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ABSTRACT 

 

Srijith Sudhagar: Robotic Sanding of Wooden Bowls with Hybrid Force/Position Impedance 

Control. MASc. Thesis, Queenôs University, January 2020. 

 

 

This thesis set out to determine whether a serial robot could be used to sand a wooden bowl, in 

order to free a human operator from what is considered a hazardous task. The process of sanding 

wood is similar to the polishing of metal, both set out to eliminate scratches. There are robot-based 

commercial systems available for the polishing of metal, for example aluminum, as employed by 

the aerospace industry. However, unlike aluminum, wood is a non-homogeneous material. In the 

case of wooden bowls, each has a unique geometry, and to a degree, unique material properties. 

The hypothesis posed by this thesis is that a hybrid force/position impedance controller can sand 

the inside of a wooden bowl and mimic the motions and technique of a human operator, and yet 

be able to deal with conditions of unknown bowl geometry. 

 

A CRS A465 robotic arm was used to mimic the arm motion of a human operator. The bowl was 

held in place by a vacuum chuck. A pneumatic orbital sander was used for the sanding process. A 

3-axis force sensor mounted on the end effector measured the applied force. The arm was 

programmed to follow a radial line from the rim of the bowl to its center and then back to the rim. 

A hybrid force/position impedance controller was implemented. A forward and inverse kinematic 

model of the robot was developed to enable trajectory generation. The effect of sander angle and 

the nature of the trajectory was tested. PD action was adopted for the position controller. Four 

different force controllers were tested: First Order (FO) filter, Butterworth filter, PI action and 

combined FO/PI. Tuning tests were conducted to obtain the best values for the controller gains. 

The conclusion is that a FO filter for the force controller and PD action for the position controller, 

with an appropriate settings for the impedance, gave the best control performance. This 

performance was obtained with only a rough estimation of the bowl geometry as based on the 

bowlôs diameter and depth. A precise CAD/CAM model of the bowl was not employed. 
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CHAPTER 1 

INTRODUCTION  

 

In certain woodworking industries, human operators manually cut wooden bowls and then sand 

them with electric hand-held power sanders. This is a physically demanding process and frequently 

leads to carpal tunnel injuries of the wrist [1]. Automating the wood sanding process could lead to 

increased production rates and free operators from a hazardous work environment. The process of 

sanding wood is similar to the polishing of metal, both set out to eliminate scratches. There are 

robot-based commercial systems available for the polishing of metal, for example aluminum, as 

employed by the aerospace industry [2]. However, unlike aluminum, wood is a non-homogeneous 

material. In the case of wooden bowls, each has a unique geometry, and to a degree, unique 

material properties. The hypothesis posed by this thesis is that a hybrid force/position impedance 

controller could match the performance of a human operator and still be able to deal with the 

conditions of unknown bowl geometry. 

 

In the next section, a problem overview is given of the hazardous and difficult nature of the sanding 

process. The problem overview section is followed by a section that lists the main objectives of 

the thesis. In the last section of this chapter, the thesis outline is given. 

 

1.1 Problem Overview 

 

In the production of wooden bowls, one approach taken by a local manufacturer is to first make a 

rough cut of the bowl from a tree trunk using a lathe. Initial sanding of the inner surface is then 

conducted using a large belt sander, with the operator sitting in a chair and holding the bowl against 

the sander, which is mounted on the floor. Final sanding of the bowl is accomplished by holding 

the bowl horizontally in a fixture and having the operator conduct continuous passes of a handheld 

powered orbital sander.  There are a number of risks associated with this process: 
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¶ Inhaling sanding dust into the lungs can cause breathing problem and lead to chronic 

respiratory diseases. This can be avoided by wearing a proper protective face mask, but 

it is still not a healthy environment to work due to the quantity of dust involved.  

¶ The physically demanding and repetitive motion nature of the process can lead to 

tendonitis in the elbow and carpal tunnel in the wrist of the operator. This is mitigated by 

the local manufacturer by limiting a sanding shift to no more than two hours. 

Consequently, this limits production rates.  

 

By automating this process, the operator could be moved to other aspects of the manufacturing 

process than are not as hazardous. Surface following contour control is a basic sanding and 

polishing strategy for industrial robots. There are certain problems to be considered if the sanding 

process is to be automated in this particular application: 

¶ Specific geometric information of the workpiece is not available. Scanning the bowl, with 

for example a laser scanner, to obtain precise geometric details, is possible but not desired 

due to the dusty environment, the low-cost nature of the application and the complications 

associated with having to scan every bowl.  

¶ The bowl must be held in place without a mechanical fixture.  That is to say the bowl has 

to be held in place by a vacuum based fixture, that is limited to the degree of holding force. 

¶ The sanding tool should be held at a fixed angle relative to the surface of the bowl as it 

sands the inner surface, to mimic the motion of the human operator. This requires a difficult 

but not unobtainable trajectory to be planned.  

¶ The contact force should be as constant as possible throughout the process, to avoid the 

creation of bumps in the surface, which is challenging due to the variable and unpredictable 

ñhardnessò of the wooden material. 
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1.2 Objectives 

 

There are five main objectives for this thesis project: 

1) Develop a robot-based apparatus to test the feasibility of sanding a wooden bowl. 

Identify and commission an appropriate robotic arm with a force sensor and a sander as the 

end effector. 

2) Develop a controller for the apparatus. 

A hybrid controller should be designed to achieve both position and force control as the 

sander is drawn across the surface of a wooden bowl. 

3) Implement and validate a model of the robotic arm. 

Derive and test a kinematic and dynamic model of the robotic arm to enable trajectory 

planning and execution. 

4) Determine the control performance possible through experimentation. 

Perform sanding tests and monitor the results as the controllers are tuned. 

5) Analyze the results of the sanding tests and identify potential areas for improvement.  

If possible, make modifications to the apparatus to improve performance, as suggested by 

the outcomes of the sanding tests.  

 

Tasks to be completed to achieve these objectives: 

In order to achieve these objectives, the following tasks will be completed. 

1. Confirm the operation of the robotic arm with a teach pendant and its dedicated controller. 

When in closed architecture mode, the basic operation of the robot can be confirmed with 

a teach pendant, to enable any necessary hardware debugging.  

2. Connect the robotôs controller to a computer and run the arm in open architecture mode. 

In order for the robot to be operated in open architecture mode (i.e. controlled by a desktop 

computer), the hardware interface between the computer and the dedicated controller must 

be rendered operational.  

3. Study the kinematics and derive the dynamic equations for the robot. A kinematic model 

is needed in order to program the robot for user defined motions. 

4. Install and calibrate a 3-axis force sensor for mounting on the robotôs end effector. The 

force sensor needs to be calibrated with static weights before mounting on the arm. 
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5. Install a device to hold the wooden bowl in place during the sanding process, without 

damaging in the bowl (i.e. the bowl canôt be drilled out for bolt mounts). A suitably sized 

vacuum chuck should be used to hold the bowl, with chuck mounted on a table, at the same 

level as the base of the robotôs arm. 

6. Install and test an appropriate sander. The manual sanding of a bowl is conducted with 

two types of sanders: electric belt and electric orbital.  Both are too heavy and too large to 

be used at the end of a robotic arm. A lighter and smaller sander must be found. 

7. Review the literature for the structure of an appropriate hybrid force/position controller.  

The hybrid controllers used by other researchers for the sanding of wood (and the polishing 

of metal) should be studied and an appropriate structure chosen for the application at hand. 

8. Implement the candidate controller and investigate the operating parameters that influence 

the quality of the sanding process. A number of operating parameters need to be identified 

including angle of the sander, nature of the sanding motion (trajectory planning), 

magnitude of the force setpoint, speed of the sanding process and finally, the controller 

gains need to be tuned.  

 

1.3 Thesis Outline 

 

Chapter 2 presents background information and provides a literature review on the subject of the 

polishing of metal and the sanding of wood with a robot. The experience of other researchers when 

it comes to hybrid force/position controller is examined. Attention is also given to the problem of 

contour following when dealing with curved surfaces. The availability of existing kinematic and 

dynamic robot models is presented, with a focus on models that are sufficiently well documented 

to enable implementation for this thesis. The importance of including impedance control is 

confirmed. Details such as the need for filtering when working with a force controller are reviewed. 

Finally, lessons learned from the literature review are summarized. 

 

Chapter 3 provides details on the assembled apparatus, including the robotic arm and its dedicated 

controller. The software needed to control the arm with a desktop computer is discussed. The 

specifications of the selected force sensor and the adopted calibration method are given.  Details 
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of the selected sander are presented.  Finally, the four different controller configurations selected 

for testing are documented. 

 

Chapter 4 explains the derivation of the kinematic and dynamic model used to enable control of 

the robot. The DH parameters of the arm are first given, followed by the derivation of the 

transformation matrices. Next, the forward and inverse kinematic equations are developed. 

Jacobians are used to formulate the dynamic equations. Model specifics are presented, including 

inertia terms, coriolis and centrifugal terms, gravitational and frictional terms. Finally, the force 

estimation and parametrization equations are given. 

 

Chapter 5 presents the results of the sanding tests with four different hybrid controllers and under 

different operating conditions. Trajectory planning was validated by tracking the motion of the 

arm without the wooden bowl present. The effect of friction was examined by replacing the sander 

with a ball transfer unit, that is to say the sander was replaced by a sprung ball bearing that rolled 

freely on the surface of the wooden bowl. Empirical tuning tests were conducted to tune the gains 

of all four controllers. The effect of changing the trajectory and the sanderôs orientation is 

presented.  Finally, a comparison is given of the best results from each controller. 

 

Chapter 6 concludes the thesis, summarizing the work done and the significance of the test results 

obtained. Recommendations for future work are presented. Reflections are given on the feasibility 

of automating the sanding process for wooden bowls
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CHAPTER 2 

LITERATURE REVIEW  

 

As introduced in Chapter 1, the overall objective of this thesis is to develop a robot-based apparatus 

to test the feasibility of sanding a wooden bowl. This chapter begins with a review of robot-based 

polishing of metal and the sanding of wood. Previous research on the subject of hybrid 

force/position control with robotic arms is examined. The problem of contour following when 

dealing with curved surfaces is reviewed. The availability of existing kinematic and dynamic robot 

models is surveyed, with a focus on models that are sufficiently well documented that they could 

be readily applied to the problem addressed by this thesis. The significance of impedance control 

is examined. The need for filtering when working with a force controller is presented. Finally, 

lessons learned from the literature review are summarized. 

 

2.1 Robot-Based Polishing and Sanding 

 

As will be described in the following three sub-sections, robot-based sanding and polishing can be 

conducted in one of three ways. Unless stated otherwise, the robots in the reviewed papers are 

articulated serial arms with six degrees of freedom (DOF) that is to say, with six revolute joints.  

 

2.1.1 Tool on the Robot 

 

The papers in this section have the tool mounted on the robot and the workpiece held stationary.  

 

A number of studies have been conducted on the polishing of metal, but only a few can be found 

on the sanding of wood. One early study of robotic polishing with industrial robot was completed 

by Takeuchi et al. [3] where an air-driven spindle was used to a polish a broad planar metal surface.  

In this study, a touch sensor on the robot arm was used to obtain the location of the workpiece on 

the table and the information was stored as Constructive Solid Geometry (CSG) data. This CSG 
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data was then used by a CAD/CAM system to calculate the normal vector and feed vector at each 

point on the workpiece surface. Thus, performance in this study was predicated by the need for 

precise information on the geometry of the workpiece. 

 

A similar CAD/CAM based approach was taken by Nagata et al. [4] for a metal mold polishing 

robot (articulated industrial arm) where a ball-end abrasive tool was used to polish PET 

(Polyethylene Terephthalate) bottle molds. The target tool location and vector data were used to 

provide not only the desired trajectory of the tool but also the desired contact orientation. They 

used a hybrid controller where the position control loop fed into to the force control loop to achieve 

both accurate pick and place feed control of the tool position and stable force control. 

 

Another CAD/CAM based approach was taken by Nagata et al. [5] where industrial robot equipped 

with an orbital sander was used to sand furniture with free-formed curved surfaces. The key feature 

of their system is that the sanding force acting between the tool and the wooden workpiece was 

precisely controlled to track a target force. On the other hand, even though the workpiece geometry 

was known precisely, process parameters such as control gains were tuned by trial and error 

method. 

 

To avoid collision between the polishing tool and the workpiece, the arm should be guided with 

collision free CSG data based on recognition and judgement like human operator. This was studied 

by Takeuchi et al. [6] using polishing robot with electric (convex end) tool to polish a carbon steel 

concave surface. A collision free polishing tool path was generated to obtain uniform surface finish 

throughout the workpiece. 

 

2.1.2 Workpiece on the Robot 

 

The paper in this section has the workpiece mounted on the robot and the tool is held stationary.  

 

An alternative method for the robotic polishing of complex curved surfaces is known as the top 

down approach. This approach was studied by Mohsin et al. [7] who used an articulated robot for 

the polishing of eyeglass frames. In this method, the robot holds the workpiece and the polishing 
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disc is fixed onto a base. The complex curved surface is broken down into a number of simple 

curved surfaces for polishing. The tool path is generated for each surface region and then the 

regions are stitched together. They achieved a high-quality surface with all scratches eliminated in 

just two polishing cycles. 

 

2.1.3 Two-Robot Setup 

 

The paper in the section has the tool mounted on the robot and the workpiece on a second robot 

(or rather a machine tool with 3 DOF). 

 

Common approach is to mount the sanding/polishing tool on the robot and have the workpiece 

fixed in place. Another approach is to have workpiece on a machining center with one or more 

axes and a polishing robot with two or more axes. For example, a study completed by Cheol Lee 

et al. [8] used three axis machining center and two axis polishing robot equipped with an air driven 

tool to polish on shadow mask die. They used DSP (Digital Signal Processing) controller to obtain 

precise polishing. 

 

2.1.4 Tool Path Planning 

 

The automated polishing of metal on curved surfaces was discussed in Tian et al. [9], [10]. They 

used an industrial robot with a flexible abrasive tool to polish a curved mold surface. In [9], tool 

path planning was done with a symmetrical offset line feed style as illustrated in Figure 2.1. Taking 

the center line as the axis of symmetry, two sides of the workpiece symmetrically extend according 

to the preset cutter row spacing, until the path is complete.  
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Figure 2.1: ñSymmetrical offset linearò tool path [9]. 

 

Gravity compensation of the polishing tool plays an important role in polishing. In Tian et al.ôs 

approach [10], the relation between the polishing force and the effect of gravity on the tool was 

taken into account and the polishing process was studied. They proposed an algorithm from the 

real-time polishing force detection to the normal polishing force based on the force analysis and 

gravity compensation on the polishing tool. It was then used to decrease the influence by polishing 

tool gravity and improve the real time control of the normal polishing force accurately. And which 

was then used to decrease the influence of gravity and improve the real time control of the normal 

polishing force. Force analysis of the tool head is illustrated in Figure 2.2 where Fn is the normal 

force, Fm is the force measured using the sensor, Fg is the polishing tool gravity and Fc is the 

polishing force. 

 

Figure 2.2: Force analysis of tool head polishing on curved surfaces [10]. 
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Polishing based on analysis of the contact force and path research was completed by Huang et al. 

[11], where they used an industrial robot with electric buffing wheel for turbine blade polishing 

(one of the main components in an aircraft engine). The width of the contact surface was obtained 

and then it was used to optimize the polishing path. Later they applied the contact force analysis 

to flexible robot polishing system to achieve high quality. 

 

2.2 Kinematic and Dynamic Modelling 

 

The forward and inverse kinematics of the robot arm are required for end point control and 

identification of associated dynamic parameters. 

 

The Denavit-Hartenberg (DH) parameters are important to provide the forward and inverse 

kinematic calculations. These parameters describe the arm mathematically which is explained in 

ñRobotic Analysisò by Tsai, L. [12]. After deriving all the DH parameters for six joints, the 

transformation matrices need to be computed to describe the relationship between two joint frames. 

The frames of the arm are shown in Figure 2.3 where the first joint is considered as Frame 1. Then 

the forward and inverse kinematic equations are formulated from these transformation matrices. 

This approach will be covered in detail in Chapter 4 of thesis. 

 

In order to design a controller for a robot, a precise model of the robotic system is required with 

accurate information on dynamic parameters. The manual provided by the CRS did not contain 

data about the inertial parameters such as link mass, moment of inertia, center of mass and joint 

friction. These are needed to design model-based controllers. The dynamic model was derived by 

Kinsheel et al. [13] used the Lagrange Euler method for force estimation which includes 

components such as manipulator mass matrix, inertia of the actuators, vector of coriolis and 

centrifugal terms, vector of gravitational forces, coulomb friction, viscous friction, end-effector 

torque, controller gain, input voltage and gear ratio of the motors. 
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Figure 2.3: Coordinate frame assignment of the CRS A465 arm [13]. 

The trajectories for each joint were generated using Fourier series and fed into the robot controller 

to collect two sets of identification data, one at full speed and the other at half speed. Radkhah et 

al. [14] set out to identify the dynamic parameters of a CRS A460 robot. Fourier series parameters 

were used to generate the joint trajectories to identify the dynamic parameters. The data included 

the measured position of joints from encoders and recorded command voltages from the controller 

output. Data processing was done by taking the average of each joint position.  The parameters 

were computed by the pseudoinverse method (i.e. unweighted least squares). Finally, the force 

exerted by the end-effector was estimated by collecting the voltage output from the force sensor 

and converting them into newtons. 

 

2.3 Hybrid Force/Position Control 

 

In this section, advanced control algorithms used for robot based polishing and sanding are 

reviewed. Advanced approaches combine traditional force only control methods with advanced 

control algorithms such as adaptive, robust and learning control strategies.  
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An overview of different types of robot force controllers was given by Zeng et al. [15]. An essential 

undertaking in robot force control is how to determine the interaction forces and effectively utilize 

the feedback signals in order to synthesize the required input signals, so that the desired motion 

and force can be maintained. Force control methods like stiffness control, impedance control, 

admittance control and hybrid force/position control were studied. In hybrid force/position control, 

a position controller is run in parallel (or in series) with a force controller. Figure 2.4 shows the 

parallel configuration. In one specific example, PI was used for the force controller and PD for the 

position controller [15]. In this way, the position control has a fast response (D action) and the 

force control acts to minimize steady state error (I action). The papers discussed in previous section 

used either hybrid force/position control, impedance control or a combination of both.  

 

In reference to figure 2.4, the command torque (†) is obtained by adding the torque output from 

the position and force controllers. Position and force are fed back into their respective controllers 

for tracking. S and I-S are the function blocks of a differentiator and an integrator respectively. JT 

and J-1 are the function blocks of a Jacobian transformation matrix and an inverse jacobian matrix 

respectively. 

 

 

Figure 2.4: Hybrid force/position controller [15]. 

 

Admittance control is the inverse of impedance control. Impedance control is used where the focus 

is on position tracking. In contrast to impedance control, admittance control focuses on force 

tracking. The stability property for each control was determined and the stability boundaries were 

analyzed by Zeng et al.  
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Advanced control methods include learning control, neural network techniques and fuzzy logic. 

Mohan et al [16] used a 3-axis gantry robot equipped with an air motor buffing tool to polish sheet 

metal. They used a fuzzy logic controller to get better trajectory tracking performance compared 

to traditional controllers. The fuzzy logic controller produced better tracking performance with 

less lag compared to conventional controllers. 

 

One early study of hybrid force/position control of a 6 DOF serial manipulator (Scheinman) with 

a wrist mounted force sensor was completed by Raibert et al. [17]. They used a PID controller for 

position control and a PI controller for force. They demonstrated the ability to control force in the 

presence of position disturbances.  

 

2.4 Impedance Control 

 

Impedance control works best in cases where the environment is unknown and the object to 

manipulate has non-uniform and deformable features. One strategy is to create a hybrid 

position/force controller by closing a force control loop around a motion control loop as shown in 

Figure 2.5. The position error of the manipulator is related to the contact force through mechanical 

stiffness. Cartesian impedance control was studied in a Simulink model of a 7 DOF Mitsubishi PA 

10 robot by De Gea et al. [18]. This control method was found to be effective in robot-environment 

interaction, especially in those applications where the environment is completely or partially 

unknown. 

 

Figure 2.5: Impedance control scheme [19]. 
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Another type of impedance control is position-based where the dynamic model of the robot is not 

required to simplify the control. It is a position controller placed within a force feedback loop as 

studied by Heinrichs et al. [20]. Position-based impedance controller (PBIC) incorporating NPI 

(Nonlinear Proportional-Integral) position controller was tested. It showed good static force 

control ability and excellent performance in dynamic tasks such as impact force reduction. In 

Figure 2.6, a position-based impedance controller is shown which was used to control a hydraulic 

robot where M, C and K are target impedance factors. 

 

2.5 Filters for Force Control 

 

In force control, filters are often used to deal with the inherently noisy nature of a force signal and 

to give smooth force feedback to a position controller. They can be designed to filter out the 

components of a signal which are exciting the unstable dynamics of a robot (Eppinger et al.) [21]. 

In this way uniform force can be maintained throughout the motion of the arm without oscillation 

or bounce. The control loop was able to give desired performance by controlling the higher 

unstable modes with the help of the low pass filter. 

 

 

Figure 2.6: Position based impedance controller block diagram [20]. 
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2.6 Summary 

 

This chapter set out to provide a review of previous work on the subject of robot-based polishing 

of metal and robot-based sanding of wood. For the application being considered in this thesis, 

namely the robot-based sanding of the inside of a wooden bowl, the major takeaways from the 

literature review are:  

 

¶ To sand a curved surface, such as that found in a bowl, the desired orientation of the sander 

must be specified along with the desired trajectory of the sander, relative to the 

translational motion of the arm [4].  

¶ Pneumatic orbital sanders are the preferred tool for robotic sanding as they are lightweight 

and compact [5]. 

¶ Maintaining contact with the workpiece with a constant contact force and a constant 

tangential velocity is the most important factor to obtain a high-quality surface [4]. 

¶ An accepted approach to tool path planning for a curved surface, such as that found in a 

bowl, is to follow a radial line from the outer rim of the bowl to its center, and then back 

to the rim [9].  

¶ An accepted form of control to enable both trajectory tracking and force regulation is a 

hybrid force/position controller, with PI for the force controller and PD for the position 

controller [15]. 

¶ An impedance factor can be used to link the position and force controllers to help 

compensate if the precise geometry of the workpiece is not known [18]. 
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CHAPTER 3 

APPARATUS AND CONTROLLERS  

 

This chapter describes the experimental apparatus used for the project. For sanding the bowl, a 

robotic arm is needed which can mimic the human arm motion with an orbital sander attached as 

the end effector. Trajectory planning is required for determining the motion of the arm with respect 

to the bowl. To enable force control, a sensor is needed to measure the force of contact between 

the arm and the bowl. A mechanism is required to hold the bowl firmly to the table while the arm 

does the sanding. This can be achieved with a vacuum chuck. Finally, a hybrid force/position 

impedance controller must be designed. 

 

The apparatus consists of four main hardware components: 

¶ Articulated robot 

¶ Force sensor 

¶ Orbital sander 

¶ Vacuum chuck 

 

Figure 3.1 illustrates the apparatus and the orientation of the three principal axes. 

 

3.1 Articulated Robot 

The selected articulated robot is a CRS A465 robot with six degrees of freedom. Each of the six 

joints is driven by a DC servo motor as controlled by a C500C controller. The C500C controller 

in turn accepts commands from a desktop computer (PC). The system has four main components: 

¶ Robotic arm 

¶ C500C controller 

¶ Teach pendant 

¶ Desktop computer  
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Figure 3.1: Workspace setup of the CRS A465 arm (left) and XYZ axes orientation (right) [22]. 

3.1.1 CRS A465 Arm 

The CRS A465 arm is designed with the same range of motion and payloads as the human arm, 

making it ideal for light payload applications requiring articulated motion in both horizontal and 

vertical planes. It can be mounted in three different configurations which are upright, inverted and 

track mounting. The upright configuration is used for this thesis. 

The arm is driven by DC servo motor at each joint (shown in Figure 3.2) and the armôs position is 

obtained from the encoders and proximity sensors at each joint. The transmission of the arm 

comprises of harmonic drives and timing belts. Relative to the joints in a human arm, the six joints 

of the robotic arm can be identified as: 

¶ Joint 1 = Waist 

¶ Joint 2 = Shoulder 

¶ Joint 3 = Elbow A 
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Figure 3.2: Joint positions of CRS A465 [22]. 

¶ Joint 4 = Elbow B  

¶ Joint 5 = Wrist A 

¶ Joint 6 = Wrist B 

Performance specifications of the CRS A465 arm are: 

¶ Degrees of Freedom  = 6 

¶ Nominal Payload  = 2 kg 

¶ Reach (Horizontal)  = 711 mm 

¶ Reach (Vertical)  = 1041 mm (upwards along Z axis) and 76.2 mm 

    (downwards below the base level) 

¶ Repeatability   = ± 0.05 mm 

¶ Weight    = 31 kg 

More detailed specifications of the robot arm are given in the User Guide by CRS [23]. 

As shown in Figure 3.3, the robot has two reference positions: home and ready. The cartesian 

coordinates of the home position in the XYZ plane are [-317, 41.8, 836.1] mm. The arm must first  
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Figure 3.3: Home (left) and ready (right) positions of the arm. 

 

be in the home position before teaching locations or running any specific tasks using the teach 

pendant or the computer. This allows the arm to synchronize its current position with stored 

calibration data. Then the arm is taken to the ready position before executing the desired set of 

motions for the task at hand. The cartesian coordinates of the ready position in the XYZ plane are 

[406.4, 0, 635] mm. There are two markers on each link of the arm near the joints which are used 

to check whether the arm achieved its ready position. 

 

In the ready position, the tool XYZ coordinates align exactly with the world XYZ coordinates and 

all the markers on each joint of the arm are lined up.  

 

3.1.2 C500C Controller  

 

The A465 robot uses a CRS C500C as the local controller [24]. Figure 3.4 shows the control 

elements of the system: the desktop personal computer (PC), the teach pendant and the C500C 

controller box. 
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Figure 3.4: C500C controller box with the PC and teach pendant visible. 

 

To connect the C500C controller box to the PC, a Quanser Q8 card is used. The Q8 is an HIL 

board with 32 digital I/Os and 8 high resolution analog I/Os which delivers real-time performance 

via a PCI interface. This board provides the interface between the C500C controller and the PC 

with low I/O conversion time of 1ɛs. The CRS arm has six independent PD controllers, one for 

each joint: 

 

                                                         ὠ ὑὖ— — ὑὈ—                                               (3.1) 

 

where V is the voltage applied to the motor, — is the joint angle in degrees, — is the desired joint 

angle in degrees, KPp and KDp are the proportional and derivative gains of the PD controller.  

 

3.1.3 Teach Pendant 

The teach pendant is a hand-held remote control that allows manual movement of the robot arm, 

location teaching, and other operator programming. It has a four-line, 20-character LCD display 

and a 45-key membrane keypad. Its safety features include an E-Stop button and a liveman switch. 

Figure 3.5 shows the buttons of the teach pendant which are used for moving the robot arm and 

https://en.wikipedia.org/wiki/Mu_(letter)
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for gripper movements. The liveman switch is a safety feature whereby teach pendant can be used 

to move the arm to home or ready position [25].  

 

Before starting navigation with the teach pendant, there are certain things which must be verified 

to conclude that the system is functioning correctly. This is referred to as ñcommissioningò the 

CRS A465 robot [22].  

 

Figure 3.5: Teach pendant [24]. 

Commissioning involves the following steps that must be performed in order: 

1. Checking the arm and controller installation 

2. Setting up the teach pendant for commissioning 

3. Performing safety checks 

4. Checking all E-stops 

5. Checking the live-man switch 

Liveman Switch 
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Once the system has been commissioned, it is operational and ready to be programmed by the  

user.  

3.1.4 Computer Software 

 

The two CRS softwares packages originally used to program the arm are: 

¶ Robcomm3 (RAPL-3 Program development environment and interface to C500C)  

¶ POLARA (Laboratory automation software) 

It became apparent early in the project that neither could be used as they were no longer compatible 

with the PCôs operating system (Win 10). Instead, MATLABôs Simulink was used to program the 

robot in the current PC operating system. In order to interface with Simulink, the CRS A465 robot 

requires its own QUARC Simulink library for control of the trajectory and motions. QUARC 

ver2.5 was used with MATLABôs Simulink 2015b for programming the CRS A465 arm in this 

application.  

 

The kinematic and dynamic equations derived in Chapter 4 are written in Simulink function blocks 

which are used to convert world coordinates to joint angles and vice versa. In reference to Figure 

3.6, the main Simulink blocks are seen to be stance, inverse kinematics, position controller, 

forward kinematics, force controller and impedance factor. Figure 3.6 is the top layer of the 

Simulink program that was written for this thesis. There are three layers below the top layer. All 

layers are documented in Appendix C.  

 

Figure 3.6: Simulink block diagram with implementation of the hybrid controller. 
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The Inverse Kinematics block converts the trajectory as given in world coordinates to joint angles. 

The Position Controller block tracks the trajectory with feedback from the joint encoders. The 

Position Controller block outputs the desired joint torques which are then converted to motor 

voltages via the Joint Torques to Motor Inputs block, which are then input to the Robot block.  As 

outputs from the Robot block, the motor (encoder) pulses are converted back to joint angles using 

the Motor Pulses to Joint Angles block, which are then converted to world coordinates using the 

Forward Kinematics block.  The Force Controller block takes the feedback from the force sensor 

and generates the force error which is then added to the desired trajectory after multiplication by 

the impedance factor. 

 

3.2 Force Sensor 

 

This force sensor is a compact monolithic load cell manufactured by JR3. It can sense forces and 

moments along all three axes of measurement and consequently can measure any three-

dimensional loading. The force sensor is connected to the PC using a National Instruments data 

card NI USB-6210. Signals from the sensor are collected in MATLAB using the Quanser toolbox. 

For sensor calibration, a Q4 I/O card was used instead of the NI card as the former was easier to 

connect without the robot in the loop. 

 

The force sensor was calibrated with static weights before mounting it on the arm. A calibration 

matrix is required to give the force output in each axis. The X, Y and Z axes of the force sensor 

are shown in the Figure 3.7. The maximum load range of the force sensor in each axis is given in 

Appendix A. A 6x6 calibration matrix (as given in Table 3.1) gives all the six values which are 

required: Fx, Fy, Fz, Mx, My and Mz (forces and moments in three axes). C1 to C6 are the elements 

of the voltage vector output of the force sensor.  
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Table 3.1: Calibration matrix as supplied by JR3 for this particular unit. 

 C1 C2 C3 C4 C5 C6 

Fx 10 πȢςφχ 0.092 0.606 0.007 0.663 

Fy 0.049 10 0.226 0.056 πȢσςσ 0.011 

Fz 0.049 0.078 10 πȢςπχ 0.285 0.418 

Mx 0.065 0.189 πȢπυφ 10 1.397 0.121 

My 0.091 0.003 0.073 1.277 10 0.111 

Mz 0.11 πȢπσψ 0.295 0.106 0.102 10 

 

Figure 3.7: Force sensor axes orientation (JR3).  

 

Figure 3.8: 1kg weight placed on the z axis of the sensor. 

To begin, Fz was measured by placing a 1 kg weight on the z axis in the negative direction as 

shown in the Figure 3.8. The force offset and gain corrections were obtained by recording the 

measured force as the weight was added and then removed (as shown in Figure 3.9). To check the 

linearity of the force sensor, different static weights were placed on the z axis of the sensor and 
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the change in force measured (as shown in Figure 3.11). The numerical results are summarized in 

Table 3.2.  

 

Figure 3.9: Change in Fz when 1kg weight placed on z axis, with Fx and Fy constant.  

In a similar way, static weights were used to calibrate Fx and Fy. Figure 3.10 shows the 

arrangement for loading the X axis of the sensor, with a rod inserted through the center of the 

sensor and a 1 kg weight suspended under the rod. 

Figure 3.10: Arrangement for loading the x axis of the sensor with 1 kg weight. 
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Table 3.2: Correction factors for respective masses in Fz axis. 

Static Weight (g) Applied Force (N) Recorded Force (N) Correction Factor 

1000 9.81 4.25 0.43 

500 4.90 2.25 0.45 

400 3.92 1.7 0.43 

200 1.96 0.85 0.45 

 

Using the least square method, the equation for the line in Figure 3.10 is: 

      Fz = 0.432 (Fa) + 0.038         (3.2) 

where Fa is the applied force and Fz is the recorded force with correlation Coefficient (r) of 

0.999. 

Similar results were obtained for X and Y axis. The equations for X and Y axis are given as: 

Fx = 0.444 (Fa) + 0.094              (3.3) 

Fy = 0.419 (Fa) + 0.010                     (3.4) 

with correlation Coefficient (r) of 0.996 and 0.998 for X and Y axis respectively. Thus, there is a 

strong positive linear relationship between the recorded and applied forces.  

Figure 3.11: Plot of recorded force versus applied force.   
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3.3 Trajectory Planning 

Before defining the trajectory of the sander, the measurements of the bowl were found, namely the 

interior diameter and interior depth (vertical radius). The bowl is not perfectly circular (i.e. not a 

perfect hemisphere) as its outer diameter varies by 5 to 10 mm. 

 

Figure 3.12: Dimensions of the bowl in mm. 

 

As shown in the Figure 3.12, the bowl has a nominal diameter of 370 mm ± 8 mm (radius of 185 

mm) as measured from the inside edge of the rim from one side to the other. The nominal height 

is 148 mm ± 5 mm. This same bowl was used to carry out the experiments mentioned in Chapter 

5, but two types of trajectories were tested. There is a flat at the bottom with the diameter of 72 

mm ± 3 mm. Angular speed of the joints was set to 0.62 rad/s (measured), where the maximum 

speed is 3.14 rad/s [23]. Any faster than that, the robot had trouble tracking the trajectory.  

 

The trajectory is designed based on the dimensions of the bowl and in such a way that the sander 

maintains contact with the bowl surface with a constant angle of 30 degrees  (as shown in Figure 

3.13). The trajectory is then generated in world coordinates with respect to the CRS A465ôs ready 

position and input to the Simulink program for implementation. 

 

Figure 3.13: Sander with a 30 deg contact angle. 
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3.4 Orbital Sander 

 

The adopted pneumatic orbital sander is manufactured by 3M with a 3-inch head diameter. It is 

driven by a portable compressor (details in Appendix A) and runs at a maximum speed of 8000 

rpm. The operating pressure of the compressor was maintained at 550 kPa (80 psi) and as sander 

starts running, the pressure drops to 345 kPa (50 psi). Its lightweight and low-profile design allows 

for sanding in hard-to-reach places. A one-piece shaft balance system minimizes vibration for 

greater comfort and smoother results. Initial tests were conducted with a 6-inch Husky palm sander 

and 5-inch Bosch random orbit sander (details in Appendix A). They were found to be too heavy 

and too large for the application at hand. 

 

The adapter plate (shown in Figure 3.14) for mounting the orbital sander was designed using Solid 

Edge and machined from aluminum sheet. The shop drawing for the adapter plate is given in 

Appendix A, Figure A.4. The 3M sander is attached to the arm as shown in Figure 3.15. 

 

Figure 3.14: Adapter plate for mounting sander to the wrist. 
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Figure 3.15: Close-up of the end effector, showing mount of the orbital sander and force sensor. 

As shown in Figure 3.16, the sander passes along the radial line of the bowl in the XZ plane and 

consequently the force acts along the x and z axes of the end effector.  The force along the y axis 

of the robot is assumed to be zero. The force setpoints along the x and z axes can be determined 

from: 

 Sf
x
 = FN sin

           Sf
z
 = ï FN cos            (3.5) 

where FN is the desired normal force and  is the contact angle of the sander with the bowl. There 

is a negative sign in the equation for Sf
z
 because FN is in the direction of positive x but negative z. 

To mimic the human operator, FN is set to 10 N and  is set to 30 deg. In this case, the resulting 

Sf
x
 and Sf

z are 5 N and 8.66 N respectively. 

 

Figure 3.16: Illustration of applied forces by sander in x and z direction. 

  



 

30 
 

3.5 Vacuum Chuck 

 

The bowl is held in place by a vacuum chuck with a 120 mm diameter as driven by a vacuum 

pump as illustrated in Figure 3.17. Three soft rubber rings are placed on the chuck to ensure a tight 

seal with the bowl. Specifications of the vacuum pump are given in Appendix A. The vacuum 

pressure of the pump while it is running was 62 kPa (9 psi). 

 

 

Figure 3.17: Vacuum chuck connected to the vacuum pump with bowl sitting on the chuck. 
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3.6 Controllers 

 

Hybrid force/position impedance control was selected as the controller for this application. As the 

name suggests, hybrid force/position control is an approach where different controllers are used 

for position and force. In this approach, the force controller feeds the trajectory error into the 

position controller through the impedance factor. Changing the impedance factor, changes the 

weighting between the force and position control. As recommended by Zeng and Hemami [15], 

one approach to hybrid force/position control is to use PI for the force controller and PD for the 

position controller.  

 

Thus, a conventional PD controller was used for the position control with control law given as 

follows:  

        ef = Sf ï f                             (3.6a) 

                  p
o
= Sp+  (uf )                       (3.6b) 

                  ep= po -  p                                                  (3.6c) 

         up= KPp ep + KDp 
dep

dt
           (3.6d) 

 

where Sf is the force setpoint, f is the measured force, Sp is the position setpoint, p is the measured 

position, ep is error in position, Kt is the impedance factor, KPp and KDp are the proportional and 

derivative gains. Recognize that this controller must be implemented three times, one for each of 

the three principal axes. The impedance factor given in Equation (3.6b) provides the link between 

the force controller and the position controller. 

  



 

32 
 

 

Figure 3.18: Block diagram of hybrid force/position controller. 

 

Four different types of controllers were tested for the force control and they are: 

1. PI control 

2. First Order filter 

3. Butterworth filter 

4. First Order filter and PI control 

 

3.6.1 PI Force Control  

The equation for PI force control is given as: 

 

     (u
f
)
PI
= KPf ef + KIf ᷿ef dt                                       (3.7) 

 

where KPf and KIf are the proportional and integral gains.  
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3.6.2 First Order Filter  

 

A First Order filter (FO) can be used to attenuate noise in the force signal before being input to 

the position controller. The Cutoff frequency or corner frequency (‫  is the frequency where the 

filtered output signal falls to 0.707 (or ï 3dB) of the noisy input signal. 

The input output relationship for the FO filter is given by: 

 (u
f
)
FO
= 
  

          (3.8) 

where ʐ is the time constant and † Ȣ 

 

3.6.3 Butterworth Filter  

 

As an example of a higher level filter, a second order low pass Butterworth (BW) filt er will be 

tested.  

 

The input output relationship for the BW filter is given by: 

                                                             (u
f
)
BW
= f

)
2
  Ѝ   + 1

                 (3.9)  

 

where ‫  is related to passband edge frequency Ὢ by: 

                                                        ‫
Ὢὴ

ρπ
ὑὴ
ρπ ρ

ρ
ςὔ

                                                  (3.10) 

where, ὑ  is Attenuation at passband frequency Ὢ in dB and N is order of the filter. 

 

The BW filter was designed with the ñAnalog Filter Designò block (as given in Figure A.14) in 

Simulink. In which design was selected as BW and filter type as low pass with an order of 2. Ὢ  

for the BW filter was calculated using Equation (3.10) for required ‫Ȣ 
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3.6.4 FOPI Force Control  

 

To order to potentially improve the setpoint tracking performance of the force controller, a PI 

controller was added to the FO filter, with the FO/PI control law given as: 

 

                                                   (u
f
)
&/PI
= KPf     + KIf ᷿   

  dt                               (3.11) 

This completes the documentation of the four force controllers and the PD position controller. 

 

3.7 Summary 

 

This chapter documented the test apparatus developed for this application. The apparatus 

consists of four main components: 

¶ 6 - axis Articulated robot 

¶ 3 - axis force sensor 

¶ Orbital sander 

¶ Vacuum chuck 

Hybrid force/position impedance control was selected to control both force and position. A PD 

controller will be used for position control and four controller configurations will be tested for 

force control: 

¶ First Order filter 

¶ Butterworth filter 

¶ PI control 

¶ FO filter with PI control 

Adjustment to the impedance factor will determine the relative weighting between the position 

and force controllers.
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CHAPTER 4 

KINEMATICS  AND DYNAMICS  

 

An accurate kinematic and dynamic model of a robotic arm is needed in order generate the 

individual motor motions required for the end effector to follow the desired point by point 

trajectory while maintaining the desired angle relative to the workpiece.  This chapter sets out to 

derive and document the model for the CRS A465 arm.  Before formulating the kinematic 

equations, the DH parameters are obtained by describing the arm mathematically. The 

transformation matrices are derived from the DH parameters to describe the relationship between 

paired joint frames. Using the transformation matrices, the forward and inverse kinematic 

equations are formulated to obtain the relationship between the end effector position coordinates 

and the joint angles. Next, the differential kinematics are derived to give the relationship between 

the joint velocities and corresponding end-effector linear and angular velocity. In order to do this, 

the Jacobian matrix is computed for all six revolute joints. Finally, the joint equations are 

formulated to give the relationship between mass and inertia properties, motion and the associated 

forces and torques. The dynamic equations are needed for force estimation, trajectory design and 

its optimization. 

 

4.1 DH Parameters 

 

To determine the equations that provide the basis for the forward and inverse kinematics of the 

robot, it is necessary to describe the arm mathematically. The conventions of Denavit-Hartenberg 

(DH) will be used (Tsai et al, [12]).  

 

In determining the DH parameters, the first step is to produce a diagram, which completely 

describes the mechanism in question. A DH diagram is typically used for this purpose, where each 

joint gives rise to a new frame of reference. For the CRS A465 arm, the DH diagram is given as 

Figure 4.1. 
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Each frame in the DH diagram can be described by parameters including link length (ai), link 

twist (Ŭi), joint angle (Ūi) and joint offset (di) for each joint where to be precise for joints 1 to 6: 

 

¶ Ŭi = the angle between Zi-1 to Zi measured about Xi; 

¶ ai = the distance from Zi-1 to Zi measured along Xi; 

¶ di = the distance from Xi-1 to Xi measured along Zi; 

¶ Ūi = the angle between Xi-1 to Xi measured about Zi; 

 

 There is some degree of ambiguity as to the way this table was obtained. For example, Frame 0 is 

positioned at the same position as Frame 1: at the top of the base column. This was done so as to 

simplify the calculations; however, it would be equally correct to include a value of 330.2 mm (the 

height of the base column) in cell d1. This change would, of course, reflect itself in slightly altered 

equations, however the result at the end would be the same. Similarly, it would be correct to 

describe the wrist by assigning values of “/2, -“/2, and “/2 to ‌3, ‌4, and ‌5.) 

 

Based on Figure 4.1, the DH parameters of the CRS A465 arm can be obtained. They are 

summarized in Table 4.1: 

 

Table 4.1: DH parameters for all six joints of CRS A465 arm. 

 

i Joint Ŭi ai di Ūi 

1 Waist “/2 0 0 Ū1 

2 Shoulder 0 304.8 mm 0 Ū2 

3 Elbow A -“/2 0 0 Ū3 

4 Elbow B “/2 0 330.2 mm Ū4 

5 Wrist A -“/2 0 0 Ū5 

6 Wrist B 0 0 0 Ū6 
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Figure 4.1: Denavit-Hartenberg (DH) diagram of the CRS A465 arm [25]. 

 

4.1.1 Transformation Matrices 

The purpose of the forward and inverse kinematics equations is to allow one to find a means of 

describing the position and orientation of the end effector given the joint angles (and vice versa). 

Position and orientation, relative to a given base frame are often described by means of a 4x4 

transformation matrix. For example, the following matrix describes the position and orientation 

when moving from Frame a to Frame b. 

 

                                                    Ὕ  

ὶ ὶ ὶ ὴ
ὶ ὶ ὶ ὴ
ὶ ὶ ὶ ὴ
π π π ρ

                                                   (4.1) 

The terms ὶ  to ὶ  describe the change in orientation, while the terms ὴ, ὴ and ὴ describe 

the change in position. 
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Now, given some Frame i as described by four DH parameters, it is possible to derive the 

transformation matrix that describes the relationship between Frame i-1 and Frame i. The general 

form of doing so is as follows: 

 

                   4  

ÃÏÓʃ ÓÉÎʃ π Á
ÓÉÎʃÃÏÓɻ ÃÏÓʃÃÏÓɻ ÓÉÎɻ ÓÉÎɻ Ä
ÓÉÎʃÓÉÎɻ ÃÏÓʃÓÉÎɻ ÃÏÓɻ ÃÏÓɻ Ä

π π π ρ

                (4.2) 

 

 In general, transformation matrices can be designated as Ὕ  if they describe the transformation 

from frame x to frame y. 

 

From this template, together with the DH parameters given in Table 4.1, it is possible to derive 

the transformation matrices between each of the frames of the arm. They are as follows: 

 

 

Ὕ  

ὧ ί π π
ί ὧ π π
π π ρ Ὠ
π π π ρ

                                       Ὕ  

ὧ ί π π
π π ρ π
ί ὧ π π
π π π ρ

  

 

Ὕ  

ὧ ί π ὃ
ί ὧ π π
π π ρ π
π π π ρ

                                       Ὕ  

ὧ ί π π
π π ρ Ὀ
ί ὧ π π
π π π ρ

  

 

Ὕ  

ὧ ί π π
π π ρ π
ί ὧ π π
π π π ρ

                                      Ὕ  

ὧ ί π π
π π ρ π
ί ὧ π π
π π π ρ

                  (4.3) 

 

 

where c1 ¹ cos —, s1 ¹ sin —, s23 ¹ sin (— + —), and so on. However, to create the kinematics 

equations, individual transformation matrices is the first step. A transformation matrix is still 

required that completely describes the position and orientation of the tool tip with respect to the 
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base of the robot. As there are six joints in the CRS A465 arm, and hence six intermediate frames, 

the total base-to-tip transformation matrix can be designated asὝ . Fortunately, this matrix follows 

easily from the six individual matrices as follows: 

 

                                                          Ὕ  Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ                                               (4.4) 

4.2 Forward Kinematics 

 

 In order to manipulate an object, one must be able to specify the position and orientation of the 

end-effector with respect to a reference frame. Only joint variables are evaluated in most 

manipulators. Typically, forward kinematics equations are used to compute the world position 

coordinates and orientation of the tool tip for each of the six joint angles of the arm by way of a 

transformation matrix. 

                                                         Ὕ  

ὶ ὶ ὶ ὴ
ὶ ὶ ὶ ὴ
ὶ ὶ ὶ ὴ
π π π ρ

                                          (4.5) 

 

 

where ὶ  to ὶ  describe the change in orientation, and the terms ὴ, ὴ and ὴ describe the 

change in position.  

 

The components of the transformation matrix can be broken down by the normal vector (n), slide 

vector (s), approach vector (a) and translation vector (p) is given as: 

 

                                                           Ὕ ὲ ί ὥ ὴ
π π π ρ

                                            (4.6) 

 

By multiplying together, the matrices given in Equation (4.3) in the correct order, the desired  Ὕ 

transformation matrix can be derived in terms of the given joint angles. Specifically, the following 

vectors can be formulated: 
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                 Î  

Ò
Ò
Ò

 

Ã Ã ÃÃÃ ÓÓ ÓÓÃ  ɀ Ó ÓÃÃ  ÃÓ

Ó Ã ÃÃÃ ÓÓ Ó ÓÃ  Ã ÓÃÃ  ÃÓ
Ó ÃÃÓ  ÓÃ   ÃÓÓ

     (4.7) 

              Ó  

Ò
Ò
Ò

 

Ã Ã ÃÃÓ ÓÃ ÓÓÓ ɀ Ó ÓÃÓ  ÃÃ

Ó Ã ÃÃÓ ÓÃ ÓÓÓ  Ã ÓÃÓ  ÃÃ

Ó ÃÃÓ  ÓÃ  Ã ÓÓ

  (4.8) 

 

                                      Á  

Ò
Ò
Ò

 
Ã ÃÃÓ Ó Ã  Ó ÓÓ

Ó ÃÃÓ ÓÃ  Ã ÓÓ
ÓÃÓ  ÃÃ

                     (4.9) 

 

                                                Ð  

Ð
Ð
Ð

 

Ã $Ó !Ã
Ó $Ó !Ã
$Ã  !Ó Ä

                                  (4.10) 

 

It should be noted that A2 and D4 are the lengths of links 2 and 3 respectively with Ä π (see 

Figure 4.1). Furthermore, in case of discrepancy between these equations and those found in the 

c-code, the latter shall be considered correct. It now becomes a straightforward matter to obtain 

the elements of the equations to determine the elements of the Ὕ transformation matrix. In fact, 

because one knows that the three column vectors of orientation are orthogonal unit vectors, one 

need only calculate two of the three vectors and determine the last vector by taking their cross 

product. 

 

The CRS A465 Joint to World block inside the Forward Kinematics block (given in Figure C.19) 

converts the joint angles to cartesian coordinates and the Stance block gives the armôs 

configuration (orientation) to reach the required end point position. 

 

4.3 Inverse Kinematics 

 

As the name would suggest, inverse kinematics does the opposite of the forward kinematics. That 

is, given the world coordinate position and orientation of a robot end effector, the positions of each 

of the robot joints will be returned. However, a given set of joint angles can only be attained by 
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one world position and orientation, the converse is not true. There may be as many as eight valid 

joint solutions for a manipulator such as the CRS A465 arm, for any specified position and 

orientation. The inverse kinematics model will solve each of the eight alternatives and then pass 

the outcomes to a selection routine that will determine the best solution based on the required 

current stance and the previous arm position. 

 

For each of the following solutions, it is assumed the Ὕ transformation matrix is known (because 

one is operating from a known position and orientation). This is used along with some intermediate 

matrices that can be calculated from the list of joint matrices provided in Equation 4.3. 

 

Joint 1 solution 

 

With the following transformation matrix as the starting point: 

 

Ὕ  Ὕ Ὕ 

 

it follows that 

 

Ὕ Ὕ  Ὕ 

 

or more simply 

                                                                   Ὕ Ὕ  Ὕ                                                          (4.11) 

 

If the Element (2,4) is extracted from Equation 4.11, the following is obtained 

ίὴ  ὧὴ  π 

 

and hence the resulting forward solution for the angle of Joint 1 is:  

 

                                                            Ὸ   ὥὸὥὲς ὴȟὴ                                               (4.12) 
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As determined by the signs of px and py, the function atan2 has a range of [-ˊ, + ˊ] whereas the 

function atan has a range of [-ˊ /2, + ˊ /2].) 

 

 

Finally, given that the arm can reach backwards, the resulting backward solution is: 

 

                                                                 ɡ  ɡ  ʌ                                                        (4.13) 

 

 

Joint 3 Solution 

The same matrix equation Ὕ Ὕ = Ὕ is used to solve for Joint 3. If the Element (1,4) is 

extracted from Equation (4.11), the following can be obtained 

ὧὴ  ίὴ  ίὈ  ὃὧ 

 

Also, for Element(3,4) from Equation (4.11), 

ὴ  ὧὈ  ίὃ 

 

and for Element (2,4) 

ίὴ  ὧὴ  π 

 

Combining all three equations: 

ὧὴ  ίὴ   ὴ  Ὀ  ὃ   ςὈὃ ὧί  ίὧ  

 

which, with some substitutions, it can be rewritten as: 

 

ὦὥίὩὴὰὥὲὩᾨὭίὸ ὴ  ὰὭὲὯὺὥὶρ ςὈὃί   

 

where, ὰὭὲὯὺὥὶρ  Ὀ  ὃ  and ὦὥίὩὴὰὥὲὩᾨὭίὸ ὧὴ  ίὴ. Thus, this can be 

rewritten as: 

ςὈὃί  ὸάὴρ  
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Using the formula 

ὧ ρ ί 

 

The following equation can be derived by substituting ὧ as tmp1: 

ςὈὃὧ τὈὃ ὸάὴρ 

 

Therefore, the angle of Joint 3 can be obtained from: 

 

                                              Ὸ σ  ὥὸὥὲςὸάὴρȟ τὈὃ ὸάὴρ                               (4.14) 

 

Equation 4.14 has two possible solutions, corresponding to the two solutions of the square root. It 

is not computationally efficient to calculate the atan2 function more often than necessary, and so 

the equation is rewritten as: 

 

                              ɡ    ʌ Ⱦς  ÁÔÁÎςτ$!  ÔÍÐρȟÔÍÐρ                       (4.15) 

                              ɡ    ʌ Ⱦς  ÁÔÁÎς τὈὃ ὸάὴρȟÔÍÐρ                       (4.16) 

 

Which allows us to find both solutions while computing the atan2 only once. 

 

Note that BUFD refers to the ñbackward-up/forward-downò elbow configuration, while FUBD 

refers to the ñforward-up/backward-downò configuration. 

 

Joint 2 Solution 

 

To solve for joint 2, some of the previously established transformation matrices can be 

rearranged to arrive at: 

                                                                   Ὕ Ὕ  Ὕ                                                          (4.17) 

 

From Equation (4.17), the elements of Ὕ can be extracted: 
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For Element (1,4) 

ὧὧὴ  ίὧὴ ίὴ ὃὧ   π 

 

For Element (2, 4) 

ὧίὴ  ίίὴ ὧὴ ὃί   π 

 

For Element (1, 4) 

ὧ  ὧὴ  ίὴ   ίὴ ɀὃὧ  π 

 

and for Element (2, 4) 

ί  ὧὴ  ίὴ  ὧὴ  ὃί  Ὀ 

 

which can be combined to solve for s23 and c23: 

 

ί  
!ÃÐ $  !Ó ÂzÁÓÅÐÌÁÎÅÄͅÉÓÔ

ὸὬὶὩὩίὴὥὧὩᾨὭίὸίͅήὶ
 

 

ὧ  
$  !ÓÐ  !Ã ÂzÁÓÅÐÌÁÎÅÄͅÉÓÔ

ὸὬὶὩὩίὴὥὧὩᾨὭίὸίͅήὶ
 

 

where, ὸὬὶὩὩίὴὥὧὩᾨὭίὸίͅήὶὧὴ  ίὴ  Ð  

 

Thus, the joint angle for Joint 2  can be obtained from: 

 

                                                     ɡ  ÁÔÁÎςÓȟ Ã   ɡ                                               (4.18) 

 

Joint 4 Solution 

 

For this joint, the same matrix equation is used as in the case for Joint 2. From Equation (4.17), 

the elements of Ὕ are extracted: 
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For Element (1,3) 

ὧὧὶ  ίὧὶ   ίὶ   ὧὧ 

 

and for Element (3,3) 

ίὶ ɀ ὧὶ ίί 

 

Note that ñwrist-flippedò refers to the Joint 4 rotated by 180 deg from ready position. Solving 

these for s4 and c4, the wrist-flipped solution for Joint 4 was derived as: 

 

                       ɡ   ÁÔÁÎς ÓÒ   ÃÒ ȟÃÃÒ ÓÃÒ ÓÒ               (4.19) 

 

as well as the secondary, wrist-not-flipped solution for Joint 4 is:  

                                                              ɡ   ɡ   ʌ                                                      (4.20) 

 

Joint 5 Solution 

 

Beginning with the matrix equation 

 

                                                                    Ὕ Ὕ  Ὕ                                                         (4.21) 

 

The elements of Ὕ can be extracted from the Equation (4.21) as follows: 

 

For Element (1,3) 

ὶ ίί ὧὧὧ   ὧ ὧί ίὧ ὧ   ὶ ίὧ   ί 

 

and for Element (3,3) 

ÃÓÒ ɀ ÓÓÒ   ὧ Ò   ὧυ 

 

to arrive at the wrist-not-flipped solution for Joint 5 as: 

 

                                                            ɡ  ὥὸὥὲς ίȟὧ                                                  (4.22) 
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and the resulting wrist-flipped solution for Joint 5 is: 

 

                                                                  ɡ     ɡ                                                         (4.23) 

 

Joint 6 Solution 

 

Using the matrix equation 

 

 

                                                                     Ὕ Ὕ  Ὕ                                                        (4.24) 

 

The elements of Ὕ are extracted from the Equation (4.24) to arrive at: 

 

For Element (1,2) 

ὶ ὧίί ὧὧὧὧ ίὧί   

ὶ ὧὧί ὧίὧὧ ίίί   

ὶ ὧίὧ ίὧ   ί 

For Element (3,2) 

ὶ ὧὧί ίὧ   ὶ ίὧί  ὧὧ  ɀ ίίὶ  ὧ 

 

which can be used directly to produce the wrist-not-flipped solution for Joint 6 as: 

                                                          ɡ  ὥὸὥὲς ίȟ ὧ                                                   (4.25) 

 

and the resulting wrist-flipped solution for Joint 6 is: 

                                                                 ɡ  ɡ  ʌ                                                     (4.26) 

 

A465 Stance is the block used in Simulink (refer to Figure C.3) to determine the joint configuration 

of the arm for a desired position. This block calculates stance from the joint angle feedback. An 

auto stance configuration [-1 -1 -1] can be used in situations where the controller is allowed to 

select the best stance to reach desired position automatically.   



 

47 
 

4.4 Differential Kinematics 

 

In this section, differential kinematics are used to compute the ñJacobianò matrix which is used to 

map the joint velocities to the respective end-effectorôs linear and angular velocities. The 

conversion of joint velocity to end-effector angular/linear velocity can be expressed as (Croft et al 

[14]): 

                                                                          
ὺ
‫

ὐή                                                            (4.27) 

 

where J is the Jacobian matrix, ὺ is the linear velocity, is the angular velocity and ή is the joint ‫ 

velocity.  

 

The Jacobian for a revolute joint is given as: 

*  
ᾀ  ὴ  ὴ

ᾀ
 

 

For the CRS A465 arm, the six revolute joints must be considered first, so the general matrix for 

the Jacobian looks like the following 

 

         *  
ᾀ ὴ  ὴ ᾀ ὴ  ὴ ᾀ ὴ  ὴ ȢȢȢᾀ ὴ  ὴ

ᾀ ᾀ ᾀ ȢȢȢ ᾀ
 

(4.28) 

where ᾀ is the approach of the 2nd frame in Frame 0 (same as term óaô in forward kinematics) 

and ὴ is the position vector of the 6th frame in Frame 0. Using the values of these parameters, as 

computed in Section 4.2 (Forward Kinematics), each term in the above Jacobian computes out to 

be: 

 

ὴ  ὴ  
π
π
Ὠ
Ƞ ὴ  

!ÃÃ
!ÓÃ
Óὃ
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ὴ  ὴ ὴ  

Ã $Ó !Ã

Ó $Ó !Ã
$Ã !Ó Ὠ

 

ᾀ ὴ  ὴ  
π
π
ρ
 

Ã $Ó !Ã
Ó $Ó !Ã
$Ã !Ó

 
Ó $Ó !Ã
Ã $Ó !Ã

π

 

 

ᾀ ὴ  ὴ  
Ó
Ã
π
 

Ã $Ó !Ã
Ó $Ó !Ã
$Ã !Ó

 

Ã $Ã !Ó
Ó $Ã !Ó
$Ó !Ã

 

 

ᾀ ὴ  ὴ  
Ó
Ã
π
 

Ã $Ó
Ó $Ó
$Ã

 
$ÃÃ
$ÓÃ
$Ó

 

ᾀ ὴ  ὴ  

ÃÓ
ÓÓ
Ã
 
π
π
π

 
π
π
π

 

 

ᾀ ὴ  ὴ  

ÃÓÓ ÓÓ
ÓÓÃ ÃÓ
Ó Ó

 
π
π
π

 
π
π
π

 

 

ᾀ ὴ  ὴ  
Ã Ã ÃÓ ÓÃ  Ó ÓÓ

Ó Ã ÃÓ ÓÃ  Ã ÓÓ
ÓÃÓ ÃÃ

 
π
π
π

 
π
π
π

 

 

Adding all the above elements to Equation (4.28), one gets the Jacobian matrix. Finally, the 

angular and linear velocities are computed to be 

 

              Ö  

ὺ
ὺ
ὺ

 

Ó $Ó  !Ã —  Ã $Ã  !Ó— $ÃÃ —

Ã $Ó  !Ã — Ó $Ã  !Ó— $ÓÃ—

$Ó !Ã — $Ó—

     (4.29) 
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‫  

‫
‫
‫

 

Ó— Ó— ÃÓ— ÃÓÓ ÓÓ— Ã ÃÃÓ ÓÃ  Ó ÓÓ —

Ã— Ã— ÓÓ— ÓÓÃ ÃÓ— Ó ÃÃÓ ÓÃ  Ã ÓÓ —

— Ã— ÓÓ— ÓÃÓ ÃÃ —

  

(4.30) 

 

4.5 Robot Dynamics 

 

This section gives the dynamic equations derived for the CRS A465 arm. The generic model for 

robot dynamics can be given as [13]: 

 

                     Ὀή ή ὅήȟή ὄή Ὃή Ὂή † ὐὊ              (4.31) 

 

where D(q) is the manipulator mass matrix, ) is the motors inertia matrix, #ÑȟÑ is the Coriolis 

and centrifugal matrix, B is the viscous friction matrix, G(q) is the gravitational vector, Ὂή is 

the Coulomb friction matrix, r is the gear ratio, ὠ  ὠ ὠ ὠ  is the commanded voltage vector, 

K is a scalar conversion from commanded voltage to motor torque, ή  ή ή ή  is the 

manipulator joint position, † is the total joint torque, and Ὂ  is the force applied by the end-

effector (i.e. the sander). The commanded voltage signal acquired after the internal joint position 

PD controller of the robot as given in Equation (3.1). Since one does not have access to the 

amplifier gains for the voltage to motor torques, K is an unknown. Thus, all parameters described 

in this section will be given as a function of K. 

 

4.5.1 Lagrange 

 

A Lagrangian approach can be used to find the dynamic equations of the arm. The generic 

Lagrangian for a manipulator is written as , ὑὉ ὖὉ, where KE and PE represents the kinetic 

and potential energies respectively and are defined as: 
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                                                    ὑὉ В άὺὺ ‫ Ὅ‫                                    (4.32) 

 

                                                                ὖὉ В άὫὖ                                               (4.33) 

 

where i is the link number, ά  is mass of the link I, ὺ  ὖ ‫ ὶ ȟ is the linear 

velocity of the center of mass of link I, ‫ Ὑ ‫  is the angular velocity of link I, Ὅ is the 

inertia tensor of link I, g = [0 0 9.80574]T is the gravitational acceleration vector and ὖ  is the 

position of the center of mass of link i. To reduce the complexity in computing the dynamics, only 

the principal moment of inertia is taken for each link. Hence, Ὅ was assumed as: 

 

                                                           Ὅ

Ὅ  π π
π Ὅ  π

π π Ὅ  
                                                (4.34) 

 

The distances described by the vector ὶ ȟ between the center of mass of link i and the center 

of Frame {i-1} are defined as: 

 

ὶȟ  Ὑ π ὰ π ;  ὶȟ  Ὑ ὰ π π ;  ὶȟ  Ὑ π π ὰ ; 

                ὶȟ  Ὑ π ὰ π ;  ὶȟ  Ὑ π π ὰ ;  ὶȟ  Ὑ ὰ π π        (4.35) 

 

where the rotation matrix Ὑ  are obtained from the transformation matrices presented in Section 

4.1 and the angular velocities ‫  for the links with respect to frame zero are obtained from: 

 

‫  

π
π
ή

 

 

‫  

ÓÉÎ ή ή
ÃÏÓ ή ή
ή
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‫  

ÓÉÎ ή ή ή

ÃÏÓ ή ή ή
ή

 

 

‫

ÓÉÎή ή ή ÃÏÓή ÓÉÎή ή ή

ÃÏÓή ή ή ÓÉÎή ÓÉÎή ή ή

ή ÃÏÓή ή ή

 

‫

ÓÉÎή ή ή ÃÏÓή ÓÉÎή ή ή ÃÏÓή ÓÉÎή ÓÉÎή ή ÓÉÎή ÓÉÎή ή

ÃÏÓή ή ή ÓÉÎή ÓÉÎή ή ή ÓÉÎή ÓÉÎή ÓÉÎή ή ÃÏÓή ÓÉÎή ή

ή ÃÏÓή ή ή ÓÉÎή ή ÓÉÎή ή

 

 

‫

‫ ρ

‫ ς

‫ σ

             (4.36) 

where 

‫ ρ ÃÏÓή ÓÉÎή ή ή ÃÏÓή ή ÃÏÓή ÓÉÎή ÓÉÎή ή ÃÏÓή

ÃÏÓή ÓÉÎή ÓÉÎή ή  ÓÉÎή ÓÉÎή ή  ÓÉÎή ή ή

ÓÉÎή ÓÉÎή ή 

‫ ς ÓÉÎή ÓÉÎή ή ή ÃÏÓή ή ÃÏÓή ÓÉÎή  ÓÉÎή ή ÃÏÓή

ÓÉÎή ÓÉÎή ÓÉÎή ή  ÃÏÓή ÓÉÎή ή ÃÏÓή ή ή

ÓÉÎή ÓÉÎή ή 

‫ σ ή ÃÏÓή ή ή ÓÉÎή ή ÓÉÎή ή ÓÉÎή ή ÃÏÓή ÓÉÎή

ÃÏÓή ή ÃÏÓή ή 

 

4.5.2 Mass and Inertia Terms 

The manipulator mass matrix D(q) is obtained using the kinetic energy (KE) equation since it is 

known that 

 

                                                                         ὑὉ ήὈήή                                             (4.37) 
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Therefore, after computing KE with the forward kinematics equations, D(q) is extracted by 

factoring the joint velocities. The resulting matrix is: 

          Ὀή

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὠ Ὠ Ὠ Ὠ Ὠ Ὠ
Ὠ Ὠ Ὠ Ὠ Ὠ Ὠ
Ὠ Ὠ Ὠ Ὠ Ὠ Ὠ
Ὠ Ὠ Ὠ Ὠ Ὠ Ὠ
Ὠ Ὠ Ὠ Ὠ Ὠ Ὠ
Ὠ Ὠ Ὠ Ὠ Ὠ Ὠ Ứ

ủ
ủ
ủ
ủ
Ủ

 

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὠ π π π π π
π Ὠ Ὠ Ὠ Ὠ Ὠ
π Ὠ Ὠ Ὠ Ὠ Ὠ
π Ὠ Ὠ Ὠ Ὠ Ὠ
π Ὠ Ὠ Ὠ Ὠ Ὠ
π Ὠ Ὠ Ὠ Ὠ Ὠ Ứ

ủ
ủ
ủ
ủ
Ủ

  

(4.38) 

 

The non-zero matrix elements in the Equation (4.38) are given in Appendix B. The mass matrix is 

symmetric in nature. Thus, the terms Ὠ Ὠ  where i and j are row and column of the mass 

matrix. Regarding the inertia of the motors, it can be defined as the matrix Ὅ: 

 

                                              Ὅ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὅ  π π π π π
π Ὅ  π π π π
π π Ὅ  π π π
π π π Ὅ π π
π π π π Ὅ π
π π π π π Ὅ Ứ

ủ
ủ
ủ
ủ
Ủ

                               (4.39) 

 

4.5.3 Coriolis and Centrifugal Terms 

 

The matrix ὅήȟήin Christoffel form containing the coriolis and centrifugal terms is defined as: 

                                           ὅήȟή  

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὧ ὧ ὧ ὧ ὧ ὧ
ὧ ὧ ὧ ὧ ὧ ὧ
ὧ ὧ ὧ ὧ ὧ ὧ
ὧ ὧ ὧ ὧ ὧ ὧ
ὧ ὧ ὧ ὧ ὧ ὧ
ὧ ὧ ὧ ὧ ὧ ὧỨ

ủ
ủ
ủ
ủ
Ủ

                               (4.40) 

can be obtained using the manipulator mass matrix D(q) elements as follows: 

 

                                      ὧ В ὧ ήή В ή                          (4.41) 

After performing the calculations, the elements of the matrix C(ήȟή) are derived and given in 

Appendix B. 
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4.5.4 Gravitational and Friction Terms  

The gravitational vector is obtained from the potential energy PE shown in Equation (4.33). In 

order to do so the equation PE is partially differentiated with respect to ή ; which gives the 

gravitational vector as: 

                                                                   Ὃή

ụ
Ụ
Ụ
Ụ
Ụ
ợ
π
Ὣ
Ὣ
Ὣ
Ὣ
ὫỨ
ủ
ủ
ủ
ủ
Ủ

                                                          (4.42) 

where, 

Ὣ άὰ άὥ ÃÏÓή άὰÓÉÎή ή άὰ άὨ ÃÏÓή

άὰÓÉÎή ή ή άὰÃÏÓ ή  

Ὣ  άὰÓÉÎή ή άὰ άὨ ÃÏÓή άὰÓÉÎή ή ή  

 άὰÃÏÓ ή  

Ὣ  άὰ άὨ ÃÏÓή άὰÓÉÎή ή ή άὰÃÏÓ ή  

Ὣ άὰÓÉÎή ή ή άὰÃÏÓ ή  

Ὣ άὰÃÏÓ ή  

 

Since the viscous and coulomb friction terms are modeled for each manipulator joint, their 

respective matrices are defined as: 

 

                                           Ὂ  

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὢ π π π π π
π Ὢ  π π π π
π π Ὢ π π π
π π π Ὢ π π
π π π π Ὢ π
π π π π π Ὢ Ứ

ủ
ủ
ủ
ủ
Ủ

                                              (4.43) 

                                            Ὂ  

ụ
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Ụ
Ụ
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π π Ὢ π π π
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π π π π Ὢ π
π π π π π ὪỨ

ủ
ủ
ủ
ủ
Ủ

 ίὫὲή                        (4.44) 

where sgn() function determines whether the joint velocity is negative, zero or positive. 
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4.5.5 Force Estimation 

 

For force estimation, the voltage values and joint positions are measured along-with the 

corresponding force as given by the force sensor. The equation that is used to compute the 

estimated force is given by 

 

                        Ὂ ὐ Ὕ Ὀή ή ὅήȟή ὄή Ὃή Ὂή              (4.45) 

 

where, ὐ  is the Jacobian inverse transpose, Ὕ = is the estimated torque from motor voltage and 

remaining is the dynamics equation. Joint velocity is calculated from measured joint position by 

first taking the derivative and then passing it through a low-pass filter with a cutoff frequency of 

5 Hz. Similar steps are used to obtain the acceleration by taking the derivative of the velocity. 

 

4.5.6 Parametrization 

 

The general model of robot dynamics given as in Equation (4.31), can be parameterized and also 

defined as † ὣήȟήȟή—, (Kinsheel et al [13]) where — is the vector of parameters and 

ὣήȟήȟή is the matrix that relates the parameters to the output † using the input signals ήȟήȟή. 

Combining all matrices and vectors related to Equation (4.31) and extracting the common terms, 

the following vector parameters were found: 

 

—
ρ

ὑ
ὥ ά ά ά ά ςὥάὼ Ὅώ Ὅὼ  

—
ρ

ὑ
ὥ ά ά ά ά Ὠ ά ά Ὅὼ Ὅώ Ὅᾀ

ςὥάὼ Ὅώ Ὅᾀ Ὠάώ  

—
ρ

ὑ
άώ Ὠ ά ά άᾀ  

—
ρ

ὑ
Ὠ ά ά Ὅὼ Ὅώ Ὅᾀ ςὨάώ Ὅώ  
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—
ρ

ὑ
Ὠ ά ά Ὅὼ Ὅώ Ὅᾀ ςὨάώ Ὅώ Ὅᾀ Ὅὼ  

—
ρ

ὑ
ςὍὼ Ὅώ Ὅώ Ὅᾀ  

—
ρ

ὑ
ςὍὼ Ὅώ Ὅᾀ Ὅὼ Ὅᾀ  

—
ρ

ὑ
Ὅᾀ Ὅώ Ὅὼ  

—
ρ

ὑ
Ὅὼ Ὅὼ Ὅᾀ Ὅώ Ὅᾀ  

— Ὅὼ Ὅᾀ ; — Ὅὼ Ὅᾀ ςὍώ  

—
ρ

ὑ
ὥ ά ά ά ά άὼ  

— άᾀ ;  — Ὅὼώ;  — Ὅὼώ;  — Ὅὼώ; 

— Ὅὼᾀ;  — Ὅὼᾀ; — Ὅὼᾀ; — Ὅώ ; 

— Ὅώ ;  — Ὅώᾀ; — Ὅώᾀ;  — Ὅώᾀ; 

— Ὢὺ;  — Ὢὧ;  — Ὢὺ;  — Ὢὧ; 

— Ὢὺ;  — Ὢὧ;  — Ὢὺ;  — Ὢὧ; 

— Ὢὺ;  — Ὢὧ;        (4.46) 

 

4.6 Summary 

 

The kinematic and dynamic equations for the CRS A465 arm were obtained from the DH 

parameters and the Jacobian matrix. These equations are implemented in Simulink function blocks 

(refer to Appendix E) and used as forward and inverse kinematics in converting the joint angles to 

world coordinates for the end effector and vice versa. Dynamic equations were obtained using the 

Lagrangian approach. The developed force estimation and dynamic parameters were not used in 

the thesis. But they are being made available for future work with CRS A465 arm. 
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CHAPTER 5 

RESULTS 

 

The experimental test results obtained with the four controllers documented in Chapter 3, as 

enabled by the kinematics model for trajectory generation given in Chapter 4, are presented in this 

chapter. The Simulink programs for the controllers are given in Appendix C.  

 

Event markers as keyed to the bowl entry and return paths are given in Figure 5.1. These event 

markers serve to identify the different phases of the sanding process, as illustrated by the sample 

position and force results given as Figure 5.2 and Figure 5.3. In order to highlight the setpoint 

tracking nature of the force controller, the absolute values of Fx and Fz are plotted together with 

their setpoints, as in Figure 5.2. By contrast, in order to highlight the regulatory nature of the 

position controller, the error values of Ὁ  and Ὁ  are plotted, as in Figure 5.3. Only the x-axis and 

z-axis values are plotted, as there is no motion in the direction of the y-axis.  

 

In reference to Figure 5.2, where the Fx and Fz setpoints are +5 N and -9 N, respectively,  the point 

at which the sander contacts the bowl is clearly seen as a jump in Fz from 0 N to -9 N at 25 sec 

and then back to 0 N at 45 sec when the sander leaves (i.e. releases) the bowl. The variations in 

beginning of the force plots are due to the wrist rotations of the arm at the start of the trajectory. 

Thatôs why some plots have different initial offsets. Recognize that there is no contact with the 

bowl outside of the 25 to 45 sec window, at which time the force controller is effectively 

inoperative. In this particular sample, it is important to note that the force controller is able to 

continuously to track the setpoint, even when there is a sharp change in the geometry, that is at the 

points where the sander reaches and then leaves the flat in the centre of the bowl.   

 

In reference to Figure 5.3, the same event markers are given, but the more significant label 

identifies the window when the position controller is actively tracking the trajectory, which is 

between 18 sec (leaves the ready position) and 53 sec (returns to ready position) in this example. 

As with the force controller when it is outside of the contact window, the position controller is 

effectively inoperative when it is outside of the trajectory window.   
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Figure 5.1: Placement of event markers for sander entry and return paths. 

  

Figure 5.2: Sample force plot as keyed to event markers, with setpoints of 5 and -9N for Fx and 

Fz. 

  

Figure 5.3: Sample position error plot as keyed to event markers. 
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As a quantitative performance measure, for all the reported results, the root mean square error 

(RMSE) is calculated: 

                                       ὙὓὛὉ 
В

                                                   (5.1) 

where,  Ὓ is the force setpoint for Fz , f  is the actual force measurement and n is the number of 

points (equals 11001), taken between datapoint 12001 (24 sec) and 23001 (46 sec). The RMSE for 

both position and force are calculated from the point where the sander contacts the bowl to the 

point where it loses contact with the bowl. 

 

5.1 FO/PD Control  Results 

 

Tests with the First Order (FO) filter for the force controller and PD for the position controller 

were conducted first as it was the simplest to implement.   The FO/PD controller was used to 

investigate the effect of three operating parameters: 1) impedance factor, 2) contact angle and 3) 

trajectory.  FO/PD was also used to study two issues: 1) replacement of the sander with a ball 

transfer unit (BTU) to investigate the effect of friction and 2) addition of integral action to the FO 

filter in order to investigate the source of the steady state error in the force controller. 

 

 

5.1.1 Impedance Factor 

 

Changing the impedance factor, changes the weighting between the force and position control. If 

Kt is low, then force control is dominant. Whereas if Kt is high, then position control is dominant. 

Table 5.1 summarizes the RMSE results with FO/PD control with three different impedance 

factors: 2, 0.25 and 0.125. The setpoints and controller gains used for the tests are also given. The 

corresponding plots of position and force errors are given in Figure 5.4 to 5.7 where the position 

error indicates the difference between desired and actual trajectory. The results confirm the 

weighting effect of Kt. When Kt is high (i.e. 2 in Test 1), the RMSE for position is low and the 

RMSE for force is high.  Conversely, when Kt is low (i.e. 0.25 in Test 2), the RMSE for position 
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is high and the RMSE for force is low. But when Kt is reduced to 0.125, the system becomes 

unstable and the RMSE for position and force is increased. These tests confirm that the hybrid 

controller is behaving as it should, at least in terms of the impedance factor.  Kt tuned to 0.25 gives 

the best force control. Note that in Figures 5.6 and 5.7 there are initial offsets of 5 N for the X-axis 

and 10 N for the Z-axis, because initially the sander is not in contact with the bowl and there is no 

integral action to correct a steady state error.   The effect of integral action is covered in Section 

5.1.5. 

 

 Table 5.1: Control parameters and RMSE results for hybrid FO/PD controller. 

  

Parameters Force Setpoints 

(N) 

Position 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

RMSE  

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Test 1 +5 0 -8.7 7.5 0.02 2.45 2 1.9 2.3 8.3 9.1 

Test 2 +5 0 -8.7 7.5 0.02 2.45 0.25 5.2 7.2 3.9 3.6 

Test 3 +5 0 -8.7 7.5 0.02 2.45 0.125 24 16 6.1 9.4 
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Figure 5.4: Position error for X axis with FO/PD control and effect of Kt. Note high impedance 

(Kt = 2) gives lowest RMSE. 

 

 

Figure 5.5: Position error for Z axis with FO/PD control and effect of Kt. Note high impedance 

(Kt = 2) gives lowest RMSE. 
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Figure 5.6: Force error for X axis with FO/PD control and effect of Kt. Note low impedance (Kt 
= 0.25) gives lowest RMSE. 

 

 

Figure 5.7: Force error for Z axis with FO/PD control and effect of Kt. Note low 

impedance (Kt = 0.25) gives lowest RMSE. 
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5.1.2 Effect of Contact Angle 

The contact angle of the sander with respect to the bowl is also important to get the best sanding 

results. Two different contact angles were tested to illustrate this effect. 

 

 Table 5.2: Results for change in angle with hybrid FO/PD controller 

 

Table 5.2 summarizes the RMSE results with FO/PD control with two different contact angles: 30 

and 45 deg.  These angles were chosen as they were most representative of the orientation used by 

the operator when sanding manually.  The setpoints and controller gains used for the tests are also 

given.  The corresponding plots of position and force errors are given in Figures 5.8 to 

5.11.     From these results one concludes that a 30 deg angle gives better force and position control 

than a 45 deg angle, with the RMSE for force being almost 50% less for both the x axis and the z 

axis.   Thus, all subsequent tests were conducted with a contact angle of 30 deg. 

  

Parameters Force 

Setpoints 

(N) 

Position 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

Angle 

(deg) 

RMSE  

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ † ὑ ẽ Ὁ  Ὁ  Ὁ  Ὁ  

Test 4 +5 0 -8.7 7.5 0.02 2.45 0.25 45 1.9 2.8 9.1 7.7 

Test 5 +5 0 -8.7 7.5 0.02 2.45 0.25 30 1.7 2.9 6.2 3.6 
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Figure 5.8: Position error for X axis with FO/PD control and effect of contact angle. Note 30 

deg angle gives lowest RMSE. 

 

 

Figure 5.9: Position error for Z axis with FO/PD control and effect of contact angle. Note 30 

deg angle gives lowest RMSE. 
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Figure 5.10: Force error for X axis with FO/PD control and effect of contact angle. Note 30 deg 

angle gives lowest RMSE. 

 

 

Figure 5.11: Force error for Z axis with FO/PD control and effect of contact angle. Note 30 deg 

angle gives lowest RMSE. 
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5.1.3 Effect of Trajectory  

The CRS A465 arm has a singularity issue between Joint 4 and Joint 6 at certain points in its 

workspace. The consequence is that, one cannot program the arm to follow a spiral trajectory from 

the edge to the center of the bowl as the wrist rotates at Joint 4 as it follows the spiral. Thus, it was 

decided to program the arm to follow a trajectory along the radial line of the bowl from edge to 

center and back. 

 

Two different approach trajectories were tested to evaluate the effect of trajectory on performance. 

In Trajectory 1, the arm makes a long curved approach to the bowl from above and makes first 

contact with the inside edge of the rim, from above the edge of the rim. In Trajectory 2, the arm 

makes a straight line approach to the rim from above and initiates contact, from the inside edge of 

the rim. The two trajectories are illustrated in Figure 5.12. Trajectory 2 takes into account the flat 

at the centre of the bowl. Trajectory 1 does not take the flat into account and assumes the curvature 

of the bowl is continuous to its centre. Table 5.3 summarizes the RMSE results with FO/PD control 

with the two different trajectories. The setpoints and controller gains used for the tests are also 

given. The corresponding plots of force are given in Figures 5.13 and 5.14. From these results, we 

conclude that Trajectory 2 gives better position and force control than Trajectory 1, with RMSE 

being lower for position and force, for both X and Z axes. One notes that the RMSE for  

Ὁ  is considerably higher for Trajectory 1, and this is due to the large force exerted in X axis when 

the sander makes initial contact on top of the rim. 

  

 

Table 5.3: Results for change in trajectory with hybrid FO/PD controller. 

 

 

Parameters Force 

Setpoints 

(N) 

Position 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

Trajec

-tory 

RMSE  

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Test 6 +5 0 -8.7 7.5 0.02 2.45 2 1 4.2 6.3 41.2 9.4 

Test 7 +5 0 -8.7 7.5 0.02 2.45 2 2 2.3 3.1 7.8 8.6 
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Figure 5.12: Two types of trajectories used for testing. 
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Figure 5.13: Force result for Trajectory 1 with FO/PD control.  

 

 

Figure 5.14: Force result for Trajectory 2 with FO/PD control.  
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5.1.4 BTU and No Contact 

To evaluate the degree of difficulty in simultaneously tracking the trajectory while maintaining a 

constant normal force when sanding, two different ñcontactò tests were conducted. The first test 

was with no bowl present and the force controller turned off. Thus, the arm traced the trajectory 

without having to sand. The purpose of this test was to benchmark the performance of the position 

controller when it was not compromised by the force feedback from the sander when in contact 

with the bowl. In the second test, the bowl was present, but the sander was replaced with a ball 

transfer unit or BTU. A BTU is a spring loaded ball that allows the end effector of a robot arm to 

roll freely across the surface of a workpiece, as shown in Figure 5.17. The purpose of this test was 

to illustrate the performance achievable when the task was still to follow a trajectory while 

maintaining a constant force, but in a task that was considerably easier when it came to force 

regulation. The BTU provided a ñbenignò force disturbance that was constant with low friction 

feedback against the motion of the BTU. The sander provided a ñsevereò force disturbance that 

was highly dynamic with high friction feedback against the motion of the sander. The results are 

summarized in Table 5.4 and the corresponding position error plots are shown in Figures 5.15 and 

5.16. The increase in the RMSE from the no contact test, to the contact with BTU test, to the 

contact with sander test, confirm the expected behavior. Namely that the performance gets 

progressively worse, from the case of no contact to the case of contact with the sander. Thus, the 

hybrid controller is working and the sanding process represents a challenging application of a 

hybrid controller.  

 

 Table 5.4: Results with change in contact and FO/PD controller 

 

Parameters Force Setpoints 

(N) 

PD Position 

Controller 

FO 

Filter 

(s) 

Imped-

ance 

RMSE  

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Without contact 

(no bowl) 

n/a n/a n/a 7.5 0.02 n/a n/a 0.9 1.9 n/a n/a 

With contact 

and BTU 

+5 0 -8.7 7.5 0.02 2.45 0.75 1.9 3.3 3.8 8.5 

With contact 

and sander 

+5 0 -8.7 7.5 0.02 2.45 0.75 2.2 3.5 5.6 9.6 
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Figure 5.15: Position error for X axis showing effect of sanding. 

 
Figure 5.16: Position error for Z axis showing effect of sanding. 
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Figure 5.17: Ball transfer unit (BTU). 

 

5.1.5 BTU and Integral Action 

 The impact of integral action on force control performance was investigated.  As with all the gains 

for the hybrid controller, ad hoc tuning was used to obtain a tuned integral gain.  Table 5.5 

summarizes the RMSE results with FO/PD and FOPI/PD controllers. The setpoints and controller 

gains used for the tests are also given. The effect of integral action was as expected. As illustrated 

in corresponding force plots given in Figures 5.18 and 5.19, the force error is significantly reduced. 

From these results we conclude that with integral action, the force RMSE is reduced by almost 

50% with no loss in stability. 

 

 Table 5.5: Results with FO/PD and FOPI/PD controllers. 

Controllers Force 

Setpoints 

(N) 

Position 

Controller 

Force 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

RMSE 

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ ὑὖȟ ὑὍȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

FO/PD 

with BTU 

+5 0 -8.7 7.5 0.02 n/a n/a 2.45 0.75 1.9 3.3 3.8 8.5 

FOPI/PD 

with BTU 

+5 0 -8.7 7.5 0.02 0.3 0.6 2.45 0.75 1.5 4.2 1.9 4.7 
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Figure 5.18: Force error with FO/PD hybrid controller and BTU. 

 
Figure 5.19: Force error with FOPI/PD hybrid controller and BTU. 
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5.1.6 Tuned FO/PD Control  

 

Table 5.6 summarizes the RMSE result with FO/PD control with tuned time constant and 

impedance. The setpoints and other controller gains used for this test are also given. This result 

gives the lowest RMSE by tuning time constant to 2.45 and impedance to 0.25. The corresponding 

plots of position error and force are given in Figure 5.20 and 5.21. The tuning tests that were 

conducted to obtain this result are given in Appendix D specifically Figures D.1 to D.4 

 

 Table 5.6: Best result with hybrid FO/PD controller 

 

  

Force Setpoints 

(N) 

Position 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

RMSE  

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

+5 0 -8.7 7.5 0.02 2.45 0.25 1.7 2.4 5.7 3.9 
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Figure 5.20: Position error for X and Z axis with tuned FO/PD control.  

 

 

Figure 5.21: Force result for X and Z axis with tuned FO/PD control.  
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To test the repeatability of the results, two tests were conducted with the same setpoints and 

controller gains. Table 5.7 summarizes the RMSE results for repeated trials with FO/PD control. 

The corresponding force error plot for the Z axis is given in Figure 5.22. From these results, one 

can observe that the RMSE results are repeatable to within 0.2 mm and 0.3 N for position and 

force, respectively. 

 

 Table 5.7: Results for repeated trials with hybrid FO/PD controller. 

 

 

Figure 5.22: Force error for Z axis with FO/PD control and repeated trials.  

  

Parameters Force 

Setpoints 

(N) 

Position 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

RMSE  

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Trial 1 +5 0 -8.7 7.5 0.02 2.45 0.25 1.7 2.4 5.7 3.9 

Trial 2 +5 0 -8.7 7.5 0.02 2.45 0.25 1.8 2.6 5.4 4.2 
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5.2 BW/PD Control Results 

 

The effect of replacing the FO filter with a second order Butterworth (BW) filter was examined. 

Table 5.8 summarizes the RMSE results with BW/PD control with three different passband edge 

frequencies. The setpoints and controller gains used for the tests are also given. The corresponding 

plots for force and position for all the three tests are given in Appendix D (refer to Figures D.5 to 

D.9). From the results we conclude that Test 1 with fp set to 6.3 gives the lowest position error and 

Test 2 with fp set to 12.6 gives the lowest force error. Higher impedance of 3.33 gives better results 

but then it becomes more of a position control than force control which reduces the effect of the 

filter on force regulation. The best performance with the BW filter was obtained when the cutoff 

frequency was set to 15 Hz which gave a passband edge frequency of 12.6 Hz and a time constant 

of 0.06 sec. The force error increases significantly when there is high increase in passband edge 

frequency as shown in Test 3 and which causes higher degree of oscillation. Recall that the time 

constant for the FO filter was 2.45 sec. Tests with the BW filter demonstrated no significant 

improvement in performance relative to the FO filter. 

 

Table 5.8: Control parameters for hybrid BW/PD controller. 

  

Parameters Force Setpoints 

(N) 

Position 

Controller 

Passband 

Edge 

Frequency 

(Hz) 

Imped 

-ance 

RMSE 

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ fp ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Test 1 +5 0 -8.7 7.5 0.02 6.3 3.33 2.4 8.3 8.3 17 

Test 2 +5 0 -8.7 7.5 0.02 12.6 3.33 2.5 8.6 7.3 10.1 

Test 3 +5 0 -8.7 7.5 0.02 63 3.33 2.8 8.7 8.9 19.7 
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5.3 PI/PD Control  Results 

 

The effect of replacing the FO filter with a PI controller was examined. Recall that the original 

recommendation of Zeng and Hemani [15] was to use a hybrid controller that employed PI for 

force control and PD for position control.  The PI controller was tuned for the lowest force error 

with an already tuned PD position controller (given in Appendix D, refer to Figures D.9 to D.12). 

Tables 5.9 and 5.10 summarizes the RMSE results with PI/PD control with three different 

proportional and integral gains of PI controller. The setpoints and controller gains used for the 

tests are also given. The corresponding plots for force error are given in the Figures 5.23, 5.24, 

5.27 and 5.28. From the results we conclude that, Test 9 with proportional gain of 0.5 gives lowest 

force error for X axis and Test 8 with proportional gain of 0.3 gives lowest force error for Z axis. 

In the same way, Test 11 with integral gain of 0.6 gives lowest force error for both X and Z axis. 

For better visual understanding, the force plots are filtered in Figures 5.25, 5.26, 5.29 and 5.30. 

 

Table 5.9: Tuning results of KPf for hybrid PI/PD controller. 

 

Table 5.10: Tuning results of KIf for hybrid PI/PD controller. 

Parameters Force 

Setpoints 

(N) 

Position 

Controller 

Force 

Controller 

Imped 

-ance  

RMSE 

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ ὑὖȟ ὑὍȟ 
ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Test 7 +5 0 -8.7 7.5 0.02 0.1 0 2 2.3 8.3 12.8 21.3 

Test 8 +5 0 -8.7 7.5 0.02 0.3 0 2 2.5 8.2 11 19 

Test 9 +5 0 -8.7 7.5 0.02 0.5 0 2 2.7 8.2 9.3 22 

Parameters Force 

Setpoints 

(N) 

Position 

Controller 

Force Controller Imped 

-ance  

RMSE 

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ ὑὖ ὑὖ ὑὍȟ 
ὑ Ὁ  Ὁ  Ὁ  Ὁ  

Test 10 +5 0 -8.7 7.5 0.02 0.5 0.3 0.2 2 2.2 8.3 12.6 19.8 

Test 11 +5 0 -8.7 7.5 0.02 0.5 0.3 0.6 2 2.2 8.3 7 16.2 

Test 12 +5 0 -8.7 7.5 0.02 0.5 0.3 1 2 2.3 8.3 7.8 16.4 



 

77 
 

 

Figure 5.23: Force error for X axis with PI/PD control and tuning of KP for force. Note KPf = 

0.5 gives lowest RMSE. 

 

 

Figure 5.24: Force error for Z axis with PI/PD control and tuning of KP for force. Note KPf = 

0.3 gives lowest RMSE. 
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Figure 5.25: Force error for X axis with PI/PD control and tuning of KP for force. Note KPf = 

0.5 gives lowest RMSE. (filtered data) 

 

 

Figure 5.26: Force error for Z axis with PI/PD control and tuning of KP for force. Note KPf = 

0.3 gives lowest RMSE. 
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Figure 5.27: Force error for X axis with PI/PD control and tuning of KI for force. Note KIf = 0.6 

gives lowest RMSE. 

 

 
Figure 5.28: Force error for Z axis with PI/PD control and tuning of KI for force. Note KIf = 0.6 

gives lowest RMSE. 
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Figure 5.29: Force error for X axis with PI/PD control and tuning of KI for force. Note KIf = 0.6 

gives lowest RMSE. (filtered data) 

 

 
Figure 5.30: Force error for Z axis with PI/PD control and tuning of KI for force. Note KIf = 0.6 

gives lowest RMSE. (filtered data)  
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5.4 FOPI/PD Control  Results 

 

Tests were conducted in which the FO filter was added to the PI force controller to see if 

performance could be improved.   Table 5.11 summarizes the RMSE results with PI/PD and 

FOPI/PD controllers. The setpoints and controller gains used for the tests are also given. The 

corresponding plots of position and force error are given in Figures 5.31 to 5.34. From these results 

we conclude that adding FO filter to PI control improves the force and position RMSE for X and 

Z axis by a significant amount.  

 

 Table 5.11: Comparison of FO/PD and FOPI/PD controllers. 

  

Hybrid 

Controller 

Force 

Setpoints 

(N) 

Position 

Controller 

Force 

Controller 

FO 

Filter 

(s) 

Imped 

-ance  

RMSE 

Position 

(mm) 

RMSE 

Force 

(N) 

Ὓ Ὓ  Ὓ ὑὖȟ ὑὈȟ ὑὖȟ ὑὍȟ † ὑ Ὁ  Ὁ  Ὁ  Ὁ  

PI/PD +5 0 -8.7 7.5 0.02 0.3 0.6 2.45 0.25 6.1 8.4 12.1 10.5 

FOPI/PD +5 0 -8.7 7.5 0.02 0.3 0.6 2.45 0.25 5.9 7.2 8.7 9.3 
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Figure 5.31: Position error for X axis with different force controllers. FOPI controller gives the 

lowest RMSE.  
 

 

Figure 5.32: Position error for Z axis with different force controllers. FOPI controller gives the 

lowest RMSE. 












































































