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Abstract

This thesis is concerned with model predictive control (MPC); a method that approximates
solutions of an infinite-horizon optimal control problem by considering a sequence of finite-
horizon optimal control problems implemented in a receding horizon fashion. In the standard
scheme, one control input is implemented in each iteration, and a new initial state is set for
the next finite-horizon. One critical issue within the MPC setup is guaranteeing stability,
and much of the literature on the topic is devoted to this, mainly by using classical tools
from Lyapunov theory. Such results often rely on suitable terminal ingredients, whose
design significantly impacts the performance of MPC. As we explore in this thesis, the
issue mentioned is more critical than only performance, and leads to major shortcomings.
The main objective of this work is to mathematically describe the source of some of these
issues, and provide some resolutions. In particular, we present a novel MPC scheme with
relaxed stability criteria, based on generalized control Lyapunov functions. Most notably,
this scheme allows for implementing a flexible number of control inputs in each iteration, in
a computationally attractive manner, while guaranteeing recursive feasibility and stability.
The advantages of our flexible-step implementation are demonstrated on nonholonomic
systems, switched systems and lastly, in the setting of adaptive control. Specifically, we
provide a systematic method for constructing generalized control Lyapunov functions for
the novel MPC scheme in the case of linear systems. When the true linear system is
unknown, generating terminal conditions is not possible. In fact, even when the estimation
of the unknown system matrices is done through solving a least-squares problem, existing
results that guarantee stabilizing controls rely on unnatural choices of terminal costs. We
present an extension of our MPC scheme to the unknown setting and show convergence to

the origin of the closed-loop system.



Deutsche Kurzfassung

Die vorliegende Arbeit thematisiert die modellpradiktive Regelung (engl. model predictive
control, MPC); eine Methode, die die Losungen eines Optimalsteuerungsproblem mit unend-
lichem Zeithorizont approximiert, indem eine Reihe von Optimalsteuerungsproblemen mit
endlichem Zeithorizont betrachtet werden. Diese werden mit der Herangehensweise eines
fortlaufenden Horizontes implementiert (engl. receding horizon). Im Standardschema der
MPC wird ein Steuerungseingang in jeder Iteration implementiert und ein neuer Anfangs-
zustand flr den néchsten endlichen Zeithorizont definiert. Ein entscheidender Aspekt der
MPC Methode ist das Garantieren von Stabilitat, womit sich ein Grofiteil der Literatur
befasst und wofiir hauptséchlich klassische Werkzeuge der Lyapunov Theorie genutzt werden.
Solche Resultate sind meist auf angemessene Stabilisierungskomponenten (engl. stabilizing/
terminal ingredients) angewiesen, deren Design mafigeblich die Steuerungskosten von MPC
beeinflusst. Wie wir in dieser Arbeit sehen werden, kénnen die Stabilisierungskomponenten
nicht nur fiir teure Steuerungen sorgen, sondern auch zu wesentlichen Defiziten fithren.
Das Hauptziel dieser Arbeit ist es, die Ursachen einiger dieser Defizite mathematisch zu
beschreiben und Losungsansétze zu entwickeln. Um genau zu sein présentieren wir ein
neuartiges MPC Schema mit relaxierten Stabilitdtskriterien, basierend auf verallgemeinerten
Steuerungs-Lyapunov-Funktionen (engl. generalized control Lyapunov functions). Hervorzu-
heben ist, dass dieses Schema in jeder Iteration das Implementieren einer flexiblen Anzahl
von Steuerungseingéngen ermoglicht, wahrend rekursive Zuléssigkeit (engl. recursive feasibil-
ity) und Stabilitdt gewihrleistet sind. Die Vorteile der flexiblen Implentierung werden
anhand von nichtholonomischen Systemen, geschalteten Systemen und letztendlich im Rah-
men von adaptiver Regelung aufgezeigt. Insbesondere erarbeiten wir eine systematische

Methode fiir die Konstruktion von verallgemeinerten Steuerungs-Lyapunov-Funktionen fiir

ii



das neuartige MPC Schema im Falle von linearen Systemen. Wenn das echte lineare System
unbekannt ist, dann ist das Generieren von Stabilisierungskomponenten nicht moglich.
Selbst wenn die Methode der kleinsten Quadrate (engl. least-squares problem) fiir die
Schétzung der unbekannten Systemmatrizen verwendet wird, sind existierende Resultate,
die stabilisierende Steuerungen garantieren, auf eine unnatiirliche Wahl fiir die Kosten
am Ende des Pradiktionshorizontes (engl. terminal cost) angewiesen. Wir stellen eine
Erweiterung unseres MPC Schemas auf unbekannte zugrunde liegende Systeme vor und

zeigen Konvergenz zum Ursprung.
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CHAPTER

Introduction

1.1 Motivation

Recent advances in performance of optimization algorithms, along with the increased avail-
ability of computational power, have made model predictive control (MPC) one of the
most utilized-in-practice branches of control theory. MPC is a method to approximate
the solution of an in nite-horizon optimal control problem by considering a sequence of
nite-horizon optimal control problems implemented in a receding horizon fashion. In the
standard discrete-time MPC scheme, the nite-horizon optimal control problem is solved
at each time step with the current state as the initial state, and the rst element of the
derived optimal control sequence is implementetl

Since the stability of MPC schemes does not follow from the associated in nite-horizon
optimal control problem, several approaches have been proposed to guarantee stability
(Mayne, Rawlings, Rao, & Scokaert, 2000; Mayne, 2014; Rawlings, Mayne, & Diehl, 2017;
Gmnane & Pannek, 2017). In particular, most MPC algorithms at their core heavily rely
on imposing terminal costs and/or constraints to achieve a strict descent of the Lyapunov
function (optimal value function) along the trajectories of a system. In addition to restricting
the ability to perform near optimal, terminal conditions can lead to major technical issues,
for instance when dealing with nonholonomic systems (Maller & Worthmann, 2017). The

overall goal of this thesis is to highlight some of these shortcomings, and to provide some

A detailed description of the standard MPC scheme can be found in the Preliminaries and Background
Section 1.2.
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resolutions by introducing a new procedure that borrows some of the advantages of the
standard MPC framework, but recovers from some of its conservatism.

We precisely state the three main objectives of this thesis in Chapter 2. With these
objectives in mind, we propose the new framework of exible-step MPC in Chapter 3. The
main idea is to replace thestrict descent of the Lyapunov function values with an average
descentwhile preserving stability. The proposed MPC scheme enables the implementation
of a exible number of elements of the optimal input sequence. Here, by exible number
we mean that, in each iteration, the number of implemented elements of the corresponding
optimal input sequence is not constant (e.g. one) but instead exible (variable). The
exible-step implementation is enabled by the novel notion of generalized discrete-time
control Lyapunov functions (g-dclfs), which depend on the stateand the control. The
existence of such a function for a control system makes it possible to add feasible average
decrease constraint on the Lyapunov function values to the nite-horizon optimal control
problem of our MPC scheme. The average descent in turn guarantees that at least one
predicted Lyapunov function value along the trajectory of the system is less than the
Lyapunov function value at the beginning of the prediction. In the proposed MPC scheme,
we implement the elements of the optimal input sequence until a descent occurs. Consequent-
ly, this part of our scheme gives rise to a exible-step implementation. Throughout this
thesis, we will demonstrate that this is the key feature of the exible-step MPC scheme that
allows us to stabilize nonholonomic, switched linear and unknown linear systems.

An important objective in many MPC schemes is stability; the three most commonly used
approaches can be described as follows. First, there are schemes that rely on terminal costs
and/or constraints, e.g. standard MPC (Mayne et al., 2000; Mayne, 2014; Rawlings et al.,
2017; Grane & Pannek, 2017). As mentioned earlier, one issue with this approach is that
with the typical choice of a quadratic cost function, MPC might not be stabilizing (Mdller &
Worthmann, 2017). This may be resolved by designing a non-quadratic cost function based

on homogeneous approximation (Coron, Gnane, & Worthmann, 2020). Second, terminal
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ingredients are avoided altogether through a su ciently long prediction horizon (Alamir &
Bornard, 1995; Jadbabaie, Primbs, & Hauser, 2001; Gnane & Pannek, 2017). However, a
long prediction horizon can quickly become computationally expensive. Finally, there are
schemes that directly incorporate a Lyapunov decay constraint in the optimization problem,
often referred to as Lyapunov-based (Mhaskar, El-Farra, & Christo des, 2005).

There are several MPC approaches that aim to relax the one-step standard implementation,
one being the \ nite-step” approach (Noroozi, Geiselhart, Gmne, & Wirth, 2020; Lazar &
Spinu, 2015; Hanema, Lazar, & Toth, 2017). In (Hanema et al., 2017), a stabilizing tube-
based MPC for linear parameter-varying systems is presented. The usual invariant set used
in standard MPC is replaced by nite-step contractive sets, which are easier to compute. In
the latter sets, the state of a control system is allowed to leave the set as long as it returns
after a nite number of time steps. Based on (de Oliveira Kothare & Morari, 2000), the
work in (Noroozi et al., 2020) generalizes control Lyapunov functions by nite-step control
Lyapunov functions. Such functions are allowed to increase along the trajectory of a system,
as long as at the end of the prediction horizon (after a nite number of steps) they decay
compared to the beginning of the prediction. In the nite-step control Lyapunov function-
based MPC scheme, the nite-step control Lyapunov function is the objective function
and is incorporated as a constraint. The exact same nite number of steps (greater than
one) is implemented in each iteration of the scheme. In (Lazar & Spinu, 2015), nite-step
control Lyapunov functions are used alongside nite-step contractive sets. More precisely,
the nite-step Lyapunov functions are used in the terminal cost of the MPC optimization
problem. As in (Noroozi et al., 2020), the Lyapunov function only depends on the state.
Our work, however, belongs to the category of so-called exible-step approaches (Alamir,
2017; Yang & Polak, 1993; Worthmann, Mehrez, Mann, Gosine, & Pannek, 2017), where
a exible number of elements of the optimal input sequence is implemented in the MPC
scheme. Avariable prediction horizon (Michalska & Mayne, 1993; Michalska, 1997) is

employed in contractive MPC (Yang & Polak, 1993). In the optimal control problem of this
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setting, the prediction horizon is a decision variable. Hence, solving the MPC scheme yields
the optimal control sequence and the optimal prediction horizon. In each iteration, the
optimal control sequence is then implemented over the whole optimal prediction horizon.
In the discrete-time setting, optimizing over the prediction horizon results in an undesirable
integer decision variable. In (Alamir, 2017), a contraction-based MPC scheme is proposed,
which avoids integer optimization for the price of solving two optimization problems in
each iteration. Based on a nite-step Lyapunov inequality, a exible-step implementation
is accomplished in (Worthmann et al., 2017) to reduce the computational burden of the
proposed MPC scheme. Although it serves a di erent purpose, we want to mention event-
triggered MPC (Egtami, Dimarogonas, & Kyriakopoulos, 2011) as a way of achieving a
exible-step implementation.

In contrast to the former MPC schemes, the proposed scheme in this thesis achieves stability,
while allowing the implementation of a exible number of steps, thanks to the average

decrease constraint, without the above-mentioned computational drawbacks.

A characteristic of Lyapunov theory is its reliance on a suitable Lyapunov function. In spite
of its powerful properties, the same is true for exible-step MPC; here we need to nd a
suitable generalized control Lyapunov function. The purpose of Chapter 4 is to provide
a systematic way of constructing such functions for the class of linear control systems.
In particular, we show that a simple quadratic function can be selected as they-dclf. In
correspondence with the related non-monotonic Lyapunov functions (Ahmadi & Parrilo,
2008), we can cast the average decrease constraint as a Linear Matrix Inequality (LMI),
which can then be e ciently solved. One advantage of this LMI characterization is that
it can be used without further knowledge about the cost function. This is due to the fact
that in exible-step MPC, the two tasks of optimization and stabilization are decoupled, i.e.
the g-dclf can generally be a di erent function than the optimal cost function. In standard

MPC on the other hand, the tasks of optimization and stabilization go hand in hand. The
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connection is particularly apparent when working with a linear system and a quadratic cost
function. In this case, the terminal cost consists of the solution to the Riccati or Lyapunov
equation. There is no straightforward procedure for the design in standard MPC in the
case of non-quadratic cost functions. However, as mentioned earlier, the LMI approach can
still be utilized for exible-step MPC.

More importantly, the primary advantage of this LMI characterization is that it allows us

to use the exible-step MPC scheme in the context of switched linear systems. It is well-
known that there are globally asymptotically stable switched systems for which no classical
guadratic common Lyapunov function exists (Liberzon, 2003; Hespanha, Liberzon, Angeli,
& Sontag, 2005). In Chapter 4, we provide an example of such a system for which, in

contrast, a quadratic common g-dclfs exists.

In Chapter 5, we investigate the implications of the exible-step MPC technique that we
have developed in the setting of adaptive control. To be precise, we study the stabilization of
completely unknown linear time-invariant discrete-time control systems. There is clearly a
large literature for adaptive control theory, as well as identi cation theory, including model-
free and model-based techniques (Benosman, 2016; Tao, 2014; Goodwin & Sin, 2014).
The areas of optimal and receding horizon control also address the control of unknown
systems, see e.g. (Feldbaum, 1960; Mosca, 1994; Peterka, 1984; Bertsekas & Tsitsiklis,
1996). More recent results are given in (Lucia & Karg, 2018; Korda & Mezt, 2018;
Limon, Calliess, & Maciejowski, 2017; Schwenkel, Gharbi, Trimpe, & Ebenbauer, 2020).
We do not plan to provide a complete overview of this rapidly growing literature here, but
rather emphasize that, in spite of it, some very basic questions in adaptive control can
involve complicated solutions. A classical example of this are linear scalar control systems;
in the case of unknown system parameters, one needs to design a complex control law,
known as the Nussbaum controller (Nussbaum, 1983). Given this, much of the literature

on adaptive control and identi cation is built on designing estimators for the unknown
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parameters, which often use sampled data about the input/output behavior of the system;
for linear systems, for instance, these often are built based on a least-square problem. Most
available results in the linear case rely on the so-called persistency of excitation (Coulson,
Lygeros, & Derer, 2019; Persis & Tesi, 2019). If persistency of excitation is satis ed,
any trajectory of a controllable LTI system can be constructed by using a nite nhumber
of data samples. In this case, the construction is done without directly identifying system
matrices themselves, but rather indirectly through linear combinations of so-called Hankel
matrices. Hence, this falls into the category of model-free or indirect approaches. The fact
that persistency of excitation is a su cient but not necessary condition is a major technical
gap within the framework. In contrast, methods in which system matrices are directly
identi ed are called model-based or direct. Beyond that, the categorization of oine or
online procedures distinguishes whether the identi cation takes place prior to or at the
same time as the stabilization, respectively. The latter approach is also called certainty
equivalence approach. Both, model-free and model-based approaches can be realized as
an oine or online procedure. The work (Coulson et al., 2019) (indirect) or (Gramlich

& Ebenbauer, 2023) (direct) combined with standard MPC are examples for an oine
procedure.

In (Ebenbauer, Ptz, & Yu, 2021; Ptz, 2022), a complex MPC scheme, involving a
guartic terminal cost, is combined with a proximity-based estimation scheme to guarantee
stabilization. One clever aspect of the technique is using a so-called implicit regularization
through a Bregman distance when forming the estimates. More importantly, the complexity
of the approach appears to be related to the requirement of terminal conditions; the cost of
the controller is large since the terminal condition is very expensive away from zero. The
combination of exible-step MPC with the estimation scheme of (Ebenbauer et al., 2021)
in Chapter 5 belongs to the category of classical certainty equivalence implementation.
However, in contrast to the existing literature, we neither assume that the linear system

is persistently excited nor that the system is stable or controllable. The main result of
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Chapter 5 guarantees the convergence of the state and the control of the closed-loop system
to zero. Moreover, we illustrate with several simulation studies that the proposed approach

avoids costly controllers and, instead, facilitates low-cost exploration and stabilization.

Lastly, we draw our conclusions and discuss some future directions in Chapter 6.

1.2 Preliminaries and Background

In this section, we recall preliminaries and helpful background for this thesis. First, we
discuss stability, which is the key notion studied throughout the whole document. Second,
we recall the standard scheme for model predictive control. Next, we discuss the class of
nonholonomic control systems. Due to their rich dynamics, these kinds of systems are an
interesting area of application for the results developed in this thesis. Lastly, we give a
brief overview of a minimization technique called proximity. This technique will become
important for Chapter 5, where we wish to minimize the error between an estimated and a
true system.

Consider a system of the form
xK* = £ (xK; ul; (1.1)

wherek 2 N denotes the time index,xk 2 X R" is the state with the initial state x° 2 X
anduk 2 U RPis aninput. The state and input constraints satisfy 0 2 int(X ), 0 2 int( U)
andf : X U! R"is continuous with f (0;0) = 0. We are concerned with scenarios where
the control is selected as a function of state and time for the purpose of driving the state
of the system to zero and, therefore, we recall the asymptotic stability of a time-varying

system (Michel, Hou, & Liu, 2008; Haddad & Chellaboina, 2008, De nition 13.7).
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De nition 1.1. Let ko 2 N and consider

x*1 = G(k;x¥); kKo (1.2)

where G : [ko;1 )\ N X ! R" and G(k;0) = 0 for all k ko. The origin is an

asymptotically stable equilibrium of (1.2) (with region of attraction X) if

1. for all " > 0 and any kg 2 N, there exists = (";ko) > 0 such thatxko 2 X with

0< kx*ok < implies kxk <" for all k  ko;

2. for any kg 2 N and xk 2 X, it holds limy;; xX= 0.

1.2.1 Standard Model Predictive Control

We start with providing some intuition behind the framework of model predictive control
(MPC). Suppose that we wish to develop an investment strategy for a long period of time.
It is natural to rst make the strategy for a shorter period of time, e.g. ve years, and then
revisit the strategy regularly and readjust as necessary, using the information that may have
not been available originally. This principle of breaking a long-term task into short-term
subtasks, which we can gauge more easily, is precisely what MPC explores.

The MPC method was developed around 1980 (Richalet, Rault, Testud, & Papon, 1977)
using ideas from optimization-based control from the 1960s. The capability of handling
constraints is a key feature that makes the method valuable for industrial applications
(Schwenzer, Ay, Bergs, & Abel, 2021). We now precisely de ne how MPC works. Suppose

that we want to solve the in nite-horizon optimal control below:
Problem 1.2. Solve

min  fo(x;ul)
j=0

st:x ™ = f(x;u))
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x°% = x(0)

u2U:x 2 X

wherefg: R" RP! R, f :R"™ RP! R are continuously dierentiable, fq is positive
de nite and f (0;0) = 0. Moreover, the set of controlsU  RP is compact, the set of states

X R" is closed and each of these sets contains the origin.

Problem 1.2 is dicult to solve analytically, especially in the presence of constraints.
Additionally, the problem involves in nitely many decision variables. The technique intro-
duced in (Lee & Markus, 1967) lead to what is nowadays known as MPC: \One technique
for obtaining a feedback controller synthesis from knowledge of open-loop controllers is to
measure the current control process state and then compute very rapidly the open-loop
control function. The rst portion of this function is then used during a short time interval,
after which a new measurement of the process state is made and a new open-loop control
function is computed for this new measurement. This procedure is then repeated.” This
technique is known as \receding horizon" decision-making, i.e. decision-making that is
based on a moving time window, which we formalize next.

In the standard discrete-time MPC scheme, Problem 1.2 is approximated by solving the
optimal control Problem 1.3, which has a nite prediction horizon N 2 N, at each time
step in a receding horizon fashion. For this nite-horizon problem to be meaningful and
applicable, we require terminal conditions, such as the terminal setX Ne X and the

terminal cost :R"! R. These will play a central role in what follows.

Problem 1.3. Solve

1
V(x) = min foOxd;ul)+  (xNe)
=0

st: xI*t = f(x;ul)
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x% = x

u2U:x2X

xNe 2 X Ne:

wherefg: R" RP! R, f :R" RP! R, :R"! R are continuously dierentiable,
fo is positive de nite, is positive semi-de nite and f (0;0) = 0. Moreover, the set of
controls U  RP is compact, the set of statesX R" is closed, the set of terminal states

XNe X R"is compact and each of these sets contains the origin.

In Figure 1.1 an illustration of how this standard MPC scheme works is given, which is also

formalized in Algorithm 1.

Algorithm 1 Standard MPC scheme

1. setk = 0, measure the initial state x(0)

measure the current statex(k) of the control system (1.1)

solve Problem 1.3 withx = x(k) and obtain the optimal input Uon, 11
implement Uy = Umpc(X(K))

increasek := k+1 and go to 2

In each iteration of Algorithm 1, the current state x(k) is measured and enters Problem 1.3
as the initial state. Problem 1.3 is then solved and an optimal control strategyuo.y = 1

is computed for the prediction horizon. Recall that we make use of bold notation when
considering a nite sequence of vectors, in this case having components 0 td, 1. We
denote the states and controls corresponding to the prediction horizon, shown as dashed
lines in Figure 1.1, by xk and uk, respectively, and often refer to them aspredictions in
this document. Let us now describe which action is implemented. Given a horizon of size
Np, we only implement the control decision at the beginning of this horizon, i.e. the rst
component of the optimal control, which is preciselyu,. When this input is implemented
we obtain anactual state denoted byu(k) and x(k), respectively. Clearly, the predicted and

actual states might di er from each other in general. After implementing u,, we increase

10
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\
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-
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Figure 1.1: The standard MPC scheme (Giraud et al., 2017) is depicted. In the gure on
the top, we are considering the optimization of Problem 1.3 at the current time stepk 2 N
(present). Solving Problem 1.3 yields a trajectory of states over the prediction horizon (in
the future), shown in dashed lines. We only implement the control decision at the beginning
of this horizon and obtain the actual state shaded in red. We move on to the next time step
k+1, where the window of time is shifted to k+1 until k+1+ N, as shown in the gure on
the bottom. The previous time step k, now lies in the past. We repeat the above process
and see that, in this optimization instance, we obtain a di erent trajectory of states over
the prediction horizon. As before, only the control decision at the beginning of the horizon
is implemented.

11
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the time by one and repeat the above procedure with the new current state.

We emphasize here that there are a set of regularity assumptions required for this problem
to have a solution; we are not concerned here with matters of existence, but rather assume
that such regularities are set in place as requiretl

The two major requirements for any MPC scheme are:

1. Recursive feasibility: If the control algorithm nds a solution for Problem 1.3 at k 2 N,

then it needs to be guaranteed that a solution of Problem 1.3 fok + 1 also exists.

2. Stability of the closed-loop system Algorithm 1 implements in each time stepk 2 N

the control input umpc(x(k)). This results in the closed-loop system
x(k+1) = f(x(k); umpc(x(k)));

whose stability needs to be guaranteed.

Since stability of MPC schemes does not follow from the associated in nite-horizon optimal
control Problem 1.2, several approaches have been proposed to guarantee stability (Mayne
et al.,, 2000). In the standard MPC scheme, a terminal cost and a terminal constraint

X Ne are added to the optimal control problem, as done in Problem 1.3, in order to get the

stability result below (Rawlings et al., 2017, Theorem 2.19).

Theorem 1.4. Consider the optimal control Problem 1.3 solved at each time steg. We
assume thatX Ne X R" contains the origin in its interior, that there exists a K
function n,() such that (x) N, (kxK) for all x 2 X Ne and that there exists aKy
function () such thatfo(x;u) (kxk) for all x 2 X and u 2 U. Finally, suppose that

we have:

i) for all x 2 X Ne, there existsu 2 U satisfying f (x;u) 2 X Ne;

2For an existence result for standard MPC, we refer the interested reader to (Rawlings et al., 2017,
Proposition 2.4).

12
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i) for all x 2 XNe, there existsu 2 U satisfying (f (x; u)) (x) fo(x;u):

Then the origin is asymptotically stable inX for x(k + 1) = f (x(K); Umpc(X(K))), where X

is the set of states inX for which Problem 1.3 has a solution.

Proof idea. We omit the proof and instead highlight the main idea here. Recall that for

Problem 1.3 the optimal function value for the initial state x is denoted byV (x). The total

cost associated to some control =[ o;:::; n, 1] with o;:::; N, 12 U s
1
V(X )= fo(X; )+ (xNP);
j=0
where the state is steered according tod*1 = f (x; i); ] =0;:::5;Np 1. Suppose the

current state at some time stepk 2 N is given by x(k) 2 X. The key point is to use
assumption ii). By carefully choosing a (potentially suboptimal) control , this assumption

allows us to deduce the following inequality

Vix(k+1))  V(x(k+1); ) V(x(K)  np(kx(k)k):

In other words, V is a (strictly) decreasing sequence and the result follows by employing

classical Lyapunov theory.

1.2.2 Nonholonomic Systems

The word holonomic consists of the Greek words meaning \integral" (or \whole") and
\law" and refers to the fact that such constraints, given as constraints on the velocity, may
be integrated and expressed as constraints on the con guration variables. Nonholonomic
systems, on the other hand, are systems wittmonintegrable constraints on their velocities
and thus, cannot be expressed as constraints on the con guration variables (Bloch, 2003).
Even though we do not dwell on the notion of controllability for nonlinear control systems

in this document, referring the reader to (Sontag, 2013, Chapter 4), we assume throughout

13



CHAPTER 1. INTRODUCTION

/)

> X

Figure 1.2: Unicycle mobile robot

that the nonholonomic systems that we have under study are controllable. Indeed, we are
mainly concerned with particular examples of nonholonomic systems when used within the
framework of MPC. One such classical system of interest is the unicycle mobile robot (Bloch,

2003, Example 4.3.2), depicted in Figure 1.2. Its kinematic model is given by

X =V1C0S; Y=visin; _= vy

where (x;y) 2 R? is the position of the robot in the plane, 2 [ ; ] corresponds to
the heading angle measured anticlockwise from the&-axis and the controls are the rolling
speedv = vi1 2 R and the steering speed—= v, 2 R. The system has to abide by the

nonholonomic constraint on the velocity vector and the wheel axis

[x; y]"[sin; cos]=0:

Applying a coordinate and feedback transformation leads to the following description of the

dynamics (Thomas, Bandyopadhyay, & Vachhani, 2021)

X1 = Ug; X2 = Uz, X3= XiUg; (1.3)

14
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where x = [x1; X2; x3]T 2 R® is the state and u = [uy; us]" 2 R? is the control. The
rather surprising result, which was rst observed by (Brockett, 1983, Theorem 1), is that
controllability is not enough for stabilization of this system using continuously di erentiable
state feedbacks. We will discuss this shortly. Note that, system (1.3) is closely related to
the classical Brockett integrator (Brockett, 1983). For the purpose of this document and
given that we are concerned with MPC, which is often executed in discrete-time, we instead
consider a discrete setting of the above system

23 2 3
1 0
XK+ = xk 4 h§o§u'{+ hglgug; k2 N: (1.4)
0 xX
whereh > 0; x¥ 2 R3 and uk 2 R2.
We require a necessary condition for the existence of a state feedback control law. In
discrete-time, the result of (Lin & Byrnes, 1994, Corollary 2.8) about smooth state feedback

control laws was improved by considering continuously di erentiable state feedback stabilizers

(Sundarapandian, 2002, Theorem 1).

Corollary 1.5.  Consider system(1.1) with f (0;0) =0 and f 2 C1. A necessary condition
for the existence of aC! state feedback control lawuX = u(x¥) which renders (0;0) locally

asymptotically stable is that for the mapping
oxu) 7 f(xu) X
the equation
F(u)=y
shall be solvable for all su ciently smally.

This result is not straightforward, and the proof uses techniques from algebraic topology,

15
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see (Lin & Byrnes, 1994; Sundarapandian, 2002). We also refer the reader to (Brockett,
1983) and (Coron, 1990) for a proof in continuous-time.

If a system does not satisfy the above necessary condition, there doest exist a C' state
feedback control law which renders (Q0) locally asymptotically stable. This generates a
limitation as far as stabilization is concerned and, therefore, we nd it interesting to use
such systems in this thesis to assess current stabilization techniques in the context of model
predictive control. First, we observe that control system (1.4) does not satisfy the above

necessary condition.

Proposition 1.6. The control system (1.4) does not satisfy the necessary condition given

in Corollary 1.5.

Proof. The mapping' :R" RP! R" for system (1.4) is given by:
23 2 3 2 3

1 0 hul
'(x;u)=x+h§o§u1+h§1§u2 nghuzz
0 X1 hx1uz

For all "> 0 the equation' (x;u) =[0 0 ys]" has no solution for any 0< jysj <" . This

can be seen from the following equation
2
hu,
§ % =
hxqu;

The rst and second component of the equation imply that the controls need to be zero. In
the third component of the equation, however, we haveyz = hxiu, = 0: Since 0< jyszj, the
left-hand side is nonzero and the right-hand side is zero, this is not solvable. The necessary

condition is not satis ed for the system (1.4). O

16
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1.2.3 Proximity

In Chapter 5, we explore the setting of adaptive control, i.e. stabilization needs to be
achieved while the underlying linear control system is unknown. Since the true system is
not available, we instead work with an estimated system We explore an online approach,
which means that the stabilization (via a control scheme) and the estimation of the true
system (via an estimation scheme) are done simultaneously. The estimation scheme used in
this thesis is proximity-based, inspired by the work of (Ebenbauer et al., 2021; P tz, 2022),
and minimizes the error between the estimated and the true system. We now provide some
background for the minimization technique of proximity.

Suppose we wish to minimize a closed proper convex function : R" ! R[flg . To that

end, we introduce the proximal operator
. pn n. — H 1 2.
prox :R"! R"; prox (v)=argmin,,gn (X)+ z—kx vk<;

where > 0. The proximal operator nds a compromise (with trade-o parameter )
between minimizing the function and being in proximity to v. The proximal operator has
the fundamental property that minimizers of are xed points of prox  (Parikh & Boyd,

2014, p. 131), i.e.
X minimizes , X =prox (x):

Thus, if we want to minimize , we can instead nd the xed points of the proximal operator

through a xed point iteration of the form
x*1 =prox (xX): (1.5)

One can replace the quadratic proximity term by the so-called Bregman distance (Bregman,

17
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1967), which led to the development of the algorithm called proximal minimization with
D -functions (PMD). The Bregman distance is de ned below. Note that, in general, it does

not satisfy the distance properties of symmetry and triangle inequality.
De nition 1.7. Llet g : R" ! R be a continuously dierentiable and strictly convex

function. Then the Bregman distance induced byg is de ned as

D(xy)=g(x) g(y) (x w'ray)

for all x;y 2 R".

In this sense, the iteration step (1.5) is a special case of the iteration step used in PMD,
namely

. 1
xK* = argmin, g (X)+ —D(x;xX)
k

and hence, inherits the convergence properties from PMD (Chen & Teboulle, 1993, Theorem 3.4).

18



CHAPTER

Problem Formulation

In this chapter, we derive the three main objectives of this thesis (Objective 1, 2, 3). We
formulate the rst one by indicating some of the key shortcomings of the standard MPC
framework. The second objective addresses the role of the terminal cost and the nal

objective is concerned with MPC and adaptive control.

2.1 Failures of MPC in Nonholonomic Setting

In industrial practice, the running cost fo and the terminal cost of Problem 1.3 are
typically chosen to be quadratic functions that penalize the deviation from a desired state
and the control e ort. This typical choice needs to be employed cautiously when working
with nonholonomic systems, as we will see next. In particular, we provide an example
of a nonholonomic system for which standard MPC, starting from certain initial states,
fails to achieve asymptotic stability. We explain this by investigating the necessary and
su cient optimality conditions for the standard MPC optimal control problem and relate

the underlying issues back to the necessary condition Corollary 1.5. This phenomenon has
been observed in robotics examples such as the one in (Maller & Worthmann, 2017). Let

us now formally introduce this example, we will use variations of it later in Chapter 3.3:
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Problem 2.1. Solve

1

min - O)Tx +(u)Td +  (xNe)TxNe
)0 2 3 2 3
1 0
st: X"t =% + h gé ul + hg 1§uj2
0 le
x% = x;

whereh > 0; 0; x) 2R3 x 2R3 u 2 R?and Ny 2 Nso.

A necessary optimality condition for a general constrained optimization problem is given

by the following theorem (Liberzon, 2011, p. 11).

Theorem 2.2. Lety 2 R" be a local minimum for the constrained optimization problem

min F (y) 2.1)
st:g(y)=0;

whereF : R | Randg:R"™ ! R" are both C! functions. We assume thaty is a

y . Then there exist Lagrange multipliers ; such that

rEQY )+ rauly)+ + o, f Ghg(y )=0: (2.2)

The next result characterizes the initial states of Problem 2.1 for whichu 0 satis es the

above necessary optimality condition.

Theorem 2.3. Consider Problem 2.1 withh > 0 and the initial condition x° = [0;0; xg]T,
where x 2 R. Then the necessary optimality condition given in Theorem 2.2 is satis ed

with the control u 0.

20
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Proof. The functions F : R™ ! R andg : R ! R given in Theorem 2.2, take on the

following form for Problem 2.1

.......... Np 1. Np 1
—(X11X21X3’ Xl 1X2 1X3 ’u1’u2’ up® up” )
1
F(y) = k) K2+ kUl K2+ kxNrk?
j=0
_ vk 1 k 1 k
O 2(y)= X3 “+huy © X3
— vk 1 k 1 [
Ok 1(y) = x3 ~+ hu; X3; k=1;::1;Np
— k1 k 1,k 1 k
93k(Y) - X3 + th U2 X3

Note that with u 0 and x® =[0; 0; x§]", we have
y =[0;0,x%;:::;0,0,x3,0,0;:::; 0, 0]":

First, we need to verify that y is a regular point. To this end, we compute the gradients

of g

2
r Tgl(y)

Taa(y) 1 )

To(y) = |+ Ma(y) | hMa(y)

r T93Np(y)

where
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(2.3)

2

1 oo

0 :
0 x§ :
: 1 0 :
: 0 1 :

Ma(y) = @ : 0 xi . e (2.4)

: 1 0
: 0 1

O ¢ x?p !

AOOCOCO0000000000000000000000000000000 N Z
0
N
S o o »r O o o o
5 Se - P
- o C .- .- - =
- NN "t
5 S :
o
o © - . i
wN .
"o >
o - .- -

Clearly, the matrix r T g has full row rank when evaluated aty , which makesy a regular

22



2.1. FAILURES OF MPC IN NONHOLONOMIC SETTING

point. The gradient of F is

rF= oxt 2xd 3 oo2x )P o2x 5P 2x 5P o209 209 ::o2u)P to2ubP 1
Hence, condition (2.2) becomes
2 3 2 3 2 3 2 3
0 1 0 0
0 0 1
2x$ 0
: 1
0 0
0 2+ 4 + +  + 3N, 807=0: (2.5)
2x 9 0 1
0 h 0 0
0 h
0 0 0 0
For eachk = 1;:::;Np, we summarize 4 ,; 4 1; s into the vector X and obtain
2 3 2 3
3Np 2 0
2 3 P4 3
0 0
goé “1+ k=0) k=§ 0 %: (2.6)
23 2G((Np K+ )
It can be easily veri ed, that the last 2N equations of (2.5) hold, due to ; = 0 for all
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i 83k;k =1;:::;Np. This completes the proof. O

We have shown thatu 0 satis es the necessary condition for Problem 2.1 with the initial
valuex® =[0; 0; x§]". Recall that Problem 2.1 is exactly the optimal control problem that is
set up in standard MPC (with terminal cost  (xN»)TxNe) to minimize a cost function while
stabilizing system (1.4). We provide two plots in Figure 2.1 generated by standard MPC
while solving Problem 2.1 to illustrate how this can lead to lack of asymptotic convergence
to the zero state, when the system is appropriately initialized. In the top plot, standard
MPC is implemented with the initial control of up.n, 13 0. Clearly, the solver is unable
to move out of the satis ed necessary condition and does not stabilize the system. One
may wonder if this is only because a zero control input is used initially. However, the issue
is more fundamental. In the bottom plot, standard MPC is implemented with a nonzero
initial control. This time, the standard MPC starts stabilizing the system, however, to the
state [0; 0; 0:19]" instead of the desired zero state.

To make the discussion complete, it is worth investigating some su cient conditions (Liberzon,

2011, p. 14).

Theorem 2.4. Let the functions F : R" | R and g: R" ! R" of the optimization
problem (2.1) be bothC?. A regular point y 2 R" is a strict constrained local minimum of
F, if y and the corresponding ; satisfy the necessary condition for optimality (2.2), and,

in addition, we have

d' r2F(y )+ ir %giy) d>0 (2.7)

We now apply this general theorem to Problem 2.1. As a preliminary step, we can reformulate
condition (2.7) due to the simple structure of r Tg(y) with M1(y), de ned in (2.3), and

M>(y), de ned in (2.4). To this end, we need to nd the vectors d for which r Tg(y )d=0
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Figure 2.1: State trajectories according to the solution of Problem 2.1 with initial control

Upon, 11 O (top) and a nonzero initial control (bottom).

foralli=1;:::;ng. LetdT =[dT; d7]with 62 R®Ne;d2 R?Nv, we compute the kernel

ofr Tg(y ) as follows
2 3

; s
rToly)d= 1+ Ma(y): hMo(y) ﬁd\g =0

( 1+ My ))d+ hMo(y )d=0
) d=h(l  Ma(y)) My )d:

In other words, the kernel ofr Tg(y ) consists of vectors of the form
2 3
h(l M M
g2 g0 M) M2z 0 p o,
I
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With this vector, inequality (2.7) reads

2 3
h(l - Mi(y)) *Ma(y )g+

2 3,

& hMay )AL May ) T 1T S (2.8)

ey T8 Ml(yl D MZ 46 (og)
i=1

for all §2 R2N»,

As we will see shortly, the matrix in (2.8) is positive de nite and its eigenvalues are perturbed

by the eigenvalues of the matrix in (2.9). Recall that the third component of the initial

state x enters the Lagrange multipliers «_according to the necessary conditions (2.6).

For suciently small x93, the perturbation is so small that the overall eigenvalues stay

positive and hence, the expression in (2.8), (2.9) stays positive as required. We can utilize

the expression (2.8), (2.9) to quantify how smallx$ needs to be to satisfy the su cient

condition with the control u 0. For simplicity, we demonstrate these computations for

the case ofNp, =2;h=0:1 and =100.

Proposition 2.5.  Consider Problem 2.1 with the prediction horizonNp = 2, h = 0:1,
= 100 and an initial condition x° 2 R3 with x? =0;x3 =0 and jx§j 15 Then the

su cient condition given in Theorem 2.4 is satis ed with the control u 0.

Proof. The Hessian ofF and the sum of Hessians ofj are given by

2 2
2l 0 0 :::
0 0 ::: 0O
21 X6
r2F(y )= : i1 2gi(y )=2x 38: %

2l i=1

0 0 :::

h 0 :::

2l
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Note that the Hessians ofg;;:::;gs are equal to the zero matrix and that =2 x . For

the matrices in (2.8) and (2.9), we have

w

2
(I My ) *=1+Miy)) hMay)"(I Ma(y)) T—E

o O o &
o o =5 o
o O
S )
> O TS O

o o

2 3
h(l M(y)) Ma(y )g
|

2
1+ 0
=2| +2h? 0 1+ 0 :
0
0

Moy )T May ) T 1 T 2F(y)8

and

2

2 3

h(l M M

hMo(y )T(1 Ma(y ) T I fzge(y)ﬁ ( y ) Maly )Ez hZE
|

= O O O
o O O O

o o o o
O RN RAHT w

We denote the resulting above matrices by

2 3 2
1+ 0 0

[EnN
+
o
~ O O O
o o o o
o o o o

3
%
0

The eigenvalues of 2+2h2M3( ) are given by 2+h?( P 4 2+1+2 +1). For the positive
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square root, these eigenvalues are clearly positive with 0. For the negative square root,

we have
pP—— p___
42+1+2 +1 2 +1)2+2 +1) O

In either case, the eigenvalues of 2+ 2h®?M3( ), corresponding to the matrix in (2.8),
are positive, making the matrix 21 + 2h?M3( ) positive de nite, as mentioned earlier.
The matrix 21 +2h?M3( ) is now perturbed by 2x $h?M,4. We now elaborate how, for
su ciently small x3, the overall matrix 21 +2h2M3( )+2 x $h2M, stays positive de nite,
yielding a satis ed su cient condition. The eigenvalues of 21 +2h?M3( )+2 x Jh?M, are

given by r I
g

2+ h? 2 2(x9)2 2 2x§ (x)2+4+4 2+1+2 +1

The eigenvalues corresponding to the outer square root with positive sign are always
positive. Hence, the critical eigenvalues are the ones corresponding to the outer square
root with negative sign, i.e.

r !
q

2+ h? 2 2x92 2 2x§ (xD2+4+4 2+1+2 +1 (2.10)

It can be readily checked that forh =0:1; = 100 the eigenvalues in (2.10) stay positive if
jx3j  1:5. It then follows that the expression in (2.8), (2.9) is positive for all § 2 R*. In

conclusion, the su cient optimality conditions are satis ed, which makes
y =[0;0;x3;:::;0,0,x3;,0,0;:::;0,0]";

corresponding tou 0, a strict constrained local minimum of Problem 2.1. O

Remark 2.6. Recall thaty =[0;0;x3;:::;0;0;x$;0;0;:::; 0; 0], corresponding to

u 0, being a strict local minimum of Problem 2.1 for non-zero initial states illustrates
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the failure of standard MPC. The explicit form (2.10) of the eigenvalues of 2 +2h?M3( )+
2x Ih?M, allows us to make the following observation. As we increase, the range of
x§ for which the su cient condition is satis ed with the control u 0 shrinks. This
is in line with our intuition, in the sense that increasing the terminal cost should help
standard MPC by reducing the range of problematic initial states, although the fundamental
limitation imposed by the necessary condition of Corollary 1.5 never goes away. To be
precise, by Proposition 1.6, the system (1.4) does not satisfy the necessary condition of
Corollary 1.5, meaning that continuously di erentiable state feedbackcontrollers are not

suitable for stabilizing system (1.4).
We capture the present issue as the rst main objective of this thesis:

Objective 1. How do we modify the MPC scheme such that it generates a controller which

is not solely in state feedback form, but also has a temporal component?

2.2 Role of Terminal Cost

In spite of the mathematical appeal, there are few cases where it is known how tad

a Lyapunov function for a given system; one such case is the linear quadratic problem
(Rawlings et al., 2017, Section 1.3.1). For these reasons, standard MPC resorts to quadratic
Lyapunov functions, and terminal costs, even in the nonlinear settings. As we already saw
in Section 2.1, for nonholonomic systems, choosing a quadratic function will lead to a lack
of desired stability for some initial conditions, regardless of how it is designed. Moreover,
even in the linear stabilizable case, where the uncontrolled system is unstable, one relies on
solving the algebraic Riccati equation to obtain appropriate terminal conditions. In general,
there are settings, for instance in decentralized control, where solving the Riccati equation a
priori is not possible. In conclusion, the choice of a terminal cost imposes major restrictions

on the applicability of MPC schemes and leads us to our next main objective.
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Objective 2. How do we design an MPC scheme that relies less on the particular design

of a terminal cost?

We envision to take on Objectives 1 and 2 by introducing \ exibility" to the MPC scheme

through so-called generalized discrete-time control Lyapunov functions g-dclfs).

2.3 MPC and Adaptive Control

In many scenarios of interest, the underlying parameters of the system are either fully
unknown, or uncertain. By that, we mean that we do not have full access to the vector
elds, or that the objective function in itself is not fully known. The classical setting of
adaptive control was precisely developed to deal with such situations, by creating estimators
for the underlying unknown parameters. This being said, it is well-known that even in the
very simple setting of linear control with scalar parameters, designing a stabilizing feedback
can be challenging. An example is the setting presented in (Nussbaum, 1983), further
elaborated in Chapter 5, where the complex so-called Nussbaum controller needs to be
employed.

It is natural to consider MPC as a candidate for the adaptive setting described above by
pairing it with an estimator for the unknown parameters. This being said, the design of
such a scheme is rather di cult for the simple reason that MPC heavily relies on terminal
conditions, which in turn rely on knowing the system parameters. Utilizing MPC for
this purpose is in fact challenging even in the case of linear system, as recently observed
in (Ebenbauer et al., 2021). As we outline precisely in Chapter 5, obtaining any result
in this direction relies on ne-tuning the terminal cost; for instance, in the case of linear
systems, this terminal cost is required to be quartic. In light of this, we aim to utilize the
framework that we will develop by answering Objectives 1 and 2 to address the nal main

objective of this thesis:
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Objective 3. Can we utilize MPC schemes that are based on generalized control Lyapunov
functions with a temporal component, allowing for \exploration", to address di cult tasks

in adaptive control?

We provide partial answers to Objectives 1 and 2 in Chapter 3. We then apply our ndings
to switched linear systems in Chapter 4. In Chapter 5, we present rst theoretical and

simulation results regarding Objective 3.
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CHAPTER

New Framework for MPC

In this chapter, we propose a new implementation scheme (Algorithm 2) with some key
advantages tailored towards Objectives 1 and 2 that we discuss shortly. The main technical
contribution of this chapter is the introduction of generalized discrete-time control Lyapunov
functions (g-dclfs), which include classical Lyapunov functions but also the control-dependent
objective function. Notably, the therewith proposed exible-step approach includes many
known MPC schemes, such as terminal ingredient-based MPC and contraction-based MPC
(Mayne et al., 2000; Mayne, 2014). Furthermore, we derive theoretical results on recursive
feasibility (Theorem 3.17) and stability (Theorem 3.4, 3.7, 3.10) for our proposed scheme.
We demonstrate the functionality of our method by utilizing it for the stabilization of
nonholonomic systems, which are a bottleneck for standard MPC schemes, as already
discussed in Section 2.1. Several simulation studies con rm the anticipated benets of

the exibility coming from the g-dclfs.

3.1 Generalized Control Lyapunov Function

The stability properties of MPC schemes, in the standard setting, rely on classical Lyapunov
theory. The classical decay condition for a Lyapunov functionV requires that V strictly

decreases along the trajectories, i.e.

V(x5 < v (x9):
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Higher-order Lyapunov functions (continuous time) were originally introduced in (Butz,
1969). In (Ahmadi & Parrilo, 2008), the classical decay condition was relaxed by introducing
so-called non-monotonic Lyapunov functions, which are characterized by the following

condition in discrete-time
(V(X2) V) + (VX)) V) < o; (3.1)

for 0. Note that for = 1, (3.1) imposes that the average of the next two future
values of the Lyapunov function should be less than the current value of the Lyapunov
function. We now generalize these ideas by rst introducing some notions that are core to

our proposed MPC scheme.

De nition 3.1  (Set of Feasible Controls) For x 2 X, we de ne a set of feasible controls

of lengthN 2 N. o as

Uon 13(X) = fupn 132 RPN 2 with x0= x;uj 2 Upxd ™ = £ () 2 X; (3.2)

j=0;::0 N 1g
An in nite sequence of control inputs is called feasible when equatior(3.2) is ful lled for

all timesj 2 N.

De nition 3.2  (g-dclf). Consider the control system(1.1). Let m 2 N>g and q2 N. We
call V : R" RPA! R a generalized discrete-time control Lyapunov function of ordem
(g-dclf) for system (1.1) if V is continuous and additionally:

If g=0:
i) there exists a continuous, radially unbounded and positive de nite function :R"! R
such that for any x° 2 R" we have
Vix9) % o
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ii) for any x°2 R" there exists om 112 Ujo:m 1)(X%), which steersx® to somex™, such

that
mV(xm)+m + 1V(x1) V(x%) (x0): (3.3)
where n;:::; 12 R o and
m* matiit o1 (3.4)
m
If q60:

i) there exists a continuous, radially unbounded and positive de nite function

:R"  RPA1 R such that for any (X% ujo.q 1) 2 R"  Ujo,q 13(x°) we have

Vx%upg 1) (X%Upq 1) O; (3.5)

i) forany (x%upq 1) 2 R" U 15(X°%) there exists p.qem 132 RPT ™ with .01 1

2 Upq 1](x') for every | 2 f0;1;:::;mg, which steersx® to somex™, such that

mV X" magem 13t +F 1V XY g
m

V(X% U 1) (% upq 1)

(3.6)

In contrast to the standard case, the interpretation of De nition 3.2 is that the sequence
of Lyapunov function values decreases not necessarily at every step, but on average every
m steps, compare with (3.6). This is why, we refer to the constraint (3.6) as theaverage
decrease constraint (add. It will provide a means for relaxing the assumptions on the

terminal conditions that are frequently imposed in standard MPC schemes.

34
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De nition 3.2 allows for a g-dclf V to depend on a control sequenceij.q ;. The variable
g determines how many components of the control sequence are considered.dlif 0, the

Lyapunov function only explicitly depends on the state. If g = 1, the running cost of
the optimal control problem could be taken as the Lyapunov function, e.g. V(X; Ujg.q)) =

V(x;u) = kxk?+ kuk?. If q= Ny, then the objective function of the optimal control problem

could be taken as the Lyapunov function.

In the context of control Lyapunov functions, the so-called small control property (Sontag,

1989) is often used. A generalization suitable for our framework is given below.

Assumption 3.3 (Small Control Property) . Consider system(1.1) and letV : R" RPd!
R be ag-dclf of order m. We say that the small control property holds if the following

conditions hold:

i) for all "> 0, there exists > 0 such that for all 0 < kx% < , there existsUpp.q 13 2

Uloq 1](XO) with ku [0:q 1]k <";

ii) for all "> 0, there exists > 0 such that for all (X% uje.q 1) 2 R"  Upoq 1;(X%) with
0< k(x%up.q 1)k < , there exists (o.qem 17 With [:qe1 17 2 Upoyq 13(x') for every

| 2£0;1;:::; mg satisfying kK [o.q+m 1K <" and satisfying inequality (3.6).

The following results demonstrate how a Lyapunov function in the sense of De nition 3.2

leads to stability.

Theorem 3.4. |If there exists ag-dclf V : R" RPY9 1 R of order m for the control
system (1.1) and Assumption 3.3 holds withV, then for any ko 2 N and any statexke 2 X ,

there exists a feasible control sequence such thim;  xK =0.
To prove this rst result, we need the following proposition.

Proposition 3.5. If there exists a g-dclf of order m for the control system (1.1), then for
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any (X% Uj.q 1)) 2 R"  Ugq 15(X°) there exists [g.qem 1) SUch that

VX5 pger 1) VX% Upq 1) (x% Upo:g 1)

Proof. To ease notation, we present this proof for the casen = 2; the general case follows
similarly. Let x° 2 R" be some arbitrary state and letujo.,q 17 be an arbitrary g long control
sequence belonging to the sel g 1](x°). We claim that condition (3.6) and (3.4) imply

that there exists a control sequence [g.q+17, Which steersx® to somex?, such that either

VXY ng) VX% upg 1) (x% Upo:g 1)

or

V(x% gy) V&% upg 1) (x% Upo:g 17)

holds, meaning that either V (x*; (1.qq) or V(X% [2:q+17) is strictly less than V (x% uje.q 17).

as is positive de nite. Suppose otherwise. Then

ZV(XZ; [2:q+1])+ 1V(X1; [1fQ])
2

Z(V(XO;U[O:q 1]) (XO;U[O:q 1])) + 1(V(XO;U[0:q l]) (XO;U[O:q 1]))
2 2

V(x%upg )+ (x%Upg 1)

V(x%upq )+ (X% Upq 1)

2t
= 2 1 (V(Xo;u[o:q 1]) (XO;U[O:q 1]))

for all control sequences [o.q+1], Where the last inequality follows by the virtue of (3.5) and

36



3.1. GENERALIZED CONTROL LYAPUNOV FUNCTION

(3.4). The derived inequality contradicts (3.6), nishing the proof. O

Proposition 3.5 is important in what follows as it proves the existence of an indexl 2

Using Proposition 3.5, we now prove Theorem 3.4; the proof is a modi cation of a standard

Lyapunov argument, see for instance (Khalil, 2002, Theorem 4.1).

Proof of Theorem 3.4. Fix ko 2 N and x*o 2 X . If the state xko is zero, there is nothing to
show. So we may assume&Xe 6 0. Suppose, by contradiction, that there does not exist a
feasible control sequence which steeps® to zero ask goes to in nity. Note that this implies
that xK can neither be equal to nor get arbitrarily close to zero for somek kg as we
elaborate at the end of this proof. Our goal is to de ne a subsequence

FOXM Uy 1) %h=0 (3.7)

with the help of Proposition 3.5, so that the Lyapunov function values evaluated at these

states and controls strictly decrease. To this end, letuy.q 172 Uoq 1](x"0) be a xed, but

arbitrary, control sequence. By Proposition 3.5, there exists ['B"mm 1 which steersx* to
xko*M along (1.1), such that for somel 2 1;::::mg
VO i ) <V (X g 1); (3.8)

where [If?q+| 1] 2 Upgyq 1](xk°+'). As a result, we can de ne the rst two members of our

subsequence:

1 ko= (X upq 1)

| k1 = k0+|k0. ko .
. . (X ’ [|ko:q+|k0 1])1
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where

||<o = a-r(.:]minlzl;:::;m V(XKOH; [lT?qH 1]) V(! ko):

We de ne ! ¥ in this fashion because there might be multiple pairs of states and controls
that achieve a strict descent; in this proof we choose the pair with the greatest descent as
| k1 Other choices are possible, as long as equation (3.8) is satis ed. To de ne the rest of

the subsequence, we proceed as follows. Suppds& has been de ned. By Proposition 3.5,

kn .....

there exists again (g, o ;

is strictly below V(! ) and [‘f 2 Upgq 1y(x**"). We can de ne ! k»++ accordingly

n
gl 1]

| Kn +1 = kn+|kn. Kn .
. . (X ’ [|kn:q+|kn 1])1

where

10 = argmin -y .. V (X<, [|T:nq+| ) V( “):

Along the subsequencd ! k» gi-,, we obtain the following inequalities
V(i kysv@akys sy ke)s o: (3.9)

The last inequality follows from the non-negativity of the g-dclf V. Hence, the sequence
fV(! kn)gi_, converges to some 2 Rasn!1l . Sincexn 60 forall n2 N and xk» also

cannot get arbitrarily close to zero for somen 2 N, it follows that > 0 and that

V(I k) v k) 8n2N: (3.10)
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3.1. GENERALIZED CONTROL LYAPUNOV FUNCTION

Next, we de ne
Ci=f(z% )2R" Upq y(@): V(% ) V( *)g

Since V is continuous and by (3.5) radially unbounded, C is closed and bounded, and
hence a compact subset oR" RP4. Since there exist states and controls such that (3.10)

follows, it holds that ! k» 2 C for all n 2 N. For (z°; [0:q 1) 2 C, Proposition 3.5 lets us

V(Z'5 pger 1) V(% joq 1) (2% [0q 1) @nd qe1 112 Upoq 15(2"). Therefore,

| mian(z'; ngel 1) V(% g 1) (2% 10q 1) 8(z% j0q 1)2C

.....

and consequently,

sup mian(ZI; [l:g+] 1]) V(ZO; [0:q 1])

(z%; )2C 1=1;:;
0.
sup (Z v [0 1])
(2% )2cC
— 0. —. .
= max Z° o = S<O0:
max . (2 [0:q 1)

The above supremum is attained for some Z°; o:q 1) 2 C becauseC is compact and
is continuous. For any (z°; oq 1) 2 C we have V (z°; 0q 1) > 0. The positive
de niteness of V, following from condition (3.5) in De nition 3.2, implies that ( z°; [0q 1)
is non-zero and thus the positive de niteness of implies that the above maximum is strictly
less than zero. Since % 2 C for all n 2 N, we have that

vV key v k) sup minX(z'; pgel 1) V(E% g 1)

(ZO; y2C =1

S 8n2N: (3.11)
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To come to a contradiction, we now observe that

1
vy =ve s v i) vt
n=0

V(I k) N S; (3.12)

where the last inequality follows from equation (3.11). IfN >V (! k0)=S, then the inequality
(3.12) implies V(! *v) < 0. This contradicts the positive de niteness of V. Hence, our
assumption must have been incorrect and there exists a feasible control sequence, which
achieves limy; xk=0.

We now elaborate why under the hypothesis that there does not exist a feasible control
sequence which steergX to zero ask goes to innity, xX can neither be equal to nor get
arbitrarily close to zero for somek ko, i.e. it cannot occur that for any " > 0, there
existsk ko with kxKk <" . If x¥ were zero for somek ko, then the feasible zero control
would keep the state at zero forever, which would not be in line with the hypothesis. If
x¥ would get arbitrarily close to zero for somek ko, then there also exists a sequence
of feasible controlsf u'[‘o:q 119 steering x¥ to zero thanks to Assumption 3.3 (Small Control
Property): Let "> 0, we show that there exists a feasible control strategy an&K kg such
that kV(x";u}‘O:q k<" forallk K. This would imply that lim V(x";u'[‘o:q ) =0
Hence, with the radially unboundedness ofV, we would have limg;  xK = 0, which again
would not be in line with the hypothesis. For ease of notation, we make this argument
for m = 2 and consider the interesting case, where some Lyapunov function values do not
contribute to the average descent because their weights are zero, e.gs =0and » 2.
Without loss of generality, we may assume that the descent of the Lyapunov function in
adc always occurs after two time steps. By the continuity of V at the origin, we know that

n

for "g <", there exists o> 0 such that

kX ;ufhg k< 0)k VXS;ufhy Pk <"o:
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More general, we know that due to the continuity of V for " "¢ > 0, there exists > 0
such that
k. Kk k+l. k k. Kk k+l. k woon.
k(XU 1) 7 gk < )k VX upg ) VO k< 0:

In other words, if
kX;ufhg K< o (3.13)
and
KOXiufhg 1) 7Y Lk < (3.14)
we can conclude that

KV (XK Lk K VXS U pk+ kvXKEt; ) VKK ugg ok

<ll0+ll "0:

k. k .k : .
To guarantee that we can nd x Ulog 1 [0:+1] that satisfy (3.13) and (3.14), we will
use Assumption 3.3 and the continuity of f . First, choose some x "; < . Then by the
continuity of f, there exists ; > 0 such that kx¥; ok <  implies kf (x¥; o)k <"{. As
the name of Assumption 3.3 suggests, we know that on one hand, fdr, > 0, there exists

u > 0 such that for all kx¥k < there exists a feasible controu'[‘O;q yp With ku'[‘O;q gK<"u

and on the other hand, for" > 0, there exists > 0 such that for all (x¥; u'[<0:q 1) with

kx¥;ufh,, k<  there exists a feasible control ¢ ., satisfying adcand k f§ ., k<"

We can now choosé' ;

'v small enough, sothat ,+"y+"s+" < , y+"y<minf o; g
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and +" < . Since we can steer the state untikxXk <  for somek ko, it follows
kX;ufhg gk K XKk+ kufh, gk< y+ "y < minf o; g
and

KX ug 1) XY L)k K xXEk+ kugg gk + kX Tk kK
= kxMk+ kuph, gk + K (X o)k + ko K

<u+"u+"f+"<:

k. k k iafyi i
In other words, we have foundx Ulog 11 and [0:q+1] satisfying (3.13) and (3.14). This
implies that the Lyapunov function value of (xk*1: [klzq]) is less than". The Lyapunov
function value of (xk*2: [k2:q+1]) is naturally less than the Lyapunov function value of
(xk;u'fo:q 1]), because this is where the descent occurs. By repeating this argument and
using the continuity of V and f, as well as Assumption 3.3 over and over again, we can

ultimately show that V(x";u'[‘o:q 1]) <" forall k K, which nishes the proof. O

The above proof is constructive; it provides us with a control sequence which steers the

state to zero. This is summarized in the following proposition.

Proposition 3.6.  For any n 2 N considerV (x»; u[Oq 1]) wherekp is the index of the sub-

Kn

sequence(3.7), and let ., .

be a control sequence that can be found fdxkn; u [0'q 1])
to satisfy equation (3.6). Furthermore, let 1» 2 f 1;::::mg be the index of the state and
control pair which achieves the descent of the-dclf V and thus de nes (xkn+ ;ukona1 1])
Then the control sequence

..... Kn
[[Olko " [0|k1 B ke gyt (3.15)

is feasible and steers the state to zero. Each 1 haslkn elements and steers the system

OIkn
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to the next statexkn+1

The way the above control sequence was constructed and is used to steer the state gives rise
to its time and state dependency. Thus, considering control system (1.1) with the control

strategy (3.15) results in a time-varying system, explaining the used stability notion.

Theorem 3.7. LetV :R" RPY9! R be ag-dclf of order m for the control system (1.1)
with positive weights ; and suppose that Assumption 3.3 holds. Then there exists a control

strategy which renders the origin asymptotically stable.

We provide a proof of this result in the MPC setup, compare Theorem 3.21. It also follows
from the more general setting in the next Theorem 3.10.

It is worth connecting the above results to the existing literature. In particular, a corollary of
Theorem 3.4 is obtained regarding so-called nite-step control Lyapunov functions, recently
introduced in (Noroozi et al., 2020). By de nition, nite-step control Lyapunov func-
tions decrease after nitely many, e.g. m, steps. This means they satisfy (3.3) with

m 1s---, 1:0-

Corollary 3.8. If there exists a nite-step control Lyapunov function for the control system
(1.1) and Assumption 3.3 holds, then for any initial statex® 2 X, there exists a feasible

control sequence such thatimy; xK =0.

The proof of this corollary follows immediately, since the de nition of g-dclfs includes nite-
step control Lyapunov functions.

The strictly positive weights, assumed in Theorem 3.7, are a means for governing the state
and control pairs coming out of adc We next state an asymptotic stability result without an
additional restriction on ;. If we want to remove the positivity restriction on the weights,
we are in need of a new assumption. We orient ourselves to nite-step control Lyapunov
functions (Noroozi et al., 2020) because with zero weights; we are in a similar scenario.

The following assumption ensures that the state and control pairs areK-bounded.
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Assumption 3.9. There exist_;— 2 K1 such that, for any (x°; Upoq 1) 2 R" Upoyq 1](x°),

we have

(kX% upg K VX%Gupg ) (kX% upg 1K) (3.16)

Furthermore, assume that there exist classc functions f jgjmzol such that for any
(x%Upq 1) 2R" Upq (x%) andj =0;:::;m  1there exists qem 172 RPY ™M with

iqri 12 Upq y(x}) and
KOs gk j OO U 1) (3.17)

Theorem 3.10. LetV :R" RPA41 R be ag-dclf of order m for the control system (1.1)
and suppose that Assumptions 3.3 and 3.9 hold. Then there exists a feasible control strategy

which renders the origin asymptotically stable.

Proof. To ease the notation, we will present the proof for the casen = 2; by keeping some of
the notations for a genericm, we have written the proof in a manner that makes the general
case follow nearly verbatim. To distinguish ourselves from the setup in Theorem 3.7, we
consider the case of a zero weight, e.g.1; = 0, which implies , 2. Theorem 3.4 already
guarantees that any statexko can be steered to zero. To obtain asymptotic stability, we still
need to show that for all" > 0 and any kg 2 N, there exists > 0 such that for any state
xko 2 X with 0 < kxkok < , there exists a feasible control strategy which yieldskxkKk <",
for all kK kg. To thisend, x "> 0 and kg 2 N. Due to the radial unboundedness of
V by (3.5), we can choosel 6 p 2 R" RPY such that there existsr 2 (0;"), where

k(x; u)k >r implies V(x;u) >V (p), or equivalently,
Vix;u) V())k (x;uk r (3.18)

Now dene B, := f(x;u) 2 R" RPY:k(x;u)k rg, :=V(p)> 0and =f(x;u) 2
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Br : V(x;u) g. It follows B,. Once we choose initial data &*°; u[Oq 1]) a

whole sequencd (xK; uk

[0:q 1])gk ko IS generated through the control strategy characterized

by Proposition 3.6, whose subsequence achieves a strict descent of the Lyapunov function
values. Since we are investigating the case; =0 and > 2, we may assume, without loss
of generalization, that the descent always occurs after two time steps, i.e. the subsequence

f(xko*2!l:y '[‘6);2 '1])g|2 N achieves

) >V (ko2 ykot2 1y s o: (3.19)

Ko. Ko
V(x*%u Uiog 1]

(0:q 1]

Let0< "< . Due to the continuity of V, there existsky < 1 such thatV(x";u'[‘O:q ) <
" for all k kn.  Up until this point, the proof of Theorem 3.7 is very similar to
the current proof. The computations that follow would signi cantly simplify under the

positivity assumption on the weights ; present in Theorem 3.7. We nd it useful to state
the following de nitions in the general form for m 2 N. Recall that, by Assumption 3.9, we

have the two bounds

V(xkotluger o (k(xRotuet) k)

[0:q 1] [0:q 1]
ko+ ko+]j rokot kot
k(xko*i: u[(;)q ko jx© Iy u[(?q )
forallj =0;:::; 1. This implies
ko+j . Kot] — .
VEruged ) TR )

forallj =0;:::;m 1. Motivated by (Geiselhart & Wirth, 2016), we de ne

max (v ko . ;Ko — ko+j . Kot]

VM (x Ul 1]) J_gna>r§q lV(x Ulog 1])
max(yko-yko  y:=  max  j(xke ):
[Oq 1] :O;;::;m 1 J [Oq 1]
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Let
~r Ko K i £ A _ Ko., k Ko Ko \yee...
(x"; u[ooq 1]) =minf " (—( ME(x¥o; u[(g’q 1])) V (xXo; u[ooq 1]))
_ K k
(—( M (xkn Ui 1) v (xH S Ui 1) 9
Recall that = 2 Ky, j 2 K and V is positive de nite and continuous. Hence, we have

~0;0) > 0. Together with the continuity of the minimum function, this implies that

~(xo; u[oq 1]) is continuous and for small enough K°; uk it is greater than zero.

[0q 1])
Suppose for now we have

V (xKo; uko

K1) < ~(xko; urgq ) (3.20)

for somex*e 2 X nfOg and u'[‘g,q 1] 2 Upgyq 1](x"°). Then we claim that the control strategy

characterized by Proposition 3.6 achieves/ (x*:u [Oq 1]) for all k Kkg. Together with

equation (3.18), this would imply that ( x¥; uk

[0 1]) stays in fork kg. We rst observe,

that by equation (3.19) the Lyapunov function values at even time steps satisfy

) <V (xko;uke

[0:q 1]) < ~(Xk° uke

kn» o
V(x*;u 0q 1]

N
04 1] )< <

for all kn, = ko +21;1 2 N. It remains to guarantee that the Lyapunov function values at
odd time steps, V (x*n; u[Oq 1]) kn = ko +21 +1, stay within the bound. The claim follows
from the following inequalities for any ky = ko+2l<ky and anyj =0;:::;m 1

n j - kn j n n
V(Xk +J’u[o:(‘;ll]) Vmax(xk ukoq 1])

kn - Kn . Kn . kn
= V(x u[Oq i+ Vv maX (x u[Oq ) VUG, 4
~ k k — kn. kn kn- I(I"I
< XU P+ T uE, ) VUG, g

( ( maX(an.u[oq 1])) V(an u[Oq 1]))+ 7( max(xkn-ul[(gq 1]))
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Kn .
V (x U[o q 1])

We conclude that
ufoq )2 ) (XNufhg 1) 2B 8k ko

Thus, we obtain kx¥k k (xk;uFO.q gk r<" forallk ko. It remains to guarantee that

we can nd xX 2 X nf0g and u[Oq 112 Upog 17(xk0) with

ko« k ~(y ko (K
VU 1) < T UG 1)

Similarly to before, we make use of a continuity argument: The functionsV and ~ are

continuous and V(0;0) = 0, ~(0;0) = "> 0. Hence, there exists > 0 such that

K(X; Ujo:q 1)k < implies

(X Upq 1) V(X Upq 1) > O

If g=0, then the continuity of V is enough, forq6 0 we need to evoke Assumption 3.3. It

guarantees that for all " > 0, there exists > 0 such that for all 0 < kxk°k < there exists
[Oq 1] 2 Upyq 1](x o) with ku[Oq 1]k < " satisfying the inequalities (3.5) and (3.6). Thus,

for small enough” we have" + < and obtain that for any xko 2 X with 0 < kxkok <

there exists u[Oq 1] 2 Upoyq 1](xk°) such that

k(x¥o;uke Yk k xKok + kuke

[0:q 1] g yk< *7<

We can deduce that the Lyapunov function value of (*°; u[Oq 1]) satis es the desired

bound (3.20). In summary, if xk0 2 X satises 0 < kxkok < , then kxXk < " for all
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k  kp. This completes the proof. O

This nishes the stability results using g-dclfs. We now move on to converse results. Here,
we rely on the notion of a feasible exible-step control law; to de ne this precisely, one
requires some rather cumbersome notations, which we omit here for reasons of space, and

instead ask the reader to wait until Remark 3.14 where a similar treatment is presented.

Theorem 3.11. Consider system (1.1) for X = R" with a feasible exible-step control
law. Assume that the origin of the resulting closed-loop system is uniformly asymptotically

stable, i.e. there exists aKL function such that for all kg 2 N and xko 2 R"

kxk  (kx*°k;k) 8k  ko: (3.21)

Furthermore, assume that there exists a continuous, radially unbounded and positive de nite

function R g! R g such that

1 (n)+ 2 (n2)+ + p (nm)

; .22
= (1); (3.22)
for all r > 0O, with weights 1;:::; m 2 R ¢ satisfying (3.4). ThenV : R"! R g;x 7!
kxk; > 0is a g-dclf for the closed-loop system.
Proof. We will show
1V (x)+ 2V(x?)+ + mV(x™) V (x%) (x%)
m
for all x9, whereV (x) := kxk with some constant > 0. For all x°, we have
1V (xh) + 2V(X2+ + mV(x™) vV (x0)
_ 1 kxlk + 5 kx%k+ + ,, kxMk ok
m
1 (kx%; D)+ 5 (kx%:;2)+  + . (kx%k;m) ok

m
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B 1 (kx%; 1)+ 5 (kx%;2)+ + 1 (kx°k;m) K Ok
m

(kx°k)
= (X%
where :R"! R;x 7! (kxKk) is a continuous, radially unbounded and positive de nite
function. This shows that V(x) = kxk is a g-dclf. O

Proposition 3.12.  Consider system(1.1) for X = R" with a feasible exible-step control
law. Assume that the origin of the resulting closed-loop system is exponentially stable, i.e.

the KL function in (3.21) can be chosen as

(nt)=C 'r

with C  1and 2 [0;1). Then we can nd m 2 N such that condition (3.22) is satis ed.

Proof. First, let us rewrite condition (3.22) in the case of exponential stability

1 (nH)+ 2 (n2)+ + m (nm)

m
_1Cr + ,C2%r+ + p,C My
- m
o Lt o2 2+ o+ o, M
m
With  =max( i1;:::; m) we can further bound this expression:
+ 2+ 40M
Cr
m |
_cr X o Xy L
m i=1 m i=0
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This is a nite geometric series and we obtain

Cr 1 m+l Cr m+1

< 1 (3.23)

<l (3.24)

It is clear that if m satis es

<m; (3.25)

then the inequality (3.24) holds, and hence, the inequality (3.23) is satis ed. We can now

dene R g! R g

Cr m+1
m 1

r)=r

For any m satisfying (3.25), this function is positive de nite. Clearly, this function is also

radially unbounded and continuous. All in all, we have shown

1 (n)+ 2 (n2)+  + g (nm) Cr m
m m 1 =r
for all r > 0, which concludes the proof. O

With these results at hand, we are ready to introduce our novel MPC scheme.
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3.2 Flexible-step MPC Scheme

The concept of g-dclfs is now utilized to present our MPC scheme. Recall that De nition 3.2
only guarantees the existence of aq+ m)-long sequence [o.q+ m 1) Satisfying (3.6). These
controls need to be found through an optimization problem. More precisely, the exible-
step MPC scheme is based on the optimal control problem de ned in Problem 3.13 below
where the condition (3.6) has been added as a constraint. Thadc constraint guarantees,
that there exists an index of descent gecr, 1 “geer M, at which a descent of theg-dclf is
achieved, that isV (x ¢erjup oo ) 0 1]

denotes theg-long control strategy of the previous iteration or more precisely,ulo:q =

V(x;u (x; Uiog 1])- Here, u

[0:q 1])

where u 1 Was the optimal control strategy with the index of

[ decr :O+ " decr

descent gecr Of the g-dclf in that previous iteration.

u [ decr :O+ “decr 11’

'\X 1
min folxl;ul)+ (xNp)
j=0

st.xI*t = f(x;ul); xO=x; u 2U;x 2 X;xNe 2 xNe;

3.26
[u's i u* 9 12 Uy g(x') for 1=0;1;:::5m (3:26)
1
m mv(xm;[um;:::;um 1+q])+ m 1V(Xm 1;[um 1;...;um 2+q])+
Topylee-.. 0. 0.
+ AV unnud) VX U, g9 (X" U 17)

Problem 3.13. Choose the following parameters a-priori:Np 2 N;q  Np with g2 N;m

Np with m 2 Nsg; XNe X RM™ with 0 2 int(XNe); m;:::; 1 2 R g satisfying (3.4),
a positive semi-de nite function :R"! R and ag-dclfV : R" RP41 R of order m.
Solve the nite-horizon optimal control problem (3.26), wherefy : R"  RP! R is positive

de nite and 0 2 int(U), U RP. Here x = x(k) is the current state andu is the

[0:q 1]
previous control strategy. The optimization is done over theN = maxfq+ m;Npg control
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Similar to prior literature and for the sake of simplicity, we will assume from now on
that a bounded solution to Problem 3.13 exists, this should not to be confused with
recursive feasibility for which we provide results later on. Problem 3.13 is written for
the caseq 6 O; like in De nition 3.2, this can be adjusted for the case q = 0. To be
precise, in equation (3.26) the constraint involving the feasible set of controls needs to read
[uo;::::
and hence does not have to be included in the case gf= 0. The adc constraint becomes
%(P V) V(X9 (x%). From now on, we leave it to the reader to make the
necessary adjustments for the casg = 0.

The exible-step MPC scheme is given in Algorithm 2. Note that Problem 3.13 needs to
be solved as part of this algorithm. Like in any MPC scheme, any suitable solver for this

nonlinear constrained optimization problem can be used.

Algorithm 2 Flexible-step MPC scheme

1. set k = kg, measure the initial state x(kp) and choose an arbitrary u 2

U[O:q 1](X(ko))

2: measure the current statex(k) of (1.1)

3: solve Problem 3.13 withx = x(k) and obtain the optimal input Uon 1y where N =
maxfq+ m;Npg

[0:q 1]

4: choose an index 1 4o M for which V(x UL e 1]) V(X; Uloq 1])
L — Tk + " decr —
5. implement Uy 5y =[G i35 Chpg Tl and redene Uy 47i= Up, e 1)

6: increasek := k+ "gecr and go to 2

We nd it useful to explain the idea behind our implementation with an example, illustrated
in Figure 3.1.  Consider Problem 3.13 withm = 4 and a g-dclf V with g = 0. Let
x% = x(0) be the initial state. After solving Problem 3.13, we obtain a trajectory of states
(x%; x%: x%;x3:x4). The corresponding Lyapunov function values are shown in Figure 3.1a
in dark blue. By de nition of adc we know that at least one of the four future Lyapunov
function values will be strictly less than V (x°) (see Proposition 3.5). In order to ultimately

reach convergence of the state to zero, we need to implement the optimal control sequence
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\% \
A A .V X4
»V (x%) ’ all
V (x° ;
Uy P
V(Xl) l 3 7 ’/
sV (x°) \ o ,
V\(x9) 2
V(XZ) K "QV(X )
V%S
> K = > K
(a) Optimization at k=0 (b) Optimization at k =2

Figure 3.1: lllustration of proposed MPC scheme: Consider Problem 3.13 withm =
4 and q = 0. The initial state is x° = x(0), whose Lyapunov function value is
depicted in (a) and highlighted in green. After solving the nite-horizon optimal control
problem, we obtain four predicted states and their corresponding Lyapunov function values
(V(x9); V(x1); V(x?); V(x3); V(x#). Since there are multiple time indices for which the
Lyapunov function decreases, we choosgecr here as the index where the greatest descent
occurs. We implement "4ecr = 2 components of the control sequence and, consequently,
declare x? as the new initial state for the nite-horizon optimal control problem at time

k = 2. This problem is solved in (b) and we obtain again four states and their corresponding
Lyapunov function values (V (x°);V (x1);V (x?); V (x®); V(x*). This time, we implement
“decr = 1 components of the control sequence and declare” as the new initial state for the
optimization at k = 3.

53



CHAPTER 3. NEW FRAMEWORK FOR MPC

\
4
\
4

V(x(7)
> k : : : : : : —

(c) Optimization at k =3 (d) Lyapunov function values of actual states

Figure 3.1: lllustration of proposed MPC scheme: The rst two iterations of the proposed
scheme are explained in Figure 3.1a and 3.1b. The predicted Lyapunov function values
(V(x9);V(xh); V(x2);V(x3);V(x*) from the third iteration are displayed in (c), where
we decide to implement "ger = 4 components of the control sequence. After solving
Problem 3.13 three times, we obtain the trajectory of the closed-loop states and their
Lyapunov function values shown in (d).
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until a descent of the Lyapunov function value occurs. In this example, we choose to
implement until the greatest descent occurs. In Figure 3.1a, this is achieved at state?,
thus, we implement the optimal control sequence for two time steps and declare the actual
states x(1) = x%;x(2) = x2. It is worthwhile to mention that in Figure 3.1a, the predicted
Lyapunov function value after the xed amount of four steps is strictly greater than the
Lyapunov function value at the beginning of the prediction, i.e. V (x*) >V (x°). This would
not be feasible in an MPC scheme based on a nite-step Lyapunov decay condition. Now the
new initial state for the nite-horizon optimal control problem becomes x(2), highlighted in
light green. We repeat this process, as demonstrated in Figure 3.1b. The greatest descent
is achieved after one time step. Thus, we only implement the optimal control sequence for
one step,x(3) = x1. We de ne the new initial state and proceed as before. This time, the
greatest descent is achieved after four time steps, see Figure 3.1c. The yellow trajectory
in Figure 3.1d shows the Lyapunov function values along the actual states of our example
after three iterations of Algorithm 2.

At this point, we clarify steps four and ve of Algorithm 2. By Proposition 3.5, adcguaran-
tees a descent of the Lyapunov function value, step four captures where it occurs through the
index "gecr and in step ve the control sequence is implemented until the descent. The term
exible-step MPC is chosen to emphasize that steps four and ve lead to implementation
of possibly di erent number of steps in each iteration. Hence, we have arrived at a exible-
step implementation without adding an integer decision variable to Problem 3.13. Adding
instead the constraint adg has enabled us to easily determine the index of descent after the

optimization, as it is stated in Algorithm 2.

Remark 3.14. Algorithm 2 generates a feedback Iavq‘;pc(x( (k));u ( (k))) by concatena-
ting a exible amount of components of the optimal solutionu to Problem 3.13. This
feedback law is time and state dependent, common in continuous-time sampled-data MPC

(Fontes, Magni, & Gyurkovics, 2007; Fontes, 2003). Here, (k) is the time step of the most
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recent state measurement, i.e. the beginning of each optimization instance of Problem 3.13
(step three in Algorithm 2) and u ( (k)) is part of the control strategy of the previous
iteration (assigned in step ve of the algorithm). The novel implementation in Algorithm 2
naturally leads to a time-varying feedback law, and hence closed-loop system, because the

actual states generated by the exible-step MPC scheme evolve according to the dynamics

x(k+1)=f x(k); cpc(x( (K);u ( (k) sk ko (3.27)

Alternatively, we can extend system (3.27) by an augmented variabley(k) 2 R" RP9,
which captures the state andu  at the optimization instances, and allows us to write the

closed-loop dynamics as follows

x(k +1) = yxwxdmCWM)

2
yk+1)=
y(K); otherwise,

f x(k); qknpc(y(k)) ;u  (k+1) ; if optimization instance occurs atk +1;

(3.28)

with y(ko) = (Xx(ko);u (Ko)). In the previous example, illustrated in Figure 3.1, the

optimization instances occur atk =0;2; 3; 7, thus,

[y(0);y(1);::5;y(M] =[(x(0);u  (0));(x(0);u (0));(x(2);u (2));(x(3);u (3));
(X(3);u () (X(3);u () (xX(3);u B (x(7);u  (7N]:

Since both components ofy(k) will converge to zero ifx (k) converges to zero (the zero control
is a feasible control with minimal cost for Problem 3.13) and since the state extension leads

to a cumbersome formulation, we consider only the state variablex(k) in the following.

Remark 3.15. The way we assignu ( (k)) in Algorithm 2 allows us to guarantee a
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chain of inequalities, similar to (3.9), needed for the stability proof. It is possible to change

this assignment while still guaranteeing the chain of inequalities. In fact, if we change

Uoq 13(Xx ) such that

and rede ne Uoq 17 = Ylog 11 then the argument of the stability proof still applies.

We next state a sequence of results related to Algorithm 2. We start with the following
assumption. It is a generalization of the usual assumption made in standard MPC, i.e. the
existence of a feasible controller which renders the set N» invariant and achieves a descent,
compare with Assumption i), ii) of Theorem 1.4 in this document or (Mayne et al., 2000;

Rawlings et al., 2017).

Assumption 3.16. Consider the setsU  RP;XNe X R" with 0 2 int(U) and
02 int(XNr). Let V: R" RPNe | R be ag-dclf of order m for system (1.1). Assume that
forany (x% upn, 1) 2 X Upn, 13(x°), there exists a feedback : X Ne I RP™: % 71 ¢(x)

such that for all x 2 X Ne:

2. with x% = %, we havex)*? = f(x);g (%) 2 XNe forall j =0;:::;m 1

3. [upn, 13:€(%)] satis es adc (3.6), i.e. the control sequencefuon, 155 €(%)] steersx°

to somex™ such that

1
=~ mV X" U, 1pC()] + + 1V Xl;[U[l:Np 17 Co(%)] V(XO;U[O:Np 1)

(XO; Upo:N, 1)

The following theorem guarantees recursive feasibility as de ned in e.g. (Mayne, 2014).
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Theorem 3.17. LetV:R" RPNe 1 R be ag-dcif of order m for system (1.1). Suppose
that Assumption 3.16 is satis ed and that Problem 3.13 withx = X(kg) is feasible. Then

the MPC scheme given in Algorithm 2 is recursively feasible.

We can relax this feasibility result by instead considering the generalized invariance assumption

below. We provide the proof for the relaxed result in the following.

Assumption 3.18. Consider the setsU RP; X Np X R"™ with 0 2 int(U) and
02 int(XNr). Let V:R" ! R be ag-dclf of order m = Np for system (1.1) and s 2 Nso.
Assume that for any (xo;u[o;Np 1) 2 X Upn, 1(x%) and any | 2 fs;:::;Npg, there

exists a feedbaclc : X Ne I RP!: % 71 ¢(x) such that for all x 2 X Ne:

2) with x° = %, we havex)*! = f(x);g (%) 2 X forall j =0;:::;8 2and x*? =
f(x;q0e) 2XNeforallj=s L0 1
3) [upn, 135¢(%)] satis es adc (3.3) with 1 = = 5 1 =0, i.e. the control sequence

[ug:n, 15¢(%)] steersx! to somexNe*! such that

= jvedth v (x):
Np _
]=S
To see that this assumption is a generalization, we want to emphasize condition 2). It
allows the states to leave the terminal regionX Ne, as long as they return after at mosts
steps, i.e. invariance is given afters steps and not after one step. Meanwhile, condition 3)
guarantees that the g-dclf decreases after at leas$ steps, meaning that, if this assumption is
satis ed, then Algorithm 2 will implement at least s steps in each iteration. This generalized

assumption yields the following relaxed recursive feasibility result.

Theorem 3.19. Let V : R" I R be ag-dclf of order m = N, for system (1.1) with

weights 1 = = 5 1=0in (3.3). Suppose that Assumption 3.18 is satis ed and that
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Problem 3.13 with x = Xx(kp) is feasible. If the index of descent in Algorithm 2 is chosen

betweens “gecr Np, then the resulting MPC scheme is recursively feasible.

Proof. To prove recursive feasibility, we make use of the terminal seiX Ne. As a rst step,

we add the terminal constraint of Problem 3.13 to the setU g\, 1](x°)

Upn, 1(x%) = fupn, 1: with initial state x%u; 2 U;x ™ = £ (x);u5) 2 X;

j=0;::Np  L;xNe 2 XNeg:

Consider now Algorithm 2 starting at some non-negative integerk, and suppose that
Problem 3.13 was feasible in the previous iteration. We show that Problem 3.13 stays
feasible after executing Algorithm 2. To that end, suppose that we arrived at the state

x(k) 2 X, the previous control strategy is given by u | and the previous index of

[O:Np 1

are elements ofU. For the

2 X;xNe 2 XNe. Additionally, all components of up.y 4

optimization instance starting at x(k), let us focus on the lastNp components of

decr

u By considering x = xNe 2 XNe for Assumption 3.16, the control sequence

[O:Np 11"
[u[\ N 1]; c(xN?)] and the corresponding states starting atx (k) satisfy adc. Moreover,
decr *'VP

the controller guarantees that the states return to X Ne after at most s steps. Hence,

decr

the choice of l]; c(xNe)] yields a feasible controller. O

Np

[ decr :

We can now state the stability results for Algorithm 2.

Theorem 3.20. Assume that Problem 3.13 is initially feasible withx = x(kg), ko 2 N, and
Algorithm 2 generates a control sequence which satis es the conditions in Assumption 3.3.

Then under Algorithm 2, we have thatx(k) converges to zero ak goes to in nity.

Theorem 3.21. Assume that Problem 3.13 is initially feasible withx = x(ko), ko 2 N, and
Algorithm 2 generates a control sequence which satis es the conditions in Assumption 3.3.

Then under Algorithm 2, we have thatx(k) converges to zero a& goes to in nity. Moreover,
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if all the weights ; in adc are positive, then the origin is rendered asymptotically stable by

Algorithm 2.

Theorem 3.22. Assume that Problem 3.13 is initially feasible withx = x(ko), ko 2 N, and
Algorithm 2 generates a control sequence which satis es the conditions in Assumptions 3.3

and 3.9. Then the origin is rendered asymptotically stable by Algorithm 2.

We provide the proofs of Theorems 3.20 and 3.21 in the Section 3.4. Due to the similarities
to the proofs of Theorems 3.4 and 3.10, the reader can choose to skip these proofs. Now
that we have established the properties of the exible-step MPC scheme, some remarks are

in order.

Remark 3.23. To recover the standard MPC scheme from our framework, we consider
the case ofg = Np;m = 1 and 1 = 1. An appropriate terminal cost (xNe), i.e. an
(ordinary) control Lyapunov function on X Ne, ultimately makes the objective function a
suitable choice for theg-dclf V, compare with the background given in Theorem 1.4 and its

proof idea. Sincem =1, adcreads

VO ue) Vg, ) Py, 1) (3:29)

whereu[o:Np 1] is the previous control strategy. Theorem 3.17 guarantees that there exists a
feasibleuNr, such that the resulting controller [U[o:Np L uNe] will satisfy adc This implies
that with the standard MPC assumption, which was generalized by Assumption 3.16,
constraint (3.29) is always satis ed, meaning that it does not further restrict the feasible
controls. Here, the constraintadcdemands a strict descent of the objective functionV after

one time step; this corresponds exactly to the standard MPC setting.

Remark 3.24. In the standard MPC setting, as discussed in Remark 3.23, the Lyapunov
function is chosen to be the objective function. In Problem 3.13 the Lyapunov function can

generally be a di erent function. Ultimately, both, the optimization and the stabilization,
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seek zero state and control, nevertheless, focusing solely on one may hurt the overall
objective. It has already been shown in the past (Primbs, Nevistic, & Doyle, 1998; Bemporad,
1998; Sznaier & Damborg, 1990; Mhaskar et al., 2005) that it can be bene cial to choose
a di erent Lyapunov function than the objective function to guarantee stability. However,

the consideration of g-dclfs is novel, as they do not only depend on the state but also on

the control input. Moreover, note that if m = Np and q is greater than zero, the last

other words, we will consider control inputs which go beyond the prediction horizon and

help us decreasé/ on average. This occurs in general im + q > N .

Remark 3.25. As mentioned in the previous remark, the proposed exible-step MPC
does not rely on the objective function as the Lyapunov function. Instead, the proofs
of Theorem 3.20, 3.21 and 3.22 utilize the properties of a-dclf and not the positive
de niteness of the cost function fg. Assuming positive de niteness allows us, however,

to recover standard MPC from exible-step MPC (Remark 3.23).

Let us summarize the chapter up to this point: We introduced g-dclfs, whose existence
allowed us to add the constraintadcto the optimal control problem (3.26) and we developed
the exible-step MPC scheme given in Algorithm 2, which provably yields asymptotic

stability. This results in the following advantages.

(i) The novel exible-step MPC scheme generates a feedback Iawh,pc(x( (K);u  ( (kK))

with a temporal component (Remark 3.14).

(i) Instead of a terminal cost, a g-dclf V needs to be designed in the exible-step MPC
scheme. Our converse Theorem 3.11 suggests thgtdclfs of the form V(x) = kxk

are an option; this simpli es the design signi cantly.

With points (i) and (ii) we have addressed Objective 1 and 2 and additionally, obtain a

third advantage:
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(i) By utilizing g-dclfs in the exible-step MPC scheme, we have introduced a certain
degree of exibility for the task of stabilizing the control system. We will see this

exibility at play in our simulations in the next section.

3.3 Applications to Nonholonomic Systems

In this section, we demonstrate the performance of our algorithm for a nonholonomic system.
In particular, we consider a variation of the systems considered in Section 2.1. Let® 2 R*
be the initial state, h = 0:1 the sampling time andul = [uj ; ujz]T 2 R? the control input at
time step j 2 N. The dynamics of the statexi*1 = [x}™; xL™: xL™: xJ ™17 2 R4 at time

stepj + 1 are given by

2 3 2 3 2 3
1 0 0
. . 0 . 14 . 0
Xt =xl+hg  zu+hg U +h ; (3.30)
xh x) 0
X X} i

It is worth pointing out that in (3.30) we have added the last term to \break the symmetry",
inducing the need for a richer class of control inputs. This system, like the other systems
considered in this thesis so far, does not satisfy the necessary condition Corollary 1.5, as

stated in the next proposition.

Proposition 3.26.  The control system (3.30) does not satisfy the necessary condition stated

in Corollary 1.5.
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Proof. The function ' of Corollary 1.5 for system (3.30) is given by

2 3 2 3 2 3 2 3
1 0 0 1

2 3 2 3
0 0
0 1 0 0 1 0
"(x;u)=x+nh ui+ h u>+ h Xx=nh uir+ h u>+ h :
X2 X1 0 X2 X1 0
X3 X2 jXaj X3 X2 jXaj

For all "> 0 the equation' (x;u) =[0 00 y4]" has no solution for any O<y,4 <". To

see this, let us write out the above equation

2 3 02 3 2 3 2 31 2 3
0 1 0 0 uq
0 0 1 0 uo
= h up + u + = h
0 X2 X1 0 XaUp + X1U2
Y4 X3 X2 jXaj X3U1 + XaUz + X4

The rst and second component of the equation imply that the controls need to be zero.
If the controls are zero, the right-hand side of the fourth component becomed(xzu; +

XUz + jXaj) = h(0 + 0+ jxa4j): Now this shall be equal to the left-hand side of the fourth
component, i.e. y4 = hjXyj: This equation demands that y,4, which is negative, shall
equal hjx4j, which is non-negative, thus it is not solvable. The necessary condition is not

satis ed for the system (3.30). O

The di culty in stabilizing the above system makes it suitable for our scheme. In particular,
standard MPC schemes with quadratic costs are known to encounter issues in such settings
(Maller & Worthmann, 2017). Before we look at the simulation results, we will rst propose

a g-dclf for system (3.30).

Choice of Generalized Control Lyapunov Function

In light of our converse result Theorem 3.11, we take the functionvV : R" ! R;x 7! k xk?
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as ag-dclf candidate, corresponding to the caseg = 0. Although system (3.30) doesnot
satisfy the necessary condition Corollary 1.5, we are able to decrease the state in multiple
steps with respect tok k2. The multiplicity of steps is the key feature that enables the
descent. In particular, let g 2 R* be the unit vector with the ith entry of one. Suppose that
initially x° = e4. Hence, we wish to decrease the fourth component of the state. According
to our dynamics, one way to do so is to set = 0 and to chooseu$ = 5 so that we increase

x3:

x'= es+0e, +0:5e, +0:1e, = [0; 0:5; 0; 1:1]":

This increases the squared norm of the state after one step, but in the second step we are
able to reducex? through x3. By choosingu} =0 and u} = u9, we reverse the previous

increase of the second component of the state:

x?2=[0:05;0; 1:1]' +0 [1;0; 05;0]" 05][0; 1; 0; 0:5]" +0:11es = 0:96ey:

Note that kx°k? = 1:kxk? = 1:46 and kx?k? = 0:9216, demonstrating a descent in two
steps. The above control strategy obviously strongly depends on the initial state. These
computations motivate the approach of using multiple steps to decrease a Lyapunov function
value.

The feasibility of the average decrease constraint, as well as the Small Control Property
(Assumption 3.3) can be dicult to check for nonlinear systems. Here, we have provided

the above analytical computations and the following numerical results. In Figure 3.2, a

control strategy, found by simulations, decreases the squared norm of the states in ten
steps. Figure 3.3 illustrates how a smaller magnitude of the initial state results in a smaller
magnitude of the control.

In summary, the above observations demonstrate that the function value ofk k? can be

decreased in multiple steps along trajectories of system (3.30). Therefore, we chodg€x) =
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3.3. APPLICATIONS TO NONHOLONOMIC SYSTEMS

Figure 3.2: The function value of kxk? along trajectories of system (3.30). The function
value of ve initial states, which were chosen randomly from a normal distribution, was
successfully decreased in ten steps.

Figure 3.3: Five initial states of the form [0;0;x3;0]" were successfully decreased along
trajectories of system (3.30) in ten time steps. The norm of the corresponding control is

depicted; note how a smaller magnitude of the initial state results in a smaller magnitude

of the control.

kxk? as the g-dclf for system (3.30).

Simulation Results

Let us investigate Algorithm 2, when applied to the following optimal control problem.
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Figure 3.4: Solution to Problem 3.27

Problem 3.27.

1
min kx) K2 + 5 kul k2
j=0

sit: (3.30) holds with x° = x
55

T kxBk2 + kx®k?Z + kx?k? + kx3k? k x%%?2 "kxOk*

We take the prediction horizon to be N, = 10. The initial state is set to be [1 2 3 5" and
we use the matrix in R%1° consisting of only ones as the initial control. As discussed, we

chooseV (x) = kxk? as the g-dclf. In step four of Algorithm 2, we nd an index gecr 2

that corresponds to the minimal predicted Lyapunov function value V (x e ). To achieve
a descent, we choose(x) = "kxk*, where" =10 °. Although only the weights of the sixth,
fth, fourth and third Lyapunov function value are non-zero, we choose m = N, = 10 for
adc This means, in every iteration of Algorithm 2 we can implement up to ten steps. In
our implementation fmincon from MATLAB is used to solve Problem 3.27.

The solution to Problem 3.27 computed by exible-step MPC is shown in Figure 3.4. The
resulting trajectories of the states are shown in Figure 3.6. We observe that after a transient

phase, the states successfully converge to zero. In Figure 3.5, we can see the Lyapunov
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3.3. APPLICATIONS TO NONHOLONOMIC SYSTEMS

(a) First period (b) Second period

Figure 3.5: Two periods of the Lyapunov function value according to the solution of
Problem 3.27. The Lyapunov function value of the initial state in the current iteration is
circled in black. It is followed by the m = 10 Lyapunov function values over the prediction
horizon. The minimal Lyapunov function value of each iteration is highlighted in red. The
dashed arrow symbolizes that the state, which achieves the minimum, will be the initial
state for the next iteration, while the gray Lyapunov function values following the minimum
will be discarded. This is why the time axis is unconventional; the time does not continue
until the new iteration with the just declared initial state starts.

Figure 3.6: State trajectories according to the solution of Problem 3.27
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function values for two selected periods; the outcome ofdccan be clearly recognized in this
gure. The Lyapunov function value of the initial state of the current iteration is circled
in black. The red star indicates the minimum of the Lyapunov function values in every
iteration. The Lyapunov function values following the minimum are gray because they
will be discarded in our implementation. Instead, the controls will be implemented until
the minimum occurs and the resulting state will be the new initial state. Displaying the
Lyapunov function values over the whole prediction horizon in each optimization instance
results in an unconventional time axis. For example, in Figure 3.5a the minimal Lyapunov
function value of the rst optimization instance of Problem 3.13 occurs at time step six and
the time does not continue until after the next black circle which indicates the Lyapunov
function value of the new initial state. Altogether, we can see in Figure 3.5 how the
Lyapunov function values evolve and how various optimization instances present a di erent
minimal index. A summary of the implemented steps at each optimization instance of
Problem 3.27 is given in Figure 3.7. This gure can be interpreted as follows: The solution
of the rst optimization instance of Problem 3.27 results in the implementation of six steps.
The second optimization, which starts at k = 6, yields the implementation of nine steps
and so on. Note that the algorithm is truly making use of the exible steps in the transient
phase of the state trajectory (optimization instances one to thirteen).
We will compare our solution of Problem 3.27 to standard MPC with a terminal cost,
weighted by > 0, and the prediction horizon N, = 10, see Problem 3.28, where a xed
number of ten steps is always implemented.
Problem 3.28.

1

min kx) K2 +5 ku k2 +  kxNrk?2
j=0

sit: (3.30) holds with x° = x
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Figure 3.7: In each optimization instance, Problem 3.27 is solved. The solution yields
the number of implemented steps, depicted on the vertical axis. Note that the sum
of implemented steps of the optimization instances corresponds to the time step of the
implementation.

Figure 3.8: State trajectories according to the solution of Problem 3.28 with =22

We have veri ed through simulations that the following observations remain qualitatively
the same with other numbers of implemented steps. As a rst choice for the weight of
the terminal cost, we take = 22. The state trajectories resulting from the solution to
Problem 3.28 computed by standard MPC with = 22 are depicted in Figure 3.8, where
we do not observe convergence to zero. This is why we increased the weight of the terminal
cost, while keeping the same Lyapunov functionV (x) = kxk2. Increasing the weight does
help, as seen in Figure 3.9, buix, and x4 keep oscillating, compare Remark 2.6. We can

increase the weight even further, see Figure 3.9, but the oscillations remain. Even with
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Figure 3.9: State trajectories according to the solution of Problem 3.28 with =480

Figure 3.10: State trajectories according to the solution of Problem 3.28 with = 1920
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Figure 3.11: The total function value, i.e. P }‘:01 kx(j )k? + 5ku(j )k?, wherek is the current
time step, is displayed. The total function values according to the solution of Problem 3.27
by exible-step MPC and the solution of Problem 3.28 with di erent weights by standard
MPC are compared.

very high weights in the terminal cost, as in Figure 3.10, we never reach convergence of
the states to zero. The weight of the terminal cost only damps the oscillations ok, and

X4. In summary, the desired stability behavior was not achieved by increasing the weight
of the terminal cost. Apparently, the standard approach involves more challenges in terms
of terminal ingredients than our approach to obtain convergence of the state to zero, even
though the same g-dclf of k k? was used. Finally, we compare the total function value

of the standard MPC scheme to our approach in Figure 3.11. The total function value is
the value of P J-k:01 kx(j )k? + 5ku(j )k?, where k is the current time step. The oscillations
also have consequences here: The total function value always slightly increases because the

states have not converged to zero.

3.3.1 State Constraints and Terminal Region

In this section, we demonstrate the performance of the exible-step MPC scheme on a
nonholonomic system with state constraints and a terminal region. The dynamics of the
state xI*1 = [x)*h; xL: XL x[PT 2 R4 with the sampling time h = 0:01 and the

control input ul = [ujl; ujz]T 2 R? are given by (3.30). The state constraints are imposed

through an obstacle, described by X}, 0:5)2+(x}, 0:6)2 0:16< 0: Thanks to our relaxed
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invariance Assumption 3.16, the terminal region is simply taken to beXNe := fx 2 R*:
kxk  0:355. We now solve the following optimal control problem with the initial state
[L; 2; 3; 5]" and the prediction horizon N = 19 within Algorithm 2 by using fmincon
from MATLAB 1.

Problem 3.29.

1
min kx) K2 + 5 kul k2
j=0

sit: (3.30) holds with x° = x
0:1 (6kx%k +5kx°k + 5kx*k) k x%  "kx%%*

(xi  05)2+(x, 06)> 016 0; xNe2xNe:

The evolution of the rst and second component of the state are depicted in Figure 3.12.
We see that the states successfully avoid the obstacle and remain in the terminal region
after some time. A closer look of the terminal region is given in the left-hand corner of
Figure 3.12. Once the states reach the terminal region, they leave this region for two time
steps in the next optimization instance and then return. This is precisely where we see
our relaxed invariance Assumption 3.16 at play, with invariance achieved after multiple
steps. All in all, we successfully utilized the simpleg-dclf V(x) = kxk and the simple
terminal region, here described by the Euclidean distance. The exibility in the number of
implemented steps can be seen in Figure 3.13, where during the time steps 24 and 44, six,

ve, ve and four steps were implemented.

'Due to the obstacle, we slightly redesigned the parameters of the exible-step MPC scheme compared
to Problem 3.27.
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Figure 3.12: Evolution of the rst and second component of the state in the x;x,-plane
according to the solution of Problem 3.29. The terminal region is a four dimensional sphere,
but for any xed X3 2 R and x4 2 R this sphere reduces to a circle, where the circle with
X3 = X4 = 0 is the biggest of such circles, displayed here in black. The obstacle is shown
in red. The initial states, where the next optimization instance starts, are circled. On the
left, we focus on the two consecutive optimization instances, where the actual states rst
enter the terminal region.

Figure 3.13: The Lyapunov function value between the time steps 24 and 44 according to
the solution of Problem 3.27
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3.4 Stability Proofs for Flexible-step MPC Scheme

For the sake of completeness, we present the proofs of Theorem 3.20 and 3.21. Recall that
we are considering system (1.1) with the time-varying MPC controllercﬁ1pc resulting in the
time-varying system (3.27). This in turn has to be studied with the appropriate stability

notion.

Proof of Theorem 3.20. Fix kg 2 N and x(kg) 2 X. We may assume again thatx(kp) is
unequal to zero. Suppose, by contradiction, that the control law generated by Algorithm 2
does not steerx(k) to zero ask goes to in nity. This implies that x(k) can neither be equal

to nor get arbitrarily close to zero for somek kg, see proof of Theorem 3.4. As before, our

Kn

goal is to de ne a subsequencd (x(kn); U 1

])gﬁzo, where the Lyapunov function values
evaluated at these states and controls strictly decrease. To this end, considet(kp) as the
current state of the exible-step MPC scheme, which de nes the initial state of Problem 3.13,
x% = x(ko), and let Uoq 11 2 Upoq 17(X(ko)) be a xed, but arbitrary, control sequence.
Let u (x(ko))jo.n 17 b€ the control sequence generated by Algorithm 2 in step three, where
N =maxfq+ m;Npg. Sinceadcis satis ed, Algorithm 2 can nd an index 1 “decr M

in step four for which

V(X decr u (X(ko)) [ decr ‘0¥ " decr 1]) <V (X(ko)’ u[OZq 1]),

where u (X(Ko)) [ geer 10+ “geer 11 2 Yorg 13(X “aeer ) (compare with Proposition 3.5). In this
proof, we choose the index with the greatest descent in the above inequality aSqecr.
Following the exible-step MPC scheme, the control sequencel (X(Ko))o: 4., 1] IS implemen-
ted and as a result, we can de ne the rst two members of our subsequence:
ko .— .
Pro= (X(kO)au[O:q 1])

KL= (X(Ko + “deor)i U (X(KOD [ ey 20+ e 1)
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To de ne the rest of the subsequence, we proceed as follows. Suppobé" has been
de ned. Then Algorithm 2 with the current state x(k,) produces again a control sequence
U (X(kn))jo:n 1 such that for some 1 “geer M the Lyapunov function value is strictly

belowV (! *) and u (X(Kn))[ wor 0+ weer 11 2 Uorg 13X ). We cande ne! ¥+ according-

ly
LKt = (X (Kn + deor)i U (X(Kn))L g 2t geer 10)°
Along the subsequence! *ngl_, , we obtain the following inequalities
V(i kysv @ kys sy ks o: (3.31)

Like in the proof of Theorem 3.4, the sequencd V(! I‘")g%:O converges to some > 0 as

n'!1l , which allows us to de ne the setC once more. Similarly, we conclude that
sup min V(2" pger ) V@S g 1)
(z9; )2C I=1;:5m

T e (2% joq )= S<O

and
V(I Kty v k) S 8n2N;
where f! kngl_. are produced by Algorithm 2, as described above. We obtain the same
contradiction as before by observing
1

X
V(I KNy =v( ko) + V(1 Ky oy kn)
n=0

V(I k) N S (3.32)
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Recall that V is positive de nite by assumption due to condition (3.5) in De nition 3.2. If
N >V (! k0)=S, then the inequality (3.32) implies V(! ¥n) < 0, contradicting the positive
de niteness of V. Hence, Algorithm 2 generates a control sequence which steergk) to

zero ask goes to in nity. O

Remark 3.30. The sequencef (x(kn); Ul[((?:q 1])g%=0, de ned in the proof of Theorem 3.20,

is related to y(k), which was introduced earlier to extend (3.27): The augmented variable

), except that the elements between thek;.; -th

y(k) is basically equal to (x(kn);u'[‘n

0:q 1]

and k,-th element are lled up with the constant ( x(kn); u'[‘(;‘:q 1]) forall n2 N, i.e.

[?/(ko); - :{;Zy(kl ]?; Y(kl); i :{;Zy(kz ]?; y(ko);:::] =

“kq
decr

~ko

decr elements

elements

N NS
doer times dacr fimes

(X(k2)i UGy )il

N

docr 1S the index “gecr found in Algorithm 2 through the rst optimization instance,

where

occurring at ko, 'é is found through the next optimization instance, occurring at k1, and

1
ecr

SO on.

Proof of Theorem 3.21. By solving Problem 3.13 repeatedly using Algorithm 2, we generate
a control sequence which, by Theorem 3.20, steers any state(kg) in the set X to zero.
This proves the rst statement. For the second statement we show that for all" > 0 and
any kg 2 N, there exists > 0 such that for any state x(kg) 2 X with 0 < kx(kg)k <
the state governed by (3.27) satis eskx(k)k <", for all k kg. Tothisend, x "> 0
and ko 2 N. As before, we choos@ 2 R" RPH such that there existsr 2 (0;") satisfying
equation (3.18) and de ne B,; and accordingly. By using again the continuity of V

and Assumption 3.3, we deduce that there exists > 0 such that for any x(kg) 2 X with

76



3.4. STABILITY PROOFS FOR FLEXIBLE-STEP MPC SCHEME

0 < kx(kg)k < , there exists u'[‘é’:q 1] 2 Ujoq 17(X(ko)) with which

V(x(ko);u'[‘(;’:q ) < minfo5 1,05 5 g (3.33)

holds. We claim that with the bound (3.33) at hand, Algorithm 2 produces control inputs

such that V(x(k);uF0 for all k  ko. Together with equation (3.18), this would

a )
imply that ( x(k); Ulfo:q 1]) stays in for k  ko. We rst consider the case 1 2 to
prove the claim. Clearly,V(x(ko);u'[‘cg’:q 1]) < 0:5 1. Considerx(ko) as the current state in
the exible-step MPC scheme, which de nes the initial state of Problem 3.13,x% = x(ko),
and let Upo:n l](x(ko)) with N =maxfg+ m;N,g be the optimal input that is obtained in

step three of Algorithm 2. Using the constraint adc of Problem 3.13, we have
1
2V (KU ey (X(ko)) + 1V (g (x(ko)) < 2V(x(Ko)iuy o) < 25 = 1

and therefore, V (x*; u[l:q](x(ko))) < and in an analogous mannetV (x?; Upz:qe1 (x(ko)))

< . The case 1 > , follows similarly. By Proposition 3.5, either V (x*; u[l:q](x(ko))) or

V (x?; Upz:qe1] (x(ko))) is less than V (xko; u'[‘g:q 1]) and determines "gecr 2 T 1,29. If “geer =
1, Algorithm 2 has found x(ko + 1) := x! and u'[‘(g’:;1 1 = Upg(X(ko)), if “geer = 2 the
ko+2

algorithm has also foundx(kg +2) := x2 and u = U (X(ko)). The control input

[0g 1]°
U10:" sour 1](x(ko)) is implemented and the above argument can be repeated with the new
state control pair (x(ko + lgecr); u'[‘(;):g'df]” ). The repetition of this process ultimately proves

the claim. Therefore,
(X(k);ul[(o;q 1]) 2 ) (X(k);ul[(o;q 1]) 2Br 8k ko

and hence, we obtainkx(k)k k (x(k);u'[‘O:q 1])k r<" forall k ko. As a result, if

X(ko) 2 X satis es 0< kx(kg)k < , then kx(k)k <" for all kK kg. O
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CHAPTER

Flexible-step MPC for Switched

Systems

In this chapter, we develop a systematic method for constructing a generalized discrete-time
control Lyapunov function for the exible-step MPC scheme, introduced in Chapter 3, when

restricted to the class of linear discrete-time control systems
x<*1 = Axk + Buk 4.1)

with some initial state x° 2 R", x¥ 2 R"; uk 2 RP; A 2 R™", B 2 R™P and (A;B) are
stabilizable. Speci cally, we show that the set of Linear Matrix Inequalities (LMIs) (4.3), (4.4),
(4.5) can be used for this purpose, demonstrating its tractability. The main consequence is
Theorem 4.6, where we combine exible-step MPC with this LMI formulation to e ectively
stabilize switched control systems, for which no quadratic common Lyapunov function
exists. At the end of this chapter, we brie y address the more general switched control-a ne
systems.

Since we are now in the linear setting, let us focus on the quadratig-dclf

V(x) = kxk?:
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In this case, adcreads:

mkxMk2+  +  jkx1k?

- k x%? (x9): (4.2)

Suppose we utilize state feedbacki = Kx with some matrix K 2 RP". Clearly, we have

that
xI = (A+BK)x°

forall j 2f1;:::mg. Therefore,

X= X
wherex = ((xH)T;:::;(x™M™T and
2
A + BK
E(A + BK )? :
2 RN
(A + BK)™
By de ning
2 3
=7
m
= g % 2 an;nm 1
T
m

and also (x°) := "kx°k?, where 1> "> 0, we can rewrite (4.2) as a matrix inequality:

XT X (XO)TXO :( XO)T XO (XO)TXO

(x% = "kx%*:
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By rearranging further, we obtain

(XO)T T X0+(X0)T|XO n(XO)TXO 8X0 2 R"

) S S T

which is a Linear Matrix Inequality (LMI) with the decision variable . If we pose no
constraint on this LMI, the solution will just be the zero matrix, as | "l for small ".
We do, however, have two constraints on the weights: First, they need to be non-negative;

second, they need to satisfy (3.4). Altogether, our LMI consists of three parts:

T+ 1 " o0 (4.3)
0 (4.4)
L1+ + @) lortrace() n (4.5)

This leads us to the rst result of this chapter.

Theorem 4.1. Consider system(4.1) and a stabilizing matrix K 2 RP", i.e. the absolute

value of each eigenvalue o + BK is strictly less than one. Then there exists a su ciently

with 0<"< 1.

Proof. SupposeK 2 RP" satises (A + BK) < 1. Our goal is to nd a solution to

the LMI (4.3), (4.4), (4.5). Let us rst consider the setting where 1;:::; m 1 =0 and
m = m. With this choice, (4.4) and (4.5) are automatically satis ed. We show that we

can nd m 2 N.g such that the average descent property described by (4.3) is satis ed.

With the above choices, (4.3) reads

(A+BKYMT(A+BK)™"+@ ")I O (4.6)
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Note that

k((A+ BK)™MT(A+ BK)™k k ((A+ BK)™Tkk(A + BK )Mk

= k(A + BK )™kk(A + BK )"k:
Since (A + BK) < 1, itis a well-known fact (Isaacson & Keller, 1994) that
m|I'£n k(A + BK )"k =0;
therefore,

lim ((A+ BK YMT(A+ BK)™ =0:

turn implies that each of the eigenvalues n,;j converges to the eigenvalues of the zero matrix,

which are all zero of course, agn goes to in nity. Let us now choose™with 0 < -~ 1
Then there existsm 2 N> such that for all eigenvalues ; we havej mij < * Since the
eigenvalues of

(A+BK)™T(A+BK)"+@ "I 4.7)

areequalto (1 ") m:i, we have that

@ ") mi @ )] mil

>@1 ") o

With all the eigenvalues of the matrix in (4.7) being non-negative, we conclude that the
matrix itself is positive (semi) de nite. In other words, we have found m 2 N.g such

that (4.6) is satis ed. In the more general case, where all the weights ; are positive, we
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have m 1 more matrices to consider in (4.3). Clearly, we can nd small enough weights
1,110, m 1suchthat T s still dominated by -=( ((A+ BK)™)T(A+ BK)™)and

hence, stays positive de nite. This nishes the proof. O

Remark 4.2. Suppose there is another linear systemA; B) of the same dimension as

(A;B) and let > 0. If the pairs of matrices satisfy
KA Ak?+ kB Bk®<; (4.8)

then the same matrix K that is stabilizing for (4.1) will be stabilizing for ( A; B), as long as

is su ciently small. To be precise, we have
A+BK = A+BK +(A A)+(B B)X:

For su ciently small  in equation (4.8), the eigenvalues of& + BK are dominated by the
eigenvalues ofA + BK and hence, it also follows (A + BK ) < 1. Let us now consider the
two systems (A;B;K ) and (A; B;K ) and their respective LMIs (4.3), (4.4), (4.5). By the
above observation, it becomes obvious that a solution of the LMI for (A;B; K ) will also

be a solution of the LMI for (A; B; K ). In other words, we claim that

TN o (4.9)
Indeed, we have
TR = )T )y T
which implies that the above matrix is dominatedby T + | "I because, again, &; B)

is close to (A;B) according to (4.8) and the same stabilizing matrix K is considered and

thus, "is close to . By (4.3), the matrix T + | " is positive de nite and our
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claim (4.9) follows.

To illustrate our results, we will use the introduced LMI approach for an example. In

particular, we consider the following problem:

Problem 4.3.
1
min kx) ky + 5kul k2
DR 3 23
213 1 1 0]
st:xI*t = g 0 1 (13% Xl + 0% ul
0 O 05 1
x% = x
Nlp( nokxNPKZ+ + kxtk®) k x%k® "kx Ok

The initial state is [4; 12; 15]' and the prediction horizon is chosen to beNp = 10. Note
that this problem has a non-quadratic running cost, which means that it is not directly clear
which terminal cost should be utilized in the standard MPC. To apply our methodology,

we rst select a stabilizing feedbackK for the control system in Problem 4.3
K =[ 35507 26749 2:4633]

Next, we nd a suciently large m 2 Nsg such that the LMI (4.3), (4.4), (4.5) admits
a solution; note that the existence of such anm is guaranteed by Theorem 4.1. Using
numerical evaluations, one can observe that selectingn 6 suces. We have chosen

m = 10 and have solved the LMI (4.3), (4.4), (4.5) to obtain:

1=0:0055 ,=0:0524 3=0:0660 4=0:0655 5=0:0762

6 =0:0952 7=0:120L% §=0:1479 9=0:1745 10=0:1967
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Figure 4.1: State trajectories according to the solution of Problem 4.3

Figure 4.2: In each optimization instance, Problem 4.3 is solved. The solution yields
the number of implemented steps, depicted on the vertical axis. Note that the sum
of implemented steps of the optimization instances corresponds to the time step of the
implementation.

With the weights for adcat hand, we solve Problem 4.3 with the exible-step MPC scheme

given in Algorithm 2 by using fmincon from MATLAB. In step four of Algorithm 2, we

We then choose" = 10 10 for the right-hand side of adc Figure 4.1 shows the state
trajectories according to the solution of Problem 4.3. After a transient phase, the state
is successfully stabilized to the origin. A summary of the implemented steps at each
optimization instance of Problem 4.3 is given in Figure 4.2, where notably, a exible number

of steps is implemented in each optimization instance.
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4.1 Switched Linear Systems

We now demonstrate how the introduced LMI approach can be bene cial in the context of
stabilization of switched linear systems. Let us start by recalling some terminology (Liberzon,

2003). We consider a family of nonlinear control systems described by
xX*1 = f (x4 2 (4.10)

where issomeindexsetand :R" RP! R"iscontinuousforeach 2 . With abuse of
notation, we denote the switching signal by : N'! , which speci es, at each time instant
k 2 N, the index (k) 2 of the active subsystem, i.e. the system from the family (4.10)
that is currently being followed. Hence, a switched system with time-dependent switching

can be described by the equation
XK = £y (x5 uF): (4.11)

In what follows, we discuss the asymptotic stability of the switched system (4.11) under

arbitrary switching. Let us precisely de ne what that entails.

De nition 4.4. A switched system(4.11) is uniformly asymptotically stable if for all "> 0
there exists a > 0 such that for all switching signals 2 the trajectories of (4.11) with

0< kx% < satisfy kxkk <" .

We assume that the individual subsystems have the origin as the common equilibrium point:
f (0;0)=0forall 2 . Ausefultool when investigating the stability of a family of control

systems is the notion ofcommon Lyapunov functions, which we de ne next.

De nition 4.5. A Lyapunov functionV : R" ! R g is called common with respect ta4.10)
if it is a continuous, radially unbounded, positive de nite function and satis es the Lyapunov

condition, i.e. there exists a continuous, positive de nite function W : R"! R g such that
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forall x 2 R" and all 2 there existsu 2 RP with
V(I (x;u) V(X) W (x):

In other words, the single Lyapunov functionV decreases along trajectories of all subsystems
of (4.10). For simplicity, we assume in what follows that the index set is nite. Then the

existence of a common Lyapunov function abiding the slightly weaker condition
V(I (x;u)) VX)<O0 (4.12)

forall x 2 R"nfOg and all 2 implies global uniform (w.r.t. ) asymptotic stability,
compare with the continuous-time result (Liberzon, 2003, Theorem 2.1}

Similar to the common Lyapunov function, a common g-dclf for (4.10) can be de ned.
Essentially, it must hold that for all 2  there exists a feasible control such thatadc is
satis ed.

In the context of linear systems, a natural question is whether it is su cient to work with
quadratic common Lyapunov functions, i.e. Lyapunov functionsV : R" ! R g in the form
of V(x) = x"Px, where P 2 R™ is positive de nite. The next main result addresses

precisely this question, with the rst part being classical (Liberzon, 2003).

Theorem 4.6. The switched system

2 3 2 3
XK1 = yk 4 hﬁ 0 1% xK + thg uk; (4.13)
1+ ) 0 1

where 2f 1;1g;h> 0and =0:5, does not admit a quadratic common control Lyapunov

function. It does, however, admit a quadratic commong-dclf for h = 0:1.

More generally, condition (4.12) is su cient for global uniform asymptotic stability under a compactness
assumption on the index set and a continuity assumption on f with respect to . Both of these
assumptions trivially hold when is nite (Liberzon, 2003).
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The system (4.13) is a special case of a control-a ne system, which su ces for illustrating
the main idea of this section. Nevertheless, we show more general results about common
Lyapunov functions and switched control-a ne systems in Section 4.2. Let us now prove

Theorem 4.6 through two lemmata.

Lemma 4.7. The switched system(4.13) does not admit a quadratic common control

Lyapunov function.

Proof. The linear system (4.13) can be written more compactly as

x*1 = A xk+ Buk;  2f 1;1g (4.14)
with
2 3 2 3 2 3
1 h 1 h 0
A1=2 E;A 1:2 E;B:hgg:
1:5h 1 1:5h 1 1

For later use, we also introduce the matrices

2 3 2 3 2 3
0 1 0 1 0
A1=§ g;A 1=2 E;B:QZS:
15 0 1.5 0 1

By way of contradiction, let us assume that a quadratic common control Lyapunov function
V(x) = x' Px, with a positive de nite matrix P 2 R™", exists. Without loss of generality,

the matrix P has the form
2 3

Pzgl q%:

q r
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SinceB =[0; 1], we have that
B"Py=0; fory=[ r, q]":
The function V needs to satisfy the descent property (4.12)
(A x+ Bu)"P(A x+ Bu) x'Px<0
with one commonP for both = 1 and = 1. Expanding the above inequality yields
Xx"ATPA x+2uBTPA x+ uB"PBu x'Px< 0
We rewrite the above inequality by usingA =1+ hA and B = hB

xT(1 + hA )TP(l + hA )x+2huBTP (I + hA )x+ h2uB"PBu x'Px< 0
) x'(P+hA TP+ hPA +h?A TPA  P)x+2huB"P(l + hA )x + h2uB"PBu< 0

) hxT(A TP+ PA )x+ h>x"A TPA x+2huB"P(l + hA )x + h?uB"PBu < O:
By dividing by h > 0, this is equivalent to
x"(ATP + PA )x+ hxTATPA x+2uB"P(l + hA )x+ huB"PBu < 0:
Written in two equations with  =+1 and = 1, this reads

X" (AP + PA)x + hxTA]PAx +2uB"P (I + hA1)x + huBTPBu < 0

xT(AT,P+PA )x+ hxTAT,PA 1x+2uBTP(l + hA 1)x+ huBTPBu< O
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If both of these expressions are negative, then their sum must also be negative, i.e.

xT(ATP + PA)Xx+ hxTAIPA1x +2uB"P(I + hA1)x + huBTPBu+

xT(AT;P+PA )x+ hxTAT,PA 1x+2uBTP(l + hA 1)x+ huBTPBu< O:

SinceA 1= A 4, it holds

xT(ATP + PAD)Xx+ hxTATPA;x +2uB"Px +2huB"PA1x + huB" PBu+

X" (ATP + PA)x+ hxTA]PA;x +2uB"Px 2huB"PA;x + huB"PBu < O:

After cancellations, we obtain

2hxTATPA1x +4uB"Px +2huB"PBu < O:

If we now sub iny =[ r; q]" for x, the term 4uB' Py equals zero. This yields

2hyTATPA;y+2huB"PBu< 0

SinceP is positive de nite, this is a contradictory statement. To summarize, the existence
of a quadratic common control Lyapunov function has led us to a contradiction, which

means that there cannot exist such a Lyapunov function. O

89



CHAPTER 4. FLEXIBLE-STEP MPC FOR SWITCHED SYSTEMS

Lemma 4.8. The switched system(4.13) admits a quadratic commong-dclf for h = 0:1.

Proof. It can be readily veri ed that for m = 10 the weights?

1=0:0644 ,=0:057Q 3=0:0589 4=0:0655 5=0:0775

6 =0:0959 7=0:1227 5=0:1646 ¢=0:2488 10=0:5447 (4.15)

satisfy (4.3), (4.4), (4.5) simultaneously for system (4.13) with = 1 and system (4.13)

with = 1. This can be seen by using the stabilizing matrices

Ky=[ 514017 7:0985] K ;=[5:4017 7:0985]

for (4.13)with =l1and = 1landbuilding iand i consistingof powers of A1+ BK ;)
and (A 1+ BK 1), respectively. Since the above weights satisfy (4.3), (4.4), (4.5) for the
switched system, i.e. system (4.13) with =1 and = 1, it admits a common g-dclf,

namely V (x) = kxk2. O

We now illustrate how the quadratic common g-dclf facilitates stabilization by solving the
optimal control Problem 4.9 within the exible-step MPC scheme (Algorithm 2). The
weights for adc are given by (4.15), the initial state is [4; 5]", the prediction horizon is

Np = 10 and we utilize the solver fmincon from MATLAB.

Problem 4.9.

1
min kx) K2 + 5 kul k2
j=0

2The weights can be found through MATLAB and the sedumi package by solving the coupled LMI
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Figure 4.3: State trajectories according to the solution of Problem 4.9

8 2 3
23 %hg 0 lng;ifk+jeven
st:xI*t = xl + h?OE ul + 2 03 (4.16)
. h§ 0 l% xI otherwise
15 0
x9 = x
Nlp( NpkxXNPRZ+ + gkxtk?) k x%k? "kxOk®

Here, k is the time step of the closed-loop system. In step four of Algorithm 2, we nd

achieve a descent, we choose= 10 ° for the right-hand side of adc The state trajectories
of the closed-loop system are displayed in Figure 4.3. It is evident, that after a transient
phase, the closed-loop system was successfully stabilized to the origin. In Figure 4.4, the
number of implemented steps in each optimization instance is displayed. We see that in
multiple optimization instances, the solver makes use of more than one step of the computed
control sequence.

It is worth pointing out that our scheme works for any arbitrary switching pattern (which

must be known for the next m time steps so that our scheme can be implemented).
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Figure 4.4: In each optimization instance, Problem 4.9 is solved. The solution yields
the number of implemented steps, depicted on the vertical axis. Note that the sum
of implemented steps of the optimization instances corresponds to the time step of the
implementation.

Figure 4.5: State trajectories of (4.16) according to standard MPC with the terminal cost
(xNe) = 480(xNe)TxNe
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We compare the results from exible-step MPC with standard MPC. In standard MPC, the

cost

1
kx) k2 +5kul k2 +  (xNp)
j=0
is optimized in each iteration. In other words, the stabilizing ingredient of a quadratic
terminal cost : R" ! R g is used. It is unclear how to choose the terminal cost
systematically with an underlying switched system; we have tried three di erent terminal
costs, i.e. (xNe) = (xNp)TPxNe,  (xNp) = (xNe)TP 1xNe and (xNe) = 480(xNe)TxNp,
where P; and P 1 are the solutions of the Riccati equation forthe =1and = 1
dynamics (4.13), respectively. As expected, standard MPC fails to stabilize the state with
all of these terminal costs. This is depicted for one of the terminal costs, e.g. (xNr) =
480(xNr)TxNe  in Figure 4.5, where the state trajectories are shown according to standard

MPC.

4.2 Switched Control-a ne Systems

This section includes some complementary results, not directly needed for this thesis,
but provided for completeness. For continuous-time nonlinear control systems, there is
an interesting connection between Lyapunov functions and state feedback stabilizers. To
be precise, Artstein's Theorem (Artstein, 1983) states that existence of a continuously
di erentiable Lyapunov function is equivalent to existence of a state feedback stabilizer,
which is continuous except possibly atx = 0. Inspired by the continuous-time result

in (Hespanha et al., 2005), we need to slightly shift for discrete-time systems from Lyapunov

functions to ISSLyapunov functions, which are de ned as follows.

De nition 4.10. A continuous function V : R" ! R g is called anISSLyapunov function

for system (1.1) if the following holds:
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1. There exist K1 -functions 1; 2 such that

(kk V() akk: 8 2R"

2. There exist aK; -function 3 and a K-function® , such that

V(G ) V() sk K+ (k k) (4.17)

forall 2 R", forall 2 RP.
A smooth ISSLyapunov function is one which is smooth.

Recall the necessary condition for the existence of continuously di erentiable state feedback
stabilizers (Corollary 1.5). Since we want to draw the connection between these kinds of

stabilizers and Lyapunov functions, we introduce several notions related taC! stabilizability.

De nition 4.11.  System (1.1) is C! stabilizable if there exists aC' function w: R" | RP

with w(0) = 0 such that under the feedbackik = w(x¥), the closed-loop system

XKL = £ (3 w(xk))

is globally asymptotically stable.

De nition 4.12.  System (1.1) is C' ISS stabilizable if there exists aC' mapw : R" ! RP
with w(0) =0 and ann n matrix of C! functions, invertible for each x, such that under

the control law uk = w(xk) + ( x¥)v¥ the closed-loop system

XKL = £ (G w(xK) + (xR

is ISS (with V¥ as the new input).

3not to be confused with the weights | 2 R o of adc
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The relation between the two notions is as follows.
Proposition 4.13.  If system (1.1) is C' ISSstabilizable, then it is C' stabilizable.

Proof. Suppose that system (1.1) isC! ISSstabilizable, then there exists aC! function w and
a C! matrix function such that x**1 = f (x5;w(xK) + ( x¥)v¥) is ISSwith V¥ as the new
input. That means that the ISSproperty (4.17) needs to hold for each inputvk and each
initial state. Clearly, this property needs to then hold for the input v = 0. This implies
that the system xk*1 = f (xK;w(x¥) + ( x¥) 0) = f (x*;w(x*)) is globally asymptotically

stable, which is precisely the de nition of C! stabilizable. O

Just like in the continuous-time case (Sontag, 1999), the following control-a ne system,

without a drift 4, does not satisfy the necessary condition in Corollary 1.5.

Proposition 4.14.  The systemxk*! = xK+ hG(xK)uk with 1  p<n, G:R" ! R"P
continuous and rank G(0) = p does not satisfy the necessary condition in Corollary 1.5.

This means that for this control system, there does not exist &' state feedback stabilizer.

Proof. Since rankG(0) = p and G as well as the determinant are continuous, there exists a
neighborhood U of the origin such that without loss of generality G can be partitioned

2 3

G(x) = gGl(X)%
G2(x)

with G1(x) 2 RPP being nonsingular for allx 2 W . The mapping' according to Corollary 1.5
for this system is given by

2 3

"(x;u)= x+ hG(xX)u x=hG(X)u= thl(X)g u:
Ga(x)

4System (1.4) falls into this category of systems.
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Let us denote the image of (x;u) for u 2 RP and restricted to x 2 W by Imy (' ). Suppose

23

0
8L 2 1mw( )

a

This implies
0=hGi(x)u) 0= Gi(x)u:
It follows
u= G, (x) 0=0) a= hGy(x)u= hGy(x) 0=0:

In other words, if a6 0, then

23

0
8L 2 1mu( )

a

But any su ciently small y =[0 a]";a 6 0, must be in the image of ' (x;u). Hence, the
necessary condition in Corollary 1.5 is not satis ed. (For other partitions of G, permutations

of the vector [0 a]" can be considered.) O

We now apply these results in the context of switched systems. To that end, let us consider
a family of control systems that is described by (4.10), where now :R" RP! R"isa
C! function for each 2 . In this section, we focus on discrete-time control-a ne systems,

i.e. the right-hand side of (4.10) is given by
f (x5 u) = xK+ hf X+ haxuk; 2 (4.18)
wheref :R"! R" and G:R"! R"™P are C! functions. The results established at the
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beginning of this section, together with the continuous-time result of (Hespanha et al., 2005,

Proposition 11), lead us to the following conclusion.

Proposition 4.15. Consider the family (4.11), (4.18) with 1 p <n and rank G(0) = p.

If for every x 6 0, there exist( ,;:::; ;1) 2 C! such that
X
()= G(X)l; (4.19)
i=1
P J .
where , 0, ;.; ,=1andl2 RP, then there does not exist a common convex, smooth

ISSLyapunov function for the family (4.11).

Proof. Fix an arbitrary x 6 0. Condition (4.19) implies that we have

X
f.(x)= GX) (4.20)

P
for somel 2 RP, indices ; 2  and non-negative numbers | satisfying iJ:l =1

Suppose that the family (4.11), (4.18) admits a common convex, smootHSSLyapunov

function V. Then for each ;2 we have

V(I (x ) VX a(kxk) +  (k k)

V(X + hG(x) +hf (X)) V(X) s(kxk)+ (kK k) 8:

We can multiply this inequality with the non-negative humbers and sum the resulting

inequalities:
X X X X

V(x+ hG(x) +hf ,(x) V(%) akek)+ (K K):
i=1 i=1 i=1 i=1
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P
Using the property le . =1, we obtain

V(x+hG(x) +hf (x) V(x) a(kxk) + (K K):
i=1

Due to convexity, we have

X X X
\% X + hG(x) . +th F(x) V (x)
i=1 i=1 i=1
X
V(x+hG(x) +hf (x) V(x)
i=1

3(kxk) + (k K):
This implies
X
V(x+ hG(x) +h () VI(x) a(kxk) +  (k k)

i=1

and together with (4.20) we arrive at

V(x+ hG(x) +hG(X)) V(x)= V(x+hGx)( +1) V(x)

s(kxk) + (K K):

It follows that xkK*1 = xX + hG(xK)(I1 + | X) with input ¥ has a smoothISSLyapunov

function V. According to (Jiang & Wang, 2001, Theorem 1) this implies that xk*1 =

x¥+ hG(xK) (I + 1 %) with input K is ISS This in turn means that x**1 = xkK + hG(x*)uk

is C! ISS stabilizable (with map w(x) = | and matrix ( x) = |). By Proposition 4.13, it

follows that x**1 = xX + hG(x*)uk is C! stabilizable, which is a direct contradiction to

Proposition 4.14.

Proposition 4.15 provides us with a condition for the existence of a commomnSSLyapunov
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function. For example, for system (4.13) studied in the previous section, it is easy to see
that (4.19) satis ed. To be precise, system (4.13) falls into the category of systems with
f (x)= f(x)and R contains both positive and negative values. For these kinds of

systems, we have

Hence, (4.19) reads

L) = GX)I: (4.21)

i=1

By choosing,J = j j and = 1=J the left-hand side of (4.21) becomes zero. Although

G(x) 6 0 for all x 2 R", we can choosd = 0 so that the equation (4.21) is satis ed.
According to Proposition 4.15, there does not exist a common convex, smoottsSLyapunov
function for this family. Note that in Section 4.1, we were able to show the stronger result,
that there does not exist aclassical quadratic common Lyapunov function for system (4.13)
by exploiting the speci c structure of the system. In the more general setting of (4.18),

we needed to make the shift tolSSLyapunov functions in discrete-time; understanding the

implications of this result is a possible direction for future work.
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CHAPTER

Stabilization in Adaptive Control

This chapter is dedicated to Objective 3. We recall di erent approaches in adaptive control
before we introduce our online exible-step MPC scheme that is combined with a proximity-
based estimation scheme, inspired by (Ebenbauer et al., 2021; P tz, 2022). The main result
of this chapter is Theorem 5.9, which states that, together with the estimation scheme,
the state and the control of the closed-loop system converge to zero. These theoretical
foundations are followed by several simulation studies illustrating the bene ts of this novel

approach, such as low-cost exploration and stabilization.

5.1 Online MPC Approach

Recall once more the nonlinear control system (1.1)
Xk+l - f(Xk; Uk);

but now suppose thatf : R RP! R" is unknown, or only partially known. Stabilizing
such a general unknown nonlinear system is rather hopeless and is currently done on
a system by system basis (Khalil, 2002, Chapter 14). To understand the diculty of
stabilization when the underlying parameters are unknown, let us take a look at the

continuous-time scalar case, i.e.

x(t) = x(t) + b(x(t); y(1))
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y(t) = g(x(t); y(1)) (5.1

x(0) = x° y(0) = y°

wheref: R?>! R; g:R?! R are dierentiable and b6 0. The expression f{x(t);y(t))
can be thought of as the feedback controlleu(t) = f{x(t);y(t)) to a linear system; in this
sense, this problem showcases the simplest setting of adaptive control. Nussbaum's classical

result in (Nussbaum, 1983, Corollary 1) states the following.

Corollary 5.1.  Assume thatf™: R?! R andg:R?! R are of the form

qa(xy).
R(X;y)’

_ fa(xy)

fxy) Fa(xy)

and g(x;y) =

wheref 1;f»; 01 and g are polynomials andf, and g> do not vanish on R2. Then there is a
number b6 0 and numbersx® > 0 and y° such that the corresponding solution(x(t); y(t))

of equation (5.1) satis es x(t) x° for all t 0 for which x(t) is de ned.

This shows that the class of rational functions is not adequate for guaranteeing asymptotic
stability. The highly oscillatory Nussbaum controller introduced in (Nussbaum, 1983) is

a sophisticated feedback controller outside the rational function class that achieves the
stabilization goal and demonstrates the challenges that one faces in adaptive control.

To ground our discussion in the remaining part of this chapter, suppose that the true

(unknown) system is linear, i.e.

x(k+1) = Ax(K)+ Bu(k); (5.2)

with xK 2 R", uk 2 RP and A 2 R™:B 2 R"P. Beside the work of Nussbaum, which
aims at establishing analytical results, Lyapunov-based approaches (Krstic, Kokotovic, &
Kanellakopoulos, 1995) in adaptive control utilize a suitable Lyapunov function to achieve

the desired objectives. An important requirement while constructing such a function is that
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its time derivative cannot involve the true parameters. Another approach is to gather data
on the inputs and states in a nite horizon of time and utilize that to create an estimate
of the unknown matrices A and B. Since it is not always possible to recover the known
parameters exactly, the setting of subspace identi cation (Overschee & Moor, 2012) aims
at creating estimates of A and B that generate the same trajectories as the ones observed.
One major assumption in much of the literature that deals with data for estimating the
unknown matrices is the so-called persistency of excitation. Even though we do not provide
the full picture of this here, we state the following de nition according to (Persis & Tesi,
2019) and the Fundamental Lemma (Willems, Rapisarda, Markovsky, & Moor, 2005; Persis

& Tesi, 2019). Given a signalz:Z! R we denote the Hankel matrix to z as

2 3
z(i) z(i+1) ::: z(i+N 1
z(i +1) z(i+2) ::: z(i+ N)
Zitn = ;
z(i+t 1) z(i+t) ::: z(i+t+ N 2

wherei 2 Z andt;N 2 N. The subscripts of the Hankel matrix have the following meaning.
The time at which the rst sample of the signal was taken is denoted by the rst subscript,
the second one denotes the number of samples per each column and the last one the number
of samples per each row. For the sake of explaining persistency of excitation in its usual
form, suppose that the state is described by the linear system (5.2) and the output is
described by

y(k) = Cx(k) + Du(k); (5.3)

wherey(k) 2 RS, C 2 RS" and D 2 RSP. For simplicity, we assume throughout this
explanation that the linear system described by (5.2) and (5.3) is controllable and observable.

Say we have collected input-output dataug.o.r 13, Yo7 17 during an experiment, then the
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corresponding Hankel matrix is given by

3
ug(0)  ug(l) ::: ug(T t)
uq(l) ug(2) v ug(T t+1)
2 :
QUo;t;T t+1 Z; ug(t 1) wug(t) ::: ug(mT 1) (5.4)
YorT t+1 ya(©0)  ya(l) iz o ya(T 1)
ya()  va(@) iroye(T  t+1)
ya(t 1) vya(t) 0 ya(T 1)

De nition 5.2.  The signal zjo.r 1) 2 R is persistently exciting of order L if the Hankel

matrix 2 3
z(0) z(1) i z(T L)
E z(1) 2(2) o z(T L+1)
Zoum L+l = . .
z(L 1) z(L) ::: z(T 1)

is of full rank L .

Note that the signal must have at least lengthT ( +1)L 1 to be persistently exciting

of order L. We are now ready to provide the Fundamental Lemma as it is stated in (Persis

& Tesi, 2019, Lemma 2).
Lemma 5.3. Consider system(5.2), (5.3), then the following holds:

1. If ugpo.r 17 is persistently exciting of ordern+t, then anyt-long input/output trajectory

of system (5.2), (5.3) can be expressed as

2 3 2 3
gud;[o:t 1]% B gUo;t;T ngg
Va0t 1] YotT t+1
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whereg 2 RT 1,

2. Any linear combination of the columns of the matrix (5.4), that is

2 3

gUo;t;T t+1 g o

YorT t+1
is a t-long input/output trajectory of (5.2), (5.3).

In other words, if we have a persistently exciting input signal, then, by using a nite number
of data samples generated by that signal, we can construct any trajectory of a controllable
LTI system. Since this is done without directly identifying the system matrices themselves,
this falls into the category of indirect or model-free approaches.

In this chapter, we consider an online MPC procedure for stabilizing and identifying the
unknown system (5.2). We do not assume that the linear system is persistently excited, nor
that the system is stable or controllable. Instead, we work with the minimal assumption of

stabilizability throughout this chapter.

Assumption 5.4. The pair of matrices (A;B) in (5.2) is stabilizable and the state can be

measured.

In the unknown case, there is no access to the solution to the discrete-time algebraic Riccati
equation a priori, which is needed in the terminal cost of standard MPC for guaranteed
stability when dealing with linear systems. Recently, a novel \nonstandard" terminal cost

was proposed in the MPC scheme of (Ebenbauer et al., 2021)

1

Vagspr) =min ()T Q!+ (W)TRU + ()T Quxe
i=0
st x = (kx%ul i Y= N (5.5)

104



5.1. ONLINE MPC APPROACH

where p; = [k;"(Kk)], the sequencef”(k)gk2n, "(k) > O, converges to zeroQ O;R
0;Qn, 0, : R"! Ris positive deniteand ;:N R" R9 1 R" js ani-th step-
ahead state predictor, to be designed later on. Note that in (Ebenbauer et al., 2021) the
function ( x) has to be chosenas &)= x "x for > 0 as we will see later. The terminal
cost penalizes the state not being at the equilibrium harshly; rst, through ( x), second,
through (xN»)TQn,xNr and third, through the to zero converging sequencé " (k)gkon. This
harsh penalty can result in costly control inputs. Since the exible-step MPC scheme uses
the adc constraint instead of a terminal cost and in general o ers more exibility to reach
stability, we hope to see advantages with our scheme in this setting. We formulate the

following nite-horizon optimal control problem:

1

min (x)TOx' +(u)TRU
i=0
stox' = j(kx%uldt ) i=1; Ny (5.6)
x% = x

The idea is to combine the optimal control problem (5.6) with the estimation scheme
from (Ebenbauer et al., 2021), yielding an overall scheme to achieve stability and identi ca-
tion. Clearly, such an estimation scheme needs to generate \su ciently good" or, more
precisely, asymptotically accurate state predictor maps. As stated in the next de nition,
this includes that the state predictor maps have a linear structure. This is why, we may
utilize our ndings from Chapter 4, i.e. the LMI (4.3), (4.4), (4.5), to compute the weights

i for the optimal control problem (5.6).

De nition 5.5.  We call the state predictor maps i, i =1;:::;Np asymptotically accurate

with respect to system(5.2), if they satisfy the following two conditions:

105



CHAPTER 5. STABILIZATION IN ADAPTIVE CONTROL

(a) For any k 2 N, the state predictor maps i, i =1;:::; Ny have the linear structure
. X1
(kox%u%iu) = AXO+ Bi 1 (KUl (5.7)
1=0
where fA;(K)gkan, | = 0;:::;Np with Ag(k) = I, and fBi(K)gkan, | = 0;:::;Np

1, Ai(k) 2 R"™™; Bj(k) 2 R™P are convergent matrix sequences, i.e.
Jim A (k) = Ai: Jim B;(k) = Bi:

(b) For any x(0) 2 R" the state predictor maps ; along the trajectory x(k), k 2 N, of the
closed-loop(5.6) and (5.2) with s := u'(x(k)) satisfy for 0 i+j Np+1

Furthermore, the state predictor maps satisfy for anyk 2 N; i =0;:::;Np
X1 _ X .
Ai(k)x(k)+  Bj 1 1(k)s'= Alx(k)+ A" Y 'Bs'+ €'(k); (5.8)
1=0 1=0
where the following error bounds hold for any = 0;:::;Np

i
kel (K)k2 1 (k) + ! o(K)kx(K)k? + 1 3(k)  ks'k?
1=0
with limy;  !j(k)=0; ) =1,;2;3.
Remark 5.6. Let us provide some intuition for the De nition 5.5 of asymptotically accurate

state predictor maps. De nition 5.5(a) ensures that we have linear time-varying converging
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state predictor maps. De nition 5.5(b) ensures that the predictor maps commute like ow

maps of (time-invariant) dynamical systems. Equation (5.8) ensures that the predictor

term e(k) converges to zero, if, for example, the state and input stay bounded. If the state
predictor maps are learned online, then asymptotically accurate predictors, according to
De nition 5.5, deliver a signal prediction of the closed-loop trajectory (as opposed to full

system identi cation).

We now explain how thei-th step-ahead state predictors ; are designed within the estimation
scheme, keeping in mind that the design has to yield asymptotic accurate predictors. To
design thei-th step-ahead state predictors ;, we collect the data of lengthN 2 N in the

vector s(k) and the matrix R(k)

s(k)=[x(k)T:::x(k N +1)T]
2

x(k DT 1 uk 1T I

x(k N)T 1 u(k N)T |

Note that s(k) = R(k) with T = [vec(A)T;vec(B)T], where vec@\) corresponds to the
(column-wise) vectorization of a matrix A, is the linear system of equationsx(j) = AX(j
1)+ Bu(j 1);j = k;:::;k N +1. The estimation scheme at time instant k is then given
by
(k) = argmin kek?+ D(; (k 1))
(5.9)
s.t. s(k) R(k) = e;

where D(x;y) = g(x) g(y) (x y)Tr g(y) de nes the Bregman distance induced by a

function g. This estimation scheme is based on proximity and belongs to the category of
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PMD, compare Section 1.2.3.

Remark 5.7. First, we emphasize that the introduced estimation scheme is a standalone
scheme and its convergence as well as the fact that it yields asymptotic accurate state
predictor maps (P tz, 2022, Theorem 7) does not rely on the stabilization scheme (5.6).
Second, note that we have no guarantee that this estimation scheme producesstabilizable
pair of matrices. This is why we make the following assumption, consisting of a boundedness
condition on the controls, as well as a stabilizability condition. This is a fairly strong
assumption and a similar one is used in (Ebenbauer et al., 2021, Assumption 5). It is
unclear if this assumption can be removed, however, we have not yet found a case that

implies it is necessary.

Assumption 5.8.  We denote thes-th time step of the solution to the control schemg5.6)

with initial state x(k) by uS(x(k)). We assume that

(a) these solutions of (5.6) along the closed loop(5.6), (5.2) are uniformly bounded, i.e.
there exists a boundvl > 0 such that for any trajectory x(k); k 2 N, it holds
1

kuS(x(K))k M kx(K)k; (5.10)
s=0

(b) for any trajectory x(k);k 2 N, of the closed loop(5.6), (5.2), there exist functions

Ng 1
kIlilrn KAN, (K)x(K) + Bn, 1 1(K) '(k)k=0: (5.11)
' 1=0
With the estimation scheme (5.9) at hand, we are now ready to combine it with the control
scheme (5.6). This combination yields our overall scheme, displayed in Figure 5.1.

The main result of (Ebenbauer et al., 2021, Theorem 3) states that the state and control

of the closed-loop system consisting of the system (5.2), the receding horizon control
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"~ Control Scheme (5.6)

Setup: Q;R
Np2 Nym2 Nwithl m  Np
Input: x (k)

Ai(k);Bi(k);i =0;::5N
if not derived from LMI:
ipi=1;0m

Output: uk);:inuk+ 1 1)

Estimation

u(k) ! [System|! x(k+1)

Estimation Scheme (5.9):
(k)T = [vec(A(k))T; vec(B (k) ']

u(k+1) ! [System|! x(k+2)

Estimation Scheme (5.9): (k+1)T

uk+1 1)1 [System|! x(k+1)

Estimation Scheme (5.9): (k+ 1 1T

Figure 5.1: The overall scheme, i.e. the combination of the exible-step MPC scheme (5.6)
and the estimation scheme (5.9) is depicted: Suppose we are at the current statgk) and
have a current estimation for Aj (k) and B; (k) at hand. We then use our control scheme (5.6)

index of the descent inadc We will eventually implement all | components of the control.
However, we will use the estimation scheme (5.9) in between every single implementation.
To be precise, we rst implement u(k) with the true system, yielding a new actual state
x(k +1). These two new data points are fed into the estimation scheme (5.9) and lead
to a new estimation of the matricesA(k) and B (k). We then implement the next control
component u(k + 1), obtain the next actual state x(k + 2) and feed these two new data
points into the estimation scheme (5.9) once again, and so on. Our simulations have shown
that it is crucial to do the estimation \step-by-step" instead of giving the new data to the
estimation scheme (5.9) in bulk. This means for every single control we implement, we
perform an estimation, resulting in the same number of estimation rounds as in (Ebenbauer
et al., 2021).
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scheme (5.5) and the proximity-based estimation scheme (5.9) will converge to zero. For
this, the receding horizon scheme needs to be set up with> 0; (x) = x 'x and a
sequencef "(K)gkon; "(K) > 0 that converges to zero. Note that this results in a quartic

terminal cost
1

T Tx(xNe)TQ,xNe:

Before we formulate the main result of this chapter, we motivate the combination of (5.6)
and (5.9) further by taking a look at rst simulation results. Here, we will showcase two
main advantages: low stabilization cost and high quality of estimation. First, suppose we

wish to stabilize the unknown linear system used in (Ebenbauer et al., 2021)

2 3 2 3
0 1 o1 0

x(k+1)= go 102 0 EX(k)+ gé u(k) (5.12)
0 0 092 0

through (5.6), (5.9) with the con guration given in Table 5.1.

initial state x(0) =[0:1; 0:1; 10]"

estimation scheme (5.9)| N =8, g(x) = kxk?

control scheme (5.5) Np =10;Q =100I;R =10000I;Qn, = 100I; (x)= kx k2
"(k) = 1=(1 + 1000k)

control scheme (5.6) Np =10, Q= I;R =100I;m =10; ; =LMI

Table 5.1: The di erent control schemes that are all combined with the same estimation
scheme to stabilize the unknown system (5.12)

The simulation shows that this brings a major benet for the total controller cost for the
stabilization, compare Figure 5.2. The resulting state trajectories are depicted in Figure 5.3.
Note that the peak in the top plot is signi cantly reduced in the bottom plot. In Figure 5.4,
we can see that the scheme makes use of its exibility between time step 0 and 9. In

optimization instance two, we can see the di erence between the estimated system and the

110



5.1. ONLINE MPC APPROACH

true system. At time step 9, there is a jump to the previous Lyapunov function value;
the predicted, estimated Lyapunov function value and the true Lyapunov function value,
circled in black, di er signi cantly. Already in the next optimization instance, the Lyapunov
function values become very close to each other, meaning that after a few iterations of our
estimation scheme the di erence between the estimated and true states becomes insigni cant
and thus, the descent inequality still holds with the actual states instead of the predicted,

estimated states.

=]
Figure 5.2: The total controller cost jk:01 ku(j )k?, where k is the current time step, for
stabilizing the unknown system (5.12) with the di erent approaches given in Table 5.1 is
depicted.

Suppose next that we wish to stabilize the unknown discretized batch reactor system

borrowed from (Persis & Tesi, 2019)

2 3 2 3
1:178 Q001 0511 0:40 0:004 0:087.
0:051 0661 0:011 Q061 0:467 Q001

x(k +1) = x(K) + uk):  (5.13)
0:076 0335 Q560 0382 0:213  0:235
0 03350 0089 Q849 0:213  0:016

Note that this system is controllable. When implementing until the rst descent in exible-
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Figure 5.3: State trajectories of (5.12) according to (5.5), (5.9) (top) and (5.6), (5.9)
(bottom) with the con gurations given in Table 5.1.

Figure 5.4: The values of the g-dclf V(x) = kxk? according to (5.6), (5.9) with the
con guration given in Table 5.1, while stabilizing the unknown system (5.12), are displayed.
Here, we focus on the rst three optimization instances. The Lyapunov function value of
the initial state in each optimization instance is circled in black and the predicted Lyapunov
function value, where the rst descent occurs, is colored in red.
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step MPC, we can easily incorporate that always more than one time step has to be
implemented. Intuitively, implementing more steps should lead to higher exploration and
hence, better estimation of the true system. In Figure 5.5, we compare the Frobenius
error of the estimated system to the true system (5.13) for the di erent methods given in

Table 5.2.

initial state x(0)=[ 264, 153 1:87. 492

estimation scheme (5.9)| N =8, g(x) = kxk?

control scheme (5.5) Np =10;Q =100I;R =10000l;Qn, = 1500I; (x)= kx k2
"(k) = 1=(1 + 1000k)

control schemé (5.22) | Np =10, Q =100I, R = 10000, Qn, (k) = R(k), where R(k)
is the solution to the Riccati equation with the current
estimators A(k); B (k)

control schemé (5.22) Np =10, Q =100l, R =100001, Qn, (k) = 2000

control schemé (5.22) Np =10, Q =100l, R =10000l, Qn,(k) = 10000

control schemé (5.6) Np =10, Q = 100I;R =10000;m =10; ; =LMI

control schemé (5.6) Np =10, Q = 100I;R =10000; m =10; ; = LMI,
implementing at least 2 time steps

Table 5.2: The di erent control schemes that are all combined with the same estimation
scheme to stabilize the unknown system (5.13)

The control methods are the scheme (5.5) of (Ebenbauer et al., 2021), the proposed exible-
step MPC scheme (5.6), where we implement until the rst descent and at least two time
steps and a standard MPC scheme (5.22) with ajuadratic terminal cost. We nd the latter

an interesting benchmark problem, which we already include for the sake of brevity. It is
introduced in more detail on page 124. All the methods in Figure 5.5 successfully stabilize
the unknown system. By forcing exible-step MPC to implement at least two time steps,
we were able to decrease the error to the true system by magnitudes, illustrating the second
advantage of the proposed method. Now that we have demonstrated the advantages of the

proposed online exible-step MPC scheme, we formally prove some convergence results.
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Figure 5.5: At each time stepk, the Frobenius error KA(k) Akg + kB(k) Bkg of the
estimated systemA(k); B (k) to the true system A;B (5.13) for the di erent approaches
given in Table 5.2 is depicted.

Theorem 5.9. Consider the closed-loop system consisting of syster{b.2), the receding
horizon control scheme(5.6) and the proximity-based estimation schemg5.9). Then, under
Assumptions 5.4 and 5.8, for any initial state x(kg); ko 2 N, the state x(k) and the input

u(k) of the closed-loop system converge to zero &sgoes to in nity.

Before we dive into the details of the proof, we give a short outline of the main steps. The
overall idea to prove convergence is to use the machinery of generalized Lyapunov functions
that we have developed; in particular, we simply useV (x) = kxk? instead of the optimal
value function as the Lyapunov function.

As before, we aim to obtain a chain of inequalities of the Lyapunov function values along
a subsequence of the actual states. This step involves more work than in the known model
case because not only do we have discrepancies between the predicted and actual states,
now we also have a di erence between the estimated and true states. To be precise, the
adc condition used in the optimal control problem (5.6) implies a descent based on the
current estimation and prediction. In order to still be able to guarantee a descent when the
derived control strategy is implemented to the true system, we need to get a handle on the

error terms (5.8). In Figure 5.4, we observe exactly the kind of behavior that we hope for.
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At the beginning of the simulation, there is a signi cant di erence between the estimated
and the true system and hence, also a signi cant di erence between the estimated Lyapunov
function values and the true ones. But already after the second optimization instance, this
di erence becomes almost insigni cant, eventually leading to strictly decreasing Lyapunov
function values along a subsequence of the actual, true states.

For the proof of Theorem 5.9, we need two lemmata, whose proofs we postpone until the

end of this section.

Lemma 5.10. Under the assumptions of Theorem 5.9, we can always bound the state in

terms of the previous state, i.e. there existCx > 0 such that

kx(Kn+1)k?  Cxkx(kn)k? (5.14)

for all n 2 N.

Lemma 5.11. Under the assumptions of Theorem 5.9, the following error bounds hold for

kel (kn)k? 1 1(kn) + (! 2(kn) + ! 3(kn)M 2)kx(kn)k? 8n 2 N (5.15)

with limy;  !'j(k)=0;j =1,2,3.
We are now ready to prove Theorem 5.9.

Proof of Theorem 5.9. As established above, asymptotically accurate state predictor maps,
as de ned in De nition 5.5, are crucial. With the solution of the estimation scheme (5.9),

we dene (k)T =[vec(A(k))T;vec® (k))"] and the predictor maps (5.7) according to

Ai(k) = A(K)'

Bi(k) = A(k)'B(K);
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i =0;:::;N. By (Ptz, 2022, Theorem 7), these state predictor maps converge and are in
fact asymptotically accurate.

Next, we utilize adcto conclude a descent. Fixkg 2 N; 06 x(kg) 2 R" and let " > 0 be
given through adc Recall that in every optimization instance, the problem given in (5.6)
is solved, where the states are predicted using the predictor maps ;. In that sense, the
states are predicted and estimated We will soon see that as the quality of the predictor
maps improves (through the estimation scheme), the descent of the predicted, estimated
states compared to the actual state implies a descent along a subsequence of the actual
states. We denote the predicted, estimated states throughout this proof byx" For further
clari cation, we denote the i-th predicted state estimated through data up until time step
kn by 5K | et us now take a closer look atadg it reads

L( mka™RkZ 4+ gtk k X% "kxOKE:

m

Suppose the current actual state of the system ix(kn);n 2 N, as the initial state x° is set

to be this current actual state, we can rewrite the above expression as
L mkg™kn k24 + gkt k?) k x(kn)k?  kx(kn)K?:

The weights ; are computed by solving the LMI (4.3), (4.4), (4.5) with the current
estimators. The result (P tz, 2022, Theorem 7) and Assumption 5.8(b) allow us to make the
following simpli cations for the remainder of the proof: We may regard the estimated system
matrices A(k); B (k) as stabilizable and the weights ; as constant from one optimization
instance to the next, i.e. the sameadcconstraint is present in (5.6), although the underlying
predictor maps are changing. In fact, if the estimated system matrices were not eventually

stabilizable, then for all K 2 N, there would exist k K such that A(k); B (k) are not
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the state )

2Ne = Ay (Kx(K)+ B, 1 1(k) '(K)
1=0

would remain bounded, directly contradicting Assumption 5.8(b). The stabilizability is
important for the second simpli cation because, by Theorem 4.1, this also guarantees that
the LMI (4.3), (4.4), (4.5) admits a solution 1;:::; m. Hence, the second simpli cation
is justi ed because the predictors are improving over time and are eventually very close to
their limit . In particular, by the convergence of the predictor maps (k) (P tz, 2022,

Theorem 7), we have that for any™ > 0, there existsk 2 N such that

k (k) k<" 8k k:

For su ciently small , the above equation implies that the same (constant) weights solve

the LMI (4.3), (4.4), (4.5), compare Remark 4.2. This means there exist1 2 N such that

KR knkn k2 K x(kn)k?  "kx(kn)K?: (5.16)

In other words, in every optimization instance (for all n 2 N), our scheme nds a time
index, where the predicted, estimated state decreases compared to the current actual state.
We now use this to show that the g-dclf V (x) = kxk? decreases along a subsequence of the

actual states. We observe

kx(kn+1)k? k X(kn)k?
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= kR K k2 Kk x(Kn)kZ + KX(Knsp )K2 K R kn ko2

This right-hand side is exactly what we expect to see in this context; the descenti(® «n *kn k2
kx(kn)k?) versus the dierence between the true and the estimated state Kx(Kn+1)k?

k& knknk2)  Due to adcand (5.16), we have

kR knKn k2 K x(Kn)K? + kX (Kns1 )K? K R knikn 2
"kx (Kn)K? + kx(Kn+1)K? k X(Kn+1) + €% (kn)k?

kX (kn)K? + kx(Kn+1)K? D X(Kne1) + €0 (Kn); X (K1) + €k (Kp)i

"kx(kn)k? + kx(Kn+1)k?

(kX (Kn+1 )K? + ke'n (kn)k? + 21 (Kn+1); €0 (Kn)i)

"kx(kn)k® + kx(Kn+1)Kk? K X(Kn+1)K? k €% (kn)k?® 2 (Kns1); €%n (Kn)i

"kx(kn)k?® k €*n (kn)k? 2 (Kn+1); €0 (kn)i:

Since
kx(kn+1)k? Kk X(kn)k? k X(kn+1)k? k x(kn)k? + ke'n (kn)K?;
we have

kx(kn+1)k? Kk x(kn)k? "kx(kn)k? 2 (Kn+1); €% (Kp)i

"kx(Kn)k? + Z-kx(Kn+1 K2 + 2 kekn (kn)k?;

where the last inequality follows from the Cauchy-Schwarz and Young's inequality. This

inequality holds for any > 0, we choose such that C4 <" . By Lemma 5.10 and 5.11,
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we can bound this expression further

kx(kn+1)k? k Xx(kn)k? "kx (kn)k? +  C ykx(kn)K?
+ L(1a(kn) + (! 2(Kn) + ! 3(Kn)M ?)kx(Kq)k?)

= Ha(ka)+  Cx "+ La(ka)+ M1 5(kn) kx(kn)k?: (5.17)

The convergence ofl j (k,), ] = 1;2;3, to zero asn goes to in nity, implies that after a

su ciently large n the right-hand side (5.17) will remain negative for x(kn) 6 0, which in
turn implies that the subsequencefk x(kn)k?gi_, becomes strictly decreasing. Since this
subsequence is bounded below by zero, it must converge. Suppose, by contradiction, that

its limit is strictly positive 1, i.e.
kx(kn)k?®! > O; forn!1l : (5.18)

Due to the fact, that this subsequence iseventually strictly decreasing, it will only increase

for nitely many steps. Hence, the following maximum value exists and is nite
kxk? := max kx(kn)k?:
n2N

Next, we de ne the set

C:=fz2R": k zk®* k xk’g:

Note that this set is closed and bounded, thus, a compact subset dR". Choose",,, > 0

sosmallthat Cyx "+ ",,, < 0 and choose', > 0 so small that

"+ Cy "+, <O (5.19)

1The arguments used to show that this leads to a contradiction are similar to the proof of Theorem 3.4
and are adapted according to the unknown setting.
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Then there existsn-2 N for which the estimation errors satisfy
aka)i <"1y i a(kn)+ M g(ka)i<"1,, 8N R (5.20)

For every z(0) 2 C, there exists a control sequence such that

_min_ k2'k? k z(0)k?>  "kz(0)K?;

again due to adg which is feasible thanks to the stabilizability of the estimated system
matrices, compare Assumption 5.8(b). If this control sequence is applied to the true system,

we obtain the inequality

_min kz(Dk? k z(0)k* ™, + Cyx "+"i,, kz(0)k?
. :

"1yt Cx "+, <0 8z(0) 2 C;
by the virtue of (5.19) and (5.20). Consequently,

sup min kz()k® k z(0)k® sup "1, + Cyx "+",, kz(0)k?
z(0)2c I=1imm z(0)2C '

= 22))8.2)(0 " 1t Cx "+ 2;3 kZ(O)k2

= S<0

The above supremum is attained for somez(0) 2 C becauseC is compact andk k? is
continuous. Since the subsequencék x(k,)k?g is only eventually strictly decreasing, we
cannot guarantee that x(k,) 2 C for all n 2 N. We have, howeverx(k,) 2 C forall n R.
With the above supremum at hand, we obtain

K 1

kx(kn )k? = kx(kq)K? + kx(ks+1)k? k x(ks)k?

S=1f
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k x(ka)k?> (N R)S: (5.21)

If N > kx(ks)k?=S + A, then the inequality (5.21) implies kx(kn)k? < 0. This is a
contradiction, hence, our hypothesis (5.18) must have been incorrect and it must hold
kx(kn)k? ! 0. This in turn means that we can make kx(k,)k? arbitrarily small. From

small initial states, follow small implemented controls by Assumption 5.8. These small
controls applied to these small initial states yield small future actual states. To be precise,

not only are the initial states x(k,) decreasing, but also the actual states

X(kn +1);X(kn +2) ;110 x(Knsa 1)

in between the initial states x(kn) and x(kn+1) stay small. This implies that lim ;1  x(k) =
0. Lastly, with the convergence of the statex(k), the convergence of the controlu(k) to

zero also follows, again due to Assumption 5.8. O
It is worth making some remarks.

Remark 5.12. First, note that the above proof clearly goes through with constant weights

i (not coming from the LMI). In this case, we would have to guarantee that adc stays
feasible. Here, by construction through the LMI, feasibility is automatically satis ed.
Second, the convergence proof of (Ebenbauer et al., 2021, Lemma 2) is rather complex
and it is hard to provide a brief overview of it in this document. For instance, the reader
should note that the requirement to have a quartic terminal cost is already unexpected; yet
the argument of the proof fails for a quadratic terminal cost. The proof of our result di ers

substantially from this, as we are not working with a terminal cost.

It remains to prove Lemma 5.10 and 5.11.
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Proof of Lemma 5.10. We have

| 1
b
kx(Kns1 )k = KA'n x(kn) + Alkn 1 SBUS(x(kn))k
s=0
||x 1
k Alkn kkx (kn)k + kAlkn 1 SBKkuS(x(kn))k:
s=0

We de ne

,,,,,,

and bound this expression further

| 1
b
kA'kn kkx (Kn )k + kAlkn 1 SBKkuS(x(kn))k
s=0
I\X 1
Cakx(kn)k+ Cap ku(x(kn))k:
s=0

By Assumption 5.8(a), we have
1

Cakx(kn)k + Cag kuS(x(kn))k
s=0

Cakx(kn)k + MC ag kx(kn)K

= Ca+ MCag kx(kn)k:

Therefore,

kx(Kn+1)k?  Cxkx(Kn)k?;

where Cy = (C/_\ + MCap )2.
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that

1
kuS(x(k))k? M Zkx(k)k?:
s=0

Using this for the error terms, we obtain

X 1
ke'(kn)k?  !1(kn)+ ! 2(Kn)kX(Kn)K® + 1 3(kn)  Ku®(x(Kn))k?
s=0

Li(kn) + ! 2(Kn)kX(kn)k? + 1 3(kn)M 2kx(kn)K?

Fa(kn) + (! 2(kn) + ! 3(kn)M z)kx(kn)kz:

This nishes the proof. O

5.2 Low-cost Exploration

In Chapter 3 and 4, we have seen the bene ts of introducing exibility through the exible-
step MPC scheme in the context of stabilization. Recall that exible-step MPC may
implement more than one step, while still guaranteeing stability. The implementation of
multiple steps, especially when accompanied by an increasing Lyapunov function value,
naturally leads to more exploration of the state space. Not only is this crucial for the
estimation of the underlying true system, but it also is realized in a cost-e ective manner.
This is due to the fact that the implementation of multiple steps is enabled through
adc within the optimization problem, i.e. while considering the (unchanged) cost function.
We will showcase this additional bene t in this section.

To this end, we need to carefully choose a benchmark method. Recall that in (Ebenbauer
et al., 2021) a quartic terminal cost was added to the cost function. This terminal cost

facilitates the guarantees associated with this scheme. We already observed in Section 5.1,
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when working with the unstable system (5.12), that exible-step MPC outperforms this
scheme by mitigating the peaking behavior. The more intuitive approach would be to have
a quadratic terminal cost (e.g. constant or time-varying/changing according to the current

estimators):

1
min - (x)TQx" +(u)TRu' +(x"?)TQu, (k)x"?

st x = i(kx%Gulinut Y i=150N, (5.22)

To the best of our knowledge, this approach does not come with any guarantees in the
setting of adaptive control. However, if successful, we expect that it will use less costly
controls to stabilize the unknown system and hence, makes it a more interesting benchmark
method. In Section 5.1, we addressed the stabilization of the unknown system (5.13). Here,
we already saw that we can induce better estimation (which needs more control e ort, of
course) by giving a lower bound for the number of implemented steps in exible-step MPC.
In this section, we investigate another control system:

2 23

0 1 01 0
x(k+1)= g 1 102 %x(k)+§ %u(k) (5.23)

0 0 092

To stabilize this unknown system, we combine the estimation scheme (5.9) with the di erent
control schemes listed in Table 5.3.

In Figure 5.6, we see that on one hand, the MPC scheme (5.22) with a terminal cost of
10kxNrk?, the MPC scheme (5.22) with a Riccati terminal cost (changing according to

the current estimators) and exible-step MPC obtain a similarly small error to the true
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Figure 5.6: At each time stepk, the Frobenius error KA(k) Akg + kB(k) Bkg of the
estimated systemA(k); B (k) to the true system A;B (5.23) for the di erent approaches
given in Table 5.3 is depicted.

initial state x(0) =[6:8; 12, 14:5]"

estimation scheme (5.9)| N =8, g(x) = kxk?

control schemé (5.22) | Np =10, Q= 1, R =100I, Qy, = 100l

control schemé (5.22) | Np =10, Q= I, R =100I, Qn, = R(k), where R(K) is the
solution to the Riccati equation with the current estimators
A(k); B (k)

control scheme (5.6) Np =10, Q= I;R =100I;m =10; ; =LMI

Table 5.3: The di erent control schemes that are all combined with the same estimation
scheme to stabilize the unknown system (5.23)

system. On the other hand, compare Figure 5.7, the total controller cost needed to reach
this quality of estimation is signi cantly lower for exible-step MPC, which aligns with our

intuition that exible-step MPC enables low-cost exploration.
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P
Figure 5.7: The total controller cost J!‘:Ol ku(j )k?, where k is the current time step, for
stabilizing the unknown system (5.23) with the di erent approaches given in Table 5.3 is
depicted.

5.3 Beyond Deterministic LTI Systems

A future direction is to explore settings that go beyond deterministic LTI systems. In
this section, we provide rst simulation results for unknown nonlinear control systems.
Suppose we wish to stabilize the following unknown system, which describes with = 0:01
a discretized model of a single-link robot arm with a DC motor (Aguilar-Avelar & Moreno-

Valenzuela, 2017)

x1(k +1) = xg(k) + hxz(k)
xa(k +1) = xo(k)+ h(36:4xa(k) 17xa(k) 1309sin(xa(K))) (5.24)

xa(k +1) = x3(k)+ h( 100¢3(k)  3:6x2(k) + 100u(k)):

The system state isx = [x1; X2; x3]" 2 R® and characterizes the position and velocity of
the robot, as well as the current of the DC motor. The control input u 2 R corresponds to
the input voltage of the DC motor. By augmenting the state with the state of the previous

time step and the control with the control of the previous time step, we bridge the gap
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between nonlinear and linear systems. The resulting new state and control are

2 3 2 3

Xlin(k)zg x() EZRG; Unn(k)zg (k) £ 2 R2:
x(k 1) uk 1)

Essentially, we have used a speci c lifting technique here. Hence, to stabilize the unknown
system (5.24), we are internally working with a six-dimensional state and a two-dimensional
control and are estimating a linear relationship betweenx;, (k) and x;, (k + 1) through
system matricesA(k) 2 R%% and B (k) 2 R%2. We combine the estimation scheme (5.9)
with the di erent control schemes listed in Table 5.4. For this simulation example, we have
decided to not use the LMI approach to determine the weights foradc and are instead
resorting to constant weights. The state trajectories according to the di erent schemes are

depicted in Figure 5.9.

Figure 5.8: The schemes (5.6), (5.9) with the con guration given in Table 5.4 are used to
stabilize the unknown system (5.24). The solution of (5.6) yields the number of implemented
steps, depicted on the vertical axis.

After 60 time steps, the scheme (5.22), (5.9) is not as close to the origin as the other schemes.
If we let the scheme run longer, e.g. to 150 time steps, the magnitude of the state is still

kx(150)k = 0:4816. The proposed scheme (5.6), (5.9) successfully mitigates the peaking
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Figure 5.9: State trajectories of (5.24) according to (5.6), (5.9) (top), control
schemé (5.22), (5.9) (middle) and (5.5), (5.9) (bottom) with the con gurations given in
Table 5.4
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initial state x(0)=[1; 1;01]

estimation scheme (5.9)| N =10, g(x) = kxk?

control scheme (5.5) Np =15, Q =10I, R =100I, Qn, = 101, ( x) = kxk?,

"(k) =1=(1+10k)

control schemé (5.22) | Np =15, Q =101, R = 1001, Qn, = R(k), where R(K) is the
solution to the Riccati equation with the current estimators
A(K); B (k)

control schemé (5.22) | Np =15, Q =101, R = 1001, Qy, = 300l

control schemé (5.22) | Np =15, Q =101, R =100l Qy, = 1000l

control scheme (5.6) Np =15, Q=10I;R =100I;m =5; 42=5=0:2; s=5=18

Table 5.4: The di erent control schemes that are all combined with the same estimation
scheme to stabilize the unknown system (5.24)

behavior of (5.22), (5.9). The amount of implemented steps is displayed in Figure 5.8; note
how the scheme makes use of the exibility and implements more than one step multiple
times. The peak mitigation also results in a low total controller cost, compare Figure 5.10.
At the same time, Figure 5.11 showcases that the proposed scheme (5.6), (5.9) achieves the

lowest error to the true state among all the compared schemes.

=]
Figure 5.10: The total controller cost J-kzol ku(j )k?, where k is the current time step, for
stabilizing the unknown system (5.24) with the di erent approaches given in Table 5.4 is
depicted.
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