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Abstract

The notion of a Weyl module for classical affine algebras, a type of infinite dimensional

Lie algebra, was introduced in 2001 by Chari and Pressley. These modules are

universal, finite dimensional highest weight modules. We expand these ideas to

infinite-dimensional Lie superalgebras; in particular to Lie superalgebras of the form

g⊗A, where g is isomorphic to one of the superalgebras sl2(C), sl(1 | 1), and osp(1 |2)

and A is C[t] or C[t, t−1]. We prove that these Weyl modules are universal, finite-

dimensional, highest weight g ⊗ A-modules. We find that the weights satisfy a

recurrence relation, and in the case of g = sl(1 | 1), provide a formula for the dimension

of each weight space. We also provide irreducibility criteria and the structure of the

composition series. We then study sl(1 | 1)⊗ A modules generated by an infinite set

of highest weight vectors, and with finite support. For these modules, we provide

irreducibility criteria, find that the weights are of exponential-polynomial form, and

provide a formula for the dimension of each weight space.
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Chapter 1

Introduction

Sopus Lie used groups of symmetries as a way to study geometry. Lie groups were

introduced as the groups of transformations which preserved certain geometric prop-

erties of an object. For every Lie group, there is a corresponding Lie algebra. The

classification of finite-dimensional simple, complex Lie algebras was initiated by Killing

and completed by Cartan in his 1894 dissertation. It states that a finite-dimensional

simple complex Lie algebra belongs to one of four infinite families: A(n), B(n), C(n),

or D(n), or is one of the five exceptional Lie algebras: F4, G2, E6, E7, or E8.

In the early 20th century, Cartan classified simple infinite-dimensional Lie algebras

of vector fields over a finite-dimensional space. After this, the study of infinite-

dimensional Lie algebras was not very active until the late 1960s. A general theory of

infinite-dimensional Lie algebras is not known at this time. However, four different

classes have been studied intensely, one of which is the class of Kac-Moody Lie algebras.

In the late 1960s, Kac and Moody introduced these independently. They removed

the condition on the Cartan matrix which requires the Weyl group to be finitely

generated. This resulted in the generalized Cartan matrix [Kac90] and led to a class

1
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of infinite-dimensional Lie algebras called the Kac-Moody algebras.

An important subclass of Kac-Moody algebras is the affine Lie algebras, which cor-

respond to a specific type of generalized Cartan matrix. They can also be constructed

as central extensions of loop Lie algebras. Affine Lie algebras are well understood,

as many concepts from the theory of finite-dimensional Lie algebras, such as the

Cartan subalgebra, root systems, and the Weyl group, carry over to affine Lie algebras.

Interestingly, affine Lie algebras appeared in physics literature on conformal field

theory, statistical physics, and string theory [Car05].

In the 20th century, quantum mechanics was discovered as a deformation of classical

mechanics, and the symmetries of quantum mechanical systems were a natural subject

to study. Quantum groups emerged in the 1980s as a tool to study these symmetries.

The naive way to relate quantum groups to Lie algebras would be to try and deform

semisimple Lie algebras. However, semisimple Lie algebras are rigid objects, so one

has to look at a similar but larger structure, namely Hopf algebras. Given a Lie

algebra g, one can construct the quantized enveloping algebra Uq(g) such that classical

enveloping algebra U(g) is recovered when q → 1. The quantized enveloping algebra

of sl2 first appeared in the work of Kulish and Reshetikhin in 1981. A few years later,

Drinfeld [Dri86] and Jimbo [Jim85] created an object called a quantum group as a

deformation of a Kac–Moody algebra, in the category of Hopf algebras.

Another generalization of Lie algebras is Lie superalgebras. As Lie algebras

were initially motivated by symmetries, Lie superalgebras were motivated by the

study of supersymmetry in physics, which is the symmetry between particles called

bosons and fermions. The prefix “super” comes from the physical motivation; however,

mathematically, Lie superalgebras are Z2-graded Lie algebras. In 1977, Kac completely
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classified the finite-dimensional Lie superalgebras in [Kac77]. He sorted them into two

categories, classical and Cartan. The classical ones were further sorted into basic and

strange types. Remarkably, the classification of the basic classical Lie superalgebras

was very close to the Cartan-Killing classification of finite-dimensional simple Lie

algebras. In particular, basic classical Lie superalgebras make up four infinite families

and three exceptional Lie superalgebras. For the complete classification, refer to

Theorem 2.1.19.

The representation theory of simple finite-dimensional Lie algebras is well under-

stood. In 1914, Cartan classified the finite-dimensional irreducible representations

of simple complex Lie algebras and proved that all such representations must have

a highest weight and a highest weight vector. For Kac-Moody algebras, the no-

tion of integrable modules was introduced. Integrable modules are not necessarily

finite-dimensional, but they are subject to certain finiteness conditions. In the 1970s,

Bernstein, Gelfand, and Gelfand introduced the category O, which is a category of

representations of semisimple Lie algebras. These are integrable modules with the

additional condition of being finitely generated [Hum08]. In the paper [Cha86], Chari

introduced the category Õ of representations of affine Lie algebras. Chari found

conditions on irreducible integrable modules of affine Lie algebras, which placed them

in the category O or Õ. In the same year in [CP86], Chari and Pressley classified the

finite-dimensional irreducible representations of affine Lie algebras and showed that

such representations must be highest weight representations.

Highest weight representations appear in the representation theory of quantum

groups as well. For a Kac-Moody algebra g, Lusztig proved in [Lus88] that certain

irreducible highest weight modules can be deformed to a module over Uq(g).
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Chari and Pressley went on to study the class of all finite-dimensional repre-

sentations of complex affine Lie algebras in [CP01]. A particular class of these

representations is the evaluation module over the loop Lie algebra. They showed that

any simple, finite-dimensional loop Lie algebra representation is isomorphic to such a

tensor of evaluation modules. Chari and Pressley defined the Weyl module for affine

Lie algebras as a larger class of integrable modules, proving that they are universal

highest weight finite-dimensional modules.

Kac studied a certain class of finite-dimensional representations of basic Lie

superalgebras, which he called typical. Typical representations are defined such that

they split in any finite-dimensional representation [Kac06]. Kac explicitly constructed

typical representations for all finite-dimensional basic classical Lie superalgebras. He

constructed a highest weight module over a basic classical Lie superalgebra, and

found necessary and sufficient conditions for a typical representation to be highest

weight. Penkov and Serganova constructed a general theory of finite-dimensional

representations of any finite-dimensional Lie superalgebra. They proved that any two

Borel subalgebras of a Lie superalgebra, which contain the same Cartan subalgebra,

can be obtained from each other by a chain of reflections. They defined odd reflections,

and proved that an odd or real reflection must be associated to either (i) an isotropic

odd root, (ii) a non-isotropic odd root, or (iii) an even root [PS94]. Moreover, they

stated that the Chevalley generators corresponding to an isotropic odd root, a non-

isotropic odd root, or an even root generate a rank 1 subalgebra isomorphic to sl(1|1),

osp(1|2), or sl2, respectively.

In [CLS19], Calixto, Lemay, and Savage replaced the affine Lie algebra in [CP01]

by a Lie superalgebra of the form g⊗ A, where g is a basic classical Lie superalgebra,
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or g = sl(n, n) where n ≥ 2, and A is a finitely generated unital associative C-

algebra. They studied Weyl modules associated with these algebras and proved some

fundamental properties of these modules, such that they are universal and finite-

dimensional. Weyl modules of Lie superalgebras were also studied in [Nao12], [TG15],

[BCM22], [BCM19].

This thesis aims to blend the approaches of Weyl modules and reflections. As a

first step, we study the local Weyl modules over the current algebras associated to

the rank 1 Lie superalgebras: sl2, sl(1 | 1), and osp(1 | 2). As a special case of the

algebras studied in [CLS19], we restrict the algebra A to be the ring of polynomials or

Laurent polynomials over C in one variable. Restricting to this special case allows

one to obtain more precise results about the structure of these modules, such as the

character, irreducibility criteria, and the filtration. Note that in this thesis we are

always working with local Weyl modules.

In [CLS19], Proposition 4.5 states that each weight space of a local Weyl module

is finite dimensional, and Theorem 4.12 states that the local Weyl module is finite

dimensional. Our results state the precise dimension of each local Weyl module. This

thesis also contains results about the form of the highest weight, irreducibility criteria

which depends on the highest weight, and the structure of the submodules of W (Λ,m),

which did not appear in [CLS19].

In the case of sl2, results about the local Weyl module of sl2⊗A are mostly known.

The approach taken for in this thesis, using properites of matrices of highest weights is

novel. Moreover, the technical details of these results do not appear in the literature.

For a Lie superalgebra g with Cartan subalgebra h ⊂ g, a Weyl module W (Λ,m) is

defined as a quotient of the Verma module M(Λ) by an ideal depending on m ∈ Z>0.
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The highest weight Λ ∈ (h⊗A)∗ induces a sequence c = (cn)n∈Z where cn = Λ(zn) and

a matrix [ci+j]i,j∈Z where the entries come from c. When A = C[t], we just set cn = 0

for all n ∈ Z<0. The following two results capture this information when g = sl(1 | 1).

Theorem 1.0.1. Let m ∈ Z>0 and let W (Λ,m) be as in Definition 5.1.1. Then

1. W (Λ,m) ̸= 0 and only if ck+m = α1ck+m−1 + α2ck+m−2 + · · · + αmck for all

k ∈ Z>0 and for some α1, . . . , αm ∈ C .

2. If W (Λ,m) ̸= 0 then dimW (Λ,m)−k =
(
m
k

)
for 0 ≤ k ≤ m.

3. If W ′(Λ,m) is a g⊗ A-module generated by a nonzero vector w which satisfies

the relations (5.2), then there exists a g⊗ A-submodule V ⊆ W (Λ,m) such that

W ′(Λ,m) ∼= W (Λ,m)/V .

The structure of the weights allows us to construct a basis in such a way that

makes computing the character simple. Moreover, the structure of the weights plays a

key role in determining the irreducibility of W (Λ,m).

Proposition 1.0.2. Suppose that the sequence c associated to the module W (Λ,m)

satisfies an order k ≤ m linear recurrence relation with constant coefficients, and does

not satisfy any linear recurrence relations of lesser degree. Then W (Λ,m) is simple if

and only if k = m. If k < m, then W (Λ,m) has the following filtration:

0 = Wm−k ⊂ Wm−k−1 ⊂ · · · ⊂ W1 ⊂ W0 = W (Λ,m)

where Wi⧸Wi+1
∼=
(
m−k
i

)
W (Λ, k)[−i] .

For a semisimple Lie algebra g, the category O of U(g)-modules, of Bernstein,

Gelfand and Gelfand [BGG76], is defined such that V ∈ O if and only (i) V =
⊕

λ∈h Vλ,
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(ii) n+ acts locally nilpotently on V , and (iii) V is finitely generated over U(g) . Now

consider the affine algebra g̃ = g⊗C[t, t−1]⊕Cc. In [Cha86], Chari introduced analogue

of O called the category Õ of g̃-modules. The category Õ is defined as V ∈ Õ if and

only (i) cV = 0, (ii) V =
⊕

λ∈h Vλ, and (iii) the support of V is contained in a finite

union of cones.

When g = sl2, one may construct an irreducible g̃-module N(φ) for every

exponential-polynomial function φ : Z → C. In [Wil08], Wilson obtained a charac-

ter formula for the modules N(φ). Using this formula, along with results of Chari

[Cha86], and Billig and Zhao [BZ04], Wilson derived a formula for the character of

the irreducible modules in the category Õ with finite-dimensional weight spaces.

We do something similar when g = sl(1 | 1). Consider the infinite dimensional

weight sl(1 | 1) ⊗ C[t, t−1]-modules with finite dimensional weight spaces. These

are modules V (a) which are induced from an h ⊗ C[t, t−1]-module generated by an

infinite string of linearly independent highest weight vectors {wn |n ∈ Z} where

h⊗ ti · wn = aiwn+i and ai comes from the sequence of complex numbers a = (ai)i∈Z.

We prove some facts about the sequence a.

Proposition 1.0.3. Let V (a) be as in (5.17) and let A = [ai+j]i,j∈Z. The following

are equivalent:

1. The set {k ∈ Z | V (a)(k,l) ̸= 0} is finite.

2. V (a) has finite dimensional graded subcomponents.

3. The rank of A is finite.

4. The sequence a = {an} is exponential-polynomial.
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We find that every such module can be decomposed as a direct sum of irreducible

modules, illustrated in the following proposition.

Proposition 1.0.4. If {an}n∈Z is exponential-polynomial of degree r, then

1.

L(a) =
r−1⊕
j=0

L(a)⟨j⟩,

where L := L(a)⟨0⟩ is an irreducible h-module as in Lemma 5.2.1 and L(a)⟨j⟩ ∼=

L for j = 0, . . . , r − 1.

2.

V (a) =
r−1⊕
j=0

V (a)⟨j⟩,

where V (a)⟨0⟩ = V (L).

Furthermore, we find an explicit basis and compute the character formula for these

modules.

Proposition 1.0.5. Let a = {an}n∈Z be exponential-polynomial of degree r and let

A = [ai+j]i,j∈Z. Suppose rankA = N . Then

1. V (a)(−k,l) has basis {Yi1 · · ·Yik · wl−(i1+···+ik) | 0 ≤ i1 < · · · < ik ≤ N − 1}, so

dimV (a)(−k,l) =
(
N
k

)
, and

2. V (a)⟨j⟩(−k,l) has basis {Yi1 · · ·Yik · wl−(i1+···+ik) | 0 ≤ i1 < · · · < ik ≤ N − 1 and

l − (i1 + · · ·+ ik) = j mod r}.

For the remainder of the thesis, let A = C[t] or C[t, t−1]. The thesis begins by

recalling the structure theory of finite-dimensional Lie superalgebras. Then we study
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the finite-dimensional modules of the current and loop algebras sl2 ⊗ A in Chapter 4.

One such module is defined in [CP01] and [CLS19]. We use this definition to prove

existence and finite-dimensionality. In Chapters 5 and 6, we then move on to study

finite-dimensional modules of sl(1|1)⊗ A and osp(1|2)⊗ A in an analogous way. In

Chapter 5, we study a class of infinite-dimensional sl(1 1) ⊗ A-modules mentioned

above. We find a direct sum decomposition, compute the dimension of each weight

space, and write down an explicit basis for these modules. Chapter 7 concludes the

thesis with some remarks on future directions.



Chapter 2

Preliminaries

First we introduce some definitions and preliminary concepts. We review highest

weight theory of Lie algebras and Lie superalgebras, as well as the classification of

finite-dimensional classical Lie superalgebras. We compare and contrast reflections of

Lie algebras versus Lie superalgebras. At the end of the chapter, we define current

and loop algebras, and exponential-polynomial functions.

2.1 Preliminaries and Definitions

Throughout this document we will work over the complex numbers C. Let Z2 = {0̄, 1̄}

denote the ring of two elements.

2.1.1 Structure Theory

Definition 2.1.1. A vector superspace V is a Z2-graded vector space: V = V0̄ ⊕ V1̄.

The dimension of a vector superspace V is the tuple dimV = (dimV0̄ | dimV1̄). We

call elements of V0̄ even and elements of V1̄ odd. A homogeneous element v ∈ Vi has

10
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parity |v| = i, where i ∈ {0̄, 1̄} [Mus12]. The superdimension of V is defined to be

sdimV := dimV0̄ − dimV1̄. We use the notation Cm|n := Cm ⊕ Cn, where Cm is the

even subspace and Cn is the odd subspace.

Definition 2.1.2. A subspace of a vector superspace V = V0̄⊕V1̄ is a vector superspace

W = W0̄⊕W1̄ ⊆ V with a compatible Z2 grading. That is, Wi ⊆ Vi for i ∈ Z2 [CW12].

Definition 2.1.3. A superalgebra A (also called a Z2-graded algebra) is a vector

superspace A = A0̄ ⊕A1̄ together with a multiplication satisfying AαAβ ⊆ Aα+β for

all α, β ∈ Z2.

Definition 2.1.4. A Lie superalgebra is a Z2-graded algebra g = g0̄ ⊕ g1̄ together

with a Z2-graded bilinear map [·, ·] : g × g 7→ g satisfying the following axioms: for

homogeneous elements a, b, c ∈ g,

1. [a, b] = −(−1)|a|·|b|[b, a] (Skew-supersymmetry);

2. (−1)|a|·|c|[a, [b, c]] + (−1)|b|·|a|[b, [c, a]] + (−1)|c|·|b|[c, [a, b]] = 0 (Super Jacobi

identity) [CW12].

Definition 2.1.5. Let g be a Lie superalgebra.

1. Let V,W be subspaces of g. Then [V,W ] is the subspace

[V,W ] := span{[v, w] | v ∈ V,w ∈ W} ⊆ g.

2. The Lie superalgebra g is abelian if and only if [g, g] = 0.

Remark 2.1.6. For a Lie superalgebra g = g0̄ ⊕ g1̄, its even part g0̄ is a Lie algebra

and its odd part g1̄ is a g0̄-module. Indeed, if a, b, c ∈ g0̄ then the usual minus signs

appear in Definition 2.1.4, proving that g0̄ is a Lie algebra. If a, b ∈ g0̄ and c ∈ g1̄, still
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no signs appear in the graded Jacobi identity in Definition 2.1.4 which is equivalent

to g1̄ being a g0̄-module under the adjoint action.

In particular, if g1̄ = 0, then g is a Lie algebra. Also note that if g0̄ = 0, then for

all x, y ∈ g = g1̄, [x, y] ∈ g0̄ = 0. So [g, g] = 0. i.e., g is abelian.

Example 2.1.7. This example is taken from page 3 of [CW12]. Let A = A0̄ ⊕A1̄ be

an associative superalgebra. If A is equipped with the supercommutator

[a, b] := ab− (−1)|a||b|ba

for homogeneous a, b ∈ A, then A becomes a Lie superalgebra.

Example 2.1.8. Let V = V0̄ ⊕ V1̄ be a Z2-graded vector space. We can choose an

ordered basis for V0̄ and V1̄ such that when combined, we get a homogeneous ordered

basis for V . We will parametrize this basis by the set I(m|n) = {1̄, . . . , m̄; 1, . . . , n}

with total order 1̄ < · · · < m̄ < 1 < · · · < n. Then End(V ) = End(Cm|n) is endowed

with an induced Z2-grading End(V ) = End0̄(V )⊕ End1̄(V ), where

Endα(V ) := {a ∈ End(V ) | a(Vβ) ⊆ Vα+β},

and so End(V ) becomes an associative superalgebra [Kac77]. End(V ) forms a Lie

superalgebra when equipped with the supercommutator. This Lie superalgebra is

called the general linear Lie superalgebra and is denoted by gl(V ) [CW12]. When

V = Cm|n, we write gl(m|n) := gl(Cm|n).

Definition 2.1.9. Let g be a Lie superalgebra. Then a g-module is a vector space V

together with a bilinear map
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g× V → V

(x, v) 7→ xv

such that [x, y]v = x(yv) − (−1)|x||y|y(xv) for all homogeneous x, y ∈ g , v ∈ V

[Mus12].

Definition 2.1.10. Let g and g′ be Lie superalgebras. A homomorphism of Lie

superalgebras is a linear map f : g → g′ which preserves the Z2-grading, such that

f([a, b]) = [f(a), f(b)] ∀ a, b ∈ g.

Definition 2.1.11. The adjoint map ad : g → End(g) is defined by

ad(a)(b) := [a, b] ∀ a, b ∈ g.

The map ad is a homomorphism of Lie superalgebras. This homomorphism is an

action of g on itself, called the adjoint action.

Definition 2.1.12. A Lie superalgebra is called simple if it contains no nontrivial

ideals [Kac77].

2.1.2 The classical Lie superalgebras

In [Kac77], Kac classified the simple Lie superalgebras. This classification is divided

into two groups: classical Lie superalgebras, and nonclassical Lie superalgebras. The

classical subalgebras are those whose even subalgebra has a completely reducible
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adjoint representation. The classical Lie superalgebras are further divided into two

parts: basic and strange. The nonclassical Lie superalgebras are often called simple

Lie superalgebras of Cartan type [Kac06]. In this thesis, we only focus on the classical

Lie superalgebras.

Definition 2.1.13. A Lie superalgebra g = g0̄ ⊕ g1̄ is called classical if g is simple

and if g1̄ is completely reducible as a g0̄-module [Sch06]. Note that a simple Lie

superalgebra g is classical if and only if g0̄ is reductive [Mus12].

Definition 2.1.14. Let V = V0̄ ⊕ V1̄ be a vector superspace and let g = g0̄ ⊕ g1̄ be a

Lie superalgebra. A bilinear form

B(·, ·) : V → V

is called even if B(Vī, Vj̄) = 0 when ī+ j̄ = 1̄, and odd if B(Vī, Vj̄) = 0 when ī+ j̄ = 0̄.

The form B is called g-invariant if B([a, b], c) = B(a, [b, c]) for all a, b, c ∈ g.

Definition 2.1.15. An even bilinear form is called supersymmetric if B|V0̄×V0̄
is

symmetric and B|V1̄×V1̄
is skew-symmetric; it is called skew-supersymmetric if B|V0̄×V0̄

is skew-symmetric and B|V1̄×V1̄
is symmetric.

Definition 2.1.16. The Killing form on a Lie superalgebra g is defined as

K(x, y) = str(adx ady) ,

where str is the supertrace, defined in Definition 2.1.21

Recall that the Killing form on a simple Lie algebra is necessarily nondegenerate,

(see Theorem 5.1 in [Hum12].) This is not the case for simple Lie superalgebras. In
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fact, classical Lie superalgebras can be sorted into two classes based on the Killing

form: (i) the Killing form is nondegenerate, or (ii) the Killing form is identically zero

[Rit05]. This leads us to the following two definitions.

Definition 2.1.17. A finite dimensional Lie superalgebra g = g0̄ ⊕ g1̄ is called basic

classical if:

1. g is a simple Lie superalgebra;

2. g0̄ is a reductive Lie algebra;

3. There exists a nondegenerate even supersymmetric invariant bilinear form on g

[CWN17].

In other words, a basic classical Lie superalgebra is a classical Lie superalgebra with

the additional requirement of the existence of a nondegenerate even supersymmetric

invariant bilinear form.

Definition 2.1.18. The classical Lie superalgebras which are not basic are called

strange [FSS96].

Recall that a Lie algebra g is automatically a Lie superalgebra by setting g0̄ = g

and g1̄ = 0. In this case, g is isomorphic to one of the simple Lie algebras listed in

the classification of simple complex Lie algebras, found in Theorem 9.26 of [FH13].

Theorem 2.1.19, due to Kac and found on page 44 of [Kac77], summarizes the

classification of the finite-dimensional classical Lie superalgebras that are not Lie

algebras. The basic classical Lie superalgebras can be grouped as follows: four infinite

families A(m,n), B(m,n), C(n), and D(m,n), which are similar to the Cartan series

An, Bn, Cn, and Dn from the classification of simple Lie algebras; the exceptional Lie
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superalgebras, which are made up of the 40-dimensional F (4), the 31-dimensional

G(3), and a family of 17-dimensional exceptional Lie superalgebras D(2, 1; a). And

the strange classical are grouped in the following two infinite families: p(n) and q(n).

Theorem 2.1.19. (Kac) Let g be a finite-dimensional classical Lie superalgebra

such that g is not a Lie algebra. Then g is isomorphic to one of the following Lie

superalgebras.

A Lie superalgebra belonging to one of the infinite families:

1. A(m,n): sl(m+ 1|n+ 1) with m > n ≥ 1;

2. A(m,m): sl(m+ 1,m+ 1)/(I2m+2) with m ≥ 1;

3. B(m,n): osp(2m+ 1|2n) with m ≥ 0, n > 0;

4. C(n): osp(2|2n− 2) with n ≥ 2;

5. D(m,n): osp(2m|2n) with m ≥ 2, n ≥ 1;

The exceptional Lie superalgebras:

6. G(3), a simple algebra of dimension 31;

7. F(4), a simple algebra of dimension 40;

8. D(2, 1;α) where α ̸= 0,−1.

The “strange” Lie superalgebras:

9. p(n), n ≥ 2;

10. q(n), n ≥ 2;
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A Lie superalgebra of type 1. - 8. is basic classical, meaning that it admits a

non-degenerate even supersymmetric bilinear form, while an algebra of type 9. or 10.

does not. Notice that there is a distinction between the families A(m,n) where m ≠ n

and A(m,m). The Lie superalgebra sl(m + 1,m + 1) contains the one-dimensional

ideal consisting of the matrices λI2m+2, hence it is not simple. If we quotient by this

ideal, we get the simple Lie superalgebra sl(m + 1,m + 1)/(I2m+2) which belongs

to the family A(m,m), for m > 0 [Kac06]. D(2, 1;α) is a one-parameter family of

l7-dimensional Lie superalgebras.

We briefly describe some Lie superalgebras listed in Theorem 2.1.19.

The general linear Lie superalgebras

The Lie superalgebra gl(m|n) = gl(Cm ⊕ Cn) can be realized as

gl(m|n) :=


 A B

C D

 ∣∣∣∣ A ∈ Mm×m(C), B ∈ Mm×n(C),

C ∈ Mn×m(C), D ∈ Mn×n(C)

 .

The even part of gl(m|n) is made up of all matrices with B = C = 0, while the

odd part is made up of all matrices with A = D = 0. The superbracket of gl(m|n)

is determined by [a, b] := ab− (−1)|a||b|ba, where a, b ∈ gl(m|n) and ab denotes usual

matrix multiplication.

Example 2.1.20. Let g = gl(1|1). We may choose a basis of g to be {x, y, h′, h′′}

where
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x =

0 1

0 0

 , y =

0 0

1 0

 , h′ =

1 0

0 0

 , h′′ =

0 0

0 1

 .

Then g0̄ = spanC{h′, h′′} and g1̄ = spanC{x, y}.

The special linear Lie superalgebras

Definition 2.1.21. Let g ∈ gl(m|n) be as above. The supertrace is defined as

str(g) := tr(A)− tr(D),

where tr(X) is the usual trace of a square matrix X.

Consider the subspace

sl(m|n) := {g ∈ gl(m|n) | str(g) = 0}.

This subspace is a subalgebra of gl(m|n) called the special linear Lie superalgebra.

Example 2.1.22. Let x, y, h′, h′′ ∈ gl(1|1) be as in Example 2.1.20. Then z := h′+h′′

is in the centre of g, and str(z) = str(x)− str(y) = 0. The special linear Lie algebra

sl(1|1) has a basis {x, y, z}.

When m ̸= n and m + n ≥ 2, then sl(m|n) is simple. Let Im|n denote the

(m + n) × (m + n) identity matrix. When m = n, str(Im|m) = 0, so sl(m|m) has

a non-trivial center generated by Im|m. When m ≥ 2, CIm|m is a non-trivial ideal,

and sl(m|m)/CIm|m is simple. The special Lie superalgebras belong to the following
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families:

A(m |n) =


sl(m+ 1, n+ 1) if m ̸= n,m, n ≥ 0,

psl(m+ 1,m+ 1) := sl(m+ 1,m+ 1)/CIm+1|m+1 if m = n > 0.

The orthosymplectic Lie superalgebras

Definition 2.1.23. Let V = V0̄⊕V1̄ be a vector superspace. Let B be a non-degenerate

supersymmetric bilinear form on V . Note that since B|V1̄×V1̄
is skew-symmetric, then

dimV1̄ = 2n for some n ∈ Z≥0. Let dimV0̄ = m. The Lie superalgebra osp(m|2n) is

defined as osp(m|2n) := osp(V )0̄ ⊕ osp(V )1̄, where

osp(V )0̄ := {g ∈ gl(V )0̄ |B(g(x), y) = B(x, g(y))∀x, y ∈ V },

osp(V )1̄ := {g ∈ gl(V )1̄ |B(g(x), y) = −B(x, g(y))∀x, y ∈ V } .

and is called orthosymplectic.

The orthosymplectic Lie superalgebras are distinguished by three cases [Kac77]:

B(m,n) = osp(2m+ 1|2n) for m ≥ 0, n ≥ 1,

C(n) = osp(2|2n− 2) for n ≥ 2,

D(m,n) = osp(2m|2n) for m ≥ 2, n ≥ 1.

Let g = g0̄⊕g1̄ be a basic complex Lie superalgebra. Recall that g0̄ is a Lie algebra.

The following definitions are compatible with this.

Definition 2.1.24. A Cartan subalgebra of g is defined to be a Cartan subalgebra of

g0̄.
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Let h be a Cartan subalgebra of g, and let α ∈ h∗. Denote the root space of α as

gα := {g ∈ g | [h, g] = α(h)g ∀h ∈ h}.

Definition 2.1.25. The root system for g is denoted by ∆ and defined as

∆ := {α ∈ h∗ | gα ̸= 0, α ̸= 0} .

Then ∆0̄ := {α ∈ h∗ | gα ∩ g0̄ ̸= 0, α ̸= 0} denotes the set of even roots, while

∆1̄ := {α ∈ h∗ | gα ∩ g1̄ ̸= 0, α ̸= 0} denotes the set of odd roots [CW12].

Theorem 2.1.26. Let g be a basic Lie superalgebra with a Cartan subalgebra h.

Theorem 1.18 from [CW12] states that

(i) dim gα = 1 for α ∈ ∆.

(ii) ∆ = −∆,∆0̄ = −∆0̄, and ∆1̄ = −∆1̄.

(iii) For α ∈ ∆, kα ∈ ∆ for an integer k ̸= ±1 if and only if α is an odd root such

that (α, α) ̸= 0. In this case, k = ±2.

Let E = spanR∆ be the real vector space spanned by the roots ∆. Since ∆ is

a finite set, we may choose a total order ≥ on the elements in ∆. Then we may

extend this total order ≥ to E in a way that is compatible with the vector space

structure of E. i.e., if x, x′, y, y′ ∈ E are such that x ≥ y and x′ ≥ y′ and c ∈ R>0,

then x+ x′ ≥ y + y′, −y ≥ −x, and cx ≥ cy [CW12].
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Definition 2.1.27. By Theorem 2.1.26, if α ∈ ∆, then −α ∈ ∆. Since 0 /∈ ∆, then

|∆| = 2n for some integer n ≥ 1. Fix a total order ≥ on the elements of ∆ such

that the set {α > 0} ⊂ ∆ contains exactly n elements. The positive system ∆+ is

defined as ∆+ := {α ∈ ∆ |α > 0} for the given total ordering on E. Elements of ∆+

are referred to as positive roots, and ∆ = ∆+ ∪ (−∆+).

Definition 2.1.28. Given a positive system ∆+, the fundamental system Σ ⊂ ∆+ is

defined as

Σ := {α ∈ ∆+ |α cannot be expressed as a sum of two elements of ∆+}.

Elements of Σ are referred to as simple roots.

The system Σ forms a basis of the space h∗ and every root α ∈ ∆+ can be expressed

as α =
∑

i kiαi where αi ∈ Σ and all of the ki are non-negative integers.

2.1.3 Invariant Bilinear Forms

In this section we will only consider the Lie superalgebras gl(m|n) and osp(m|2n).

The supertrace gives rise to the non-degenerate supersymmetric invariant bilinear

form
(·, ·) : gl(m|n)× gl(m|n) → C

(a, b) 7→ str(ab) .

Here ab denotes matrix multiplication. If we restrict this form to h ⊂ g, the Cartan

subalgebra of diagonal matrices, we get a non-degenerate symmetric invariant bilinear
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form on h:

(Eii, Ejj) =


1 if 1 ≤ i = j ≤ m

−1 if 1 ≤ i = j ≤ n

0 if i ̸= j

.

We denote the basis of h∗ dual to {Eī,̄i, Ejj} by {δi, ϵj} := {ϵī, ϵj}. The form (·, ·)

restricted to h induces a non-degenerate bilinear form on h∗, which we also denote by

(·, ·):

(ϵi, ϵj) =


1 if 1 ≤ i = j ≤ m

−1 if 1 ≤ i = j ≤ n

0 if i ̸= j

.

2.1.4 Rank 1 Lie superalgebras

The rank 1 Lie algebra sl2 plays an important role in the representation theory of

Lie algebras. There are three rank 1 Lie superalgebras: sl2, sl(1|1), and osp(1|2),

which play a similar role in the super setting. Proposition 3 in [PS94] shows that the

representation theory of a basic classical Lie superalgebra can be studied by using the

rank 1 Lie subsuperalgebras.

Definition 2.1.29. A root α ∈ ∆ is called isotropic if (α, α) = 0 [CW12]. Note that

the Killing form is positive definite on the Cartan subalgebra, so an isotropic root is

necessarily odd. We denote the set of isotropic odd roots by

∆1̄ = {α ∈ ∆1̄ | (α, α) = 0} = {α ∈ ∆1̄ | 2α /∈ ∆},

where the second equality follows from Theorem 2.1.26.
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Definition 2.1.30. Let h be a Cartan subalgebra of g and let α ∈ h∗. Then the

coroot of α, denoted by hα ∈ h, is defined by

(hα, h) = α(h) for all h ∈ h.

We denote by eα and fα the root vectors of α and −α, so that [eα, fα] = hα. The

elements eα, fα, hα are called Chevalley generators, and they generate a subalgebra

isomorphic to one of sl2, sl(1|1), or osp(1|2), depending on whether α is even, α is odd

and isotropic, or α is odd and 2α is even, respectively.

Example 2.1.31. Let {Hii, Hjj | 1 ≤ i ≤ m, 1 ≤ j ≤ n} be a basis of h and

{δi, ϵj | 1 ≤ i ≤ m, 1 ≤ j ≤ n} the dual basis of h∗. Then the root system of gl(m|n)

is ∆ = ∆0̄ ⊕∆1̄, where

∆0̄ = {±(δi − δj),±(ϵk − ϵl) | 1 ≤ i < j ≤ m, 1 ≤ k < l ≤ n},

∆1̄ = {±(δi − ϵk) | 1 ≤ i ≤ m, 1 ≤ k ≤ n}.

If we take the standard Borel subalgebra b of all upper triangular matrices, this

gives us a corresponding standard positive root system

∆+ = {δi − δj, ϵk − ϵl, δi − ϵk | 1 ≤ i < j ≤ m, 1 ≤ k < l ≤ n},

and standard fundamental system

Σ = {δ1 − δ2, . . . , δm−1 − δm, δm − ϵ1, ϵ1 − ϵ2, . . . , ϵn−1 − ϵn}.
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Since δm − ϵ1 ∈ ∆1̄ and (δm − ϵ1, δm − ϵ1) = 0,then δm − ϵ1 is an odd isotropic root.

Definition 2.1.32. The ϵδ sequence of an ordered fundamental system

{ϵi1 − ϵi2 , ϵi2 − ϵi3 , . . . , ϵim+n−2 − ϵim+n−1 , ϵim+n−1 − ϵim+n}

is obtained by taking the sequence ϵi1 , ϵi2 , . . . , ϵim+n−1 , ϵim+n , then identifying ϵī = δi,

and finally dropping the indices.

Hence the standard Borel subalgebra corresponds to the ϵδ sequence δ · · · δ︸ ︷︷ ︸
m

ϵ · · · ϵ︸ ︷︷ ︸
n

,

while the opposite Borel subalgebra corresponds to the ϵδ sequence ϵ · · · ϵ︸ ︷︷ ︸
n

δ · · · δ︸ ︷︷ ︸
m

. This

tells us that the opposite fundamental system is

Σop = {ϵn − ϵn−1, · · · , ϵ2 − ϵ1, ϵ1 − δm, δm − δm−1, . . . , δ2 − δ1}.

Theorem 2.1.33. (V. Kac, [Kac06]) A basic classical Lie superalgebra g satisfies the

following properties:

1. g = h⊕
(⊕

α∈∆ gα
)
;

2. dim gα = 1, for α ∈ ∆, except for A(1, 1);

3. [gα, gβ] ̸= 0 if and only if α, β, α + β ∈ ∆;

4. If α ∈ ∆ (or ∆0̄, or ∆1̄, or ∆1̄), then so is −α;

5. (gα, gβ) = 0 for α ≠ −β, the form (·, ·) determines a non-degenerate pairing of

gα and gα, and the restriction of (·, ·) on h is non-degenerate;

6. [eα, fα] = (eα, fα)hα;
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7. The bilinear form on h∗ defined by (α, β) = (hα, hβ) is a non-degenerate W -

invariant form, where W is the Weyl group of g0̄;

8. kα ∈ ∆ for α ̸= 0, k ̸= ±1 if and only if α ∈ ∆1̄, and (α, α) ̸= 0; in this case

k = ±2.

The properties of Theorem 2.1.33, except for the ones dealing specifically with odd

roots, are analogous to the properties of simple finite-dimensional Lie algebras.

2.1.5 The Universal Enveloping Lie Superalgebra

Definition 2.1.34. (The Universal Enveloping Lie Superalgebra) A pair (U(g), ι),

where U(g) is an associative superalgebra and ι : g 7→ U(g) is a homomorphism of Lie

superalgebras, is called the universal enveloping superalgebra of a Lie superalgebra g

if for any other such pair (U ′(g), ι′) there is a unique homomorphism θ : U(g) 7→ U ′(g)

for which ι′ = θ ◦ ι [Kac77].

For a Lie superalgebra, a universal enveloping algebra exists and is unique up

to isomorphism [CW12]. As in the case of Lie algebras, there is a version of the

Poincaré-Birkhoff-Witt (PBW) Theorem for Lie superalgebras.

Theorem 2.1.35. (The Poincaré-Birkhoff-Witt (PBW) Theorem for Lie Superalge-

bras). Let {x1, x2, . . . , xn} be a graded basis of g = g0̄ ⊕ g1̄. Then the set

{xα1
1 xα2

2 · · ·xαn
n |αj ∈ Z if xi ∈ g0̄, and αj ∈ {0, 1} if xi ∈ g1̄}

is a basis of U(g).
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Any representation of a Lie superalgebra g can be thought of as a representation of

U(g), and vice versa. Since U(g) is associative, while g is not necessarily, then we use

U(g) and the Poincaré-Birkhoff-Witt theorem as tools when studying representations

of g. Throughout the thesis, we interchange g-modules and U(g)-modules.

2.1.6 Highest Weight Theory and Simple Reflections

Unlike in the case of Lie algebras, bases of a root system ∆ are not always W -conjugate

(where W is the Weyl group) because of the existence of odd roots [CW12]. Hence,

unlike in the case of semisimple Lie algebras, for a Lie superalgebra g there is in

general more than one conjugacy class of Borel subalgebras and more than one Dynkin

diagram. However, in the case of classical simple Lie superalgebras or Lie superalgebras

of Type A, there are only a finite number of conjugacy classes of Borel subalgebras

[Mus12]. We will be working with these types of Lie superalgebras in this document.

Definition 2.1.36. Suppose that b is a subalgebra of g. Then b is a Borel subalgebra

if b is maximal with the following properties:

1. b0̄ is a Borel subalgebra of g0̄, and

2. b = h⊕n where n is a nilpotent subalgebra of g and h ⊂ g is a Cartan subalgebra.

This definition extends the definition of a Borel subalgebra of a Lie algebra.

The motivation for studying Borel subalgebras of Lie superalgebras comes from the

representation theory of Lie algebras. In the representation theory of Lie algebras, a

Borel subalgebra of a Lie algebra g is a maximal solvable subalgebra b. When we fix

a base of a root system, we may decompose g as

g = n− ⊕ h⊕ n+ , (2.1)
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where h is a Cartan subalgebra of g and n± =
∑

α∈∆+ g±α. Then the Borel subalgebra

associated to this root system is b = h ⊕ n+ [Ser00]. This Borel subalgebra has an

abelian quotient algebra b/n+ ∼= h. Hence any λ ∈ h∗ gives rise to a one dimensional

b-module where h acts by scalar multiplication by the weight λ and n+ acts trivially.

This b-module is usually denoted by Cλ. In fact, Cλ is a U(b)-module, so we may

extend Cλ to be a U(g)-module as follows.

Define M(λ) := U(g) ⊗U(b) Cλ. M(λ) is a U(g)-module under the natural left

action of U(g). i.e., for x ∈ g,

x · (1⊗ vλ) = x⊗ vλ =


x⊗ vλ if x ∈ n−

1⊗ λ(x)vλ if x ∈ h

0 if x ∈ n+

.

By the PBW theorem, U(g) ∼= U(n−) ⊗ U(b). So as a U(n−)-module, M(λ) ∼=

U(n−)⊗ Cλ [Hum12]. M(λ) is called the Verma module.

Furthermore, M(λ) has a unique maximal proper submodule I(λ) and a unique

irreducible quotient V (λ) = M(λ)/I(λ). The Verma module M(λ) is the universal

highest weight module of weight λ. This is summarized in the following two theorems:

Theorem 2.1.37. (A [Hum12]) Let V,W be cyclic modules each generated by a single

maximal vector v+ and w+, respectively, of weight λ. If V and W are irreducible, then

they are isomorphic.

Theorem 2.1.38. (B [Hum12]) Let λ ∈ h∗. Then there exists an irreducible cyclic

module V (λ) of weight λ, such that V (λ) = U(g) · v+ for a maximal weight vector v+

of weight λ.
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Before we move onto the highest weight theory of Lie superalgebras, we will

recall the role which simple reflections play in the representation theory of simple

Lie algebras. Let g be a simple Lie algebra and let b ⊂ g be a Borel subalgebra

with positive roots ∆+ and corresponding base (simple roots) σ = {α1, α2, . . . , αl}.

Then b = h ⊕
(⊕

α∈∆ gα
)

and for each simple root α, the elements eα ∈ gα and

fα ∈ g−α generate a subalgebra isomorphic to sl2. We call this subalgebra the sl2-

triple {eα, hα, fα}. Let V be an irreducible g-module. It is well known that V = V (λ)

for a unique λ ∈ P :=

{
λ ∈ h

∣∣∣∣ 2 (λ, αi)

(αi, αi)
∈ Z≥0 for all 1 ≤ i ≤ l

}
if and only if V is

finite-dimensional.

This is proven using the following scheme. First it is shown that if V is a finite-

dimensional irreducible g-module, then V is a highest weight module of weight λ for

some λ ∈ h∗. We also require the following definition.

Definition 2.1.39. For a g-module V , the support of V is suppV := {µ ∈ h∗ |Vµ ̸= 0}.

1. Since V is finite-dimensional, there is a common eigenvector for h, so the

submodule V ′ =
⊕

µ∈h∗ Vµ is non-zero. Since V is irreducible, then V = V ′,

hence V is a weight module.

2. Next, it is shown that V is a highest weight module. Since V is finite-dimensional,

then SuppV must be a finite set and dimVµ must be finite for all µ ∈ SuppV .

Finite support implies that there exists a weight λ ∈ SuppV such that λ+ α /∈

SuppV for all α ∈ ∆+. Let w ∈ Vλ. Since for all α ∈ ∆ and all µ ∈ SuppV ,

eαVµ ⊆ Vµ+α, then eα · w = 0. And since hVλ ⊆ Vλ for all h ∈ h, then h · w =

λ(h)w for all h ∈ h. Hence by the PBW theorem, V ′′ := U(g)·w = U(n−)·w ⊆ V

is a submodule. Since V is irreducible, then V ′′ = V . So V is indeed a highest
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weight module generated by w with relations eα · w = 0 and h · w = λ(h)w for

all h ∈ h.

Next we will show λ is dominant integral, i.e., λ ∈ P .

1. Recall M(λ) := U(g)⊗U(b) Cλ, the Verma module with highest weight λ , where

Cλ is the b-module C ·w. It is well known that any highest weight g-module is a

quotient of M(λ), and that M(λ) has a unique maximal proper submodule I(λ)

and unique irreducible quotient V (λ). So V is a quotient of M(λ), and since V

is irreducible, then V = V (λ).

2. Finally, we show that λ is dominant integral. Indeed, let w be the highest weight

of V and take any sl2-triple {eα, hα, fα} in g. Since V is finite-dimensional, then

U(span{eα, hα, fα}) · w is also finite-dimensional. So by sl2-theory, mα ∈ Z and

(fα)
mα+1 ·w = 0 for all α ∈ ∆+. In particular, mαi

∈ Z≥0 for all simple roots αi.

So we have shown that if V is a finite-dimensional irreducible g-module, then

V ∼= V (λ) where λ is dominant integral. Now, when is V (λ) finite-dimensional? Using

the symmetry of the Weyl group, we show that when λ is dominant integral, then

V (λ) is finite-dimensional. Suppose V (λ) is a highest weight irreducible g-module

with respect to the Borel subalgebra b of highest weight λ generated by w, such that

mi := 2
(λ, αi)

(αi, αi)
∈ Z≥0 for all 1 ≤ i ≤ l.

1. Fix αi ∈ Σ and let {eαi
, hαi

, fαi
} be the sl2-triple associated to αi. We can use

the simple reflection σi ∈ W to flip the base at root αi. This gives us a new set

of positive roots (∆+)′ := σi(∆
+) = (∆+ \ {αi}) ∪ {−αi}, a new base σi(Σ) =

(Σ \ {αi}) ∪ {−αi}, and hence a new Borel subalgebra b′ = h⊕
(⊕

α∈(∆+)′ g
α
)
.

It also gives us a new sl2- triple {e′αi
= e−αi

, h′
αi

= h−αi
, f ′

αi
= f−αi

}. Take
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w′ = fmi
αi

· w ∈ V λ−miαi . Then e′αi
· w′ ∈ V λ−miαi−αi = 0. So w′ is the highest

weight vector of highest weight

λ′ = λ−miαi = λ− 2
(λ, αi)

(αi, αi)
αi = σi(λ)

with respect to the Borel subalgebra σi(b). Furthermore, since the form (·, ·) is

bilinear, then 2
(σi(λ), σi(αj))

(σi(αj), σi(αj))
= 2

(λ, αj)

(αj, αj)
∈ Z≥0. So V (λ) is a highest weight

irreducible g-module with respect to the Borel subalgebra b′ = σi(b) of highest

weight λ′ = σi(λ) for each 1 ≤ i ≤ l. Since the Weyl group is generated by

the simple reflections {σi | 1 ≤ i ≤ l}, then in fact V (λ) is a highest weight

irreducible g-module with respect to the Borel subalgebra b̃ = ω(b) of highest

weight λ̃ = ω(λ) for each ω ∈ W .

2. Let ωo ∈ W be the longest element. That is, ω0(∆
+) = ∆−, and ω0(Σ) = −Σ,

and ω0(Q) = −Q, etc., where Q+ =
⋃

α Z≥0α. By the above, Vb(λ) = Vbop(λ
op).

Since SuppVb(λ) ⊂ λ−Q+ and SuppVbop(λ
op) ⊂ (λop − (Q+)op) = (λop +Q+)op,

then SuppVb(λ) ⊂ (λ−Q+) ∩ (λop +Q+), which is a finite set.

The key thing which allows us to go from b to bop is the fact that W acts transitively

on the bases (sets of simple roots) of V . Hence, we can find a chain of adjacent Borel

subalgebras and corresponding highest weights

b = b1 ∼ b2 ∼ · · · ∼ bk = bop

λ = λ1 ∼ λ2 ∼ · · · ∼ λk = λop.

In the case of Lie superalgebras this cannot be done by elements of the Weyl group
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alone, so different methods must be used to go from a Borel subalgebra to its opposite.

This is discussed in the following two sections.

2.1.7 Highest Weight Theory of Basic Lie Superalgebras

We can do something analogous with basic Lie superalgebras, but only using simple

reflections will not be enough. Let g = g0̄ ⊕ g1̄ be a basic Lie superalgebra, h be the

standard Cartan subalgebra, and ∆ the standard root system. Let b be the Borel

subalgebra of g associated to Σ. That is b = h ⊕ n+ ⊂ g and g = b ⊕ n−. We will

need to use the following lemma.

Lemma 2.1.40. Let s = s0̄ ⊕ s1̄ be a finite-dimensional solvable Lie superalgebra

such that [s1̄, s1̄] ⊆ [s0̄, s0̄]. Then every finite-dimensional irreducible s-module is

one-dimensional. A complete list of finite-dimensional irreducible s-modules is given

by Cλ, for λ ∈ (h0̄/[h0̄, h0̄]) [CW12].

Let V be a finite-dimensional irreducible representation of g. As showed in Section

1.5.3 of [CW12], V contains a one-dimensional b-module of the form Cλ = Cvλ for

λ ∈ h∗ on which b acts in an analogous way as in the case of Lie algebras. Specifically,

h · vλ = λ(h)vλ and x · vλ = 0, ∀h ∈ h, ∀x ∈ n+.

By the PBW theorem, U(g) ∼= U(n−)⊗U(h)⊗U(n+). Since V is irreducible, then

we must have that V = U(g)vλ = U(n−)vλ. Hence, using this and the PBW theorem,

we see that that V admits a direct sum decomposition

V =
⊕
µ∈h∗

Vµ. (2.2)
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Definition 2.1.41. 1. The weight λ is called the b-highest weight of V .

2. The space Cλ is called the b-highest weight space.

3. The vector vλ is called the b-highest weight vector for V .

4. Modules satisfying (2.2) are called weight modules [Mus12].

When it is clear which Borel subalgebra we have chosen, the “b” will be dropped

from these names.

Proposition 2.1.42. Let g be a basic Lie superalgebra with a Borel subalgebra b. Then

every finite-dimensional irreducible g-module is a b-highest weight module [CW12].

2.1.8 Odd and Real Reflections

Let g = g0̄ ⊕ g1̄ be a basic Lie superalgebra with standard Cartan subalgebra h,

corresponding Borel subalgebra b ⊂ g, positive roots ∆+, and corresponding base

Σ = {α1, α2, . . . , αl}. Let α be a simple root of g, and let eα ∈ gα and fα ∈ g−α. The

subalgebra generated by eα and fα is isomorphic to one of sl2, sl(1|1), or osp(1|2). Can

we use the same scheme as in Section 2.1.6 to classify irreducible finite-dimensional

g-modules? In fact, we cannot always use this due to the existence of odd roots.

Let V be an irreducible g-module. As in Section 2.1.6, Lemma 2.1.40 and 2.1.42

together imply that V is a highest weight module of highest weight λ for some λ ∈ h∗ .

Now suppose V (λ) is a highest weight irreducible g-module with respect to the Borel

subalgebra b of highest weight λ generated by w, such that mi = 2
(λ, αi)

(αi, αi)
∈ Z≥0 for

all 1 ≤ i ≤ l. Can we find a chain of adjacent Borel subalgebras to go from b to bop?

We need some definitions first to be able to continue.
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Definition 2.1.43. Let α be an even root. A real reflection rα is a linear map on h∗

such that

rα(λ) = λ− 2
(λ, α)

(α, α)
α for λ ∈ h∗.

Definition 2.1.44. The Weyl group of g is defined to be the Weyl group of g0̄.

Remark 2.1.45. The Weyl group W is generated by real reflections.

A real reflection is essentially a simple reflection in the case of Lie algebras. The

real reflections rα for α ∈ Σ generate the Weyl group W of g0̄.

1. If α is even, then eα and fα generate sl2 and the real reflection rα is equal to

the simple reflection σα, so everything follows as in Section 2.1.6.

2. If α is odd and 2α is even, then eα and fα generate osp(1|2). Since 2α is even,

then we may use the real reflection r2α. Then Σα = r2α(Σ) and ∆+
α = r2α(∆

+) =

(∆+ \ {α, 2α}) ∪ {−α,−2α} and everything else follows as in Section 2.1.6.

3. If α is odd and isotropic, then eα and fα generate sl(1|1). In this case we cannot

use real reflections since we do not have an even root. The solution is to use odd

reflections. This was introduced by Penkov and Serganova [PS94], is described

below, and is illustrated in Example 2.1.46.

First send α to −α to get

∆+
α = (∆+ \ {α}) ∪ {−α} .

To get the new fundamental system rα(Σ), first we must take away α and include

−α since by definition Σα ⊂ ∆+
α . This is not enough however, because this
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does not give a new base, so more must be done. The new fundamental system

corresponding to ∆+
α is

Σα = {β ∈ Σ | (β, α) = 0, β ̸= α} ∪ {β + α | β ∈ Σ, (β, α) ̸= 0} ∪ {−α}

and the new Borel subalgebra associated to ∆+
α is given by

bα = h⊕

⊕
β∈∆+

α

gβ

 .

What the above means is that if λ ∈ Σ and λ ̸= α, then the new base is

constructed such that

λ 7→


λ if (λ, α) = 0

λ+ α if (λ, α) ̸= 0

.

If α is an odd isotropic root, and we set rα(Σ) := Σα and rα(∆
+) := ∆+

α , we

call this rα an odd reflection.

Recall given a simple Lie algebra g and Borel subalgebras b ⊂ g and b̃ ⊂ g, then

there exists ω ∈ W such that b = ωb̃. Since W is generated by simple reflections,

this is not the case for basic Lie superalgebras. In general, there is more than one

W -conjugacy class of Borel subalgebras.

Example 2.1.46. Let us illustrate the notion of odd reflections using the example

of g = gl(1|2). The Lie superalgebra gl(1|2) has roots ∆0̄ = {±(ϵ1 − ϵ2)} and ∆1̄ =

{±(δ1 − ϵ1),±(δ1 − ϵ2)}, and the standard positive system for gl(1|2) is ∆+ = {ϵ1 −

ϵ2, δ1 − ϵ1, δ1 − ϵ2} with corresponding fundamental system Σ = {δ1 − ϵ1, ϵ1 − ϵ2}. So



CHAPTER 2. PRELIMINARIES 35

the opposite fundamental system is Σop = {ϵ2 − ϵ1, ϵ1 − δ1}. Recall that the Weyl

group W is defined to be the Weyl group of g0̄, hence it is generated by the simple

real reflection σϵ1−ϵ2 . i.e., W = ⟨σϵ1−ϵ2⟩ = {1, σϵ1−ϵ2}.

If we apply σϵ1−ϵ2 to ∆+, we get ∆+
ϵ1−ϵ2 = {ϵ2 − ϵ1, δ1 − ϵ1, δ1 − ϵ2} and Σϵ1−ϵ2 =

{δ1 − ϵ2, ϵ2 − ϵ1}, which is not the opposite fundamental system. This is why odd

reflections are essential. To get to Σop, we first apply the odd reflection rδ1−ϵ1 to

∆+ which yields (∆+)′ = {ϵ1 − ϵ2, ϵ1 − δ1, δ1 − ϵ2} and Σ′ = {ϵ1 − δ1, δ1 − ϵ2}. Next

we apply the odd reflection rδ1−ϵ2 which yields (∆+)′′ = {ϵ1 − ϵ2, ϵ1 − δ1, ϵ2 − δ1}

and Σ′′ = {ϵ1 − ϵ2, ϵ2 − δ1}. Finally, we apply the simple real reflection σϵ1−ϵ2 to get

σϵ1−ϵ2((∆
+)′′) = {ϵ2 − ϵ1, ϵ1 − δ1, ϵ2 − δ1} and σϵ1−ϵ2(Σ

′′) = {ϵ2 − ϵ1, ϵ1 − δ1}.

Example: g = osp(1|2)

Let g = osp(1|2) =




0 α β

β h e

−α f −h


∣∣∣∣∣∣∣∣∣∣
α, β, e, f, h ∈ C

 ⊂ gl(1|2) .

The superbracket is given by [a, b] := ab− (−1)|a||b|ba. Let

f =


0 0 0

0 0 0

0 1 0

, e =


0 0 0

0 0 1

0 0 0

, h =


0 0 0

0 1 0

0 0 −1

,

x =
1√
2


0 0 1

1 0 0

0 0 0

, y =
1√
2


0 1 0

0 0 0

−1 0 0

 .
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The basis of g is {e, f, h, x, y} where span{e, f, h} ∼= sl2(C) and the non-zero

brackets are given by:

[e, y] = −x, [f, x] = −y,[x, x] = e, [x, y] = h, [h, x] = x, [y, y] = −f, [h, y] = −y

[e, f ] = h, [h, e] = 2e, [h, f ] = −2f .

Take the standard Cartan subalgebra h = span{h} and the Borel subalgebra to be

b = span{h, e, x}. Let {δ} be the corresponding dual basis in h∗. From the brackets

above, we see that

x ∈ gδ, y ∈ g−δ, e ∈ g2δ, f ∈ g−2δ.

Hence with respect to h, the even roots are ∆0̄ = {±2δ} and the odd roots are

∆1̄ = {±δ}. The coroot of δ is hδ ∈ h. It is defined by (hδ, h
′) = δ(h′) for all

h′ ∈ h. Since h = spanC(h), then hδ = kh for some k ∈ C. So, using the fact that

(hδ, h) = δ(h) and (h, h) = str(h2) = 2 = 2δ(h), then

δ(h) = (hδ, h) = (kh, h) = 2kδ(h) .

This implies that hδ =
1
2
h. The base is of the root system with respect to h is clearly

Σ = {δ}. Since (δ, δ) = 1 ̸= 0, then δ is a non-isotropic root, so the simple root δ is a

unique, odd, non-isotropic root.
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2.2 The current algebra and the loop algebra

Associated to any Lie algebra g over C is the current algebra. This is the infinite-

dimensional complex Lie algebra ĝ := g⊗ C[t], with the Lie bracket

[x⊗ tn, y ⊗ tm] = [x, y]⊗ tm+n, x, y ∈ g, n,m ∈ Z≥0 .

The current algebra ĝ is Z≥0-graded via

deg(x⊗ tn) = n, x ∈ g, n ∈ Z≥0 .

Likewise, associated to any Lie algebra g over C is the loop algebra, given by

g := g⊗ C[t, t−1], with the Lie bracket

[x⊗ tn, y ⊗ tm] = [x, y]⊗ tm+n, x, y ∈ g, n,m ∈ Z.

The loop algebra g is Z-graded via

deg(x⊗ tn) = n, x ∈ g, n ∈ Z .

2.3 Exponential polynomial functions

Definition 2.3.1. For any λ ∈ C×, the exponential function exp(λ) : Z → C is

defined by

exp(λ)(m) = λm, m ∈ Z,

which can be found in [Wil08].
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Definition 2.3.2. A function φ : Z → C is called exponential-polynomial in one

variable if it can be written as a finite sum of products of polynomial and exponential

functions. i.e., if there exists n ∈ Z>0, polynomials gi ∈ C[k], and scalars λi ∈ C×

such that

φ(k) =
n∑

i=1

gi(k) exp(λi)(k),

which can be found in [Wil09]. From now on, we will simply say “exponential-

polynomial function” or “exponential-polynomial” to refer to an exponential-polynomial

function in one variable.

Lemma 2.3.3. Let r > 0 be an integer and ξ ∈ C× an rth root of unity. Define the

function

qr =
r−1∑
i=0

exp(ξi) .

Then

qr(n) =


r if n ≡ 0 mod r

0 otherwise
.

Proof. If n ≡ 0 mod r, then qr(n) =
∑r−1

i=0 (ξ
i)n =

∑r−1
i=0 1 = r.

If n ≡ l mod r where l ̸= 0, then there exist α, β ∈ Z≥0 such that 0 < β < r − 1 and

n = αr + β. So ξn = ξαr+β = ξβ ̸= 1. Hence

qr(n) = 1n + ξn + ξ2n + · · ·+ ξ(r−1)n =
(ξn)r − 1

ξn − 1
=

1− 1

ξβ − 1
= 0.

Lemma 2.3.4. Let φ : Z → C be a nonzero exponential polynomial function. Then
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there exist n ∈ Z>0 and a unique maximal r > 0 such that

φ = qr

n∑
i=1

gi exp(λi)

for some polynomial functions gi : Z → C, and scalars λi ∈ C×, such that if
(

λi

λj

)r
= 1,

then i = j. In this case we say that φ is exponential polynomial of degree r, and write

degφ = r for the degree of φ [Wil08].

The previous two lemmas show that if φ is exponential-polynomial of degree r,

then φ(k) = 0 if k ̸≡ 0 mod r.

Lemma 2.3.5. Let φ : Z → C be a nonzero function. Then φ is exponential

polynomial if and only if φ is the solution to a homogeneous linear recurrence relation

with constant coefficients.

Proof. Consider a homogeneous linear recurrence relation with constant coefficients

(∗) xN+k = α1xN+k−1 + · · ·+ αNxk, αi ∈ C and αN ̸= 0 . (2.3)

Suppose φ is the solution to (∗). The characteristic polynomial of (∗) is

p(t) = tN − α1t
N−1 − · · · − αN . Let r1, . . . , rl be the roots of p with multiplicities

m1, . . . ,ml, respectively. Then the general solution to (∗) is of the form

xn =
l∑

i=1

(ci,1r
n
i + · · ·+ ci,mi

nmirni ) =
l∑

i=1

gi(n)r
n
i ,

where gi(n) = ci,1r
n
i + · · ·+ ci,mi

rni for some ci,j ∈ C [GK90]. This general solution

is precisely of exponential-polynomial form, and since φ is of the form of xn, it must
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too be exponential-polynomial.

Now suppose that φ is exponential polynomial. Let φ(n) =
∑l

i=1 gi(n) exp(λi)(n) for

some gi ∈ C[n] and λi ∈ C. Let N :=
∑l

i=1 deg gi and let

p(t) :=
N∏
i=1

(t− λi)
deg gi = tN − α1t

N−1 − · · · − αN .

This is the characteristic equation of the linear recurrence relation

xk+N = α1xk+N−1 + · · ·+ αNxk of which φ is a solution.
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Finite dimensional graded components

Let g be one of sl2, sl(1|1), or osp(1|2), where the base field is C. We will study finite

dimensional modules over the current algebra ĝ, and the loop algebra g, by defining a

quotient of the Verma module M(Λ). At the end of the Chapter, we discuss irreducible

Z-graded h⊗ C[t, t−1]-modules, which will be used in Chapter 5.2.

3.1 Finite Dimensional g⊗ A-modules

Recall that g is an h-module via the adjoint action.

Let gk := {X ∈ g | [H,X] = kX ∀ H ∈ h}. When g = sl2, we have the decomposition

sl2 =
⊕

k∈Z gk, where gk = 0 for k ̸= 0,±2. From this decomposition we get the

Z-grading of sl2 where deg(f) = −2, deg(h) = 0, and deg(e) = 2. Similarly, when

g = osp(1 |2) we have the decomposition osp(1 | 2) =
⊕

k∈Z gk, where gk = 0 for

k ̸= 0,±1,±2, and the corresponding Z-grading of g where deg(f) = −2, deg(y) = −1,

deg(h) = 0, deg(x) = 1, and deg(e) = 2.

In the case of g = sl(1 | 1) the Cartan subalgebra h = CI2 is central so we do not

41
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get a Z-grading of g by viewing g as an h-module. However, we may use the larger Lie

superalgebra gl(1 | 1) ⊃ sl(1 | 1). The Cartan subalgebra of gl(1 | 1) is 2-dimensional

and not central. By viewing gl(1 | 1) as an h-module, we get the decomposition

gl(1 | 1) = gl(1 | 1)−1 ⊕ gl(1 | 1)0 ⊕ gl(1 | 1)1 and corresponding Z-grading of gl(1 | 1).

This allows us to obtain the decomposition sl(1 | 1) =
⊕

k∈Z gk where gk = 0 for

k ̸= 0,±1, from which we get the Z-grading of sl(1 | 1) where deg(y) = −1, deg(z) = 0,

and deg(x) = 1.

With respect to the above grading of g = sl2 or g = osp(1 | 2), we may view any

weight module over g as a Z-graded module. Let h ⊂ g be a Cartan subalgebra of g.

Suppose M =
⊕

λ∈h∗ M
λ is a weight g-module, and fix a weight λ0 ∈ suppM . For any

homogeneous X ∈ g and H ∈ h, [H,X] = kX where k ∈ {0,±1,±2}. Hence for any

homogeneous X ∈ g, X ·Mλ0 ⊆ Mλ0+k where k ∈ {0,±1,±2}. So M can be viewed

as a Z-graded g-module, and M =
⊕

k∈ZM
λ0+k.

We extend the grading above to a Z-grading on U(g⊗A) as follows. Suppose X :=

X1 · · ·Xn ∈ U(g ⊗ A) is written in the PBW order. Then deg(X) =
∑n

i=1 deg(X
i).

We will use this grading to study finite dimensional Z-graded (g⊗A)-modules. Let M

be such an irreducible module and let g = n− ⊕ b, where b = h⊕ n+, be the triangular

decomposition of g. Then as an h-module, M is semi-simple. i.e., M =
⊕

µ∈h∗ Mµ is

a weight module. To achieve finite dimensionality, two conditions must be satisfied.

The weight spaces need to have finite support, and each weight space must be finite-

dimensional. Since M has finite support there is a largest µ0 ∈ suppM which we

call the highest weight. Let w0 ∈ Mµ0 be a highest weight vector. Recall that if

0 ̸= Xn ∈ n+ ⊗A, then Xn ·Mµ ⊆ Mµ′ , where µ < µ′. Since µ0 is the highest weight,

then necessarily (n+⊗A) ·w0 = 0. This will be the first condition for the Weyl module.
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On the other hand, if 0 ̸= Xn ∈ n−⊗A then Xn ·Mµ ⊆ Mµ′ , where µ′ < µ. Hence,

Mµ0 = U(h⊗ A) · w0. Let N ⊂ Mµ0 be a proper U(h⊗ A)-submodule. By the PBW

theorem, U(g ⊗ A) ∼= U(n− ⊗ A) ⊗ U(h ⊗ A) ⊗ U(n+ ⊗ A), so U(g) · N ⊂ M is a

proper g⊗ A-submodule. Since we assumed that M is an irreducible (g⊗ A)-module,

then N = 0 and so Mµ0 must be an irreducible U(h⊗ A)-module. Since Mµ0 is the

highest weight space of M , then dimMµ0 = 1, i.e., Mµ0 = Cw0. This means that

for all hn ∈ h⊗ A, hn · w = λ(hn)w for some λ ∈ (h⊗ A)∗. This will be the second

condition for the Weyl module.

Finally, to have finite support, for each Borel subalgebra (n+)′ ⊕ h = b′ ⊂ g there

must exist a weight λ ∈ h∗ such that x · v = 0 for all v ∈ Mλ and for all x ∈ (n+)′.

This will be the third condition. Such a module is called a Weyl module and is a

highest weight module. It will be discussed in detail in the following chapters. Using

generators and relations, we prove that each weight space of the Weyl module is

finite-dimensional, and we derive a formula for the dimension of the module. This is

summarized in Theorem 3.1.3.

Definition 3.1.1. Let g be a Lie superalgebra and let h ⊂ g be a Cartan subalgebra.

Let A be a finitely generated unital associative C-algebra and let Λ ∈ (h⊗A)∗. Define

the Verma module M(Λ) as the cyclic g⊗ A-module with highest weight Λ generated

by w0 such that

(n+ ⊗ A) · w0 = 0, (3.1)

(h⊗ a) · w0 = Λ(h⊗ a)w0 for all h⊗ a ∈ h⊗ A. (3.2)

Let I(Λ) ⊂ M(Λ) be the maximal submodule and V (Λ) := M(Λ)/I(Λ) be the
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irreducible quotient of M(Λ).

In Chapters 3, 4, and 5, we define the Weyl module with generators and relations.

Here we provide an equivalent definition using the Verma module.

Definition 3.1.2. Let g be a rank k Lie superalgebra with Cartan subalgebra h ⊂ g.

Let A be a finitely generated unital associative C-algebra, let Λ ∈ (h⊗A)∗, and let M(Λ)

be the Verma module. Let Σ = {α1, . . . , αk} be a set of simple roots of g. For each α ∈

Σ0̄ and for each β ∈ Σ1̄, let {fα, hα, eα} and {yβ, zβ, xβ} be the Chevalley generators,

respectively. For m = (m1, . . . ,mk) ∈ (Z>0)
k, let I(Λ,m) ⊂ M(Λ) be a submodule

generated by {(Fαi
⊗1)mi+1·w0 |αi ∈ Σ0̄}∪{(Yαi

⊗1)(Yαi
⊗t) · · · (Yαi

⊗tmi)·w0 |αi ∈ Σ1̄}.

Then W (Λ,m) = M(Λ)/I(Λ,m) is a local Weyl module of g⊗ A.

There are two remarks to make about W (Λ,m). The first is that W (Λ,m) is

irreducible if and only if I(Λ,m) is a maximal submodule. The second is that

W (Λ,m) = 0 if and only if I(Λ,m) = W (Λ).

The following theorem is a summary of some of the results in Chapters 3, 4, and 5.

Theorem 3.1.3. Let g be one of sl2, sl(1 | 1), or osp(1 | 2) and let A = C[t] or

A = C[t, t−1]. Let V (Λ) be as in Definition 3.1.1. Then the following are equivalent:

(i) dimV (Λ) < ∞

(ii) suppV (Λ) < ∞

(iii) dimV (Λ)µ < ∞ for all µ ∈ suppV (Λ)

(iv) There exists an ideal I ⊂ A such that dim(A/I) < ∞ and (h⊗ I) · w0 = 0.
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3.1.1 Connections to other research

Weyl modules for the affine Lie algebra g⊗C[t, t−1]⊕cC, where g is a finite-dimensional

simple complex Lie algebra, were first introduced by Chari and Pressley in [CP01].

Around 20 years later, Calixto, Lemay and Savage replaced g by a Lie superalgebra

in [CLS19]. In particular, they studied Weyl modules over Lie superalgebras of the

form g ⊗C A, where g is a basic Lie superalgebra, or g = sl(n, n), n ≥ 2, and A

is an associative commutative unital C-algebra, and proved that these modules are

finite-dimensional.

3.2 Z× Z-graded g⊗ A-modules

3.2.1 Irreducible Z-graded h-modules

Recall that for a Lie superalgebra l, the loop algebra is defined as l := l ⊗ C[t, t−1].

In the previous section, we described g⊗ A-modules generated by a one dimensional

h-module. The next type of module we study is generated by an irreducible Z-graded

h-module with finite-dimensional graded components. In contrast to the previous

section, these modules are not necessarily finite-dimensional. From these modules

we then induce Z × Z-graded g-modules. The next proposition shows for such an

irreducible h-module, each graded component is either trivial or one-dimensional.

Proposition 3.2.1. Let L be an irreducible Z-graded h-module such that

L =
⊕
i∈Z

Li

where dimLi < ∞ for all i ∈ Z. Then
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1. dimLi ≤ 1, and

2. the set I = {i ∈ Z | dimLi = 1} ⊂ Z is equal to I = i0 + (r) for some i0 ∈ Z

and r ≥ 0.

Remark 3.2.2. We may think of L as the h-module ti0C[tr, t−r] with the action

hn · ti0+rm = a(n)ti0+rm+n, where m,n ∈ Z, and a : Z → C is some exponential

polynomial function of degree r.

Proof. For the first part, we can consider U(h) as a Z-graded algebra by letting

deg(Zk1 · · ·Zks) = k1 + · · ·+ ks. Since L is an irreducible h-module, then L is also an

irreducible U(h)-module. Fix i ∈ Z and consider Li. Then U(h)0 · Li ⊆ Li, so Li is

an irreducible U(h)0-module. Suppose Li ̸= 0. Since Li is a U(h)0-module, then each

h ∈ U(h)0 is a linear operator on Li and hence has an eigenvector. Let h′ ∈ U(h)0 and

consider L′
i, the corresponding eigenspace. Since U(h)0 is commutative, L′

i is invariant

under the action of any h ∈ U(h)0. Hence L′
i ⊆ L is a U(h)0-submodule. Since Li

is an irreducible U(h)0-module, then L′
i = Li. By Lemma 2.1.40, dimL′ = 1, hence

dimLi = 1.

For the second part, suppose L ̸= 0. Then there exists i0 ∈ Z such that Li0 ̸= 0.

There are two cases. In the first case, Li = 0 for all i ∈ Z \ {i0}. Then I = i0 + (0). In

the second case, there exists at least one element j ∈ I such that j ̸= i0 and Lj ̸= 0.

We can choose j such that the distance r := |i0 − j| is minimal. Without loss of

generality, suppose j > i0, i.e., j = i0 + r. Then Li0+1 = · · · = Li0+r−1 = 0. By part

a), dimLi0 = dimLj = 1. Choose a basis vector 0 ̸= vi0 of Li0 . Since Lj ̸= 0 and L is

an irreducible h-module, there exists X ∈ h
r such that Xvi0 ̸= 0. Choose the vector

vi0+r := Xvi0 ∈ Li0+r to be a basis vector of Li0+r. We will use strong induction on

N , where N is such that i0, i0 + r, i0 + 2r, . . . , i0 +Nr ∈ I, to prove that i0 + (r) ⊆ I.
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By above we know that the base case of N = 1 is true. Now suppose there exists

N ∈ Z > 0 such that i0 + kr ∈ I for all 0 ≤ k ≤ N . As in the base case, choose a

basis vector vi0 ∈ Li0 . Since L is an irreducible h-module, there exists X ∈ h
r such

that vi0+r := Xvi0 ∈ Li0+r is non-zero. Similarly, there exists Y ∈ h
−r such that

Y vi0+r = vi0 . Consider Xkvi0 ∈ Li0+kr for k = 0, . . . , N . Since the elements of U(h)

commute, then 0 = Xkvi0 implies that 0 = Y kXkvi0 = (Y X)kvi0 = vi0 , which is a

contradiction. Hence we may fix a basis of Li0+kr for k = 0, . . . , N , to be {vi0+kr},

where vi0+kr := Xkvi0 . This also implies that i0 − r, i0 − 2r, . . . , i0 − Nr ∈ I. Since

otherwise, if Y kvi0 ∈ Li0−kr = 0 for 1 ≤ k ≤ N , then, since elements of U(h) commute,

0 = Y kvi0 = XkY kvi0 = Y kXkvi0 = Y kvi0+kr = vi0 .

Moreover, we know that XY vi0+Nr and Y Xvi0−Nr are both non-zero. Now suppose

that Xvi0+Nr = 0 and Y vi0−Nr = 0. Then

0 = Xvi0+Nr = Y Xvi0+Nr = XY vi0+Nr, and

0 = Y vi0−Nr = XY vi0−Nr = Y Xvi0−Nr,

which are both contradictions. Hence i0 ± (N +1)r ∈ I, and by induction i0 + (r) ⊆ I.

Now we will show that i0 + kr + l /∈ I for all k ∈ Z and 1 ≤ l ≤ r − 1. By

way of contradiction, suppose there exists k ∈ Z and 1 ≤ l ≤ r − 1 such that

Li0+kr+l ≠ 0. Choose a basis vector vi0+kr+l of Li0+kr+l. Since Li0+kr ̸= 0 and L is an

irreducible h-module, then there exists Z ∈ h
−l such that Zvi0+kr+l = vi0+kr. Then
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XkZvi0+kr+l = vi0 is non-zero. Since elements of U(h) commute,

0 ̸= XkZvi0+kr+l = Z(Xkvi0+kr+l) .

This implies that 0 ̸= Xkvi0+kr+l ∈ Li0+l, which contradicts Li0+l = 0. Hence

I = i0 + (r) for some r ≥ 0.



Chapter 4

The Lie algebra sl2 ⊗ A

Let A be C[t] or C[t, t−1]. Before going to the case of Weyl modules of current and loop

Lie superalgebras, we will first study the Weyl module of the Lie algebra sl2 ⊗ A. We

will then use the techniques from this section to study the Weyl module of sl(1|1)⊗A

in Chapter 5 and osp(1|2)⊗ A in Chapter 6.

4.1 Highest weight modules of sl2 ⊗ A

For X ∈ g, define Xn := X ⊗ tn ∈ g⊗ A. Recall that sl2 = Cf ⊕ Ch⊕ Ce and recall

the definition of the Verma module M(Λ) from Definition 3.1.1.

Definition 4.1.1. Let a := (an)n∈Z, where an ∈ C. Let Λ ∈ (h ⊗ A)∗ be such that

Λ(hn) = an. Define I(Λ,m) ⊂ M(Λ) to be the submodule generated by Fm+1
0 · w0 .

Then

W (Λ,m) := M(Λ)/I(Λ,m) . (4.1)

W (Λ,m) is called a Weyl module of sl2 ⊗ A .

49
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More informally, W (Λ,m) is the cyclic highest weight U(sl2⊗A)-module generated

by w0 and defined by the relations

Hn · w0 = Λ(hn)w0 ∀Hn ∈ U(h⊗ A) ,

(n+ ⊗ C[t]) · w0 = 0 ,

Fm+1
0 · w0 = 0 .

(4.2)

Note that here we abuse notation by using w0 as the generating vector of both M(Λ)

and W (Λ,m).

Remark 4.1.2. We would like w0 to be non-zero. However, Theorem 4.1.3 states

that W (Λ,m) = 0 if certain conditions hold. In this case w0 = 0.

The rest of this section is devoted to proving the following theorem.

Theorem 4.1.3. Let m ∈ Z>0. Let W (Λ,m) be the U(sl2 ⊗ A)-module generated by

a vector w0 with relations (4.2). Then

1. W (Λ,m) ̸= 0 if and only if there exist α1, . . . , αm ∈ C∗ with an = αn
1 + · · ·+ αn

m

for all n .

2. If W (Λ,m) ̸= 0 then dimW (Λ,m) = 2m.

3. If W ′(Λ,m) is a (sl2 ⊗ A)-module generated by a vector w0 which satisfies the

relations (4.2), then there exists an (sl2 ⊗ A)-submodule M ⊆ W (Λ,m) such

that W ′(Λ,m) ∼= W (Λ,m)/M .

We start by proving the existence of W (Λ,m) given that an = αn
1 + · · ·+ αn

m for

some α1, . . . , αm ∈ C. To show that such a module exists (i.e., is non-zero), we will

prove that W (Λ,m) is equal to the tensor product of evaluation modules, which are
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defined below. Suppose that for all n ≥ 0, an = αn
1 + · · ·+αn

m for some α1, . . . , αm ∈ C.

Let V be a highest weight sl2(C)-module with highest weight 1, generated by vi. For

αi ∈ C let Vi(αi) be a highest weight sl2 ⊗ C[t]-module generated by vi,0 with action

xn · vi,0 = αn
i (x · vi) for all vi ∈ Vi(αi) and for all xn ∈ sl2 ⊗C[t]. Note that this action

evaluates the polynomial tn at αi. We refer to Vi(αi) as the evaluation module at αi.

Now consider

W :=
m⊗
i=1

Vi(αi), (4.3)

the tensor product of evaluation modules. We claim that W satisfies relations (4.2).

Indeed, since W is generated by v1,0 ⊗ · · · ⊗ vm,0, then

1.

Hn · v1,0 ⊗ · · · ⊗ vm,0 =
m∑
i=1

v1,0 ⊗ · · · ⊗ (Hn · vi,0)⊗ · · · ⊗ vm,0

=
m∑
i=1

v1,0 ⊗ · · · ⊗ (αn
i vi,0)⊗ · · · ⊗ vm,0

=
m∑
i=1

αn
i (v1,0 ⊗ · · · ⊗ vm,0)

=

(
m∑
i=1

αn
i

)
v1,0 ⊗ · · · ⊗ vm,0.

2. Moreover, since En · vi,0 = 0 for all i = 1, . . . ,m, then En · (v1,0 ⊗ · · · ⊗ vm,0) = 0.

3. Finally, since Fm+1
0 · vi,0 = 0 for all i = 1, . . . ,m, then

Fm+1
0 · (v1,0 ⊗ · · · ⊗ vm,0)

=(Fm+1
0 · v1,0)⊗ v2,0 · · · ⊗ vm−1,0 ⊗ vm,0 + · · ·+ v1,0 ⊗ v2,0 ⊗ · · · ⊗ vm−1,0 ⊗ (Fm+1

0 · vm,0)

=0.
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So W satisfies the conditions of the Weyl module. Hence it must be a quotient of

the Weyl module thus proving the existence of the Weyl module. Now we will assume

a module which satisfies the conditions of (4.2) exists and prove that properties 1., 2.,

and 3. of Theorem 4.1.3 hold.

Remark 4.1.4. We introduce the following notation for elements of U(sl(2) ⊗ A).

Let I = {i1, . . . , in}, J = {j1, . . . , jn} be multisets of integers. We will write EI :=

Ei1 · · ·Ein and FJ := Fj1 · · ·Fjn . For any x ∈ sl(2) and i, j ∈ Z, the elements Xi, Xj

commute in U(sl(2)⊗ A), hence this notation is well-defined.

Proposition 4.1.5. Let m ∈ Z≥0. Then Fm+1
0 · w0 = 0 implies FI · w0 = 0 for any

multiset of integers I = {i1, i2, . . . , im+1}.

Proof. We will use induction on n, where n is the size of the multiset {i1, i2, . . . , in}

to show that Fi1 · · ·FinF
m+1−n
0 · w0 = 0. When n = 1,

0 = Hi1F
m+1
0 w0

= Fm+1
0 Hi1w0 −

m∑
k=0

F k
0 [Hi1 , F0]F

m−k
0 w0

= 0− 2(m+ 1)Fm
0 Fi1w0 .

Hence Fm
0 Fi1w0 = 0 for any i1 ≥ 0.

Now suppose the result holds for some n ≥ 1. Since Fin · · ·Fi1F
m+1−n
0 w0 = 0, then

0 = Hin+1Fin · · ·Fi1F
m+1−n
0 w0

= Fin · · ·Fi1Hin+1F
m+1−n
0 w0 − 2

n∑
r=1

Fin+1+irFin · · · F̂ir · · ·Fi1F
m+1−n
0 w0

= Fin · · ·Fi1Hin+1F
m+1−n
0 w0 − 0
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= Fin · · ·Fi1F
m+1−n
0 Hin+1w0 −

m−n∑
k=0

Fin · · ·Fi1F
k
0 [Hin+1 , F0]F

m−n−k
0 w0

= ain+1Fin · · ·Fi1F
m+1−n
0 w0 − 2(m+ 1− n)Fin+1 · · ·Fi1F

m−n
0 w0

= −2(m+ 1− n)Fin+1 · · ·Fi1F
m+1−(n+1)
0 w0.

Where Fi1 · · ·Fin+1F
m−n
0 w0 = Fin · · ·Fi1F

k
0 Fin+1F

m−n−k
0 w0, since the Fi’s commute.

In particular, when n = m+ 1, then Fi1 · · ·Fim+1w0 = 0 for all i1, . . . , im+1 ∈ Z.

Remark 4.1.6. We introduce the following notation regarding partitions. For a

partition λ ⊢ n, let s(λ) denote the length of λ. Then we may write λ = (λ1, . . . , λs).

Let λ! := λ1! · · ·λs! and (λ− 1)! := (λ1 − 1)! · · · (λs − 1)! . For a partition λ ⊢ n and

an integer 1 ≤ i ≤ n, let µi be the number of parts equal to i. i.e., µi = #{λj | 1 ≤

j ≤ s and λj = i}. Take the multisets I = {i1, . . . , in} and J = {j1, . . . , jn}, where

ik, jl ∈ Z≥0. Then for any partition λ ⊢ n, λ = (λ1, . . . , λs), we have the set of

decompositions of I ∪ J

Kλ
I,J := {K = {K1, . . . , Ks} |Ki = Ii⊔Ji, I1⊔· · ·⊔Is = I, J1⊔· · ·⊔Js = J, |Ii| = |Ji| = λi}.

Notice that

|Kλ
I,J | =

(
n
λ1

)(
n−λ1

λ2

)
· · ·
(
n−λ1−···−λs−1

λs

)
µ1! · · ·µn!

(
n

λ1

)(
n− λ1

λ2

)
· · ·
(
n− λ1 − · · · − λs−1

λs

)
=

n!n!

λ!λ!µ1! · · ·µn!
.

Let

aλI,J = aλ :=
∑

K∈Kλ
I,J

a∑
K1

· · · a∑
Ks
, (4.4)
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where the subscript I, J is dropped when is it clear which sets I, J are being used.

Hence after fixing sets I, J of size n, for each λ ⊢ n, aλ is a sum of n!n!
λ!λ!µ1!···µn!

terms.

Example 4.1.7. For example, if I = {i1, i2, i3}, J = {j1, j2, j3}, and λ = (2, 1), then

aλI,J = ai1+i2+j1+j2ai3+j3 + ai1+i2+j1+j3ai3+j2 + ai1+i2+j2+j3ai3+j1

+ai1+i3+j1+j2ai2+j3 + ai1+i3+j1+j3ai2+j2 + ai1+i3+j2+j3ai2+j1

+ai2+i3+j1+j2ai1+j3 + ai2+i3+j1+j3ai1+j2 + ai2+i3+j2+j3ai1+j1 .

Let pk :=
∑

i x
k
i denote the kth power sum symmetric polynomial.

Let en :=
∑

i1<i2<···<in
xi1xi2 · · ·xin denote the nth elementary symmetric function.

Let Mn be the matrix

Mn :=



p1 1 0 · · · 0

p2 p1 2 · · · 0

...
...

...
...

pn−1 pn−2 · · · n− 1

pn pn−1 · · · p1


(4.5)

and let M ′
n be the matrix

M ′
n :=



a1 1 0 · · · 0

a2 a1 2 · · · 0

...
...

...
...

an−1 an−2 · · · n− 1

an an−1 · · · a1


(4.6)

Suppose we restrict the pk’s and en’s to m variables. Then en = 0 for all n ≥ m+1,
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and from page 136 of [Gou99] we get the identity detMm = (−1)mm!em.

Recall the Newton-Girard formulas

kek =
∑k

i=1(−1)i+1piek−i if k ≤ m ,

pk =
∑m

i=1(−1)i+1eipk−i if k > m .

from Section 10.12 of [Sér12]. The second formula is equivalent to

pm+k =
∑m

i=1(−1)i+1eipm+k−i for k > 0, meaning that power sums satisfy a recurrence

relation of at least order m. And since e0 = 1, the first formula can be rewritten as pk =∑k−1
i=1 (−1)i+k+1piek−i + (−1)k+1kek when k ≤ m. Hence the minimal homogeneous

recurrence relation satisfied by the pk’s is of order m. Since en =
∑n

k=0 αkpk, for some

αk ∈ C, setting 0 = detMm gives a recurrence relation on the pk’s. Proposition 4.1.8

tells us the necessary and sufficient condition such that detM ′
n = 0. Hence, if this

condition is satisfied, the sequence a will satisfy the same recurrence relations as the

power sums in m variables. In particular, the sequence a will satisfy a recurrence

relation of minimal order m.

Proposition 4.1.8. Let n ≥ m + 1 and let I = {i1, . . . , in}, J = {j1, . . . , jn} be

multisets of integers. Then EIFJ · w0 = 0 if and only if detM ′
n = 0.

To prove Proposition 4.1.8 we first need some lemmas.

Lemma 4.1.9. For any n ∈ Z≥0, and any multisets of integers I = {i1, . . . , in},

J = {j1, . . . , jn}, we have

EIFJw0 =
∑
λ⊢n

(−1)s(λ)+nλ!(λ− 1)!aλI,Jw0, (4.7)

where aλI,J is as in equation (4.4). In particular,

Ei1 · · ·EinF
n
0 w0 = (∗)n (i1, . . . , in) ,
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where

(∗)n (i1, . . . , in) :=
∑
λ⊢n

(−1)s(λ)+n (λ− 1)!

µ1! · · ·µs!
aλw0. (4.8)

Lemma 4.1.9 along with Proposition 4.1.8 give us information about the sequence

a.

Proof. Fix λ ⊢ n, λ = (λ1, . . . , λs). Let aλ be the coefficient of

a := ai1+···+iλ1+j1+···jλ1aiλ1+1+···+iλ1+λ2
+jλ1+1+···+jλ1+λ2

· · ·

aiλ1+···+λs−1+1+···+jλ1+···+λs−1+1+···+jλ1+···+λs

in the PBW basis order of Ein · · ·EinFj1 · · ·Fjnw0. To get from Ein · · ·EinFj1 · · ·Fjnw0

to aλw0, the Ei’s must be passed over the Fj’s. First consider Ei1Fj1 · · ·Fjn . Since

EiFj = FjEi +Hi+j and HiFj = FjHi − 2Fi+j, then when Ei1Fj1 · · ·Fjn is written in

the order of the PBW basis, two things occur:

1. Ei and Fjr are replaced by Hi+jr .

2. Ei, Fjr , and Fjt are merged into −2Fi+jr+jt .

Now to find the factor of the coefficient due to ai1+···+iλ1+j1+···jλ1 , we must apply 2.

from above λ1 − 1 times. So we get

(
λ1

2

)(
λ1 − 1

2

)
· · ·
(
2

2

)
(−2)λ1−1 =

λ1!

2!(λ1 − 2)!

(λ1 − 1)!

2!(λ1 − 3)!
· · · 2!

2!0!
(−2)λ1−1

= (−1)λ1−1λ1!(λ1 − 1)! .

Similarly, to find the factor of the coefficient due to aiλ1+1+···+iλ1+λ2
+jλ1+1+···jλ1+λ2

,

we must apply 2. from above λ2 − 1 times; and so on. Hence,
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aλ = (−1)λ1−1λ1!(λ1 − 1)(−1)λ2−1λ2!(λ2 − 1) · · · (−1)λs−1λs!(λs − 1)

= (−1)n−sλ!(λ− 1)! = (−1)l(λ)+nλ!(λ− 1)! .

Lemma 4.1.10. For any n ∈ Z≥0, i ∈ Z, and multiset of integers J = {j1, . . . , jn},

we have

HiFJw0 = aiFJw0 − 2
n∑

k=1

Fi+jkFJ−{jk}w0 .

Proof. When n = 1, then HiFj1w0 = Fj1Hiw0 − 2Fi+j1w0 = aiFj1w0 − 2Fi+j1w0. Now

assume the equation holds for some n ≥ 1. Let J = {j1, . . . , jn+1}. Then

HiFJw0 = HiFjn+1FJ−{jn+1}w0 = Fjn+1HiFJ−{jn+1}w0 − 2Fi+jn+1FJ−{jn+1}w0 .

By induction

Fjn+1HiFJ−{jn+1}w0 = aiFJw0 − 2
n∑

k=1

Fi+jkFJ−{jk}w0.

Hence

HiFJw0 = aiFJw0 − 2
n∑

k=1

Fi+jkFJ−{jn+1}w0 − 2Fi+jn+1FJ−{jn+1}w0

= aiFJw0 − 2
n+1∑
k=1

Fi+jkFJ−{jk}w0 .
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Lemma 4.1.11. For any n ∈ Z≥2, i ∈ Z, and multiset of integers J = {j1, . . . , jn},

we have

EiFJw0 =
n∑

r=1

ai+jrFJ−{jk}w0 − 2
n∑

s,t=1
s<t

Fi+js+jtFJ−{js,jt}w0 .

In particular, EiF
n
j · w0 = nai+jF

n−1
j · w0 − 2

(
n
2

)
Fi+2jF

n−2
j · w0 .

Proof. When n = 2, EiFj1Fj2w = ai+j2Fj1w0 + ai+j1Fj2w − 2Fi+j1+j2w0. Now assume

the equation holds for some n ≥ 2. Let J = {j1, . . . , jn+1}. Then

EiFJw0 = Fjn+1EiFJ−{jn+1}w0 +Hi+jn+1FJ−{jn+1}w0 .

By induction,

Fjn+1EiFJ−{jn+1}w0 =
n∑

r=1

ai+jrFJ−{jr}w0 − 2
n∑

s,t=1
s<t

Fi+js+jtFJ−{js,jt}w0,

and by Lemma 4.1.11

Hi+jn+1FJ−{jn+1}w0 = ai+jn+1FJ−{jn+1}w0 − 2
n∑

s=1

Fi+js+jn+1FJ−{js,jn+1}w0.

Combining these gives the desired result.

Lemma 4.1.12. Recall the matrices M and M ′ defined in (4.5) and (4.6), respectively.

Then detM ′
n · w0 = (∗)n(1, . . . , 1), where (∗)n(1, . . . , 1) is as in (4.8).

Proof. We proceed by induction. When n = 1, clearly detM ′
1 ·w0 = a1 ·w0 = (∗)1(1).
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Now consider

detM ′
n+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 1 0 · · · 0 0

a2 a1 2 · · · 0 0

...
...

...
...

an−1 an−2 · n− 1 0

an an−1 an−2 · · · a1 n

an+1 an an−1 · · · a2 a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Let (M ′
n+1)k denote the matrix obtained by deleting the n+1th row and kth column

of M ′
n+1. Then by expanding along the bottom row, we have

detM ′
n+1 =

n+1∑
k′=1

(−1)n+1+k′an+2−k′ det(M
′
n+1)k′ .

Letting k = k′ − 1, we have

detM ′
n+1 =

n∑
k=0

(−1)n+kan+1−k det(M
′
n+1)k+1 =

n∑
k=0

an+1−k n!

k!
detM ′

k .

Since 0 ≤ k ≤ n, then detM ′
k = (∗)k(1, . . . , 1). So

detM ′
n+1 =

n∑
k=0

an+1−k
n!

k!

(∑
λ⊢k

(−1)s(λ)+k k!

λ1 · · ·λsµ1! · · ·µk!
aλ1 · · · aλs

)

=
n∑

k=0

an+1−k

(∑
λ⊢k

(−1)s(λ)+k n!

λ1 · · ·λsµ1! · · ·µk!
aλ1 · · · aλs

)
.

The above includes all partitions of n + 1 because for any fixed k, we get the

partitions λ′ = (n+ 1− k, λ1, . . . , λs),where λ = (λ1, . . . , λs) is a partition of k.
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Now consider λ ⊢ n+ 1. With λ = (λ
µλ1
1 , . . . , λ

µλr
r ) where λ1, . . . , λr are all distinct.

Then

=
r∑

i=1

aλi

(
(−1)l(λ)+nn!

λµ1

1 · · ·λµi−1
i · · ·λµr

r µ1! · · · (µi − 1)! · · ·µn!

)
a
µλ1
λ1

· · · aµλi
−1

λi
· · · aµλr

λr

= (−1)l(λ)+n

r∑
i=1

(
n!µiλi

λµ1

1 · · ·λµr
r µ1! · · ·µn!

)
a
µλ1
λ1

· · · aµλi
−1

λi
· · · aµλr

λr

= (−1)l(λ)+n

r∑
i=1

(
(n+ 1)!

λµ1

1 · · ·λµr
r µ1! · · ·µn+1!

)
a
µλ1
λ1

· · · aµλi
−1

λi
· · · aµλr

λr
.

So

detM ′
n+1w0 =

n∑
k=0

(−1)n+1+kan+1−k

(∑
λ⊢k

(−1)s(λ)
n!

λ1 · · ·λtµ1! · · ·µk!
aλ1 · · · aλt

)
w0

=
∑

λ⊢n+1

(−1)n+1(−1)l(λ)
(n+ 1)!

λ1 · · ·λsµ1! · · ·µn+1!
aλ1 · · · aλsw0

=
∑

λ⊢n+1

(−1)l(λ)+n+1 (n+ 1)!

λ1 · · ·λsµ1! · · ·µn+1!
aλ1 · · · aλsw0

= (∗)n+1(1, . . . , 1).

Proof of Proposition 4.1.8. The backwards direction is clear. Since we assumed

the module defined in 4.1.1 exists, then we have that F n
0 w0 = 0. By Proposition 4.1.5,

F n
0 w0 = 0 implies 0 = Fj0Fj1 · · ·Fjn · w0 = Ei0Ei1 · · ·EinFj0Fj1 · · ·Fjn · w0.

Now for the forward direction, assume that for all n ≥ m, Ei0Ei1 · · ·EinFj0Fj1 · · ·Fjn ·

w0 = 0 . By Lemma 4.1.9, for all n ≥ m+ 1,

0 = En
1F

n
0 w0 =

∑
λ⊢n

(−1)s(λ)+n n!

λ1 · · ·λsµ1! · · ·µs!
aλ1 · · · aλsw0 = (∗)n(1, . . . , 1) .
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By Lemma 4.1.12, (∗)n(1, . . . , 1) = detM ′w0 .

Since (∗)n(1, . . . , 1) = detM ′w0, then the an’s satisfy the same relations as the

pk’s. Hence if detM ′
n · w0 = 0, then the sequence a satisfies a homogeneous linear

recurrence relation of order m, and does not satisfy a homogeneous linear recurrence

relation of order less than m.

Proposition 4.1.13. Let m ∈ Z≥0 and consider the sequence a = {an |n ∈ Z}. Then

detM ′ = 0 if and only if an = αn
1 + · · · + αn

m for some α1, . . . , αm ∈ C∗ and the

sequence a satisfies a homogeneous recurrence relation of minimal order m.

Proof. Suppose an = αn
1 + · · ·+αn

m for some α1, . . . , αm ∈ C∗ and let W be as in (4.3).

Then an = αn
1 + · · ·+ αn

m implies that W (Λ,m) is a quotient of W , since W satisfies

the defining relations of W (Λ,m). Hence by Propositions 4.1.5 and 4.1.8, detM ′
n = 0.

Going in the other direction, suppose detM ′
n = 0. Let k ≥ 0 and let pk be the

power-sum symmetric polynomial of degree k in m variables α1, . . . , αm. By Lemma

4.1.12 the an’s satisfy the same relations as the pk’s, which satisfy the homogeneous

linear recurrence relation pk =
∑m

j=1(−1)j−1ejpk−j for k ≥ m and do not satisfy

a homogeneous recurrence relation of order less than m. This means the minimal

characteristic polynomial must be of order m. Let l ≥ 0. This gives the recurrence

relation

al+m = e1al+m−1 − e2al+m−2 + · · ·+ (−1)m−1emal.

The minimal characteristic polynomial of this recurrence relation is

p(t) = tm − e1t
m−1 − · · ·+ (−1)m−1em

= tm − (α1 + α2 + · · ·+ αm)t
m−1 + · · ·+ (−1)m−1α1α2 · · ·αm.
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Hence, for all n ≥ m+ 1, an = αn
1 + · · ·+ αn

m, where α1, α2, . . . , αn ∈ C∗ are distinct

roots of p(t).

To summarize, we assumed that the module W (Λ,m) exists and using the three

propositions above we showed that this implies that an = αn
1 + · · · + αn

m for some

α1, α2, . . . , αn ∈ C∗. Hence part 1. of Theorem 4.1.3 is proven.

Next, since we have shown that W (Λ,m) = W , and W is finite dimensional, then

W (Λ,m) is finite dimensional. However, even if we did not know this, we could still

prove finite dimensionality. It can be shown that Fnw0 ∈ span{F0w0, F1w0, . . . , Fm−1w0}

for all n ≥ m and W (Λ,m) = span{Fi0Fi1 · · ·Fikw0 | i0, i1, . . . , ik ∈ Z≥0}. Then we see

that W (Λ,m) = span{Fi0Fi1 · · ·Fikw0 | i0 ≤ i1 ≤ . . . ≤ ik ≤ m − 1}. Since W (Λ,m)

has finite support and each weight space is finite dimensional, then W (Λ,m) is finite

dimensional. Hence Part 2. of Theorem 4.1.3 is proven.

Lemma 4.1.14. Let n ≥ 2, and j1, . . . , jn ∈ Z. Then En−1
0 Fj1 · · ·Fjn · w0 =∑

λ⊢n cλa
λF λ · w0, where cλ ∈ C and in particular c(n) = (−1)n−1n!(n− 1)!. Further-

more, for a fixed 1 ≤ k ≤ n, the coefficient of ajkFj1+···+ĵk+···+jn
· w0 is (−1)n−2(n−

1)!(n− 1)! .

Proof. Consider En−1
0 Fj1 · · ·Fjn · w0. By Lemma 4.1.11, c(n)F (n) · w0 is obtained by

repeatedly collapsing FiFj into −2Fi+j . This process has to be done n− 1 times, and

each time one must select two elements Fi, Fj . In the first step, we select two elements

from Fj1 · · ·Fjn . There are
(
n
2

)
choices. In the next step, we select two elements from

n− 1 choices, and so on. Naturally, we stop when we only have two elements to choose

from. Each time we collapse FiFj into −2Fi+j, a factor of −2 appears. Hence the

coefficient belonging to Fn ·w0 = Fj1+···+jn ·w0 is (−2)n−1
∏n

k=2

(
k
2

)
= (−1)n−1n!(n−1)!.

For the second assertion, notice that when E0 acts on a vector of the form Fi1 · · ·Fit ·w0,
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one of two things occurs. We get either a term in the form of alFi1 · · · F̂l · · ·Fit ·w0 where

l ∈ {i1, . . . , it}, or we get a term in the form of −2Fr+sFi1 · · · F̂r · · · F̂s · · ·Fit ·w0 where

r, s ∈ {i1, . . . , it}. To get a vector which is a multiple of ajkFj1+···+ĵk+···+jn
·w0, we want

the first outcome to happen once, and the second outcome to happen n−2 times. There

is only one way for the first outcome to happen. When the second outcome happens,

we merge FrFs into Fr+s. Since we have a total of n−1 F ′
is to merge, and each time we

must choose two, there are a total of
∏n−1

k=2

(
k
2

)
ways for the second outcome to happen.

Each time the second outcome happens, we get a factor of −2. Furthermore, there are

n− 1 ways to choose in which order to get step 1 and step 2. Hence the coefficient of

ajkFj1+···+ĵk+···+jn
· w0 is 1 · (−2)n−2

∏n−1
k=2

(
k
2

)
(n− 1) = (−1)n−2(n− 1)!(n− 1)!

The following Lemma is used to prove finite dimensionality.

Lemma 4.1.15. Fnw0 ∈ span{F0w0, . . . , Fm−1w0} for all n ≥ m.

Proof. Consider Em
0 F0F

m
1 · w0. By Lemma 4.1.14,

0 = Em
0 F0F

m
1 · w0 =

∑m−2
i=0 ciFi · w0 + (−1)m(m)m!m!a1Fm−1 · w0

+((−1)m−1m!m!a0 + (−1)m(m+ 1)!m!)Fm · w0 .

Since a0 = m, by simplifying, we get (−1)m+1m!m!Fm · w0 =
∑m−1

i=0 ciFi · w0 and

so Fm · w0 ∈ span{F0w0, . . . , Fm−1w0}. Now let n ≥ m and suppose that Fi · w0 ∈

span{F0w0, . . . , Fm−1w0} for all i ≤ n. Then

0 = Em
0 F0F

m−1
1 Fn+2−m · w0 =

n∑
i=0

ciFi · w0 + (−1)m−1m!m!(a0 −m− 1)Fn+1 · w0.

By the inductive hypothesis, Fi · w0 ∈ span{F0w0, . . . , Fm−1w0} for all 0 ≤ i ≤ n.

Hence Fn+1 · w0 ∈ span{F0w0, . . . , Fm−1w0}.
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Lemma 4.1.16. Suppose that Fm+1
0 · w0 = 0. Then Hn · (Fm

0 · w0) = −anF
m
0 · w0 for

all n ∈ Z.

Proof. Since Fm+1
0 · w0 = 0, then by Lemma 4.1.11,

0 = EnF
m+1
0 · w0 = (m+ 1)anF

m
0 · w0 − 2

(
m+ 1

2

)
FnF

m−1
0 · w0

for any n ∈ Z. i.e., FnF
m−1
0 · w0 =

1
m
anF

m
0 · w0 .

Then for any n ∈ Z, by Lemma 4.1.10

Hn · (Fm
0 · w0) = anF

m
0 · w0 − 2mFnF

m−1
0 · w0 = −anF

m
0 · w0 .

Proposition 4.1.17. The module W (Λ,m) is finite dimensional. In particular,

(i) dimW (Λ,m) = 2m.

(ii) dimW (Λ,m)−2k = dimW (Λ,m)−2(m+1−k) when 0 ≤ k ≤ m
2
.

Proof. To prove (i), we know that W =
⊗m

i=1 Vi(αi). Since dimVi(αi) = 2, (i) follows.

Note that this is consistent with results in [Nao12] and [TG15].

To prove (ii), by Lemma 4.1.15, Fnw0 ∈ span{F0w0, . . . , Fm−1w0} for all n ≥ m and

W (Λ,m)−2 = span{F0w0, . . . , Fm−1w0}. We show that the vectors {F0w0, . . . , Fm−1w0}

are linearly independent. By way of contradiction, suppose not. Then there exist

c0, . . . , cm−1 ∈ C, not all 0, such that

m−1∑
i=0

ciFi · w0 = 0. (4.9)
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Let n ∈ Z. Acting on (4.9) by En, we get

(
m−1∑
i=0

cian+i

)
w0 = 0

implying that the sequence a satisfies a homogeneous recurrence relation of degree

less than m, which contradicts Proposition 4.1.13. Hence dimW (Λ,m)−2 = m and

{F0w0, . . . , Fm−1w0} is a basis for W (Λ,m)−2.

Now consider W (Λ,m)−2k for each k ≥ 1. This space is made up of vectors of the

form Fj1 · · ·Fjk ·w0 where jn ∈ Z. Since each Fi ·w0 can be written as a linear combi-

nation of F0w0, . . . , Fm−1w0, then W (Λ,m)−2k = span{Fj1 · · ·Fjk · w0 | 0 ≤ j1 ≤ · · · ≤

jk ≤ m−1}. When k ≥ m+1, then dimW (Λ,m)−2k = 0 by the definition of W (Λ,m).

Now consider the vector v := Fm
0 · w0 . Since Hn · v = −anv, Em+1

n · v = 0, and

Fn · v = 0 for all n ∈ Z, then v is a highest weight vector which satisfies relation (4.2)

with respect to the opposite Borel subalgebra. So U(g⊗A) ·v generates a Weyl algebra

isomorphic to W (Λ,m). This implies that dimW (Λ,m)−2m = 1 and in general, that

dimW (Λ,m)−2k = dimW (Λ,m)−2(m+1−k) when 0 ≤ k ≤ m
2
.



Chapter 5

The Lie superalgebra sl(1|1)⊗ A

5.1 Highest Weight Modules

Let A be C[t] or C[t, t−1] and for g ∈ g, define gn := g ⊗ tn ∈ g ⊗ A. We denote

elements of the universal enveloping algebra using capital letters. For example, if

x ∈ g, then X ∈ U(g). In the first section of this chapter we study Weyl modules

over sl(1|1)⊗ A. In the second section, we study infinite-dimensional Z× Z-graded

sl(1|1)⊗ A-modules which satisfy certain finiteness conditions.

5.1.1 The algebra sl(1|1)⊗ A

When studying Weyl modules of sl2⊗A, we started with a cyclic highest weight module

M and then imposed a finite dimensionality condition. A cyclic highest weight module

of sl2 ⊗ A is generated by a vector w0 such that En · w0 = 0 and Hn · w0 = anw0 for

some an ∈ C. Since w0, F0w0, F
2
0w0, . . . are in distinct weight spaces, they are linearly

independent if they are non-zero. Hence the condition that M is finite dimensional

66
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implies that Fm
0 w0 = 0 for some m ∈ Z≥0. This gives us the definition of the Weyl

module over sl2⊗A. What is the analogue of this definition if we study Weyl modules

over sl(1|1) ⊗ A? A basis of sl(1|1) is {x, y, z}. We cannot require the condition

that Y m+1
0 w0 = 0 for some m ∈ Z. Since y has odd parity, 0 = [Y0, Y0] = 2Y 2

0 , i.e.,

Y 2
0 · w0 = 0 is automatic. So if we imposed the condition that Y m+1

0 w0 = 0, it would

not give us any new structure on the module. The next natural step is to try the

condition Yi0Yi1 · · ·Yim · w0 = 0 for all yi0 , yi1 , . . . , yim ∈ n− ⊗ A.

Recall that sl(1|1) ⊂ gl(1|1). Since z ∈ Z(sl(1|1)), we may need to go to the

larger algebra gl(1|1) to prove some results. Let h′ = E11, h
′′ = E22 be a basis of

the Cartan subalgebra of gl(1|1), so that z = h′ + h′′ ∈ sl(1|1). Let an, bn ∈ C

be defined by h′
n · w0 = anw0 and h′′

n · w0 = bnw0, so that cn = an + bn. Then

for each k ≥ 0, we can compute H ′
0Yi0Yi1 · · ·Yim · w0 = (a0 − k)Yi0Yi1 · · ·Yik · w0

and H ′′
0Yi0Yi1 · · ·Yik · w0 = (b0 + k)Yi0Yi1 · · ·Yik · w0. Adding these together, we get

ZYi0Yi1 · · ·Yik · w0 = (a0 + b0)Yi0Yi1 · · ·Yik · w0. So for each k ≥ 0, we see that

Yi0Yi1 · · ·Yik ·w0 is in a distinct weight space. Hence the condition that there exists an

m ≥ 0 such that Yi0Yi1 · · ·Yim · w0 = 0 for all yi0 , yi1 , . . . , yim ∈ n− ⊗ A is equivalent

to the support of the Weyl module being finite. Since finite dimensionality implies

finite support, we must have this condition on the yi’s as part of the definition of

the Weyl module. However, to make the definition more simple, we will start with

the condition of Y0Y1 · · ·Ym · w0 = 0 for some m ≥ 0 and show that this implies that

Yi0Yi1 · · ·Yim · w0 = 0 for all yi0 , yi1 , . . . , yim ∈ n− ⊗ A.

The second half of this Chapter dicusses Z× Z-graded sl(1|1)⊗ C[t, t−1] modules.

Recall the definition of the Verma module M(Λ) from Definition 3.1.1.

Definition 5.1.1. Let m ∈>0 and let c := (cn)n∈Z, where cn ∈ C. Let Λ ∈ (h⊗ A)∗
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be such that Λ(z ⊗ tn) = cn. Define I(Λ,m) ⊂ M(Λ) to be the submodule generated

by Y0Y1 · · ·Ym · w0. Then

W (Λ,m) := M(Λ)/I(Λ,m) . (5.1)

W (Λ,m) is called a Weyl module of sl(1 | 1)⊗ A.

More informally, W (Λ,m) is the highest weight sl(1|1)⊗A-module generated by

w0 and defined by the relations

(n+ ⊗ A) · w0 = 0,

Hn · w0 = Λ(hn)w0 ∀hn ∈ h⊗ A,

Y0Y1 · · ·Ym · w0 = 0 .

(5.2)

Note that here we abuse notation by using w0 as the generating vector of both

M(Λ) and W (Λ,m).

Theorem 5.1.2. Let m ∈ Z>0 and let W (Λ,m) be as in Definition 5.1.1. Then

1. W (Λ,m) ̸= 0 and only if ck+m = α1ck+m−1 + α2ck+m−2 + · · · + αmck for all

k ∈ Z>0 and for some α1, . . . , αm ∈ C.

2. If W (Λ,m) ̸= 0 then dimW (Λ,m)−k =
(
m
k

)
for 0 ≤ k ≤ m.

3. If W ′(Λ,m) is a g⊗ A-module generated by a nonzero vector w which satisfies

the relations (5.2), then there exists a g⊗ A-submodule V ⊆ W (Λ,m) such that

W ′(Λ,m) ∼= W (Λ,m)/V .

Remark 5.1.3. Since the roots of the characteristic polynomial of the recurrence

relation ck+m = α1ck+m−1 + α2ck+m−2 + · · ·+ αmck are not necessarily distinct, then
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W (Λ,m) is not necessarily a tensor product of evaluation modules. Hence, the modules

W (Λ,m) from Definition 4.1.1 are new. Their analogues for sl2 ⊗ C[t, t−1]⊕ Cd were

studied in [Wil08], however they are not finite dimensional.

To prove the theorem, we use four key propositions, which are listed below.

Proposition 5.1.4. Let m ≥ 0. Then Y0Y1 · · ·Ym · w0 = 0 if and only if YI · w0 = 0

for any I ∈ Zm+1.

Let M be the infinite matrix M := [ci+j]i,j∈Z and for I = (i1, . . . , in), J =

(j1, . . . , jn) ∈ Zn, let MI,J be the matrix MI,J :=
[
c
is+jl

]
s,l=1,...,n

. Note that detMI,J

is an n× n minor of M .

Proposition 5.1.5. Denote z := h′ + h′′ so that Zk · w0 = ckw0. Then for n ≥ 1 and

for all I = (i1, . . . , in), J = (j1, . . . , jn) ∈ Zn,

XIYJw0 = (−1)
n(n−1)

2 detMI,Jw0 .

In particular, XIYJw0 = 0 if and only if detMI,J = 0.

By the construction of W (Λ,m) we assume that YI · w0 = 0 for every I ∈ Zm+1.

Hence Proposition 5.1.5 tells us that every (m+1)× (m+1) minor of M is 0, meaning

that the rank of M is at most m.

Proposition 5.1.6. Let m ∈ Z≥0 and consider the sequence c = (cn)n∈Z. Then

rankM ≤ m if and only if the sequence c satisfies a linear recurrence relation with

constant coefficients. In particular, the recurrence relation of least degree satisfied by

the sequence c has minimal polynomial p(t) where deg p(t) = rankM .
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Proposition 5.1.7. The module W (Λ,m) has finite dimension. In particular,

dimW (Λ,m) = 2m and dimW (Λ,m)k =
(
m
k

)
for 0 ≤ k ≤ m.

For each of these propositions, there is a subsection further on in this chapter

dedicated to the proof. The idea of the proof of Theorem 5.1.2 is as follows. If W (Λ,m)

is finite-dimensional, then it must have a finite support. To have finite support, there

must exist a k ∈ Z>0 such that W (Λ,m)±l = 0 for all l ≥ k. Proposition 5.1.4

states that if the assumptions of Theorem 5.1.2 hold, then W (Λ,m)±l = 0 for all

l ≥ m. Hence, W (Λ,m) has finite support. Furthermore, Proposition 5.1.4 and

5.1.5 imply that rankM ≤ m. By Proposition 5.1.6, rankM = m is equivalent to

the existence of a degree rankM recursive relation with constant coefficients on the

sequence c = {ci}i∈Z. Then we use Proposition 5.1.4 to show that each weight space

of W (Λ,m) is finite-dimensional. Since each weight space is finite-dimensional, and

W (Λ,m) has finite support, then W (Λ,m) is finite dimensional. In short, we have

the following implications:

Conditions (5.2) ⇒ Prop. 5.1.4 ⇒ Prop. 5.1.5 ⇔ Prop. 5.1.6

⇓ ⇓

Prop. 5.1.7 Thm. 5.1.2.1

⇓

Thm. 5.1.2.2

Each of these propositions will be proven in the subsections which follow.
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Proof of Proposition 5.1.4

The proof of Proposition 5.1.4 requires a total order on the elements of U(sl(1 | 1)⊗A).

To define such an order, we need the notion of the height of an element of U(sl(1 | 1)⊗A).

Definition 5.1.8. Consider YI := Yi0 · · ·Yim ∈ U(sl(1 | 1)⊗A), where I = (i0, . . . , im) ∈

Zm+1. Define the height of YI as ht(YI) =
∑m

k=0(ik − k).

Definition 5.1.9. For a fixed m ∈ Z>0 we define an order on the set {YI | I ∈ Zm+1}

as follows. Let J = (j0, . . . , jm), K = (k0, . . . , km) ∈ Zm+1. We say YJ > YK if

ht(YJ) > ht(YK) or if ht(YJ) = ht(YK) and there is an s ≥ 0 such that js > ks and

jt = kt for all s+ 1 ≤ t ≤ m.

Example 5.1.10. Let J = (j0, j1, j2, j3, j4, j5, j6, j7) = (0, 1, 2, 3, 7, 8, 11) and K =

(k0, k1, k2, k3, k4, k5, k6, k7) = (0, 1, 2, 4, 6, 8, 11). Then ht(J) = ht(K) = 11 and j5 > k5,

j6 = k7, and j7 = k7. So YJ > YK .

We set up some notation using symmetric functions, which we use in the proof

of Proposition 5.1.4. Let ek(z1, . . . , zn) be the kth elementary symmetric polynomial

in variables z1, . . . , zn, where e0 = 1, and let pk(z1, . . . , zn) be the kth power-sum

symmetric polynomial in variables z1, . . . , zn. By Newton’s formula from page 24 of

[Mac98], we have nen =
∑n

r=1(−1)r−1pren−r when n ∈ Z≥0. Recall that H ′′
i = H ′′⊗ ti,

where h′′ = E22 ∈ gl(1|1). For i, n ∈ Z≥0 such that i ≥ n we define recursively in a

similar way Qn(H
′′
1 , . . . , H

′′
i ) by setting Q0(H

′′
1 , . . . , H

′′
i ) = 1 and

Qn(H
′′
1 , . . . , H

′′
i ) =

1

n

n∑
r=1

(−1)r−1H ′′
rQn−r(H

′′
1 , . . . , H

′′
i ).

Proposition 5.1.11. Let m ≥ 0. Then Y0Y1 · · ·Ym · w0 = 0 if and only if YI · w0 = 0

for any I ∈ Zm+1 .
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Proof. We split the proof into two steps, when A = C[t] and when A = C[t, t−1].

First we prove that Y0Y1 · · ·Ym · w0 = 0 implies YI · w0 = 0 for any I ∈ Zm+1
≥0 ,

i.e., when A = C[t]. Then we extend this to when A = C[t, t−1] by proving that

Y0Y1 · · ·Ym · w0 = 0 implies YI · w0 = 0 for any I ∈ Zm+1. The proofs require the use

of two technical lemmas: Lemma 5.1.17 and Lemma 5.1.18. These lemmas and their

proofs are found after the proof of this proposition.

Step 1: The set S1 = {Yj0Yj1 · · ·Yjm ∈ U(g⊗ C[t])} is well-ordered, so we proceed by

induction on the ordering. Since we assume that Y0Y1 · · ·Ym · w0 = 0, then acting by

H ′′
1 results in

0 = Y0Y1 · · ·Ymw0 = H ′′
1Y0Y1 · · ·Ymw0 = Y0Y1 · · ·Ym+1w0 .

Since ht(Y0Y1 · · ·Ym) = 0 and the only non-zero element of height 1 is Y0Y1 · · ·Ym+1,

the base case holds.

Consider YJ := Yj0Yj1 · · ·Yjm ∈ U(sl(1|1)⊗ C[t]). Let s ≥ 1 be the least number such

that t := jm−s+1 − jm−s > 1. i.e., YJ := Yj0 · · ·Yjm−sYjm−s+tYjm−s+t+1 · · ·Yjm−s+t+s−1.

Suppose that YK · w0 = 0 for all K ∈ Zm+1 such that YK < YJ . Consider

YJ ′ = Yj0 · · ·Yjm−sYjm−s+t−1Yjm−s+t · · ·Yjm−s+t+s−2 .

Then ht(YJ ′) = ht(YJ)− s, so YJ ′ < YJ . By the inductive hypothesis YJ ′ · w0 = 0. By

Lemma 5.1.17, choosing n = s, we have

0 = Qs(H
′′
1 , . . . , H

′′
n)Yjm−sYjm−s+t−1Yjm−s+t · · ·Yjm−s+t+s−2 · w0

= Yjm−sYjm−s+tYjm−s+t+1 · · ·Yjm−s+t+s−1 · w0 = YJ · w0 .
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Step 2: Now we consider the case when A = C[t, t−1]. Case one showed that

Y0Y1 · · ·Ymw0 = 0 if and only if Yi0Yi1 · · ·Yimw0 = 0 for all i0, . . . , im ∈ Z≥0. The set

S2 = {Yj0Yj1 · · ·Yjm ∈ U(g ⊗ C[t, t−1]) |Yj0Yj1 · · ·Yjm < Y0Y1 · · ·Ym} is well-ordered,

so it suffices to show that Y0Y1 · · ·Ymw = 0 implies that Yj0Yj1 · · ·Yjmw0 = 0 for all

J = (j0, . . . , jm) ∈ Zm+1 such that YJ < Y0Y1 · · ·Ym. We will use induction on the

ordering of S2. The only non-zero element with a height of −1 is Y−1Y1 · · ·Ym, so to

show that the base case holds, we show that Y−1Y1 · · ·Ym · w0 = 0. Indeed,

0 = Y0Y1 · · ·Ymw0 = H ′′
−1Y0Y1 · · ·Ymw0 = Y−1Y1 · · ·Ymw0 .

Next consider YJ := Yj0Yj1 · · ·Yjmw0 ∈ U(sl(1 | 1)⊗ C[t, t−1]). Let s ≥ 1 be the least

number such that t := jm−s+1 − jm−s > 1.

i.e., YJ := Yj0 · · ·Yjm−s−1Yjm−sYjm−s+tYjm−s+t+1 · · ·Yjm−s+t+s. Suppose that YK · w = 0,

where YK := Yk0 · · ·Ykm , for all YK > YJ . Consider

YJ ′ := Yj0 · · ·Yjm−s−1Yjm−sYjm−s+t+1Yjm−s+t+2 · · ·Yjm−s+t+s · w0 .

Since ht(YJ ′) = ht(YJ) + s, then YJ ′ > YJ . By the inductive hypothesis YJ ′ · w0 = 0.

By Lemma 5.1.18, choosing n = s, we have

0 = Q−s(H
′′
−1, . . . , H

′′
−s)YJ ′ · w0

= Yj0 · · ·Yjs−1YjsYjs+tYjs+t+1 · · ·Yjs+t+s−1 · w0 = YJ · w0 .
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Two Technical Lemmas

In this subsection, we introduce technical notation to aid us in proving the Lemmas

5.1.17 and 5.1.18. This notation will not be used in other parts of the thesis. We will

read from right to left in this subsection. For example, for I ∈ Zm+1, let I[k] denote

the kth element of the tuple I when counting from the right. i.e., if I = (i1, . . . , im),

then I[k] = im+1−k.

For a sequence J , define τk(J) to be the sequence in which the 1 is added to the

kth entry of J when counting from the right (assuming J has at least k entries). i.e.,

τk(J)[i] =


J [i] + 1, i = k

J [i], otherwise
.

It follows that τ−1
k (J) is the sequence in which 1 is subtracted from the kth entry

of J when counting from the right. Define σk := τkτk−1 · · · τ1. Define πk,l to be the

(l + 1)-cycle πk,l := (k − l k − l + 1 · · · k) ∈ Sm+1 provided l < k. Then πk,l(J) is the

(m+ 1)-tuple obtained by shifting the kth entry of J (from the right) to the right by l

places, while π−1
k,l (J) is the (m+ 1)-tuple obtained by shifting the (k − l)th entry of J

(from the right) to the left by l places. We will use Yϕ(J) and ϕ(YJ) interchangeably

for ϕ ∈ {σ, τ}. Since YiYj = −YjYi, then Yπk,l(J) = sgn(πk,l)(YJ) . Here are some

examples to show how the operators act.

Example 5.1.12. Let J = (j1, j2, j3, j4, j5, j6, j7, j8, j9) ∈ Z9. Since we read from

the right, then J [k] = j10−k for all 1 ≤ k ≤ 9. For example, J [6] = j4. This

example illustrates how the operators τ and σ act on J . By definition, τ6 adds 1

to the sixth coordinate of J when reading from the right. i.e., it adds 1 to j4, so
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τ6(J) = (j1, j2, j3, j4 + 1, j5, j6, j7, j8, j9). The operator τ 26 adds 1 twice to J [6]. i.e.,

it adds 2 to j4, so τ 26 (J) = (j1, j2, j3, j4 + 2, j5, j6, j7, j8, j9). The operator σ6 adds

1 to the first six coordinates of J , when reading from the right. This is written

as σ6(J) = τ1τ2τ3τ4τ5τ6(J) = (j1, j2, j3, j4 + 1, j5 + 1, j6 + 1, j7 + 1, j8 + 1, j9 + 1).

Recalling that we read from the right, the 4-cycle π6,3 = (3 4 5 6) moves j4 to the

right by 3 places, which forces j5, j6, and j7 to move left by one place. Explicitly,

π6,3(J) = (j1, j2, j3, j5, j6, j7, j4, j8, j9).

Example 5.1.13. This example illustrates how the operators act on a tuple J that

is in a special form. Let J = (j1, j2, j3, j3 + t − 1, j3 + t, j3 + t + 1, j3 + t + 2, j3 +

t + 3, j3 + t + 4) ∈ Z9. Then when reading from the right, the first 6 coordinates

of J differ by 1. The 4-cycle π6,3 = (3 4 5 6) permutes the coordinates as follows:

π6,3(J) = (j1, j2, j3, j3 + t, j3 + t+ 1, j3 + t+ 2, j3 + t− 1, j3 + t+ 3, j3 + t+ 4). Recall

the notation J [3] = j3 + t+ 2, J [4] = j3 + t+ 1, J [5] = j3 + t, and J [6] = j3 + t− 1.

Then, since we read from the right, the tuple π6,3(J) can also be interpreted as taking

J , subtracting 3 from the third coordinate, and adding 1 to the fourth, fifth, and

sixth coordinates. i.e., π6,3(J) = τ6τ5τ4τ
−3
3 (J). Since YiYj = −YjYi, then π6,3(YJ) =

(−1)3τ6τ5τ4τ
−3
3 (YJ) = sgn(π6,3)τ6τ5τ4τ

−3
3 (YJ).

Below are two examples illustrating how these operators act on J when combined and

when J is in a special form. In certain cases we may rewrite π using τ and σ. For

example, let k = 6, n = 5, and r = 3. Then σ3 adds 1 to the first three coordinates

when reading from the right, then τ 36 adds 3 to the 6th coordinate when reading from

the right, and π6,5 shifts the 6th entry (from the right) to the right by 5 places.
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π6,5τ
3
6σ3(J) (5.3)

= π6,5τ
3
6σ3(j1, j2, j3, j3 + t− 1, j3 + t, j3 + t+ 1, j3 + t+ 2, j3 + t+ 3, j3 + t+ 4)

= π6,5τ
3
6 (j1, j2, j3, j3 + t− 1, j3 + t, j3 + t+ 1, j3 + t+ 3, j3 + t+ 4, j3 + t+ 5)

= π6,5(j1, j2, j3, j3 + t+ 2, j3 + t, j3 + t+ 1, j3 + t+ 3, j3 + t+ 4, j3 + t+ 5)

= (j1, j2, j3, j3 + t, j3 + t+ 1, j3 + t+ 3, j3 + t+ 4, j3 + t+ 5, j3 + t+ 2)

= τ−4
1 σ3σ6(J).

For an example of remark 3 below, let k = 2, n = 5, and r = 3. Then

π2,1τ
3
2σ3(J)

= π2,1τ
3
2σ3(j1, j2, j3, j3 + t− 1, j3 + t, j3 + t+ 1, j3 + t+ 2, j3 + t+ 3, j3 + t+ 4)

= π2,1τ
3
2 (j1, j2, j3, j3 + t− 1, j3 + t, j3 + t+ 1, j3 + t+ 3, j3 + t+ 4, j3 + t+ 5)

= π2,1(j1, j2, j3, j3 + t− 1, j3 + t, j3 + t+ 1, j3 + t+ 3, j3 + t+ 7, j3 + t+ 5)

= (j1, j2, j3, j3 + t− 1, j3 + t, j3 + t+ 1, j3 + t+ 3, j3 + t+ 5, j3 + t+ 7)

= τ 11σ3σ2(J)

Remark 5.1.14. Let J = (j0, . . . , jm) ∈ Zm+1 be such that ji < ji+1 for all 0 ≤ i ≤

m− 1, and such that there exists an s ≥ 1 and t ≥ 2 such that

J [i] =


jm−s + t+ s− i− 1, 1 ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.
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Here are some observations about πk,l(J) when k ≤ s, recalling that J [i+1] = J [i]− 1

for 1 ≤ i ≤ s− 1:

1. πk,l shifts J [k] to the right by l places and J [k − l], . . . , J [k − 1] to the left by

one place. Write J ′ = πk,l(J). Then J ′[k − l] = J [k] = jm−s + t+ s− k − 1 =

J [k − l]− l = τ−l
k−l(J [k − l]). And for 0 ≤ i ≤ l − 1, J ′[k − i] = J [k − i− 1] =

jm−s + t+ s− (k − i− 1)− 1 = J [k − i] + 1 = τk−i(J [k − i]). Hence πk,l(YJ) =

(−1)lτk · · · τk−l+1τ
−l
k−l(YJ) = sgn(πk,l)τk · · · τk−l+1τ

−l
k−l(YJ). This is illustrated in

equation (5.3) of Example 5.1.13, as π6,3(YJ) = sgn(π6,3)τ6τ5τ4τ
−3
3 (YJ).

2. It follows that if k ≥ n+ 2− r, then πk,k−1τ
r
kσn+1−r(J) adds 1 to J [1], . . . ,

J [n+ 1− r], then adds r to J [k], and then shifts J [k] over to the right by k − 1

places, putting it in the first position. This in turn shifts J [1], . . . , J [k − 1] over

to the left by 1 place each. So J ′[1] = J [k] + r = jm−s + t + s − k − 1 + r =

J [1] + r − k + 1 = τ r−k+1
1 (J [1]). For 2 ≤ i ≤ n + 2 − r, J ′[i] = J [i − 1] + 1 =

jm−s + t+ s− (i− 1)− 1 + 1 = J [i] + 2 = τ 2i (J [i]). And for

n+3−r ≤ i ≤ k, J ′[i] = J [i−1] = J [i]+1 = τi(J [i]). Hence πk,k−1τ
r
kσn+1−r(YJ) =

(−1)k−1τ r−k−1
1 σn+2−rσk(YJ). This is illustrated in Example 5.1.13.

3. If k ≤ n + 1 − r ≤ s, then πk,k−1τ
r
kσn+1−r(J) adds 1 to J [1], . . . , J [n + 1 − r]

(including to J [k]), then adds r to J [k], and then shifts J [k] over to the right by

k− 1 places, putting it in the first position. This in turn shifts J [1], . . . , J [k− 1]

over to the left by 1 place each. So J ′[1] = J [k] + r + 1 = jm−s + t + s −

k − 1 + r + 1 = J [1] + r − k + 2 = τ r−k+2
i (J [1]). For 2 ≤ i ≤ k, J ′[i] =

J [i − 1] + 1 = jm−s + t + s − (i − 1) − 1 + 1 = J [i] + 2 = τ 2i (J [i]). And

for k + 1 ≤ i ≤ n + 1 − r, J ′[i] = J [i − 1] = J [i] + 1 = τi(J [i]). Hence

πk,k−1τ
r
kσn+1−r(YJ) = (−1)k−1τ r−k

1 σn+1−rσk.
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4. In particular, πk,k−1τ
n+1
k (YJ) = (−1)k−1τn+1−k

1 σk(YJ) .

5. It also follows that πn+1,r−1τ
r
n+1σn+1−r adds 1 to J [1], . . . , J [n+1− r], then adds

r to J [n+1], and then shifts J [n+1] over to the right by r−1 places (i.e., to the

(n+ 2− r)th place.) This in turn shifts J [n+ 2− r], . . . , J [n] over to the left by

1 each. So J ′[n+ 2− r] = J [n+ 1] + r = J [n+ 2− r] + 1. For 1 ≤ i ≤ n+ 1− r,

J ′[i] = J [i] + 1, and for n+ 3− r ≤ i ≤ n+ 1, J ′[i] = J [i− 1] = J [i] + 1. Hence

πn+1,r−1τ
r
n+1σn+1−rYJ = (−1)r−1σn+1YJ .

Remark 5.1.15. Let J = (j0, . . . , jm) ∈ Zm+1 be such that ji < ji+1 for all 0 ≤ i ≤

m− 1, and such that there exists an 1 ≤ s ≤ m and t ≥ 2 such that

J [i] =


jm−s + t+ s− i+ 1, 1 ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.

Recall that πk,l := (k − l k − l + 1 · · · k) ∈ Sm+1 and πkl(J) is the (m + 1)-tuple

obtained by shifting the kth entry of J (from the right) to the right by l places.

1. Recall from Remark 5.1.14 that

πk,l(YJ) = (−1)lτk · · · τk−l+1τ
−l
k−l(YJ) = sgn(πk,l)τk · · · τk−l+1τ

−l
k−l(YJ) . It follows

that if k ≤ s−n+ r− 1, then πk,k−1τ
−r
k σ−1

s σs−(n+1−r) subtracts 1 from J [s−n+

r], . . . , J [s], then subtracts r from J [k], and then shifts J [k] over to the right by

k− 1 places, putting it in the first position. This in turn shifts J [1], . . . , J [k− 1]

over to the left by 1 place each. Let J ′ := πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(J). We need

to consider four cases.

• For i = 1, J ′[1] = J [k]− r = jm−s + t+ s− k + 1− r = J [1]− r − k + 1 =

τ−r−k+1
1 (J [1]) .
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• For 2 ≤ i ≤ k, J ′[i] = J [i− 1] = J [i] + 1 = τi(J [i]) .

• For k + 1 ≤ i ≤ s− n+ r − 1 and s+ 1 ≤ i ≤ m+ 1, J ′[i] = J [i] .

• And for s− n+ r ≤ i ≤ s, J ′[i] = J [i]− 1 = τ−1
i (J [i]).

Combining this we get

πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(YJ) = sgn(πk,k−1)τ
−1
s · · · τ−1

s−n+rτk · · · τ2τ−r−k+1
1

= sgn(πk,k−1)σ
−1
s σs−n+r−1σkτ

−r−k
1 YJ .

2. It also follows that if s− n+ r ≤ k ≤ s, then πk,k−1τ
−r
k σ−1

s σs−(n+1−r) subtracts

1 from J [s− n+ r], . . . , J [s] (including from J [k]), then subtracts r from J [k],

and then shifts J [k] over to the right by k − 1 places, putting it in the first

position. This in turn shifts J [1], . . . , J [k − 1] over to the left by 1 place each.

Let J ′ := πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(J). We need to consider five cases.

• For i = 1, J ′[1] = J [k]−r−1 = jm−s+t+s−k−r = J [1]−k−r = τ−r−k
1 (J [1])

.

• For 2 ≤ i ≤ s− n+ r, J ′[i] = J [i− 1] = J [i] + 1 = τi(J [i]) .

• For s−n+r+1 ≤ i ≤ k, J ′[i] = J [i−1]−1 = jm−s+t+s−(i−1)+1−1 = J [i]

.

• For k + 1 ≤ i ≤ s, J ′[i] = J [i]− 1 = τ−1
i (J [i]) .

• Finally, when s+ 1 ≤ i ≤ m+ 1, then J ′[i] = J [i].

Combining this we get

πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(YJ) = τ−1
s · · · τ−1

k τs−n+r · · · τ2τ−k−r
1
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= sgn(πk,k−1)σ
−1
s σkσs−n+rτ

−r−k−1
1 YJ .

Remark 5.1.16. Let J = (j0, . . . , jm) ∈ Zm+1 be such that ji < ji+1 for all 0 ≤ i ≤

m− 1, and such that there exists an 1 ≤ s ≤ m and t ≥ 2 such that

J [i] =


jm−s + t+ s− i+ 1, 1 ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.

Recall that πk,l := (k − l k − l + 1 · · · k) ∈ Sm+1 and π−1
k,l (J) is the (m + 1)-tuple

obtained by shifting the (k − l)th entry of J (from the right) to the left by l places.

Then π−1
s−n+r−1,r−1(J) = (s− n+ r− 1 s− n+ r− 2 · · · s− n)(J) is the (m+ 1)-tuple

obtained by shifting the s− nth entry of J (from the right) to the left by r − 1 places.

We observe that π−1
s−n+r−1,r−1τ

−r
s−nσ

−1
s σs−(n+1−r)(YJ) = (−1)r−1σ−1

s σs−n(YJ). Notice

that J [i+ 1] = J [i]− 1 for 1 ≤ i ≤ s− 1.

1. We look at how the composition τ−r
s−nσ

−1
s σs−(n+1−r) acts on J . The operators σ−1

s

and σs−(n+1−r) add 1 to the first s−n−1+r coordinates of J and subtract 1 from

the first s coordinates of J , respectively. Hence the composition σ−1
s σs−(n+1−r)

subtracts 1 from J [s− n+ r], J [s− n+ r], . . . , J [s]. Then τ−r
s−n subtracts r from

J [s− n]. Notice that s− n ≤ s− n− 1 + r. So we get
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τ−r
s−nσ

−1
s σs−(n+1−r)J [i] =



jm−s + t+ s− i+ 1, 1 ≤ i ≤ s− n− 1

jm−s + t+ n+ 1− r, i = s− n

jm−s + t+ s− i+ 1, s− n+ 1 ≤ i ≤ s− n− 1 + r

jm−s + t+ s− i, s− n+ r ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.

2. Next, π−1
s−n+r−1,r−1 shifts the (s − n)th entry of τ−r

s−nσ
−1
s σs−(n+1−r)J (from the

right) to the left by r−1 places. So jm−s+t+n+1−r moves to the s−n+r−1th

place.

π−1
s−n+r−1,r−1τ

−r
s−nσ

−1
s σs−(n+1−r)J [i]

=



jm−s + t+ s− i+ 1, 1 ≤ i ≤ s− n− 1

jm−s + t+ s− i, s− n ≤ i ≤ s− n− 2 + r

jm−s + t+ n+ 1− r, i = s− n+ r − 1

jm−s + t+ s− i, s− n+ r ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

=


jm−s + t+ s− i+ 1, 1 ≤ i ≤ s− n− 1 + r

jm−s + t+ s− i, s− n ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.

So you can see that, up to sign, π−1
s−n+r−1,r−1τ

−r
s−nσ

−1
s σs−(n+1−r) subtracts 1 from
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J [s − n], . . . , J [s], and acts trivially on the other components of J , which is

exactly how σ−1
s σs−n acts on J . Recall that π−1

s−n+r−1,r−1 is an r-cycle. Skew-

symmetry then tells us that π−1
s−n+r−1,r−1τ

−r
s−nσ

−1
s σs−(n+1−r)(YJ)

= sgn(π−1
s−n+r−1,r−1)σ

−1
s σs−n(YJ) = (−1)r−1σ−1

s σs−n(YJ) .

Lemma 5.1.17. Let J = (j0, . . . , jm) ∈ Zm+1 be such that ji < ji+1 for all 0 ≤ i ≤

m− 1, and such that there exists an s ≥ 1 and t ≥ 2 such that

J [i] =


jm−s + t+ s− i− 1, 1 ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.

i.e., (J) = (j0, · · · , jm−s, jm−s + t − 1, jm−s + t, jm−s + t + 1, . . . , jm−s + t + s − 2).

Further suppose that YK · w0 = 0 for all K ∈ Zm+1 such that YK < Yσn(J). Then for

all 1 ≤ n ≤ s,

Qn(H
′′
1 , . . . , H

′′
n)YJ · w0 = σn(YJ) · w0 . (5.4)

In particular,

Qs(H
′′
1 , . . . , H

′′
n)YJ · w0 = σs(YJ) · w0,

where σs(J) = (j0, · · · , jm−s, jm−s + t, jm−s + t+ 1, . . . , jm−s + t+ s− 1) .

Proof. Let J ∈ Zm+1 be as in the statement of the lemma. Note that

ht(YJ) =
m+1∑
i=s+1

(jm+1−i − (m+ 1− i)) + (jm−s + t−m+ s− 1)s,

and for any 1 ≤ n ≤ s,

ht(Yσn(J)) =
m+1∑
i=s+1

(jm+1−i − (m+ 1− i)) + (jm−s + t−m+ s− 1)(n− s)
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+ (jm−s + t−m+ s)n

= htYJ + n .

We proceed by induction on n. When n = 1,

Q1(H
′′
1 )YJ · w0 = H ′′

1YJ · w0 =
m+1∑
k=2

Yτk(J) · w0 + Yτ1(J) · w0 .

Note that when 2 ≤ k ≤ m + 1, then ht(Yτk(J)) = htYJ + 1 = ht(Yσ1(J)). However,

Yσ1(J)[1] = jm−s + t+ s− 1 and Yτk(J)[1] = jm−s + t+ s− 2. Hence Yτk(J) < Yσ1(J) by

Definition 5.1.9. So Yτk(J) · w0 = 0 for all 2 ≤ k ≤ m + 1. Hence Q1(H
′′
1 )YJ · w0 =

Yτ1(J) · w0 = Yσ1(J) · w0.

Now suppose n is such that 1 ≤ n+ 1 ≤ s and all i ≤ n satisfy the lemma. By the

inductive hypothesis,

H ′′
rQn+1−r(H

′′
1 , . . . , H

′′
n+1−r)YJ · w0 = H ′′

r Yσn+1−r(J) · w0 =
m+1∑
k=1

Yτrkσn+1−r(J) · w0 .

for each 1 ≤ r ≤ n + 1. Like in the base case, when n + 2 ≤ k ≤ m + 1 then

ht(τ rkσn+1−r(YJ)) = ht(J) + n + 1 − r + r = ht(σn+1(YJ)). In this case, since r ≥ 1,

then n− r+2 ≤ n+1, so σn+1 adds 1 to J [n− r+2], and we get σn+1(J)[n+2− r] =

jm−s + t+ s− n+ r − 2. Together, τ rkσn+1−r add 1 to the first n+ 1− r components

of J and r to the kth component of J . Since k ≥ n + 2, τ rkσn+1−r acts trivially on

J [n+2− r] and τ rkσn+1−r(J)[n+2− r] = jm−s+ t+ s−n+ r− 3 < σn+1(J)[n+2− r].

Furthermore, both σn+1 and σn+1−r add 1 to the first n + 1 − r components of J ,

so σn+1(J)[i] = σn+1−r(J)[i] for all 1 ≤ i ≤ n + 1 − r. Hence Yσn+1(J) is the greater
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element by Definition 5.1.9. So Yτrkσn+1−r(J) · w0 = 0 for all n+ 2 ≤ k ≤ m+ 1 and

H ′′
rQn+1−r(H

′′
1 , . . . , H

′′
n+1−r)YJ · w0 =

n+1∑
k=1

Yτrkσn+1−r(J) · w0 .

Using Newton’s formula, we get

(n+ 1)Qn+1(H
′′
1 , . . . , H

′′
n+1)YJ · w0 =

n+1∑
r=1

(−1)r−1H ′′
r Yσn+1−r(J) · w0

=
n+1∑
r=1

(−1)r−1

n+1∑
k=1

Yτrkσn+1−r(J) · w0 .

Recall from Remark 5.1.14.5 that for 1 ≤ r ≤ n + 1, if you apply πn+1,r−1 to

τ rn+1σn+1−r(YJ), it is equal to (−1)r−1σn+1(YJ), where the (−1)r−1 accounts for the

minus signs coming from rearranging the Yi’s. So

(n+ 1)Qn+1(H
′′
1 , . . . , H

′′
n+1)YJ · w0

=
n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 +
n+1∑
r=1

(−1)r−1Yτrn+1σn+1−r(J) · w0

=
n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 +
n+1∑
r=1

(−1)r−1(−1)r−1Yσn+1(J) · w0

=
n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 +
n+1∑
r=1

Yσn+1(J) · w0

=
n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 + (n+ 1)Yσn+1(J) · w0 .

To prove the result, it remains to show that

n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 = 0 . (5.5)
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To see more clearly what is going on, we will permute the components of Yτrkσn+1−r(J)

so that the kth component is moved to the first position. To do this, we use the

operator πk,k−1, recalling that πk,k−1 shifts the kth component of J (when counting

from the right) to the right by k− 1 places. When doing so, we split the sums up into

1 ≤ k ≤ n+ 1− r and k ≥ n+ 2− r. Doing so, we get

n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0

=
n+1∑
r=1

(−1)r−1

n+1−r∑
k=1

Yτrkσn+1−r(J) · w0 +
n+1∑
r=1

(−1)r−1

n∑
k=n+2−r

Yτrkσn+1−r(J) · w0

=
n+1∑
r=1

(−1)r−1

n+1−r∑
k=1

πk,k−1Yτrkσn+1−r(J) · w0 +
n+1∑
r=1

(−1)r−1

n∑
k=n+2−r

πk,k−1Yτrkσn+1−r(J) · w0 .

By Remark 5.1.14, when 1 ≤ k ≤ n+ 1− r, then πk,k−1τ
r
kσn+1−r(YJ)

= (−1)k−1τ r−k
1 σn+1−rσk(YJ), and when n + 2 − r ≤ k, then πk,k−1τ

r
kσn+1−r(YJ) =

(−1)k−1τ r−k−1
1 σn+2−rσk(YJ) . So

n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 =
n+1∑
r=1

n+1−r∑
k=1

(−1)r+kτ r−k
1 σn+1−rσk(YJ) · w0

+
n+1∑
r=1

n∑
k=n+2−r

(−1)r+kτ r−k−1
1 σn+2−rσk(YJ) · w0 .

Switching the order of summation in the second sum, we get

n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0 =
n+1∑
r=1

n+1−r∑
k=1

(−1)r+kτ r−k
1 σn+1−rσk(YJ) · w0

+
n∑

k=1

n+1∑
r=n+2−k

(−1)r+kτ r−k−1
1 σn+2−rσk(YJ) · w0 .
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Next we change variables, replacing r by k′ and k by r′. (When the new variables are

named this way, it is clear that the two sums cancel.) If we let k′ = n+ 2− r in the

second sum, and then r′ = n+ 1− k in the second sum, we get

n+1∑
r=1

(−1)r−1

n∑
k=1

Yτrkσn+1−r(J) · w0

=
n+1∑
r=1

n+1−r∑
k=1

(−1)r+kτ r−k
1 σn+1−rσk(YJ) · w0 +

n∑
k=1

k∑
k′=1

(−1)n−k′+kτn+1−k′−k
1 σk′σk(YJ) · w0

=
n+1∑
r=1

n+1−r∑
k=1

(−1)r+kτ r−k
1 σn+1−rσk(YJ) · w0

+
n∑

r′=1

n+1−r′∑
k′=1

(−1)r
′+k′+1τ−k′+r′

1 σk′σn+1−r′(YJ) · w0 = 0 .

We may denote elements of the universal enveloping algebra as YJ := Yj1 · · ·Yjn ∈

U(gl(1 |1)) where J = (j1, . . . , jn) ∈ Zn. Lemma 5.1.18 shows that a similar pattern

holds when we start decreasing the entries of J . For i, n ∈ Z≥0 such that i ≥ n define

recursively Q−n(H
′′
−1, . . . , H

′′
−i) by Q0(H

′′
−1, . . . , H

′′
−i) = 1 and

Q−n(H
′′
−1, . . . , H

′′
−i) :=

1

n

n∑
r=1

(−1)r−1H ′′
−rQ−(n−r)

(
H ′′

−1, . . . , H
′′
−(n−r)

)
.

In the following Lemma, we read the entries of the tuple J from right to left. For

example, if J = (1, 2, 3, 4) then J [1] = 4.

Lemma 5.1.18. Let J = (j0, . . . , jm) ∈ Zm+1 be such that ji < ji+1 for all
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0 ≤ i ≤ m− 1, and such that there exists an 1 ≤ s ≤ m and t ≥ 2 such that

J [i] =


jm−s + t+ s− i+ 1, 1 ≤ i ≤ s

jm+1−i, s+ 1 ≤ i ≤ m+ 1

.

Further suppose that YK · w0 = 0 for all K ∈ Zm+1 such that YK > Yσ−1
s σs−n(J)

. Then

for all 1 ≤ n ≤ s,

Q−n(H
′′
−1, . . . , H

′′
−n)YJ · w0 = σ−1

s σs−n(YJ) · w0 . (5.6)

The proof of this is similar to the proof of Lemma 5.1.17. This lemma says that if

YJ ·w0 is acted on by Qn(H
′′
−1, . . . , H

′′
−n), where n is an integer between 1 and s, then

1 is subtracted from the first n terms on the sequence, starting at the term Yjm−s+t+1.

The following example illustrates the lemma.

Example 5.1.19. Let J ∈ Z9 be such that ji < ji+1 for all 1 ≤ i ≤ m+ 1, and there

exists t ≥ 2 such that

J [i] =


jm−s + t+ s− i+ 1, 1 ≤ i ≤ 4

jm+1−i, 5 ≤ i ≤ 9

.

Then J = (j0, j1, j2, j3, j4, j4 + t + 1, j4 + t + 2, j4 + t + 3, j4 + t + 4) and YJ =

Yj0Yj1Yj2Yj3Yj4Yj4+t+1Yj4+t+2Yj4+t+3Yj4+t+4 and we have the following equalities

• Q−1(H
′′
−1)YJ · w0 = Yj0Yj1Yj2Yj3Yj4Yj4+tYj4+t+2Yj4+t+3Yj4+t+4 · w0

• Q−2(H
′′
−1, H

′′
−2)YJ · w0 = Yj0Yj1Yj2Yj3Yj4Yj4+tYj4+t+1Yj4+t+3Yj4+t+4 · w0

• Q−3(H
′′
−1, H

′′
−2, H

′′
−3)YJ · w0 = Yj0Yj1Yj2Yj3Yj4Yj4+tYj4+t+1Yj4+t+2Yj4+t+4 · w0
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• Q−4(H
′′
−1, H

′′
−2, H

′′
−3, H

′′
−4)YJ ·w0 = Yj0Yj1Yj2Yj3Yj4Yj4+tYj4+t+1Yj4+t+2Yj4+t+3 ·w0

.

Proof. Let J ∈ Zm+1 be as in the statement of the lemma. Note that

ht(YJ) =
m+1∑
i=s+1

(jm+1−i − (m+ 1− i)) + (jm−s + t+ s−m)s,

and for any 1 ≤ l ≤ s, ht(Yσ−1
s σs−l(J)

) =
∑m+1

i=s+1(jm+1−i − (m+ 1− i)) + (jm−s + t+

s−m)(s− l) + (jm−s + t+ s−m− 1)l = htYJ − l .

We proceed by induction on n. When n = 1,

Q−1(H
′′
−1)YJ · w0 = H ′′

−1YJ · w0 =
s−1∑
k=1

Yτ−1
k (J) · w0 + Yτ−1

s (J) · w0 +
m+1∑
k=s+1

Yτ−1
k (J) · w0 .

Notice that ht(Yτ−1
k (J)) = htYJ − 1 = ht(Yσ−1

s σs−1(J)
). However, when 1 ≤ k ≤ s− 1,

then τ−1
k (J)[k+1] = (J)[k+1] = jm−s+t+s−k and τ−1

k (J)[k] = jm−s+t+s−k+1−1 =

τ−1
k (J)[k + 1]. So a factor of Y 2

i appears in Yτ−1
k (J), meaning Yτ−1

k (J) · w0 = 0. And

when s+ 1 ≤ k ≤ m+ 1, then τ−1
k (J)[s] = jm−s + t+ 1 > jm−s + t = σ−1

s σs−1(J)[s],

and τ−1
k (J)[i] = σ−1

s σs−1(J)[i] for all 1 ≤ i ≤ s − 1. By Definition 5.1.9, Yτ−1
k (J) >

Yσ−1
s σs−1(J)

, so Yτ−1
k (J) · w0 = 0. Hence

Q−1(H
′′
−1)YJ · w0 = Yτ−1

s (J) · w0 = σ−1
s σs−1(YJ) · w0 .

Suppose n is such that 1 ≤ n+ 1 ≤ s and satisfies the lemma. By the inductive

hypothesis,

H ′′
−rQn+1−r(H

′′
1 , . . . , H

′′
n+1−r)YJ · w0 = H ′′

−rYσ−1
s σs−(n+1−r)(J)

· w0
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=
m+1∑
k=1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 .

for each 1 ≤ r ≤ n+ 1.

Like in the base case, when s+ 1 ≤ k ≤ m+ 1 then ht(τ−r
k σ−1

s σs−(n+1−r)(YJ)) =

ht(J)− (n+ 1) = ht(σ−1
s σs−(n+1)(YJ)). Since k ≥ s+ 1 and r ≥ 1, then Yσ−1

s (J)[1] =

jm−s + t + s − 1 and Yτ−r
k σ−1

s σs−(n+1−r)(J)
[1] = Yτ−r

k σ−1
s σr(J)

[1] = jm−s + t + s. Hence

Yτ−r
k σ−1

s σs−(n+1−r)(J)
is the greater element by Definition 5.1.9. So Yτ−r

k σ−1
s σs−(n+1−r)(J)

·

w0 = 0 for all s+ 1 ≤ k ≤ m+ 1 and

H ′′
−rQ−(n+1−r)(H

′′
−1, . . . , H

′′
−(n+1−r))YJ · w0 =

s∑
k=1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 .

Using Newton’s formula, we get

(n+ 1)Q−(n+1)(H
′′
−1, . . . , H

′′
−(n+1))YJ · w0 =

n+1∑
r=1

(−1)r−1H ′′
−rYσ−(n+1−r)(J) · w0 (5.7)

=
n+1∑
r=1

(−1)r−1

s∑
k=1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 .

For each 1 ≤ r ≤ n+ 1, let us consider the case when 1 ≤ k ≤ s− (n+ 1). The

operators σ−1
s σs−(n+1−r) together act trivially on the first s−(n+1−r) entries of J , when

reading from the right. Since 1 ≤ k ≤ s− (n+1), then k ≤ k+ r ≤ s− (n+1− r). So

σ−1
s σs−(n+1−r) acts trivially on J [k] and J [k + r]. Hence τ−r

k σ−1
s σs−(n+1−r)(J)[k + r] =

(J)[k + r] = jm−s + t + s − k − r + 1 and τ−r
k σ−1

s σs−(n+1−r)(J)[k] = J [k] − r =

jm−s + t + s − k + 1 − r. So a factor of Y 2
i appears in Yτ−1

k σ−1
s σs−(n+1−r)(J)

, meaning
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Yτ−1
k σ−1

s σs−(n+1−r)(J)
· w0 = 0. This reduces equation (5.7) to

(n+ 1)Q−(n+1)(H
′′
−1, . . . , H

′′
−(n+1))YJ · w0

=
n+1∑
r=1

(−1)r−1

s∑
k=s−n

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0.

=
n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 +

n+1∑
r=1

(−1)r−1Yτ−r
s−nσ

−1
s σs−(n+1−r)(J)

· w0

=
n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 +

n+1∑
r=1

(−1)r−1π−1
s−n,r−1σ

−1
s σs−n(YJ) · w0

=
n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 +

n+1∑
r=1

(−1)r−1(−1)r−1σ−1
s σs−n(YJ) · w0

=
n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 + (n+ 1)σ−1

s σs−n(YJ) · w0 .

To prove the lemma, it remains to show that

n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0 = 0 . (5.8)

To see more clearly what is going on, we will permute the components of

Yτ−r
k σ−1

s σs−(n+1−r)(J)
so that the kth component is moved to the first position. To do

this, we use the operator πk,k−1, recalling that πk,k−1 shifts the kth component of J

(when counting from the right) to the right by k − 1 places. So we have

n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0

=
n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(YJ) · w0 .



CHAPTER 5. THE LIE SUPERALGEBRA sl(1|1)⊗ A 91

By Remark 5.1.15, when s − n + r ≤ k ≤ s, then πk,k−1τ
−r
k σ−1

s σs−n+r−1YJ =

(−1)k−1σ−1
s σk−1σs−n+r−1τ

−r−k−1
1 YJ . And when s − n + 1 ≤ k ≤ s − n − 1 + r, then

πk,k−1τ
−r
k σ−1

s σs−(n+1−r)YJ = (−1)k−1σ−1
s σkσs−(n+1−r)τ

−r−k
1 YJ . Splitting the sum into

two, we get

n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0

=
n∑

r=1

(−1)r−1

s∑
k=s−n+r

πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(YJ) · w0

+
n+1∑
r=2

(−1)r−1

s−n+r−1∑
k=s−n+1

πk,k−1τ
−r
k σ−1

s σs−(n+1−r)(YJ) · w0

=
n∑

r=1

s∑
k=s−n+r

(−1)r−1(−1)k−1σ−1
s σkσs−n+rτ

−r−k−1
1 (YJ) · w0

+
n+1∑
r=2

s−n−1+r∑
k=s−n+1

(−1)r−1(−1)k−1σ−1
s σkσs−n−1+rτ

−r−k
1 (YJ) · w0 .

Switch the order of summation in the second sum to get

n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0

=
n∑

r=1

s∑
k=s−n+r

(−1)r+kσ−1
s σkσs−n+rτ

−r−k−1
1 (YJ) · w0

+
s∑

k=s−n+1

n+1∑
r=−s+n+1+k

(−1)r+kσ−1
s σkσs−n−1+rτ

−r−k
1 (YJ) · w0 .

Next we change variables, replacing r by k′ and k by r′. (When the new variables are

named this way, it is clear that the two sums cancel.) If we let k′ = r + s− n− 1 in

the second sum, and then r′ = k − s+ n in the second sum, we get
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n+1∑
r=1

(−1)r−1

s∑
k=s−n+1

Yτ−r
k σ−1

s σs−(n+1−r)(J)
· w0

=
n∑

r=1

s∑
k=s−n+r

(−1)r+kσ−1
s σkσs−n+rτ

−r−k−1
1 (YJ) · w0

+
s∑

k=s−n+1

s∑
k′=k

(−1)k
′−s+n+1+kσ−1

s σkσk′τ
s−n−1−k′−k
1 (YJ) · w0

=
n∑

r=1

s∑
k=s−n+r

(−1)r+kσ−1
s σkσs−n+rτ

−r−k−1
1 (YJ) · w0

+
n∑

r′=1

s∑
k′=s−n+r′

(−1)r
′+k′+1σ−1

s σs−n+r′σk′τ
−r′−k′−1
1 (YJ) · w0 = 0 .

Hence equation (5.8) holds.

Proof of Proposition 5.1.5

Let M be the infinite matrix M := [ci+j]i,j∈Z and for I = (i1, . . . , in), J = (j1, . . . , jn) ∈

Zn, let MI,J be the matrix MI,J :=
[
c
is+jl

]
s,l=1,...,n

. Note that detMI,J is an n × n

minor of M .

Proposition 5.1.20. Denote z := h′ + h′′ so that Zk · w0 = ckw0. Then for n ≥ 1

and for all I = (i1, . . . , in), J = (j1, . . . , jn) ∈ Zn,

XIYJw0 = (−1)
n(n−1)

2 detMI,Jw0 .

In particular, XIYJw0 = 0 if and only if detMI,J = 0.
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Proof. First note that XY = −Y X + [X, Y ]. Hence, the Leibniz rule gives

[X, Y1Y2 · · ·Yk] = (−1)kY1Y2 · · ·YkX +
k∑

s=1

(−1)s−1Y1 · · ·Ys−1[X, Ys]Ys+1 · · ·Yk

for all k ≥ 1. We will proceed by induction. When n = 1, then

Xi1Yjiw = Yj1Xi1w + [Xi1 , Yji ]w = Zi1+jiw = ci1+jiw = (−1)
1
2
1(1−1) det [ci1+ji ]w .

Now suppose the result holds for some n ≥ 1. Let i1, . . . , in+1; j1, . . . , jn+1 ∈ Z. Then

Xi1 · · ·XinXin+1Yj1 · · ·YjnYjn+1w0

=
n+1∑
s=1

(−1)s−1Xi1 · · ·XinYj1 · · ·Yjs−1 [Xin+1 , Yjs ]Yjs+1 · · ·Yjn+1w0

=
n+1∑
s=1

(−1)s−1Xi1 · · ·XinYj1 · · ·Yjs−1Zin+1+js
Yjs+1 · · ·Yjn+1w0

=
n+1∑
s=1

(−1)s−1Xi1 · · ·XinYj1 · · · Ŷjs · · ·Yjn+1Zin+1+js
w0 (since Z is central)

=
n+1∑
s=1

(−1)s−1cin+1+js
Xi1 · · ·XinYj1 · · · Ŷjs · · ·Yjn+1w0

=
n+1∑
s=1

(−1)s−1cin+1+js
(−1)

1
2
n(n−1)|cik+jl |k=1,...,n,l=1,...,ŝ,...n+1w0 (by the inductive hypothesis)

=
n+1∑
s=1

(−1)s−1+ 1
2
n(n−1)+2n+2cin+1+js

|cik+jl |k=1,...,n,l=1,...,ŝ,...n+1w0

= (−1)
1
2
n(n+1)

n+1∑
s=1

(−1)n+1+scin+1+js
|cik+jl |k=1,...,n,l=1,...,ŝ,...n+1w0 .

Since |cik+jl |k=1,...,n,l=1,...,ŝ,...n+1 is the determinant of the submatrix obtained by re-

moving the (n + 1)th row and the sth column, by using the Laplace expansion, we
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get

Xi1 · · ·XinXin+1Yj1 · · ·YjnYjn+1w0 = (−1)
1
2
n(n+1) det [cik+jl ]k,l=1,...,n−1w0 .

Proof of Proposition 5.1.6

Proposition 5.1.6, appearing below as Proposition 5.1.21, describes the relationship

between the rank of the matrix M = [ci+j]i,j∈Z and the recurrence relation on the

sequence c = (cn)n∈Z. This subsection restates the proposition and provides a proof.

Proposition 5.1.21. Let m ∈ Z≥0 and consider the sequence c = (cn)n∈Z. Then

rankM ≤ m if and only if the sequence c satisfies an order m linear recurrence

relation with constant coefficients. In particular, the recurrence relation of least degree

satisfied by the sequence c has minimal polynomial p(t) where deg p(t) = rankM .

Proof. Suppose rankM = k ≤ m. Then there exists a non-zero k× k minor of M , say

∣∣∣∣∣∣∣∣∣∣
cj1 cj2 · · · cjk
... . . . ...

cj1+k−1 cj2+k−1 · · · cjk+k−1

∣∣∣∣∣∣∣∣∣∣
,

and any (k + 1)× (k + 1) minor of M is zero. Hence for any n ∈ Z,
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0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

cn cj1 cj2 · · · cjk

cn+1 cj1+1 cj2+1 · · · cjk+1

... . . . ...

cn+k cj1+k cj2+k · · · cjk+k

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By using Laplace expansion on the first column, we get

0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

cn cj1 cj2 · · · cjk

cn+1 cj1+1 cj2+1 · · · cjk+1

... . . . ...

cn+k cj1+k cj2+k · · · cjk+k

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

k∑
i=0

cn+iCi+1,1,

where Cs,t is the cofactor obtained by deleting row s and column t. Hence

0 =
∑k

i=0 cn+iCi+1,1 is equivalent to

cn+k = −
k−1∑
i=0

(
Ci+1,1

Ck+1,1

)
cn+i =

k−1∑
i=0

αicn+i,

where αi ∈ C and do not depend on n. Consider the matrix

B =



cn cj1 cj2 · · · cjk

cn+1 cj1+1 cj2+1 · · · cjk+1

... . . . ...

cn+k cj1+k cj2+k · · · cjk+k


.
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Since Ck+1,1 ̸= 0, then the vectors



cj1

cj2
...

cjk


,



cj1+1

cj2+1

...

cjk+1


, . . . ,



cj1+k−2

cj2+k−2

...

cjk+k−2


,



cj1+k−1

cj2+k−1

...

cjk+k−1


(5.9)

are linearly independent. Now suppose the ci’s satisfy a recurrence relation of order less

than k. i.e., Suppose there exist βi ∈ C not all zero such that cn+k−1 =
∑k−2

i=1 βicn+i

for all n ∈ Z. Then

β0



cj1

cj2
...

cjk


+ β1



cj1+1

cj2+1

...

cjk+1


+ · · ·+ βk−2



cj1+k−2

cj2+k−2

...

cjk+k−2


−



cj1+k−1

cj2+k−1

...

cjk+k−1


= 0

which contradicts the linear independence of the vectors in (5.9). Hence, the sequence

c satisfies a degree k homogeneous linear recurrence relation with constant coefficients

and does not satisfy a homogeneous linear recurrence relation of lesser order.

Now suppose ck+m = α1ck+m−1 + α2ck+m−2 + · · ·αmck for all k ≥ 0. Recall that

MI,J := [ci+j]i∈I,j∈J where I, J ∈ Zm+1. Let M be the infinite matrix M := [ci+j]i,j∈Z.

Then detMI,J is an (m+ 1)× (m+ 1) minor of M . Let vl be the lth column of M .
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Since ck+m = αmck + αm−1ck+1 + · · ·+ α2ck+m−2 + α1ck+m−1, then for all k ≥ 0

vm+k =



cm+k

cm+k+1

cm+k+2

...


= αm



ck

ck+1

ck+2

...


+ αm−1



ck+1

ck+2

ck+3

...


+ · · ·+ α2



cm+k−2

cm+k−1

cm+k

...


+ α1



cm+k−1

cm+k

cm+k+1

...


= αmvk + αm−1vk+1 + · · ·+ α2vm+k−2 + α1vm+k−1 .

In particular, vm = αmv0 + αm−1v1 + · · ·+ α2vm−2 + α1vm−1. If we assume that there

exists an L ≥ 0, such that for all 0 ≤ l ≤ L there exist βl,0, βl,1, . . . , βl,m−1 such that

vm+l = βl,0v0 + βl,1v1 + · · ·+ βl,m−1vm−1, then

vm+L+1 = αmvL+1 + αm−1vL+2 + · · ·+ α2vm+L−1 + α1vm+L

= αm(βL+m−1,0v0 + βL+m−1,1v1 + · · ·+ βL+m−1,m−1vm−1)

+ · · ·+ α1(βL,0v0 + βL,1v1 + · · ·+ βL,m−1vm−1)

∈ span{v0, v1, . . . , vm−1} .

Hence vl ∈ span{v0, v1, . . . , vm−1}. Moreover, if {v0, v1, . . . , vm−1} were not linearly

independent, then we would have a k-degree linear recurrence relation on the ci’s, which

is not what we assumed. So dim span{v0, v1, . . . , vm−1} = m, and we can find vectors

vj0 , vj1 , . . . , vjm such that they are linearly dependent. Now let i := (i0, i1, . . . , im) and
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define

C∞ :=


vl :=



cl

cl+1

cl+2

...


|l ∈ Z≥0


, Cm :=


vl :=



cl

cl+1

cl+2

...

cl+m


|l ∈ Z≥0


.

Define the linear map

Φi : C∞ → Cm

cs

cs+1

cs+2

...

...


7→



cs+i0

cs+i1

cs+i2

...

cs+im


.

Since the set {vj0 , vj1 , . . . , vjm} is linearly dependent in C∞ then the vectors in the

image

{Φi(vj0),Φi(vj1), . . . ,Φi(vjm)} =





cj0+i0

cj0+i1

...

cj0+im


,



cj1+i0

cj1+i1

...

cj1+im


, . . . ,



cjm+i0

cjm+i1

...

cjm+im




are linearly dependent. These are precisely the columns of Mm+1, hence detMI,J = 0

and rankM ≤ m.
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Proof of Proposition 5.1.7

Proposition 5.1.7, restated below as Proposition 5.1.22, gives the dimension of each

Z-graded component of W (Λ,m). The proof is found after the statement and a basis

of W (Λ,m) can be found in the proof.

Proposition 5.1.22. The module W (Λ,m) is finite-dimensional. In particular

dimW (Λ,m) = 2m and dimW (Λ,m)−k =
(
m
k

)
when 0 ≤ k ≤ m.

Proof. First we prove that W (Λ,m) is finite-dimensional. Let n ≥ m. First we

claim that Yn · w0 ∈ span{Y0 · w0, . . . , Ym−1 · w0}. Indeed, by Proposition 5.1.4,

Y0 · · ·Ym−1Yn · w0 = 0. Then, by Lemma 5.1.25, for all i0, . . . , im−1 ∈ Z

0 = Y0 · · ·Ym−1Yn · w0 = Xim−1 · · ·Xi0Y0 · · ·Ym−1Yn · w0

=
m∑
k=0

(−1)
m(m+1)

2
+k det

(
[cis+t]s∈S,t∈T\{k}

)
Yk · w0

+ (−1)
m(m+1)

2
+n
(
det[cis+t]s∈S,t∈T\{n}

)
Yn · w0,

where S := {0, . . . ,m − 1} and T := {0, . . . ,m − 1, n}. Since W (Λ,m) is a highest

weight module, then each weight space W (Λ,m)−k, where 0 ≤ k ≤ m, is spanned by

{Yj1 · · ·Yjk ·w0 | j1, . . . , jk ∈ Z} = {Yj1 · · ·Yjk ·w0 | j1, . . . , jk ∈ Z, 0 ≤ j1, . . . , jk ≤ m−

1}. Hence dimW (c,m)m−2k < ∞. Since suppW (Λ,m) < ∞, then dimW (Λ,m) < ∞

.

Next, we prove that dimW (Λ,m) = 2m . By Lemma 5.1.26, every

YI · w0 := Yi1Yi2 · · ·Yikw0 ∈ W (Λ,m)−k is a linear combination of elements in

B−k = {Yj1 · · ·Yjkw0 | 0 ≤ j1 < · · · < jk ≤ m− 1 }. When k ≥ m+ 1, then B−k = ∅.

We take B0 := {w0}. When 0 ≤ k ≤ m, then |B−k| =
(
m
k

)
. It remains to show that
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the set B−k is linearly independent for each 0 ≤ k ≤ m.

We can write the set B−k in the following way, which will allow us to prove linear

independence. For I = (i1, . . . , in) ∈ Zn, let YI := Yi1 · · ·Yin . Fix 0 ≤ l ≤ m.

Let K ⊆ {0, 1, . . . ,m − 1} such that |K| = l. Let IK = (i1, . . . , im−l) ∈ Zm−l be

such that 0 ≤ i1 < · · · < im−l ≤ m − 1 and is /∈ K for all s. Then we can write

B−(m−l) = {YIK · w0 |K ⊆ {0, 1, . . . ,m− 1}, |K| = l}.

Since B−m = {Y0 · · ·Ym−1w0}, this set is clearly linearly independent. Suppose the set

B−(m−l) is linearly independent for some l ≥ 0. Let u :=
∑

K λKYIK · w0 = 0, where

the sum is over all possible subsets K ⊆ {0, 1, . . . ,m− 1} of size l and λK ∈ C. For

each such K, let JK = (j1, . . . , jm−l) ∈ Zm−l be such that j1 < · · · < jm−l and js /∈ K

for all s. Then

0 = YJK · u = λKYJKYIK · w0 = (−1)αλKY0Y1 · · ·Ym−1 · w0 .

Since Y0 · · ·Ym−1w0 is a basis vector of W (Λ,m)−m and we assumed that W (Λ,m) ̸= 0,

then λK = 0. Hence the set B−(m−l) is linearly independent.

Example 5.1.23. The weight diagram of W (Λ, 3) is illustrated in Figure 5.1. There

are four weight spaces. Each weight space is represented by a column of nodes,

which are the basis vectors of the weight space. The arrows show how the elements

of U(g ⊗ A) act on the weight spaces; Xn acts by moving a vector in W (Λ,m)i to

W (Λ,m)i+1, Yn acts by moving a vector in W (Λ,m)i to W (Λ,m)i−1, and Zn acts by

scalar multiplication by cn. Note that Yn · (Y0Y1Y2w0) = 0 and Xn · w0 = 0 for all

n ∈ Z.

Corollary 5.1.24. Let B0 := {w0} and for 1 ≤ k ≤ m, the set B−k is a basis for
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w0

Y0w0

Y1w0

Y2w0

Y0Y1w0

Y0Y2w0

Y1Y2w0

Y0Y1Y2w0

W (Λ, 3)0W (Λ, 3)−1W (Λ, 3)−2W (Λ, 3)−3

Yn

Xn

Zn

Figure 5.1: Weight diagram of W (Λ, 3)

W (m,Λ)−k. Furthermore, when the rank of [ci+j ]i,j∈Z is k ≤ m, then (Y ⊗ tm−kp(t)) ·

w0 = 0, where p(t) is the minimal characteristic polynomial of the recurrence relation

from Proposition 5.1.6. This is equivalent to saying that if g · w0 ∈ W (m,Λ), then

there exists a unique g0 ∈ g ⊗
(
A⧸(tm−kp(t))

)
= g ⊗

(
C[t]⧸(tm−kp(t))

)
such that

g · w0 = g0 · w0 .

Proof. The first assertion follows directly from the proof of Proposition 5.1.7. Since

Ym · w0 ∈ W (m,Λ)−1, then Ym · w0 ∈ span{Yjw0 | 0 ≤ j ≤ m − 1 }. i.e., there exist

λj ∈ C, not all 0, such that Ym · w0 =
∑m−1

j=0 λjYj · w0. If we act by Xn for any n ∈ Z,

we get

cn+mw0 =

(
m−1∑
j=0

λjcn+j

)
w0 .

Since we assume W (m,Λ) ̸= 0, then w0 ̸= 0 and so

cn+m =
m−1∑
j=0

λjcn+j . (5.10)
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By Proposition 5.1.6 there is a degree k ≤ m linear recurrence relation on the ci’s

with characteristic polynomial p(t) = tk −
∑k−1

j=0 αk−jt
j. So we can write cn+m =∑k

j=1 αjcn+m−j. Comparing to equation (5.10), we deduce that λj = αk−m+j for

m− k ≤ j ≤ m− 1, and λj = 0 otherwise. So

(Y ⊗ tm) · w0 =
m−1∑

j=m−k

αk−m+j(Y ⊗ tj) · w0 .

This is the same as (Y ⊗ tm−kp(t)) · w0 = 0 .

Lemma 5.1.25. Let m ≥ 1. Let S := {0, . . . ,m− 1}, T := {0, . . . ,m},

I := (i0, . . . , im−1) ∈ Zm, and J := (j0, . . . , jm) ∈ Zm+1. Then

XIYJ · w0 =
m∑
k=0

(−1)
m(m+1)

2
+k det

(
[cis+jt ]s∈S,t∈T\{k}

)
Yjk · w0 .

Proof. We proceed by induction. Let z := [x, y] = h′ + h′′ ∈ Z(g). Also note that

[x, y] = xy + yx, since x, y ∈ g1. In the case when m = 1, we have

Xi0Yj0Yj1w0 = −Yj0Xi0Yj1w0 + [Xi0 , Yj0 ]Yj1w0

= −Yj0 [Xi0 , Yj1 ]w0 + Yj0Yj1Xi0w + Zi0+j0Yj1w0

= (−1)0+1ci0+j1Yj0w0 + (−1)1+1ci0+j0Yj1w0.

Let m− 1 ≥ 1 and suppose that for all I ′ := (i0, . . . , im−2) ∈ Zm−1, and

J ′ := (j0, . . . , jm−1) ∈ Zm

XI′YJ ′ · w0 =
m−1∑
k=0

(−1)
m(m+1)

2
+k det

(
[cis+jt ]s∈S,t∈T\{k}

)
Yjk · w0 (5.11)
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where S := {0, . . . ,m− 2} and T := {0, . . . ,m− 1}. Let I = (i0, . . . , im−1) ∈ Zm and

J := (j0, . . . , jm) ∈ Zm+1. Then

XIYJ · w0 = XI′Xim−1YJ · w0

=
m∑
l=0

(−1)lXI′Yj0 · · · [Xim−1 , Yjl ] · · ·Yjm · w0

=
m∑
l=0

(−1)lXI′Yj0 · · · Ŷjl · · ·YjmZim−1+jl · w0 since zim−1+jl ∈ Z(g⊗ A) for all l ≥ 0

=
m∑
l=0

(−1)lcim−1+jlXI′Yj0 · · · Ŷjl · · ·Yjm · w0 .

Since for all k ≥ 0 XI′Yj0 · · · Ŷjl · · ·Yjm · w0 is of the form the left side of equation

(5.11), by the induction

cim−1+jlXI′Yj0 · · · Ŷjl · · ·Yjm · w0

= cim−1+jl

m∑
k=0
k ̸=l

(−1)
m(m+1)

2
+k det

(
[cis+jt ]s∈S,t∈T\{k,l}

)
Yk · w0.

So

XIYJ · w0 =
m∑
l=0

(−1)lcim−1+jlXI′Yj0 · · · Ŷjl · · ·Yjm · w0

=
m∑
l=1

l−1∑
k=0

cim−1+jl(−1)
m(m+1)

2
+k+l det

(
[cis+jt ]s∈S,t∈T\{k,l}

)
Yjk · w0

+
m∑
l=0

m∑
k=l+1

cim−1+jl(−1)
m(m+1)

2
+k+l+1 det

(
[cis+jt ]s∈S,t∈T\{l,k}

)
Yjk · w0 .
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Since these are two finite sums, we may switch the order of summation. So

XIYJ · w0 =
m−1∑
k=0

m∑
l=k+1

cim−1+jl(−1)
(m−1)m

2
+k+l det

(
[cis+jt ]s∈S,t∈T\{k,l}

)
Yjk · w0

+
m∑
k=1

k−1∑
l=0

cim−1+jl(−1)
(m−1)m

2
+k+l+1 det

(
[cis+jt ]s∈S,t∈T\{l,k}

)
Yjk · w0

=
m−1∑
k=0

(−1)m−1(−1)
(m−1)m

2
+k

m∑
l=k+1

(−1)m+lcim−1+jl det
(
[cis+jt ]s∈S,t∈T\{k,l}

)
Yjk · w0

+
m∑
k=1

(−1)m(−1)
(m−1)m

2
+k

k−1∑
l=0

cim−1+jl(−1)m+l+1 det
(
[cis+jt ]s∈S,t∈T\{l,k}

)
Yjk · w0

=
m∑
k=0

(−1)
m(m+1)

2
+k det

(
[cis+jt ]s∈S∪{im−1},t∈T\{k}

)
Yjk · w0,

where the last equality is obtained by expanding the determinant of the matrix

[cis+jt ]s∈S∪{im−1},t∈T\{k} along the mth row.

Lemma 5.1.26. Let l ≥ 2 and m ≥ l.

Let Yisw0 = λs,0Y0w0 + λs,1Y1w0 + · · ·+ λs,m−1Ym−1w0 for s = 0, 1, . . . ,m− 1. Let M

denote the m×m matrix

M = [λk,j]
m−1
k,j=0 .

Let K = (k0, . . . , kl−1), where 0 ≤ k0 < k1 < · · · < kl−1 ≤ m, and let J =

(j0, . . . , jl−1) where 0 ≤ j0 < j1 < · · · < jl−1 ≤ m − 1. Let det (lMK,J) denote

the l × l minor of M indexed by rows k1, k2, . . . , kl and columns j1, j2, . . . , jl are

deleted. For J ∈ Jl = {J = (j0, . . . , jl−1) | 0 ≤ j0 < j1 < · · · < jl−1 ≤ m − 1}, let

YJ := Yj0Yj1 · · ·Yjl−1
. Then for all i0, i1, . . . , il−1 ∈ Z≥0,

Yi0Yi1 · · ·Yil−1
w =

∑
J∈Jl

det(lMK,J)YJw0
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where K = (0, 1, . . . , l − 1).

Proof. We use induction on l. The case when l = 2 is as follows: Consider yisw for

s = 0, 1 and M = [λk,j]
m−1
k,j=0. Let det(2MK,J) denote the 2× 2 minor of M indexed by

K = {0, 1} and J = {j0, j1}. Let i0, i1 ∈ Z≥0. Then

Yi0Yi1w = Yi0

(
m−1∑
n1=0

λ1,n1Yn1w

)
= −

m−1∑
n1=0

λ1,n1Yn1Yi0w0 = −
m−1∑
n1=0

m−1∑
n0=0

λ0,n0λ1,n1Yn1Yn0w0

=
m−1∑
n1=0

m−1∑
n0=0

λ0,n0λ1,n1Yn0Yn1w0 .

Now we change variables so that in the sum above all the terms are in the order

yj0yj1w where 0 ≤ j0 < j1 ≤ m − 1. We split the sum into two parts: n0 < n1 and

n0 > n1. Then

Yi0Yi1w =
m−1∑
n1=0

n1−1∑
n0=0

λ0,n0λ1,n1Yn0Yn1w0 +
m−2∑
n1=0

m−1∑
n0=n1+1

λ0,n0λ1,n1Yn0Yn1w0

=
m−1∑
n1=1

n1−1∑
n0=0

λ0,n0λ1,n1Yn0Yn1w0 −
m−2∑
n1=0

m−1∑
n0=n1+1

λ0,n0λ1,n1Yn1Yn0w0 .

In the first sum, let j0 = n0, j1 = n1 and in the second sum, let j0 = n1 and j1 = n0.

Then

Yi0Yi1w =
m−1∑
j1=1

j1−1∑
j0=0

λ0,j0λ1,j1Yj0Yj1w0 −
m−2∑
j0=0

m−1∑
j1=j0+1

λ0,j1λ1,j0Yj0Yj1w0 .

In the second sum, changing the order of summation gives

Yi0Yi1w =
m−1∑
j1=1

j1−1∑
j0=0

λ0,j0λ1,j1Yj0Yj1w0 −
m−1∑
j1=1

j1−1∑
j0=0

λ0,j1λ1,j0Yj0Yj1w0
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=
m−1∑
j1=1

j1−1∑
j0=0

(λ0,j0λ1,j1 − λ0,j1λ1,j0)Yj0Yj1w0

=
∑

J∈J2,K=(0,1)

det (2MJ,K)YJw0 .

Now assume this holds for some l ≥ 2. Let K = (0, 1, ..., l − 1) and K ′ = (0, 1, . . . , l).

Let i0, i1, . . . , il ∈ Z≥0. Then

Yi0Yi1 · · ·Yil−1
Yilw = (−1)lYilYi0Yi1 · · ·Yil−1

w0

= (−1)lYil

∑
J∈Jl

det (lMJ,K)YJw0 (by induction)

=
∑
J∈Jl

det (lMJ,K)YJYilw0 .

By the first part of the proof of Proposition 5.1.7 Yilw0 =
∑m−1

j=0 λl,jYjw0 for some

λl,j ∈ C. So

Yi0Yi1 · · ·Yil−1
Yilw0 =

∑
J∈Jl

m−1∑
j=0

λl,j det (lMJ,K)YJYjw0 .

To obtain the (l+1)×(l+1) minor det(l+1MK′,J ′), from det (lMJ,K), we need to use rows

0, 1, . . . , l and columns j′0, j
′
1, . . . , j

′
l from the matrix M , where J ′ = (j′0, j

′
1, . . . , j

′
l) ∈

Jl+1. Each l-tuple J can be made into an (l + 1)-tuple by adjoining one more element.

Since in this context all elements in an (l + 1)-tuple are distinct, there are m − l

elements to choose from. Moreover, there are
(
m
l

)
many l-tuples, which gives a total of(

m
l

)
(m−l) distinct pairs (J, jl) such that J = (j0, j1, . . . , jl−1) ∈ Jl, 0 ≤ jl ≤ m−1, and

jl ≠ ji for i = 0, 1, . . . , l− 1. In other words, there are
(
m
l

)
(m− l) many distinct terms

det(lMK,J ′)λl,jly
′
Jw, where J ′ ∈ Jl+1; or

(
m
l

)
(m − l) many distinct pairs (J, jl) such
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that (j0, j1, . . . , jl−1) = J ∈ Jl and 0 ≤ jl ≤ m− 1 and jl ̸= jt for t = 0, 1, . . . , l − 1.

Moreover, each (l+1)-tuple can be formed in this way from l+1 distinct l-tuples. (i.e.,

the (l+1)-tuple (j′0, j
′
1, . . . , j

′
l) can be formed from (j′0, . . . , ĵ

′
s, . . . , j

′
l) where 0 ≤ s ≤ l).

Consider the set {J, jl} = {j0, j1, . . . , jl}, which comes from the pair (J, jl). When we

look at all of the sets {j0, . . . , jl−1, jl} which come from all
(
m
l

)
(m− l) distinct pairs

(J, jl), then we get
(
m
l

)
(m− l)

1

l + 1
=
(

m
l+1

)
distinct sets. There are exactly

(
m
l+1

)
many

distinct (l + 1)-tuples. Hence the sum

∑
J∈Jl

m−1∑
j=0

λl,j det (lMJ,K)YJYjw

can be rewritten as

∑
J ′∈Jl+1

l∑
s=0

det
(
lMK,(j′0,...,ĵ

′
s,...,j

′
l)

)
λl,jsYj′0

· · · Ŷj′s · · ·Yj′l
Yj′sw

=
∑

J ′∈Jl+1

l∑
s=0

(−1)l−s det
(
lMK,(j′0,...,ĵ

′
s,...,j

′
l)

)
λl,jsYj′0

· · ·Yj′s · · ·Yj′l
w

=
∑

J ′∈Jl+1

(
l∑

s=0

(−1)(l+1)+(s+1) det
(
lMK,(j′0,...,ĵ

′
s,...,j

′
l)

)
λl,js

)
YJ ′w

=
∑
J∈Jl

(
m−1∑
jl=0

(−1)(l+1)+(s+1)λl,jl det (lMK,J)

)
YJYjlw

=
∑

J ′∈Jl+1

det (l+1MK,J)YJ ′w .

In Proposition 4.1 of [CFR21], Calixto, Futorny, and Rocha show that for a basic

classical Lie superalgebra g such that g0̄ is semisimple, the annihilator AnnAV of a

simple bounded weight g ⊗ A-module V is radical. An irreducible Weyl module of
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gl(1|1)⊗ C[t, t−1] is an example of such a module. In the following proposition, we

explicitly write the annihilator of the loop Weyl module.

Corollary 5.1.27. Let g = sl(1|1)⊗ A and let W (Λ,m) be a non-zero simple Weyl

module. Then AnnAW (Λ,m) = (p(t)), where p(t) is the characteristic equation of the

recurrence relation on c = {ci}i∈Z.

Proof. Let w0 be the generator of W (Λ,m). We first show that AnnC[t,t−1]w0 = (p(t)).

Recall that (n+ ⊗A) ·w0 = 0. Furthermore, since p(t) is the characteristic polynomial

of the recurrence relation ck+m = α1ck+m−1 + α2ck+m−2 + · · · + αmck for all k ∈ Z,

then p(t) = tm −
∑m

i=1 αit
m−i. Recall from Definition 5.1.1 that z ⊗ tn ·w0 = cnw0 for

any n ∈ Z. So for any k ∈ Z,

Z ⊗ tkp(t) · w0 = Z ⊗

(
tm+k −

m∑
i=1

αit
m+k−i

)
· w0

= Z ⊗ tm+k · w0 −
m∑
i=1

αi

(
Z ⊗ tm+k−i · w0

)
= (cm+k − (α1cm+j−1 + α2cm+k−2 + · · ·+ αmck)) · w0 = 0.

Then for any q(t) =
∑

k βkt
k ∈ A,

(Z ⊗ q(t)p(t)) · w0 = (z ⊗

(∑
k

βkt
k

)
(tm − α1t

m−1 − α2t
m−2 − · · · − αm)) · w0

=

(
Z ⊗

(∑
k

βkt
k

)
(tm − α1t

m−1 − α2t
m−2 − · · · − αm)

)
· w0

=
∑
k

βk

(
z ⊗ tkp(t)

)
· w0 = 0 .

Finally, suppose (Y ⊗ p(t)) · w0 ̸= 0. Since W (Λ,m) is simple, then there exists
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n ∈ Z such that (X ⊗ tn)(Y ⊗ p(t)) · w0 = cw0 for some c ∈ C∗. Fix such an n. Then

(X ⊗ tn)(Y ⊗ p(t)) · w0 = (−Y X + [X, Y ])⊗ tnp(t)) · w0 = (Z ⊗ tnp(t)) · w0 = 0 .

This contradicts the fact that W (Λ,m) is simple. Hence (Y ⊗ p(t)) · w0 = 0, and

p(t) ⊆ AnnC[t,t−1]w0.

Now let q(t) :=
∑n

i=0 βit
i ∈ AnnC[t,t−1]w0, where βn ̸= 0. Then

0 = (Z ⊗ q(t)) · w0 = (β0c0 + β1c1 + · · · βncn) · w0 .

This gives us the recurrence relation cn =
−β0

βn

c0 −
β1

βn

c1 − · · · − βn−1

βn

cn−1. Since

W ̸= 0, by part 1. of Theorem 5.1.2, there exists a degree m recurrence relation on

the ci’s. So n ≥ m and q(t) ∈ (p(t)). Hence (p(t)) = AnnC[t,t−1]w0 .

Since W is a weight module, every non-zero element of W (Λ,m) can be written as a

sum of homogeneous elements. Each such homogeneous element can be written as a

linear combination of the basis vectors of its corresponding weight space, which are of

the form (Y ⊗ tj0)(Y ⊗ tj1) · · · (Y ⊗ tjn) · w0 where j0, . . . , jn ∈ Z. We can see that

(X ⊗ p(t))(Y ⊗ tj0)(Y ⊗ tj1) · · · (Y ⊗ tjn) · w0

= (X ⊗ tm)(Y ⊗ tj1) · · · (Y ⊗ tjn) · w0 −
m−1∑
i=0

αi(X ⊗ ti)(Y ⊗ tj1) · · · (Y ⊗ tjn) · w0

=
n∑

s=0

(−1)s

(
Yj0 · · · [Xm, Yjs ] · · ·Yjn · w −

m−1∑
i=0

αiYj0 · · · [Xi, Yjs ] · · ·Yjn · w0

)

=
n∑

s=0

(−1)s

(
Yj0 · · · Ŷjs · · ·YjnZm+js · w −

m−1∑
i=0

αiYj0 · · · Ŷjs · · ·YjnZi+js · w0

)
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=
n∑

s=0

(−1)s

(
cm+js −

m−1∑
i=0

αici+js

)
Yj0 · · · Ŷjs · · ·YjnZm+js · w0 = 0 .

Furthermore, (Y ⊗p(t))(Y ⊗ tj0)(Y ⊗ tj1) · · · (Y ⊗ tjn) ·w0 = (Y ⊗ tj0)(Y ⊗ tj1) · · · (Y ⊗

tjn)(Y ⊗ p(t)) · w0 = 0, as shown above. Finally, since Z ∈ Z(g), then (Z ⊗ p(t))(Y ⊗

tj0)(Y ⊗ tj1) · · · (Y ⊗ tjn) · w0 = 0 .

Reducibility and Submodules of W (Λ,m)

This subsection discusses the reducibility of the sl(1 | 1)⊗A-module W (Λ,m). When

W (Λ,m) is reducible we find all of its nontrivial submodules.

Let M = [ci+j]i,j∈Z and c = {ci | i ∈ Z}. By Proposition 5.1.6, there is a k ≤ m such

that c satisfies a linear recurrence relation of degree k and does not satisfy any linear

recurrence relations of lesser degree. Let p(t) be the minimal characteristic polynomial

of this recurrence relation.

Proposition 5.1.28. Suppose that the sequence c associated to the module W (Λ,m)

satisfies an order k ≤ m linear recurrence relation with constant coefficients, and does

not satisfy any linear recurrence relations of lesser degree. Then W (Λ,m) is simple if

and only if k = m. If k < m, then W (Λ,m) has the following filtration:

0 = Wm−k ⊂ Wm−k−1 ⊂ · · · ⊂ W1 ⊂ W0 = W (Λ,m)

where Wi⧸Wi+1
∼=
(
m−k
i

)
W (Λ, k)[−i].

Proof. Let s : m− k and let I ⊆ [s] = {1, . . . , s}. Label the highest weight vector as
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w[s] := w0 and for nonempty subsets I ⊆ [s] let

wIc =
∏
i∈I

(Y ⊗ ti−1p(t)) · w0 ∈ W (Λ,m)−|I| .

Since [x ⊗ ti, y ⊗ tj] = z ⊗ ti+j and Z ⊗ ti+j is in the centre of U(sl(1 | 1) ⊗ A) and

(Z ⊗ p(t)) ·w0 = 0, then it is clear that (n+ ⊗A) ·wIc = 0 for all such sets I. We only

consider vectors made up by elements of the form Y ⊗ tnp(t) where n ≤ s− 1, since

by Corollary 5.1.24 we are working with the algebra g⊗
(
C[t]⧸(tsp(t))

)
.

Suppose k < m. By Proposition 5.1.6 and since deg p(t) = k, then

wIc ∈ spanB−|I| = {Yj1 · · ·Yjn · w0 | 0 ≤ j1 < · · · < j|I| ≤ m− 1 }.

i.e., 0 ̸= wIc ∈ W (m,Λ)−|I|. Hence each subset of I produces a unique singular vector

in W (m,Λ)−|I| which generates a nontrivial submodule of W (m,Λ).

Proposition 5.1.4 states that W (Λ,m)−(m+1) = 0. Hence if wIc ∈ W (Λ,m)−|I| then

Y0Y1 · · ·Ym−l ·wIc ∈ W (Λ,m)−(m+1) = 0. Therefore wIc generates a unique sl(1 | 1)⊗A

module XIc
∼= W (Λ,m− |I|)[−|I|]. There are

(
m−k
|I|

)
such submodules. Furthermore,

if I, J ⊆ [s], then XIc ∩XJc = XIc∩Jc ∼= W (Λ,m− |I ∪ J |)[−|I ∪ J |] by construction.

To show that these are the only non-trivial submodules, suppose there is a non-zero

vector v =
∏

q(Y ⊗ q(t)) · w0 ∈ W (m,Λ)−l for some 1 ≤ l ≤ m, where v is written in

terms of basis vectors B−l, such that (n+⊗A) ·v = 0. Then each q(t) is a characteristic

polynomial for a recursion satisfied by c, so p(t) divides q(t). Hence v is a linear

combination of vectors of the form wIc for some I ⊆ [s] of size l.

Now suppose k = m. For the sake of contradiction, assume that W (Λ,m) is not

simple. Then there exists a non-zero vector v ∈ W (Λ,m)−l for some 1 ≤ l ≤ m such
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that (n+ ⊗ A) · v = 0. By Corollary 5.1.24, v is of the form

v =
l∏

i=1

(Y ⊗ qi(t)) · w0,

where Y ⊗ qi(t) is a non-zero linear combination of vectors in the set

{Y ⊗ tj | 0 ≤ j ≤ m − 1}. i.e., deg qi(t) ≤ m − 1. Since (n+ ⊗ A) · v = 0, then the

sequence c satisfies each polynomial qi(t) implying that deg qi(t) ≥ m, which is a

contradiction. Hence W (Λ,m) is simple.

In the other direction, we know that rankM ≤ m by Lemma 5.1.6. By above W (Λ,m)

is simple only if rankM = m.

Remark 5.1.29. By Proposition 5.1.28, W1
∼= Cm−k ⊗W (Λ,m− 1)[−1] is a proper

submodule of W (Λ,m). In the proof of Proposition 5.1.28, we explicitly wrote down

m− k linearly independent singular vectors of degree -1 which generate W1. These

vectors were w[m−k]\{i} := (Y ⊗ ti−1p(t)) · w0 where i ∈ [m− k]. Let

X[m−k]\{i} := U(g⊗ A) · w0

be the U(g⊗ A)-submodule of W (Λ,m) generated by w[m−k]\{i}. Then

W1 =
m−k∑
i=1

X[m−k]\{i} .

Now consider the set B = {Y ⊗ ti−1p(t) | 1 ≤ i ≤ m − k} ⊂ U(g ⊗ A). The

linear independence of B follows from the linear independence of the polynomials

{ti−1p(t) | 1 ≤ i ≤ m− k}. Hence spanCB ∼= Cm−k as vector spaces. With this choice
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of basis for Cm−k,

Wi =
∧i(Cm−k)⊗W (Λ,m− i)[−i] .

Furthermore, if I, J ⊆ [m−k] then this choice of basis allows us to see that XI ∩XJ =

XI∩J and we may construct a lattice of submodules of W (Λ,m). This is illustrated in

the following example.

Example 5.1.30. Consider the Weyl module W (Λ, 5), where rank[ci+j]i,j∈Z = 2.

Then W (Λ, 5) has the following submodules:

X1,2,3 = W (Λ, 5)

X1,2
∼= W (Λ, 4)[−1] X1,3

∼= W (Λ, 4)[−1] X2,3
∼= W (Λ, 4)[−1]

X1
∼= W (Λ, 3)[−2] X2

∼= W (Λ, 3)[−2] X3
∼= W (Λ, 3)[−2]

X∅ ∼= W (Λ, 2)[−3]

0

Figure 5.2: Lattice of submodules of W (Λ, 5), when rank[ci+j]i,j∈Z = 2.
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5.2 Z× Z graded modules of the loop algebra

sl(1|1)⊗ C[t, t−1]

Let g = sl(1|1) with the standard basis {x, y, z} so that

[x, y] = z, and [x, x] = [y, y] = 0.

The Lie superalgebra g has a triangular decomposition

g = n− ⊕ h⊕ n+, y ∈ n−, z ∈ h, x ∈ n+.

Recall that for any Lie superalgebra l, the loop Lie superalgebra is defined as

l̄ = l⊗C[t, t−1]. The decomposition (2.1) also applies to Lie superalgebras, and defines

a decomposition of the loop algebra g given by

g = n− ⊕ h⊕ n+ .

Note that this gradation is compatible with the Lie bracket, so g is well-defined as a

Z× Z-graded algebra. We have studied two types of modules, which will be discussed

below. From now on, we use the notation gk := g ⊗ tk ∈ g for g ∈ g, k ∈ Z.

5.2.1 Finite Dimensional Z-graded g-modules

In the previous section, we considered the Z-grading on g and studied finite dimensional

Z-graded g-modules. Let M be such a module. Since M has finite support, there is a
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largest µ0 ∈ suppM such that there exists 0 ̸= w0 ∈ Mµ0 with the properties

(n+ ⊗ C[t, t−1]) · w0 = 0, (5.12)

Zn · w0 = anw0, an ∈ C (5.13)

YI · w0 = 0 for all I ∈ Zm+1. (5.14)

We showed that YI · w0 = 0 for all I ∈ Zm+1 is equivalent to Y0Y1 · · ·Ym · w0 = 0.

This gives us a g-module with generators and relations. Using these generators and

relations, we proved each weight space of M is finite-dimensional. In fact, we showed

that dimM = 2m and dimM−k =
(
m
k

)
for 0 ≤ k ≤ m.

5.2.2 Z× Z-graded g-modules with finite Z-support

Let M be a Z× Z graded g-module. Let M (k,l) denote the (k, l)th graded component

of M , where k is the grading in the horizontal direction, and l, also referred to as the

“level”, is the grading in the vertical direction. We define the Z-support of M in the

horizontal direction by the set {k ∈ Z | M (k,l) ≠ 0 for some l ∈ Z}. We consider the

Z× Z graded g-modules M with finite Z-support in the horizontal direction, meaning

that there exists N ∈ Z≥0 such that M (±k,l) = 0 for all l ∈ Z and for all k ≥ N . We

will describe a basis, and derive an explicit formula for the character of such a module.

Let b denote the Borel subalgebra of g. For any Z-graded b-module L define

M(L) := Indg

b
L = U(g)⊗U(b) L .

This definition makes sense since L is also a U(b)-module. By the Poincaré-

Birkhoff-Witt theorem, as U(n−)-modules, M(L) ∼= U(n−)⊗ L. Hence M(L) admits
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a Z× Z gradation via

deg(Yi1 · · ·Yik · w) = (k, degw + (i1 + · · ·+ ik)), (5.15)

where yi ∈ n− and w ∈ L. Let I(L) be the unique maximal submodule of M(L) such

that I(L) ∩ L = 0. (I(L) can be taken as the sum of all submodules of M(L) which

intersect L trivially). Note that we do not consider maximal submodules I of M(L)

such that I ∩ L ̸= 0, since there is no such unique maximal submodule. We define

V (L) := M(L)/I(L) .

The following lemma states precisely when V (L) is irreducible.

Lemma 5.2.1. The following statements are equivalent:

(i) V (L) is an irreducible g-module.

(ii) L is an irreducible b-module.

(iii) L is an irreducible h-module.

Proof. We know that V (L) := M(L)/I(L) is irreducible if and only if I(L) is a

maximal g-submodule of M(L).

(i) implies (iii):

If I(L) is a maximal submodule, then since I(L) ∩ L = 0, there is no proper non-zero

h- submodule W ⊂ L such that I(L) ⊆ U(n−) ·W .

(iii) implies (i)

Claim: I(L) is the unique maximal g-submodule of M(L). Indeed, suppose there
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exists a submodule Y (L) ⊆ M(L) such that Y (L) ∩ L ̸= 0. Since L is an irreducible

h-module, then L ⊆ Y (L), which implies that Y (L) = M(L). Hence I(L) is the

unique maximal g-submodule of M(L), and V (L) is the unique irreducible quotient.

(iii) implies (ii):

Suppose L is an irreducible h-module. Then L is also an irreducible U(h)-module. So

for any v, w ∈ L, there exists Z ∈ U(h) such that Z · v = w. Now suppose there exists

a non-zero U(b)-submodule of L, say W . Let w ∈ W . Then by the above, for every

v ∈ (L W )∪ {0}, there exists Z ∈ U(h) such that Z ·w = v. So v ∈ W , which implies

that v = 0. Hence W = L, and L is an irreducible U(b)-module.

(ii) implies (iii):

Suppose L is an irreducible Z-graded b-module with respect to the grading

deg(X ⊗ tn) = 1 and deg(Z ⊗ tn) = 0. We can write L =
⊕

i∈Z Li.

Claim: For all v ∈ L, X ⊗ tn · v = 0.

Proof of claim: Suppose not. i.e., suppose there exists k ∈ Z and v ∈ Lk such that

0 ̸= X ⊗ tn · v ∈ Lk+1. Then Lk =
⊕

i≥k Li is a b-submodule of L. This contradicts

the irreducibility of L as a b-module. Let W ⊂ L be a proper h-submodule. Let

w ∈ W and v ∈ (L \W ) ∪ {0}. Since L is an irreducible b-module, then there exists

Z ∈ b such that Z ·w = v. In particular, Z = Zn for some n ∈ Z. Since W is a proper

h-submodule, then v = w = 0.

5.2.3 Irreducible Z-graded h-modules

In order to study irreducible g-modules V (L), the previous lemma showed that

must choose L to be an irreducible h-module. Furthermore, for V (L) to have finite-

dimensional graded components, we must choose L to have finite-dimensional graded
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components. Hence, let L be as in Proposition 3.2.1 and suppose that L0 ≠ 0. By

Proposition 3.2.1, we know that there exists an r > 0 such that

L =
⊕
i∈Z

Li

where dimLri = 1 for every i ∈ Z. As in the proof of the proposition, if we choose a non-

zero basis vector v0 of L0, then there exists X ∈ h
r and such that vir := X i ·v0 ∈ Lir is

non-zero for all i ∈ Z>0. Similarly, there exists Y ∈ h
r such that v−ir := Y i · v0 ∈ L−ir

is non-zero for all i ∈ Z>0. Hence we may fix a basis of L to be {vri | i ∈ Z}, where

Lri = spanC{vri}.

For every i ∈ Z, since L is a Z-graded h-module, write zi · vk =: aivi+k ∈ Li+k, where

ai ∈ C, k ∈ rZ. Since Li = 0 when i /∈ (r), then ai = 0 if r ∤ i. Hence L defines

a sequence {ai}i∈Z, where ai : Z → C is the product of qr and some other function

g : Z → C.

5.2.4 General Z-graded h-modules

Definition 5.2.2. Let a := {ai}i∈Z be a sequence with ai ∈ C and define an h-module

L(a) = span{wn |n ∈ Z} via

zi · wn = aiwn+i .

We can consider L(a) as a b-module by letting xi · wn = 0 for all i, n ∈ Z. Then

L(a) is a U(b)-module as well, so we can define the U(g)-module

M(a) := Indg

b
L(a) = U(g)⊗U(b) L(a) . (5.16)
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As before, M(a) ∼= U(n−)⊗L(a) as U(n−)-modules, so M(a) admits a Z×Z gradation.

Let I(a) be the unique maximal submodule of M(a) such that I(a) ∩ L(a) = 0 and

define

V (a) := M(a)/I(a) , (5.17)

which inherits the Z × Z gradation of M(a). Let V (a)(k,l) denote the (k, l) graded

component of V (a). Since L(a) is a Z-graded b-module, by Lemma 5.2.1, V (a) is

irreducible if and only if L(a) is an irreducible.

Proposition 5.2.3. Let V (a) be as in (5.17) and let A = [ai+j]i,j∈Z. The following

are equivalent:

1. The set {k ∈ Z | V (a)(k,l) ̸= 0} is finite.

2. V (a) has finite dimensional graded subcomponents.

3. The rank of A is finite.

4. The sequence a = {an} is exponential-polynomial.

Lemma 5.2.4. Let m ≥ 1. Let S := {0, . . . ,m− 1} and T := {0, . . . ,m}. Then

Xim−1 · · ·Xi0Yj0 · · ·Yjm · wl

=
m∑
k=0

(−1)m+k det
(
[ais+jt ]s∈S,t∈T\{k}

)
Yjk · wl+i0+···+im−1+j0+···+ĵk+···+jm

.

Proof. (Of Lemma 5.2.4) We proceed by induction on m. In the case when m = 1,

Xi0Yj0Yj1wl = −ai0+j1Yj0wl+i0+j1 + ai0+j0Yj1wl+i0+j0

=
1∑

k=0

(−1)k+1 det
(
[ais+jt ]s∈{0},t∈{0,1}\{k}

)
Yjk · wl+i0+j0+···+ĵk+···+j1

.
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Now assume that this result holds for some m− 1 ≥ 1. Let S = {1, . . . ,m} and

T = {0, 1, . . . ,m}. Since XiYj = −YjXi + Zi+j, we have

Xim−1 · · ·Xi0Yj0 · · ·Yjm · wl =
m∑

n=0

(−1)nXim−1 · · ·Xi0Yj0 · · ·Zi0+jn · · ·Yjm · wl

=
m∑

n=0

(−1)nai0+jnXim−1 · · ·Xi0Yj0 · · · Ŷjn · · ·Yjm · wl+i0+jn

=
m∑

n=0

(−1)nai0+jn

m∑
k=0,k ̸=n

(−1)m−1+k det
(
[ais+jt ]s∈S,t∈T\{k,n}

)
Yjkwl+i0+···+im−1+j0+···+ĵk+···jm

=
m∑
k=0

(−1)m−1+kai0+jn

k−1∑
n=0

(−1)n det
(
[ais+jt ]s∈S,t∈T\{k,n}

)
Yjkwl+i0+···+im−1+j0+···+ĵk+···jm

+
m∑
k=0

(−1)m+kai0+jn

m∑
n=k+1

(−1)n−1 det
(
[ais+jt ]s∈S,t∈T\{k,n}

)
Yjkwl+i0+···+im−1+j0+···+ĵk+···jm .

For each 0 ≤ k ≤ m,

k−1∑
n=0

(−1)n det
(
[ais+jt ]s∈S,t∈T\{k,n}

)
Yjkwl+i0+···+im−1+j0+···+ĵk+···jm

+
m∑

n=k+1

(−1)n−1 det
(
[ais+jt ]s∈S,t∈T\{k,n}

)
Yjkwl+i0+···+im−1+j0+···+ĵk+···jm

is the Laplace expansion of [ais+jt ]s∈S,t∈T\{k} along the first row. Hence the result

follows.

Proof. (Of Proposition 5.2.3) We will prove this in the following order: 2. ⇔ 1. ⇔

3. ⇔ 4.

2. implies 1.

Fix an l ∈ Z. If V (a) has finite-dimensional graded subcomponents, then in particular,

nl := dimV (a)(−1,l) ∈ Z≥0. Hence for all i0, i1, . . . , inl
∈ Z, we can find c0, c1, . . . , cnl

∈
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C such that cnl
̸= 0 and c0Yi0wl−i0 + c1Yi1wl−i1 + · · · + cnl

Yinl
wl−inl

= 0. Acting by

Yi0Yi1 · · ·Yinl−1 , we get Yi0Yi1 · · ·Yinl
·wl−i0−···−inl

= 0, (since Y 2
i = 0 for all i ∈ Z). Let

N + 1 = max{dimV (a)(−1,l) | l ∈ Z}. Then Yi0Yi1 · · ·YiN+1
· wl = 0 for all ik, l ∈ Z.

i.e., V (a)(−(N+1),l) = 0 for all l ∈ Z. Therefore, we have the containment

{k ∈ Z | V (a)(k,l) ̸= 0} ⊆ {0} ∪ [N ].

1. implies 2.

Suppose there exists an N ∈ Z>0 such that V (a)(−(N+1),l) = 0 for all l ∈ Z. This means

that for all l, n ∈ Z, Y0 · · ·YN−1Ynwl−n−(0+1+···+(N−1)) = 0. Let S = {0, . . . , N − 2}

and T = S ∪ {n}. By Lemma 5.2.4, for all i0, . . . , iN−1 ∈ Z, we get

0 = XiN−1
· · ·Xi0Y0 · · ·YN−1Ynwl−n−(0+1+···+(N−1))

=
N−1∑
k=0

(−1)N+k det
(
[ais+jt ]s∈S,t∈T\{k}Yk · wl−k

)
+
(
[ais+t]s∈S,t∈T\{n}Yn · wl−n

)
.

Hence Ynwl−n ∈ span{Yiwl−i | i ∈ 0, 1, . . . , N − 1}.

i.e.,
⊕

l∈Z V (a)(−1,l) = spanC{Yiwl−i | i ∈ {0, 1, . . . , N − 1}, l ∈ Z}. Since Y 2
i = 0, it

follows that V (a)(−k,l) is spanned by {Yj1 · · ·Yjk · wl−(j1+···+jk) | 0 ≤ j1 < · · · < jk ≤

N − 1}.

1. implies 3.

Suppose that V (a) has finite support. Above we showed that in this case, V (a) is

spanned by elements of the form Yj1 · · ·Yjk ·wl−(j1+···+jk), where k > 0 and j1, . . . , jk, l ∈

Z. Moreover, there exists a minimal N ∈ Z>0 such that Yj1 · · ·YjN+1
·wl−(j1+···+jN+1) = 0

for all j1, . . . , jK , l ∈ Z. By Lemma 5.2.4, for any i1, . . . , iK , j1, . . . , jN+1, n ∈ Z, we
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have

0 = Xi1 · · ·XiN+1
Yj1 · · ·YjN+1

· · ·wl−(j1+···+jN+1)

= (−1)
N(N+1)

2 det [ais+jt ]s,t=1,...,N+1wl+i+1+···+iN+1
.

Hence, every minor determinant of A of order greater than or equal to N + 1 is zero,

which implies that A has finite rank.

3. implies 1.

Suppose that rkA = N < ∞. We claim that V (a)(−(N+1),l) = 0 for all l ∈ Z. Indeed,

recall that V (a) = M(a)/I(a) where I(a) =
∑

I such that I ⊂ V (a) is a submodule

of V (a) and I(a) ∩ L(a) = 0. Hence any element of the form Yj0 · · ·Yjk · wl−(j1+···+jk)

does not generate a submodule of V (a). Now suppose there exist j0, . . . , jN , l ∈ Z such

that Yj0 · · ·YjN · wl−(j1+···+jN ) ≠ 0. Then 0 ̸= XiN · · ·Xi0Yj0 · · ·YjN · wl−(j1+···+jN ) =

A′wl+i0+···+iN ,where A′ is a (N + 1)× (N + 1) minor of A. Since rkA = N , this is a

contradiction.

3. implies 4.

If rkA = N for some N ∈ Z≥0, then there is a linear recurrence relation of order

N on the ak’s. Namely, ak+N = α1ak+N−1 + · · · + αNak where αi ∈ C. Let p(t) =

tN − α1t
N−1 − · · · − αN be the characteristic polynomial of this recurrence relation,

and let λ1, . . . , λs be the roots of p with multiplicities mi, respectively. Then the

solution of this recurrence relation is

ak =
s∑

i=1

gi(k)λ
k
i ,

where gi ∈ C[k] is a polynomial of degree mi − 1.
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4. implies 3.

Suppose the sequence a is exponential polynomial. Then a is of the form ak =∑s
i=1 gi(k)λ

k
i , for k ∈ Z, which implies that ak is a solution of the homogeneous linear

recurrence relation ak+N = α1ak+N−1 + · · ·+ αNak where αi ∈ C, for some N ∈ Z≥0.

Following the proof of Proposition 5.1.6, this implies that every det [ais+jt ]s,t=0,1,...,N = 0

for all i0, . . . , iN , j0, . . . , jN ∈ Z. i.e, rankA ≤ N .

Corollary 5.2.5. Let A = [ai+j]i,j∈Z. If rankA = N , then V (−k,l) = 0 for all k > N

and all l ∈ Z.

Proof. Let m be such that V (−k,l) = 0 for all k > m and all l ∈ Z. From the proof

of 3. implies 1., we know that m ≤ N . Claim: m ≥ N . Indeed, if k ≤ N and

0 = Yj0 · · ·Yjk−1
wl−(j1+···+jk−1) for all j0, . . . , jk−1, l ∈ Z, then

0 = Xik−1
· · ·Xi0Yj0 · · ·Yjk−1

wl−(j1+···+jk−1) = det
(
[ais+jt ]s,t=0,...,k−1

)
wwl+(i1+···+ik−1)

for all i0, . . . , ik−1, j0, . . . , jk−1, l ∈ Z. Then all k × k minors of A are zero. Since

rankA = N this a contradiction.

Proposition 5.2.6. If {an}n∈Z is exponential-polynomial of degree r, then

1.

L(a) =
r−1⊕
j=0

L(a)⟨j⟩,

where L := L(a)⟨0⟩ is an irreducible h-module as in Lemma 5.2.1 and L(a)⟨j⟩ ∼=

L for j = 0, . . . , r − 1.

2.

V (a) =
r−1⊕
j=0

V (a)⟨j⟩,
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where V (a)⟨0⟩ = V (L) .

Proof. 1. For j ∈ {0, . . . , r − 1}, let L(a)⟨j⟩ := span{wrn+j |n ∈ Z}. Since L(a) =

span{wn |n ∈ Z}, then L(a) =
⊕r−1

j=0 L(a)⟨j⟩. Fix j ∈ {0, . . . , r − 1}. We will

show that L(a)⟨j⟩ ∼= L.

Since {an} is exponential-polynomial of degree r, then it can be written as

an = qr(n) ·
∑
i∈I

gi(n)(λi)
n,

where I is a finite set. Let R := {n ∈ Z | gi(n) = 0 for some i ∈ I} ⊂ Z be the

set of integer roots of each gi. Since I is finite, then R must be finite. Hence we

can find n1, . . . , nk,m1, . . . ,mk ∈ rZ \ (R ∩ rZ) such that n1 + · · ·+ nk = r and

m1 + · · ·+ml = −r. Let ξ := Zn1 · · ·Znk
and γ := Zm1 · · ·Zml

∈ U(h). For all

s, t ∈ Z with s > t,

ξs−t · wrt+j = (an1 · · · ank
)s−twrs+j ̸= 0

γs−t · wrs+j = (am1 · · · aml
)s−twrt+j ̸= 0 .

Moreover, qr(n) = 0 when n ̸= 0 mod r. So for i ̸= j, there is no element

ζ ∈ U(h) such that ζ · wrm+j ∈ Li for some m ∈ Z.

Therefore, for each j = 0, . . . , r− 1, L(a)⟨j⟩ is an irreducible Z-graded h-module.

Hence by Lemma 5.2.1, L(a)⟨j⟩ ∼= L for each j = 0, . . . , r − 1.

2. We will show that V (a) = (U(g)⊗ L(a))/I(a) =
⊕r−1

j=0(U(g)⊗ L(a)⟨j⟩)/I⟨j⟩.

Let I(a) ⊂ U(g) ⊗U(b) L(a) =: M(a) be the maximal proper submodule such

that I(a) ∩ L(a) = 0. It is clear that such a maximal submodule exists, since
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we may take the sum of all submodules I ′ ⊂ M(a) such that I ′ ∩ L(a) = 0. For

0 ≤ j ≤ r− 1, let I⟨j⟩ ⊂ U(g)⊗U(b) L(a)⟨j⟩ =: M(a)⟨j⟩ be the maximal proper

submodule of M(a)⟨j⟩. Since U(g) is graded by deg yi = −1, deg xi = 1, and

deg hi = 0 for i ∈ Z, then M(a)⟨j⟩ and I⟨j⟩ inherit this grading.

We claim that I(a) =
⊕r−1

j=0 I⟨j⟩.

Indeed, for all 0 ≤ j ≤ r − 1, since L(a)[j] is an irreducible h-module, and I⟨j⟩

is a proper submodule of M(a)⟨j⟩, then I⟨j⟩ ∩ L(a)⟨j⟩ = 0. So I⟨j⟩ ∩ L(a) = 0

for all 0 ≤ j ≤ r − 1. Since we took I(a) to be the sum of all submodules of

U(g)⊗ L(a) which intersect L(a) trivially, then
⊕r−1

j=0 I⟨j⟩ ⊆ I(a).

For the other direction, we proceed by induction on the grading of I(a).

Base case: Let v ∈ I(a) such that deg v = −1. Then we may write v =
∑r−1

j=0 vj

where vj ∈ U(g) ⊗ L(a)[j] are homogeneous. (The case where vj are not

homogeneous is implied from the homogeneous case). Since deg v = −1, then

vj ∈ I⟨j⟩. Since otherwise, by the maximality of I⟨j⟩, there exists Xn ∈ U(g)

such that 0 ̸= Xnvj ∈ L(a)⟨j⟩, which contradicts vj ∈ I(a).

Inductive step: Let v =
∑r−1

j=0 vj ∈ I(a) be of degree −k, where vj ∈ M(a)⟨j⟩

is homogeneous. Then vj ∈ I⟨j⟩. Since if not, there is Xn ∈ U(g) such that

v′j := Xnvj /∈ I⟨j⟩. However, deg v′j = −(k − 1), so v′j ∈ I⟨j⟩ by the inductive

hypothesis. Thus I(a) =
⊕r−1

j=0 I⟨j⟩.

By definition and the claim above,

V (a) = (U(g)⊗ L(a))/I(a) (5.18)

=

(
U(ḡ)⊗

r−1⊕
j=0

L(a)⟨j⟩

)
/I(a) (5.19)
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=

(
r−1⊕
j=0

U(g)⊗ L(a)⟨j⟩

)
/I(a) (since it is a finite sum) (5.20)

=

(
r−1⊕
j=0

M(a)⟨j⟩

)
/

(
r−1⊕
j=0

I⟨j⟩

)
(5.21)

∼=
r−1⊕
j=0

(M(a)⟨j⟩/I⟨j⟩) (5.22)

=
r−1⊕
j=0

V (a)⟨j⟩ . (5.23)

The module V (a) is Z×Z graded. Let V (a)(k,n) be the (k, n) graded component of

V (a), where k ∈ Z≥0 and n ∈ Z. Let V (a)⟨j⟩(k,n) denote the (k, n) graded component

of V (a)⟨j⟩, where k ∈ Z≥0 and n ∈ rZ.

Proposition 5.2.7. Let a = {an}n∈Z be exponential-polynomial of degree r and let

A = [ai+j]i,j∈Z. Suppose rankA = N . Then

1. V (a)(−k,l) has basis {Yi1 · · ·Yik · wl−(i1+···+ik) | 0 ≤ i1 < · · · < ik ≤ N − 1}, so

dimV (a)(−k,l) =
(
N
k

)
, and

2. V (a)⟨j⟩(−k,l) has basis {Yi1 · · ·Yik · wl−(i1+···+ik) | 0 ≤ i1 < · · · < ik ≤ N − 1 and

l − (i1 + · · ·+ ik) = j mod r} .

Proof. 1. By Corollary 5.2.5 and from the proof of Proposition 5.2.3 we know

that for each l ∈ Z and k ∈ Z>0, V (a)(−k,l) is spanned by the set Bk,l =

{Yj1 · · ·Yjk · wl−(j1+···+jk) | 0 ≤ j1 < · · · < jk ≤ N − 1}. We also assume that the

set {wl | l ∈ Z} is a basis for L =
⊕

l∈Z V (a)(0,l). It remains to show that the for

each k ∈ Z>0 and l ∈ Z, the set Bk,l is linearly independent. We will induct on
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k.

For the case when k = 1, suppose there exist β0, β1, · · · , βN−1 ∈ C such that

∑
l∈Z

β0Y0wl + β1Y1wl−1 + · · ·+ βN−1YN−1wl−(N−1) = 0.

Then, acting by Xi for any i ∈ Z, we have

β0aiwl+i + β1ai+1wl+i + · · ·+ βN−1aN−1wl+i = 0.

This implies that β0ai + β1ai+1 + · · ·+ βN−1aN−1 = 0 for all i ∈ Z. If not all of

the βj are zero, then this implies that rkA ≤ N − 1, which is a contradiction to

that assumption that rkA = N . Hence the set B1,l is linearly independent.

Now suppose the set Bk,l is linearly independent for some k ∈ Z≥0. Let Jk+1 :=

{j = (j1, · · · , jk+1) ∈ Zk+1 | 0 ≤ j1 < · · · < jk+1 ≤ N − 1}. For j ∈ Jk+1, define

Yj := Yj1 · · ·Yjk+1
. Suppose there exist βj ∈ C, such that

0 =
∑

j∈Jk+1

βjYjwl−(j1+···+jk) .

Then for any i ∈ Z,

0 = Xi ·

 ∑
j∈Jk+1

βjYj1 · · ·Yjk+1
· wl−(j1+···+jk+1)


=
∑

j∈Jk+1

βjXiYj1 · · ·Yjk+1
· wl−(j1+···+jk+1)

=
∑

j∈Jk+1

βj

k+1∑
s=1

(−1)s+1ai+jsYj1 · · · Ŷjk · · ·Yjk+1
· wl−(j1+···+ĵs+···+jk+1)

.
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From each element j = (j1, . . . , jk+1) of Jk+1, we can obtain k + 1 distinct

elements of Jk by removing one of the ji’s. This is what we are doing in the

sum above. Hence, the sum above is composed of (k + 1)
(
N−1
k+1

)
=
(
N
k

)
(N − k)

distinct summands of the form

βjai+jsYj1 · · · Ŷjs · · ·Yjk+1
· wl−(j1+···+ĵs+···+jk+1)

.

Moreover, each element of Jk+1 can be formed in an analogous way by taking

an element j′ = (j′1, . . . , j
′
k) ∈ Jk and inserting j′k+1 such that j′k+1 /∈ {j′1, . . . , j′k}.

There are N − k possible choices of j′k+1. A total of
(
N
k

)
(N − k) elements

of Jk+1 are created. We may describe these elements. Let s be such that

j′s−1 < j′k+1 < j′s, or s = k + 1 if j′k < j′k+1. Write j = (j1, . . . , jk+1) ∈ Jk+1 by

setting j1 := j′1, . . . , js−1 := j′s−1, js := j′k+1, js+1 = j′s, js+2 = j′s+1, . . . , jk+1 = j′k.

To each of these new elements of j ∈ Jk+1, we may associate precisely one element

of V (a)(−k,l) of the form

ai+jsYj′1
· · ·Yj′k

wl+i−(j′1+···+j′k)
= ai+jsYj′wl+i−(j′1+···+j′k)

.

For j = (j1, . . . , jk+1) ∈ Jk+1 and j′ = (j′1, . . . , j
′
k) ∈ Jk, write βj = βj1,...,jk+1

,

βj′ := βj′1, . . . , j
′
k, βj′,js := βj′1, . . . , js, . . . j

′
k. Then there is a one-to-one corre-

spondence between the sets

{
βjai+jsYj1 · · · Ŷjs · · ·Yjk+1

· wl−(j1+···+ĵs+···+jk+1)

∣∣∣ (j1,...,jk+1)∈Jk+1,
js∈{j1,...,jk+1}

}
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and

{
βj′,jsai+jsYj′1

· · ·Yj′k
· wl−(j′1+···+j′k)

| (j′1, . . . , j′k) ∈ Jk, js /∈ {j′1, . . . , j′k}
}

.

Hence

0 =
∑

j∈Jk+1

k+1∑
s=1

(−1)s+1βjai+jsYj1 · · · Ŷjk · · ·Yjk+1
· wl−(j1+···+ĵs+···+jk+1)

=
∑
j′∈Jk

 ∑
s/∈{j′1,...,j′k}

(−1)s+1βj′,jsai+js

Yj′1
· · ·Yj′k

· wl−(j′1+···+j′k)
.

By the inductive hypothesis, the set {Yj′1
· · ·Yj′k

| 0 ≤ j′1 < · · · < j′k ≤ N − 1}

is linearly independent. Hence
∑

s/∈{j′1,...,j′k}
βj′,js(−1)s+1ai+js = 0. If not all of

the βj′,js ’s are zero, then we have a linear recurrence relation of degree N − k

on the ai’s. This implies that rankA ≤ N − k, which is a contradiction. Hence

βj′,js = 0 for every j′ ∈ Jk. i.e, βj = 0 for every j ∈ Jk+1.

2. For the second assertion, recall that V (a)⟨j⟩ is the irreducible quotient of

U(n−) ⊗U(b) L(a)⟨j⟩, where L(a)⟨j⟩ = span{wrn+j |n ∈ Z}. Considering this

and the definition of the Z× Z grading, (5.15), any element of V (a)⟨j⟩(−k,l) is

necessarily of the form Yi1 · · ·Yikwrn+j where rn+ j + i1 + · · ·+ ik = l.

By construction, V (a)⟨j⟩(−k,l) ⊂ V (a)(−k,l) and Proposition 5.2.7.1 tells us

that Bk = {Yi1 · · ·Yik · wl−(i1+···+ik) | 0 ≤ i1 < · · · < ik ≤ N − 1} is a basis

of V (a)(−k,l). Hence to obtain a basis of V (a)⟨j⟩(−k,l), we take precisely the

elements Yi1 · · ·Yik · wl−(i1+···+ik) ∈ Bk where l − (i1 + · · ·+ ik) ≡ j mod r.
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Lemma 5.2.8. For n ≥ 0 and for all i0, . . . , in; j0, . . . , jn ∈ Z

Xin · · ·Xi0Yj0 · · ·Yjnwl = det [ais+jt ]s,t=0,...n wl+i0+···+in+j0+···+jn .

Proof. We proceed by induction on n. When n = 0,

Xi0Yj0 · wm = Zi0+j0wl = ai0+j0wl+i0+j0 .

Now suppose the result holds for some n ≥ 0. Let i0, . . . , in+1; j0, . . . , jn+1 ∈ Z. Then

Xin+1 · · ·Xi0Yj0 · · ·Yjn+1wl

= (−1)n+1Xin · · ·Xi0Xin+1Yj0 · · ·YjnYjn+1wl

= (−1)n+1

n+1∑
k=0

(−1)kXin · · ·Xi0Yj0 · · · [Xin+1 , Yjk ] · · ·Yjn+1wl

= (−1)n+1

n+1∑
k=0

ain+1+k(−1)kXin · · ·Xi0Yj0 · · · Ŷjk · · · yjn+1wl

=
n+1∑
k=0

(−1)n+2+k+1ain+1+k det [ais+jt ]s=0,...,n,t=0,...,k̂,...,n+1 wl+i0+···+in+1+j0+···+jn+1 .

Since det [ais+jt ]s=0,...,n,t=0,...,k̂,...,n+1 is the determinant of the submatrix obtained by

removing the (n+ 2)th row and the (k + 1)th column of det [ais+jt ]s,t=0,...,n+1, Laplace

expansion gives us the result.



Chapter 6

The Lie superalgebra osp(1|2)⊗ A

We conclude by studying the highest weight modules of osp(1|2)⊗A, where A = C[t],

or A = C[t, t−1]. The simple roof of osp(1|2) is δ, which an odd non-istropic root.

Hence 2δ is an even root, so sl2 ⊂ osp(1|2) is a subalgebra. This allows us to reuse

many results obtained for sl2 ⊗ A from Chapter 4.

6.1 Highest Weight Modules

6.1.1 The current algebra osp(1|2)⊗ A

Let g = osp(1|2) and recall that gn := g ⊗ tn ∈ g ⊗ A. The elements of g are 3 × 3

complex matrices, and we may choose a basis of g to be {f, h, e, x, y} where

f =


0 0 0

0 0 0

0 1 0

, e =


0 0 0

0 0 1

0 0 0

, h =


0 0 0

0 1 0

0 0 −1

,

131
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x =
1√
2


0 0 1

1 0 0

0 0 0

, y =
1√
2


0 1 0

0 0 0

−1 0 0

.

Then g0̄ = span{e, f, h} ∼= sl2(C), g1̄ = span{x, y}, and the other non-zero brackets

are

[e, y] = −x, [x, y] = h, [h, y] = −y, [f, x] = −y, [h, x] = x, [x, x] = e, [y, y] = −f.

Recall the definition of the Verma module M(Λ) from Definition 3.1.1.

Definition 6.1.1. Let a := (an)n∈Z, where an ∈ C. Let Λ ∈ (h ⊗ A)∗ be such that

Λ(hn) = an for all h ∈ h. Define I(Λ,m) ⊂ M(Λ) to be the submodule generated by

Fm+1
0 · w0. Then

W (Λ,m) := M(Λ)/I(Λ,m) . (6.1)

W (Λ,m) is called a Weyl module of osp(1|2)⊗ A.

More informally, W (Λ,m) is the highest weight osp(1|2)⊗A-module generated by

w0 and defined by the relations

(n+ ⊗ A) · w0 = 0,

Hn · w0 = Λ(hn)w0 ∀hn ∈ h⊗ A,

Fm+1
0 · w0 = 0.

(6.2)

Note that here we abuse notation by using w0 as the generating vector of both M(Λ)

and W (Λ,m).

Theorem 6.1.2. Let m ∈ Z>0 and let W (Λ,m) be as in Definition 6.1.1. Then
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1. W (Λ,m) ̸= 0 if and only if an = αn
1 + αn

2 + · · ·+ αn
m for some α1, . . . , αm ∈ C.

2. If W (Λ,m) ̸= 0, then dimW (Λ,m) < ∞.

3. If W ′(Λ,m) is a g⊗ A-module generated by a nonzero vector w′
0 which satisfies

the relations (6.2), then there exists a g⊗ A-submodule V ⊆ W (Λ,m) such that

W ′(Λ,m) ∼= W (Λ,m)/V .

Proof of Theorem 6.1.2

We will prove this theorem in an analogous way as Theorems 4.1.3 and 5.1.2, by

assuming a module which satisfies the conditions of 6.2 exists, and prove that properties

1, 2, and 3, of Theorem 6.1.2 hold. As in Chapter 3 and 4, we use the notation

EI := Ei1 · · ·Ein and FI := Fi1 · · ·Fin where I = (i1, . . . , in) ∈ Zn. The following

diagram outlines the sketch of the proof.

Conditions (6.2) ⇒ Prop. 6.1.3 ⇒ Prop. 6.1.6 ⇔ Prop. 6.1.7

⇓ ⇓

Prop. 6.1.8 Thm. 6.1.2.1

⇓

Thm. 6.1.2.2

Proposition 6.1.3. Let m ∈ Z and suppose that Fm+1
0 · w0 = 0. Then for all

I = (i0, i1 . . . , im) ∈ Zm+1, j ∈ Z,

1. FI · w0 = 0, and

2. YjFI · w0 = 0.
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Proof. Since span{e, f, h} ∼= sl2(C), Part 1. follows from Proposition 4.1.5.

For Part 2., let j ∈ Z. Then by Lemma 6.1.4, setting ik = 0 for all ik ∈ I, 0 =

XjF
m+1
0 · w0 = (m+ 1)YjF

m
0 · w0. Since [f, y] = 0, then F0Yj = YjF0 ∈ U(osp(1|2)).

Hence YjF
m+1
0 · w0 = 0 for all j ∈ Z. Likewise, by Lemma 6.1.4, for all i, j ∈ Z,

0 = XjFiF
m
0 ·w0 = Yj+iF

m
0 ·w0+mYjFi1F

m−1
0 ·w0. Since we showed that Yj+iF

m
0 ·w0 = 0,

then YjFiF
m−1
0 · w0 = 0. Part 2. follows from Lemma 6.1.5.

Lemma 6.1.4. For all I = {i1, . . . , im} ⊂ Z, j ∈ Z,

XjFI · w0 =
n∑

k=1

Yj+ikFI−{ik} · w0 .

Proof. We will induct on m. When m = 1, we simply have XjFi1 · w0 = [Xj, Fi1 ] ·

w0 + Fi1Xj · w0 = Yj+i1 · w0. Now suppose the result holds for some m ≥ 1. Then

XjFI · w0 = XjFI−{im+1}Fim+1 · w0

= [Xj, Fim+1 ]FI−{im+1} · w0 + Fim+1XjFI−{im+1} · w0

= Yj+im+1FI−{im+1} · w0 +
m∑
k=1

Fim+1Yj+ikFI−{il,im+1} · w0

=
m+1∑
k=1

Yj+ikFI−{il} · w0 .

Lemma 6.1.5. Let s ≥ 1, j ∈ Z and I = {i1, . . . , is+1} ⊂ Z. Then YjF
m−s
0 FI−{is+1} ·

w0 = 0 if and only if YjF
m−s−1
0 FI · w0 = 0.
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Proof. The backwards direction is clear. For the forwards direction, using Lemma

6.1.4, we have

0 = XjF
m−s
0 FI · w0 = (m− s)YjF

m−s−1
0 FI · w0 +

s+1∑
l=1

Yj+ilF
m−s
0 FI−{il} · w0 .

Since we assumed that Yj+ilF
m−s
0 FI−{il} ·w0 = 0, it follows that Fm−s−1

0 FI ·w0 = 0.

Let Mn be the matrix

Mn :=



p1 1 0 · · · 0

p2 p1 2 · · · 0

...
...

... . . . ...

pn−1 pn−2 · n− 1

pn pn−1 · · · · p1


and let M ′

n be the matrix

M ′
n :=



a1 1 0 · · · 0

a2 a1 2 · · · 0

...
...

... . . . ...

an−1 an−2 · n− 1

an an−1 · · · · a1


.

Proposition 6.1.6. Let n ≥ m + 1 and I, J be subsets of Z of size n. Then

EIFJ · w0 = 0 if and only if detM ′
n = 0.

Proof. Since span{e, f, h} ∼= sl2(C), then this follows from Proposition 4.1.8.
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Proposition 6.1.7. Let m ∈ Z>0 and consider the sequence a = {an |n ∈ Z}. Then

detM ′
m+1 = 0 if and only if an = αn

1 + · · ·+ αn
m for some α1, . . . , αm ∈ C.

Proof. The direction detM ′
m+1 = 0 implies an = αn

1+· · ·+αn
m for some α1, . . . , αm ∈ C∗

follows from Lemma 4.1.12 and Proposition 4.1.13.

Now suppose that an = αn
1 + · · ·+ αn

m for some α1, . . . , αm ∈ C∗. Then

detM ′
m+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α1 + · · ·+ αm 1 0 · · · 0

α2
1 + · · ·+ α2

m α1 + · · ·+ αm 2 · · · 0

...
...

...
...

αm
1 + · · ·+ αm

m αm−1
1 + · · ·+ αm−1

m · · · . . . m

αm+1
1 + · · ·+ αm+1

m αm
1 + · · ·+ αm

m · · · · · · α1 + · · ·+ αm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Let ek(α1, . . . , αm) be the kth elementary symmetric function in m variables,

pk(α1, . . . , αm) be the kth power-sum symmetric function in m variables, and recall

the relation

nen(α1, . . . , αm) =
n∑

r=1

(−1)r−1en−r(α1, . . . , αm)pr(α1, . . . , αm).

After applying the column operation C(1) +
∑m

k=1 ek(α1, . . . , αm)C(k + 1), the entry

in row i, column 1 is

pi(α1, . . . , αm) +
i−1∑
k=1

(−1)kek(α1, . . . , αm)pi−k(α1, . . . , αm) + (−1)i+1iei(α1, . . . , αm).
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Letting r = i− k, this becomes

i∑
r=1

(−1)i−rek(α1, . . . , αm)pi−k(α1, . . . , αm) + (−1)i+1ei(α1, . . . , αm)

= (−1)i(−iei(α1, . . . , αm) + iei(α1, . . . , αm)).

Hence detM ′
m+1 = 0.

Proposition 6.1.8. The module W (Λ,m) is finite-dimensional.

Proof. Consider W ′, the U(g0̄⊗A)-submodule of W (Λ,m) generated by w0. Since g0̄ ∼=

sl2(C), then dimW ′ < ∞ by Theorem 4.1.3, and so SuppW ′ < ∞ and dim(W ′)µ < ∞

for every µ ∈ SuppW ′. Consider a non-zero odd weight space W 2k+1 where 0 ̸= u ∈

W 2k+1. Since 2k+1 is odd, then Xi ·u ∈ W 2k ⊂ W ′ for every i ∈ Z. Since W 2k is finite

dimensional, we may fix a basis {v1, . . . , vn} of W 2k. Let Xi1 , Yi2 ∈ U(osp(1|2)⊗ A)

such that [Xi1 , Yi2 ] · u ̸= 0. Then 0 ̸= Xi1 · u =
∑n

k=1 ckvk, for some ck ∈ C. Since

Yi2Xi1 · u = (Hi1+i2 −Xi1Yi2) · u = λu−Xi1Yi2 · u,

for some λ ∈ C∗, then

u =
1

λ

(
n∑

k=1

ckYi2vk +Xi1Yi2 · u

)
=

n+1∑
k=1

c′kv
′
k

where c′kv
′
k =

1
λ
Yi2vk for k = 1, . . . , n and c′n+1v

′
n+1 =

1
λ
Xi1Yi2u. Hence dimW 2k+1 ≤

dimW 2k + 1 < ∞ for all k ≥ 0. Since W (Λ,m) has finite support, it follows that

dimW (Λ,m) is finite.



Chapter 7

Future directions

In this chapter, we discuss possible directions for future research. The first direction

in which one may go is to study Weyl modules of g⊗A, where A = C[t] or A = C[t±1]

and g is a Lie superalgebra different from sl(1 | 1), osp(1 | 2), or sl2 and find a character

formula, irreducibility criterion, and classify all submodules of W (m,Λ). A second

direction is to study what happens when A is a more general associative algebra.

As stated in the introduction, in [CLS19] Calixto, Lemay, and Savage proved finite

dimensionality and universality of W (m,Λ) when A is a finitely generated unital

associative C-algebra. One could go further and find a character formula, irreducibility

criterion, and classify all submodules of W (m,Λ).

7.1 The case when g = sl(1 |2)

As a first example, we discuss the case of taking the rank 2 Lie superalgebra g = sl(1 |2)

and A = C[t] or A = C[t, t−1].

The root system of g is ∆ = {±(ε1 − ε2),±(ε2 − δ),±(ε1 − δ)}, and g has two
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simple roots. For any base Σ, let bΣ be the Borel subalgebra corresponding to Σ.

The standard base of g is Σ = {ε1 − ε2, ε2 − δ}, where ε1 − ε2 is even, and ε2 − δ

is odd. For α ∈ ∆+, let e±α, fα = e−α, hα, and x±β, yβ = x−β, zβ denote the

Chevalley generators of g, where α, β ∈ ∆+ are even and odd roots, respectively.

Note that {eα, fα, hα} is an sl2-triple, while {xβ, yβ, zβ} is an sl(1|1)-triple. We will

use the notation eα,n := eα ⊗ tn ∈ g ⊗ A. Each sl2-triple and sl(1|1)-triple satisfies

the commutation relations of sl2 and sl(1|1), respectively. The other commutation

relations are

[xε2−δ, eε1−ε2 ] = −xε1−δ, [yε2−δ, eε1−ε2 ] = 0, [xε2−δ, fε1−ε2 ] = 0

[yε2−δ, fε1−ε2 ] = yε1−δ, [xε1−δ, eε1−ε2 ] = 0, [yε1−δ, fε1−ε2 ] = yε2−δ

[xε1−δ, fε1−ε2 ] = −xε2−δ, [yε1−δ, fε1−ε2 ] = 0, [xε1−δ, yε2−δ] = e.

Fix the standard base Σ and Borel subalgebra bΣ = n+Σ ⊕ h. Let m = (m1,m2) ∈ Z2
>0.

The Weyl module W (Λ,m) of sl(1 |2) is defined as the highest weight g⊗ A-module

generated by the highest weight vector w0 such that

(i) (n+Σ ⊗ A) · w0 = 0;

(ii) (h⊗ p(t)) · w0 = Λ(h⊗ p(t))w0 for every h⊗ p(t) ∈ h⊗ A;

(iii) Fm1
α,0 · w0 = 0, for every α ∈ Σ0̄.

(iv) Yβ,0Yβ,1 · · ·Yβ,m2 · w0 = 0, for every β ∈ Σ1̄.

In this definition, w0 is a highest weight vector with respect to bΣ⊗A. By changing

the Borel subalgebra, we get a different highest weight vector. There are six different

Borel subalgebras, hence there should be six different highest weights. The problem is

showing that there are indeed six highest weights, proving that W (Λ,m) has finite

support.
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This concept can be generalized to any algebra of the form sl(m|n)⊗ A.

The Dynkin diagram corresponding to Σ is

ε1 − ε2 ε2 − δ

To change the Borel subalgebra, we must reflect Σ at a root α. If we choose to

reflect at the even root ε2 − ε1, then rε2−ε1(Σ) = {ε2 − ε1, ε1 − δ}. The corresponding

Dynkin diagram is

ε2 − ε1 ε1 − δ

The algebra n+rε1−ε2 (Σ) is generated by e−(ε1−ε2) = fε1−ε2 and xε1−δ. By the definition of

W (Λ,m) and by Proposition 4.1.5, Fε1−ε2,n ·
(
Fm
ε1−ε2,0

· w0

)
= 0. Furthermore, by the

commutation relations of sl(1 | 2), since Xε2−δ ∈ n+Σ , and by the definition of W (Λ,m),

for every n ∈ Z

Xε1−δ,n ·
(
Fm
ε1−ε2,0

· w0

)
= Fm

ε1−ε2,0
Xε1−δ,n · w0 +

m∑
k=0

F k
ε1−ε2,0

[Xε1−δ,n, Fε1−ε2,0]F
m−k
ε1−ε2,0

· w0

= 0 + (−1)
m∑
k=0

F k
ε1−ε2,0

Xϵ2−δ,nF
m−k
ε1−ε2,0

· w0

= −
m∑
k=0

F k
ε1−ε2,0

Fm−k
ε1−ε2,0

Xϵ2−δ,n · w0 = 0 .

So Fm
ε1−ε2,0

· w0 is a highest weight vector with respect to the base rε1−ε2(Σ).

If we choose to reflect at the odd root δ− ε1, then rδ−ε1(Σ) = {ϵ1 − δ, δ− ϵ2}. The

Dynkin diagram corresponding to rδ−ε1(Σ) is

ε1 − δ δ − ε2
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The algebra n+rδ−ε1
(Σ) is generated by xε1−δ and xδ−ε2 = yε2−δ. By the definition of

W (Λ,m) and by Proposition 5.1.4,

Xδ−ε2,n · (Yδ−ε2,0Yδ−ε2,1 · · ·Yδ−ε2,m2 · w0) = Yδ−ε2,nYδ−ε2,0Yδ−ε2,1 · · ·Yδ−ε2,m2 · w0 = 0

for any n ∈ Z. Furthermore, by the commutation relations of sl(1 | 2) , since Xε2−δ ∈

n+Σ, and by the definition of W (Λ,m), for every n ∈ Z

Xε1−δ,n · (Yδ−ε2,0Yδ−ε2,1 · · ·Yδ−ε2,m2 · w0)

= Yδ−ε2,0Yδ−ε2,1 · · ·Yδ−ε2,m2Xε1−δ,n · w0

+

m2∑
k=0

(−1)k+1Yδ−ε2,1 · · · [Xε1−δ,n, Yδ−ε2,k] · · ·Yδ−ε2,m2 · w0

= 0 +

m2∑
k=0

(−1)k+1Yδ−ε2,1 · · ·Eε1−ε2,n+k · · ·Yδ−ε2,m2 · w0

=

m2∑
k=0

(−1)k+1Yδ−ε2,1 · · · Ŷδ−ε2,k · · ·Yδ−ε2,m2Eε1−ε2,n+k · w0 = 0 .

So Yδ−ε2,0Yδ−ε2,1 · · ·Yδ−ε2,m2 ·w0 is a highest weight vector with respect to the base

rε2−δ(Σ).

Let Yε2−δ,I := Yε2−δ,0Yε2−δ,1 · · ·Yε2−δ,m2−1. As a weight diagram, so far W (Λ,m)

looks as follows:
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Fε1−ε2 ⊗ p(t)

Fm
ε1−ε2,0

· w0

Yε1−δ ⊗ p(t)

· · ·
w0

Fε2−δ ⊗ p(t)

Yε2−δ,I · w0

Yε1−δ ⊗ p(t)

Figure 7.1: Incomplete weight diagram of W (Λ,m)

This tells us that the support of W (Λ,m) is contained in the following shape:

m1

m2

Figure 7.2: Support of W (Λ,m)

The challenge here is to show that W (Λ,m) has finite support. That is, to show

that for every root α, there exists n ∈ Z such that Fα,I ·w0 = 0 for every I ⊂ Zn. The

algebra sl(1 | 2) has six distinct Borel subalgebras, so we expect the weight diagram of

W (Λ,m) to be contained in a hexagon.
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