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Abstract

The notion of a Weyl module for classical affine algebras, a type of infinite dimensional
Lie algebra, was introduced in 2001 by Chari and Pressley. These modules are
universal, finite dimensional highest weight modules. We expand these ideas to
infinite-dimensional Lie superalgebras; in particular to Lie superalgebras of the form
g ® A, where g is isomorphic to one of the superalgebras sly(C), sl(1|1), and osp(1]2)
and A is C[t] or C[t,t™']. We prove that these Weyl modules are universal, finite-
dimensional, highest weight g ® A-modules. We find that the weights satisfy a
recurrence relation, and in the case of g = s[(1| 1), provide a formula for the dimension
of each weight space. We also provide irreducibility criteria and the structure of the
composition series. We then study s[(1|1) ® A modules generated by an infinite set
of highest weight vectors, and with finite support. For these modules, we provide
irreducibility criteria, find that the weights are of exponential-polynomial form, and

provide a formula for the dimension of each weight space.
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Chapter 1

Introduction

Sopus Lie used groups of symmetries as a way to study geometry. Lie groups were
introduced as the groups of transformations which preserved certain geometric prop-
erties of an object. For every Lie group, there is a corresponding Lie algebra. The
classification of finite-dimensional simple, complex Lie algebras was initiated by Killing
and completed by Cartan in his 1894 dissertation. It states that a finite-dimensional
simple complex Lie algebra belongs to one of four infinite families: A(n), B(n), C(n),
or D(n), or is one of the five exceptional Lie algebras: Fy, Go, Eg, Er, or Eg.

In the early 20th century, Cartan classified simple infinite-dimensional Lie algebras
of vector fields over a finite-dimensional space. After this, the study of infinite-
dimensional Lie algebras was not very active until the late 1960s. A general theory of
infinite-dimensional Lie algebras is not known at this time. However, four different
classes have been studied intensely, one of which is the class of Kac-Moody Lie algebras.
In the late 1960s, Kac and Moody introduced these independently. They removed
the condition on the Cartan matrix which requires the Weyl group to be finitely
generated. This resulted in the generalized Cartan matrix [Kac90| and led to a class

1



CHAPTER 1. INTRODUCTION 2

of infinite-dimensional Lie algebras called the Kac-Moody algebras.

An important subclass of Kac-Moody algebras is the affine Lie algebras, which cor-
respond to a specific type of generalized Cartan matrix. They can also be constructed
as central extensions of loop Lie algebras. Affine Lie algebras are well understood,
as many concepts from the theory of finite-dimensional Lie algebras, such as the
Cartan subalgebra, root systems, and the Weyl group, carry over to affine Lie algebras.
Interestingly, affine Lie algebras appeared in physics literature on conformal field
theory, statistical physics, and string theory [Car05].

In the 20th century, quantum mechanics was discovered as a deformation of classical
mechanics, and the symmetries of quantum mechanical systems were a natural subject
to study. Quantum groups emerged in the 1980s as a tool to study these symmetries.
The naive way to relate quantum groups to Lie algebras would be to try and deform
semisimple Lie algebras. However, semisimple Lie algebras are rigid objects, so one
has to look at a similar but larger structure, namely Hopf algebras. Given a Lie
algebra g, one can construct the quantized enveloping algebra U, (g) such that classical
enveloping algebra U(g) is recovered when ¢ — 1. The quantized enveloping algebra
of sl, first appeared in the work of Kulish and Reshetikhin in 1981. A few years later,
Drinfeld [Dri86] and Jimbo [Jim85] created an object called a quantum group as a
deformation of a Kac—-Moody algebra, in the category of Hopf algebras.

Another generalization of Lie algebras is Lie superalgebras. As Lie algebras
were initially motivated by symmetries, Lie superalgebras were motivated by the
study of supersymmetry in physics, which is the symmetry between particles called
bosons and fermions. The prefix “super” comes from the physical motivation; however,

mathematically, Lie superalgebras are Z,-graded Lie algebras. In 1977, Kac completely
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classified the finite-dimensional Lie superalgebras in [Kac77]. He sorted them into two
categories, classical and Cartan. The classical ones were further sorted into basic and
strange types. Remarkably, the classification of the basic classical Lie superalgebras
was very close to the Cartan-Killing classification of finite-dimensional simple Lie
algebras. In particular, basic classical Lie superalgebras make up four infinite families
and three exceptional Lie superalgebras. For the complete classification, refer to
Theorem 2.1.19.

The representation theory of simple finite-dimensional Lie algebras is well under-
stood. In 1914, Cartan classified the finite-dimensional irreducible representations
of simple complex Lie algebras and proved that all such representations must have
a highest weight and a highest weight vector. For Kac-Moody algebras, the no-
tion of integrable modules was introduced. Integrable modules are not necessarily
finite-dimensional, but they are subject to certain finiteness conditions. In the 1970s,
Bernstein, Gelfand, and Gelfand introduced the category O, which is a category of
representations of semisimple Lie algebras. These are integrable modules with the
additional condition of being finitely generated [HumO08|. In the paper [Cha86|, Chari
introduced the category O of representations of affine Lie algebras. Chari found
conditions on irreducible integrable modules of affine Lie algebras, which placed them
in the category @ or O. In the same year in [CP86|, Chari and Pressley classified the
finite-dimensional irreducible representations of affine Lie algebras and showed that
such representations must be highest weight representations.

Highest weight representations appear in the representation theory of quantum
groups as well. For a Kac-Moody algebra g, Lusztig proved in [Lus88| that certain

irreducible highest weight modules can be deformed to a module over U, (g).
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Chari and Pressley went on to study the class of all finite-dimensional repre-
sentations of complex affine Lie algebras in [CP01]. A particular class of these
representations is the evaluation module over the loop Lie algebra. They showed that
any simple, finite-dimensional loop Lie algebra representation is isomorphic to such a
tensor of evaluation modules. Chari and Pressley defined the Weyl module for affine
Lie algebras as a larger class of integrable modules, proving that they are universal
highest weight finite-dimensional modules.

Kac studied a certain class of finite-dimensional representations of basic Lie
superalgebras, which he called typical. Typical representations are defined such that
they split in any finite-dimensional representation [Kac06]. Kac explicitly constructed
typical representations for all finite-dimensional basic classical Lie superalgebras. He
constructed a highest weight module over a basic classical Lie superalgebra, and
found necessary and sufficient conditions for a typical representation to be highest
weight. Penkov and Serganova constructed a general theory of finite-dimensional
representations of any finite-dimensional Lie superalgebra. They proved that any two
Borel subalgebras of a Lie superalgebra, which contain the same Cartan subalgebra,
can be obtained from each other by a chain of reflections. They defined odd reflections,
and proved that an odd or real reflection must be associated to either (i) an isotropic
odd root, (ii) a non-isotropic odd root, or (iii) an even root [PS94]. Moreover, they
stated that the Chevalley generators corresponding to an isotropic odd root, a non-
isotropic odd root, or an even root generate a rank 1 subalgebra isomorphic to s[(1]1),
osp(1]2), or sly, respectively.

In [CLS19], Calixto, Lemay, and Savage replaced the affine Lie algebra in [CP01]

by a Lie superalgebra of the form g ® A, where g is a basic classical Lie superalgebra,
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or g = sl(n,n) where n > 2, and A is a finitely generated unital associative C-
algebra. They studied Weyl modules associated with these algebras and proved some
fundamental properties of these modules, such that they are universal and finite-
dimensional. Weyl modules of Lie superalgebras were also studied in [Naol2|, [TG15],
[BCM22|, [BCM19].

This thesis aims to blend the approaches of Weyl modules and reflections. As a
first step, we study the local Weyl modules over the current algebras associated to
the rank 1 Lie superalgebras: sly, sl(1]1), and osp(1|2). As a special case of the
algebras studied in [CLS19|, we restrict the algebra A to be the ring of polynomials or
Laurent polynomials over C in one variable. Restricting to this special case allows
one to obtain more precise results about the structure of these modules, such as the
character, irreducibility criteria, and the filtration. Note that in this thesis we are
always working with local Weyl modules.

In [CLS19|, Proposition 4.5 states that each weight space of a local Weyl module
is finite dimensional, and Theorem 4.12 states that the local Weyl module is finite
dimensional. Our results state the precise dimension of each local Weyl module. This
thesis also contains results about the form of the highest weight, irreducibility criteria
which depends on the highest weight, and the structure of the submodules of W (A, m),
which did not appear in [CLS19].

In the case of sly, results about the local Weyl module of sl; ® A are mostly known.
The approach taken for in this thesis, using properites of matrices of highest weights is
novel. Moreover, the technical details of these results do not appear in the literature.

For a Lie superalgebra g with Cartan subalgebra h C g, a Weyl module W (A, m) is

defined as a quotient of the Verma module M (A) by an ideal depending on m € Z.
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The highest weight A € (h® A)* induces a sequence ¢ = (¢,,)nez Where ¢, = A(z,) and
a matrix [c;4;; jez where the entries come from c¢. When A = C[t], we just set ¢, =0

for all n € Zy. The following two results capture this information when g = sl(1|1).
Theorem 1.0.1. Let m € Z~q and let W(A,m) be as in Definition 5.1.1. Then

1. W(A,m) # 0 and only if Crom = Q1Ckim—1 + Q2Chim—2 + -+ + Qeg for all

k € Z~qo and for some aq,...,a,, € C .
2. If W(A,m) # 0 then dim W (A, m)™" = (V') for 0 <k < m.

3. If W/(A,m) is a g ® A-module generated by a nonzero vector w which satisfies
the relations (5.2), then there exists a g ® A-submodule V-C W (A, m) such that
W'(A,m) =W (A,m)/V.

The structure of the weights allows us to construct a basis in such a way that
makes computing the character simple. Moreover, the structure of the weights plays a

key role in determining the irreducibility of W (A, m).

Proposition 1.0.2. Suppose that the sequence c associated to the module W (A, m)
satisfies an order k < m linear recurrence relation with constant coefficients, and does
not satisfy any linear recurrence relations of lesser degree. Then W (A, m) is simple if

and only if k =m. If k <m, then W (A, m) has the following filtration:
0=Wyp CWp_p1C---CW CWy= W(A,m)

where WVVVZ‘H =~ ("YW (A, k)] -

2

For a semisimple Lie algebra g, the category O of U(g)-modules, of Bernstein,

Gelfand and Gelfand [BGGT6], is defined such that V' € O if and only (i) V = @, ¢, Vi,
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(i) n* acts locally nilpotently on V', and (iii) V' is finitely generated over U(g) . Now
consider the affine algebra § = g®C[t,t~!]@Cec. In [Cha86], Chari introduced analogue
of O called the category O of g-modules. The category O is defined as V e O if and
only (i) ¢V =0, (ii) V = D, Vi, and (iii) the support of V' is contained in a finite
union of cones.

When g = sly, one may construct an irreducible g-module N(p) for every
exponential-polynomial function ¢ : Z — C. In [Wil08], Wilson obtained a charac-
ter formula for the modules N(¢). Using this formula, along with results of Chari
[Cha86|, and Billig and Zhao [BZ04|, Wilson derived a formula for the character of
the irreducible modules in the category @ with finite-dimensional weight spaces.

We do something similar when g = s[(1]1). Consider the infinite dimensional
weight s[(1|1) ® C[t,t !]-modules with finite dimensional weight spaces. These
are modules V' (a) which are induced from an h ® C[t, ¢ !]-module generated by an
infinite string of linearly independent highest weight vectors {w, |n € Z} where
h®t - w, = aw,,; and a; comes from the sequence of complex numbers a = (a;)icz-

We prove some facts about the sequence a.

Proposition 1.0.3. Let V(a) be as in (5.17) and let A = [a;4,] The following

1,J€EL"

are equivalent:
1. The set {k € Z | V(a)®D £ 0} is finite.
2. V(a) has finite dimensional graded subcomponents.

3. The rank of A is finite.

4. The sequence a = {a,} is exponential-polynomial.
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We find that every such module can be decomposed as a direct sum of irreducible

modules, illustrated in the following proposition.

Proposition 1.0.4. If {a,}nez is exponential-polynomial of degree r, then

where L := L(a)(0) is an irreducible h-module as in Lemma 5.2.1 and L(a){j) =
L forj=0,...,r—1.

where V(a)(0) = V(L).

Furthermore, we find an explicit basis and compute the character formula for these

modules.

Proposition 1.0.5. Let a = {a, }nez be exponential-polynomial of degree r and let

A = [ait]; jeq- Suppose rankA = N. Then

1. V(a)™FD has basis {Y;, - Y - Wi (it |0 < i < o0 < iy < N =1}, so0

dim V (a)(=*0) = (],Z), and

2. V(a)(j)*D has basis {Y;, - - Y, Wi 4etig) [0 < g <o <@y SN =1 and

l—(ih+---+ix) =7 modr}.

For the remainder of the thesis, let A = C[t] or C[t,¢7!]. The thesis begins by

recalling the structure theory of finite-dimensional Lie superalgebras. Then we study
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the finite-dimensional modules of the current and loop algebras sl ® A in Chapter 4.
One such module is defined in [CP01] and [CLS19]. We use this definition to prove
existence and finite-dimensionality. In Chapters 5 and 6, we then move on to study
finite-dimensional modules of s[(1|1) ® A and 0sp(1|2) ® A in an analogous way. In
Chapter 5, we study a class of infinite-dimensional s[(11) ® A-modules mentioned
above. We find a direct sum decomposition, compute the dimension of each weight
space, and write down an explicit basis for these modules. Chapter 7 concludes the

thesis with some remarks on future directions.



Chapter 2

Preliminaries

First we introduce some definitions and preliminary concepts. We review highest
weight theory of Lie algebras and Lie superalgebras, as well as the classification of
finite-dimensional classical Lie superalgebras. We compare and contrast reflections of
Lie algebras versus Lie superalgebras. At the end of the chapter, we define current

and loop algebras, and exponential-polynomial functions.

2.1 Preliminaries and Definitions

Throughout this document we will work over the complex numbers C. Let Zy = {0,1}

denote the ring of two elements.

2.1.1 Structure Theory

Definition 2.1.1. A vector superspace V is a Zy-graded vector space: V = V5 & V3.
The dimension of a vector superspace V' is the tuple dim V' = (dim V5| dim V). We
call elements of Vj even and elements of V5 odd. A homogeneous element v € V; has

10



CHAPTER 2. PRELIMINARIES 11

parity |v| = i, where ¢ € {0,1} [Mus12|. The superdimension of V' is defined to be
sdimV := dim V5 — dim V4. We use the notation C"™" := C™ & C", where C™ is the

even subspace and C" is the odd subspace.

Definition 2.1.2. A subspace of a vector superspace V' = V5@ V; is a vector superspace

W =Wy Wi CV with a compatible Zy grading. That is, W; C V; for i € Zy [CW12].

Definition 2.1.3. A superalgebra A (also called a Zjy-graded algebra) is a vector
superspace A = Ag & Az together with a multiplication satisfying A,.As C A, s for
all a, 8 € Zo.

Definition 2.1.4. A Lie superalgebra is a Zs-graded algebra g = gg @ g7 together
with a Zs-graded bilinear map [-,] : g X g — g satisfying the following axioms: for

homogeneous elements a, b, ¢ € g,
1. [a,b] = —(=1)l*MPl[b a] (Skew-supersymmetry);

2. (=D)lelel[a, [b, c]] + (=1)PHal[b, [c, a]] + (—1)!Pl[c, [a, b]] = 0 (Super Jacobi
identity) [CW12].

Definition 2.1.5. Let g be a Lie superalgebra.

1. Let VW be subspaces of g. Then [V, W] is the subspace
[V, W] := span{[v,w][v € V,w e W} C g.

2. The Lie superalgebra g is abelian if and only if [g, g] = 0.

Remark 2.1.6. For a Lie superalgebra g = gg & g1, its even part gg is a Lie algebra
and its odd part g7 is a gg-module. Indeed, if a,b, c € gg then the usual minus signs

appear in Definition 2.1.4, proving that gg is a Lie algebra. If a,b € gg and ¢ € g, still
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no signs appear in the graded Jacobi identity in Definition 2.1.4 which is equivalent
to g1 being a gg-module under the adjoint action.
In particular, if g7 = 0, then g is a Lie algebra. Also note that if gg = 0, then for

all z,y € g = g1, [r,y] € g5 = 0. So [g,g] = 0. i.e., g is abelian.

Example 2.1.7. This example is taken from page 3 of [CW12|. Let A = Aj © A;j be

an associative superalgebra. If A is equipped with the supercommutator

[a,b] == ab — (—1)!"pg

for homogeneous a,b € A, then A becomes a Lie superalgebra.

Example 2.1.8. Let V = V5 @ V; be a Zs-graded vector space. We can choose an
ordered basis for V5 and V4 such that when combined, we get a homogeneous ordered
basis for V. We will parametrize this basis by the set I(m|n) = {1,...,m;1,...,n}
with total order 1 < -+ <m <1< --- <n. Then End(V) = End(C™") is endowed

with an induced Z,-grading End(V') = Endg(V') @ End;(V'), where

End, (V) :={a € End(V) | a(V3) C Vois},

and so End(V') becomes an associative superalgebra [Kac77]. End(V') forms a Lie
superalgebra when equipped with the supercommutator. This Lie superalgebra is
called the general linear Lie superalgebra and is denoted by gl(V') [CW12]. When

V = C™" we write gl(m|n) := gl(C™").

Definition 2.1.9. Let g be a Lie superalgebra. Then a g-module is a vector space V'

together with a bilinear map
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gxV =V

(x,v) — zv
such that [z,y]v = z(yv) — (=1)¥ly(2v) for all homogeneous z,y € g, v € V

[Mus12].

Definition 2.1.10. Let g and g’ be Lie superalgebras. A homomorphism of Lie

superalgebras is a linear map f : g — g’ which preserves the Z,-grading, such that

fla,0]) = [f(a), f(b)] Va,beg.

Definition 2.1.11. The adjoint map ad : g — End(g) is defined by

ad(a)(b) :=[a,b] Va,beg.

The map ad is a homomorphism of Lie superalgebras. This homomorphism is an

action of g on itself, called the adjoint action.

Definition 2.1.12. A Lie superalgebra is called simple if it contains no nontrivial

ideals [Kac77].

2.1.2 The classical Lie superalgebras

In [Kac77], Kac classified the simple Lie superalgebras. This classification is divided
into two groups: classical Lie superalgebras, and nonclassical Lie superalgebras. The

classical subalgebras are those whose even subalgebra has a completely reducible
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adjoint representation. The classical Lie superalgebras are further divided into two
parts: basic and strange. The nonclassical Lie superalgebras are often called simple
Lie superalgebras of Cartan type [Kac06|. In this thesis, we only focus on the classical

Lie superalgebras.

Definition 2.1.13. A Lie superalgebra g = gg & g7 is called classical if g is simple
and if g7 is completely reducible as a gg-module [Sch06]. Note that a simple Lie

superalgebra g is classical if and only if gg is reductive [Mus12].

Definition 2.1.14. Let V = V5 & Vi be a vector superspace and let g = g5 & g7 be a

Lie superalgebra. A bilinear form

B(:): V=V

is called even if B(V5,V5) = 0 when i +j = 1, and odd if B(V;, V;) = 0 when i + j = 0.

J J

The form B is called g-invariant if B([a,b],c) = B(a, [b, c]) for all a,b,c € g.

Definition 2.1.15. An even bilinear form is called supersymmetric if By, xv; is
symmetric and Bly; xv; is skew-symmetric; it is called skew-supersymmetric if By, v,

is skew-symmetric and Bly; xv; is symmetric.

Definition 2.1.16. The Killing form on a Lie superalgebra g is defined as

K(z,y) = str(adz ady) ,

where str is the supertrace, defined in Definition 2.1.21

Recall that the Killing form on a simple Lie algebra is necessarily nondegenerate,

(see Theorem 5.1 in [Hum12|.) This is not the case for simple Lie superalgebras. In
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fact, classical Lie superalgebras can be sorted into two classes based on the Killing
form: (i) the Killing form is nondegenerate, or (ii) the Killing form is identically zero

[Rit05]. This leads us to the following two definitions.

Definition 2.1.17. A finite dimensional Lie superalgebra g = gg & g7 is called basic

classical if:
1. g is a simple Lie superalgebra;
2. gg is a reductive Lie algebra;

3. There exists a nondegenerate even supersymmetric invariant bilinear form on g

[CWN17].

In other words, a basic classical Lie superalgebra is a classical Lie superalgebra with
the additional requirement of the existence of a nondegenerate even supersymmetric

invariant bilinear form.

Definition 2.1.18. The classical Lie superalgebras which are not basic are called

strange [F'SS96].

Recall that a Lie algebra g is automatically a Lie superalgebra by setting gg = g
and g7 = 0. In this case, g is isomorphic to one of the simple Lie algebras listed in
the classification of simple complex Lie algebras, found in Theorem 9.26 of [FH13]|.
Theorem 2.1.19, due to Kac and found on page 44 of [Kac77|, summarizes the
classification of the finite-dimensional classical Lie superalgebras that are not Lie
algebras. The basic classical Lie superalgebras can be grouped as follows: four infinite
families A(m,n), B(m,n),C(n), and D(m,n), which are similar to the Cartan series

A,, B,,C,, and D, from the classification of simple Lie algebras; the exceptional Lie
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superalgebras, which are made up of the 40-dimensional F'(4), the 31-dimensional
G(3), and a family of 17-dimensional exceptional Lie superalgebras D(2,1;a). And

the strange classical are grouped in the following two infinite families: p(n) and q(n).

Theorem 2.1.19. (Kac) Let g be a finite-dimensional classical Lie superalgebra
such that g is not a Lie algebra. Then g is isomorphic to one of the following Lie
superalgebras.

A Lie superalgebra belonging to one of the infinite families:
1. A(mmn): sl(m+1n+1) withm >n > 1;
2. A(m,m): sl(m+ 1,m+ 1)/(lami2) with m > 1;
3. B(m,n): osp(2m + 1|2n) with m > 0,n > 0;
4. C(n): osp(2|2n — 2) with n > 2;
5. D(m,n): osp(2m|2n) with m > 2,n > 1;
The exceptional Lie superalgebras:
6. G(3), a simple algebra of dimension 31;
7. F(4), a simple algebra of dimension 40;
8. D(2,1; ) where o # 0, —1.
The “strange” Lie superalgebras:
9. p(n), n>2;

10. q(n), n > 2;
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A Lie superalgebra of type 1. - 8. is basic classical, meaning that it admits a
non-degenerate even supersymmetric bilinear form, while an algebra of type 9. or 10.
does not. Notice that there is a distinction between the families A(m,n) where m # n
and A(m,m). The Lie superalgebra sl(m + 1,m + 1) contains the one-dimensional
ideal consisting of the matrices Al5,,12, hence it is not simple. If we quotient by this
ideal, we get the simple Lie superalgebra sl(m + 1,m + 1)/(Iom2) which belongs
to the family A(m,m), for m > 0 [Kac06]. D(2,1;«) is a one-parameter family of

17-dimensional Lie superalgebras.

We briefly describe some Lie superalgebras listed in Theorem 2.1.19.

The general linear Lie superalgebras

The Lie superalgebra gl(m|n) = gl(C™ & C") can be realized as

A|B Ae Mme(C), B e Man(C),
gl(m|n) ==
D C € Myyym(C), D € M,+,(C)
The even part of gl(m|n) is made up of all matrices with B = C' = 0, while the
odd part is made up of all matrices with A = D = 0. The superbracket of gl(m|n)
is determined by [a,b] := ab — (—1)l*Plpa, where a,b € gl(m|n) and ab denotes usual

matrix multiplication.

Example 2.1.20. Let g = gl(1]1). We may choose a basis of g to be {x,y, ', h"}

where
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Then gy = spanc{h’, 1"} and g7 = spanc{z, y}.

The special linear Lie superalgebras

Definition 2.1.21. Let g € gl(m|n) be as above. The supertrace is defined as

str(g) := tr(A) — tr(D),

where tr(X) is the usual trace of a square matrix X.

Consider the subspace

sl(mln) :={g € gl(m|n) | str(g) = 0}.

18

This subspace is a subalgebra of gl(m|n) called the special linear Lie superalgebra.

Example 2.1.22. Let z,y, h', h” € gl(1]1) be as in Example 2.1.20. Then z := h' + A"

is in the centre of g, and str(z) = str(z) — str(y) = 0. The special linear Lie algebra

s[(1]1) has a basis {z,y, z}.

When m # n and m +n > 2, then sl(m|n) is simple. Let I,,, denote the

(m +n) x (m + n) identity matrix. When m = n, str(l,}») = 0, so sl(m|m) has

a non-trivial center generated by Ip,,,. When m > 2, CI,,, is a non-trivial ideal,

and sl(m|m)/Cl,,y, is simple. The special Lie superalgebras belong to the following
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families:

sllm+1,n+1) itm#n,m,n>0,
A(m|n) =

psiim+1,m+1):=sl(m+1,m+1)/Clyiijmyr  ifm=n>0.

The orthosymplectic Lie superalgebras

Definition 2.1.23. Let V = V& Vi be a vector superspace. Let B be a non-degenerate
supersymmetric bilinear form on V. Note that since B|y; «v; is skew-symmetric, then
dim Vi = 2n for some n € Z>q. Let dim Vj = m. The Lie superalgebra osp(m/|2n) is

defined as osp(m|2n) := osp(V')g & osp(V)1, where

osp(V)o :={g € gl(V)o | B(g(x),y) = B(z,g(y))Vx,y € V},

osp(V)1 := {g € gl(V)1| B(9(x),y) = —B(z,9(y)) Yo,y € V} .

and is called orthosymplectic.

The orthosymplectic Lie superalgebras are distinguished by three cases [Kac77]:

B(m,n) =osp(2m + 1|2n) form >0,n > 1,
C(n) = o0sp(2]2n — 2) forn > 2,

D(m,n) = osp(2m|2n) for m >2,n > 1.

Let g = g5 g1 be a basic complex Lie superalgebra. Recall that gg is a Lie algebra.
The following definitions are compatible with this.
Definition 2.1.24. A Cartan subalgebra of g is defined to be a Cartan subalgebra of

go-
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Let b be a Cartan subalgebra of g, and let a € h*. Denote the root space of « as

8o =19 €gllh,g] =a(h)g Vheh}.

Definition 2.1.25. The root system for g is denoted by A and defined as

A:={aeb"|ga #0,a# 0} .

Then Ay := {a € b*|go Ngsg # 0, # 0} denotes the set of even roots, while

At :={a € bh*|ga.Ngr #0,a # 0} denotes the set of odd roots [CW12].

Theorem 2.1.26. Let g be a basic Lie superalgebra with a Cartan subalgebra b.
Theorem 1.18 from [CW12] states that

(1) dimg, =1 for a € A.
(ii) A = —A,Ag = —Ag, and A1 = —Ag.

(i1i) For a € A, ka € A for an integer k # +1 if and only if « is an odd root such

that (a, ) # 0. In this case, k = £2.

Let E = spangA be the real vector space spanned by the roots A. Since A is
a finite set, we may choose a total order > on the elements in A. Then we may
extend this total order > to F in a way that is compatible with the vector space
structure of F. i.e., if z,2',y,y € E are such that x > y and 2’ > 3/ and ¢ € R+,

then x +2' > y+ v/, —y > —x, and cx > cy [CW12].
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Definition 2.1.27. By Theorem 2.1.26, if « € A, then —a € A. Since 0 ¢ A, then
|A] = 2n for some integer n > 1. Fix a total order > on the elements of A such
that the set {a& > 0} C A contains exactly n elements. The positive system A™ is
defined as AT := {a € A|a > 0} for the given total ordering on E. Elements of AT

are referred to as positive roots, and A = At U (—=A™T).

Definition 2.1.28. Given a positive system A™, the fundamental system ¥ C A7 is

defined as

¥ :={a € AT |« cannot be expressed as a sum of two elements of AT},

Elements of X are referred to as simple roots.

The system X forms a basis of the space h* and every root & € A can be expressed

as o = ). k;a; where a; € ¥ and all of the k; are non-negative integers.

2.1.3 Invariant Bilinear Forms

In this section we will only consider the Lie superalgebras gl(m|n) and osp(m|2n).
The supertrace gives rise to the non-degenerate supersymmetric invariant bilinear

form

(-): gllm|n) x gl(m|n) —  C
(a,b) —  str(ab) .
Here ab denotes matrix multiplication. If we restrict this form to h C g, the Cartan

subalgebra of diagonal matrices, we get a non-degenerate symmetric invariant bilinear
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form on b:
1 ifl<i=j<m
(B Ejj) =q-1 ifl<i=j<n -

0 ifi#j

\

We denote the basis of b* dual to {E;;, E;;} by {d;,¢;} := {€,¢;}. The form (-,-)

restricted to b induces a non-degenerate bilinear form on h*, which we also denote by
('7 )

1 ifl<i=j<m

(€i6)) =9 -1 ifl<i=j<n -

0 ifi;

\

2.1.4 Rank 1 Lie superalgebras

The rank 1 Lie algebra sl, plays an important role in the representation theory of
Lie algebras. There are three rank 1 Lie superalgebras: sly, sl(1|1), and osp(1]2),
which play a similar role in the super setting. Proposition 3 in [PS94| shows that the
representation theory of a basic classical Lie superalgebra can be studied by using the

rank 1 Lie subsuperalgebras.

Definition 2.1.29. A root a € A is called isotropic if (a, ) = 0 [CW12]. Note that
the Killing form is positive definite on the Cartan subalgebra, so an isotropic root is

necessarily odd. We denote the set of isotropic odd roots by

Ap ={a € Ar](a,0) =0} = {a € Ar[2a ¢ A},

where the second equality follows from Theorem 2.1.26.
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Definition 2.1.30. Let h be a Cartan subalgebra of g and let a € h*. Then the

coroot of a, denoted by h, € b, is defined by

(ha,h) = a(h) for all h € b.

We denote by e, and f, the root vectors of & and —a, so that [e, fo] = ha. The
elements e, fa, ho are called Chevalley generators, and they generate a subalgebra
isomorphic to one of sly, s[(1]1), or 0sp(1]2), depending on whether « is even, « is odd

and isotropic, or « is odd and 2« is even, respectively.

Example 2.1.31. Let {H;, H;;|1 < i < m,1 < j < n} be a basis of h and
{6;,¢;]1 <i<m,1 < j<n} the dual basis of h*. Then the root system of gl(m|n)

is A = Ay @ Az, where

Ag={£(0; — &), (ex —e) |1 <i<j<m,1<k<l<n},

¢ J

A ={£(5 —e) |1 <i<m,1 <k<n}.

If we take the standard Borel subalgebra b of all upper triangular matrices, this

gives us a corresponding standard positive root system

A+:{5lf—(sj,€k—€l,6{_€k|1§i<j§m71§k<l§n}’

and standard fundamental system

Y ={01—05,..., 01 — Om, O — €1,€61 — €2,...,€n_1 — €p}.
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Since 07 — €1 € A7 and (077 — €1, §m — €1) = 0,then 07 — € is an odd isotropic root.

Definition 2.1.32. The €d sequence of an ordered fundamental system

{6i1 T €y Cig T Cigs o5 €t 0 T i1 Cipgn1 T 6im+n}

is obtained by taking the sequence €;,, €y, ..., €., , €. .., then identifying € = d;,

and finally dropping the indices.

Hence the standard Borel subalgebra corresponds to the ed sequence §---de---¢,
—— ——

while the opposite Borel subalgebra corresponds to the €d sequence €---€4---9. This
—— ——

n m
tells us that the opposite fundamental system is

o
Zp:{en_en—la"' 762_Elael_5ma6m_5m—17---a52_61}-

Theorem 2.1.33. (V. Kac, [Kac06]) A basic classical Lie superalgebra g satisfies the

following properties:
1. g=b& (Daca ) ;
2. dimg, =1, for a € A, except for A(1,1);
3. [8a,85] # 0 if and only if o, B, + B € A;
4. Ifa € A (or Ay, or Az, or A1), then so is —a;

5. (8a,83) = 0 for a # —f, the form (-,-) determines a non-degenerate pairing of

0o and go, and the restriction of (+,-) on b is non-degenerate;

6‘ [ea?fa] = (6067fa)ha;
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7. The bilinear form on b* defined by (o, B) = (ha, hg) is a non-degenerate W -

mwvariant form, where W is the Weyl group of gg;

8. ka € A for a# 0,k # £1 if and only if o« € Az, and (a, ) # 0; in this case
k= +2.

The properties of Theorem 2.1.33, except for the ones dealing specifically with odd

roots, are analogous to the properties of simple finite-dimensional Lie algebras.

2.1.5 The Universal Enveloping Lie Superalgebra

Definition 2.1.34. (The Universal Enveloping Lie Superalgebra) A pair (U(g),¢),
where U(g) is an associative superalgebra and ¢ : g — U(g) is a homomorphism of Lie
superalgebras, is called the universal enveloping superalgebra of a Lie superalgebra g
if for any other such pair (U’(g), ¢') there is a unique homomorphism 6 : U(g) — U’'(g)
for which «/ = 0 o ¢ [KacT77].

For a Lie superalgebra, a universal enveloping algebra exists and is unique up
to isomorphism [CW12|. As in the case of Lie algebras, there is a version of the

Poincaré-Birkhoff-Witt (PBW) Theorem for Lie superalgebras.

Theorem 2.1.35. (The Poincaré-Birkhoff-Witt (PBW) Theorem for Lie Superalge-

bras). Let {x1,2s,...,x,} be a graded basis of g = g5 ® gi. Then the set

{xa5? x|y € Zif v € g5, and a; € {0,1} if ; € g1}

is a basis of U(g).
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Any representation of a Lie superalgebra g can be thought of as a representation of
U(g), and vice versa. Since U(g) is associative, while g is not necessarily, then we use
U(g) and the Poincaré-Birkhoff-Witt theorem as tools when studying representations

of g. Throughout the thesis, we interchange g-modules and U(g)-modules.

2.1.6 Highest Weight Theory and Simple Reflections

Unlike in the case of Lie algebras, bases of a root system A are not always W-conjugate
(where W is the Weyl group) because of the existence of odd roots [CW12|. Hence,
unlike in the case of semisimple Lie algebras, for a Lie superalgebra g there is in
general more than one conjugacy class of Borel subalgebras and more than one Dynkin
diagram. However, in the case of classical simple Lie superalgebras or Lie superalgebras
of Type A, there are only a finite number of conjugacy classes of Borel subalgebras

[Mus12]. We will be working with these types of Lie superalgebras in this document.

Definition 2.1.36. Suppose that b is a subalgebra of g. Then b is a Borel subalgebra

if b is maximal with the following properties:

1. bg is a Borel subalgebra of gg, and

2. b = bh@n where n is a nilpotent subalgebra of g and h C g is a Cartan subalgebra.

This definition extends the definition of a Borel subalgebra of a Lie algebra.
The motivation for studying Borel subalgebras of Lie superalgebras comes from the
representation theory of Lie algebras. In the representation theory of Lie algebras, a
Borel subalgebra of a Lie algebra g is a maximal solvable subalgebra b. When we fix

a base of a root system, we may decompose g as

g=n"ohon", (2.1)
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where b is a Cartan subalgebra of g and n® = >~ _\; g+a. Then the Borel subalgebra
associated to this root system is b = b @ n* [Ser00]. This Borel subalgebra has an
abelian quotient algebra b/n™ = h. Hence any A € h* gives rise to a one dimensional
b-module where h acts by scalar multiplication by the weight A and n™ acts trivially.
This b-module is usually denoted by C,. In fact, C, is a U(b)-module, so we may
extend C, to be a U(g)-module as follows.

Define M(X) := U(g) ®up) Cx. M(A) is a U(g)-module under the natural left

action of U(g). i.e., for z € g,

)
T ® vy ifren”

z-(1@u)=r®@un=410Az)v, ifzecbh

0 if r ent
\

By the PBW theorem, U(g) = U(n~) ® U(b). So as a U(n~)-module, M(\) =
Un™)®Cy [Huml2]. M()) is called the Verma module.

Furthermore, M () has a unique maximal proper submodule 7(\) and a unique
irreducible quotient V' (\) = M(X)/I(X). The Verma module M ()) is the universal

highest weight module of weight . This is summarized in the following two theorems:

Theorem 2.1.37. (A [Hum12]) Let V,W be cyclic modules each generated by a single
mazximal vector vt and w, respectively, of weight X. If V and W are irreducible, then

they are isomorphic.

Theorem 2.1.38. (B [Hum12]) Let A € b*. Then there exists an irreducible cyclic
module V() of weight A, such that V(X) = U(g) - vt for a mazimal weight vector v

of weight \.
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Before we move onto the highest weight theory of Lie superalgebras, we will
recall the role which simple reflections play in the representation theory of simple
Lie algebras. Let g be a simple Lie algebra and let b C g be a Borel subalgebra
with positive roots AT and corresponding base (simple roots) o = {1, a9, ..., }.
Then b = h @ (@aeA ga) and for each simple root «, the elements e, € g, and
fa € 9_o generate a subalgebra isomorphic to sl;. We call this subalgebra the sl,-

triple {eq, ha, fa}- Let V be an irreducible g-module. It is well known that V' = V()
(>‘7 O‘i)
(v, )

for a unique A € P := {)\Eb ‘ 2 € Z>g foralllgz'gl} if and only if V' is
finite-dimensional.
This is proven using the following scheme. First it is shown that if V' is a finite-

dimensional irreducible g-module, then V' is a highest weight module of weight A for

some \ € h*. We also require the following definition.

Definition 2.1.39. For a g-module V, the support of V' is suppV := {p € h* |V, # 0}.

1. Since V is finite-dimensional, there is a common eigenvector for b, so the

submodule V' = @ . V,, is non-zero. Since V is irreducible, then V' = V’,

HED*

hence V' is a weight module.

2. Next, it is shown that V' is a highest weight module. Since V is finite-dimensional,
then SuppV must be a finite set and dim V,, must be finite for all u € SuppV'.
Finite support implies that there exists a weight A € SuppV such that A + « ¢
SuppV for all @ € A*. Let w € Vy. Since for all @« € A and all u € SuppV,
eaVy € Vita, then ey - w = 0. And since AV C V) for all h € b, then h-w =
A(h)w for all h € h. Hence by the PBW theorem, V" := U(g)-w =U(n")-w CV

is a submodule. Since V is irreducible, then V” =V . So V is indeed a highest
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weight module generated by w with relations e, - w =0 and h - w = A(h)w for

all h € .

Next we will show A is dominant integral, i.e., A € P.

1. Recall M(X) := U(g) ®u ) Ca, the Verma module with highest weight A , where
C, is the b-module C - w. It is well known that any highest weight g-module is a
quotient of M (A), and that M ()\) has a unique maximal proper submodule ()
and unique irreducible quotient V' (\). So V is a quotient of M (\), and since V/
is irreducible, then V' = V().

2. Finally, we show that X is dominant integral. Indeed, let w be the highest weight
of V and take any sl,-triple {eq, hq, fo} in g. Since V is finite-dimensional, then
U(span{eq, ha, fo}) - w is also finite-dimensional. So by sly-theory, m, € Z and

(fa)™e T w =0 for all « € AT. In particular, m,, € Zs for all simple roots ;.

So we have shown that if V' is a finite-dimensional irreducible g-module, then
V =2 V(A) where A is dominant integral. Now, when is V() finite-dimensional? Using
the symmetry of the Weyl group, we show that when A is dominant integral, then
V() is finite-dimensional. Suppose V() is a highest weight irreducible g-module

with respect to the Borel subalgebra b of highest weight \ generated by w, such that
()‘7 ai)

(aiv ai)

m; = 2 €Zspforalll <¢ <L

1. Fix oy € ¥ and let {e,,, ha,, fo,} be the sly-triple associated to «;. We can use
the simple reflection o; € W to flip the base at root «;. This gives us a new set
of positive roots (AT)" := g;(A") = (AT \ {a}) U {—a;}, a new base 0,(X) =
(32 \ {a;}) U{—a;}, and hence a new Borel subalgebra b’ = h & (G}ae(A+), ga>.

It also gives us a new sly- triple {e), = e_q,, hl, = h_a,, [, = [-a;}. Take

aqy "oy a;
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w = flli-w e VA=mici  Then €y, "W € yA-mici—ai — () So w' is the highest

weight vector of highest weight

()\, Oéi)

X:)\—miai:)\—Z
(aiuai)

o = O'l<)\)

with respect to the Borel subalgebra o;(b). Furthermore, since the form (-, -) is
(0:(A), 9iay)) _ o (A ay)
(oi(a;), oi()) (aj, )
irreducible g-module with respect to the Borel subalgebra b’ = 0;(b) of highest

bilinear, then 2 € Z>p. So V(A) is a highest weight
weight N = o;(\) for each 1 < i < I. Since the Weyl group is generated by
the simple reflections {o; |1 < i < [}, then in fact V(\) is a highest weight
irreducible g-module with respect to the Borel subalgebra b = w(b) of highest

weight A = w(\) for each w € W.

2. Let w, € W be the longest element. That is, wo(AT) = A7, and wy(X) = =X,
and wy(Q) = —Q, etc., where QF =, Z>ocv. By the above, V4(A) = Vior (A).
Since SuppVy(A) C A — Q1 and SuppVier (AP) C (AP — (QT)P) = (AP + Q)P
then SuppVy(A) € (A — Q7)) N (AP + QT), which is a finite set.

The key thing which allows us to go from b to b°P is the fact that W acts transitively
on the bases (sets of simple roots) of V. Hence, we can find a chain of adjacent Borel

subalgebras and corresponding highest weights

b=b;, ~by~ -~ by =07

>\:)\1N)\2N"'N/\k:)\0p.

In the case of Lie superalgebras this cannot be done by elements of the Weyl group
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alone, so different methods must be used to go from a Borel subalgebra to its opposite.

This is discussed in the following two sections.

2.1.7 Highest Weight Theory of Basic Lie Superalgebras

We can do something analogous with basic Lie superalgebras, but only using simple
reflections will not be enough. Let g = gg @ g7 be a basic Lie superalgebra, h be the
standard Cartan subalgebra, and A the standard root system. Let b be the Borel
subalgebra of g associated to . Thatisb=hdn" Cgand g=bSn~. We will

need to use the following lemma.

Lemma 2.1.40. Let s = 55 @ s1 be a finite-dimensional solvable Lie superalgebra
such that [s1,51] C [s5,55]. Then every finite-dimensional irreducible s-module is

one-dimensional. A complete list of finite-dimensional irreducible s-modules is given

by Cy, for X € (bhs/[bo, b)) [CW12].

Let V be a finite-dimensional irreducible representation of g. As showed in Section
1.5.3 of [CW12], V contains a one-dimensional b-module of the form C, = Cuv, for

A € h* on which b acts in an analogous way as in the case of Lie algebras. Specifically,
h-vy=Ah)vyand z-vy =0, Vh€h, Vz en’.

By the PBW theorem, U(g) 2 U(n")®@U(h) @ U(n™). Since V is irreducible, then
we must have that V' = U(g)vy = U(n")v,. Hence, using this and the PBW theorem,

we see that that V' admits a direct sum decomposition

V=V (2.2)

Heh*
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Definition 2.1.41. 1. The weight A is called the b-highest weight of V.
2. The space C, is called the b-highest weight space.
3. The vector vy is called the b-highest weight vector for V.
4. Modules satistying (2.2) are called weight modules [Mus12].

When it is clear which Borel subalgebra we have chosen, the “b” will be dropped

from these names.

Proposition 2.1.42. Let g be a basic Lie superalgebra with a Borel subalgebra b. Then

every finite-dimensional irreducible g-module is a b-highest weight module [CW12].

2.1.8 0Odd and Real Reflections

Let g = g5 @ g7 be a basic Lie superalgebra with standard Cartan subalgebra b,
corresponding Borel subalgebra b C g, positive roots A", and corresponding base
Y ={ai,qs,...,q}. Let a be a simple root of g, and let e, € g, and f, € g_,. The
subalgebra generated by e, and f, is isomorphic to one of sly, s[(1[1), or osp(1]2). Can
we use the same scheme as in Section 2.1.6 to classify irreducible finite-dimensional
g-modules? In fact, we cannot always use this due to the existence of odd roots.
Let V be an irreducible g-module. As in Section 2.1.6, Lemma 2.1.40 and 2.1.42
together imply that V' is a highest weight module of highest weight A for some A € h* .

Now suppose V()) is a highest weight irreducible g-module with respect to the Borel
()‘7 ai)
(v, i)
all 1 <¢ < [. Can we find a chain of adjacent Borel subalgebras to go from b to b7

subalgebra b of highest weight \ generated by w, such that m; = 2 € Z> for

We need some definitions first to be able to continue.
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Definition 2.1.43. Let a be an even root. A real reflection r, is a linear map on h*

such that

Ta(A) = A — QEQZZ;Q for A € h™.

Definition 2.1.44. The Weyl group of g is defined to be the Weyl group of gg.
Remark 2.1.45. The Weyl group W is generated by real reflections.

A real reflection is essentially a simple reflection in the case of Lie algebras. The

real reflections r, for a € ¥ generate the Weyl group W of gg.

1. If « is even, then e, and f, generate sly and the real reflection r, is equal to

the simple reflection o, so everything follows as in Section 2.1.6.

2. If o is odd and 2« is even, then e, and f, generate osp(1]|2). Since 2« is even,
then we may use the real reflection ro,. Then X, = 79,(X) and AF = ryn (AT) =

(AT \ {e,2a}) U{—a, —2a} and everything else follows as in Section 2.1.6.

3. If o is odd and isotropic, then e, and f, generate s[(1]1). In this case we cannot
use real reflections since we do not have an even root. The solution is to use odd
reflections. This was introduced by Penkov and Serganova [PS94|, is described

below, and is illustrated in Example 2.1.46.

First send o to —a to get

Ay = A"\ {a})U{-a}.

To get the new fundamental system r, (%), first we must take away « and include

—a since by definition X, € AZ. This is not enough however, because this
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does not give a new base, so more must be done. The new fundamental system

corresponding to A7 is

Ya={0eX|(B,a)=0, f#a}U{f+a|BeX, (B,a)#0tU{-a}

and the new Borel subalgebra associated to A7 is given by

ba:h@ @gﬁ

peAd
What the above means is that if A € ¥ and A # «, then the new base is
constructed such that

A if (\,a)=0
A=

Ata i (Na)#0

If v is an odd isotropic root, and we set 7,(X) := X, and r,(AT) := AL, we

call this r, an odd reflection.

Recall given a simple Lie algebra g and Borel subalgebras b C g and b C g, then
there exists w € W such that b = wb. Since W is generated by simple reflections,
this is not the case for basic Lie superalgebras. In general, there is more than one

W-conjugacy class of Borel subalgebras.

Example 2.1.46. Let us illustrate the notion of odd reflections using the example
of g = gl(1]2). The Lie superalgebra gl(1|2) has roots Ay = {£(e; — €2)} and A =
{%(01 — €1),+(0; — €2)}, and the standard positive system for gl(1]2) is At = {e; —

€9,01 — €1,01 — €3} with corresponding fundamental system ¥ = {§; — €1,¢; — €2}. So
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the opposite fundamental system is X7 = {ey — €1,€; — d1}. Recall that the Weyl
group W is defined to be the Weyl group of gg, hence it is generated by the simple

real reflection o, _,. i.e., W = (0¢,—¢,) = {1,006, ¢, }-

+
€1—€2

If we apply o, ., to AT, we get A ={e; —€1,01 —€1,01 — &} and X, _, =
{61 — €2,€2 — €1}, which is not the opposite fundamental system. This is why odd
reflections are essential. To get to X°P, we first apply the odd reflection rs, ., to
AT which yields (AT) = {e; — €2,€1 — 01,01 — €2} and X' = {e; — 01,07 — €2}. Next
we apply the odd reflection 74, ., which yields (AT)” = {e; — €3,€61 — 01,62 — 01}

and X7 = {€; — €9, €9 — 01 }. Finally, we apply the simple real reflection o, ., to get

061762((A+)”) = {62 — €1,€1 — (51,62 — 51} and 061,62<E”) = {62 — €1,€1 — 51}

Example: g = osp(1]2)

0 a p
Let g = osp(1|2) = B h e a,B,e, f,he Cp Cgl(1]2) .
—a f —h

The superbracket is given by [a,b] := ab — (—1)1*®lba. Let

000 000 00 0

f=10 0 o], e=10 0 1}, h=101 0 |,
010 00 0 00 —1
00 1 0 10
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The basis of g is {e, f, h,z,y} where span{e, f,h} = sl,(C) and the non-zero

brackets are given by:

[eay] = —Z, [fa x] = —y,[a;,x] =€, [:L‘,y] = h, [ham] =T, [y,y] =—/, [h7y] =Y

le, fl = h,[h,e] = 2e,[h, f] = =2f .

Take the standard Cartan subalgebra h = span{h} and the Borel subalgebra to be
b = span{h,e,x}. Let {J} be the corresponding dual basis in h*. From the brackets

above, we see that

T € g5,y € P-s.€ € Pas, f € gas.

Hence with respect to b, the even roots are Ay = {£2d} and the odd roots are
Ai = {£6}. The coroot of ¢ is hs € h. It is defined by (hs,h') = J(h') for all
h' € b. Since h = spang(h), then hs = kh for some k € C. So, using the fact that

(hs,h) = 6(h) and (h, h) = str(h?) = 2 = 26(h), then

5(h) = (hs, h) = (kh,h) = 2k5(h) .

This implies that hs = %h. The base is of the root system with respect to b is clearly
¥ = {d}. Since (4,d) =1 # 0, then ¢ is a non-isotropic root, so the simple root ¢ is a

unique, odd, non-isotropic root.
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2.2 The current algebra and the loop algebra

Associated to any Lie algebra g over C is the current algebra. This is the infinite-

dimensional complex Lie algebra g := g ® C[t], with the Lie bracket
[t@t"y@t"] = [z, y] @t™", wzye€g, n,meLs .
The current algebra g is Z>o-graded via
deg(z®@t")=n, wzeg, nels.

Likewise, associated to any Lie algebra g over C is the loop algebra, given by

9 := g ® C[t,t '], with the Lie bracket
[z@t"y@t"] = [r,y] ™", x,y € g, n,m € Z.
The loop algebra g is Z-graded via

deg(zx®@t")=n, x €9, nez.

2.3 Exponential polynomial functions

Definition 2.3.1. For any A € C*, the exponential function exp()) : Z — C is
defined by
exp(A)(m) =", m € Z,

which can be found in [Wil08§].



CHAPTER 2. PRELIMINARIES 38

Definition 2.3.2. A function ¢ : Z — C is called exponential-polynomial in one
variable if it can be written as a finite sum of products of polynomial and exponential
functions. i.e., if there exists n € Z-q, polynomials g; € C[k], and scalars \; € C*

such that

p(k) = Zgi(k) exp(A:)(K),

which can be found in [Wil09]. From now on, we will simply say “exponential-
polynomial function” or “exponential-polynomial” to refer to an exponential-polynomial

function in one variable.

Lemma 2.3.3. Let r > 0 be an integer and £ € C* an r'" root of unity. Define the

function
r—1
qr = ZeXp<£i> :
i=0

Then

r ifn=0 modr
QT(n> =
0 otherwise

Proof. 1 n=0 mod r, then ¢,(n) = 31 ()" =Y 01 =r.
If n =1 mod r where [ # 0, then there exist a, 8 € Z> such that 0 < f <r —1 and
n=oar+ . So & =¢rtP = ¢8 £ 1. Hence

-1 1-1

qr(n) _ 1n_’_§n+§2n+.._+§(r—1)n_ = 0.

-1 g-1

]

Lemma 2.3.4. Let ¢ : Z — C be a nonzero exponential polynomial function. Then
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there exist n € Z~qy and a unique mazximal r > 0 such that
0 =q Y giexp(\;)
i=1

for some polynomial functions g; : Z — C, and scalars \; € C*, such that if </’\\—> =1,
J
then © = j. In this case we say that ¢ is exponential polynomial of degree r, and write

degp = r for the degree of ¢ [Wil08].

The previous two lemmas show that if ¢ is exponential-polynomial of degree r,

then p(k) =0if £k Z0 mod r.

Lemma 2.3.5. Let ¢ : Z — C be a nonzero function. Then ¢ is exponential
polynomial if and only if ¢ is the solution to a homogeneous linear recurrence relation

with constant coefficients.

Proof. Consider a homogeneous linear recurrence relation with constant coefficients

(%) TNy = TNip_1+ -+ ayzg, o € Cand ay #0 . (2.3)

Suppose ¢ is the solution to (x). The characteristic polynomial of (x) is
p(t) =tV — otV — ... —ay. Let ry,...,r be the roots of p with multiplicities

ma, ..., my, respectively. Then the general solution to (x) is of the form

l l

Ty = Z(cmr? + o Cn™ir) = Zgi(n)r?,

i=1 =1

where g;(n) = ¢; 17" + -+ + i, for some ¢; ; € C [GK90|. This general solution

is precisely of exponential-polynomial form, and since ¢ is of the form of x,,, it must
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too be exponential-polynomial.
Now suppose that ¢ is exponential polynomial. Let ¢(n) = S1_, g:(n) exp(\;)(n) for
some g; € C[n] and \; € C. Let N := 22:1 deg g; and let

N

p(t) :== H(t —\)deegi = N otV oy
i=1

This is the characteristic equation of the linear recurrence relation

TraN = 01 TpsnN_1 + -+ + ayxg of which ¢ is a solution. O



Chapter 3

Finite dimensional graded components

Let g be one of sly, s[(1]1), or osp(1|2), where the base field is C. We will study finite
dimensional modules over the current algebra g, and the loop algebra g, by defining a
quotient of the Verma module M (A). At the end of the Chapter, we discuss irreducible

Z-graded h ® C[t, t~!]-modules, which will be used in Chapter 5.2.

3.1 Finite Dimensional g ® A-modules

Recall that g is an h-module via the adjoint action.

Let gp :={X €g | [H,X]=kXV H € bh}. When g = sly, we have the decomposition
sly = @,y Ok, where g = 0 for & # 0,£2. From this decomposition we get the
Z-grading of sl where deg(f) = —2, deg(h) = 0, and deg(e) = 2. Similarly, when
g = osp(1]2) we have the decomposition osp(1|2) = @, ., gk, where g, = 0 for
k # 0,41, £2, and the corresponding Z-grading of g where deg(f) = —2, deg(y) = —1,
deg(h) =0, deg(z) = 1, and deg(e) = 2.

In the case of g = sl(1|1) the Cartan subalgebra h = CI; is central so we do not

41



CHAPTER 3. FINITE DIMENSIONAL GRADED COMPONENTS 42

get a Z-grading of g by viewing g as an h-module. However, we may use the larger Lie
superalgebra gl(1]1) D sl(1]1). The Cartan subalgebra of gl(1|1) is 2-dimensional
and not central. By viewing gl(1|1) as an h-module, we get the decomposition
gl(1|1) =gl(1|1)_1®gl(1]|1)o @ gl(1]1); and corresponding Z-grading of gl(1]1).
This allows us to obtain the decomposition sl(1]1) = €, ., gr where g, = 0 for
k # 0,41, from which we get the Z-grading of s[(1|1) where deg(y) = —1, deg(z) = 0,
and deg(z) = 1.

With respect to the above grading of g = sly or g = 0sp(1|2), we may view any
weight module over g as a Z-graded module. Let h C g be a Cartan subalgebra of g.
Suppose M = P e M A is a weight g-module, and fix a weight Ay € suppM. For any
homogeneous X € g and H € b, [H, X] = kX where k € {0,£1,+2}. Hence for any
homogeneous X € g, X - M* C M*** where k € {0,41,42}. So M can be viewed
as a Z-graded g-module, and M = @, _, M+,

We extend the grading above to a Z-grading on U(g® A) as follows. Suppose X :=
X1 X" e U(g® A) is written in the PBW order. Then deg(X) = > | deg(X?).
We will use this grading to study finite dimensional Z-graded (g ® A)-modules. Let M
be such an irreducible module and let g = n~ @& b, where b = h & n', be the triangular
decomposition of g. Then as an h-module, M is semi-simple. i.e., M = @ueh* M, is
a weight module. To achieve finite dimensionality, two conditions must be satisfied.
The weight spaces need to have finite support, and each weight space must be finite-
dimensional. Since M has finite support there is a largest po € suppM which we
call the highest weight. Let wy € M* be a highest weight vector. Recall that if
0+# X, ent® A, then X,, - M* C M*, where 1 < 1. Since p is the highest weight,

then necessarily (n* ® A)-wo = 0. This will be the first condition for the Weyl module.
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On the other hand, if 0 # X,, € n~ ® A then X,,- M* C M*, where i/ < p. Hence,
Mro =U(h® A) - wy. Let N C M* be a proper U(h ® A)-submodule. By the PBW
theorem, U(g® A) 2 U @ A) @U@ A)@Un"® A),soU(g)- N C M is a
proper g ® A-submodule. Since we assumed that M is an irreducible (g ® A)-module,
then N = 0 and so M*° must be an irreducible U(h ® A)-module. Since M0 is the
highest weight space of M, then dim M# = 1, i.e., M*" = Cwy. This means that
for all h, € h® A, hy, - w = A(h,)w for some X € (h ® A)*. This will be the second
condition for the Weyl module.

Finally, to have finite support, for each Borel subalgebra (n*) @ h = b’ C g there
must exist a weight A\ € h* such that z-v = 0 for all v € M* and for all x € (n*)".
This will be the third condition. Such a module is called a Weyl module and is a
highest weight module. It will be discussed in detail in the following chapters. Using
generators and relations, we prove that each weight space of the Weyl module is
finite-dimensional, and we derive a formula for the dimension of the module. This is

summarized in Theorem 3.1.3.

Definition 3.1.1. Let g be a Lie superalgebra and let h C g be a Cartan subalgebra.
Let A be a finitely generated unital associative C-algebra and let A € (h® A)*. Define
the Verma module M(A) as the cyclic g ® A-module with highest weight A generated

by wq such that

Mt ®@A)-wy =0, (3.1)

(h®a) -wy=Ah®a)wy forall h®a € h® A. (3.2)

Let I(A) € M(A) be the maximal submodule and V(A) := M(A)/I(A) be the
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irreducible quotient of M (A).

In Chapters 3, 4, and 5, we define the Weyl module with generators and relations.

Here we provide an equivalent definition using the Verma module.

Definition 3.1.2. Let g be a rank k& Lie superalgebra with Cartan subalgebra b C g.
Let A be a finitely generated unital associative C-algebra, let A € (h®A)*, and let M (A)
be the Verma module. Let ¥ = {a1, ..., ax} be a set of simple roots of g. For each o €
Y5 and for each 5 € 31, let {fa, ha, o} and {yg, 23, 23} be the Chevalley generators,
respectively. For m = (my,...,my) € (Zso)*, let I(A,m) C M(A) be a submodule
generated by {(F,,@1)™ ™ wy | a; € S U{(Va,®1) (Y, ®1) - -+ (Yo, @™ )wp | i € X1}
Then W(A,m) = M(A)/I(A,m) is a local Weyl module of g ® A.

There are two remarks to make about W (A, m). The first is that W (A, m) is
irreducible if and only if I(A,m) is a maximal submodule. The second is that
W (A, m) =0 if and only if I(A,m) = W(A).

The following theorem is a summary of some of the results in Chapters 3, 4, and 5.

Theorem 3.1.3. Let g be one of sly, sl(1]|1), or osp(1]2) and let A = C[t] or

A =Clt,t71]. Let V(A) be as in Definition 3.1.1. Then the following are equivalent:
(i) dimV(A) < oo

(i1) suppV(A) < oo

(111) dim V (A)* < oo for all 1 € suppV(A)

(iv) There exists an ideal I C A such that dim(A/I) < oo and (h @ I) - wy = 0.
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3.1.1 Connections to other research

Weyl modules for the affine Lie algebra g C[t, t~!|@®cC, where g is a finite-dimensional
simple complex Lie algebra, were first introduced by Chari and Pressley in [CPO1].
Around 20 years later, Calixto, Lemay and Savage replaced g by a Lie superalgebra
in [CLS19|. In particular, they studied Weyl modules over Lie superalgebras of the
form g ®c A, where g is a basic Lie superalgebra, or g = sl(n,n), n > 2, and A
is an associative commutative unital C-algebra, and proved that these modules are

finite-dimensional.

3.2 7 x Z-graded g ® A-modules

3.2.1 Irreducible Z-graded h-modules

Recall that for a Lie superalgebra [, the loop algebra is defined as [ := [ ® C[t,t7].
In the previous section, we described g ® A-modules generated by a one dimensional
h-module. The next type of module we study is generated by an irreducible Z-graded
h-module with finite-dimensional graded components. In contrast to the previous
section, these modules are not necessarily finite-dimensional. From these modules
we then induce Z x Z-graded g-modules. The next proposition shows for such an

irreducible h-module, each graded component is either trivial or one-dimensional.

Proposition 3.2.1. Let L be an irreducible Z-graded h-module such that

L:@Li

1EL

where dim L; < oo for allv € Z. Then
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1. dimL; <1, and

2. the set I = {i € Z| dim L; = 1} C Z is equal to I = iy + (r) for some iy € Z

and r > 0.

Remark 3.2.2. We may think of L as the h-module #°C[t", "] with the action
hy, - totT™ = q(n)totrmtn where m,n € Z, and a : Z — C is some exponential

polynomial function of degree r.

Proof. For the first part, we can consider U(h) as a Z-graded algebra by letting
deg(Zy, - -+ Zy,) = ki + - - - + k,. Since L is an irreducible h-module, then L is also an
irreducible U(h)-module. Fix i € Z and consider L;. Then U(h)°- L; C L;, so L; is

an irreducible U(fh)®-module. Suppose L; # 0. Since L; is a U(h)’-module, then each

h € U(h)? is a linear operator on L; and hence has an eigenvector. Let i’ € U(h)" and
consider L/, the corresponding eigenspace. Since U(h)? is commutative, L} is invariant
under the action of any h € U(h)°. Hence L) C L is a U(h)°-submodule. Since L;
is an irreducible U(h)%-module, then L, = L;. By Lemma 2.1.40, dim L’ = 1, hence
dimL; = 1.

For the second part, suppose L # 0. Then there exists iy € Z such that L;, # 0.
There are two cases. In the first case, L; = 0 for all i € Z\ {ip}. Then I =iy + (0). In
the second case, there exists at least one element j € I such that j # iy and L; # 0.
We can choose j such that the distance r := |ip — j| is minimal. Without loss of
generality, suppose j > ig, i.e., j =49+ r. Then L; y; =+ = L;,4+,—1 = 0. By part
a), dim L;) = dim L; = 1. Choose a basis vector 0 # v;, of L;,. Since L; # 0 and L is
an irreducible h-module, there exists X € § such that X v;, # 0. Choose the vector

Vig+r = XV, € L4 to be a basis vector of L;,1,. We will use strong induction on

N, where N is such that g, + r,ig + 27,...,i0 + Nr € I, to prove that ig + (r) C I.



CHAPTER 3. FINITE DIMENSIONAL GRADED COMPONENTS 47

By above we know that the base case of N = 1 is true. Now suppose there exists
N € Z > 0 such that ig + kr € I for all 0 < k < N. As in the base case, choose a
basis vector v;, € L;,. Since L is an irreducible h-module, there exists X € Hr such
that v;,4, := Xv;, € Lj 4, is non-zero. Similarly, there exists ¥ &€ E_T such that
Yo 4r = iy . Consider X*v;, € Ly, for k =0,..., N. Since the elements of U(h)
commute, then 0 = X*v;, implies that 0 = Y*X*v,, = (Y X)*v;, = v;,, which is a
contradiction. Hence we may fix a basis of L; 4 for k =0,..., N, to be {vi, 1},
where v 11, 1= kaio- This also implies that ig — r,ig — 2r,...,70 — Nr € I. Since

otherwise, if Y*v;, € L;,_j, = 0 for 1 < k < N, then, since elements of U(h) commute,
0 =YY", = X*Y 0, = Y X 0, = YF0 400 = i,

Moreover, we know that XYwv; N, and Y Xv; _n, are both non-zero. Now suppose

that Xv;,4+n, = 0 and Yv;,_n, = 0. Then

0 = Xvjgynr = Y X0y nr = XY V4N, and

0 = YIUi(]*NT = XY,U’L.QfNT = YX,U?JQ*NT?

which are both contradictions. Hence ig & (N +1)r € I, and by induction i + (1) C 1.
Now we will show that 4o + kr +1 ¢ I for al kK € Zand 1 <[ < r —1. By
way of contradiction, suppose there exists k£ € Z and 1 < | < r — 1 such that
Liy+kr+1 7 0. Choose a basis vector v;,4xr41 Of Ligtkrii- Since L ik 7 0 and L is an

irreducible h-module, then there exists Z € Eil such that Zv; 4kr+1 = Vig+kr- Then
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X "‘Zvi0+kr+l = v;, is non-zero. Since elements of U(h) commute,

0 # X* Zvigyirt = Z(X i 11r11) -

48

This implies that 0 # X*v; 11,41 € Li 4, which contradicts Ly, = 0. Hence

I =g+ (r) for some r > 0.

]



Chapter 4

The Lie algebra slo ® A

Let A be C[t] or CJt,!]. Before going to the case of Weyl modules of current and loop
Lie superalgebras, we will first study the Weyl module of the Lie algebra sly @ A. We
will then use the techniques from this section to study the Weyl module of sl(1]|1) ® A
in Chapter 5 and o0sp(1]2) ® A in Chapter 6.

4.1 Highest weight modules of sl, ® A

For X € g, define X,, ;= X ® 1" € g® A. Recall that sl, = Cf & Ch & Ce and recall

the definition of the Verma module M (A) from Definition 3.1.1.

Definition 4.1.1. Let a := (a,)nez, where a,, € C. Let A € (h ® A)* be such that
A(hy) = a,. Define I(A,m) C M(A) to be the submodule generated by Fj**! - wy .
Then

W(A,m) = M(A)/I(A,m). (4.1)

W (A, m) is called a Weyl module of sl, ® A .

49
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More informally, W (A, m) is the cyclic highest weight U (sly ® A)-module generated

by wy and defined by the relations

Hy - wo = Ah)wy VH, € U(h® A),
(nt @ Clt]) - wo =0, (4.2)

F6”+1~w0:().

Note that here we abuse notation by using wy as the generating vector of both M (A)

and W (A, m).

Remark 4.1.2. We would like wy to be non-zero. However, Theorem 4.1.3 states

that W(A, m) = 0 if certain conditions hold. In this case wy = 0.
The rest of this section is devoted to proving the following theorem.

Theorem 4.1.3. Let m € Z~q. Let W(A,m) be the U(sly ® A)-module generated by

a vector wy with relations (4.2). Then

1. W(A,m) # 0 if and only if there exist oy, ..., o, € C* with a, = af + -+ a

m

for alln .
2. If W(A,m) # 0 then dim W (A, m) = 2™.

3. If W/(A,m) is a (sly ® A)-module generated by a vector wy which satisfies the
relations (4.2), then there exists an (sly ® A)-submodule M C W(A, m) such
that W/ (A,m) = W(A,m)/M.

We start by proving the existence of W (A, m) given that a, = o} + --- + o, for
some ai, ..., q, € C. To show that such a module exists (i.e., is non-zero), we will

prove that W (A, m) is equal to the tensor product of evaluation modules, which are



CHAPTER 4. THE LIE ALGEBRA sl, ® A 51

defined below. Suppose that for all n > 0, a, = of +- - -+ aJ), for some a4, ..., q, € C.
Let V be a highest weight sly(C)-module with highest weight 1, generated by v;. For
a; € C let V;(a;) be a highest weight sly ® C[t]-module generated by v; o with action
T Vi = o (x-v;) for all v; € Vi(oy) and for all z,, € sl ® C[t]. Note that this action
evaluates the polynomial t™ at «;. We refer to V;(«;) as the evaluation module at ;.

Now consider
m

W= Q) Vi(), (4.3)

i=1
the tensor product of evaluation modules. We claim that W satisfies relations (4.2).

Indeed, since W is generated by v;9 ® - -+ ® vy, 0, then

1.
H, -vio® ®Um0—ZU1,0® ® (Hy - 0i0) @ -+ ® U
i=1
=Y 010 @ ® (ai0) @+ @ U
=1
:ZO{?<U10® ®Um0)
=1
m
:(Za?> V1,0 @ -+ @ Uno
i=1
2. Moreover, since E, -v;0o =0 foralli=1,...,m, then E, - (v10® - ®@ Vo) = 0.
3. Finally, since Fj"*! - v;o =0 for all i = 1,...,m, then

FS‘I‘L-ﬁ-l . (Ul,o ® P ® Um,O)
Z(FSRH 01,0) Q@ U20 @ Upp—1,0 @ Upo + -+ V10 @ Va0 @ -+ @ Upy—10 ® (FénH “ Um,0)

=0.
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So W satisfies the conditions of the Weyl module. Hence it must be a quotient of
the Weyl module thus proving the existence of the Weyl module. Now we will assume
a module which satisfies the conditions of (4.2) exists and prove that properties 1., 2.,

and 3. of Theorem 4.1.3 hold.

Remark 4.1.4. We introduce the following notation for elements of U(sl(2) ® A).
Let I = {i1,...,in},J = {J1,...,Jn} be multisets of integers. We will write £} :=
E; ---E;, and F;:=F}, --- F; . For any = € sl(2) and 4, j € Z, the elements X;, X;

commute in U(s[(2) ® A), hence this notation is well-defined.

Proposition 4.1.5. Let m € Zso. Then FJ"*' - wy = 0 implies F; - wy = 0 for any

multiset of integers I = {iq, 49, ..., Imi1}-

Proof. We will use induction on n, where n is the size of the multiset {iq,4s,...,%,}

to show that Fj, --- F; F"™'™" - wy = 0. When n = 1,

0= Hi1F6n+1w

= F" ™ H; wy — ZF’“ H;,, )] F*w

—0—2(m+ 1)FJ"Fyw .

Hence F{"F;,wy = 0 for any i; > 0.

Now suppose the result holds for some n > 1. Since Fj_ - - - E-lFOmH_”wO =0, then

0=H;  Fi - F, F" g

In+1

_ m—+1— n E : = m+1—n
- En T F Hln+lF 2 Zn-‘,—l“l’l'r‘ 74n e Er e F’LIFO w(]

—F ... Fm+1—n

in

F H;

Tn41 Wy — O
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=F, - Fy  FPY"Hy w Z E,, - Fy FEH;, . Rl Fg " wg

= a1 Fy, o F F 7 M wg — 2(m 41— n) F

int1 "

m—n

=2(m+1—-n)F,

ing1 “ e

F/L' FOTn+17(n+1)w0.

Where Fj, - F;,  F)" "wy = Fy, - Fy FYF;,  F " Fwp, since the F;’s commute.

In+1 Tn+41

In particular, when n =m + 1, then Fj, --- F; . wo =0 for all iy,...,ipp € Z. O

Remark 4.1.6. We introduce the following notation regarding partitions. For a
partition A F n, let s(\) denote the length of \. Then we may write A = (A1, ..., Ag).
Let Al:= XA\ !-- Atand (A — 1)1 := (A —1)!---(Ay — 1)!'. For a partition A - n and
an integer 1 < i <mn, let y; be the number of parts equal to i. i.e., u; = #{\; |1 <
Jj < sand \; = i}. Take the multisets I = {iy,...,4,} and J = {j1,...,jn}, where
ik, i € Z>o. Then for any partition A F n, A = (A1,...,\s), we have the set of

decompositions of I U .J
Kﬁj ={K ={Ky,...,K,}| K; = LUJ;, HU---Ul, =1, JiU---UJs, = J, || = || = AN}

Notice that

o= GO O fn o) e A A
1,J Ml!...un! )\1 )\2 )\s

nn!
SO

Let
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where the subscript I, .J is dropped when is it clear which sets I, J are being used.

. . . In!
Hence after fixing sets I, J of size n, for each A F n, a” is a sum of W’fﬂ, terms.

Example 4.1.7. For example, if I = {iy, 2,13}, J = {J1, 72, J3}, and A = (2, 1), then

a7y = Qiytigtji+joQig+js T Qiytig+ii+js Qig+ja T Qiytig+jotjs Dig+j1

+ai1+i3+j1+j2ai2+j3 + Qi +iz+j1+j3 Vi +ja + @iy tiz+jotjs Bio+j1

FQigtig+jr+52 @iy +js + Cigtiz+jr+js Bir+jo + Figtiz+ijatsjsTir+jr -

Let pp :=>_, x¥ denote the k' power sum symmetric polynomial.

Let ¢, := Zil cigemci, TizTiy "+ " T,y denote the n'* elementary symmetric function.

Let M,, be the matrix

D 1 0 --- 0
p p 2 - 0
M, = (4.5)
Pn-1 Pn—2 - n—1
| Pn Pn-1 - P1
and let M/ be the matrix
ay 1 o - 0
a9 aq 2 cee 0
M = (4.6)
Un-1 Gp-p - n—1
| Qn, Ap—1 aq |

Suppose we restrict the p,’s and e,,’s to m variables. Then e,, = 0 for all n > m+1,
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and from page 136 of [Gou99] we get the identity det M, = (—1)"mle,,.
Recall the Newton-Girard formulas

ke, = Zle(—l)”lpiek,i ifk<m |,

pre = (D) epp; ifk>m .
from Section 10.12 of [Sér12|. The second formula is equivalent to
Ptk = 2oy (=1)"eipmir—; for k > 0, meaning that power sums satisfy a recurrence
relation of at least order m. And since ey = 1, the first formula can be rewritten as p;, =
Zf;ll(—l)”k“piek,i + (=1)k*1ke;, when k& < m. Hence the minimal homogeneous
recurrence relation satisfied by the py’s is of order m. Since e, = >} _, aupy, for some
ay € C, setting 0 = det M,, gives a recurrence relation on the py’s. Proposition 4.1.8
tells us the necessary and sufficient condition such that det M] = 0. Hence, if this
condition is satisfied, the sequence a will satisfy the same recurrence relations as the
power sums in m variables. In particular, the sequence a will satisfy a recurrence

relation of minimal order m.

Proposition 4.1.8. Let n > m+ 1 and let I = {iy,...,i,},J = {j1,...,jn} be

multisets of integers. Then ErF;-wy =0 if and only if det M, = 0.
To prove Proposition 4.1.8 we first need some lemmas.

Lemma 4.1.9. For any n € Z>o, and any multisets of integers I = {i1,...,i,},

J={j1,---,jn}, we have

ErFywy =Y (1M A\ = 1)la} jwy, (4.7)

AFn

where a;‘ﬂ, is as in equation (4.4). In particular,

Eil e EirLFélwo = (*)TL (i17 AR ’ZTL) bl
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where

(O (i i) 1= S (—1yprin DD (4.8)

AFn pazee

Lemma 4.1.9 along with Proposition 4.1.8 give us information about the sequence

Proof. Fix A\Fn, A= (A1,..., ;). Let a* be the coefficient of

A 2= Qg ety +rHn g Ding 1 Hing ag Hin p1HFia 1ag ~

ai)\1+"'+As—1+1+'”+~j>\1+“'+>\S—1+1+”'+~j/\1+'“+>\s

in the PBW basis order of F;, - - - E; | F, - - - Fj, wo. To get from E; - -- F; Fj - - Fj wy
to a*wy, the E;’s must be passed over the F;’s. First consider E; F}, --- F};, . Since
Ez.F] = F}Ez + Hi—l—j and HI,FJ = FyHl - 2E+j7 then when Eil‘Fjl tee F}n is written in

the order of the PBW basis, two things occur:
1. E; and Fj, are replaced by H;j, .
2. E;, Fj,, and Fj, are merged into —2F;; 4 ;,.

Now to find the factor of the coefficient due t0 @, 4.4y +ji+- we must apply 2.

Jay?

from above A; — 1 times. So we get

(21) (A12_ 1) (Z) (=2 = 2!()\?11 2)! 2(!?;1_—1;!)! 2?(!)!(_2)A1_1

= (=DM (N = 1))

Similarly, to find the factor of the coefficient due to aj, \ 4 tiy, |1y +in, 150ay 4200

we must apply 2. from above A\s — 1 times; and so on. Hence,
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a = (=DM = D(=DM2 N A — 1) - (DTN (A = 1)

= (—1)" A = 1) = (= 1)IFAA - 1)

Lemma 4.1.10. For any n € Z>, i € Z, and multiset of integers J = {j1,...,Jn},
we have

H;Fywy = a;Fywo — 2 Fiyj Fy_gywo -
k=1

Proof. When n = 1, then H;F; wy = F;, Hywy — 2F;1j,wo = a; Fj,wo — 2F;1j,wy. Now

assume the equation holds for some n > 1. Let J = {j1,...,jns1}. Then
HiFywy = Hil,  Fy—gj,ywo = Fj,  Hil g5, yw0 — 2Fisj,  Fygj,, 3w -
By induction

F’jn_,'_lHl'FJ,{jnJrl}wo = aiFon -2 Z E+ijJ,{jk}w0.

k=1

Hence

HiFywo = a;Fywo =2 Fiij Friaywo = 2Fipj Fr gy wo
k=1
n+1
= OJZ'FJ'U}O — 22 F/L'+ijJ_{jk}wO .
k=1
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Lemma 4.1.11. For any n € Zss, i € Z, and multiset of integers J = {j1, ..., Jn},

we have
n

n
EiFywy = E Qi j, Fy—jpywo — 2 E Fitjori oy, wo -
r=1 s,t=1
s<t

In particular, EiF} - wo = naHijn*l S Wo — 2(3) E»Jrngf*Q < W .

Proof. When n = 2, E;F} Fj,w = a;, Fj,wo + aiqj, Fj,w — 2F, 45, w. Now assume

the equation holds for some n > 2. Let J = {j1,...,Jns1}. Then

EiFJwO - Fjjn+1EiFJ—{jn+1}w0 + Hi+jn+1 FJ_{jn+1}w0 °

By induction,

n n
Fy  BiFr_ g, ywo = E Qg Flr_gj,ywo — 2 E Fivjor i (s o Wo,
r=1 s,t=1
s<t

and by Lemma 4.1.11

n
Hitjois Fi—jniyWo = Qigjp o Fr(j, i ywo — 2 E Fitjotins Fr—(agn}o.
s=1

Combining these gives the desired result. ]

Lemma 4.1.12. Recall the matrices M and M’ defined in (4.5) and (4.6), respectively.
Then det M - wo = (%)n(1,...,1), where (x),(1,...,1) is as in (4.8).

Proof. We proceed by induction. When n = 1, clearly det M7 - wy = a1 - wo = (*)1(1).
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Now consider

a; 1 0 0 0
az 2 0 0
det M, | =
ap—1 Gp—2 n—1 0
ap, Ap—1 QAp—2 ai n
An+1 Qn ap—1 - ¢5) a1

Let (M! . ), denote the matrix obtained by deleting the n+ 1" row and &' column
n+1

of M!

nt1- Then by expanding along the bottom row, we have

n+1
det M, = Z(_l)nHM/anJr%k/ det(My 1)w -

k=1
Letting k = k' — 1, we have
“ " Gpaq_g !
det M, 1 = Z(_l)wkamkk det(My 41 ka1 = Z Jr}{—,k det M, .
k=0 k=0 '

Since 0 < k < n, then det M} = (%)x(1,...,1). So

n

n! k!
det M’r/z—i-l = Zan_"_l_kg (Z(_l)S(A)J’_k‘)\ |a)\1 e a/\s>

— Yt L A !
" n!
= Apt1—Fk (—1)8(/\)+k A)y Ay .
; + (; Al o Aslll/]‘! o 'Mk! 1

The above includes all partitions of n 4+ 1 because for any fixed k, we get the

partitions ' = (n+ 1 — k, A1,..., As),where A = (Aq,..., ;) is a partition of k.
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Now consider A - n + 1. With A = ()\‘f“7 .., A7) where Ay, ..., )\, are all distinct.

Then
r -1 I(N)+n ! ~
- ZGM 1 i—1 ( 3 1 aifl .. -aijl 1 .. ,a‘;:\r
i=1 AP N A e (s = D) !
: Y B
_ L(N)+n n.,ul i L i, 1 s,

=1

)0 N (n+1)! m pa, -1 .
_ (—1)+ Z(X;l... T

— A !

So

- n!
det M), ywo = > (=1)" a1y, (Z(—nsw ) Sy, %) wo

k=0 Ak 1o Al !
!
N\ LT [ - + ) g+ G100
AFn+1 >\1 tc /\slfll- s Upat
+ 1)!
= —1)iN)+n+1 (n N
Z ( ) )\1"')\3/,L1!~~.Mn+1!aA1 a)\swo
AFn+1

= (*)pr1(1, ..., 1).

O

Proof of Proposition 4.1.8. The backwards direction is clear. Since we assumed
the module defined in 4.1.1 exists, then we have that Fjjwy, = 0. By Proposition 4.1.5,
Fjwy = 0 implies 0 = F; F}, - - F}, - wo = B By, - - By Fy Fy, -+ - Fj, - wo.

Now for the forward direction, assume that for all n > m, E; E;, --- E;, F Fj, - Fj,

In

wo =0 . By Lemma 4.1.9, for all n > m + 1,

n!

0= EMFlw, = Z(—ns(m”A

AFn

S W jax o axwo = ()n(1,.. 1)
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By Lemma 4.1.12, (%),(1,...,1) = det M'wy .

Since (*),(1,...,1) = det M'wy, then the a,’s satisfy the same relations as the
pr’s. Hence if det M - wy = 0, then the sequence a satisfies a homogeneous linear
recurrence relation of order m, and does not satisfy a homogeneous linear recurrence

relation of order less than m.

Proposition 4.1.13. Let m € Zx and consider the sequence a = {a, |n € Z}. Then
det M' = 0 if and only if a, = o} + --- + o, for some aq,...,a,, € C* and the

sequence a satisfies a homogeneous recurrence relation of minimal order m.

Proof. Suppose a,, = o + -+ -+ for some ay, ..., a, € C* and let W be as in (4.3).
Then a, = af + - - - + o, implies that W (A, m) is a quotient of W, since W satisfies
the defining relations of W (A, m). Hence by Propositions 4.1.5 and 4.1.8, det M, = 0.
Going in the other direction, suppose det M) = 0. Let £k > 0 and let p; be the
power-sum symmetric polynomial of degree k in m variables aq, ..., a,,. By Lemma
4.1.12 the a,’s satisfy the same relations as the p’s, which satisfy the homogeneous
linear recurrence relation py = 7" (=1)7"e;p,—; for k& > m and do not satisfy
a homogeneous recurrence relation of order less than m. This means the minimal
characteristic polynomial must be of order m. Let [ > 0. This gives the recurrence
relation

m—1
Ulgm = €1014m—1 — €2014m—2 + -+ (=1)" "ena.

The minimal characteristic polynomial of this recurrence relation is
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Hence, for alln > m+1, a, = o} +--- + ', where ay, g, ..., a, € C* are distinct

roots of p(t). O

To summarize, we assumed that the module W (A, m) exists and using the three
propositions above we showed that this implies that a, = of + --- 4+ o}, for some
a1, Qo, ..., a, € C*. Hence part 1. of Theorem 4.1.3 is proven.

Next, since we have shown that W (A,m) = W, and W is finite dimensional, then
W (A, m) is finite dimensional. However, even if we did not know this, we could still
prove finite dimensionality. It can be shown that F,,wy € span{ Fowy, Fiwy, . . ., Fy,_1wo }
for all n > m and W (A, m) = span{ F}, F;, - - - Fj, wo | i0, %1, ...,k € Z>o}. Then we see
that W (A, m) = span{F; F;, - -- F;,wo | o < i3 < ... <ip <m —1}. Since W(A, m)
has finite support and each weight space is finite dimensional, then W (A, m) is finite

dimensional. Hence Part 2. of Theorem 4.1.3 is proven.

Lemma 4.1.14. Let n > 2, and ji,...,jn € Z. Then E} 'Fj - F; -wy =
> in @ F - wg, where ¢y € C and in particular ¢y = (—1)"'nl(n — 1)!. Further-
n—2(

more, for a fized 1 <k <mn, the coefficient of a; F; , =, . -wois (—=1)""*(n —

Di(n—1)! .

Proof. Consider Ej~'Fj, -+ F}, - wy. By Lemma 4.1.11, c(n)F(") - wy is obtained by
repeatedly collapsing F;F}; into —2F;;;. This process has to be done n — 1 times, and
each time one must select two elements F;, F;. In the first step, we select two elements
from Fj, --- F} . There are (g) choices. In the next step, we select two elements from
n — 1 choices, and so on. Naturally, we stop when we only have two elements to choose
from. Each time we collapse F;F; into —2F;;, a factor of —2 appears. Hence the
coefficient belonging to F,-wo = Fjy+..pj, -wo is (=2)" " [}, (5) = (=1)" nl(n—1)L.

For the second assertion, notice that when Ej acts on a vector of the form Fj, - - - F}, -wo,
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~

one of two things occurs. We get either a term in the form of @, F;, - - - Fj - - - F},-wo where
I € {iy,... i}, or we get a term in the form of —2F, [}, - ?’: . E -+ F}, - wg where
r,s € {i1,...,i;}. To get a vector which is a multiple of ajk}}1+...+ﬁ€+...+j7l Wy, we want
the first outcome to happen once, and the second outcome to happen n—2 times. There

is only one way for the first outcome to happen. When the second outcome happens,

we merge F,.F into F,, 4. Since we have a total of n—1 F/s to merge, and each time we

k

2) ways for the second outcome to happen.

-1
must choose two, there are a total of [[,_, (
Each time the second outcome happens, we get a factor of —2. Furthermore, there are

n — 1 ways to choose in which order to get step 1 and step 2. Hence the coefficient of

Wiy cwois L (=2 2[5, B)(n—1) = (-1)"2(n—Dl(n—-1) O
The following Lemma is used to prove finite dimensionality.

Lemma 4.1.15. F,w, € span{ Fywy, ..., F,_1wo} for all n > m.

Proof. Consider Ej'FoFI" - wy. By Lemma 4.1.14,

0 = EPF " -wy =317 eiF - wo 4 (—=1)™(m)mimlay F,,_y - wo

+((=D)™ 1 m!Imlag + (=1)™(m + 1)!m!)) E,, - w -

Since ag = m, by simplifying, we get (—1)" " m!m!E,, - wy = Z;Z]lciFl- - wy and

so Fy, - wg € span{Fywy, ..., Fr_1we}. Now let n > m and suppose that F; - wy €
span{ Fywo, . . ., Fi_qwo} for all i < n. Then

0= EgnFoF{n_an+2_m Wy = ZCZ.FZ * Wo + (—1)m_1m!m!(a0 —m — 1)Fn+1 - Wo-
=0

By the inductive hypothesis, F; - wy € span{Fywy, ..., F,_jwo} for all 0 < i < n.

Hence F,, 11 - wg € span{Fywo, . . ., F,_1wo}- O
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Lemma 4.1.16. Suppose that FJ"*' - wo = 0. Then H, - (F"* - wo) = —a, Fy" - wq for

alln € Z.

Proof. Since FJ"™' - wy = 0, then by Lemma 4.1.11,

1
0=E,F" - wy = (m+ 1)a, Fy" - wo — 2<m;— )FnF(’)”1 - W
for any n € Z. ie., F,F)" ' - wy = %anF(}” < W .
Then for any n € Z, by Lemma 4.1.10
H, - (F" - wy) = an FJ" - wo — 2mF, F" ™ - wg = —a, FY™* - wy

Proposition 4.1.17. The module W (A, m) is finite dimensional. In particular,
(1) dim W (A, m) = 2™.
(it) dim W (A, m)~%* = dim W (A, m) 2" when 0 < k < 2.

Proof. To prove (i), we know that W = @), Vi(«a;). Since dim V;(oy) = 2, (i) follows.
Note that this is consistent with results in [Naol2| and [TG15].

To prove (ii), by Lemma 4.1.15, F,wy € span{Fywy, ..., F, 1w} for all n > m and
W (A, m)~? = span{ Fywy, . . ., F;,_1wp}. We show that the vectors { Fowy, . . ., Fr_1wo}
are linearly independent. By way of contradiction, suppose not. Then there exist

Cos---,Cm—1 € C, not all 0, such that

m—1

=0
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Let n € Z. Acting on (4.9) by E,,, we get

m—1
E Cilpgi | wo =10
i=0

implying that the sequence a satisfies a homogeneous recurrence relation of degree

2 = m and

less than m, which contradicts Proposition 4.1.13. Hence dim W (A, m)~
{Fowo, . .., Frn_1wo} is a basis for W(A, m)~2.

Now consider W (A, m)~2* for each k > 1. This space is made up of vectors of the
form F}, --- Fj, - wy where j, € Z. Since each F; - wy can be written as a linear combi-

nation of Fywy, ..., F,_1wo, then W(A,m)™2* = span{F}, --- Fj, -wo |0 < j; < -+ <

Jx <m—1}. When k > m+1, then dim W (A, m)~2¥ = 0 by the definition of W (A, m).

Now consider the vector v := Fj"* - wy . Since H, - v = —a,v, E™ .y =0, and
F,-v =0 for all n € Z, then v is a highest weight vector which satisfies relation (4.2)
with respect to the opposite Borel subalgebra. So U(g® A)-v generates a Weyl algebra
isomorphic to W (A, m). This implies that dim W (A, m)™2™ = 1 and in general, that

dim W (A, m) 2% = dim W (A, m)"2"*1=%) when 0 < k < 2.



Chapter 5

The Lie superalgebra sl(1]1) ® A

5.1 Highest Weight Modules

Let A be C[t] or C[t,t!] and for g € g, define g, :== g ®@t" € g@ A. We denote
elements of the universal enveloping algebra using capital letters. For example, if
x € g, then X € U(g). In the first section of this chapter we study Weyl modules
over sl(1]1) ® A. In the second section, we study infinite-dimensional Z x Z-graded

s[(1]1) ® A-modules which satisfy certain finiteness conditions.

5.1.1 The algebra sl(1]1)® A

When studying Weyl modules of sl, ® A, we started with a cyclic highest weight module
M and then imposed a finite dimensionality condition. A cyclic highest weight module
of sly ® A is generated by a vector wy such that F,, - wg =0 and H, - wy = a,wy for
some a, € C. Since wy, Fywy, Fiwy, . .. are in distinct weight spaces, they are linearly

independent if they are non-zero. Hence the condition that M is finite dimensional

66
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implies that Fj"wy = 0 for some m € Z>,. This gives us the definition of the Weyl
module over sl, ® A. What is the analogue of this definition if we study Weyl modules
over sl(1]1) ® A? A basis of sl(1]1) is {z,y,z}. We cannot require the condition
that Yy " wy = 0 for some m € Z. Since y has odd parity, 0 = [Yy, Y] = 2YZ, i.e.,
Y - wy = 0 is automatic. So if we imposed the condition that YOmeO =0, it would
not give us any new structure on the module. The next natural step is to try the

condition Y; Y cwe =0 for all v, yiy,.-- Y, EN XA

ot

Recall that sl(1]1) C gl(1]|1). Since z € Z(sl(1]|1)), we may need to go to the
larger algebra gl(1|1) to prove some results. Let ' = Ej;,h” = Es be a basis of
the Cartan subalgebra of gl(1|1), so that z = b’ + h” € sl(1|1). Let a,,b, € C
be defined by A/, - wy = a,wy and h!! - wy = b,wy, so that ¢, = a, + b,. Then

for each £ > 0, we can compute H)Y; Y, ---Y; -wo = (ag — k)Y, Y;, -+ Vi,

.wo

and HY; )Y, -- Y, -wo = (bo + k)Y, Y;, - - - wy. Adding these together, we get

i

ZYy Y, - Y,

cwg = (ag + bo)YiYi, -+ Yi, - wo. So for each k > 0, we see that

Y;

10

m > 0 such that Y; )Y, ---Y;

im

Y; - Y, -wp is in a distinct weight space. Hence the condition that there exists an
~wo = 0 for all v, yi,, ..., ¥, € N~ ® A is equivalent
to the support of the Weyl module being finite. Since finite dimensionality implies
finite support, we must have this condition on the y;’s as part of the definition of
the Weyl module. However, to make the definition more simple, we will start with
the condition of YyY; - --Y,, - wg = 0 for some m > 0 and show that this implies that
Y Yi,

The second half of this Chapter dicusses Z x Z-graded sl(1]1) ® C[t,¢~!] modules.

Yzm

~wo = 0 for all iy, Yiys .-, ¥, EN- QA

Recall the definition of the Verma module M (A) from Definition 3.1.1.

Definition 5.1.1. Let m €5 and let ¢ := (¢, )nez, where ¢, € C. Let A € (h @ A)*
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be such that A(z ® t") = ¢,. Define I(A,m) C M(A) to be the submodule generated
by YoY: - Y, - wg. Then

W (A, m) := M(A)/T(A,m). (5.1)

W (A, m) is called a Weyl module of sl(1]1) ® A.

More informally, W (A, m) is the highest weight s[(1]1) ® A-module generated by

wo and defined by the relations

Mt ®A)-wy =0,
H, -wo = Ahy)wy Yhy, € h® A, (5.2)
YoVi- Y, wy=0.
Note that here we abuse notation by using wg as the generating vector of both
M(A) and W (A, m).
Theorem 5.1.2. Let m € Z~q and let W(A,m) be as in Definition 5.1.1. Then

1. W(A,m) # 0 and only if Crim = 01Ckim—1 + C2Chim—2 + -+ + amex for all

k € Z~y and for some aq, ..., ap, € C.
2. If W(A,m) # 0 then dim W (A, m)™" = (') for 0 <k < m.

3. If W/(A,m) is a g ® A-module generated by a nonzero vector w which satisfies
the relations (5.2), then there exists a g @ A-submodule V- C W (A, m) such that
W/ (A,m) =2 W(A,m)/V.

Remark 5.1.3. Since the roots of the characteristic polynomial of the recurrence

relation cxi, = @1Ck1m—1 + Q2Ckim—_2 + - -+ + i are not necessarily distinct, then
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W (A, m) is not necessarily a tensor product of evaluation modules. Hence, the modules
W (A, m) from Definition 4.1.1 are new. Their analogues for sly ® C[t,¢7!] & Cd were

studied in [Wil08], however they are not finite dimensional.

To prove the theorem, we use four key propositions, which are listed below.

Proposition 5.1.4. Let m > 0. Then YyY;---Y,, - wo =0 if and only if Y7 - wy =0

for any I € Z™*L,

Let M be the infinite matrix M := [c;1j], o, and for [ = (i1,...,4n),J =
(J1s .-+, Jn) € Z™, let M; ; be the matrix My ; := [ci HZ] . Note that det M ;
s s,l=1,...,n ’
is an n X n minor of M.

Proposition 5.1.5. Denote z := h' + h" so that Z;, - wg = c,wy. Then for n > 1 and

forall I = (iy,...,0n),J = (J1,. -, Jn) € Z",

n(n—1)

X[YJU)O = (—]_) 2z det M[VJ’LUO .

In particular, X1Yywo = 0 if and only if det My ; = 0.

By the construction of W (A, m) we assume that Y; - wg = 0 for every I € Z™*!.
Hence Proposition 5.1.5 tells us that every (m+1) x (m+1) minor of M is 0, meaning

that the rank of M is at most m.

Proposition 5.1.6. Let m € Zso and consider the sequence ¢ = (¢y)nez. Then
rank M < m if and only if the sequence c satisfies a linear recurrence relation with
constant coefficients. In particular, the recurrence relation of least degree satisfied by

the sequence ¢ has minimal polynomial p(t) where degp(t) = rank M .
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Proposition 5.1.7. The module W (A, m) has finite dimension. In particular,
dim W (A, m) = 2™ and dim W (A, m)* = () for 0 < k <m.

For each of these propositions, there is a subsection further on in this chapter
dedicated to the proof. The idea of the proof of Theorem 5.1.2 is as follows. If W (A, m)
is finite-dimensional, then it must have a finite support. To have finite support, there
must exist a k € Z-o such that W(A,m)*! = 0 for all [ > k. Proposition 5.1.4
states that if the assumptions of Theorem 5.1.2 hold, then W (A, m)* = 0 for all
[ > m. Hence, W(A,m) has finite support. Furthermore, Proposition 5.1.4 and
5.1.5 imply that rank M < m. By Proposition 5.1.6, rank M = m is equivalent to
the existence of a degree rankM recursive relation with constant coefficients on the
sequence ¢ = {¢; }iez. Then we use Proposition 5.1.4 to show that each weight space
of W(A,m) is finite-dimensional. Since each weight space is finite-dimensional, and
W (A, m) has finite support, then W (A, m) is finite dimensional. In short, we have

the following implications:

Conditions (5.2) = Prop. 5.1.4 = Prop. 5.1.5 < Prop. 5.1.6

4 4
Prop. 5.1.7 Thm. 5.1.2.1
4
Thm. 5.1.2.2

Each of these propositions will be proven in the subsections which follow.
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Proof of Proposition 5.1.4

The proof of Proposition 5.1.4 requires a total order on the elements of U(sl(1]1)® A).

To define such an order, we need the notion of the height of an element of U (sl(1]1)®A).
Definition 5.1.8. Consider Y; :=Y;,---Y; € U(sl(1|1)®A), where I = (ig,...,im) €
Z™*1. Define the height of Y7 as ht(Y7) = Y _," ,(ix — k).

Definition 5.1.9. For a fixed m € Z-, we define an order on the set {Y7|I € Z™'}
as follows. Let J = (Jo,---,jm), K = (ko,...,kn) € Z™. We say Y; > Yy if
ht(Yy) > ht(Yk) or if ht(Y;) = ht(Yx) and there is an s > 0 such that j; > ks and
Ji=k foralls+1<t<m.

Example 5.1.10. Let J = (jo,jl,jg,j37j4,j5,j6,j7) = (07 ]_,2, 3, 778, 11) and K =
(k(), k1, ko, k3, kg, ks, ke, ]{]7) = (O, 1,2,4,6,8, 11) Then ht(J) = ht(K) = 11 and j5 > ks,

j@ = k’7, and j7 = k’7. So Y; > Yg.

We set up some notation using symmetric functions, which we use in the proof

of Proposition 5.1.4. Let e(21,. .., 2z,) be the k' elementary symmetric polynomial
in variables zy,...,2,, where ey = 1, and let py(z1,...,2,) be the k" power-sum
symmetric polynomial in variables z, ..., z,. By Newton’s formula from page 24 of

[Mac98|, we have ne,, = > (=1)""'p,e,_, when n € Zso. Recall that H = H" @',
where h" = Eyy € gl(1]1). For ¢,n € Z>( such that i > n we define recursively in a

similar way Q,(H{, ..., H!) by setting Qo(H{,...,H!) =1 and

n

1

Qu(HY,... ., H!)==> (=1)'H!Qu_,(H{,... H]).
n
r=1

Proposition 5.1.11. Let m > 0. Then YyY;---Y,, -wy =0 if and only if Y7 - wg =0

for any I € Z™*!
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Proof. We split the proof into two steps, when A = CJt] and when A = C[¢t,¢!].
First we prove that YyY;---Y,, - wg = 0 implies Y7 - wg = 0 for any I € Z’;&H,
i.e., when A = C[t]. Then we extend this to when A = Cl[t,t"!] by proving that
YoYi---Y,, - wy = 0 implies Y; - wy = 0 for any I € Z™*!. The proofs require the use
of two technical lemmas: Lemma 5.1.17 and Lemma 5.1.18. These lemmas and their
proofs are found after the proof of this proposition.

Step 1: The set S; = {Y},Yj, -+ Y;,, € U(g ® C[t])} is well-ordered, so we proceed by
induction on the ordering. Since we assume that YY) ---Y,, - wg = 0, then acting by

HY results in
0=YoY: - - Yywo = H{/Yoyl"'ymwo =YoY1-- Yo wp .

Since ht(YpY; - -+ Y,,) = 0 and the only non-zero element of height 1 is YyY; -+ Y41,
the base case holds.

Consider Yy :=Y},Y;, ---Y;, € U(sl(1|]1) ® C[t]). Let s > 1 be the least number such
that t :== jm—si1 — Jm—s > 1. 10, Y, =Y, -2 Y; Y, LY 1 Y et

Suppose that Y - wy = 0 for all K € Z™*! such that Yx < Y. Consider
YJ/ = Y}O o }/}m—s}/}m—s“’t*ly}m—s“rt e }/;'m—s+t+5*2 *

Then ht(Y;) = ht(Y;) — s, so Y» < Y. By the inductive hypothesis Y, - wg = 0. By

Lemma 5.1.17, choosing n = s, we have

1 1
0 = QS(Hl rrtt Hn)}/}mfsyjmfs“!‘t_l}/jmfs'i‘t e }/}m75+t+5_2 . wo

= }/}mfs}/jmfs"l‘t}/jmfs"l‘t"rl e }/‘vjmfs“!‘t“!‘s_l “Wo = YJ “Wo -
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Step 2: Now we consider the case when A = CJt,t7!]. Case one showed that
YoY; - Y, wo = 0if and only if Y, Y, -+ Y, wo = 0 for all 4, ...,%, € Z>o. The set
Sy = {Y,)Y;, Y, € U(g Clt,t 1)) |Y;, Y}, - Y, < YoYi---Y,,} is well-ordered,
so it suffices to show that Y{Y; ---Y,,w = 0 implies that Y} Y}, --- Y wo = 0 for all
J = (Jo,--.,Jm) € Z™ such that Y; < YyY;---Y,,. We will use induction on the
ordering of S;. The only non-zero element with a height of —1is Y_1Y;---Y,,, so to

show that the base case holds, we show that Y_1Y;---Y,, - wyg = 0. Indeed,

0=YyY;  Yywo=H" YoV Yowy = Y1 Yy - Yy

Next consider Y; :=Y;,Y;, -+ Y;, wo € U(sl(1]1) ® C[t,t7']). Let s > 1 be the least
number such that t := j,,_s11 — Jm_s > 1.

e, Y, =YY,

j'mfsfl

Y.

Im—s

ij75+t)/jm75+t+1 o }/jmfs“!‘t"l‘s‘ Suppose that YK W= 07

where Yi =Yy, -+ Yy, for all Y > Y. Consider

YJ/ = }/.}0 e }/}m—s—l}/}m—s}/;m—s+t+l}/}m—s+t+2 T }/jm—s‘i’t‘i’s " Wo -

Since ht(Yy) = ht(Y)) + s, then Y, > Y. By the inductive hypothesis Y, - wy = 0.

By Lemma 5.1.18, choosing n = s, we have

0= Q_S(Hzl, .. ,HZS)YJ/ * Wo

=YY Y Y Yhe Yertrso1 - wo = Y - wp
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Two Technical Lemmas

In this subsection, we introduce technical notation to aid us in proving the Lemmas
5.1.17 and 5.1.18. This notation will not be used in other parts of the thesis. We will
read from right to left in this subsection. For example, for I € Z™*! let I[k] denote
the k'™ element of the tuple I when counting from the right. i.e., if I = (iy,...,in),
then I[k] = ipmi1 k-

For a sequence J, define 74(J) to be the sequence in which the 1 is added to the

k™™ entry of J when counting from the right (assuming J has at least k entries). i.e.,

It follows that 7, '(J) is the sequence in which 1 is subtracted from the k' entry
of J when counting from the right. Define o, := 747%_1--- 7. Define 7, to be the
({+1)-cycle mpy:=(k—1 k—1+4+1---k) € Sp41 provided [ < k. Then m;;(J) is the
(m + 1)-tuple obtained by shifting the &*® entry of J (from the right) to the right by [
places, while 7, (.J) is the (m + 1)-tuple obtained by shifting the (k — )™ entry of .J
(from the right) to the left by [ places. We will use Yy(;) and ¢(Y) interchangeably
for ¢ € {o,7}. Since V;Y; = —Y}Y;, then Y,

() = sgn(me)(Yy) . Here are some

examples to show how the operators act.

Example 5.1.12. Let J = (j1, J2, J3, Ja, Js, J6, 37, Js, Jo) € Z°. Since we read from
the right, then J[k] = jio—x for all 1 < k£ < 9. For example, J[6] = js. This
example illustrates how the operators 7 and ¢ act on J. By definition, 75 adds 1

to the sixth coordinate of J when reading from the right. i.e., it adds 1 to j4, so
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76(J) = (J1, 72,73, Ja + 1, 75, Je, 7, Js» Jo). The operator 7¢ adds 1 twice to J[6]. i.e.,
it adds 2 to j4, so 72(J) = (J1, Jo, 3,74 + 2,75, J6, J7> Js, Jo)- The operator og adds
1 to the first six coordinates of J, when reading from the right. This is written
as o6(J) = mTmntsTe(J) = (Ji,J2, 3,04 + 1,05 + 1, j6 + 1,7 + 1, js + 1,70 + 1).
Recalling that we read from the right, the 4-cycle mg3 = (3456) moves j, to the

right by 3 places, which forces js, 75, and j; to move left by one place. Explicitly,

7T6,3(°]) = (j17j27j37j57j67j77j47j87j9)'

Example 5.1.13. This example illustrates how the operators act on a tuple J that
is in a special form. Let J = (j1,J0,73,Js +t — 1,js+t, 53+t + 1,55+t +2,j5 +
t+3,j3+t+4) € Z° Then when reading from the right, the first 6 coordinates
of J differ by 1. The 4-cycle w5 = (3456) permutes the coordinates as follows:
m63(J) = (J1,J2. g3, Js +t, js+t+ L js+t+2, s+t — 1, js+t+3,j3 +t+4). Recall
the notation J[3] = js +t+2, J[4] = js+t+ 1, J[5] = js+t, and J[6] = js +¢ — 1.
Then, since we read from the right, the tuple 7 3(.J) can also be interpreted as taking
J, subtracting 3 from the third coordinate, and adding 1 to the fourth, fifth, and
sixth coordinates. i.e., ms3(.J) = 76757473 °(J). Since Y;Y; = =YY}, then m3(Y;) =
(=1)%76ms7ams 2(Yy) = sgn(me3)Tems7ams - (V7).

Below are two examples illustrating how these operators act on J when combined and
when J is in a special form. In certain cases we may rewrite 7 using 7 and o. For
example, let k = 6,n =5, and r = 3. Then o3 adds 1 to the first three coordinates
when reading from the right, then 75 adds 3 to the 6th coordinate when reading from

the right, and g 5 shifts the 6th entry (from the right) to the right by 5 places.
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76,576 03(J) (5.3)
= Te5Ta03(j1, Jos s js +t — Ljs+t,js+t+ 1 s+ +2,js+t 43,43+t +4)
= 6570 (1, J2s Jss s+t — Ljs+ b s+t + 1 js+ 143, s+t +4,js +t +5)

= Te,5(J1, J2, J3, Ja +t + 2,43 + t,js +t 4+ 1, js +t + 3,3 +t +4,j3 +t +5)

= (J1,Jo, 3, J3 +t,Ja+t+1,j3+t+3,js+t+4,js+t+5,js+t+2)

= 7 *o306(J).

For an example of remark 3 below, let £k = 2,n =5, and r = 3. Then

7r2,172303(l])

= m217503(j1, Ja, ja, ja + 1 — L ja+ b, js + 1+ 1, js + 1+ 2,3+t + 3,3 + ¢ +4)
= 017y (1, J2, 3, Ja +t — Lja+t, s+t + 1,53+t + 3,45+t +4,j3 +t +5)
= mo1(J1,Jo, 3 Js +t = Lijs + b, s+t + 1, s+t +3, 3+t +7,j3 +1 +5)

= (j1,J2,J3,J3 +t — 1, js+t,js+t+1,j3+t+3,j3+t+5,j3s+t+7)

= 11 0302(J)

Remark 5.1.14. Let J = (Jo, ..., Jm) € Z™" be such that j; < j;1; for all 0 <i <

m — 1, and such that there exists an s > 1 and t > 2 such that

s +t+s—i—1 1<i<s
J]i] =

Jm1—is s+1<i1<m-+1
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Here are some observations about 7 (J) when k& < s, recalling that J[i 4+ 1] = J[i| — 1

for1 <i<s-—1:

1. ., shifts J[k] to the right by [ places and J[k —1],..., J[k — 1] to the left by
one place. Write J' = m;(J). Then J'[k — 1] = J[k] = jp-s +t+s—k—1=
Jk =1 =1 =75k —1)). Andfor 0<i <1—1, J[k—i] = J[k —i—1] =
Jm-s +t+s—(k—i1—1)—1=Jk—1i+1=m_;(J[k—1]). Hence my,;(Y,) =
(—=1)l7 - 'Tk_l+1Tl;_ll(YJ) = sgn(mp )Tk - - ~Tk_l+1T,;_ll(YJ). This is illustrated in

equation (5.3) of Example 5.1.13, as m63(Y;) = sgn(me 3) 76757475 - (Yy).

2. It follows that if £ > n+2 —r, then 7y 417, 05+1-,(J) adds 1 to J[1],...,
J[n + 1 —r], then adds r to J[k|, and then shifts J[k] over to the right by k — 1
places, putting it in the first position. This in turn shifts J[1],..., J[k — 1] over
to the left by 1 place each. So J'[1] = Jk]+r = jpm—s+t+s—k—1+r =
JA+r—k+1=7"FYJ[1]). For2<i<n+2—r J[i]=Ji—-1+1=
Jmes+tt+s—(G—1)—1+1=J[i]+2=72(J[i]). And for
n+3—r <i <k, J'i] = Jji—1] = J[i]+1 = 1;(J[i]). Hence 7 17} 0n11-+(Ys) =

(=)L 15,5 .ok (Y)). This is illustrated in Example 5.1.13.

3. If k <n+1—r <s, then mp 17 0p11-(J) adds 1 to J[1],...,J[n+1 —7]
(including to J[k]), then adds r to J[k|, and then shifts J[k]| over to the right by
k — 1 places, putting it in the first position. This in turn shifts J[1], ..., J[k —1]
over to the left by 1 place each. So J'[1] = Jk]+r+1 = jps+t+ s —
k—14r4+1=J1]+r—k+2=7"F2J[]). For 2 <i <k, JVi| =
Ji—1+1=jns+t+s—(G—1)—1+1=Jli]+2=74J[t]). And
fork+1<i<n+4+1-—r JVji =Ji—-1 = Ji+1 = r(J[i]). Hence

ﬂ-k,k—lT]:O-n—‘rl—r(YJ) = (_1>k717-1r_k0-n+1—7"0-k'
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4. In particular, w170 (Y)) = (= D)F Lt o (V) .

5. It also follows that 7,41 ,-17) 1 0nt1— adds 1 to J[1],..., J[n+1—r], then adds
r to Jin+ 1], and then shifts J[n+ 1] over to the right by r — 1 places (i.e., to the
(n 42 — 7)™ place.) This in turn shifts J[n +2 —7],..., J[n] over to the left by
lLeach. So J/In+2—r|=Jn+1l+r=Jn+2—7r]+1. For1<i<n-+1-r,
J'i]=Jli]+1,and for n+3 —r <i<n+1, J[i]=Jli—1] = J[}i]+ 1. Hence

_ -1
7Tn+1,r—17—£+10n+1—7"YJ - (_1)T Un—i-lYJ-

Remark 5.1.15. Let J = (Jo, ..., Jm) € Z™" be such that j; < j;1; forall 0 <i <

m — 1, and such that there exists an 1 < s <m and ¢t > 2 such that

Jmes+t+s—i+1, 1<i<s
J[i] =

Jm+1—i s+1<i<m+1

Recall that mp; == (k=1 k—1+1---k) € Spy1 and 7, (J) is the (m + 1)-tuple

obtained by shifting the k' entry of J (from the right) to the right by [ places.

1. Recall from Remark 5.1.14 that
T (Yy) = (=Dl 1oy (V) = sgn(m) e - -+ T 7oy (V) - Tt follows
that if k < s—n+r—1, then 7rk7k,17',;’"aglas_(n+1_r) subtracts 1 from J[s —n+
r], ..., J[s], then subtracts r from J[k|, and then shifts J[k] over to the right by
k — 1 places, putting it in the first position. This in turn shifts J[1],..., J[k —1]
over to the left by 1 place each. Let J' := w417, "0, 05— (ns1-r)(J). We need

to consider four cases.

e Fori=1 J[l|=Jkl—r=jms+t+s—k+1l—r=J1]—-r—k+1=
FRRNCIE
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e For 2 <i<k, JN=Ji—1]=J}i]+1=mnr(J[]) .
efork+1<i<s—n+r—lands+1<i<m+1, J'i]=J[].

e Andfor s —n+r <i<s, J'[i|=J[i] —1=7"(J][i]).

Combining this we get

—r _—1 _ -1 -1 —r—k+1
Mkk—1T Os Os—(n+1-r) (YJ> - Sgn(ﬂ-k,k—l)Ts  Tsengr Tk " " T2T

-1 —r—k
= Sgn(ﬂ-k,k—l)as Os—n+r—10kT YJ .

2. It also follows that if s —n+r < k < s, then 7Tk7k_17'k_r(78_10's,(n+1,r) subtracts
1 from J[s —n+r],...,J[s] (including from J[k]), then subtracts r from J[k],
and then shifts J[k] over to the right by k& — 1 places, putting it in the first
position. This in turn shifts J[1],..., J[k — 1] over to the left by 1 place each.

Let J' := 17, 05 05— (n1-r)(J). We need to consider five cases.

e Fori=1,J[1] = Jk|-r—1=jp_stt+s—k—r = J[1]—k—r = 77" %(J[1])

eFor2<i<s—n+r Jji=Ji-1=Ji]+1=mnr(J[]) .

For s—n+r+1 < i <k, J'[i] = Jli—1]—1 = jim_s+t+s—(i—1)+1—1 = J[i

For k+1<i<s, J|i|=Ji]—1=7"'(J[]) .

7

Finally, when s + 1 <14 <m+ 1, then J'[i]] = J]i].

Combining this we get

—r _—1 —1 -1 —k—r
Tk k—1Ty, O Os—(n+1—r) (YJ) =Tg Ty Ts—n+tr " "T2T
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-1 —r—k—1
= SN (g k—1)05 OkOs—nirTy Y.

Remark 5.1.16. Let J = (Jo, ..., jm) € Z™" be such that j; < j;1 for all 0 < i <

m — 1, and such that there exists an 1 < s <m and ¢t > 2 such that

Im_s+t+s—1+1, 1<:<s
JNi] =

Jm+1—i, s+1<:<m+1

Recall that 7, == (k-1 k—1+1---k) € Sp+1 and W;}(J) is the (m + 1)-tuple
obtained by shifting the (k — [)*" entry of J (from the right) to the left by [ places.
Then w1, 1(J)=(s—n+r—1s—n+r—2---s—mn)(J)is the (m+1)-tuple
obtained by shifting the s — n*® entry of J (from the right) to the left by r — 1 places.

We observe that 7, 1 175,05 0 n1-n (Ys) = (=1)" o, os—n(Y)). Notice

that J[i+ 1] =J[i] —1for 1 <i<s-—1.

1. We look at how the composition 7, Tnas_las,(nﬂ,r) acts on J. The operators 08_1
and o,_(p41-r) add 1 to the first s —n—1+r coordinates of J and subtract 1 from
the first s coordinates of J, respectively. Hence the composition 05_103_(%1_?)
subtracts 1 from J[s —n+r|, J[s —n+7],..., J[s]. Then 7,7, subtracts r from

J[s — n]. Notice that s —n < s—n—1+r. So we get
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(

Jm—s tt+s—i+1, 1<i<s—-n-—1

Jm-s+t+n+1—-r 1=s5-—n

T;naglgs—(n+1—r)J[i]: Im_s+t+s—1+1, s—n+1<i<s—nm—1+r-
Jm—s +t+8—1, s—n+r<i<s
Jm41—is s+1<:1<m-+1
\

2. Next, w1, 1, shifts the (s — n)™ entry of 7,7,0, 05— (n1-r)J (from the
right) to the left by r —1 places. So j,_s+t+n+1—7r moves to the s—n-+r—1%"

place.

-1 —r _—1 .
Ms—ntr—1,r—1Ts—n0s Os—(n+1-r) J[Z]

(
Jm—stt+s—1+1 1<i<s—n-—1
Jm—s+1t+s—1, s—nm<i1<s—n—2+r
=YJimst+t+n+1l—1r i1=s5—n+r—1

Jms +t+s—1, s—n+r<i<s

jm-i—l—i: s+1<i<m+1
\
p

Jmest+t+s—i+1, 1<i<s—n—14r

=Y JImst+t+s5—1, s—n<1<s

Jm+1—i st+1<i<m+1
\

: -1 -r _—1
So you can see that, up to sign, 7., . 1, 17,0 Os (ny1-r) Subtracts 1 from
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J[s —n],...,J[s], and acts trivially on the other components of .J, which is

Yo, n acts on J. Recall that 7!, 4r—1,—1 18 an r-cycle. Skew-

exactly how o
symmetry then tells us that 7., 1,177,005 ni1-n) (Y))
= sgn(T L 1,1)0 t0an (V) = (1) oo n (YD) -

Lemma 5.1.17. Let J = (Jo, ..., Jm) € Z™ ! be such that j; < jip1 for all 0 < i <

m — 1, and such that there exists an s > 1 and t > 2 such that

Jmes +t+s—i—1, 1<i<s
Ji] =

Jm+1—is s+1<i<m+1

i'e'; (J) = (jOa e 7jm—s>jm—s +t— lajm—s + tajm—s +t+ 17 cee ajm—s +t+s— 2)
Further suppose that Yi - wg = 0 for all K € Z™" such that Yy < Y, . Then for
all1 <n <s,

Qn(H{',...,HZ)YJ-wo = Un(YJ> - Wo - (54)

In particular,
Qs(H{,...,HY; wy = 0s(Yy) - wp,
where o5(J) = (Jo, -y Jm—ss Jm—s Tty Jm-s +t+ 1, . s+t +s—1).
Proof. Let J € Z™"! be as in the statement of the lemma. Note that
m—+1
DY) = Y (mgrmi = (mA+1=0) + (s +t—m+5—1)s,
i=s+1
and for any 1 <n <s,
m—+1

ht(Yo, ) = Y (msr—i — (m+1=4)) + (s +t —m + s — 1)(n — s)
i=s+1
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:htYJ+n.

We proceed by induction on n. When n =1,

m—+1

Q1(HY)Y; - wo = H{Y; - wy = Z Yooy - wo + Yo ) - wo -
k=2

Note that when 2 < k < m + 1, then ht(Y

k

() = htY; +1 = ht(Y;, (). However,
Yo, (1] = jm-s +t+s—1and Y, (5[1] = jm—s + ¢+ s — 2. Hence Y;, () < Y5, (s) by
Definition 5.1.9. So Y;, (jy - wo = 0 for all 2 < k < m + 1. Hence Q1(H{)Y; - wo =
Yo ) - wo = Y5, () - Wo.

Now suppose n is such that 1 < n+ 1 < s and all + < n satisfy the lemma. By the

inductive hypothesis,

m+1

" " 14 "
HQnyr—(HY s HY )Yy -wo = HIY, ) wo = § Yoron 1 () - Wo -
k=1

for each 1 < r < n+ 1. Like in the base case, when n + 2 < k < m + 1 then
ht(7)ont1-+(Yy)) =ht(J) +n+1—r+r =ht(o,41(Y)). In this case, since r > 1,
thenn—7r+2 <n+1,s0 0,1 adds 1 to Jn —r+2], and we get 0,,11(J)[n+2—7r| =
Jm—s +t+s—n+r—2. Together, 770,1_, add 1 to the first n +1 — r components
of J and r to the k™ component of J. Since k > n + 2, 770,11, acts trivially on
Jn+2—=r]and 7011 ()N +2=7] = jns +Flt+s—n+r—3 < o1 (J)[n+2—r].
Furthermore, both ¢, and 0,1, add 1 to the first n + 1 — r components of J,

50 opi1(J)[i] = opp1-r(J)]i] for all 1 < i <n+1—r. Hence Y,

osr () 18 the greater
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element by Definition 5.1.9. So Yirs, ., () -wo=0foralln+2 <k <m+1 and

n+1
H;/QnJrl*T(Hilv i Hr/L/Jrl r)YJ cWo = ZYT,gUanr(J) " Wo -
k=1
Using Newton’s formula, we get
n+1
(n+ V)Quea (HY, . Hi )Yy -wo = (1) H!Y,, oy - wo
r=1
n+1 n+1

— ( r 1
- T On+1— r Wo -
r=1

Recall from Remark 5.1.14.5 that for 1 < r < n + 1, if you apply mp41,-1 to
T 10nt1—r(Yy), it is equal to (—1)""'o,11(Y)), where the (—1)""! accounts for the

minus signs coming from rearranging the Y;’s. So

(n + 1)Qn+1<Hil, .. H;L/+1>Y Wo

n+1 n n+1
= Z<_1)T_1 Z le:o—”ﬂLl*T(J) : wO + Z( )T 1Yn+1an+1 ’V‘(']) ’ wo
r=1 k=1 r=1
n+ n n+1
=D 0T Yooy wo+ Y (D)LY 0y - wo
r=1 k=1 r=1
n+1 n n+1
= Z(_ly_l Z YT;SUnH—r(J) " wo + Z Y0n+1(J) " Wo
r=1 k=1 r=1
n+1 n
=D Y Voo wo + (0 1)Yo, ) - wo -
r=1

To prove the result, it remains to show that

n+1

Z(_1>r—1 ZYT,:OWHJ—T(J) ~wp = 0. (55)
k=1

r=1
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To see more clearly what is going on, we will permute the components of Y.ro, ., (1)

so that the k" component is moved to the first position. To do this, we use the

operator my;_1, recalling that my, ;_; shifts the & component of J (when counting

from the right) to the right by k£ — 1 places. When doing so, we split the sums up into

1<k<n+1-—randk >n-+2—r. Doing so, we get

n+1

2

r=1

n+1

= Z(_l)r_l Z YT]:UnJrlfr(J) O Z(_l)r_l Z YT;’Q%H#(J) " Wo
r=1 k=1 r=1

r=1

(1" Yoo () - wo
k=1

n+1l—r n+1

k=n+2—r
n+l1—r n+1

(=)t Z Thk—1Y7on 11 r(J) * Wo + Z(—l)T_l Z Thk—1Y77on 1 r(J) * WO -
k=1 r=1

k=n+2—r

By Remark 5.1.14, when 1 < k <n+ 1 —r, then m p_ 17, 0ns+1-+(Y)

= (~1)k

(=1)

n+1

D

=1

r=

kflT{—k—l

Ont1-r0x(Yy), and when n + 2 —r < k, then 7y 17} 0p11-(Yy) =

Un+2_rak(YJ) . So

n+1 n+l—r

DY Yoo wo = > (F) o on(Ys) - wo
k=1

r=1 k=1
n+1 n

r=1 k=n+42—r

Switching the order of summation in the second sum, we get

n+1

S

r=1

n n+1n4+l—r
ZYTTU (J) - Wo = Z Z (=) on(Y) - w
LOn+1—r 1 n+1-—rCVE\LJ 0
k=1 r=1 k=1
n 1
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Next we change variables, replacing r by k¥’ and k by r’. (When the new variables are
named this way, it is clear that the two sums cancel.) If we let &’ =n + 2 — r in the

second sum, and then " = n + 1 — k in the second sum, we get

n+1

Z(_l)r_l Z YT;§Un+1—r(J) * Wo

r=1 k=1
n+1n+l—r n k

— Z Z (_1)r+k7{_kan+1—rak(yj) - W + Z(_1)n—k’+kT{L+1—k/_ko_klo_k(YJ) - W

r=1 k=1 k=1 k'=1

= Z Z (_1>T+k7—lr_ko'n+1—rgk(YJ) " Wo
+ Z Z (_1)W+k/+17—1_k/+r/0-k’0-n+1—7"(YJ) cwy=0.

[]

We may denote elements of the universal enveloping algebra as Y; :=Y -- Y, €
U(gl(1]1)) where J = (ji1,...,Jn) € Z". Lemma 5.1.18 shows that a similar pattern
holds when we start decreasing the entries of J. For ¢,n € Z>( such that ¢ > n define
recursively Q_,,(H",,...,H",) by Qo(H"{,...,H”;) =1 and
1 & .
Q_n(H",,....H") = ﬁz(_l) "H” Q_nry (H"y, ..., H" , )

r=1

In the following Lemma, we read the entries of the tuple J from right to left. For

example, if J = (1,2,3,4) then J[1] = 4.

Lemma 5.1.18. Let J = (Jo, ..., Jm) € Z™ be such that j; < jii1 for all



CHAPTER 5. THE LIE SUPERALGEBRA sl(1|]1)® A 87

0 <1< m—1, and such that there exists an 1 < s < m and t > 2 such that

Jmestt+s—i+1, 1<i<s
Ji] =
Jm41—is s+1<i<m+1
Further suppose that Y - wyg = 0 for all K € Z™* such that Yy > Yoo, o Then

foralll <n <s,

Q_o(H", ..., H" )Yy -wy=0,"0,,(Ys) wp . (5.6)

The proof of this is similar to the proof of Lemma 5.1.17. This lemma says that if
Y - wq is acted on by Q,(H”,,..., H”,), where n is an integer between 1 and s, then
1 is subtracted from the first n terms on the sequence, starting at the term Y 4,11.

The following example illustrates the lemma.

Example 5.1.19. Let J € Z° be such that j; < ji41 for all 1 <7 < m + 1, and there

exists t > 2 such that

et tts—it+l, 1<i<4
Ji] =
jm+1—i7 5 S Z S 9

Then J = (jo,j1, 2,03, Jasda +t+ Lja+t+2, s+t + 3,44+t +4) and YV, =

Yo Y3 Y5 Y3 Y5 Y1 Yjrt+2Yiu1e43Yj, 4444 and we have the following equalities
o Qa(H2)Y)wo = Y5 Y Vi Y3 Yi VY reroYiriasYjiwra - wo
i Q—2(HZ17 HZ2)YJ " Wo = onyjlYj2Yjan4Yj4+th4+t+1Yj4+t+3Yj4+t+4 + Wo

" 1 1 _
i Q—3(H—17 H—2a H—3)YJ " Wo = Y}oyjlYj2Yjsyj4Yj4+th4+t+1Y}4+t+2Yj4+t+4 * Wo
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" " 7 " _
i Q—4(H71> H727 H737 H74>YJ "Wo = onyjlszyjzyjaxYj4+th4+t+1Yj4+t+2Y}4+t+3 " Wo

Proof. Let J € Z™! be as in the statement of the lemma. Note that

m—+1

ht(YJ) = Z (,jerlfi — (m +1-— Z)) + (jmfs +t+s5— m)s,
i=s+1

and for any 1 <1 <s, ht(Y, -1, ;) = erj;il(jmﬂ_i —(m+1—10)+ (Jms +t+

s—=m)(s—1)+ (Jmos+t+s—m—1) =htY; —[.

We proceed by induction on n. When n =1,

s—1 m+1
Q_l(Hzl)YJ s Wy = HZIYJ Wy = ZK_;l(J) * Wo + K_;l(J) - Wo + Z K'lgl(‘]) s Wo -
k=1 k=s+1

Notice that ht(YTk_l(J)) = htY; —1=ht(Y, -1, ;). However, when 1 <k <s—1,

then 7, ' (J)[k+1] = (J)[k+1] = jp_s+t+s—kand 7, '(J)[k] = jm_s+t+s—k+1-1=
')k + 1]. So a factor of Y;? appears in Y -1, meaning Y -1, - wo = 0. And
when s +1 < k <m+ 1, then T,;l(JﬂS] = Jmes +t+ 1> s+t =00 1(J)s],
and 7, '(J)[i] = 07 o, 1(J)[i] for all 1 < i < s — 1. By Definition 5.1.9, Yoy >

Y, -1, () SO YTk_l(J) -wo = 0. Hence

Q-1(H" )Yy wo =Y 1wy = 0 0w (Vo) - wo -

Suppose n is such that 1 < n 4+ 1 < s and satisfies the lemma. By the inductive

hypothesis,

Hzr@n—i—l—r(H{/a BRI H”+1_7»)YJ Wy = H'Y - W

n —Tros Us—(n+1—7‘)(J)
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m+1

- Z K;r0;1057(7l+17r)(J) " Wo -
k=1

foreach 1 <r <n-+1.
Like in the base case, when s +1 < k <m + 1 then ht(7, "0, 05 (n11-r)(Yy)) =
ht(J) — (n + 1) = ht(0; 05— (ny41)(Yy)). Since k > s+ 1 and r > 1, then Y, -1 ;)[1] =

Jm—s +t+s—1 and YT_T Yoo, )[1] = Jm_s +t+s. Hence

Us_las—(n+l—r)(J)[1] Th
Y

—r 1
Th "o os—(n+1—T)(

is the greater element by Definition 5.1.9. So Y_ o

U —(n+1— 'r)( ).

wog=0forall s+1<k<m+1and

HZ.Q 1 (HZ oo H )Yy - w0 = Z 705 gy (1) WO -

Using Newton’s formula, we get

n+1
(n + 1)@—(n+1)(HZ17 ety Hz(n+1))YJ Wy = Z(_]‘)T_IHZTYO',(”JH,T)(J) * Wo (57)
r=1
n+1 s
. r—1
o Z(_1> Z K—k_ra's_lo's—(n-!—l—r)(']) ’ wo '
r=1 k=1

For each 1 <r <mn+ 1, let us consider the case when 1 <k <s— (n+1). The
operators o, ' oy (n41-r) together act trivially on the first s—(n+1—r) entries of J, when
reading from the right. Since 1 <k <s—(n+1),thenk <k+r <s—(n+1—r). So
0, 05— (n+1-r) acts trivially on J[k] and J[k +r|. Hence 7, "0, os_(ny1-n(J) [k + 7] =
(NE+71] = jms+t+s—k—r+1and 7,70, o5 (ny1-n(J)[k] = J[k] —r =

Jmes +t+s—k-+1—r. So a factor of Y?> appears in Y_1 meaning

1 Th 0;105—(n+1—7)(J)’
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Y -1 (7) - Wo = 0. This reduces equation (5.7) to

T Os Os—(n+1-7)

(TL + 1)Q—(TL+1)<HZIJ s 7Hz(n+l)>YJ * Wo

n+1 s
_ E _1\r—1 § X
- ( 1) }/7-];7«0'571‘757(714»177‘)(‘]) Wo-
r=1 k=s—n
n+1 n+1
_ r 1 X
- Z Z }/T US gs (n+1— r) ) w(] +Z Ys na's 09 (n+1— r)(-]) wo
r=1 k=s—n+1
n+1 n+1
o r—1 r—1__—1 —1
- § (_1) § : K‘;TJ;1057<H+1,T)(J) " wo + E :(_]‘> Ts—nr—19s O-S—N(YJ) "W
r=1 k=s—n+1 r=1
n+1 n+1
— r—1 r—1_—1
- E : z : T, o5 log (nt1—r(J) s Wo + E (_1> (_1) Os Usfn(YJ) * Wy
r=1 k=s—n-+1 r=1
n+1 s
_ _1\r—1 . —1 .
= E (—1) E YTI;TJ;lUr(nHiT)(J) wo+ (n+ 1o, o n(Yy) - wp .
r=1 k=s—n-+1

To prove the lemma, it remains to show that

n+1 s

r—1 _
Z(_l) Z Y;];T‘Tsilo'sf(nJrlfr)(J) " Wo = 0 ’ (58)
r=1 k=s—n—+1

To see more clearly what is going on, we will permute the components of
YTk "o 0y i1y (7) 5O that the k™ component is moved to the first position. To do

this, we use the operator 7 j_1, recalling that 7 ;_; shifts the k" component of J

(when counting from the right) to the right by k& — 1 places. So we have

n+1
Z Z Tk Jé Us (n+1— 1")( ) - Wo
r=1 k=s—n+1

- Z(_l)r_l Z ﬂ-k,k—lTk_To-s_lO-sf(?%Hfr) (YJ> + Wo

r=1 k=s—n+1
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By Remark 5.1.15, when s —n +r < k < s, then Wk,k_lTl;Taglas_nH_lYJ =

(- lotop 106 pir 1Ty

=k=ly, And when s —n+1<k<s—n— 14 r, then
7Tk7k_1T]€_TU;10-S_(n+1_T)YJ = (—1)kilngakas_(n+1_r)TfT_kYJ. Splitting the sum into

two, we get

n+1 s
§ : r—1 § :
(_1> Yrk_ro's_lo'sf(n+177')(‘]) " Wo
r=1 k=s—n-+1
n s
—1 —r _—1
= E (_1)T E Tk k1T Og Usf(n+1fr)(YJ)'w0
r=1 k=s—n+r
n+1 s—n+r—1
-1 —r _—1
Y DT DT Tk 07 o1 (Y)) - wo
r=2 k=s—n-+1

n s

D D N Bt T R
r=1 k=s—n-+r
n+1 s—n—1+r

LD D DI C il Ce A OB

r=2 k=s—n+1

Switch the order of summation in the second sum to get

n+1 s
§ r—1 2
( 1) K';Tg.s_la's—(n+1—r)(‘]) Wo
r=1 k=s—n-+1
n s
r+k __—1 —r—k—1
= E E (=)o, 0kOs_pirTy (Yy) - wo
r=1 k=s—n+r

n+1

=YY UM e (YY) g

k=s—n+1r=—s+n+1+k

Next we change variables, replacing by &’ and k by r’. (When the new variables are
named this way, it is clear that the two sums cancel.) If we let ¥ =r+s—n—1in

the second sum, and then ' = k — s + n in the second sum, we get
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n+1 s
r—1
Z< 1) Z }/7_];7'0-5710'57(71+177‘)(J) Wo
r=1 k=s—n+1
r+k —r—k—1
= E E 0, 0RO Ty (Y7) - wo
r=1 k=s—n+r
1+k 1-k'—k
+ E E BT Ste o WY (Yy) - wp
k=s—n+1k'=
_ E E T+k -1
J ngs n+r7_1 (YJ) Y
r=1 k=s—n+r

'r—i—k’ 1 —1 —r'—k'—1 _
+ E E Os—ntr' Ok Ty (Yj) ~wy = 0.

r’'=1k'=s— n+r’

Hence equation (5.8) holds. O

Proof of Proposition 5.1.5

Let M be the infinite matrix M := [c; 4], ;o and for [ = (i1, ..., 4n), J = (ji, ..., Jn) €
7", let M ; be the matrix M; ; = [cisﬂ.l} . Note that det M; ; is an n x n

minor of M.

Proposition 5.1.20. Denote z := h' + h” so that Z). - wy = cywy. Then forn > 1

and for all T = (i1, ...,in),J = (j1,---,Jn) € Z",

X]YJU)O = (— 1) n(nz—l)

In particular, X;Yywo = 0 if and only if det My ; = 0.
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Proof. First note that XY = —Y X + [X,Y]. Hence, the Leibniz rule gives
[X7y1y2...Yk]:(—1)kY1Y2 YkX+Z Y Y[ XYY Y
for all £ > 1. We will proceed by induction. When n = 1, then
X Yw=Y; X;w+[X,;,,Y,|Jw=2Z,4,w=cjtjw= (—1)%1(1_1) det [¢i 44, w .

Now suppose the result holds for some n > 1. Let 41, ...,%,41; 71, -+, Jn+1 € Z. Then

Xiy oo Xy Xy 1 Yoo Y5, Y w0
n+1

=Y (DX XYY (X Vi Y
nt1

_ Z(—l)s_lXil X Y Y T Y Y

s=1
n+1

= 2:(—1)571)(241 e XY }//J\ Y, Zi.... wy (since Z is central)

In+1“tn41+4j5s

s=1
n+1
_E s—1 . X Y Y Y
- (_1) Cln+1+j5XZ1 XZvLY?l }/;s Y]n+lw0
s=1
n+1
_ s—1 In(n-1) : : :
= E (1) ey, (—1)2 |Cixtj,lk=1,..ni=1,.5.nt1Wo (by the inductive hypothesis)
s=1
n+1
_ E s—14+in(n—1)4+2n+2 )
- (_1) 2 cin+1+js Clk+jl|k:1 ..... nl=1,..., §,...n+1w0
s=1
n+1
1
= (1)) 3 e o )
- (_1)2 (_1) Cln+1+]‘s Clk+]l|k=1 ,,,,, nl=1,...,3,..n+1W0 -
s=1

Ty Tl b= Ly Syeee

moving the (n + 1)™ row and the s'" column, by using the Laplace expansion, we
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get

Xi X, X

7;n+1

Y .. Y Y Wo = (_1>%n(n+1) det [Cik-i-jz]

g1t Jn 4t Jnt1 Wo -

k,l=1,....n—1

Proof of Proposition 5.1.6

Proposition 5.1.6, appearing below as Proposition 5.1.21, describes the relationship
between the rank of the matrix M = [c;1;]; jez and the recurrence relation on the

sequence ¢ = (¢, )nez. This subsection restates the proposition and provides a proof.

Proposition 5.1.21. Let m € Zso and consider the sequence ¢ = (¢p)nez. Then
rank M < m if and only if the sequence c satisfies an order m linear recurrence
relation with constant coefficients. In particular, the recurrence relation of least degree

satisfied by the sequence ¢ has minimal polynomial p(t) where degp(t) = rank M.

Proof. Suppose rank M = k < m. Then there exists a non-zero k x k minor of M, say

Cji Cio to Ciy,

Cj1+k—1 Cjotk—1 *°° Cjptk—1

and any (k4 1) x (k + 1) minor of M is zero. Hence for any n € Z,
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Cn Cj Cja T Cii,
Cnt+1 Cji+1 Cio+1 "0 Cjip4l
0=
Cntk Cj+k Ci+k ~°° Citk

By using Laplace expansion on the first column, we get

Cn Cj Cjy T Ci,
Cnt+1 Cj+1 Cj+1 " Gyl
0= = E Cn+z‘Ci+1,1,
Cntk  Cjit+k Ciotk ~°° Chi+k

where (s, is the cofactor obtained by deleting row s and column ¢. Hence

0= ZZ o Cn+iCit1,1 Is equivalent to

k—1
- C’L+1 1
Cn+k = — E Cn+i = E QiCpti,

Crs11
o \Ck+11

where «; € C and do not depend on n. Consider the matrix

Cn Cji Cio e Ciy,

Cnt+1 Ci+1 Cj+1 " Cip+l

| Cntk Gtk Cjatk """ Cjptk |
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Since Ciy11 # 0, then the vectors

Ci G+l Cirtk—2 Cjitk—1
Cja Cja+1 Cjotk—2 Cip+k—1

Y AR 9 (59)
| Cie | L Cint1 | Cinth—2] | Cithk—1

are linearly independent. Now suppose the ¢;’s satisfy a recurrence relation of order less
than k. i.e., Suppose there exist 8; € C not all zero such that ¢, x_1 = Zf;f BiCnvi

for all n € Z. Then

i Cj1+1 Cjr+k—2 Cjy+k—1
C; Ci Cj _ C; _
J2 J2+1 Jot+k—2 jot+k—1
Bo + 5 ot B2 - =0
_Cjk_ _Cjk+1_ _Cjk+k—2_ _Cjk+k—1_

which contradicts the linear independence of the vectors in (5.9). Hence, the sequence
c satisfies a degree k£ homogeneous linear recurrence relation with constant coefficients
and does not satisfy a homogeneous linear recurrence relation of lesser order.

Now suppose Crim = Q1Ckim-1 + Q2Ckim—_2 + -+ - e, for all & > 0. Recall that
My = [Ciyjlies jes Where I,J € Z™. Let M be the infinite matrix M := [¢;y;]ijez.

Then det My ; is an (m + 1) x (m + 1) minor of M. Let v, be the [** column of M.
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Since Cpim = QmCk + Qup_1Cki1 + +++ + Q2Clim—2 + Q1Cxrm—_1, then for all £ > 0

Cm+k Ck Ck+1 Cmtk—2 Cm4k—1
Cmtk+1 Ck+1 Cr+2 Cm+k—1 Cr+k
Um+k = = 0, + Q-1 + -t s + o
Crn4-k+2 Ck42 Ck+3 Crm+k Crm4-k+1

= QU + Q1 Vg1 + -+ QUi k—2 + Q1 Upgk—1 -

In particular, v,, = vy + Q11 + - -+ + QU9 + @1V, 1. If we assume that there
exists an L > 0, such that for all 0 <! < L there exist 5,9, 511, -, Bim—1 such that

U1 = Brovo + v + - -+ + Bim—1Um—1, then

UmtL+1 = QUL+l + Qp—1Vp42 + - + QoUpy -1 + QUL
= 0 (Brem—1,000 + Bram—1101 + - + Brtm—1,m—1VUm—1)
+ -+ a1(Brovo + Privi + -+ Brm—1Vm—1)

€ span{vg, V1, ..., Vm_1} -

Hence v; € span{vg, v1,...,v,_1}. Moreover, if {vg,v1,..., 0,1} were not linearly
independent, then we would have a k-degree linear recurrence relation on the ¢;’s, which
is not what we assumed. So dimspan{vg,vy,..., 0,1} = m, and we can find vectors

Vjos Vjys - - -, Uj,,, such that they are linearly dependent. Now let i := (g, 41, ..., %,,) and
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define
( B T )
( r ] \ ]
C
Cl+1
Cl4+1
Cr =R v := 1€ Z>o p,Crmi= 0= | s | Il € Zxo
Ci4+2
) . c
\ L“t+m )
Define the linear map
Cs Cerz'O
Cs—i—l Cs+i1
Cs+2 = Cs—l—ig
L : i _CS"‘inL_
Since the set {vj,,v;,,...,v;, } is linearly dependent in Cy then the vectors in the
image
( [ 7] B 7] B T )
Cjo+io Cj1+io Cim+io
Jo+11 J1+1 Jm+1
{éi(vjo)uq)i((uﬁ)?'--vq)i(vjm)} = ) y ) go ooy
[ [Cotim | | Cirtim ] | Cimtim |

are linearly dependent. These are precisely the columns of M,,;, hence det M; ; =0

and rankM < m. O
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Proof of Proposition 5.1.7

Proposition 5.1.7, restated below as Proposition 5.1.22, gives the dimension of each
Z-graded component of W (A, m). The proof is found after the statement and a basis

of W(A,m) can be found in the proof.

Proposition 5.1.22. The module W (A, m) is finite-dimensional. In particular
dim W (A, m) = 2™ and dim W (A, m)™ = () when 0 < k < m.

Proof. First we prove that W(A,m) is finite-dimensional. Let n > m. First we
claim that Y, - wy € span{Yy - wo,..., Y1 - wo}. Indeed, by Proposition 5.1.4,
Yo-- Y 1Y, -wo = 0. Then, by Lemma 5.1.25, for all ig,...,%0, 1 € Z

0=Yo Vouoa Vo wp = Xiy o+ Xig¥o o+ Vo1 ¥y - 0

ik m(m+1)
= Z(—l) 2 M det ([c1,44]seser\iny) Ya - wo

o (det[cz‘s+t]seS,teT\{n}> Yo - wo,

where S :={0,...,m —1} and T := {0,...,m — 1,n}. Since W(A,m) is a highest
weight module, then each weight space W (A, m)™*, where 0 < k < m, is spanned by
Y Y cwol i, gk €2 ={Y), - Y cwo | ji, - Jk € 2,0 < gy i Sm—

1}. Hence dim W (c,m)™ 2% < co. Since suppW (A, m) < oo, then dim W (A, m) < oo

Next, we prove that dim W (A, m) = 2™ . By Lemma 5.1.26, every
Y- wo =Y, Y, Y, wg € W(A, m)™" is a linear combination of elements in
By =A{Y} - Yw|0<j1 <---<jp,<m—1}. When k > m+ 1, then B_;, = 0.

We take By := {wp}. When 0 < k < m, then |B_;| = (’Z) It remains to show that
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the set B_j is linearly independent for each 0 < k < m.
We can write the set B_; in the following way, which will allow us to prove linear

.Y

independence. For I = (i1,...,i,) € Z", let Y] := - Fix 0 <1 < m.

i1
Let K C {0,1,...,m — 1} such that |K| = 1. Let Ix = (i1,...,im_) € Z™ " be
such that 0 < iy < -+ < 4,y < m—1 and iy ¢ K for all s. Then we can write
B_om-ty ={Yr, -wo| K €{0,1,...,m —1}, |[K| =}.

Since B_,, = {Yy -+ Y;,_1wo}, this set is clearly linearly independent. Suppose the set
B_ (-1 is linearly independent for some [ > 0. Let u := ), A Y7, - wo = 0, where
the sum is over all possible subsets K C {0,1,...,m — 1} of size [ and A\x € C. For
each such K, let Jx = (j1, ..., jm-1) € Z™ ' be such that j; < -+ < j,,; and j, ¢ K
for all s. Then

0=V -u=AgYy Yp - wo = (=1)*AgYoYi - Y1 - wp .

Since Yy - - - Y,,,—1wy is a basis vector of W(A, m)™"™ and we assumed that W (A, m) # 0,

then Ax = 0. Hence the set B_(,,_; is linearly independent. O

Example 5.1.23. The weight diagram of W (A, 3) is illustrated in Figure 5.1. There
are four weight spaces. Each weight space is represented by a column of nodes,
which are the basis vectors of the weight space. The arrows show how the elements
of U(g ® A) act on the weight spaces; X,, acts by moving a vector in W (A, m)’ to
W (A, m)™, Y, acts by moving a vector in W(A,m)" to W(A,m)""!, and Z, acts by
scalar multiplication by ¢,. Note that Y, - (YoY1Yowy) = 0 and X, - wy = 0 for all

n € 7.

Corollary 5.1.24. Let By := {wo} and for 1 < k < m, the set B_y is a basis for
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/n\f)zn

[ ]
YoYiwo Yowo
[ ] [ ] [ ] [ ]
YoY1Yowg YoYowq Yiw Wo
[ ] [ ]
Y1 Yowg Yowy
X
W(A,3)3 W(A,3)~2 W(A,3)! W(A,3)°

Figure 5.1: Weight diagram of W (A, 3)

W(m,A)™". Furthermore, when the rank of [cii;)ijez is k < m, then (Y @ t™ *p(t)) -
wo = 0, where p(t) is the minimal characteristic polynomial of the recurrence relation
from Proposition 5.1.6. This is equivalent to saying that if g - wy € W (m, \), then
there exists a unique gy € g ® (A/(tm_kp(t))> = g® <C[t]/(tm_kp(t))> such that
g-Wo = 4go W -

Proof. The first assertion follows directly from the proof of Proposition 5.1.7. Since
Yy - wo € W(m,A)™!, then Y, - wg € span{Yjwy |0 < j <m —1 }. ie., there exist
Aj € C, not all 0, such that Y, - wy = Z;.":_Ol ;Y - wy. If we act by X, for any n € Z,

we get
m—1
CnmWo = ( E Ajcn—‘rj) Wy -
j=0

Since we assume W (m, A) # 0, then wy # 0 and so

m—1
Cntm = Z )\jcn+j . (510)
7=0
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By Proposition 5.1.6 there is a degree £ < m linear recurrence relation on the ¢;’s
with characteristic polynomial p(t) = t* — Z;:é ;7. So we can write ¢pypy, =
Z?Zl QjCpim—j. Comparing to equation (5.10), we deduce that \; = aj_p,4; for

m—k <j<m-—1, and \; = 0 otherwise. So

m—1

(Y @t") - wy = Z Wpemii (Y @) - wyp

j=m—k
This is the same as (Y ® t™*p(t)) - wo =0 . O

Lemma 5.1.25. Let m > 1. Let S :={0,...,m — 1}, T :={0,...,m},
I:=(ig,. . im1) €EZ™, and J := (Jo, ..., jm) € Z™ . Then

m

m(m+1)
X]YJ Wy = Z(-l) 2 +k det ([Cis+_jt]ses,t€T\{k}) Y;k s Wo -
k=0

Proof. We proceed by induction. Let z := [z,y] = I + h” € Z(g). Also note that
[z, y] = zy + yz, since x,y € g7. In the case when m = 1, we have

X Y Y; Wo = —onXz‘on1w0 + [X Y. ]lewo

04 jot g1 205 * Jo
= _Y}o [X Y ]wO + YjOYJiXiow + Zio-i-joYJin

i0s L J1

= (—=1)" g4, YViowo + (—1)F g0 Yy wo.

Let m — 1 > 1 and suppose that for all I’ := (ig, ..., 4, o) € Z™ ! and
J = oy Jmo1) EZ™

m—1

m(m+1)
XpYp-wo =Y (1) = det ([ci,45.]sesmerviny) Vi, - wo (5.11)
k=0
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where S :={0,...,m —2} and T :={0,...,m — 1}. Let I = (ig,...,4m—1) € Z™ and

J = (Jo,--+,Jm) € Z™. Then

X]Y] Wy = X]/Xim_1YJ * Wo

Y- Y, - wo

Im

(1) XpY;, (X,

NE

m—17

~
Il
o

—

(_1>IXI/Y}O T }/}l o 'Y}mZim—1+jz - wo since Zig-1+i1 € Z(g ® A) for all [ >0

NE

~
Il
=)

—~

(=1) iy XY - Yy Yo

NE

~
Il
o

Since for all k > 0 XpYj ---Y, ---Y, - wp is of the form the left side of equation

(5.11), by the induction

—

Cimpor i X1 Yo o Y - Y - wo
“ (m+1)
m(m-+
_ } : mlmtl) 1
= Cipy1+5 (1) det ([Cis-i-jt]seS,teT\{k,l}) Y, - wo.

k=0
k£l
So

(=1)' iy X Yo o Y+ Y g

NE

XYy -wy =

=0

I—

—

m(m+1)
Cipp_y4jy (1) 2 T det ([Cisﬂt]seS,teT\{k,l}) Y, - wo

gk
NERING

1) R L ot (I

Cim_1+jl(_ ) Ci5+jt]seS,t€T\{l,k}> Y, - wo .

NE

N
I
o

k=I+1
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Since these are two finite sums, we may switch the order of summation. So

m—1 m
(m—1)m
_ molm 4 g
X[ Yyowo =YY Cipyii(=1) 2 det ([ci, g )sesuerriy) Yii - wo
k=0 l=k+1

kol

—_

S e

Cipp_1+5(—1) Cistje)sester\{Lk}) Vi * Wo

_|_
1M

l

m— (m—=1)m m m
(D)™ =02 Y~ ey, det ([ Jseseergeay) Y - wo
I=k+1

k—1
m (m—1)m m
(D)™(=1)"2 Y e ()™ det ([ )sessen i) Vi, - wo
=0

Il
o

-1

3

(= 11

+
i

1

m(m+1)
(1) z " det ([ci,4j) sesufin 1 iem\ix}) Yin - Wo,

I
NE

£
I
<)

where the last equality is obtained by expanding the determinant of the matrix

[Cierjt]sesu{im,l},teT\{k} along the m'™ row. ]

Lemma 5.1.26. Let 1 > 2 and m > [.
Let Y;Swo = )\S,OYE]U)O + )\s,l}/lwo +oe 4+ )\s,mflymflwo fO’I" § = 07 17 sy M= 1. Let M
denote the m X m matrix

M = uglii2

kv]:O ’

Let K = (ko,..., k1), where 0 < ko < ky < -+ < ki1 < m, and let J =
(Jos .-y Jic1) where 0 < jo < j1 < -+ < jio1 < m — 1. Let det (Mg, ) denote
the | x I minor of M indexed by rows ki, ko,...,k and columns ji,72,...,7 are
deleted. For J € Jy={J = (Jo,---,J1-1) |0 < jo < j1 < -+ < jJis1 <m— 1}, let

Y; =Y, Y, Y, . Then for all iy,i1,...,5_1 € Z>o,

Yi i - Yo w =Y det(; M ;)Y,wo

JeJ
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where K = (0,1,...,1—1).

Proof. We use induction on /. The case when [ = 2 is as follows: Consider y; w for
s=0,1and M = [)\k]],” —o- Let det(3Mf ;) denote the 2 x 2 minor of M indexed by

K ={0,1} and J = {jo, j1}. Let ip,i; € Z>o. Then

m—1 m—1 m—1
}/;,0 ’L1 == Zo § )\1 n1Yn1w = - E Al,nlynl}{iowo = - § § )\O,n())\l,nlYnlYnowO
n1=0mno=0

n1=0 n1=0
m—1 m—1
= E E )\O,no)\l,nlynoynle .

n1=0mno=0

Now we change variables so that in the sum above all the terms are in the order
Yoy w where 0 < jo < ji1 < m — 1. We split the sum into two parts: ny < n; and

ng > Ny. Then

m—1ny1—1 m—2 m-—1
ifioyélw = E E )\O,no/\l,nl YnOYnle + E E )\O,no)\l,nl YnOYnl Wo
n1=0no=0 n1=0nog=n1+1

m—1ny1—1

m—2 m—1
- Z Z >\07no/\1,n1Yn0Yn1w0 - Z Z )\0,n0>\17n1Yn1Yn0w0 .

n1=1ng=0 n1=0ng=n1+1

In the first sum, let jo = ng, j1 = n; and in the second sum, let j, = n; and j; = nyg.

Then
m—171—1 m—2 m—1
Y;oYllw_ E : E :)\0,]0)\1,31 Jo Jl E : E : )‘07]1)‘17]0 Jo Jl
Jj1=1370=0 Jo=0ji1=jo+1

In the second sum, changing the order of summation gives

m—171—1 m—1j1—1

Y Yiw = Z Z A0,jo A1, Yo Y w Z Z 0,51 ALjo Yo Y, W

Jj1=170=0 j1=1jo=0
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m—171—1

= > oo — Ao Age) Vi Vi wo
Ji1=1jo=0

= Z det (QMJ’K) YJwO .
JeJ2,K=(0,1)

Now assume this holds for some [ > 2. Let K =(0,1,...,l — 1) and K’ = (0,1,...,1).

Let io, il, PN ,il S Zzo. Then

Y, Vi, - Y,

1—1

}/i w = (—1)l}/;‘l}/io i1 " Yil—lwo

0

= (-1, Z det ;M k) Yywo (by induction)

JeJ

= Z det (lM(LK) YJ}/Z'Z/LUO .
JeJ

By the first part of the proof of Proposition 5.1.7 Y;wy = Z;n;Ol A ;Yjwo for some
/\l,j S C. SO

m—1

Y5 Yiy Y Yawo = Y Y Miydet (M) YsYwo -
Jed; j=0
To obtain the ({4-1)x (I+1) minor det(;41 Mg ), from det (;M; k), we need to use rows
0,1,...,0 and columns jj, ji, ..., j; from the matrix M, where J' = (j},j1,...,J]) €
Ji+1. Each [-tuple J can be made into an (I + 1)-tuple by adjoining one more element.

Since in this context all elements in an (I + 1)-tuple are distinct, there are m — I

elements to choose from. Moreover, there are (T) many [-tuples, which gives a total of

(T) (m—1) distinct pairs (J, j;) such that J = (jo, j1,...,51-1) € J;, 0 < 5, < m—1, and

m

g1 # gifori=0,1,...,0—1. In other words, there are (l

)(m — 1) many distinct terms

det(; Mk, j/) A\ j,yw, where J' € Jiiq; or (";) (m — [) many distinct pairs (J, j;) such
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that (jo,j1,---,ic1)=J € Jjand 0 < jy<m—1and j # j, fort =0,1,...,1— 1.

Moreover, each (I + 1)-tuple can be formed in this way from [+ 1 distinct [-tuples. (i.e.,

the (14 1)-tuple (jg, 71, - - -, J;) can be formed from (j(, . . . ,f;, ..., Jj) where 0 < s <1).

Consider the set {.J, 5} = {Jjo, J1,-- -, 71}, which comes from the pair (J, j;). When we

look at all of the sets {jo, ..., ji-1, 7} which come from all ("})(m — I) distinct pairs
1

(J,51), then we get (") (m — Z)H—l = (lTl) distinct sets. There are exactly (1T1) many

distinct (I + 1)-tuples. Hence the sum
m—1
Z Z )\l,j det (lMJ,K) YJY;"UJ
Jedy j=0

can be rewritten as
!

Do Dodet (M g ) MY VeV

J/6J1+1 s=0

777777

m—1
=2 (—1)FDHEFD N, det (ZMK,J)> Y;Yjw
JeJ; \5i=0
= det (l+1MK7(]) YJ/U}
JIEr]lJrl

]

In Proposition 4.1 of [CFR21|, Calixto, Futorny, and Rocha show that for a basic
classical Lie superalgebra g such that gy is semisimple, the annihilator AnnsV of a

simple bounded weight ¢ ® A-module V is radical. An irreducible Weyl module of
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gl(1]1) ® C[t,t '] is an example of such a module. In the following proposition, we

explicitly write the annihilator of the loop Weyl module.

Corollary 5.1.27. Let g = sl(1]1) ® A and let W (A, m) be a non-zero simple Weyl
module. Then Ann,W (A, m) = (p(t)), where p(t) is the characteristic equation of the

recurrence relation on ¢ = {¢; }icz.

Proof. Let wy be the generator of W (A, m). We first show that Anncy 11wy = (p(t)).
Recall that (n™ ® A) - wy = 0. Furthermore, since p(t) is the characteristic polynomial
of the recurrence relation ¢y, = Q1Ck m—1 + ¥2Ckim_2 + -+ - + apcg for all k € Z,
then p(t) =™ — > 7" a;t™ ". Recall from Definition 5.1.1 that z ® t" - wy = ¢, wy for

any n € Z. So for any k € Z,

78 tkp(t) ‘wy =2 ® (tm+k o Z aitm+ki> W

i=1
m

:Z®tm+k_w0_zai (Z®tm+k—i.w0)

=1

= (Cmk — (Q1Cmpj—1 + Q2Cmqh—2 + -+ + Qi) - wo = 0.

Then for any ¢(t) = >, Bkt* € A,

(Z@qt)p(t)) - wo = (2@ (Z M) (7 = oyt — agt™ 2 . — ) -

= (Z ® (Z 5ktk> (" —apt™ ! —apt™ = — am)) " Wo
k

= Bu(z@t*p(t)) -wo =0

Finally, suppose (Y & p(t)) - wg # 0. Since W(A, m) is simple, then there exists
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n € Z such that (X @ t")(Y ® p(t)) - wg = cwy for some ¢ € C*. Fix such an n. Then
(X @t")(Y @p(t) - wo = (=YX + [X,Y]) @ t"p(t)) - wo = (Z @1"p(t)) - wo =0 .

This contradicts the fact that W(A,m) is simple. Hence (Y ® p(t)) - wy = 0, and
p(t) C Ann(C[t,t—l}wo
Now let ¢(t) :== >, it" € Anngyy-1jwy, where (3, # 0. Then

0= (Z®4q(t)) wo= (Boco+ Bici + -+ Bncy) - wo -

—bo A Bn-1

This gives us the recurrence relation ¢, = Cop— —C — " —

B, ° " B, B, "

W £ 0, by part 1. of Theorem 5.1.2, there exists a degree m recurrence relation on

Since

the ¢;’s. Son > m and q(t) € (p(t)). Hence (p(t)) = Anngy,-1jwo -

Since W is a weight module, every non-zero element of W (A, m) can be written as a
sum of homogeneous elements. Each such homogeneous element can be written as a
linear combination of the basis vectors of its corresponding weight space, which are of

the form (Y @ t9°)(Y @ t71) - - - (Y @ t/") - wy where j,. .., j, € Z. We can see that

(X @p)(Y @t°) (Y @) (Y @) - w

m—1
:(X(X)tm)(Y@tjl)"'(Y@tj" . Zal X®tz Y®tj1)"'(Y®tj">'wo

1=

n —1

=) (-1 (Y o (X, Y5 )Y o w = ZazYm (XYY, -wo>
s=0

:Z(_l)s (yjo...y}s...y}nzmﬂs ) — Zaiyjo...yjs Y, Zitj, - w >
s=0 i=0
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n m—1

=) (=1 <Cm+js - Oéicm's) YooY Y Zinyj, - wo =0

s=0 =0

Furthermore, (Y @p(t))(Y @ t°)(Y @t/) - (Y @t/") -wy = (Y @) (Y @) - (Y ®
) (Y @ p(t)) - wo = 0, as shown above. Finally, since Z € Z(g), then (Z @ p(t))(Y ®
)Y @t) - (Y @t) -wy =0 .

Reducibility and Submodules of W (A, m)

This subsection discusses the reducibility of the sl(1|1) ® A-module W (A, m). When
W (A, m) is reducible we find all of its nontrivial submodules.

Let M = [¢i4j]ijez and ¢ = {¢; |1 € Z}. By Proposition 5.1.6, there is a k& < m such
that c satisfies a linear recurrence relation of degree k and does not satisfy any linear
recurrence relations of lesser degree. Let p(t) be the minimal characteristic polynomial

of this recurrence relation.

Proposition 5.1.28. Suppose that the sequence c associated to the module W (A, m)
satisfies an order k < m linear recurrence relation with constant coefficients, and does
not satisfy any linear recurrence relations of lesser degree. Then W (A, m) is simple if

and only if k = m. If k < m, then W(A,m) has the following filtration:
0=Wypr CWh_p1C---CW CWy= W(A,m)

7

where W7m+1 =~ ("YW (A, k) [—i].

Proof. Let s :m — k and let I C [s] ={1,...,s}. Label the highest weight vector as
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ws) = wo and for nonempty subsets I C [s] let

wre = [[(Y @ ¢7"p(t)) - wo € W(A,m)" ",
iel

Since [z @ ',y @ ] = 2 @ ' and Z ® "7 is in the centre of U(sl(1|1) ® A) and
(Z®@p(t))-we =0, then it is clear that (n™ ® A) - wye = 0 for all such sets I. We only
consider vectors made up by elements of the form Y ® t"p(t) where n < s — 1, since
by Corollary 5.1.24 we are working with the algebra g ® (C[t]/(tsp(t)))'
Suppose k < m. By Proposition 5.1.6 and since degp(t) = k, then
wre € spanB_j ={Y;, Y, cwo |0 < jy < <y <m—1 1}
ie., 0% wr € W(m,A)~Hl. Hence each subset of I produces a unique singular vector
in W(m, A)~ which generates a nontrivial submodule of W (m, A).
Proposition 5.1.4 states that W (A, m)~™*Y = 0. Hence if w;c € W(A,m) 1! then
YoYi -+ Yi_p-wpe € W(A, m)~") = 0. Therefore w;. generates a unique sl(1|1)® A
module Xy =2 W (A, m —|I|)[—|I|]. There are ("T;'k) such submodules. Furthermore,
if I,J C [s], then Xre N Xje = Xpenge = W (A, m —|IUJ|)[—|I U J|] by construction.
To show that these are the only non-trivial submodules, suppose there is a non-zero
vector v = [[ (Y ®q(t)) - wo € W(m, A)~" for some 1 <1 < m, where v is written in
terms of basis vectors B_;, such that (n™ ® A)-v = 0. Then each ¢(t) is a characteristic
polynomial for a recursion satisfied by c, so p(t) divides ¢(t). Hence v is a linear
combination of vectors of the form wy. for some I C [s] of size .

Now suppose k = m. For the sake of contradiction, assume that W (A, m) is not

simple. Then there exists a non-zero vector v € W (A, m)~! for some 1 <1 < m such
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that (nt ® A) - v = 0. By Corollary 5.1.24, v is of the form

l

o =TI ®a(®) - w.

i=1
where Y ® ¢;(t) is a non-zero linear combination of vectors in the set
{Yot|0<j<m-—1}. ie, degg(t) <m —1. Since (n" ® A) - v = 0, then the
sequence c satisfies each polynomial ¢;(¢) implying that degq;(t) > m, which is a
contradiction. Hence W (A, m) is simple.
In the other direction, we know that rankM < m by Lemma 5.1.6. By above W (A, m)

is simple only if rankM = m. O]

Remark 5.1.29. By Proposition 5.1.28, W; = C™* @ W(A, m — 1)[—1] is a proper
submodule of W(A, m). In the proof of Proposition 5.1.28, we explicitly wrote down
m — k linearly independent singular vectors of degree -1 which generate W;. These

vectors were Wy,—gp\ i} = (Y ® t'"'p(t)) - wo where i € [m — k]. Let
Km-wpgiy = Ulg® A) - w

be the U(g ® A)-submodule of W (A, m) generated by wpm,—i fi3- Then

m—k
Wy = Z Xim—k)\{i} -
=1

Now consider the set B = {Y @ " 'p(t)|1 < i < m—k} C Ulg® A). The
linear independence of B follows from the linear independence of the polynomials

{ti=1p(t) |1 <i < m — k}. Hence spancB = C™* as vector spaces. With this choice



CHAPTER 5. THE LIE SUPERALGEBRA sl(1|]1)® A 113

of basis for C"™*,

W; = N (C™ )@ W(A,m —1i)[—1] .

Furthermore, if I, J C [m — k] then this choice of basis allows us to see that X; N X; =
X1ns and we may construct a lattice of submodules of W (A, m). This is illustrated in

the following example.

Example 5.1.30. Consider the Weyl module W (A, 5), where rank[c;i ;i jez = 2.
Then W (A, 5) has the following submodules:

X17273 = W(A, 5)

Figure 5.2: Lattice of submodules of W (A, 5), when rank|c;;;]; jez = 2.
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5.2 7 x Z graded modules of the loop algebra
sl(1]1) @ Clt, t 7]

Let g = sl(1|1) with the standard basis {z,y, z} so that
[z,y] = 2z, and [z, z] = [y,y] = 0.
The Lie superalgebra g has a triangular decomposition
g=n" ohdnT,yen ,z€hrecn’.

Recall that for any Lie superalgebra [, the loop Lie superalgebra is defined as
[ =I[®C[t,t™']. The decomposition (2.1) also applies to Lie superalgebras, and defines

a decomposition of the loop algebra g given by

«l
I
i
D
=
S
3]
+

Note that this gradation is compatible with the Lie bracket, so g is well-defined as a
7, x Z-graded algebra. We have studied two types of modules, which will be discussed

below. From now on, we use the notation g, := g®tf cgforgc g, k € Z.

5.2.1 Finite Dimensional Z-graded g-modules

In the previous section, we considered the Z-grading on g and studied finite dimensional

Z-graded g-modules. Let M be such a module. Since M has finite support, there is a
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largest 119 € suppM such that there exists 0 # wy € M,,, with the properties

(n* @ C[t,t7']) - wo =0, (5.12)
Zn - Wo = AW, Ay € C (5.13)
Y7 -wo = 0 for all [ € Z™, (5.14)

We showed that Y7 - wy = 0 for all I € Z™*! is equivalent to YyY; ---Y,, - wy = 0.
This gives us a g-module with generators and relations. Using these generators and

relations, we proved each weight space of M is finite-dimensional. In fact, we showed

that dim M = 2™ and dim M~ = (') for 0 < k < m.

5.2.2 7 x Z-graded g-modules with finite Z-support

Let M be a Z x Z graded g-module. Let M* denote the (k,[)th graded component
of M, where k is the grading in the horizontal direction, and [, also referred to as the
“level”, is the grading in the vertical direction. We define the Z-support of M in the
horizontal direction by the set {k € Z | M*! =£ 0 for some | € Z}. We consider the
7, x 7 graded g-modules M with finite Z-support in the horizontal direction, meaning
that there exists N € Zsq such that M&*) =0 for all [ € Z and for all k > N. We
will describe a basis, and derive an explicit formula for the character of such a module.

Let b denote the Borel subalgebra of g. For any Z-graded b-module L define
M(L) :=IndiL = U(g) @y L -

This definition makes sense since L is also a U(b)-module. By the Poincaré-

Birkhoff-Witt theorem, as U(n™)-modules, M (L) = U(n~) ® L. Hence M (L) admits
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a Z x 7 gradation via

deg(Vi, -+ Y, -w) = (k,degw + (i1 + -+ - + ix)), (5.15)

where y; € n~ and w € L. Let I(L) be the unique maximal submodule of M (L) such
that (L) N L =0. (I(L) can be taken as the sum of all submodules of M (L) which
intersect L trivially). Note that we do not consider maximal submodules I of M (L)

such that I N L # 0, since there is no such unique maximal submodule. We define

V(L) := M(L)/I(L) .

The following lemma states precisely when V(L) is irreducible.
Lemma 5.2.1. The following statements are equivalent:
(i) V(L) is an irreducible g-module.
(i) L is an irreducible b-module.
(i4) L is an irreducible h-module.

Proof. We know that V(L) := M(L)/I(L) is irreducible if and only if I(L) is a
maximal g-submodule of M (L).

(i) implies (iii):

If I(L) is a maximal submodule, then since I(L) N L = 0, there is no proper non-zero
b- submodule W C L such that (L) CU@™) - W.

(iii) implies (i)

Claim: I(L) is the unique maximal g-submodule of M (L). Indeed, suppose there
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exists a submodule Y (L) € M (L) such that Y (L) N L # 0. Since L is an irreducible
h-module, then L C Y(L), which implies that Y (L) = M(L). Hence I(L) is the
unique maximal g-submodule of M (L), and V(L) is the unique irreducible quotient.
(iii) implies (ii):

Suppose L is an irreducible h-module. Then L is also an irreducible U(h)-module. So

for any v, w € L, there exists Z € U(h) such that Z - v = w. Now suppose there exists

a non-zero U(b)-submodule of L, say W. Let w € W. Then by the above, for every
v € (L W)U {0}, there exists Z € U(h) such that Z-w = v. So v € W, which implies
that v = 0. Hence W = L, and L is an irreducible U(b)-module.

(ii) implies (iii):

Suppose L is an irreducible Z-graded b-module with respect to the grading

deg(X ®t") = 1 and deg(Z ®t") = 0. We can write L = @, L.

Claim: Forallve L, X @ t" - v = 0.

Proof of claim: Suppose not. i.e., suppose there exists k € Z and v € L, such that
0#AX®t" v € Lpyy. Then LF = @izk L; is a b-submodule of L. This contradicts
the irreducibility of L as a b-module. Let W C L be a proper h-submodule. Let
w €W and v € (L\ W)U {0}. Since L is an irreducible b-module, then there exists

Z € b such that Z -w = v. In particular, Z = Z,, for some n € Z. Since W is a proper

h-submodule, then v = w = 0. O

5.2.3 Irreducible Z-graded h-modules

In order to study irreducible g-modules V (L), the previous lemma showed that
must choose L to be an irreducible h-module. Furthermore, for V(L) to have finite-

dimensional graded components, we must choose L to have finite-dimensional graded
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components. Hence, let L be as in Proposition 3.2.1 and suppose that Ly # 0. By

Proposition 3.2.1, we know that there exists an r > 0 such that

L=@PL

1EL

where dim L,; = 1 for every ¢ € Z. As in the proof of the proposition, if we choose a non-
zero basis vector vy of Lo, then there exists X € ET and such that v;, := X* vy € L;, is
non-zero for all ¢ € Z~q. Similarly, there exists Y € ET such that v_; :=Y? vy € L_;,
is non-zero for all ¢ € Z~o. Hence we may fix a basis of L to be {v,; |i € Z}, where
Ly; = spanc{vy}.

For every i € 7Z, since L is a Z-graded E—module, write z; - v =: @;V;1x € Liik, Where
a; € C, k € rZ. Since L; = 0 when i ¢ (r), then a; = 0 if r { i. Hence L defines
a sequence {a;}iez, where a; : Z — C is the product of ¢, and some other function

g:7 — C.

5.2.4 General Z-graded h-modules

Definition 5.2.2. Let a := {a;};cz be a sequence with a; € C and define an h-module
L(a) = span{w, |n € Z} via

Zi Wy = QiWnay -

We can consider L(a) as a b-module by letting ; - w,, = 0 for all ,n € Z. Then

L(a) is a U(b)-module as well, so we can define the U(g)-module

M(a) := IndiL(a) = U(g) @y L(a) - (5.16)
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As before, M(a) = U(n~)® L(a) as U(n~)-modules, so M (a) admits a Z x Z gradation.
Let I(a) be the unique maximal submodule of M (a) such that I(a) N L(a) = 0 and
define

V(a) = M(a)/I(a) , (5.17)

which inherits the Z x Z gradation of M(a). Let V(a)*! denote the (k,() graded
component of V(a). Since L(a) is a Z-graded b-module, by Lemma 5.2.1, V(a) is

irreducible if and only if L(a) is an irreducible.

Proposition 5.2.3. Let V(a) be as in (5.17) and let A = [a;4;]; ;- The following

are equivalent:
1. The set {k € Z | V(a)®D £ 0} is finite.
2. V(a) has finite dimensional graded subcomponents.

3. The rank of A is finite.

4. The sequence a = {a,} is exponential-polynomial.

Lemma 5.2.4. Let m > 1. Let S:={0,...,m —1} and T :={0,...,m}. Then

Xim—l ’ XlOY]O Y’m ’ wl
m
E m+k ) . ~
det aZS-i-jt]SGS,tET\{k}) 1/]1C wl+i0+“'+im—1+j0+“'+jk+"'+jm'
k=0

Proof. (Of Lemma 5.2.4) We proceed by induction on m. In the case when m = 1,

XioYio Yiwr = —igy 4, YioWitiosj1 + Gigtjo Y51 Witiotjo
1

k
= (—1) 1 det ([a’is+jt]56{0}:t€{071}\{k}) Yj, - Witig+jot+ipt+i1 °
k=0
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Now assume that this result holds for some m —1 > 1. Let S = {1,...,m} and

T ={0,1,...,m}. Since X;Y; = =Y; X, + Z,;;, we have

m
Xy o XiYie Yy, cw = Z(_l)nXim_1 o X Yo Zigagn s Y, wy
=0
m ! /\
= (1) i Xy Xi Yo - Yo Vi - Wiig,
n=0
m m
- Z(_l)naiﬂﬂ'n Z (=)™ det ([i,s)ses temiem ) Vi Wiiot i1 biot 47t om
n=>0 k=0,k#n
m k—1
= Z(_l)mfl%aioﬂ'n Z(_l)n det ([aisﬂt]sGS,tGT\{kvn}) YWy g boobi 1ottt
k=0 =0
m m
+ Z(_l)m+kai0+jn Z (_1)n_1 det ([ais+jt]ses,t€T\{k,n}) }/jkwl+i0+~~+im_1+j0+4-~+]f);+~--jm'
k=0 n=k+1

For each 0 < k < m,

E

-1

(—1)" det ([az’sﬂt]seS,teT\{k,n}) Y}'kwl+z’o+~~+z‘m_1+jo+~~+j1+~~jm

i
o

+

m
n 1
E , det [aisﬂz]sES,tGT\{k,n}) Y; k Witigetim—1+jo+-+in+-jm
n=k+1

is the Laplace expansion of [a; 1] g e gy 2long the first row. Hence the result

follows. L

Proof. (Of Proposition 5.2.3) We will prove this in the following order: 2. & 1. &
3. & 4.

2. implies 1.

Fix an [ € Z. If V(a) has finite-dimensional graded subcomponents, then in particular,

ny := dim V(a)") € Zsq. Hence for all ig, iy, ... ,i,, € Z, we can find cg, ¢y, ... ,Cn, €
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C such that ¢, # 0 and ¢ Y, w;—i, + 1Y, w4, Y, Wi, = 0. Acting by
Yi Y, Y, o, weget Yi Yy, - Y, gy, =0, (since Y;? = 0 for all i € Z). Let

N +1 = max{dimV(a)="V |l € Z}. Then Y;)Y;, ---Y;

0~ IN+1

-w; = 0 for all 1,1 € Z.
ie., V(a)=W+DD = 0 for all [ € Z. Therefore, we have the containment
{keZ|V(@)®) #0} C {0} U[N].

1. implies 2.

Suppose there exists an N € Z such that V(a)("(V+1d = 0 for all | € Z. This means
that for all [,n € Z, Yy - Yy 1Y wi—p—0414-+(N—1)) = 0. Let S ={0,...,N — 2}

and T'= S U {n}. By Lemma 5.2.4, for all iy,...,iy_1 € Z, we get

P 'XiOYO e 'YN—Ianl—n—(O+1+~~-+(N—1))

X
N-1
= Z(—l)N+k det ([as,+5)sester ey Ye - wimk) + ([ai,4tlsesergn} Yo - Wimn) -

Hence Y, w;_, € span{Y;w,_;|i € 0,1,...,N — 1}.

ie., @, V(a) "t = spanc{Y;w,_; |i € {0,1,...,N — 1}, € Z}. Since Y;> = 0, it
follows that V(a)=*V is spanned by {Yj, -+ Y}, - Wi—(j4pjp) |0 < 1 < +++ < ji <
N —1}.

1. implies 3.

Suppose that V' (a) has finite support. Above we showed that in this case, V(a) is
spanned by elements of the form Yj, ---Yj, -w;_¢j, +..4j,), where k > 0 and j1,...,ji, [ €
Z. Moreover, there exists a minimal N € Zq such that Y}, -+ Yj Wi (j, 4qjyy) =0

for all ji,...,jk,l € Z. By Lemma 5.2.4, for any i1, ...,ix,J1,.--,JN+1, N € Z, We
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have

0=Xi Xiy Vi Yinar - Wi (o totins)

IN+11 1

N(N+1)
=(=1)" = det [az‘s+jt]s,t:1 N1 Wititlttingy -

.....

Hence, every minor determinant of A of order greater than or equal to NV + 1 is zero,
which implies that A has finite rank.

3. implies 1.

Suppose that TkA = N < oo. We claim that V(a)(=0+D:) = 0 for all | € Z. Indeed,
recall that V(a) = M(a)/I(a) where I(a) = >_ I such that I C V(a) is a submodule

of V(a) and I(a) N L(a) = 0. Hence any element of the form Y, --- Y, - wi_¢j,+...45)

does not generate a submodule of V' (a). Now suppose there exist jo, ..., jn, [l € Z such
that Vi, ---Yjy - wi—(jitjy) # 0. Then 0 # X5 - X5 Yy - Yy - Wi (y4otjy) =

AWy gigttiy,where A" is a (N 4+ 1) x (N + 1) minor of A. Since rkA = N, this is a
contradiction.

3. implies 4.

If tkA = N for some N € Zxg, then there is a linear recurrence relation of order
N on the a;’s. Namely, apny = qiagin—1 + -+ + ayap where o; € C. Let p(t) =
tV — a1tV ! — ... — ay be the characteristic polynomial of this recurrence relation,
and let Aq,..., \; be the roots of p with multiplicities m;, respectively. Then the

solution of this recurrence relation is

=1

where g; € C[k] is a polynomial of degree m; — 1.
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4. implies 3.

Suppose the sequence a is exponential polynomial. Then a is of the form a; =
i1 gi(k)\E, for k € Z, which implies that ay, is a solution of the homogeneous linear
recurrence relation ayyn = oyagpn_1 + - -+ + ayar where o; € C, for some N € Zs,.
Following the proof of Proposition 5.1.6, this implies that every det [aisﬂ-t]& —o1,..n =0

for all ig,...,in, 70, .., JN € Z. i.e, tank A < N. n

Corollary 5.2.5. Let A = [aiy]; oy Ifrank A= N, then VERD =0 for all k > N
and all | € 7.

Proof. Let m be such that V(%) = 0 for all k > m and all [ € Z. From the proof
of 3. implies 1., we know that m < N. Claim: m > N. Indeed, if £ < N and

0=Yj Y w444, forall jo,...,jk_1,l € Z, then

0= Xy XigYig - Vi, Wi (o) = det <[ais+jt]s,t:0 ..... k—1> Wy iy 4t
for all ig,...,%k_1,70,---,Jk—1,l € Z. Then all k x k minors of A are zero. Since
rank A = N this a contradiction. O

Proposition 5.2.6. If {a,}nez is exponential-polynomial of degree r, then

1.
L) = D L)),

where L := L(a)(0) is an irreducible h-module as in Lemma 5.2.1 and L(a){j) =

L forj=0,...,r—1.
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where V(a)(0) = V(L) .

Proof. 1. For j € {0,...,r — 1}, let L(a)(j) := span{w,,+; | n € Z}. Since L(a) =
span{w, |n € Z}, then L(a) = @;;é L(a)(j). Fix j € {0,...,r —1}. We will
show that L(a)(j) = L.

Since {a,} is exponential-polynomial of degree r, then it can be written as

an = ¢r(n) - Zgz(n) (Aa)",
iel
where [ is a finite set. Let R :={n € Z|g;(n) = 0 for some i € I} C Z be the
set of integer roots of each g;. Since [ is finite, then R must be finite. Hence we
can find ny,...,ng, my,...,my € rZ\ (RNrZ) such that ny +--- 4+ nx = r and

my+---+my=—r. Let =2, - Z,, and v := Zy,, -+ Zp, € U(h). For all

s,t € Z with s > t,

fs—t Wy = (anl e a’”k)s_twrs—l-j ?é 0

’75_t * Wrstj = (aml o amz)s_twrt-‘rj 7é 0.

Moreover, ¢.(n) = 0 when n # 0 mod r. So for i # j, there is no element
¢ € U(h) such that ¢ - Wy ; € L; for some m € Z.
Therefore, for each j = 0,...,r —1, L(a)(j) is an irreducible Z-graded h-module.

Hence by Lemma 5.2.1, L(a)(j) = L for each j =0,...,7 — 1.

2. We will show that V(a) = (U(g) ® L(a))/I(@) = @;;3(U(§) ® L(a){j))/I1{j).

Let I(a) C U(9) ®y L(a) =: M(a) be the maximal proper submodule such

that I(a) N L(a) = 0. It is clear that such a maximal submodule exists, since
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we may take the sum of all submodules I” C M(a) such that I’ N L(a) = 0. For
0<j<r—11let I{j) CU(9) @y L(a){j) = M(a){j) be the maximal proper
submodule of M (a)(j). Since U(g) is graded by degy; = —1, degz; = 1, and
degh; =0 for i € Z, then M(a)(j) and I(j) inherit this grading.

We claim that I(a) = @;;é I{35).

Indeed, for all 0 < j < r — 1, since L(a)[j] is an irreducible h-module, and (;)
is a proper submodule of M (a)(j), then I(j) N L(a){j) =0. So I[{(j)NL(a) =0
for all 0 < 7 <r — 1. Since we took I(a) to be the sum of all submodules of
U(g) ® L(a) which intersect L(a) trivially, then '3 I(j) C I(a).

For the other direction, we proceed by induction on the grading of I(a).

r—1 )
j=0Yj

Base case: Let v € I(a) such that degv = —1. Then we may write v = )
where v; € U(g) ® L(a)[j] are homogeneous. (The case where v; are not
homogeneous is implied from the homogeneous case). Since degv = —1, then
vj € I(j). Since otherwise, by the maximality of I(j), there exists X,, € U(g)
such that 0 # X, v; € L(a)(j), which contradicts v; € I(a).

Inductive step: Let v = Z;;é v; € I(a) be of degree —k, where v; € M(a)(j)
is homogeneous. Then v; € I(j). Since if not, there is X,, € U(g) such that
vl = Xyv; ¢ 1(j). However, degv; = —(k — 1), so v; € I(j) by the inductive
hypothesis. Thus I(a) = @;;é I{5).

By definition and the claim above,

V(a) = (U(g) @ L(a))/1(a) (5.18)
= (U(@)@@ A_ L(a)<j>> /1(a) (5.19)
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(EB U(g )) /I(a) (since it is a finite sum) (5.20)

- ( )/ ( 1<j>) (5.21)
= ()G 1)) (5.22)
. V@) (5.23)
O

The module V(a) is Z x Z graded. Let V(a)®*™ be the (k,n) graded component of
V(a), where k € Zso and n € Z. Let V(a)(j)*™) denote the (k,n) graded component
of V(a)(j), where k € Z>o and n € rZ.

Proposition 5.2.7. Let a = {a, }nez be exponential-polynomial of degree r and let

A = [aiy;; jcz- Suppose rankA = N. Then

1. V(a)%) has basis {Y;, - Y Wi (i) |0 St < - < SN =13, s0
dim V(a) %0 = (), and

2. V(a)(j) " has basis {Yi, - Vi, - Wi—(iy4pip) |0 <y < -+ <ixg <N —1 and

l—(iy+---+ix) =7 modr} .

Proof. 1. By Corollary 5.2.5 and from the proof of Proposition 5.2.3 we know
that for each | € Z and k € Zq, V(a)™®) is spanned by the set By; =
Y, Y, - wi(gepi) |0 < g1 <o+ < gk < N —1}. We also assume that the
set {w; |l € Z} is a basis for L = @,, V(a)(®. It remains to show that the for

each k € Z~o and | € Z, the set By, is linearly independent. We will induct on
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k.

For the case when k = 1, suppose there exist By, 81, , By_1 € C such that

Z BoYow, + B1Yrwi 1 + -+ By Ynvojwi—(v-1) = 0.
lez

Then, acting by X; for any ¢ € Z, we have
Boaiwiy; + Braiy 1w + -+ By_1an 1wy = 0.

This implies that Gpa; + fra;1 + -+ By_1an_1 = 0 for all + € Z. If not all of
the 3; are zero, then this implies that tkA < N — 1, which is a contradiction to
that assumption that tkA = N. Hence the set By, is linearly independent.

Now suppose the set By is linearly independent for some k € Zx>g. Let Jyyq :=
{i="031 - ,jks1) €EZ*0<jy <+ < jps1 < N —1}. For j € Jyu1, define
Y=Y - Suppose there exist f; € C, such that

Jk+1

0= Z BiY5wi—(jy 4ty -

j€Jkt1

Then for any i € Z,

0= XZ : E ﬁj g1 e Jk+1 wl—(j1+"'+jk+1)

J€Jk+1

E : ﬁ.l o Jk+1 * Wi—(jr++jrt1)

J€Jk11

_Z }: D Yoo Y, Y -
/BJ aer]sYh Y?k Y3k+1 Wi (gt i)

j€Jgy1  s=1



CHAPTER 5. THE LIE SUPERALGEBRA sl(1|]1)® A 128

From each element j = (j1,...,7k+1) of Jryr1, we can obtain k + 1 distinct
elements of J, by removing one of the j;’s. This is what we are doing in the
sum above. Hence, the sum above is composed of (k + 1)(N71) = (N) (N —k)

k+1 k

distinct summands of the form

—~

Biaii Y Voo,

s Jk+1 'wl—(j1+--~+j;+~-~+jk+1) ’

Moreover, each element of J;. 1 can be formed in an analogous way by taking
an element j' = (ji,...,7;) € Ji and inserting j; ., such that j;_., & {j1,...,7.}.
There are N — k possible choices of ji_ ;. A total of (¥)(N — k) elements
of Jyy1 are created. We may describe these elements. Let s be such that
Jo1 < Jps1 < Je ors=k+1if j < g, Write j = (j1, ..., Jky1) € Jes1 by
setting ji = Ji, .-, Js—1 = Js1,Js °= Jhp1s Jst1 = Jus Js42 = Jow1s - - s Jht1 = Jj-
To each of these new elements of j € Ji 1, we may associate precisely one element

of V(a)=" of the form
@it Yy Yy Wi (o) = Qi Yy Wiim (G4 -

For j = (j1,..-,Jk+1) € Jkqr and j' = (j1,.... ;) € Ji, write B = Bji . jprs
By == Bit, -k Byge == Bjt,---1Js,- - Jp. Then there is a one-to-one corre-
spondence between the sets

s Yo A : . ~ (1 sdk+1) €Tk 1,
{@aHJSY}l }/33 Y3’“+1 Wi (rttdototinrs) | Gs€01mminar }
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and

{@i/’jsaﬂ_jsyj'i ce Y-;l/g : wlf(j{Jr---Jrj,/c) | (]17 ce 7]]2) S Jk7 js ¢ {jiu SR 7]]2}} :

Hence

k+1
_E,E,_HA . R
0= ( 1) ﬂ.laz-ﬁ-]sY;1 Yyk ij+1 wl—(j1+-~+js+-~+jk+1)
j€Jg41 s=1

=> | X OB | Y Yy w ey -

V€ \s¢{i1,it

By the inductive hypothesis, the set {Yj; ---Yj [0 < ji <--- < jp < N -1}
the Sy ;.’s are zero, then we have a linear recurrence relation of degree N — k
on the a;’s. This implies that rank A < N — k, which is a contradiction. Hence

By.j, = 0 for every j’ € Ji. i.e, Bj =0 for every j € Jii1.

2. For the second assertion, recall that V(a)(j) is the irreducible quotient of
Um™) ®@ye L(a)(j), where L(a)(j) = span{w,,;|n € Z}. Considering this
and the definition of the Z x Z grading, (5.15), any element of V(a){5)(=%" is
necessarily of the form Y;, ---Y;, wypq; where rn+j + 4y +--- + 1, = L.

By construction, V(a)(j)(=*) < V(a)(=®) and Proposition 5.2.7.1 tells us
that B, = {Yi, - Y, - Wi—(i,41i) |0 < i1 < - < iy < N — 1} is a basis
of V(a)=®V. Hence to obtain a basis of V(a){j)(7%) we take precisely the

elements Y;, - -+ Yj, - wi_(;,4..44) € Br where [ — (474 -+ +1i) = j mod 7.
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Lemma 5.2.8. Forn > 0 and for all iy, ...,in; Jo,- -+ Jn € Z
Xip - Xig Y -+ - Yy, wp = det [az‘s+jt]s,t:o,_,,n Witio+--+in+jo+-+in -
Proof. We proceed by induction on n. When n = 0,

X

ioifjo W, = i0+j()wl = aio+jowl+i0+j0'
Now suppose the result holds for some n > 0. Let g, ..., %4150, Jn+1 € Z. Then

X, XYY

104 jo Jny1 Wi

n+1

= (=" X, - X Xa Y Y Y g

in+1 7 Jo Jnt Jn41

n+1
= (_1)n+1 Z(_l)kXZn e XZ'O}/;O o [Xin+1> YvM] T }/}n+1wl
k=0

n+1
_ n+1 k v
= (=" Cai, e (—DFXG, - X Y Yy
k=0
n+1
_ 2 : n+2+k+1
- (_1) Qi1 +k det [ais-i-jt]5:0’,,,’n,t:(),,,,,]}r,,,n_t,_l Witig+-+ing1+jo++int1
k=0
Since det [aisﬂ-t]820"“7”71‘/:07'“7,;“_.’nH is the determinant of the submatrix obtained by

removing the (n + 2)™ row and the (k + 1)™ column of det [a;,;,] Laplace

s,t=0,...,n+1°

expansion gives us the result. O



Chapter 6

The Lie superalgebra osp(1]2) ® A

We conclude by studying the highest weight modules of 0sp(1]|2) ® A, where A = CJ¢],
or A = CJt,t']. The simple roof of 0sp(1|2) is §, which an odd non-istropic root.
Hence 2§ is an even root, so sly C 0sp(1|2) is a subalgebra. This allows us to reuse

many results obtained for sl, ® A from Chapter 4.

6.1 Highest Weight Modules

6.1.1 The current algebra osp(12) @ A

Let g = osp(1/|2) and recall that g, := g ®t" € g ® A. The elements of g are 3 x 3

complex matrices, and we may choose a basis of g to be {f, h, e, z,y} where

00 0 00 0 00 0
f=1o000o0| e=]l0oo0 1|, h=]01 0 [,
010 00 0 00 —1
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001 0 10

r = — s = —
/2 1 00 Y /2 0 00
0 00 -1 0 0

Then gg = span{e, f, h} = sly(C), g7 = span{x, y}, and the other non-zero brackets

are

[e>y] =T, [%,y] =h, [hay] =Y [f,l’] =Y [h,l’] =7, [$,I] =6 [y,y] =—.

Recall the definition of the Verma module M (A) from Definition 3.1.1.

Definition 6.1.1. Let a := (ay)nez, where a, € C. Let A € (h ® A)* be such that
A(hy) = ay,, for all h € h. Define I(A, m) C M(A) to be the submodule generated by
Fy" - wp. Then

W(A,m) = MA)/I(A,m). (6.1)
W (A, m) is called a Weyl module of osp(1]2) ® A.

More informally, W (A, m) is the highest weight osp(1]2) ® A-module generated by

wy and defined by the relations

(11+®A)'U)0:0,

H, -wy=Ahy)wy Yhy, €h® A, (6.2)

Note that here we abuse notation by using wq as the generating vector of both M (A)

and W (A, m).

Theorem 6.1.2. Let m € Z~q and let W(A, m) be as in Definition 6.1.1. Then
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1. W(A,m) # 0 if and only if a, = of + af + --- 4+ af, for some a1, ..., o, € C.
2. If W(A,m) # 0, then dim W (A, m) < oo.

3. If W/(A,m) is a g ® A-module generated by a nonzero vector w(, which satisfies
the relations (6.2), then there exists a g @ A-submodule V- C W (A, m) such that
W'(A,m) = W(A,m)/V.

Proof of Theorem 6.1.2

We will prove this theorem in an analogous way as Theorems 4.1.3 and 5.1.2, by
assuming a module which satisfies the conditions of 6.2 exists, and prove that properties
1, 2, and 3, of Theorem 6.1.2 hold. As in Chapter 3 and 4, we use the notation
Er=FE, - ---E; and F; := F, ---F;,, where I = (i1,...,i,) € Z". The following

diagram outlines the sketch of the proof.

Conditions (6.2) = Prop. 6.1.3 = Prop. 6.1.6 < Prop. 6.1.7

4 4
Prop. 6.1.8 Thm. 6.1.2.1
4
Thm. 6.1.2.2

Proposition 6.1.3. Let m € Z and suppose that F;"*' - wy = 0. Then for all

I: (io,il...,im) EZm+1,j€Z,
1. F]'UJOIO, and

2. Y;Fr-wy =0,
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Proof. Since span{e, f, h} = sly(C), Part 1. follows from Proposition 4.1.5.

For Part 2., let j € Z. Then by Lemma 6.1.4, setting i, = 0 for all 4, € I, 0 =
X;E cwg = (m + 1)Y;E - wp. Since [f,y] = 0, then FyY; = Y;F, € U(osp(1]2)).
Hence Y;FJ"*' - wy = 0 for all j € Z. Likewise, by Lemma 6.1.4, for all 4,5 € Z,
0=X;FFi"wy = YjHFg”-wo—l—ijFilFé”_l-wo. Since we showed that Y ; Fij"*-wo = 0,

then Y}-FiFg“_l -wg = 0. Part 2. follows from Lemma 6.1.5. O

Lemma 6.1.4. For all I = {iy,...,i,} CZ, j €Z,
X;Fr-wo = ZY}-&-ikFIf{ik} “Wo -
k=1

Proof. We will induct on m. When m = 1, we simply have X;F;, - wy = [X}, F},] -

wo + F, X - wy = Yj14, - wo. Now suppose the result holds for some m > 1. Then

XjF] Wy = XjFI—{im+1}Em+1 * Wo

= (X}, Fipp i | Fr—fipiny - wo + Fip  XGFT (003 - Wo

m
- j+im+1FI—{im+1} : wo + E :Enz+1}/}+ikFI_{iluim+l} ’ wo
k=1
m—+1

=D Yiei Frgiy - wo -
k=1
[l

Lemma 6.1.5. Let s > 1, j € Z and I = {iy, ... ,is41} CZ. Then Y;Fi" *Fi_g_ -

wo = 0 if and only if Y;E"5 ' Fy - wy = 0.
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Proof. The backwards direction is clear. For the forwards direction, using Lemma

6.1.4, we have

s+1
0= X;F" " Fy - wo = (m — 8)Y; R 7 Fr-wo + ) Yo By Froay - wo -
=1

Since we assumed that Y, Fy" *Fr_g;} -wo = 0, it follows that Fg* > ' Fy-wo = 0. O

Let M,, be the matrix

pp 1 0 -~ 0
p p 2 - 0
M, =
Pn—1 Pn-—2 . n — ].
| pn pnfl . .. pl |
and let M be the matrix
aq 1 0 - 0
a9 aq 2 - 0
M, =
ap—1 QAp-2 n—1
| Qn, Ap—1 ay |

Proposition 6.1.6. Let n > m + 1 and I,J be subsets of Z of size n. Then

ErFy-wy =0 if and only if det M) = 0.

Proof. Since span{e, f,h} = sly(C), then this follows from Proposition 4.1.8. [
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Proposition 6.1.7. Let m € Z~ and consider the sequence a = {a, |n € Z}. Then

det M, ., =0 if and only if a, = of +---+ aj, for some ay, ..., a, € C.

Proof. The direction det M, ., = 0implies a,, = af+- - -+a;;, for some oy, ..., o, € C*

follows from Lemma 4.1.12 and Proposition 4.1.13.

Now suppose that a, = o} + --- + o, for some ay,...,a,, € C*. Then
&1 + e + &m 1 O PPN O
a%+..+a72n a1+...+am 2 .. 0
aft 4o o e amt m
Oégn—"_l_{__’_am"’_l 0/1”_’_.._’_0[% [N a1+...+am
Let ep(ay,...,an) be the k™ elementary symmetric function in m variables,
pe(ad, ..., an) be the K power-sum symmetric function in m variables, and recall

the relation

nen(a, ..., Q) = Z(—l)T_len_T(al, e Q) (e Q).

After applying the column operation C(1) + > 7" | ex(aq, ..., a,)C(k + 1), the entry

in row ¢, column 1 is

pilar, . am) + Y (=DFer(ar, . am)piok(an, - am) + (—1)Fieg(on, .. o).
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Letting » = ¢+ — k, this becomes

Z(—l)i_rek(al, o a)Dik(an, o)+ (=) e(an, )
r=1

= (—1)i(—iei(a1, o Oy) Fiei(an, L Qo).

Hence det M;, ., = 0. O
Proposition 6.1.8. The module W (A, m) is finite-dimensional.

Proof. Consider W', the U(gg® A)-submodule of W (A, m) generated by wg. Since gg =
sl5(C), then dim W' < oo by Theorem 4.1.3, and so SuppW’ < oo and dim(W’')* < oo
for every pu € SuppW’. Consider a non-zero odd weight space W2*! where 0 # u €
W2+ Since 2k +1 is odd, then X;-u € W2 C W' for every i € Z. Since W2 is finite
dimensional, we may fix a basis {vy,...,v,} of W?. Let X,,,Y;, € U(osp(1|2) @ A)
such that [X;,,Y;,]-u # 0. Then 0 # X;, - u = >"}_, cxvg, for some ¢, € C. Since

Y;QXil U= (Hi1+i2 - Xi1Yi2) U= Au— Xi1Yi2 U,

for some A € C*, then

1 n n+1
U=y (chYiQUk + X, Y, u) = Zczv;

k=1 k=1

A i V4 _ / ! _ 1y v : 2k+1
where v, = yYg,vp for k=1,...,n and ¢, v, = 7X;,Y;,u. Hence dim W <

dim W2 4+ 1 < oo for all k£ > 0. Since W (A, m) has finite support, it follows that

dim W (A, m) is finite. O



Chapter 7

Future directions

In this chapter, we discuss possible directions for future research. The first direction
in which one may go is to study Weyl modules of g® A, where A = C[t] or A = C[t*!]
and g is a Lie superalgebra different from sl(1]1), osp(1]2), or sl and find a character
formula, irreducibility criterion, and classify all submodules of W (m, A). A second
direction is to study what happens when A is a more general associative algebra.
As stated in the introduction, in [CLS19] Calixto, Lemay, and Savage proved finite
dimensionality and universality of W (m,A) when A is a finitely generated unital
associative C-algebra. One could go further and find a character formula, irreducibility

criterion, and classify all submodules of W (m, A).

7.1 The case when g = sl(12)

As a first example, we discuss the case of taking the rank 2 Lie superalgebra g = s[(1 |2)
and A = CJ[t] or A =CJt,t1].

The root system of g is A = {£(e; — e39),£(e2 — §), £(e1 — 0)}, and g has two
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simple roots. For any base X, let by be the Borel subalgebra corresponding to .
The standard base of g is ¥ = {e; — €9,69 — J}, where g1 — &5 is even, and g5 — §
is odd. For a € AT, let €14, fo = €_a, ha, and x5, ys = x_g, 23 denote the
Chevalley generators of g, where a, 3 € AT are even and odd roots, respectively.
Note that {eq, fa, ha} is an sly-triple, while {xs,ys, 25} is an sl(1]1)-triple. We will
use the notation e, , 1= e, @ t" € g® A. Each sly-triple and s[(1|1)-triple satisfies
the commutation relations of sly and sl(1]1), respectively. The other commutation

relations are

[Tey—by€e1—cn) = Ty 6, [Yer—6,€c1-00) =0, [Tey 5, fe ] =0
[Yer—ss fer—ea]l = Yer—60  [Tey-5:€e1-e0] =0, [Yer—6, fe1—en] = Yers
[Tey 55 fer—en) = —Teys, (Y160 fer—e) =0, [T2,-5,Yer—s] = €.
Fix the standard base ¥ and Borel subalgebra by, = nj; & b. Let m = (my,my) € Z2%,,.
The Weyl module W(A, m) of sl(1]2) is defined as the highest weight g ® A-module

generated by the highest weight vector wqy such that

(i) (ny @A) - wy=0;

(ii) (h®@p(t))-wy = A(h @ p(t))wp for every h @ p(t) € h ® A;
(iii) £, - wo = 0, for every a € ¥g.
(iv) Ys0Y31 - Yam, - wo =0, for every f§ € 3.

In this definition, wy is a highest weight vector with respect to by ® A. By changing
the Borel subalgebra, we get a different highest weight vector. There are six different
Borel subalgebras, hence there should be six different highest weights. The problem is
showing that there are indeed six highest weights, proving that W (A, m) has finite

support.
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This concept can be generalized to any algebra of the form sl(m|n) ® A.

The Dynkin diagram corresponding to X is

0%y
€1 — &2 €9 — 0
To change the Borel subalgebra, we must reflect > at a root a. If we choose to
reflect at the even root €5 — 1, then r., ., (X) = {e2 — 1,1 — d}. The corresponding

Dynkin diagram is

®

€2—¢&1 g1 — )
The algebra njeliez(z) is generated by e_(.,_.,) = fe;—c, and z., _s. By the definition of
W(A,m) and by Proposition 4.1.5, F, ., - (F"__, o - wo) = 0. Furthermore, by the

commutation relations of s[(1|2), since X., 5 € ny, and by the definition of W (A, m),

for every n € Z

m o 2 m—k
XEl*(Syn ’ (Fsl—EQ,O ’ wo) - F51 —e2,0 61 omn ° wo + 81 g2, 0 51 o,m F51*5270] e1—e2,0 * Wo
E m—k
51 €2,0 62 6ynF£1—£270 * Wo

_ E m—k _
- 81 820F81 820X€2 §,n‘U)0—O .

So FI" _ - wo is a highest weight vector with respect to the base r., ., (X).

If we choose to reflect at the odd root § — ey, then r75_., (X) = {6 — 0,0 — e2}. The
Dynkin diagram corresponding to 75_., (X)) is

2 ®

€1 —0 0 — &9
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The algebra n:; =) is generated by x.,_s and zs_., = y.,—s. By the definition of
e

W (A, m) and by Proposition 5.1.4,
Xaf@,n . (1{5752,0}%752,1 tee }/})‘752,777,2 : U)o) = }%762777‘}/;5752,0)%782,1 e }/:5752,177,2 Wy = 0

for any n € Z. Furthermore, by the commutation relations of s[(1|2) , since X., s €

ny, and by the definition of W (A, m), for every n € Z

Xel—é,n . ()/;3—52,0}/5—52,1 e YZS—eg,mg : wO)

- }/5—82,0}/5—62,1 T Y;S—62,m2X€1—5,n * Wo

ma2
+ Z(_l)k+1}%—8271 e [Xel—é,n; Y;s—az,k] e %—az,mg + Wo
k=0

ma2
_ E k+1
=0 + (_1) }/;5—&271 o Eal—agm—i-k ot Y;S—ag,mg + Wo
k=0
m2
_ } : k+1 v _
- (_1) }/;5—82,1 e m—SQ,k e Y;S—ag,ngal—ag,n—i—k W = O .
k=0

S0 Ys5_e,0Y5-c51 " Ys_cym, - Wo 1s & highest weight vector with respect to the base

7“52_5(2).

Let Yo, 651 = Yoy 50Yeo—51" " Yey—o.mo—1. As a weight diagram, so far W (A, m)

looks as follows:
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F, o, @p(t)

FET—EQ,O " Wo Wo
[ ] [} o [} [ ]
F€2—5 ®p(t)
[ ] [ ]
. Y;l,(g ®p(t> T

Yo, 5.1 - wo
[ ]

A1—6 ® p(t)

Figure 7.1: Incomplete weight diagram of W (A, m)
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This tells us that the support of W (A, m) is contained in the following shape:

mq

mo

Figure 7.2: Support of W (A, m)

The challenge here is to show that W (A, m) has finite support. That is, to show

that for every root «, there exists n € Z such that F, ;- wo = 0 for every I C Z". The

algebra sl(1|2) has six distinct Borel subalgebras, so we expect the weight diagram of

W (A, m) to be contained in a hexagon.
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