T, windowed and banded codes are much flatter.
This is because the decoding matrices of RAC and PB-RAC have less structure,
which require more decoding operations to decode even though OA decoding has
been used to exploit sparseness. Nevertheless, since the overheads of H2T, windowed
and banded codes decrease more slowly as the generation size increases, to achieve the
same level of overhead PB-RAC with OA decoding requires fewer operations because
the required code can be much sparser.

In Table 6.2 we show decoding performances of four PB-RAC codes with different
S that each results in about 1% overhead, where S is the number of parity-check
packets added by the precode and S = 0 corresponds to the non-precoded case (i.e.,
original RAC). The trade-off between S and G is clear and a balanced choice of S
and G yields the least number of inactivated columns and, as a consequence, the least

cost.
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Nops
S G £ i M]
0 | 58| 092% | 50 | 127
59 | 41 | 0.74% | 35 | 80
101 | 39 | 0.70% | 38 | 100

149 | 37 | 0.95% | 39 | 112

Table 6.2: PB-RAC achieving ¢ = 1% with different S; M = 1024, B = 32.

We show performances of PB-RAC for various M in Figure 6.6, where code param-
eters are determined according to Section 6.5.4. We compare with two other schemes.
One applies G-by-G decoding on another set of PB-RAC codes with the same B and
S but G are chosen such that the minimum overhead is attained. The other one
is P256-RAC whose coding parameters are the same as the designed PB-RAC but
precoding and RLNC are all performed in Fo55. We also perform OA decoding on
P256-RAC.

We see that both PB-RAC and P256-RAC achieve almost zero overhead whereas
PB-RAC with G-by-G decoding has more than 10% overhead. The overhead of
using Fy is slightly higher than that of using Fys6 but the difference is very little.
We plot the decoding speeds of the three schemes of our implementations. The
comparison (compiled with -03 option using gcc) is conducted on a 2.66GHz quad-
core Intel Core 2 CPU with 4 GB RAM under the same implementation framework.
The implementation is not optimized and the speeds are for comparison purposes
only. The G-by-G decoding has the highest decoding speed and the speed does not
decrease much as M grows, indicating that it has constant decoding cost. The OA
decoding speed is much lower than G-by-G decoding and decreases faster as M grows,
suggesting that OA decoding may not be practically feasible for larger M. The OA
decoding speed of PB-RAC is considerably higher than that of P256-RAC. The OA
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Figure 6.6: Performances of PB-RAC codes for various numbers of source packets,

M.

decoding speed of PB-RAC at M = 10240 is 3MB/s.

In Figure 6.7 we show the fraction of inactivated columns in OA decoding, %
We present the simulation results of PB-RAC, P256-RAC and the analysis results
of (6.12). The analysis closely matches the simulation of P256-RAC as shown. The

benefit of using Iy is more clear: inactivated columns are reduced by half.

6.6.2 Network Performance

In this subsection we evaluate performance of PB-RAC in the well-known lossy but-
terfly network [2]. Erasure rates of links are set equally to p. = 0.1. The max-flow
capacity of the network is 1.8 packets per network use, where each network use cor-

responds to the source and intermediate nodes each send a packet.
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Figure 6.7: Inactivated columns in OA decoding of PB-RAC.

Figure 6.8 shows the overheads and decoding costs when using H2T, windowd
code, banded code and PB-RAC. We set G = 2v/M for H2T, windowed and banded
codes, as it is shown empirically in [60] that 2v/M is the required width for a banded
random matrix such that it has similar probabilistic rank properties to behave as a
dense random matrix. For example, G = 64 for M = 1024. Parameters of PB-RAC
are the same as in Figure 6.6. When it needs to send a packet, each intermediate
node performs random scheduling [44] (i.e., uniformly randomly choose a generation
for H2T, windowed and PB-RAC and non-uniformly randomly for banded according
to [11]) and re-encodes packets using random coefficients from Fy. Straightforward GE
is used for decoding H2T, windowed and banded codes. PB-RAC uses OA decoding.

Figure 6.8 shows that PB-RAC and H2T have the same overhead even though PB-
RAC is much sparser. For example, G = 43 is used for M = 1024 in PB-RAC and all
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Figure 6.8: Comparison of H2T (B = 32), windowed code, banded code and PB-
RAC over a lossy butterfly network of [2] where all relay nodes perform
random scheduling and re-encoding in [F5; erasure rates of links are equally
pe = 0.1.

G’s of PB-RAC in the figure are actually smaller than 50. The overheads of windowed
and banded codes, however, are poor. The reason is due to limited re-encoding
opportunity: the two codes each have almost M generations and therefore the number
of buffered packets of each generation at the relay is much fewer than that of H2T
or PB-RAC, each of which have L < M generations. We note that some measures
can be taken at intermediate nodes as discussed in [11] and [21] to alleviate the issue.
For example, one can search for buffered packets from different generations that can
be re-encoded so that the re-encoded packet is confined to a desired window /band;
or one can perform (partial) decoding at intermediate nodes to passively obtain a re-

encoded packet. The measures, however, add significant complication to intermediate
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nodes and may not be suitable for scenarios where intermediate nodes only serve as
relays. Since PB-RAC is much sparser, its decoding cost is lower than those of H2T
and windowed codes. The decoding cost of banded code is the lowest due to its strict

banded structure.

60%
55%
50%

w 45%

2 40%

£ 35%

2 30%

O 25%

-
H
H

i

— e —
—+— GF(2) RandSched
—— GF(2) MaLPI

—B— GF(256) MaLPI

|
1

10% : : '
1024 2048 3072 4096 5120 6144 7168 8192 9216 10240

Number of Source Packets

550 T T T T T T T T
500 B4 GF(2) RandSched | i
450 1T 3¢ GF(2) MaLPI R

% 390 [| —B— GF(256) MaLPI

8 300 e
D D50 e
200 oo o=
150 [ BT
100 B2 —
50, e
0 I I I I I I I I

1024 2048 3072 4096 5120 6144 7168 8192 9216 10240

Number of Source Packets

Symbol

Operation:

Figure 6.9: Performance of PB-RAC with different scheduling strategies at relay
nodes in butterfly network; p. = 0.1 for all links.

It is seen from Figure 6.8 that although the codes may have close-to zero code
overhead and zero decoder-induced overhead (see Figures 6.5 and 6.6), the reception
overhead over a network is nonzero because of scheduling and re-encoding at inter-
mediate nodes. We remark that the performance may be improved by optimizing
scheduling. In Figure 6.9, we show the performances of the same PB-RAC codes over
the network where the MaLLPI scheduling proposed in Chapter 5 is used at interme-

diate nodes. Unlike random scheduling, MaLLPI chooses a generation that is least
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scheduled with respect to the numbers of received packets of each generation. The
overhead is reduced from 58% to 38%. If we use a5 for re-encoding at intermediate
nodes, the overheads can be further reduced to 14%, which correspond to the rate of
about 1.57 packets per network use (i.e., close to 90% of the max-flow capacity). Note
that re-encoding with Fo56 will change all coding coefficients to Fas6, so the decoding

costs will increase accordingly, as shown in the figure.

6.7 Summary

In this chapter we proposed an efficient overhead-optimized decoder that has zero
decoder-induced overhead for generation-based network codes. We showed that the
decoding cost can be maintained low for moderate number of source packets by ex-
ploiting the structure of GNC codes through local processing and multiple rounds
of pivoting of the decoding matrix. Based on the decoder, we have designed a new
sparse network code that combines binary precoding, using random overlapping gen-
erations and binary RLNC. Compared to previous works, the code is able to achieve
close-to zero code overhead at decoding speed of several megabytes per second using
the proposed decoder. Our overall design has potential in applications where low

overhead is critical and the number of source packets is moderate.
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Chapter 7

Summary and Future Work

In this chapter, conclusions are summarized based on the results obtained in previous

chapters. Several topics for future research are also suggested.

7.1 Summary

Chapter 3 studies a systematic network coding method for transmission over a two-
hop lossy link. In Section 3.3 we proved that transmitting uncoded packets first,
followed by coded packets requires much less decoding cost and at the same time
achieves a higher end-to-end rate than RLNC. A Markov chain model is used in
Section 3.3.1 to analytically determine the completion time of the proposed scheme
and the model also includes the random linear network coding scheme as a special
case. In Section 3.5, simulation results show that the benefit of systematic network
coding is significant when the number of source packets is small. For example at
M = 50, as shown in Figure 3.9, the rate of the proposed scheme is increased by 4%
from 0.74 of RLNC to 0.77 while its decoding cost is only 1/5 of that of the RLNC
method.

Chapter 4 extends the scheme of Chapter 3 to the network that consists of two
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parallel two-hop lossy links. In Section 4.3 we proved that the benefits of systematic
network coding persist in this network. We also proved that if the number of uncoded
packets that are received by the destination is maximized, then the rate and decoding
cost benefits would both be maximized. We then formulated and solved an uncoded
packet allocation problem to obtain such maximization. Simulation results in Section
4.4 showed that every uncoded packet received by the destination would strictly
improve the performance of RLNC. Taking M = 100 as an example, Figure 4.2
shows that the proposed scheme with the optimized uncoded packet allocation would
improve the rate from 2.5 to 2.66 (a 6.4% improvement) while reducing decoding cost
from 56 to 8 operations per packet symbol (a 93% reduction).

In Chapter 5, we study the generation-based network coding scheme, a sparse net-
work coding scheme that can be used in networks where the topology is more complex
or changing during the transmission. In this chapter, the generation-by-generation
(G-by-G) decoding is considered. We first modeled generation-based network codes
as graph codes and then analyze its G-by-G decoding on the graph. We designed two
codes based on the analysis results. First, we determined a key parameter (i.e., the
optimal amount of overlap among generations) for the existing random annex codes
and showed that the estimation is much more accurate than before. As shown in
Figure 5.5, the achieved overhead of our design is only 3% higher than the minimum
achievable overheads, while that of previous design is more than 10% higher. Second,
we proposed a new code based on unequal-size generations and provided a method
to design the generation-size distribution for the code. We established that using
unequal-size generations for the G-by-G decoding achieves both lower overhead and

decoding cost than its equal-size counterpart, if the generation-size distribution is
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properly designed. In this chapter, we also proposed a new scheduling strategy, max-
imum local potential innovativeness scheduling, to be used at intermediate nodes. We
showed that the new scheduling strategy outperforms the previous random scheduling
in terms of overhead.

In Chapter 6, we continue the design of generation-based network codes. Unlike
Chapter 5, Chapter 6 considers overhead-optimized decoding. This decoding results
in the minimum overhead and therefore is useful in applications where low-overhead
is critical, e.g. where users may be charged according to the amount of data re-
ceived. However, overhead-optimized decoding may require higher decoding cost. In
Chapter 6, we first proposed a low-complexity decoder that combines local processing
and pivoting algorithms when solving linear system of equations. This decoder has
low decoding cost for generation-based network codes that may have general overlap
structure. The decoder is also showed to be able to flexibly control the trade-off
between overhead and decoding cost. We then designed a generation-based network
code that has very low code overhead and decoding cost with the proposed decoder.
Although the decoding speed using the proposed decoder is lower than that of the
G-by-G decoder (which is as expected), the achieved speed is acceptable for targeted
applications. For example, 3 MB/s decoding speed can be achieved for the case
where M = 10240 packets each consisting of 1600 bytes are coded together. This
speed should be sufficient to support smooth playback in streaming media applica-
tions. Most importantly, the overall scheme has close-to zero overhead when evaluated
in the point-to-point scenario whereas that of using the G-by-G decoder is more than

10%.
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7.2 Future Work

There are several topics that are suggested for future research:

e In Chapters 3 and 4, when the relay node needs to re-encode a packet, buffered
packets are combined using RLNC. Therefore, packets sent from the relay are
either uncoded or fully coded. It is of interest to examine the cases in-between,
i.e., whether sparsely re-encoding packets would further lower the decoding cost

while retaining the rate benefits.

e In Chapter 4, solving the uncoded packet allocation problem requires precise
information about link erasure rates. In practice, however, this kind of informa-
tion may not be easily obtained. It is therefore of interest to study the allocation
problem for the case when link erasure rates are unknown or only statistically

known.

e We have seen that the benefits of systematic network coding method in Chap-
ter 3 and 4 come mostly from the uncoded packets that are received by the
destination node. It is of interest to investigate how the method scales to line
networks with more hops and under different traffic models, where the number
of uncoded packets that can be received by the destination node may change

significantly.

e Throughout the thesis, we have considered that no acknowledgements/feedback
are available between nodes during the transmission. It would be of interest to
study the designs for when (partial) feedback between nodes are available. In

particular, it is of interest to investigate how much improvement feedback may
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bring in when feedback is available for scheduling algorithms at intermediate

nodes in Chapters 5 and 6.

e [t is of great interest to systematically evaluate the code designs of Chapters 5

and 6 in real-world network environments.
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Appendix A

Transition Probabilities of the Markov Chains

Modeling S2HNC

For the period of time when S is sending uncoded packets, we have the following
transition probabilities for different combinations of (k,r) in Markov Chain C1. We

have

D(0,0)—(0,0) = €1, (A1)
P0,0)—0,1) = 0, (A.2)
Poo—-ao = (I—e)e, (A.3)
Poo-ay = (I—a)(l—e), (A.4)

for k=r=0.
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Fork>1landr <k < M,

Pr)y—(kr) =

Pkr)—=(kr+1) =
Pkr)—=(k+1,r) =

Pkr)y—=(k+1r+1) =

Fork>1landr=%k < M,

Pkry—(k,r)
P(k,r)—(k,r+1)
Pk, —(k+1,r)

DPk,r)—(k+1,r4+1)

and for r < k=M,

Pk,r)—(k,r)
DPk,r)—(kr+1)
p(k,r)—>(k+1,r)

Pk, —(k+1,r+1)

| <
By

€1 (62 + (1 —€)
e1(1— e) (1 -
(1 —e)e,

(1—e1)(1—e).

)

#le Qﬁ
N———

= €1,

= (]_ — 61)62,

= (]_ — 61)(1 — 62).

q’f'
= e+ (1—¢e)—,
2+ (1—e)
q’l"
= (1—¢€)(1l——),
(1 —e2)( qk)
= 0,
= 0.

(A.13)

(A.14)
(A.15)

(A.16)

For the period of time when S is sending coded packets, i.e., for Markov chain C2,
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we have
P(0,0)—(0,0)
P(0,0)—(0,1)
P(0,0)—(1,0)
P(0,0)—(1,1)
for k=r=0.

Fork>1landr <k <M,

Pk (ky) = (61+(

Pk,r)y—(kr+1) = (€1+(

Pler)skitry = (1—e1) (1 —

Py —=(k+1,0+1) = (1 - 61) (1 —

Fork>1landr=%k < M,

¢
Plhry—kr) = €1+ (1— 61)q—M7
Py —»kr+1) = 0,
" q
Plkp)—kt1r) = (L—e1) (1 - q_M> <62 +(1- 62)qk+1
@

Pkr)=(k+1,r+1) = (1 — 61) <1 —

£) o)
2)
2o

<

M) (1—e) (1

(A.17)
(A.18)

(A.19)

(A.20)

(A.21)
(A.22)
(A.23)

(A.24)

(A.25)
(A.26)

(A.27)

(A.28)
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and forr <k =M,

Pk,r)—(k,r)
Pk,r)—=(k,r+1)
p(k:,r)—>(k+1,r)

Py —(k+1,r+1)

€9 + (1 — 62)
(1 — 62)(1 —
0,
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(A.29)
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