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properties, PO3G is used in various appli-
cations including cosmetics, breathable 
membranes, biodegradable lubricants, 
architectural coatings, adhesives, and elas-
tomeric fibers.[17,18]

Several mathematical models have 
been developed to obtain improved under-
standing of the influence of process oper-
ating conditions on product properties 
and production rates during PO3G pro-
duction.[19–23] Mueller et  al. developed the 
first fundamental PO3G model, which 
accounts for the influence of two different 
acid catalysts.[20] Their model predicts 
time-varying concentrations of propan-
ediol and water in the reactor liquid and 
in the vapor that is removed via nitrogen 
sparging. Their model also predicts 
number-average molecular weight and 
concentrations of hydroxyl and unsatu-
rated end groups in the polymer. Their 
model does not include evaporation of 
oligomers (e.g., linear, dimer, trimer, 
etc.) from the reaction mixture. Although 

Mueller et al. report values for equilibrium constants for some 
of the acid-base protonation/deprotonation reactions in their 
model, they do not report values for any of the kinetic param-
eters used to obtain their model predictions.

Cui et al. extended Mueller’s reaction scheme to account for 
formation of propanal (a side product) and for transetherifica-
tion reactions that randomize the molecular weight distribu-
tion when monomer and oligomers evaporate from the liquid 
phase.[21–23] They used data from the batch reactor system in 
Figure 1,[21–23] to estimate parameters in a series of three models 
with increasing levels of sophistication. As shown in Figure 1, 
nitrogen is bubbled through the liquid phase to remove water 
from the reaction mixture so that PO3G with a high degree of 
polymerization (DP) can be produced. A portion of the mon-
omer (and oligomers) evaporate with the water. Samples of the 
reactor liquid and the condensate were collected over the course 
of each batch reactor run and were subsequently analyzed, 
providing information about reaction kinetics and evaporation 
rates.

The first model of Cui et al. predicts the time evolution of DP, 
along with concentrations of water, monomer, propanal, and 
unsaturated ends. Evaporation rates of water, monomer, and 
propanal are also predicted. Cui et al. used estimability analysis 
techniques[24,25] to rank the kinetic and transport parameters in 
their model from most-estimable to least-estimable and used a 
mean-squared-error criterion[26,27] to determine that 8 of their 

A dynamic mathematical model is developed for production of Cerenol poly-
ether from 1,3-propanediol in a batch reactor system. The model accounts 
for polycondensation reactions and side reactions in the liquid phase and 
for mass transfer of volatile species to the vapor. Parameters are estimated 
using measured liquid-phase concentrations of monomer, oligomers, water, 
and end groups as well as the mass and composition of condensate collected 
from the overhead condenser system. The proposed model uses novel prob-
ability factors to keep the model equations relatively simple while accounting 
for the complex influence of superacid catalyst on reaction rates. The model 
is a significant advance over previous Cerenol models because it better 
accounts for mass-transfer rates and for the dynamic behavior of the con-
denser. In addition, the proposed model accounts for the inhibitory influence 
of water on polycondensation kinetics due to hydration of hydroxyl ends. The 
model equations and parameter estimates provide a substantial improvement 
in fit to the data, especially for long reaction times and high catalyst levels, 
resulting in a 97% reduction in the value of the weighted least squared objec-
tive function compared to equations and parameters from a previous model.

1. Introduction

In recent years, bio-based poly(trimethylene) ether glycol 
(PO3G) has been manufactured using renewable feed-
stocks.[1–18] The trademark for this class of polymers is Cer-
enol and the monomer is bio-based 1,3-propanediol (bio-PDO), 
which was commercialized by DuPont.[1–13] The production of 
Cerenol occurs at relatively low temperatures and pressures 
in comparison to processes for petroleum-based polyether 
diols, making the production process more sustainable and 
inherently less hazardous.[14,15] PO3G is biodegradable, has 
low toxicity, low viscosity, and low melting point compared to 
petroleum-based polyether diols.[14–16] Because of its favorable 
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14 model parameters could be estimated from four dynamic 
batch-reactor runs conducted at 180  °C using different con-
centrations of super-acid catalyst.[21] Cui’s first model neglected 
evaporation of oligomers and assumed that mass-transfer coef-
ficients for water and monomer are constant over the duration 
of each batch run. Unfortunately, this model gives relatively 
poor predictions, especially of DP at long reaction times.[21] 
Cui et al. performed a second modeling study to investigate the 
influence of DP on mass-transfer rates to determine whether 
time-varying mass-transfer coefficients could help to improve 
the model predictions.[22] Cui et  al. showed that increases in 
bubble residence time due to increasing viscosity have an 
important influence on mass-transfer rates and extended their 
previous model to account for these effects. Although predic-
tions improved somewhat, predictions of DP at long reaction 
times and of residual monomer concentrations in the liquid 
phase were unsatisfactory.[22] A third model was developed to 
account for evaporation of linear oligomers (i.e., dimer to pen-
tamer), which was neglected in previous models, even though 
these species make up ≈10  wt% of the condensate collected 
from the overhead stream shown in Figure  1.[23] This third 
model resulted in better predictions of DP (which is still under-
predicted at long reaction times) but provided a relatively poor 
fit to data for monomer concentrations in the reactor, especially 
at long reaction times. Underprediction of DP and overpredic-
tion of the monomer concentration at long reaction times sug-
gest that the overall rate of polycondensation predicted by Cui’s 
model is too low, especially during the final low-water stage of 
the batch reactor experiments. This problem may result from 
inappropriate reaction kinetics or mass-transfer expressions. 
Including mass transfer of oligomers in the model resulted in 
four additional mass-transfer parameters.[23] Cui et  al. showed 
that these four new parameters could be estimated from the 
available data, along with 11 of the 14 other model parame-
ters.[23] Although qualitative predictions of the linear oligomer 
concentrations in the reactor liquid were good, Cui et al. noted 
that the predicted maxima in the dimer, trimer, and tetramer 
concentrations occurred earlier than the maxima in the corre-
sponding measured concentrations. Also, predicted oligomer 
concentrations in the reactor were too high at long times. Cui 
et  al. suggested that discrepancies in the predictions could be 

because: i) simplifying assumptions were made about the over-
head condenser system (i.e., no time delay in the piping and 
negligible liquid hold-up in the condenser); ii) mass-transfer 
expressions for monomer and water were developed based on 
restricted experimental vapor–liquid equilibrium (VLE) data; 
iii) there may be deficiencies in the reaction scheme used to 
develop the model (e.g., the formation of cyclic oligomers is 
neglected).[23] In the improved model developed in this paper, 
we address these issues (except for cyclic-oligomer formation, 
which is the topic of ongoing research).

Cui’s models and the model of Mueller et  al. neglected the 
dynamics of the overhead condenser system, assuming that 
water, monomer, and oligomers that evaporate from the reaction 
mixture appear instantaneously in the liquid condensate that 
enters the condensate collector (see Figure  1).[19–23] However, 
there is a substantial hold-up of accumulated liquid in the con-
denser, which introduces an additional lag in the measured con-
densate concentrations. Time delay associated with flow through 
the overhead piping may also influence the condensate concen-
tration measurements that were used for model-fitting by Cui 
et al. In the current article, the model is extended to account for 
the mass of liquid in the condenser and for time delay, leading 
to two additional parameters that appear in the model.[28]

Mass-transfer expressions developed by Cui et  al. rely on 
experimental VLE data shown in Figure  2.[22] Figure  2a shows 
the vapor pressure of water, PW, plotted versus the corre-
sponding equilibrium volume fraction of water, vW

*F , in molten 
PO3G. The dashed curve is a prediction at 180   °C from a 
Flory–Huggins based correlation developed by Xie.[16] Xie’s cor-
relation was fitted using data obtained over a relatively narrow 
composition range. Figure 2b, showing the corresponding vapor 
pressure of monomer, PL1, considers a wider range of volume 
fractions because the experiments conducted in the reactor 
shown in Figure 1 start with pure 1,3-propanediol at the begin-
ning of each batch. The monomer volume fraction in the liquid 
decreases over time due to polymerization and evaporation. The 
curve in Figure 2b is a cubic spline fit to VLE data for the mon-
omer.[22] In the current modeling study, two additional param-
eters are introduced to the water VLE model to obtain good fits 
to the dynamic reactor operating data. Cui’s cubic spline expres-
sions for monomer VLE[22] are used without any changes.

The mass-transfer expressions developed by Cui et  al. 
assume that partial pressures of water and monomer in the 
bubbles are uniform (from bubble to bubble), regardless of 
their vertical position within the reactor (i.e., the bubble phase 
is well-mixed due to recirculation and coalescence of bubbles 
within the reacting mixture).[22] However, as nitrogen bubbles 
rise from the bottom of the reactor to the liquid surface, par-
tial pressures of monomer and water in the bubbles may vary 
considerably with vertical position. Bubbles that form near the 
nitrogen inlet will have near-zero concentrations of water and 
monomer, whereas bubbles that emerge at the top surface of 
the liquid will tend to have higher concentrations. The amount 
of backmixing and coalescence of bubbles within the reactor 
is not well understood and could be small. To deal with this 
uncertainty, an adjustable bubble-backmixing parameter is 
included in the model proposed in the current article.

In the reaction mechanisms used in the models of Cui et al. 
and Mueller et  al., it is assumed that the rate constant (and 
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Figure 1.  PO3G reactor and condenser system.[21–23]
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equilibrium constant) for the main polycondensation reaction 
is independent of the water concentration.[19–23] However, this 
assumption may not be valid and may be an important source 
of the discrepancies between Cui’s model predictions and the 
dynamic PO3G data. The research group of Yin et  al. showed 
that water has an important inhibitory effect on the rate of 
etherification reactions.[29–31] For example, Yin et  al. investi-
gated the etherification of ethanol and tert-butyl alcohol to pro-
duce ethyl tert-butyl ether, with and without added water, in the 
presence of an acid catalyst.[29] They found that initial reaction 
rates without added water were about 15 times higher (at 323 K) 
than corresponding reaction rates in the presence of water at a 
concentration of 12 wt%.[29] In a follow-up study, Yang produced 
tert-amyl methyl ether from methanol and tert-amyl alcohol and 
found that this etherification reaction was also greatly inhib-
ited by added water.[30,31] A similar inhibition effect of water 
has been found for esterification[32,33] and amidation reactions 
and has been incorporated in a recent nylon copolymerization 
model.[34] Several empirical correlations have been developed to 
account for the inhibiting effect of water on esterification and 
etherification reaction rates. For example, Okamoto[32] proposed 
the following expression

=
′

+1 [ ]
0k

k

a W
� (1)

to obtain the water-dependent reaction rate constant k for 
esterification, based on a water-free rate constant k′0 and 
the water concentration [W]. The fitted parameter a is 
temperature-dependent.

Yin and Yang[30–32] modified the denominator of Okamato’s 
expression and used it to successfully predict rates of etherifica-
tion reactions using
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′
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Later, Liu investigated the effect of water on acid-catalyzed 
esterification of acetic acid and methanol and determined that 
k∝[W]−0.83.[33] Unfortunately, Liu’s reaction rate equation is not 
applicable at an initial batch reactor condition where the con-
centration of water is zero, but it can be extended to a more 
generally applicable form

=
′

+1 [ ]
0k

k

a W b � (3)

where -b is the estimated reaction order of water when [W] is 
large.

The main goals of the current modeling study are to extend 
Cui’s PO3G model to account for: i) liquid hold-up and time 
delay in the condenser system, ii) uncertainties in water VLE 
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Figure 2.  a,b) Vapor–liquid equilibrium correlations for water and monomer at 180 °C and experimental data at several temperatures.[16,22]
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and bubble circulation behavior, and iii) possible inhibitory 
effects of water on the rate of polycondensation. In addition, 
Cui’s reaction scheme is simplified to remove inestimable 
parameters related to several side reactions. The revised model 
is then used to reestimate the model parameters, providing a 
substantial improvement in the fit to the data.

The remainder of the paper is organized as follows. The 
available kinetic data are described, followed by the revised reac-
tion scheme and the corresponding model equations. Note that 
these new dynamic mass-balance equations are an important 
advance over the balances developed by Cui et al., because they 
incorporate probability factors that greatly simplify the equation 
structure.[34] Results of parameter estimates and model predic-
tions are then shown and discussed. Finally, recommendations 
are made to further improve the model (e.g., by including the 
formation of cyclic oligomers).

2. Kinetic Data

Industrial data were obtained from the batch reactor system 
shown schematically in Figure  1.[21–23] In the dynamic experi-
ments, an initial charge of bio-PDO was fed to the reactor and 
maintained at a desired temperature of 180  °C. Agitation and 
sparging with N2 was established before adding a super-acid 
catalyst (Triflic acid) to start the reaction. As the polycondensa-
tion reactions proceed, oligomers are produced and accumulate 
in the liquid phase. Water, monomer, and oligomers diffuse 
from the liquid into nitrogen bubbles which exit the liquid into 
the reactor headspace. Samples of the liquid in the reactor and 
the condensate were removed at selected times for analysis. 
Four experimental runs were conducted using initial catalyst 
concentrations between 0.10% and 0.25% by weight. Measure-
ments available from polymer melt include:

1.	 Concentration of monomer (ppm by weight);
2.	 Concentration of water (wt%);
3.	 Concentration of linear oligomers (i.e., dimer to heptamer) 

(ppm by weight);
4.	 Concentration of cyclic oligomers (i.e., dimer to octamer) 

(ppm by weight);
5.	 Unsaturated end group concentration (mmol kg−1).

Measurements available from the condensate include:

1.	 Water concentration (wt% of overall condensate);
2.	 Monomer concentration (ppm by weight);
3.	 Linear oligomers (i.e., dimer to pentamer) (ppm by weight);
4.	 Cyclic oligomers (i.e., dimer to heptamer) (ppm by weight);
5.	 Total mass of collected condensate (g).

Note that concentrations in the condensate are reported 
in different units than were used by Cui et  al. (previously in 
mol%). Also, data for the total mass of collected condensate 
are used for the first time in the current parameter estimation 
study. Hydroxyl end-group data for the molten polymer used by 
Cui et al. to compute experimental DP values in previous mod-
eling and parameter estimation studies[21–23] are excluded from 
the current study because a recent analysis reveals inconsisten-
cies with the oligomer concentration data. Details are provided 
elsewhere.[28]

3. Model Development

Table  1 shows the updated reaction mechanism used in the 
model. The left-hand column provides structural information, 
showing the polymer end groups and ether links, whereas the 
right-hand column shows the same reactions in terms of sym-
bols used in the model equations. Hydroxyl ends are denoted as 
O, ether links as E, unsaturated ends as U, secondary carboca-
tion ends as Cs, and water as W. The subscript p indicates that a 
functional group or species is protonated. Reaction (1.1) shows 
the equilibrium for protons exchanging between hydroxyl ends 
and water with K1 as the equilibrium constant. Cui’s models 
also considered equilibrium protonation of ether functional 
groups, which is neglected in the proposed simplified model. 
As shown in the Supporting Information, this assumption is 
appropriate because Cui’s model equations and parameter esti-
mates indicate that the concentration of protonated ether links 
is negligible compared to the concentrations of protonated 
hydroxyl ends and protonated water.

Reaction (1.2) is the main polycondensation reaction, 
which consumes hydroxyl ends, with forward rate constant k2 
(kg mmol−1 h−1) and reverse rate constant k2r (kg mmol−1 h−1). 
As indicated in Assumption 2.1 in Table  2, the polycondensa-
tion reaction requires one of the participating hydroxyl ends 
to be protonated. The reverse (hydrolysis) reaction is also acid 
catalyzed (i.e., it involves protonated water). Side reactions 
(1.3)–(1.5) produce unsaturated ends and secondary carboca-
tion ends where k3 (h−1) is the rate constant for the end deg-
radation reaction, k4 (kg mmol−1 h−1) is the rate constant for 
protonation of a terminal double bond, and k5 (h−1) is the rate 
constant for formation of a secondary carbocation end from 
a protonated hydroxyl end. Reactions (1.6) and (1.7) account 
for formation of propanal (denoted by AD), which is observed 
experimentally.[21–23] It is assumed that reversible Reaction (1.6) 
is sufficiently fast to be in equilibrium (Assumption 2.8). Note 
that Reactions (1.6) and (1.7) are shown separately in Table 1, 
but we treat the protonated secondary hydroxyl end Osp as a 
short-lived intermediate (Assumption 2.8) that does not accu-
mulate in the reactor system so that the forward rate constant 
for Reactions (1.6) and (1.7) combined is k7K6 (h−1). In Cui’s 
earlier models, these two reactions were treated separately, but 
an estimability analysis revealed that parameter K6 cannot be 
estimated independently from k7 using the available industrial 
data. As a result, we simplified the model to contain the lumped 
parameter k7K6. Reaction (1.8) accounts for transetherification 
between oligomeric and polymer chains. The transetherifica-
tion reaction is included in the model because it influences 
the rate at which linear oligomers are regenerated from long 
polymer chains to replenish oligomer molecules that evaporate 
from the reaction mixture. We assume that transetherification 
occurs between protonated hydroxyl groups and ether links. 
Cui’s models also included transetherification involving unpro-
tonated hydroxyl ends and protonated ether links, but based on 
the rate constants estimated by Cui et al., the rate of this alter-
native reaction is much slower than Reaction (1.8) and can be 
ignored.

Table  2 lists the assumptions used to develop the ordinary 
differential equations (ODEs) in Table  3. Assumptions 2.1 to 
2.6 were made previously by Cui et  al.[21–23] Assumptions 2.7 
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to 2.13 are new assumptions justified via simulation studies 
(shown elsewhere) involving Cui’s model.[28] Assumptions 2.7 
to 2.11 reduce the number of material-balance equations and 
kinetic parameters in the model. Assumptions 2.12 and 2.13 
are new assumptions related to the dynamic condenser system 
model.[35]

3.1. Reactor Model Equations

The ODEs in Table 3 are dynamic material balances on chem-
ical species and functional groups, with all concentrations in 
mmol kg−1 and time in hours. Equation (3.1) is a balance on 
the total mass m (kg) of the liquid mixture in the reactor, which 
decreases over time due to evaporation of water, propanal, 
monomer, and volatile oligomers (see Assumption 2.4). Mass-
transfer coefficients kW, kAD, and kL(i) are in kg m−2 h−1 and Ab 
(m2 kg−1) is the interfacial area of the nitrogen bubbles per unit 
mass of reactor liquid. [W], [AD], and [L(i)] are concentrations 
of water, propanal, monomer, and oligomers in the reactor 
liquid, respectively. [W]*, [AD]*, and [L(i)]* are corresponding 
hypothetical concentrations of these species that would be in 
equilibrium with the corresponding partial pressures in the 

reactor headspace. Expressions for [W]* and [L(1)]* are pro-
vided in Table  4 (i.e., Equations (F1.1) and (F1.2), Supporting 
Information) whereas [AD]* and [L(i)]* with i  = 2 to 5 are set 
at zero (Assumption 2.5). vW

*F  and v (1)
*F L , which appear in Equa-

tions (F1.1) and (F1.2) (Supporting Information) are corre-
sponding equilibrium volume fractions of water and monomer 
in the polymer phase, computed using cubic spline fitting of 
the VLE data of Xie.[16] The resulting VLE expression used 
for computing vW

*F  from PW at 180  °C relies on interpolation 
between Xie’s data obtained at 160 and 185 °C. Because Xie’s 
VLE data for water are only available over a limited range of 
conditions (see Figure 2a), two additional fictitious data points 
(i.e., PW (0.001) and PW (0.02)) are included in the cubic spline 
fit and appear in the model as adjustable parameters. Using the 
additional parameters results in improved modeling of the full 
range of water VLE that is encountered in the dynamic data. 
Details are provided in the Supporting Information. The mon-
omer cubic-spline VLE expression used for computing v 1

*F L  from 
PL(1) is the same as developed by Cui et al. In Equations (F1.1) 
and (F1.2) (Supporting Information), ρW, ρL(1), and ρ are densi-
ties of water, monomer, and polymer, respectively (in kg m−3) 
computed using industrial correlations. MW, MAD, and ML(i) are 
molar masses of the corresponding species in kg mmol−1.

Macromol. React. Eng. 2020, 1900045
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The updated mass-transfer terms in ODE (3.1) include an 
adjustable bubble-backmixing parameter γ, which accounts 
for uncertainty in the amount of bubble recirculation that 
occurs. Cui et  al. assumed that bubbles are well-mixed within 
the reactor liquid, corresponding to γ = 1.0 (i.e., Cui assumed 
that the typical partial pressure of water in the bubbles is equal 
to the corresponding partial pressure in headspace). Smaller 
values of γ account for the near-zero partial pressures of water 
and monomer in bubbles that are near to the nitrogen inlet. For 
example, γ   = 0.5 indicates that a typical bubble has water and 
monomer partial pressures that are half-way between zero and 
the corresponding headspace partial pressures.

Equation (3.2) is a balance on the super-acid catalyst, with 
[cat] in mmol kg−1, which changes over time due to the time-
varying mass of the liquid in the reactor. Note that, for com-
pactness, d

d
m
t  appears on the right-hand sides of ODE (3.2) to 

(3.12). When solving the differential equations numerically, 
the right-hand side of ODE (3.1) was substituted for d

d
m
t  in each 

ODE. ODE (3.3) is a material balance on unreacted monomer, 
L(1). The first two terms on the right-hand side account for 
monomer consumption and generation by Reaction (1.2) and 
its reverse. The factor f1 is the fraction of hydroxyl ends in the 
reaction mixture that are protonated and f2 is the fraction of 
water molecules that are protonated. Factor fE1 is the fraction 
of ether links that are next to the end of a linear chain (and 
hence can produce L(1) via hydrolysis reactions). Expressions 
for these and other probability factors that appear in the model 
have been derived and appear in Table 4, along with other alge-
braic expressions required to solve the model equations. The 
third and fourth terms in ODE (3.3) account for monomer 
consumption and generation by Reaction (1.8). The fifth term 

accounts for evaporation of monomer into the bubbles. The 
final term accounts for the change in monomer concentration 
associated with the loss in total mass of the reaction mixture.

Similarly, ODE (3.4) and (3.5) are balances on volatile oli-
gomers (dimer to pentamer), and nonvolatile oligomers (hex-
amer and heptamer), respectively, in the liquid phase. The 
factor fEi is fraction of ether links that are i units from an end of 
a linear chain. This fraction is important because it determines 
the proportion of hydrolysis (reverse of Reaction (1.2)) and tran-
setherification (Reaction (1.8)) reactions that lead to cleavage of 
oligomers from the ends of polymer chains.

ODE (3.6) to (3.10) are material balances for water, propanal, 
hydroxyl ends, unsaturated ends, and secondary carbocation 
ends, respectively, wherein f3 is the fraction of ends that are 
unsaturated. ODE (3.11) and (3.12) are material balances for 
the total number of linear molecules λtot

0  (i.e, polymer chains, 
linear oligomers, and monomer) in mmol kg−1 and the total 
number of (reacted and unreacted) monomer units λtot

1 , respec-
tively, also in mmol kg−1. ODE (3.13) is a set of material bal-
ances for volatile species in the reactor headspace. Partial 
pressures appear on the left-hand side because the ideal gas 
law is assumed in the vapor phase (Assumption 2.11). Details 
concerning the derivation of these ODEs can be found in the 
Supporting Information. Note that the ODEs in Table 3 and the 
probability factors in Table 4 (i.e., Equations (4.1) to (4.5)) are 
considerably simpler than the corresponding ODEs and larger 
number of probability factors derived by Cui et al.[21–23] due to 
assumptions 2.7 to 2.11. The validity of these assumptions, over 
the range of reactor operating conditions encountered during 
the experiments, has been confirmed using Cui’s model (see 
the Supporting Information).

Macromol. React. Eng. 2020, 1900045

Table 2.  Assumptions used to develop the proposed PO3G model.[21–24]

2.1 Protonated species do not react with each other due to repulsion between positive charges. Reactions occur only in the liquid phase.

2.2 The exchange of protons between hydroxyl ends and water is sufficiently fast to be in equilibrium. All hydroxyl ends on monomers, oligomers, and on polymer 

chains have equal probability of being protonated. The probability of any molecule being protonated at more than one location is negligible.

2.3 Transetherification between linear chains is sufficiently fast to randomize the chain ends to distribute the unsaturated ends randomly among molecules of 

different chain lengths.

2.4 Water, monomer, propanal, and linear oligomers (dimer to pentamer) are able to evaporate from the liquid to the bubbles. Hexamer and heptamer are less 

volatile and do not evaporate.

2.5 Partial pressures of propanal, dimer, trimer, tetramer, and pentamer in the nitrogen bubbles and head space are sufficiently small to be set at zero in the 

corresponding mass-transfer expressions.

2.6 Formation and evaporation of cyclic oligomers are neglected in the current model.

2.7 The proportion of protonated water is negligible in comparison with the concentration of neutral water. The proportions of protonated hydroxyl ends, unsaturated 

ends, and secondary carbocation ends are negligible in comparison with the concentration of neutral hydroxyl ends. The concentration of protonated ether 

links is small and can be neglected when distributing the protons arising from the super-acid catalyst between hydroxyl ends and water (see Equation (4.6)).

2.8 Protonated secondary hydroxyl ends produced via Reaction (6) are short-lived and do not accumulate in the reactor.

2.9 Propanal is produced primarily from protonated secondary hydroxyl groups on long polymer chains. Generation of propanal from secondary hydroxyl groups on 

monomers and oligomers (dimers to heptamers) can be neglected.

2.10 Transetherification occurs between protonated hydroxyl ends and neutral ether links.

2.11 The ideal gas law is assumed for the vapor in the reactor head space.

2.12 Because a small amount of monomer evaporates before the catalyst is added to the reactor, the initial liquid in the condenser is pure monomer. The mass of the 

liquid in the condenser remains constant over time.

2.13 Nitrogen in the overhead stream exits the condenser in the vapor. Monomer and linear oligomers that evaporate from the reactor exit the condenser in the liquid. 

Water and propanal partition between the liquid and vapor phases according to partition coefficient values, which are assumed to be constant and perfectly 

known.
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Equation (4.6) shows the relationship between the equilibrium 
constant K2 for the condensation reaction (Reaction (1.2)) and 
Xie’s apparent equilibrium constant K2 app, which he measured 
experimentally at several different temperatures. In Cui’s previous 
models, the parameter K2 was inestimable from the kinetic data. 
In the current model, we treat Xie’s apparent equilibrium constant 
K2 app as a relatively well-known parameter, based on his experi-
mental results. Equations (4.7) and (4.8) account for the inhibi-
tory influence of water on the polycondensation rate constant 
and equilibrium constant, respectively, with the new unknown 
parameter KH reducing the condensation rate constant and the 
equilibrium constant as the water concentration increases.

3.2. Condenser Model

The overhead vapor stream from the reactor headspace contains 
nitrogen, water, propanal, monomer, and volatile oligomers. 
This stream is fed to the condenser, as shown in Figure  1, 
which operates at 10 °C and atmospheric pressure. One of the 
assumptions in the earlier models of Cui et al. is that the con-
denser operates as a perfect instantaneous separator with all 
of the nitrogen exiting in the vapor and other species exiting 
only in the liquid.[23] Cui’s model neglects dynamics due to the 
liquid hold-up in the condenser and any time delay associated 
with flow through the overhead piping.[23] She suggested that 
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Table 3.  Differential equations for PO3G model in reactor.
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the neglected condenser dynamics could be an important cause 
of the relatively poor fit to oligomer concentration data.[23] The 
current model relaxes Cui’s assumptions by treating the con-
denser system as an equilibrium flash unit with first-order 
dynamics and time delay.

Equilibrium flash calculations performed using Aspen 
HYSYS confirm that essentially all of the nitrogen remains 
in the vapor stream, and that nearly all of the monomer and 
linear oligomers condense into the liquid phase.[28] However, 
water and propanal partition into both phases. This partitioning 
is accounted for in the current model using partition coeffi-
cients KW and KAD, which are assumed to be constant at KW = 
0.01204 and KAD  = 1.8518 at 10  °C and atmospheric pressure 
(see Assumption 2.13).

Two parameters appear in the extended model to account 
for the condenser dynamics: the mass of liquid accumulated in 
the condenser Lcm  (kg) and the time delay θd (h) associated with 
flow through the overhead piping (i.e., from the reactor vessel to 
the condenser and from the condenser to the condensate accu-
mulator). Lcm  appears in the ODEs in Table  5, which describe 
the time-varying concentrations of water [W]c, propanal [AD]c, 
monomer [L(1)]c, and linear oligomers [L(i)]c, i  = 2…5 in the 
liquid in the condenser. The condenser system is modeled as 
if it were an instantaneous flash unit with the resulting liquid 
fed to a well-mixed tank, as shown in Figure 3. The first term 
on the right-hand side of ODE (5.1), FgtotLfxW, is the flow rate of 
water from the instantaneous flash into the condenser liquid, 
where Fgtot is the total molar flowrate of overhead vapor from 
the reactor, Lf is the fraction of this vapor that condenses in the 
flash, and xw is the mole fraction of water in this liquid stream. 
Note that the flow rate Fgtot can be calculated using Equations 
(6.1) and (6.2) because the pressure in the headspace is constant 
(i.e., the total molar inflow rate to the headspace is equal to the 

total outflow rate). Both Lf and xw (along with the other liquid 
mole fractions) are obtained via the flash Equations (6.3) to (6.7) 
in Table 6. Derivations of Equations (6.3) to (6.7) are provided in 
the Supporting Information. The second term on the right-hand 
side of ODE (5.1), [ ]gtot f L cfF L M W , is the flow rate of water exiting 
the condenser before entering the condensate collector. LfM  is 
the average molecular weight of the liquid flowing from the 
flash into the condenser, which is obtained using Equation (6.8).

The ODEs in Table 5 are solved along with algebraic Equa-
tions (6.1) to (6.8). Equations (6.9) and (6.10) are used to 
account for the time delay in concentrations of species entering 
the condensate collector and in mcc (kg), the mass of the liquid 
in the condensate collector. The subscript d indicates a delayed 
state variable. Parameters θd and mLc are estimated from the 
experimental data along with the kinetic, equilibrium, and 
mass-transfer parameters that appear in the reactor model in 
Tables 3 and 4.

3.3. Modeling the Inhibitory Influence of Water on  
Polycondensation Kinetics and Equilibrium

Previous models by Mueller et al. and Cui et al. assumed that 
the polycondensation rate constant and equilibrium constant 
are independent of water.[19–23] The proposed model accounts 
for hydration of hydroxyl ends and for polycondensation reac-
tions involving hydrated ends as shown in Table  7. Together 
these side reactions account for the inhibitory influence of 
water on polycondensation.

As shown in Reaction (7.1), hydrated ends OH are assumed 
to be in fast equilibrium with regular unhydrated hydroxyl ends 
Oreg. Reaction (7.2) accounts for the reduced reactivity of these 
hydrated ends compared with regular hydroxyl ends (i.e., k2H < 
k2reg). Reactions (7.1) and (7.2) both contribute to the overall 
rate of polycondensation, leading to

= = +[ ][ ] [ ][ ] [ ][ ]2 2 p 2reg reg p 2H H pr k O O k O O k O O � (4)

where [O]  = [Oreg]  + [OH] is the total concentration of regular 
and hydrated hydroxyl ends. Equation (4) can be rearranged to 
solve for the overall polycondensation rate constant

=
+
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+
+

[ ] [ ]
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[ ] [ ]
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2
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Table 5.  Differential equations for condenser and condensate collector.
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Table 4.  Probability factors and algebraic expressions for reactor model.
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Substituting the equilibrium expression [OH] = KH [Oreg][W] 
into Equation (5) gives

=
+
+

=
+
+

[ ] [ ][ ]

[ ] [ ][ ]

[ ]

1 [ ]
2

2reg reg 2H H reg

reg H reg

2reg 2H H

H

k
k O k K O W

O K O W

k k K W

K W
� (6)

Assuming that k2HKH[W] ≪  k2reg, the overall rate constant 

becomes k2  = 
+1 [ ]

2reg

H

k

K W
 which is Equation (4.7) in Table  4.  

Note that this water-dependent rate constant has the same type  

of water-dependence as Equation (1) used by Okamoto et al. for 
esterification reactions involving small molecules.

The overall equilibrium constant for polycondensation is

=
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Substituting [O]  = [Oreg]  + [OH] and [OH] = KH [Oreg][W] into 
Equation (7) gives
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 which is Equation (4.12) in Table  4. Estima-

tion of k2reg and K2reg (instead of k2 and K2) and including the 
additional parameter KH result in a proposed model with 21 
parameters.

4. Parameter Estimation and Simulation Results

The following objective function was used for parameter 
estimation
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Figure 3.  Schematic process for condenser model.

Table 6.  Algebraic expressions for condenser model.

 Fgx = mkXAb ([X] − γ[X]*)

where x is W, AD, and L(i) with i = 1, 2, 3, 4, 5
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where i = 1…5
(6.8)

[Xcd](t) = [Xc ](t − θd)

where X is W, AD, and L(i) with i = 1…5
(6.9)

mccd(t) = mcc (t −θd) (6.10)
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The first six terms on the right-hand side include the meas-
ured concentrations of species in the liquid phase (i.e., mon-
omer [L(1)]m, linear oligomers [L(i)]m, i  = 2 to 7, water [W]m, 
propanal [AD]m, and unsaturated ends [U]m). The next five 
terms include measured delayed concentrations of the species 
exiting the condenser (i.e., monomer [L(1)cd]m, linear oligomers 
[L(i)cd]m, i = 2…5, water [Wcd]m, and propanal [ADcd]m). The final 
term includes the measured mass of liquid in the condensate 
collector, mccdm.

The weighting factors sy ppm (ppm), sy U (mmol kg−1), sW 
(wt%), syc ppm (ppm), sWc (wt%), and mccs  (kg) account for 
uncertainties in the various measurements. Note that a 
common weighting factor sy ppm is used to account for uncer-
tainty in measurements of monomer, oligomers, and pro-
panal in liquid phase. The value shown in Table G1 (Sup-
porting Information) is 5% of the average measured value 
for these species over the range of experimental conditions 
in the data because we have greater trust (in a relative sense) 
in measurements of species with higher concentrations 
than those with lower concentrations. Weighting factor sy U 
for unsaturated ends is equal to sy ppm, with the units con-
verted to account for reporting of unsaturated ends in mmol 
kg−1 rather than ppm. The weighting factor for water in the 
liquid phase sW is 5% of the average measurement of water 
in the liquid phase. Similarly, syc ppm is set at 5% of the mean 
measurement of the species concentrations of monomer, oli-
gomers, and propanal in the condensate. Similarly, sWc and 

mccs  are set at 5% of the average values of corresponding 
measurements.

In the current study, parameter estimation is performed 
using three steps. In the first step, values of the 17 kinetic 
and mass-transfer parameters in Table  8 are estimated in 
the simplest revised model, which accounts for condenser 
dynamics, but uses the prior VLE expressions for water and 
monomer developed by Xie[16] and Cui et  al.,[22] respectively. 
In this simplest improved model, the bubble backmixing 
parameter γ is set at 1.0 to correspond to the complete back-
mixing assumption of Cui et  al.,[21–23] and the polyconden-
sation kinetic parameter k2 and equilibrium parameter K2 
are assumed to be independent of water. In step 2, the VLE 
expressions are replaced by Equations (F1.3) and (F1.4) (Sup-
porting Information), with the corresponding parameters 
PW(0.001) and PW(0.02) for the water VLE introduced into 
the list of parameters. In addition, the adjustable bubble-
backmixing parameter is estimated to account for uncertainty 
in the bubble circulation pattern. In step 3, the model is 
extended further to account for the inhibitory effect of water, 
using Equations (4.7) and (4.8), so that k2reg, K2reg, and KH are 

estimated instead of k2 and K2. In all three steps, the model 
parameters are optimized using a total of 682 data values 
obtained from four dynamic experiments conducted using 
different catalyst levels. The optimization is conducted using 
the Lsqnonlin optimizer in MATLAB with relative and abso-
lute tolerance settings at 10−6 for the first and second steps 
and at 10−6 and 10−8, respectively, for the third step. These 
settings were adjusted by trial-and-error to ensure conver-
gence of the objective function and parameter estimates to 
precise values.

Table  8 shows initial guesses (and lower and upper 
bounds) for the 17 kinetic parameters considered in step 1 
of the estimation process, obtained from the converged esti-
mates of Cui et  al.[23] The upper bounds were set to reflect 
our prior uncertainty in the parameter values, with the upper 
bounds for poorly known parameters (e.g., kW) set at 1000 
times the corresponding initial guesses. The parameters were 
ranked from most estimable to the least estimable using an 
orthogonalization-based parameter-ranking tool.[24,25] The 
top 16 parameters from the ranked list were selected using 
Wu’s mean-squared-error-based criterion[26,27] to obtain reli-
able model predictions. The remaining parameter k8, which 
is the transetherification coefficient, was not selected for esti-
mation and was held fixed at its initial guesses. As shown in 
Table  8, the additional parameters mLc and θd that account 
for the condenser dynamics and delay are estimable. The esti-
mate for mLc (ranked 8th), which accounts for the mass of 
the liquid hold-up in the condenser is a physically reasonable 
value of 0.29  kg. The time delay θd (ranked 14th) converges 
to its lower bound at zero, indicating that delay due to trans-
portation in piping is small. The objective function from step 
1 is J1 = 5.776 × 103, which is a 94% improvement compared 
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Table 8.  Parameter estimation for the improved PO3G model: step 1.

Para-
meter

Rank Units Initial 
value[23]

Lower 
bound

Upper 
bound

Estimate

K1 1 – 93 1 105 6755.4

k2 5 kg mmol−1 h−1 8 × 10−3 8 × 10−4 0.1 0.10

K2K1 16 – 3.17 0.1 10 9.99

k3 7 h−1 0.65 0 1000 185.90

k4 2 kg mmol−1 h−1 0.003 0 1000 562.27

k5 6 h−1 1.5 × 10−5 0 1000 266.19

k7K6 12 h−1 0.02 0 100 6.8 × 10−3

k8 17 kg mmol−1 h−1 10−5 10−6 10−4 +

kW 3 kg m−2 h−1 7000 0 103 × kW0 3409

kAD 10 kg m−2 h−1 1370 0 103 × kW0 6.95 × 106

kL(1) 4 kg m−2 h−1 22.5 0 103 × kL(1)0 12.03

kL(2) 9 kg m−2 h−1 0.75 0 10 × kL(2)0 2.10

kL(3) 11 kg m−2 h−1 0.25 0 10 × kL(3)0 1.11

kL(4) 13 kg m−2 h−1 0.1125 0 10 × kL(4)0 1.12

kL(5) 15 kg m−2 h−1 0.06 0 10 × kL(5)0 0.59

mLc 8 kg 0.15 0.001 1.5 0.30

θd 14 h 0.2 0 0.5 0.00

Table 7.  Side reactions that influence polycondensation kinetics and 
equilibrium.
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to J0 = 9.575 × 104 obtained when Cui’s parameter values are 
used in the model equations. The main improvement to the 
fit is associated with better predictions of the water concen-
tration in the reactor and species concentrations in the con-
densate (see Figures E1h, E2, E3h, E4, E5h, E6, E7h, and E8, 
Supporting Information). Unfortunately, the fit to concentra-
tions of monomer and oligomers in the reactor, and to the 
mass of liquid accumulated in the condensate collector is still 
not acceptable (see Figures E5 and E7, Supporting Informa-
tion), especially for the higher-catalyst runs.

Table 9 shows results from steps 2 and 3 of the parameter 
estimation, with the same methodology used for ranking, 
selecting, and estimating the parameters. Note that the 
ranked order shown in Table  9 is for step 3. Parameter k8 
remained inestimable, because of its small influence on the 
model predictions. One of the new VLE parameters PW(0.02) 
was also inestimable in steps 2 and 3 and remained fixed 
at its initial value of 500  mmHg, presumably because high 
water partial pressures were not encountered in the experi-
mental runs used for parameter estimation. The other new 
VLE parameter PW(0.001) was ranked 15th in step 3, indi-
cating its important influence on the model predictions, 
along with the bubble-backmixing parameter γ (ranked 14th 
in step 3). After step 2, the objective function became J2  = 

3.450 × 103, which is a 40% improvement compared to J1. 
A better fit to the data was obtained for all species, but the 
model still gives poor fit for oligomer concentrations at long 
reaction times, suggesting that the consumption rate of oli-
gomers is too slow. The time delay parameter θd was at its 
lower bound, and statistical analysis revealed that θd and mLc 
were highly negatively correlated. Therefore, we removed the 
time delay parameter θd (and Equation (6.10)) in the model 
used in step 3. A new parameter KH was added in step 3 to 
account for the inhibitory influence of water. During step 
3, the additional parameter KH ranked 7th, indicating that 
water inhibition seems to have an important influence on 
the polycondensation reaction (Reaction (1.2)). Parameter 
k5, which accounts for the formation of secondary carboca-
tions from protonated hydroxyl ends, converged to zero, sug-
gesting that Reaction (1.5) can be removed from the model 
in future modeling studies. Step 3 results in J3  = 2.834 × 
103, which is a further 18% improvement compared to J2. 
Note that the values of some parameter values changed con-
siderably between steps 2 and step 3 (e.g., K1 changed from 
4563 to its lower-bound value of 1.00). A correlation matrix 
(See Appendix H, Supporting Information) reveals that the 
estimate for K1 is highly correlated with the new parameter 
KH, presumably because both parameters account for the 
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Table 9.  Parameter estimation for the improved PO3G model: steps 2 and 3.

Parameter Rank Unit Initial value[23] Lower bound Upper bound Estimates from step 2 Estimates from step 3

K1 3 – 93 1 105 4563 1.00

k2reg 6 kg mmol−1 h−1 8 × 10−3 8 × 10−4 0.1 0.068

K2regK1 18 – 5 0.1 10 2.67

k3 8 h−1 0.65 0 1000 669.24 0.31

k4 1 kg mmol−1 h−1 0.003 0 1000 0.061 0.80

k5 5 h−1 1.5 × 10−5 0 1000 1.8 × 10−3 0.00

k7K6 13 h−1 0.02 0 200 2.5 × 10−4 151.38

k8 19 kg mmol−1 h−1 10−5 10−6 10−4 + +

kW 2 kg m−2 h−1 7000 0 103 ×kW o 1644 1749.80

kAD 11 kg m−2 h−1 1370 0 103 ×kW o 255.5 6.96 × 106

kL(1) 4 kg m−2 h−1 22.5 0 103 ×kL(1)o 9.03 16.22

kL(2) 10 kg m−2 h−1 0.75 0 10 ×kL(2)o 2.00 1.67

kL(3) 12 kg m−2 h−1 0.25 0 10 ×kL(3)o 0.87 0.57

kL(4) 16 kg m−2 h−1 0.1125 0 10 ×kL(4)o 1.05 0.57

kL(5) 17 kg m−2 h−1 0.06 0 10 ×kL(5)o 0.59 0.39

mLc 9 kg 0.15 0.001 1.5 0.36 0.10

θd n/a h 0.2 0 0.5 0.00

PW(0.02) – mmHg 500 388.83 8151.67 + +

PW(0.001) 15 mmHg 250 10 352.26 342.48 10.00

γ 14 – 0.9 0 1 0.00 0.10

KH 7 mmol−1 kg 2 × 10−3 0 1 n/a 0.017

k2 kg mmol−1 h−1 8 × 10−3 8 × 10−4 0.1 0.10

K2K1 – 5 0.1 10 9.99
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reduction in the rate of polycondensation at high water 
levels). Standard deviations for the estimated parameters are 
also reported in Appendix H (Supporting Information), pro-
viding information about which parameter values are statisti-
cally different from zero.

Figures  4 and  5 compare the fits for species concentra-
tions in the reactor and in the condensate, respectively, to the 
measured data (*) obtained from experiments using 0.15 wt% 
super-acid catalyst (run 2). This is the second-lowest catalyst 
level used by Xie in his experiments.[16] Predictions are shown 
using Cui’s parameter estimates (dashed black line), para-
meter estimates from step 2 (dotted red line), and parameter 
estimates from step 3 (solid blue line) of the estimation. The 
error bars show the estimated standard deviation for the meas-
ured values. Figures  6 and  7 show similar comparisons for 
predictions and data obtained using the highest catalyst level 
(0.25 wt%, run 4). Similar fits to the data were obtained for 
two additional runs (with catalyst levels of 0.1 wt% in run 1, 
and 0.20 wt% in run 3) and results are provided in the Sup-
porting Information. Note that no data were available for the 
concentration of water in the polymer phase in the lowest-cat-
alyst experiment. Also note that model predictions from step 
1 are excluded from Figures  4 to 7 to avoid clutter, and are 
shown in the Supporting Information.

As shown in Figure  4, the step 3 model and parameter 
values give the best overall fit to the data obtained using the 
0.15 wt% super-acid catalyst. As shown in Figure  4a, all of 
the models tend to predict monomer concentrations [L(1)] 
that are too low at early times (i.e., suggesting that the pre-
dicted rate of consumption of L(1) by polycondensation is 
too high). In Figure  4b–g,  the  concentrations of the linear 
oligomers all appear to increase too quickly and reach their 
maxima at times that are too early, also suggesting that the 
predicted polycondensation rate is too high. The improved fit 
obtained using the step 3 model and parameters, compared 
with steps 1 and 2 (especially at long times) indicates that 
including the inhibitory influence of water on the polycon-
densation kinetics and equilibrium is important. The main 
improvement associated with the revised models in steps 2 
and 3 is revealed in Figure  4h where Cui’s model overpre-
dicts the water concentration at t < 6 h, and the fits obtained 
from the revised models (in steps 1–3) are considerably 
better, presumably due to Equations (5.1) to (5.4) for the con-
denser dynamics.

Figure  5 compares the predictions obtained for species 
concentrations in the condensate, along with the mass of 
liquid accumulated in the condensate collector. As shown in 
Figure  5a–g,  better  predictions are obtained from steps 2 and 

Macromol. React. Eng. 2020, 1900045

Figure 4.  Comparison of model predictions and data obtained using 0.15 wt% super-acid catalyst: * measured values, predictions from – – step 0, 
⋯ step 2, and — step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) hexamer, g) heptamer, and h) water in the 
liquid phase in the reactor.
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3 compared to step 0 for concentrations of monomer, oli-
gomer, and water in the condensate, as well as for the mass 
of the liquid accumulated in the condensate collector. There is 
very little improvement in fit from step 2 to step 3 in Figure 5, 
because including the inhibitory influence of water does not 
influence the mass-transfer rates and condenser dynamics in 
an important way.

Figures 6 and 7 show fits to the data obtained at the highest 
catalyst level (run 4). Similar trends to those in Figure 5 are 
observed for predictions of monomer and oligomer concen-
trations in the polymer phase, with the best fit arising from 
step 3. The fitted model seems to predict a polycondensation 
rate that is too high (see Figure 6a–g), where monomer con-
sumption is too fast and the oligomers that are generated 
are consumed too quickly. The predictions for monomer and 
oligomers from step 2 are noticeably better than step 1 (see 
Figures E5 and E7, Supporting Information). The improved 
fit indicates that updated VLE expression for water and the 
updated bubble-backmixing parameter γ are important for 
obtaining better predictions of evaporation rates, especially 
for the high-catalyst runs (runs 3 and 4). The predictions 
from step 3 are considerably better than the predictions 
from step 2, suggesting that the inhibitory influence of water 
plays an important role in the reaction system, especially 
for obtaining a good fit at long reaction times. As shown 

in Figure  6h and Figure E7h (Supporting Information), the 
main reason for reduction in the objective function during 
the step 1 estimation is the improvement in fit to the water 
concentration data for the highest-catalyst run. This improve-
ment indicates that including the condenser dynamics results 
in improved predictions of mass-transfer rates, especially 
for water. In Figure 7 (and Figures E2, E4, E6, and E8, Sup-
porting Information), the fits to the condensate data are con-
siderably better than those obtained by Cui et  al., also indi-
cating that it is important to include the condenser dynamics 
in the model.

Based on results from three steps of estimation, the most 
important improvement to the model is including the con-
denser dynamics (i.e., the biggest percentage reduction of 
the objective function is from J0 to J1). It is interesting to 
note that the final model does not include the time delay 
parameter θd because it is highly negatively correlated with 
the mass of the liquid accumulated in the condenser mLc and 
has converged to zero during step 2. The second most impor-
tant improvement of the model is associated with revising 
the water VLE expression and releasing Cui’s assumption 
of perfect bubble-backmixing within the reactor vessel. It is 
interesting that the final estimated VLE parameter PW(0.001) 
is at its lower bound. A small value of PW(0.001) reduces the 
evaporation rate of water when the concentration of water in 
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Figure 5.  Comparison of model predictions and data obtained using 0.15 wt% super-acid catalyst: * measured values, predictions from – – step 0, 
⋯ step 2, and — step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, and f) water in the condensate exiting the 
condenser and g) mass of liquid accumulated in the condensate collector.
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the polymer phase is small (i.e., at the start and the end of 
the reaction). More experimental VLE data are required to 
assess whether the corresponding VLE predictions for water 
are accurate. Note that parameter PW(0.02), which was intro-
duced to account for a lack of water VLE data at higher water 
concentrations, was not selected for estimation. An accept-
able fit to the data was obtained using the initial guess of 
PW(0.02) = 500  mmHg. It is also interesting that γ  = 0.10, 
suggesting that very little backmixing of bubbles occurs. It 
seems that bubbles near the bottom of the vessel may have 
considerably lower water and monomer concentrations than 
bubbles emerging into the headspace at the top surface of 
the liquid. The third most important improvement to the 
model is the addition of the inhibitory influence of water. 
Including this effect improves the fitted oligomer concentra-
tions, especially at long reaction times. Finally, there is still 
a small discrepancy in the fit to monomer and oligomer con-
centration data, especially at low reaction times. This lack of 
fit may be due to the generation and evaporation of cyclic oli-
gomers, which are neglected in the current model. Reactions 
involving cyclic oligomers (and associated cyclic oligomer 
concentration data) will be considered in future modeling 
work. The improved model developed in the current article 
will provide an important basis for building this more-com-
prehensive model.

5. Conclusions

The current study extends and simplifies the PO3G model 
developed by Cui et al. to provide a more accurate description of 
the reactor system and condenser. Probability factors are devel-
oped to account for different types of polymer chain ends (i.e., 
protonated hydroxyl ends, unprotonated hydroxyl ends, and 
unsaturated ends), which permits considerable simplification of 
the dynamic material-balance equations. After this initial sim-
plification, the model is extended to account for: i) condenser 
dynamics and possible deadtime, ii) revised bubble-backmixing 
and vapor-liquid-equilibrium behavior, and iii) the inhibitory 
influence of water on polycondensation kinetics. Parameter 
estimation is conducted in three steps using a parameter subset 
selection method[26,27] to determine which parameters can and 
should be estimated from the available industrial data.[16] Para-
meter estimates from step 1 resulted in a 94% improvement 
in the weighted-least-squares objective function, compared 
to parameter values reported by Cui et al,[23] Incorporation of 
improved mass-transfer expressions in step 2 further reduced 
the value of the objective function by 40% and gave a notice-
ably better fit to the data, especially for the monomer and oli-
gomer concentrations in the high-catalyst runs. The final step 
of the estimation, including the inhibitory influence of water, 
resulted in a further 18% improvement in the value of the 

Figure 6.  Comparison of model predictions and data obtained using 0.25 wt% super-acid catalyst: + measured values, predictions from – – step 0, 
⋯ step 2, and — step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) hexamer, g) heptamer, and h) water in the 
liquid phase in the reactor.
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objective function. Although the proposed model is a substan-
tial improvement over previous PO3G models in the litera-
ture, there are still some small discrepancies in the dynamic 
behavior of water, monomer, and oligomer concentrations in 
the reactor that seem to be associated with an overall polycon-
densation rate that is too high at low reaction times. In future, a 
more advanced model will be developed to account for the gen-
eration, consumption, and evaporation of cyclic oligomers.
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