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Abstract

The nature of dark matter remains among the most confounding conundra in modern

physics. This thesis studies the potential consequences of the existence of relatively high-

mass, strongly-interacting dark matter. In particular, it details this type of dark matter’s

potential impact on billion-year-old objects, such as the Earth, the Sun, Mars, and minerals

buried within the Earth. The existence of some of the dark matter models considered would

have had consequences that have not come to pass, such as the destruction of the Earth

and Sun, and thus these models can be excluded. Other models studied have consequences

that could potentially be detected by future experiments, and thus the work presented in

this thesis also points out new methods and phenomena applicable to future dark matter

searches.
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Chapter 1

Introduction

While the standard model of particle physics has been remarkably robust in predicting

the behaviour of our universe, it is still unable to explain the gravitational signatures of

some unseen mass throughout the cosmos. Many di�erent observations from the rotation

of galaxies, to the signatures of the Big Bang, to the distribution of galaxies throughout the

universe, con�rm that about 85% of the mass in the universe is invisible, held in some yet

unknown particle or object called dark matter. In the absence of much concrete knowledge

about what dark matter is and how it actually behaves, potential signatures of dark matter

could vary greatly depending on the properties it might have.

Currently, the possibility of heavier, more strongly-interacting dark matter particles

has become more popular, with some speculating that dark matter may be acomposite

particle � a combination of two or more particles into one coherent bundle � much like

how protons and neutrons are both made of quarks. Conventional detectors would have

trouble detecting such particles, since (amongst other reasons) heavier dark matter would

be less abundant, and thus one may need to wait a very long time before expecting even

one particle to enter their detector. As such, more unusual methods must be employed to

study this kind of dark matter.

In Chapter 2, I provide a broad review of the current state of dark matter, beginning

with a selection of some of the most convincing evidence for the existence of dark matter.
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Then, I detail some of the prominent ideas for how dark matter might have been produced

during the Big Bang, and why there is so much of it around today. I then discuss two

fairly broad classes of dark matter candidates, both of which are relevant to the research in

this work, followed by a fairly high-level explanation of some of the various types of dark

matter interactions used in this work. I conclude with a section on our understanding of

dark matter in our solar system.

The original research included in this thesis comes in the form of three papers written

throughout this degree. First, in Chapter 3, is a paper titled Terrestrial and Martian

Heat Flow Limits on Dark Matter , published in Phys. Rev. D 101, 043001 (2020). In

this work, we investigated the possibility of dark matter particles being gravitationally

captured by either the Earth or Mars and subsequently self-annihilating, resulting in heat

being generated inside these planets. Using measurements and predictions of the total heat

coming from these planets, we excluded dark matter models that would have resulted in

more heat coming from these planets than observed.

Next, Chapter 4 contains a paper titled Dark Matter, Destroyer of Worlds: Neutrino,

Thermal, and Existential Signatures from Black Holes in the Sun and Earth, published as

JCAP04 (2021), p. 026. This work also begins by considering dark matter particles being

gravitationally captured by the Earth, but now also considers the Sun. We study how

these particles, once captured, might collapse into black holes, which would either grow and

destroy their host, or evaporate and create a potentially detectable signature. As such, we

exclude any dark matter models that would have caused either the Earth or the Sun to be

destroyed, or that would have created a detectable signature that has been con�rmed to be

non-existent.

Chapter 5 then contains a preprint to a paper titled Old Rocks, New Limits: Excavated

Ancient Mica Searches for Dark Matter. This work studies how dark matter particles might

have left measurable deformations in half-billion-year-old mica slabs as they passed through

them. Because careful study of these mica slabs revealed an absence of these deformations,

2



any dark matter model that would have created them throughout their lifetime can be

excluded.

Finally, in Chapter 6, I summarize the work discussed in this thesis and provide sugges-

tions for future work that could stem from it.
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Chapter 2

Background

2.1 Evidence for Dark Matter in Cosmology and Astrophysics

Evidence for the existence of dark matter is plentiful. Detailed in this section are some of

the many observations that indicate some sort of �missing mass� in the universe. These

observations themselves are compelling evidence that dark matter exists, and the fact that

they all give similar estimates for the amount of dark matter that exists underscores their

signi�cance.

2.1.1 Galactic rotation curves

Measurements of various galaxies' rotation speeds provide extremely convincing evidence for

dark matter's existence. To understand the mathematics that underlies these arguments,

we begin by describing an object of massm at radius r away from a galactic center in

the disk's plane. Using Newtonian mechanics, we can �nd this object's orbital velocity

v by equating the centripetal force of the orbit Fc = mv2=r with the gravitational force,

Fg = GM (r )m=r2, where G is Newton's constant and M (r ) is the galactic mass enclosed

within a radius r . This gives us an estimate for a particle's orbital velocity

v =

r
GM (r )

r
: (2.1)
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

Using the 21 cm-wavelength light emitted by the spin-�ip transition of neutral hydrogen

(HI), we are able to estimate galactic densities. The left panels of Fig. 2.1 show the surface

density of �ve galaxies as measured using HI data. These galaxies all seem to have relatively

dense interiors, but become more di�use at larger radii. This is to say, we expectM (r )

in Eq. (2.1) to become fairly constant at large r , causing orbital velocities of objects in

these galaxies to drop o� asv �
p

1=r. However, as shown in the right panels of Fig. 2.1,

the orbital velocities of these galaxies seem to �atten out. This observation would only be

compatible with Eq. (2.1) if M (r ) � r at large r , in stark contradiction to the amount of

mass that we actually observe. One could thus suppose that there exists some invisible

(or �dark�) matter throughout this galaxy whose gravitational in�uence is causing this

discrepancy.

Simulations and observations seem to agree that dark matter within most galaxies ex-

tends well beyond their perceived galactic edges [52].

Furthermore, dark matter doesn't even appear to be con�ned to the galactic disk, and

instead forms gigantic globular structures called halos. In these structures, a dark matter

particle's orbit about the galactic center intersects the orbits of other dark matter particles,

as well as the orbit of the baryonic matter in the galactic plane. This is unusual, because

one might expect that opposing angular momentum vectors of dark and baryonic matter

alike would negate each other, until the dark matter's orbit became con�ned to the galactic

plane along with the baryonic matter. That this does not happen, and that these orbits exist

and appear to be reasonable stable, has two possible explanations. First, one could posit

that dark matter does not interact very strongly with baryonic or dark matter, and thus

these collisions are rare and these structures are maintained. However, an object's velocity

decrease after elastically scattering with another object is very small when the two objects'

masses are very di�erent, explained in detail in Section 2.4.4. Thus, this phenomenon

can also be explained by dark matter that is substantially lighter or heavier than typical

baryonic matter.
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

Figure 2.1: Measured visible matter surface densities of various galaxies (left), along with
rotation curves for the same galaxies (right) [10]. The labelR80 refers to the radius within
which 80% of the visible mass is contained.

Many models of the density pro�les of these halos have been proposed (the Navarro-

Frenk-White (NFW) and Einasto pro�les, two of the more famous and enduring models,

are given in Refs. [53,54]), and physicists have been �tting rotation curves with dark matter

halos included for decades. Fig. 2.2 shows examples of such �ts for four di�erent galaxies.

Note that, in all cases, the in�uence of dark matter on the rotation curve dwarfs visible

matter throughout much of the galaxy.

Using galactic rotation curves alone, we are able to set a bound on dark matter mass

density today (relative to both baryonic matter and dark energy) at 
 c & 0:1 [55]. Because

dark matter is present within these galaxies, we expect dark matter to be non-relativistic,

else it would not be bound gravitationally to them and would not form the halo structures
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

Figure 2.2: Observed rotation curves for various galaxies, along with rotation curves for the
�tted visible matter (dashed), the gaseous matter (dotted), and dark halo (dash-dotted) [11].

that they seem to. Since it is non-relativistic, we call dark matter �cold,� which is the

rationale for the typical choice of a c for the subscript in 
 c. There do exist warm and hot

dark matter models as well, but those models are not relevant to this work.

2.1.2 The cosmic microwave background

The cosmic microwave background (CMB) is a signal from the era of �recombination,� when

electrons and nuclei were �rst able to form into atoms shortly after the Big Bang. Before

this era, Thomson scattering between photons and the unpaired protons and electrons
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

Figure 2.3: The CMB angular power spectrum, as measured by the Planck collaboration in
2013 [12].

resulted in an opaque universe. Once neutral atoms were formed, the universe became more

transparent, and these photons became detectable, preserving information about their last

scattering event. This signal, which we call the CMB, is very uniform at a temperature of

about 2.725 K [12], with small anisotropies that, when measured on di�erent angular scales,

can be attributed to the makeup of the early universe.

Hence, while sometimes expressed as a colour map, the CMB is most often described by

its angular power spectrum, as shown in Fig. 2.3, which shows how the CMB's temperature

anisotropies,D` , vary on di�erent angular scales (parameterized by multipole moment `).

Gravitational forces in the early universe caused baryonic matter to collapse into regions

of high density, which correspond to lower temperatures (as photons leaving high-density

regions are redshifted as they escape the gravitational potential of the overdensity), causing

these anisotropies in the CMB. Conversely, in a process called Silk damping, photons would

pull protons and electrons out of these overdensities (which, through Coulomb forces, would

pull electrons and protons with them), thus creating a more uniform temperature. The in-

terplay between these two forces drives the shape of the CMB's power spectrum. Because
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

dark matter does not interact with photons (resulting in its �dark� moniker), its contribu-

tions to anisotropies would not have been a�ected by this damping. Ergo, by looking at

the size of the anisotropies measured on di�erent scales, we are able to estimate how much

dark matter there is in the universe.

There are numerous e�ects that dark matter has on this spectrum. Brie�y, we expect

the third peak of this spectrum is in�uenced by dark matter, although an increase in dark

matter density in the universes should reduce the amplitude of all peaks. To oversimplify,

though, the amplitude of the third peak relative to the �rst two, along with their individual

amplitudes, allows us to estimate the amount of dark and baryonic matter in the universe,

which are often parameterized by
 ch2 = 0 :120� 0:001and 
 bh2 = 0 :0224� 0:0001respec-

tively [56] accounts for the expansion of the universe at that time, whereh is the Hubble

constant, H0, divided by 100 km s� 1 Mpc� 1. These values tell us that we expect the total

dark matter mass in the universe to exceed the total baryonic mass by a factor of about

5.36. If we assume that there exists a similar amount of dark matter today as there did

during recombination, we expect to �nd 
 c ' 0:120 today, which is in surprisingly good

agreement with the estimate from Section 2.1.1 of
 c & 0:1

2.1.3 Gravitational lensing

Einstein's theory of General Relativity predicts that light's direction of motion can be in�u-

enced by gravity. One consequence of this is a phenomenon called �gravitational lensing,�

which occurs when light being emitted by an object (such as a galaxy) passes near some

massive object, causing it to be distorted. As is intuitive, the more massive the intervening

object, the greater the distortion (or the �stronger the lensing�) of the light. Estimates of

the mass of a body can therefore be derived based on the degree to which it lenses passing

light. Because dark matter is massive and invisible, it is able to cause gravitational lensing

in regions that appear vacant.

Perhaps the most famous such example comes from the bullet cluster (1E0657-558)
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

Figure 2.4: (left) The X-ray image of the bullet cluster (pink), the visible light image
(background galaxies), and the gravitational lensed images (blue) [13].(right) Contours
showing the mass densities, measured using gravitational lensing (green), and stellar density,
measured by spectral analysis (white) [14].

which recently passed through another cluster. An image of the result can be found in

Fig. 2.4.

The pink regions in the left panel of Fig. 2.4 represent X-ray signals, which corresponds

to the approximate baryonic matter distribution. While it is di�cult to see visually, back-

ground galaxies are being weakly gravitationally lensed as they pass by the cluster, which

betrays its the true mass distribution, shown in blue (or in green on the right panel). Un-

intuitively, it seems that the majority of the mass in the cluster is near its edges, despite

the baryonic matter being clustered in the center.

This provides two crucial insights. First, it is yet another strong indication that there

exists some invisible mass in the universe, which we understand as dark matter. Second, it

shows that, in the collision of these two clusters, the baryonic matter was slowed consider-

ably more than the dark matter. These clusters, before they collided, were moving towards

each other at some velocity. As they began to pass through each other, baryonic matter

from one cluster collided with baryonic matter from the other, which caused it to slow. As

a result, it has not moved as far from the site of the merger in the time since its occurrence

as it otherwise would have.
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2.1. EVIDENCE FOR DARK MATTER IN COSMOLOGY AND
ASTROPHYSICS

The clusters' dark matter, on the other hand, appears to be much farther from the

merger's center than its baryonic matter, since the blue dark matter-dominated regions

of Fig. 2.4 bookend the pink baryonic matter-dominated regions, indicating that the dark

matter was not slowed as much as the baryonic matter in this merger. The same logic

applies to this phenomenon as applies to the existence of galacic halos, further indicating

that dark matter does not interact very strongly ( i:e: does not scatter very frequently) with

other dark matter, and/or it is so massive that its number density is low enough that these

scatterings are rare. Furthermore, perhaps dark matter does not interact very strongly

with baryonic matter, and thus these collisions were infrequent. Or, perhaps the apparent

lack-of-slowing of the dark matter as these clusters passed through each other is a result of

dark matter's mass being signi�cantly di�erent to typical baryonic matter masses.

To understand why heavy dark matter would behave in this way even if it is also strongly

interacting, it is instructive to look at the stellar mass density, shown as white contours

on the right panel. Stars, which are extremely heavy and would interact frequently with

lighter gaseous matter during this collision, ended up in about the same place as the dark

matter did. This is because, while its collisions with gases were frequent, they were also

inconsequential, because the star is so much heavier than the particles with which it was

interacting. Collisions between two stars would have slowed them considerably, but because

of their low number density, these collisions were rare.

2.1.4 Galactic clustering

One need not limit themselves to looking at how objects orbit within a galaxy, and could

instead look to clusters of galaxies orbiting about one another. Assuming these orbits are

in equilibrium (in other words, virialized such that their kinetic energy is, on average, half

their potential energy), the speeds of these orbits can be used to estimate how much dark

matter exists in the cluster.

A full literature review of all the dark matter density measurements that come from these
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2.2. DARK MATTER PRODUCTION MECHANISMS

clusters would be excessive, but most estimates lie around
 c ' 0:2 [55]. This is somewhat

di�erent from the rotation curve and CMB measurements that are closer to 
 c ' 0:1, but

given that these are simply rough estimates, it is still surprisingly close.

2.2 Dark Matter Production Mechanisms

Despite the plethora evidence for the existence of dark matter, some of which is detailed in

Chapter 2, there is no consensus on what dark matter actuallyis � its mass, its interactivity,

its substructure (or lack thereof), and so on. There exist some theories of non-particle dark

matter. Some have pointed to massive compact halo objects (MACHOs) [57] or primordial

black holes [58,59] as possible dark matter models. However, because the work detailed in

this thesis pertains to particle-like dark matter, these models will not be discussed.

In our universe, there appears to be far more (baryonic) matter than anti-(baryonic)

matter. Some hypotheses are able to explain this asymmetry, but no de�nitive answer has

yet been found. It is unclear, though, what the proportion of dark matter to anti-dark

matter is. �Asymmetric dark matter� exists if there dark matter and its anti-particle are

distinct, and there is a signi�cant de�cit in anti-dark matter in the universe, in much the

same way that there is an asymmetry in visible matter and anti-matter. Conversely, by

considering the di�erent ways that dark matter could have been created in the Big Bang,

cosmologists have found extremely robust mechanisms that are able to explain the amount

of dark matter we observe, many of which predict nearly equal amounts of dark matter and

anti-dark matter, called �symmetric� dark matter (a term that also describes dark matter

that is its own anti-particle). The distinction between these models is signi�cant to the

work presented in this thesis, and thus a more complete review of these concepts is given

here.
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2.2.1 Symmetric dark matter

There are several proposed production mechanisms that would result in the existence of

symmetric dark matter, but among the most enduring models is so-called �freeze out.�

Very basically, we begin by assuming there exists some mediator� by which a dark matter

particle and a anti-dark matter particle ( � and �� ) can annihilate into leptons (` and �̀),

shown in Fig. 2.5.

�

�

�� �̀

`

Figure 2.5: The Feynman diagram describing dark matter� and anti-dark matter �� anni-
hilating to a lepton ` and anti-lepton �̀ through a mediator � , where time �ows from left to
right.=

Section 2.1.2 describes how dark matter's abundance after recombination, which took

place in the early universe, can be measured using the cosmic microwave background. It

is worth clarifying, though, that �early universe� in this context refers to a period some

� 105 years after the Big Bang. One theory that explains the existence of symmetric

dark matter called �freeze out� begins before the era of recombination, when the universe's

temperature TU was extremely high, and � at some point � exceeded dark matter's mass

m� . During this time, dark matter was extremely abundant, and in thermal equilibrium

with the surrounding leptons, such that the reaction � �� ! ` �̀ and its inverse ` �̀ ! � ��

were equal. The universe then cooled over time, eventually to the point whereTU < m � ,

causing the dark matter to fall out of equilibrium with its thermal bath. Then, as the

universe's expansion rate eventually exceeded the dark matter annihilation rate, the dark

matter's annihilation to leptons �froze out�, with its relic cosmological abundance eventually

holding steady.
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2.2.2 Asymmetric dark matter

There are myriad models that describe how asymmetric dark matter might be created,

many involving complicated phenomena like charge parity-violating processes. One of the

less complicated starting-points is that the cause and size of the dark asymmetry mirror the

cause and size of the observed visible asymmetry. This means that even very shortly after

the Big Bang, there would have been slightly more dark matter than anti-dark matter. As

time passed, dark matter annihilated with dark anti-matter until the universe's accelerating

expansion caused these annihilations to stop (just as they would have in the symmetric

freeze-out scenario). At this point, almost all of the dark anti-matter would have annihilated

away, but some dark matter would necessarily remain, since there was initially more dark

matter than anti-dark matter, which is what we observe today [60]. What was at �rst a

small asymmetry could become a potentially large asymmetry if a large number of� �� -

annihilations reduced the dark matter abundance enough.

Mathematically, following Refs. [60,61], the initial dark asymmetry is de�ned as

r �
n( �� )
n(� )

; (2.2)

wheren( �� ) and n(� ) are the initial number of dark mater and dark anti-matter respectively.

Completely symmetric dark matter would have r = 1 , while completely asymmetric dark

matter would have r = 0 . De�ning 0 < r < 1 adopts the arbitrary convention that dark

matter is always de�ned as being more abundant in the universe than anti-dark matter.

Fixing the present-day dark matter abundance at 
 ch2 = 0 :12, a detailed Boltzmann

equation-based calculation of the late-time (i:e: present-day) asymmetry, r1 , yields [60]

r1 = exp
�

� 2
�

� 0

� weak

� �
1 � r1

1 + r1

��
r 1 � 1����! exp

�
�

2� 0

� weak

�
; (2.3)

using � weak ' 5 � 10� 26cm3=s as the typical weak scale cross-section, and� 0 as a function
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2.2. DARK MATTER PRODUCTION MECHANISMS

of the dark matter annihilation cross-section � � �� :

� 0 = h�v i � ��

�
m�

TU

� n

: (2.4)

Here, n is de�ned as 0 and 1 fors- and p-wave annihilations respectively, which (without

getting too far into the weeds) are related to the accounting of the thermally averaged cross-

section. Very basically, a thermally averaged cross-section is (quantum mechanically) the

sum of contributions of di�erent partial waves of the total scattering amplitude, and can

thus be written as [62]

h�v i = A + Bv2 + ::: : (2.5)

Because typical velocities are small, it is usually reasonable to approximateh�v i =

h�v i s = A, which corresponds to the thes-wave annihilation cross-section. Some mod-

els, however, forbid s-wave annihilation (and hence requireA ! 0), and thus it may be

important to consider p-wave annihilation, where h�v i p = Bv2.

Because the late-time asymmetry is exponential in� 0, it is su�cient to note that when

� 0 & 1:4� weak, a considerable asymmetryr1 . 0:1 arises. Hence, in the presence of even

a small a initial asymmetry, approximately weak-scale annihilation cross-sections can yield

considerable present-day asymmetries.

An interesting consequence of asymmetric dark matter is that it can form stable bound

states, much like how quarks form protons and neutrons, or how protons and neutrons form

nuclei. Baryonic nuclei are stable only within a relatively small mass range, although small

variations on the couplings holding them together could result in stable con�gurations

at signi�cantly higher masses. Symmetric dark matter would not be able to form these

con�gurations, because they would self-annihilate with their antiparticles. The existence

of asymmetric dark matter, however, could result in composite dark matter particles with

extremely high mass being formed.
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2.3 Dark Matter Candidates

2.3.1 Weakly interacting massive particles

The most popular dark matter model that is theorized to have been produced through

freeze out are weakly interacting massive particles (WIMPs). Their popularity stems, in

large part, from the so-called �WIMP miracle,� which predicts that a dark particle with

massm� ' 100 GeV with an approximately weak-scale annihilation cross-section should,

roughly, have the correct relic abundance (
 W h2) after freeze out.

We begin with the result from Ref. [63] that the expected freeze out abundance of the

non-relativistic WIMP is 
 W h2 ' 3 � 10� 27 cm3 s� 1=h�v i , where h�v i is the particle's

thermally averaged cross-section with its surrounding particles. For weak scale interactions

(i:e: when the mediator � in Fig. 2.5 is a Z -boson), this term can be approximated as

h�v i weak ' (� weak=E)2, for E � 100 GeV (the approximate weak scale energy) and weak

coupling constant � weak ' 3� 10� 2 [63,64]. Applying the correct unit conversions, this yields


 W h2 ' 0:02. This is close enough to the measured dark matter abundance
 ch2 ' 0:12

to elevate the WIMP to a favoured dark matter candidate. Higher-order corrections to this

calculation result in very good agreement with observations for dark matter masses in the

GeV to TeV range.

Because this mechanism couples dark matter to the baryonic matter in the universe

through its annihilation with anti-dark matter, this mechanism would intuitively result in

there being equal parts dark matter and anti-dark matter in the universe today.

Detecting a particle that interacts weakly is di�cult, in part because any signal it con-

tributes would be overshadowed by background signals from other particles. To overcome

this hurdle, various dark matter detection experiments operate deep underground attempt-

ing to measure a WIMP scattering with an atom in their detectors. Because they are deep

underground, only very weakly interacting particles have enough energy to be detected once

travelling through the roughly 2 km of rock above their apparatuses.
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2.3.2 Strongly interacting massive particles

Despite years of runtime, underground experiments have found no evidence of any WIMP

detections. An explanation of this could be that dark matter is not a WIMP, but is instead

a more strongly interacting massive particle (SIMP) that is slowed so much by the 2 km

of rock above the detectors that it is not su�ciently energetic to be observed by these

detectors. It is also conceivable that dark matter's mass is so large (and thus its number

density is so low) that, even in the years that they have been operating, no dark matter

particle has actually passed through these detectors. This section will describe the ideas

behind heavier and/or more strongly interacting dark matter, which is the focus of much

of the work in this thesis.

2.4 Dark Matter Interactions

2.4.1 Cross-sections

The dark matter properties that this thesis will consider are its mass (m� ) and its cross-

section (� ). The most simple understanding of a particle's cross-section is its e�ective area

that might result in collision. We can therefore estimate the cross-section of an nucleus by

�rst �nding its radius using the Fermi model

r ' r0A1=3; (2.6)

where r0 = 1 :2 � 10� 13 cm and A is the atomic mass of the nucleus. The cross-sectional

area of the nucleus is� = �r 2. For example, a typical iron atom with A = 56 has a radius

r = 4 :6 � 10� 13 cm and thus a cross-section� = 6 :6 � 10� 25 cm2. Intuitively, if travelling

through some material, a nucleus with a larger� will scatter more often against the atoms

in the material than one with a smaller � . For this reason, cross-section can be seen as a

measure of how interactive a given particle is.
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Figure 2.6: From Refs. [15, 16], a schematic of the important parameters in classical scat-
tering theory.

Following Ref. [65], to delve deeper into the idea of cross-sections, it is useful to consider

di�erential cross-sections d�= d
 , which describe the fraction of particles scattered in some

direction (parameterized by angles� and � ) per unit-solid angle 
 . Converting this to a

canonical scattering cross-section simply requires integrating over all solid angles:

� =
Z 2�

0
d�

Z �

0
d� sin �

d�
d


: (2.7)

Classical scattering theory takes a more statistical approach than our previous de�nition

of cross-section potential using Eq. (2.6), by considering a central scattering,V (r ), which

can be converted into an �impact parameter� b(� ), which is physically motivated in Fig. 2.6.

Noting that the number of particles n1 scattering through angle d� is the same as

the number of incident particles n2 entering through db, we can write n1 d
 = n2bdbd� .

Because, by de�nition, d�= d
 � n1=n2, this reduces to

d�
d


=
b

sin �

�
�
�
�
db
d�

�
�
�
� : (2.8)
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Putting this into practice, consider a �ux of particles scattering o� of a hard, impenetra-

ble sphere of radiusR with scattering angle � . By de�nition, we know that b = R sin(�= 2),

sinceb is e�ectively the distance between the particle's trajectory and the sphere's normal

vector that runs parallel to the particle trajectory. Thus, � + � = � , and b = � R cos(�=2).

Subbing this into Eq. (2.8) tells us d�= d
 = R2=4, or � = �R 2, which agrees with the

Fermi model result! The same math could also be used to calculate the classical scattering

cross-section for a Coulomb potential (V (r ) = K=r for some constantK ), and �nd

d�
d


=
�

K
4E sin2(�=2)

� 2

(2.9)

Quantum mechanically, the di�erential cross section is written simply as d�= d
 =

jf (k; � )j2, where f is the �scattering amplitude� and k is the momentum transfer of the

scattering [29]. A discussion of these calculations can be found below in Section 2.4.2.

2.4.2 Spin-independent and -dependent interactions

This section will focus on converting a dark matter-nucleon cross-section to a dark matter-

nucleus cross-section. In other words, if dark matter has some cross section� �N with a

proton or neutron, it can be converted into the dark matter particle's cross-section with a

nucleus with A protons and neutrons, � �A . Refs. [29] and [66] provide a full derivation of

this conversion for spin-independent (SI) and spin-dependent (SD) interactions, but � in

general � the so-called �zero-momentum cross-sections� can be written as [66,67]

� (SI )
�N =

� 2
A

� 2
N

�
Z + ( A � Z )

f n

f p

� 2

� (SI )
�p (2.10)

� (SD )
�N =

� 2
A

� 2
N

4(J + 1)
3J

�
hSpi + hSn i

an

ap

� 2

� (SD )
�p (2.11)

for SI and SD interactions respectively. In this equation, for dark matter massm� , nuclear

massmA , and nucleon massmN , � i = m� mi =(m� + mi ) is the reduced mass of the dark
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matter and the nucleus (i = A) or the nucleon (i = N ). Z , A, and J are the number

of protons, number of nucleons, and total spin of the nucleus in question, whilehSi is

the expectation value of the spins of the protons and neutrons (for subscriptsp and n

respectively) within the nucleus. Finally, f and a are, respectively, the SI and SD couplings

to protons and neutrons (again, for subscriptsp and n respectively), and� �p is dark amtter's

cross-section with a proton.

While dark matter's cross-section with a neutron � �n is not explicitly included in these

de�nitions, it can be found by the simple relation � �n = f n � (SI )
�p =f p (or, in the spin-

dependent case, replacing thef s with as). It is standard practice to take SI coupling

as being nucleon-independent, meaning thatf n = f p. Hence, the SI cross-section is often

expressed as

� (SI )
�A = A2 � 2

A

� 2
N

� (SI )
�N : (2.12)

Note that when m� � mA � as is often the case throughout this thesis � this relation

reduces to

� (SI )
�A ' A4� (SI )

�N : (2.13)

SD models, on the other hand, sometimes take the opposite approach, in which dark

matter only scatters o� of protons ( ap = 1 , an = 0 ) or neutrons (ap = 0 , an = 1 ). Now,

when m� � mA , this relation scales as� (SD )
�A / A2� �N , rather than A4 in the SI case.

When � �N & 10� 26 cm2, it begins to exceed the physical area of nucleon. This, at

�rst glance, might seem to be impossible, as it violates physical intuition about how a

cross-section would work. With further consideration, though, this type of phenomenon is

absolutely allowed if there are long-range forces at play (such as light dark photons [25,29]),

or if the dark matter in question is a composite, rather than a fundamental particle [68].

Understanding how long-range forces would cause such a phenomenon is actually fairly
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Figure 2.7: A schematic diagram of the scattering process described in this section, where
the middle panel shows the lab frame and right panel shows the centre of momentum frame.

intuitive, and a classical example of this has already been presented in this document in

Eq. (2.9). The electromagnetic force can create extremely large cross-sections for a large

coupling (in this expression parameterized byK ). Thus, if a similar such force that mediates

scatterings between dark matter and nuclei, it is conceivable to increase this cross-section

arbitrarily.

2.4.3 Contact interactions

Recently, Ref. [29] pointed out that non-composite dark matter with cross-sections& 10� 26

cm2 that interact through short-range forces should have a nucleus-invariant cross-section.

This reference provides a full quantum mechanical derivation of this, but it can be un-

derstood classically quite easily, using the example of a hard-sphere scattering event from

Section 2.4.1. If dark matter is opaque to nuclei, and therefore it scatters against all nuclei

along its path, it is reasonable to model this type of dark matter as having a constant

cross-section,� �A = � c.

2.4.4 Scattering

Elastic hard-body scattering of particles, in which both energy and momentum are con-

served, is not a complicated process to model. However, it is extremely important to all

of the work described in this thesis, and as such I will provide here the full mathematical

derivation of this process.
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