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Abstract

In this thesis, we study large stochastic team problems (known also as decentralized stochastic

control problems) with finite as well as countably infinite number of decision makers.

In the first part of the thesis, we introduce sufficient conditions of optimality and character-

ize existence and structural properties for globally optimal policies. We first establish sufficient

conditions of optimality (in terms of regularity and convexity conditions on the cost function) for

static teams with a countably infinite number of decision makers. Then, we focus on static and

dynamic team problems and their mean-field limits, where the cost function and dynamics satisfy

an exchangeability condition. For this class of team problems, by first imposing convexity, we

show that an optimal policy exhibits symmetry and then we establish the convergence of optimal

policies for teams with N decision makers to the corresponding optimal policies of mean-field

teams. Then, we establish an existence and structural result for convex mean-field teams with a

decentralized information structure. Next, we relax the convexity assumption, and we characterize

existence and structural properties of an optimal decentralized policy.

Through our analysis of the aforementioned results, it has been shown that static reduction of

dynamic stochastic team problems is an effective method for establishing existence and approxima-

tion results for optimal policies. With this relation, in the second part, we classify static reductions

into three categories: (i) policy-independent, (ii) policy-dependent, and (iii) static measurement

with control-sharing reduction. For the first type, we show that there is a bijection between person-

by-person optimal (globally optimal) policies of dynamic teams and their policy-independent static

reductions. For the second type, although there is a bijection between globally optimal policies of
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dynamic teams with partially nested information structures and their static reductions, in gen-

eral, there is no bijection between person-by-person optimal policies of dynamic teams and their

policy-dependent static reductions. We present, however, sufficient conditions under which bijec-

tion relationships hold. Under static measurement with control-sharing reduction, the connections

between optimality concepts can be established under relaxed conditions. An implication is a con-

vexity characterization of dynamic team problems under static measurement with control-sharing

reduction.
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Chapter 1

Introduction: Motivation, Literature Review and Summary of

Contributions

A decentralized control problem, or team problem, entails a collection of decision makers (DMs)

or agents acting together to optimize a common cost function, but not necessarily sharing all the

available information. The term stochastic teams refers to the class of team problems where there

exist randomness in the initial states, observations, cost realizations, or the evolution of the dy-

namics. At each time stage, each DM has only partial access to the global information, which is

characterized by the information structure (IS) of the problem [134]. If there is a pre-defined order

in which the decision makers act, then the team is called a sequential team. In the following, we

formally introduce a general setup of sequential stochastic team problems.

1.1 Intrinsic Model for Stochastic Teams

Hans Witsenhausen’s contributions [134, 131, 130, 135, 133] to stochastic control theory, and his

characterization of information structures in decentralized stochastic control have been crucial in

our modern understanding of decentralized stochastic control and decision theory. In this sub-

section, we introduce the characterizations as laid out by Witsenhausen, termed as the Intrinsic

Model [134]; see [139] and [91] for a more comprehensive overview and further characterizations

and classifications of information structures (ISs). In this model (described in discrete time), any
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action applied at any given time is regarded as applied by an individual DM/agent, who acts only

once. One particular advantage of this model, in addition to its generality, is that through it the

characterizations regarding ISs can be concisely described. For a recent study on the geometry of

ISs, we refer the reader to [111].

Consider decentralized systems where the decision makers act in a pre-defined order. Such

systems are called sequential teams (for non-sequential teams, we refer the reader to Andersland

and Teneketzis [3], [4] and Teneketzis [126], in addition to Witsenhausen [131] and [139, p. 113]).

For sequential teams, Witsenhausen’s intrinsic model [134] consists of the following:

• There exists a collection of measurable spaces {(Ω,F), (Ui,U i), (Yi,Y i), i ∈ N}, speci-

fying the system’s distinguishable events, and control and measurement spaces. The set N

denotes the collection of decision makers. The set N can be a finite set {1, 2, . . . , N} or a

countable set N (even though Witsenhausen considered a finite case). The pair (Ω,F) is a

measurable space (on which an underlying probability may be defined). The pair (Ui,U i)

denotes the Borel space from which the action ui of DMi is selected. The pair (Yi,Y i)

denotes the Borel observation/measurement space.

• There is a measurement constraint to establish the relation between the observation variables

and the system’s distinguishable events. The Yi-valued observation variables are given by

yi = hi(ω, u[1,i−1]), where u[1,i−1] = {uk | k ≤ i− 1} and his are measurable functions.

• The set of admissible control laws γ = {γi}i∈N , also called designs or policies, are measur-

able control functions, so that ui = γi(yi). Let Γi denote the set of all admissible policies

for DMi and let Γ :=
∏

i∈N Γi.

• There is a probability measure P on (Ω,F) describing the probability space on which the

system is defined.

Under the above intrinsic model, a sequential team problem is dynamic if the information

available to at least one decision maker (DM) is affected by the action of at least one other DM.
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A team problem is static, if for every DM the information available is only affected by exogenous

disturbances; that is, no other DM can affect the information at any given DM. ISs can also be

categorized as classical, quasi-classical (partially-nested) or non-classical. An IS {yi | i ∈ N} is

classical if yi contains all of the information available to DMk for k < i. An IS is quasi-classical

(partially nested), if whenever uk, for some k < i, affects yi through the measurement function hi,

yi contains yk (that is σ(yk) ⊂ σ(yi)). An IS which is not partially nested is non-classical.

In this thesis, we also sometimes allow for randomized policies, where in addition to yi, each

DMi has access to, without any loss, a [0, 1]-valued independent random variable. This will be

made precise later on when randomized policies are utilized.

Under the intrinsic model, every DM acts separately. However, depending on the information

structure and the cost function, it may be convenient to consider a collection of DMs as a single

DM acting at different time instances (we sometimes refer this collection of DMs as a player (PL)

to distinguish the definition of a DM in this setup from the preceding (DM-wise) intrinsic model).

In fact, in the classical stochastic control, this is the standard approach. Hence, we may consider

a collection of DMs as a single DM (i ∈ N ) acting at different time instances (t ∈ T ), where

the set T denotes the number of times each decision maker can act (the set T can be a finite set

{0, 1, . . . , T − 1} or a countable set N depending on the finite-horizon or infinite-horizon setup).

We now define a dynamic (multi-stage) model as:

(i) The observation and action spaces for each DM are standard Borel spaces (that is, Borel

subsets of complete, separable and metric spaces) with Yi :=
∏T−1

t=0 Yi
t, Ui :=

∏T−1
t=0 Ui

t, respec-

tively.

(ii) An admissible policy for DMi is defined as γiγiγi ∈ Γi, where γiγiγi := {γit}t∈T and Γi =∏T−1
t=0 Γit.

(iii) Observation for each DMi through time t ∈ T is defined as yit := hit(ζ0:t
, u0:t−1), where

hits are Borel measurable functions, ζ
0:t

:= (ζ i0, . . . , ζ
i
t)i∈N and u0:t−1 := (ui0, . . . , u

i
t−1)i∈N . Let

ζζζ := (ζζζ i)i∈N , where ζζζ i := (ζ it)t∈T denotes all the uncertainty associated with DMi through times
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(which are primitive random variables taking values in standard Borel spaces).

In view of the above formulation for dynamic (multi-stage or multi-level) problems, we will

later on define a state space model of stochastic dynamic (multi-stage) teams.

We now introduce a general setup of stochastic team problems.

Problem (P ′N ): Stochastic Team Problems with N Decision Makers. Let N = {1, . . . , N}.

Let γ
N

:= {γi}i∈N ∈ ΓN where ΓN =
∏N

i=1 Γi. Consider a team problem with an expected cost

function (to minimize) under a policy γ
N

as

JN(γ
N

) = Eγ
N

[
c(ω0, uN)

]
:= E

[
c(ω0, γ

1(y1), · · · , γN(yN))

]
, (1.1)

for some Borel measurable cost function c : Ω0 ×
∏N

i=1 Ui → R+. We define ω0 as the Ω0-valued

cost function relevant exogenous random variable, where ω0 : (Ω,F , P ) → (Ω0,F0), and Ω0 is a

Borel space with its Borel σ-field F0. Here, we have the notation uN := {ui | i ∈ N}.

Now, we introduce two notions of optimality for the preceding stochastic team problems:

Global Optimality: For a given stochastic team problem (P ′N ) with a given information structure,

a policy (strategy) γ∗
N

:= {γi∗}i∈N ∈ ΓN is (globally) optimal for (P ′N ) if

JN(γ∗
N

) = inf
γ
N
∈ΓN

JN(γ
N

) =: J∗N .

Person-by-Person (PbP) Optimality: For a given stochastic team problem (P ′N ) with a given

information structure, a person-by-person (pbp) optimal policy is defined as a policy γ∗
N

:=

{γi∗}i∈N ∈ ΓN such that for every i ∈ N

JN(γ∗
N

) = inf
γi∈Γi

JN(γi, γ−i),

where γ−i := {γ1, . . . , γi−1, γi+1, . . . , γN}. This may also be referred to as Nash equilibrium.
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Before introducing a class of large-scale stochastic team problems, we provide a brief descrip-

tion of static reduction methods, which have been utilized through our analysis in the thesis.

1.2 Static Reductions for Stochastic Dynamic Teams

We now introduce two classes of static reductions which will be used later on in the thesis. Con-

sider teams with finite N number of decision makers (i.e., N := {1, . . . , N}). Since our focus is

on teams with N number of decision makers, in this section and later on in Chapter 5, sub/super

index N has been eliminated in the problem formulation. We first recall Witsenhausen’s static

reduction (see [135, 138]), and then, we provide a description of team problems under this static

reduction (we refer this as policy-independent static reduction).

Consider a stochastic team problem within the intrinsic model with observations of DMs given

by

yi = hi(ω0, ωi, u
1, . . . , ui−1, y1, . . . , yi−1), (1.2)

where ωi is an exogenous random variable, for i ∈ N and the IS of DMi is I i = {yi} (or I i =

{yk}k∈Ki for a subset Ki ⊆ {1, . . . , i}). Now, we introduce an absolute continuity condition under

which a policy-independent static reduction exists (see [138] for further discussions).

An Absolute Continuity Condition of Policy-Independent Static Reduction. If for any DMi, there

exists a probability measure Qi on Yi and a function f i such that for any Borel set Ai

P (yi ∈ Ai|ω0, u
1, . . . , ui−1, y1, . . . , yi−1)=

∫
Ai
f i(yi, ω0, u

1, . . . , ui−1, y1, . . . , yi−1)Qi(dyi). (1.3)

If the preceding absolute continuity condition holds, then

P (dω0, du
1, . . . , duN , dy1, . . . , dyN)
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= P (dω0)
N∏
i=1

f i(yi, ω0, u
1, . . . , ui−1, y1, . . . , yi−1)Qi(dyi)1{γi(yi)∈dui}. (1.4)

Hence, under the above change of measure (policy-independent static reduction), we can rewrite

the expected cost function as follows:

J(γ):=

∫
c̃(ω0, u

1, . . . , uN , y1, . . . , yN)
N∏
i=1

1{γi(yi)∈dui}Q
i(dyi)P (dω0), (1.5)

with ui = γi(yi) for i ∈ N , and

c̃(ω0, u
1, . . . , uN , y1, . . . , yN):= c(ω0, u

1, . . . , uN)
N∏
i=1

f i(yi, ω0, u
1, . . . , ui−1, y1, . . . , yi−1),

and under (1.5), measurements are independent. As the analysis above indicates, in this static re-

duction, under the absolute continuity condition, the probabilistic nature of the problem has been

transformed to the cost function by changing the measures of the observations to fixed probabil-

ity measures. Since the static reduction above is independent of the policies that preceding DMs

choose, we refer to this type of static reduction as policy-independent static reduction. As Wit-

senhausen notes, a static reduction always holds when the measurement variables take values from

countable sets since a reference measure as in Qi above can always be constructed on the measure-

ment space Yi (e.g., Qi(z) =
∑

j≥1 2−j1{z=mj}, where Yi = {mj | j ∈ N}) so that the absolute

continuity condition always holds. We refer the reader to [44] for relations with the classical

continuous-time stochastic control, where the relation with Girsanov’s classical measure transfor-

mation [61, 24] is recognized, and [139, p. 114] for further discussions. For discrete-time partially

observed stochastic control, similar arguments had been presented, e.g. by Borkar in [30], [31].

Now, we briefly introduce Ho and Chu’s static reduction [66, 67] (policy-dependent static re-

duction), and then we provide a description of dynamic team problems under the policy-dependent

static reduction.

Stochastic Dynamic Teams with Partially Nested IS. Consider a stochastic dynamic team with
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partially nested IS, where observations of DMs are defined as

yDi :=

{
yD↓i , ŷ

D
i := gi(hi(ζ), u↓i)

}
, (1.6)

and ζ := {ω0, . . . , ωN} denotes the set of all relevant random variables (corresponding to the

uncertainty of the team), and gi and hi are measurable functions. In the above, yD↓i is a subset of a

collection of observations of precedent DMs, all DMjs for j ∈ N , such that ŷDi is affected by the

actions of DMj . The sub index {↓ i} denotes

{↓ i} := {j | ŷDi is affected by uj}. (1.7)

Let IDi = {yDi }.

Now, we introduce a condition under which such a static reduction exists [66, 67].

An Invertibility Condition of Policy-Dependent Static Reduction. For all i ∈ N and for every

fixed u↓i, the function gi(·, u↓i) : hi(ζ) 7→ ŷDi is invertible for all realizations of ζ .

If the preceding invertibility condition holds, following from [66, 67], given a policy γD, we

can define stochastic dynamic team problems under policy-dependent static reduction as follows:

Stochastic Dynamic Teams with Partially Nested IS under Policy-Dependent static reductions.

Consider a stochastic team, where the observations of each DM can be defined as

ySi =

{
yS↓i, ŷ

S
i := hi(ζ)

}
, (1.8)

where the IS of DMi be ISi = {ySi } (we note that given a policy γD, under the preceding invert-

ibility condition, we can construct a policy γS through a relation γSi (ySi ) = γDi (yDi ) for P -almost

surely for all ζ).
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In the preceding static reduction, given policies of DMs, there is a bijection between observa-

tions as a function of preceding actions of DMs and primitive random variables, and observations

generated under the transformations, where now they are only functions of primitive random vari-

ables. We note that this static reduction depends on the policies that preceding DMs choose, and

hence, through the thesis, we refer to this static reduction as policy-dependent static reduction.

We also introduce a new reduction, by expanding the information structure via control-sharing,

where in addition to observations, actions are also shared.

Stochastic Dynamic Teams with Partially Nested with Control-Sharing IS. Consider a stochas-

tic team, where for each DMi, the observations within partially nested with control-sharing IS is

defined as

yD,CSi :=

{
yD↓i , u

↓i, ŷDi

}
, (1.9)

with ID,CSi := {yD,CSi }.

Under the invertibility condition (since there is a bijection between dynamic observations yDi

and static one ySi for each i ∈ N ), we can reduce the preceding dynamic problem with partially

nested with control-sharing IS to another dynamic problem where measurements are static.

Stochastic Dynamic Teams with Static Measurements with Control-Sharing IS. Consider a stochas-

tic team, where for each DMi, the observations can be defined as

yCSi :=

{
yS↓i, u

↓i, ŷSi

}
, (1.10)

with ICSi := {yCSi }.

We emphasize that through the thesis, we refer the above information structures as partially

nested with control-sharing and static measurements control-sharing, respectively. We refer the

reduction for control-sharing problems as static measurements with control-sharing. This expan-

sion and its reduction turns out to play a pivotal role in the characterization of convexity and
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optimality conditions which will be discussed in Chapter 5 in detail.

1.3 Large-Scale Stochastic Teams and their Mean-Field Limit

In this section, we introduce our setup for large-scale stochastic team problems. Since exchange-

abiliy plays an important role in our analysis, we first recall the definition of exchangeability for

random variables, which has been used through the thesis and especially in Chapters 3 and 4.

Definition. Random vectors (variables) x1, x2, . . . , xN defined on a common probability space are

N -exchangeable if for any permutation σ of the set {1, . . . , N},

L
(
xσ(1), xσ(2), . . . , xσ(N)

)
= L

(
x1, x2, . . . , xN

)

whereL denotes the joint distribution of random vectors. Random vectors (x1, x2, . . . ) is infinitely-

exchangeable if finite distributions of (x1, x2, . . . ) and (xσ(1), xσ(2), . . . ) are identical for any finite

permutation (affecting only finitely many elements) of N.

Now, we present a definition for the cost function to be of the exchangeable type:

Definition. The cost function is exchangeable with respect to actions for all ω0 if for any permu-

tation σ of {1, . . . , N},

c(ω0, u
1, . . . , uN) = c(ω0, u

σ(1), . . . , uσ(N)), (1.11)

for all ω0.

A particular case of team problems where the cost function is exchangeable is mean-field teams.

Let the action space and observation space be identical through DMs and subsets of appropriate

Euclidean spaces, that is, Ui = U ⊆ Rn and Yi = Y ⊆ Rm for all i ∈ N, where n and m are

positive integers. We now introduce an N -DM stochastic static team problem (PN ) (also referred

to as a pre-limit stochastic static mean-field team problem) as follows:
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Problem (PN ): (Large-Scale) Stochastic (Static) Team Problems with N Decision Makers.

Let N = {1, . . . , N}. Let γ
N
∈ ΓN where ΓN =

∏N
i=1 Γi. Given a (decentralized) static infor-

mation structure, a stochastic static team problem is described with an expected cost function (to

minimize) of γ
N

as

JN(γ
N

) =
1

N
Eγ

N

[ N∑
i=1

c(ω0, u
i,

1

N

N∑
p=1

up)

]
, (1.12)

for some Borel measurable cost function c : Ω0 × U× U→ R+.

Now, we introduce a stochastic static team problem with a countably infinite number of DMs

(also referred to as stochastic static mean-field team problem) as follows:

Problem (P∞): (Large-Scale) Stochastic (Static) Teams with a Countably Infinite Number of

Decision Makers. Consider a stochastic static team with a countably infinite number of decision

makers, that is, N = N. Let γ := {γi}i∈N ∈ Γ where Γ =
∏

i∈N Γi. Given a (decentralized) static

information structure, a stochastic static team problem is described with an expected cost function

(to minimize) of a policy γ as

J(γ) = lim sup
N→∞

1

N
Eγ

[ N∑
i=1

c(ω0, u
i,

1

N

N∑
p=1

up)

]
, (1.13)

for some Borel measurable cost function c : Ω0 × U × U → R+. With a slight abuse of notation,

we use the same notation for the cost function c as in (1.12).

One of our main objective here is to characterize the existence and structural properties of

globally optimal policies of the above stochastic static team problems (PN) and (P∞). We are

also interested in the sufficient conditions of optimality for (P∞), and the connections between

optimal solutions of team problems (PN) and (P∞). Dynamic (multi-stage) version of the above

large-scale stochastic team problems is to be introduced and studied later on in Chapters 3 and 4.

In particular, in Chapter 3, we focus on convex (multi-stage) dynamic problems, and in Chapter 4,

we focus on exchangeable static and dynamic problems, where the convexity condition imposed
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in Chapters 2 and 3 is relaxed. Finally, in Chapter 5, we study the connections between optimality

concepts in N -DM dynamic problems and their static reductions.

1.4 A General Literature Review and Motivation

For teams with finitely many DMs, Marschak [92] has studied static teams and Radner [102] has

established connections between person-by-person (pbp) optimality, stationarity, and global opti-

mality. Radner’s results were generalized in [78] by relaxing optimality conditions. The essence

of these results is that in the context of static team problems, the convexity of the cost function,

subject to minor regularity conditions, suffices for the global optimality of pbp optimal solutions.

In the particular case of LQG (Linear Quadratic Gaussian) static teams, this result leads to opti-

mality of linear policies [102]. In addition, under static reductions, the results have been extended

to dynamic teams [66, 67].

We also note that static reduction has been utilized for arriving at existence results [62, 140,

138], and formulating universal dynamic programming [138], and characterizing optimality and

convexity conditions [140] for stochastic teams with finitely many DMs, and approximating with

finite models [112]. We emphasize that in the aforementioned results, the underlying assumption

is that the number of decision makers is finite, hence the results above cannot be directly applied

for stochastic teams with a countably infinite number of decision makers.

There have been several studies involving decentralized stochastic control with infinitely many

decision makers. In particular, when the coupling among the decision makers is only through

some aggregate/average effect, such problems can be viewed within the umbrella of mean-field

games [70, 69, 86, 19, 40, 19, 40, 110, 43, 39]. There have also been several studies for mean-field

games where the limits of sequences of Nash equilibria have been investigated as the number of

decision makers N → ∞ (see e.g., [56, 83, 20, 86, 7]). The solution concept in game theory

is often Nash equilibrium, and often under various characterizations of it in dynamic Bayesian

setups. We however recall that in the context of team problems, these correspond to person-by-

person optimal solutions, and hence not necessarily globally optimal solutions. We emphasize that
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in team problems, person-by-person optimality does not in general imply global optimality both

for teams with a finite number of DMs and teams with a countably infinite number of DMs. In

fact, in the context of large-scale stochastic teams, the gap between person-by-person optimality

(Nash equilibrium in the game-theoretic context) and global team optimality is significant since a

perturbation of finitely many policies fails to deviate the value of the expected cost, which implies

that person-by-person optimality is a weak condition for such a setup. Hence, without establishing

the uniqueness of the mean-field solution (which may hold for example, under strong monotonicity

assumptions [86]), the results presented in the aforementioned papers may be inconclusive regard-

ing global optimality of the limit equilibrium. Nonetheless, on the existence as well as uniqueness

and non-uniqueness results on equilibria, there have been several studies for mean-field games

[86, 19, 40, 88, 80, 23, 63, 48, 38]. For teams and social optima control problems, the earlier anal-

ysis has primarily focused on the LQG model where the centralized performance has been shown

to be achieved asymptotically by decentralized controllers (see e.g., [71, 5, 6]). A notable excep-

tion is [90] where LQG static teams with a countably infinite number of decision makers have been

studied, and sufficient conditions for global optimality have been established.

As a further motivation of our problem in this thesis, we note that for infinite-horizon dynamic

team problems, the static reductions lead to static teams with countably many decision makers;

thus leading to a different setup where our results in this thesis will be applicable. In particular, the

question of whether partially nested dynamic LQG teams admit optimal policies under an expected

average cost criterion, in its most general form, has not been conclusively addressed despite the

presence of results which impose linearity (and sometimes stabilizability) a priori for the optimal

policies under such decentralized information structures [105, 124, 87, 125]. We also establish

some results in this direction, and provide sufficient conditions under which an optimal policy is

linear.

Now, we provide literature review and motivation for the results in the second part of the

thesis, where we study policy-independent and policy-dependent static reductions. As we have

discussed above (and can be seen through our analysis of large stochastic teams), static reduction
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is an effective method for arriving at existence, structural and approximation results in the context

of stochastic teams [62, 140, 109, 138, 68] and for approximations with finite models to [112]. We

note that although the purpose of two aforementioned types of static reductions is similar, their

impact on the optimality notions (global optimality, person-by-person optimality, and stationarity)

as well as convexity and variational analysis is significantly different from one to another and this

distinction can be very subtle.

Toward an interpretation and explanation of the subtlety of the above connections, we note that

in the language of stochastic control, an interpretation of policies for a dynamic team and its static

reduction can be (path-dependent) feedback policies (policies that are functions of a subset of the

history of states or a noisy observation of states, which may depend on actions of the preceding

DMs) versus noise feedforward policies (policies that are functions of only disturbances) [24]. We

also note that in the game theory literature (see, for example, mean-field games [39]), closed-loop

policies (where policies are adapted processes to the filtration generated by states or observations,

which are functions of preceding actions) can be viewed as policies for dynamic games. On the

other hand, open-loop policies (where policies are adapted processes to the filtration generated by

Brownian motions) can be viewed as policies for dynamic games under a static reduction. These

connections are particularly important since the compactness and convexity conditions often can

be established under more relaxed assumptions for open-loop policies, and hence, it can simplify

the analysis for the convergence and existence for open-loop policies in the context of large-scale

games and teams [116, 56, 81, 39, 72, 83]. In view of the above subtlety and interpretation of

policies for dynamic team problems and their static reductions, we refer the reader to several papers

mostly on games [132, 14, 9, 11, 10, 12, 15, 16, 46, 59, 113, 114]. In the second part of the thesis,

we study the above subtleties toward establishing some connections between optimality notions

of policies for stochastic dynamic teams and their policy-independent and policy-dependent static

reductions.
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1.5 Summary of Contributions and Organization of the Thesis

1.5.1 Chapter 2

In this chapter, we study stochastic static teams with a countably infinite number of decision mak-

ers, with the goal of obtaining (globally) optimal policies under a decentralized information struc-

ture. We present sufficient conditions to connect the concepts of team (global) optimality and

person by person optimality for static teams with a countably infinite number of decision makers.

We show that under uniform integrability and uniform convergence conditions, an optimal policy

for static teams with a countably infinite number of decision makers can be established as the limit

of sequences of optimal policies for static teams with N decision makers as N → ∞. Under the

presence of a symmetry condition, we relax the conditions and this leads to optimality results for

a class of mean-field static team problems, where the existing results have been limited to person-

by-person optimality and not global optimality (under strict decentralization). In particular, we

establish the optimality of symmetric (i.e., identical) policies for such problems. We consider a

number of illustrative examples where the theory is applied to setups with either infinitely many

decision makers or an infinite-horizon stochastic control problem reduced to a static team. The

results of Chapter 2 have appeared in part in [120, 117].

1.5.2 Chapter 3

This chapter studies convex stochastic dynamic team problems with finite and infinite time hori-

zons under decentralized information structures. First, we introduce two notions called exchange-

able teams and symmetric information structures. We show that in convex large-scale team prob-

lems an optimal policy exhibits a symmetry structure. We provide a characterization of such sym-

metrically optimal teams for a general class of convex dynamic team problems under a mild con-

ditional independence condition. In addition, through concentration of measure arguments, we

establish the convergence of optimal policies for teams with N decision makers to the correspond-

ing optimal policies for symmetric mean-field teams with infinitely many decision makers. As a
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by-product, we present an existence result for convex mean-field teams, where the main contribu-

tion of our results is with respect to the information structure in the system when compared with

the related results in the literature that have either assumed a classical information structure or a

static information structure.

We also apply these results to the important special case of Linear Quadratic Gaussian (LQG)

team problems, where while for partially nested LQG team problems with finite time horizons it

is known that the optimal policies are linear, for infinite horizon problems the linearity of optimal

policies has not been established in full generality. We also study average cost finite and infinite

horizon dynamic team problems with a symmetric partially nested information structure and obtain

globally optimal solutions, where we establish linearity of optimal policies. The results of Chapter

3 have appeared in [118, 119].

1.5.3 Chapter 4

In this chapter, we study symmetric stochastic team problems and characterize existence and struc-

tural properties for (globally) optimal policies. Unlike Chapter 3, in this chapter, convexity of the

cost and action spaces is not assumed. We first introduce a suitable topology on policies which

then leads to a de Finetti type representation theorem for exchangeable decentralized policies, that

is, for the probability measures induced by admissible relaxed control policies under decentralized

information structures. This leads to a representation theorem for policies, which admit an infi-

nite exchangeability condition. For a general setup of stochastic team problems with N decision

makers, under exchangeability of observations of decision makers and the cost function, we show

that without loss of global optimality, the search for optimal policies can be restricted to those

that are N -exchangeable. Then, by extending N -exchangeable policies to infinitely exchangeable

ones, establishing a convergence argument for the induced costs, and using the presented de Finetti

type theorem, we establish the existence of an optimal decentralized policy for static and dynamic

teams with a countably infinite number of decision makers, which turns out to be symmetric (i.e.,
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identical) and randomized. Finally, we show near optimality of symmetric independently random-

ized policies for finite N -decision maker team problems and thus establish approximation results

for N -decision maker weakly coupled stochastic teams. The results of Chapter 4 are available in

[116, 115].

1.5.4 Chapter 5

In this chapter, we study optimality properties under policy-independent, policy-dependent static

reductions, and static measurements with control-sharing reduction. Under the first type, we show

that there is a bijection between person-by-person optimal (globally optimal, stationary) policies

and their policy-independent static reductions. For the second type, although there is a bijection be-

tween globally optimal policies of dynamic teams with partially nested information structures and

their static reductions, in general there is no bijection between stationary (person-by-person opti-

mal) policies of dynamic teams and their policy-dependent static reductions. We present, however,

sufficient conditions under which such a relationship holds and a functional form of the bijection

can be constructed. Furthermore, we study the connections between optimality and stationarity

concepts under static measurements with control-sharing reduction. An implication is a convexity

characterization of dynamic team problems with a partially nested with control-sharing informa-

tion structure. Finally, we study multi-stage team problems, where we discuss the connections

between optimality concepts under the introduced static reductions via introducing two reduction.

The results of Chapter 5 are available in [113]. We also note that results on games related to those

in Chapter 5 are available in [114] (but these are not included in the thesis).
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Chapter 2

Large-Scale Convex Stochastic Static Teams and Their

Mean-Field Limit

In this chapter, we study sufficient conditions of (global) optimality, and existence and structural

properties of (globally) optimal policies for large-scale stochastic static teams problems with finite

as well as a countably infinite number of decision makers. We mainly focus on convex static teams,

where the cost function satisfies an exchangeability property. The dynamic case will be studied in

Chapter 3.

We first restate the setup for stochastic static teams with finite as well as infinitely many deci-

sion makers. Throughout this chapter, we assume that action and observation spaces are subsets of

appropriate Euclidean spaces, Ui ⊆ Rn, and Yi ⊆ Rm for all i ∈ N, where n and m are positive

integers. In view of the intrinsic model described in the introductory chapter, the general stochastic

static team problem with a finite number of decision makers (N -DM) is defined as:

Problem (P ′N ) Let N = {1, . . . , N}. Let γ
N

:= {γi}i∈N ∈ ΓN where ΓN =
∏N

i=1 Γi. Given

a (decentralized) static information structure, a stochastic static team problem is described with an

expected cost function (to be minimized) of γ
N

as

JN(γ
N

) := Eγ
N

[
c(ω0, u

1, . . . , uN)

]
:= E

[
c(ω0, γ

1(y1), . . . , γN(yN))

]
(2.1)

for some Borel measurable cost function c : Ω0 ×
∏N

k=1 Uk → R. As before, we define ω0 as the
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Ω0-valued cost function relevant exogenous random variable, where ω0 : (Ω,F , P ) → (Ω0,F0),

and Ω0 is a Borel space with its Borel σ-field F0.

Let the action space and observation space be identical through DMs. Now, under an exchange-

ability of the cost function, a stochastic static team problems with finite (N ) number of decision

makers (also referred to as pre-limit mean-field stochastic static team problem) is defined as:

Problem (PN ) Let N = {1, . . . , N}. Let γ
N

:= {γi}i∈N ∈ ΓN where ΓN =
∏N

i=1 Γi. Given

a (decentralized) static information structure, a stochastic static team problem is described with an

expected cost function (to be minimized) of γ
N

as

JN(γ
N

) =
1

N
Eγ

N

[ N∑
i=1

c(ω0, u
i,

1

N

N∑
p=1

up)

]
, (2.2)

for some Borel measurable cost function c : Ω0 × U× U→ R+.

We note that with slight abuse of notations, we used the same notation c (as (2.1)) for the

cost function of (2.2). Now, a stochastic static team problem with a countably infinite number of

decision makers (also referred to as a mean-field team problem) is described as:

Problem (P∞) Let N = N. Let γ := {γi}i∈N ∈ Γ where Γ =
∏

i∈N Γi. Given a (decentral-

ized) static information structure, a stochastic static team problem is described with an expected

cost function (to minimize) under a policy γ as

J(γ) = lim sup
N→∞

1

N
Eγ

[ N∑
i=1

c(ω0, u
i,

1

N

N∑
p=1

up)

]
, (2.3)

for some Borel measurable cost function c : Ω0 × U× U→ R+.

The focus of this chapter is to address the following questions:

Problem 1: Optimality conditions for optimal policies of (P∞). Assume c : Ω0×U×U→ R+

is (jointly) convex and continuously differentiable in its second and third arguments for every
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ω0. Given a policy γ∗ ∈ Γ, under what conditions the policy is (globally) optimal for (P∞)?

In particular, if a policy γ∗ is person-by-person optimal (stationary), under what conditions γ∗ is

globally optimal? We note that, using variational analysis, the above question has been addressed

for (P ′N ) in [92, 102, 78], here, the extensions of the results to (P∞) are of interest.

Problem 2: Connections between optimal policies of (PN ) and (P∞). Let a sequence {γ∗
N
}N ,

where for each N ∈ N , a policy γ∗
N
∈ ΓN is a globally optimal policy for a stochastic static team

problem (PN ) be given. Instead of dealing with the variational analysis for the infinite dimensional

problem (P∞), is it possible to obtain sufficient conditions of optimality for a policy γ∗ ∈ Γ based

on {γ∗
N
}N and its sequence of optimal expected cost {JN(γ∗

N
)}N? In particular, suppose {γ∗

N
}N

converges pointwise (almost-surely for every observations) to a limit policy γ∗. Is it the case that

γ∗ is (globally) optimal for (P∞)? Under what conditions this holds?

Problem 3: Existence and structural properties of optimal policies for (PN ) and (P∞). The ex-

istence of (globally) optimal polices for (P ′N ) has been established under very general setups of

stochastic teams [140, 138, 62]. Assume observations of decision makers are identically dis-

tributed, and the information structure is decentralized and static. Then, since the cost function

in (PN ) is of an exchangeable type (or in a more general setup, suppose a problem (P ′N ) with an

exchangeable cost function), is it the case that (globally) optimal polices for (PN ) are symmetric

(identical) through decision makers? The question that we address is also on the existence and

symmetry property of (globally) optimal policy for (P∞). In particular, under what conditions,

there exists a symmetric globally (deterministic or randomized) optimal policy for (P∞)?

2.1 Literature Review and Contributions

As it has been discussed in the introductory chapter, for teams with finitely many decision makers,

the results in [92, 102, 78] showed that convexity of the cost function, subject to minor regularity

conditions, may suffice for the global optimality of person-by-person-optimal solutions. However,

these results are applicable for static teams with a finite number of decision makers. In this chapter,
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the focus is on teams with a countably infinite number of decision makers. for team problems with

infinitely many decision makers, a related set of results involves those in mean-field games [70, 69,

86, 19, 40, 19, 40, 110, 43] and in the economic theory literature, [122, 93] (focusing on Cournot-

Nash equilibria). There have also been several studies for mean-field games where the limits of

sequences of Nash equilibria have been investigated as the number of decision makers tends to

infinity (see e.g., [56, 83, 20, 86, 7]). These results, while very useful for establishing equilibria or

in the context of team problems, person-by-person-optimal policies, does not guarantee the global

optimality among all policies. Compared with [20, 54, 56, 27, 7] where only the convergence of a

sequence of Nash equilibria for symmetric games with the mean-field interaction has been studied,

we show that, under sufficient conditions, sequences of optimal policies for teams with N number

of decision makers as N →∞ converge to a team optimal policy for static teams with a countably

infinite number of decision makers.

Mean-field team and social optima problems have also been studied: Social optima for mean-

field LQG control problems under both centralized and a specific decentralized information struc-

ture have been considered in [71, 127]. In [6], a setup is considered where decision makers share

some information on the mean-field in the system, and through showing that the performance of

a corresponding centralized system can be realized under a decentralized information structure,

global optimality is established. In this chapter, we follow an approach where optimality for every

N is established and also optimality holds as N → ∞ for the limit policy. The papers [74, 73]

have studied a continuous-time setup where a major agent is present; by considering the social

impact for each individual player, they showed person-by-person optimal policies asymptotically

minimize the social cost [71]. By approximating the mean-field term, the authors bound the in-

duced approximation error of order O(N
−1
2 + εN) where εN goes to zero as the number of players

N →∞ [71]. In [34], mean-field team problems with mixed players have been considered where

minor agents act together to minimize a common cost against a major player. Also, for the LQ

setup, under the assumption that DMs apply identical policy in addition to some technical as-

sumptions on the cost function and transition probabilities of Markov chains, [5] showed that the
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expected cost achieved by a sub-optimal decentralized strategy is εN close to the optimal cost

achieved when mean-field term (empirical distribution of states) has been shared. Such results

on mean-field teams either show global optimality through equivalence to the performance of a

centralized setup (considering specific sharing patterns on the mean-field model) or typically only

assume person-by-person-optimality. In this chapter, we will establish global optimality under a

completely decentralized information structure; however, certain technical conditions will be im-

posed.

A number of studies have focused on the LQG setup (in addition to [71, 127]). A close study

is [90] where LQG static teams with a countably infinite number of decision makers have been

studied, and sufficient conditions for global optimality have been established. In this chapter, we

utilize some of the results from [90], however compared with [90], we propose sufficient conditions

of team optimality for average cost problems in a more general setup: except convexity, no specific

structure is presumed a priori on the cost function. For our analysis, we do not restrict our setup

to the LQG case, where often direct methods can be applied building on [102], [78], and operator

theory involving matrix algebra. More importantly, we study the mean-field setting and establish

symmetry properties. In fact, for a general setup of static teams, we introduce sufficient conditions

(see Theorem 2.2.2 and Theorem 2.2.3) such that the optimal cost and optimal policies of static

teams with a countably infinite number of decision makers is obtained as a limit of the optimal cost

and optimal policies for static teams with N number of decision makers as N →∞. In [60], LQG

team problems with infinitely many decision makers have been studied for a setup, where the cost

function is the expected inner-product of an infinite dimensional vector (and to allow for a Hilbert

theoretic formulation, finiteness of the infinite sum of the moments of individual random variables

is imposed) and linearity and uniqueness of optimal policies have been established; the finiteness

(of the infinite summation) restriction rules out the setup in this chapter. In [99], infinite horizon

decentralized stochastic control problems containing a remote controller and a collection of local

controllers dealing with linear models have been addressed for a setup where the cost is quadratic

and the communication model satisfies a specified sharing pattern of information between local
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controller and remote controller. Under the assumed sharing pattern (common information), the

connections between the optimal solution and the coupled algebraic Riccati equation for Markov

jump linear systems and its convergence to the coupled fixed point equations have been utilized to

show the optimality of the solution [99].

Contributions. In view of the above literature review and introduction, this chapter makes the

following contributions:

(i) For a general setup of static teams, we show that (see Theorem 2.2.3), under a uniform

integrability condition (see Remark 2.2.2), if sequences of team optimal policies of decision

makers i = 1, . . . , N of static teams with N number of decision makers converge uniformly

in i = 1, . . . , N (see (b) in Theorem 2.2.3), then the corresponding limit policies are team

optimal for the static team with a countably infinite number of decision makers.

(ii) We establish global optimality results for mean-field teams under strict decentralization of

the information structure for both teams with large numbers of players and infinitely many

players. Toward this end, we introduce a notion of symmetrically optimal teams (see Defi-

nition 2.3.1) to obtain a global optimality result under relaxed sufficient conditions. Under

mild conditions on action spaces and observations of decision makers, through concentra-

tion of measures arguments, we establish the convergence of optimal policies for symmetric

mean-field teams with N decision makers to the corresponding optimal policy of mean-field

teams. In addition, we establish an existence result for optimal policies on mean-field teams

under relaxed conditions on action spaces and the cost function (see Theorem 2.3.6).

(iii) We apply our results to a number of illustrative examples: We first consider LQG and LQ

(non-Gaussian) average cost problems with state coupling (see Section 2.4.1 and Section

2.4.2). We also consider LQG average cost problems with control coupling (see Section

2.4.3). In addition, we show that the team optimal policy of LQG teams with classical infor-

mation structure (see Section 2.4.5) is obtained using the technique proposed in this chapter.

This is important since this result, while well-known in the stochastic control literature, has
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not been investigated using static reduction and hence this approach can be viewed as a step

to address optimal solutions for infinite-horizon partially nested dynamic LQG problems

which can be reduced to a static team with a countably infinite number of decision makers

(more on this is to be discussed in Chapter 3, Section 3.2).

The organization of the chapter is as follows. In Section 2.1.1, we review the results on convex

static teams. Section 2.2 contains our main results including sufficient conditions for team optimal-

ity and asymptotic optimality for a general setup of static teams with a countably infinite number

of decision makers. Section 2.3 discusses symmetric and mean-field teams, and applications are

presented in Section 2.4. Proofs are provided in Section 2.5.

2.1.1 Convex Static Teams with a Finite Number of Decision Makers

In this subsection, we review the relevant results on convex static teams with a finite number of

decision makers [102, 78]. We first recall the definition of stationary policies for team problems.

Definition. Stationary solution [102].

A team decision rule γ
N

(.) is stationary if J(γ
N

) <∞, and for all i = 1, ..., N , P -almost surely

∇uiE

[
c(ω0, (γ

−i
N
, ui))

∣∣∣∣yi]∣∣∣∣
ui=γi(yi)

= 0,

where ∇ui denotes the gradient with respect to ui.

In this subsection, with slight abuse of notations, we sometimes used γi as γi(yi). In the

following, we review some results for stochastic static teams (P ′N ) with N decision makers. The

following is known as Radner’s theorem [102]. Radner proposed the first result to connect the

stationarity concept and global team optimality.

Theorem 2.1.1. [102] If

(a) c(ω0, uN) is convex and differentiable in uN for P - almost surely;
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(b) inf
γ
N
∈ΓN

JN(γ
N

) > −∞;

(c) JN(.) is locally finite at γ∗
N

[102];

(d) γ∗
N

is stationary;

then γ∗
N

is globally optimal for (P ′N ).

Radner’s theorem fails in some applications because of the restrictive local finiteness assump-

tion. Krainak et al [78] relaxed assumptions and presented sufficient conditions for team optimality

on static teams.

Theorem 2.1.2. [78] Assume that, for every fixed ω0, c(ω0, uN) is convex differentiable in uN .

Suppose (b) in Theorem 2.1.1 holds. Let γ∗
N
∈ ΓN, and assume that E[c(ω0, γ

∗
N

(y
N

))] < ∞. If,

for all γ
N
∈ ΓN with E[c(ω0, γN(y

N
))] <∞,

E

[ N∑
i=1

cui(ω0, γ
∗
N

)(γi − γi∗)
]
≥ 0, (2.4)

where cui(ω0, γ
∗
N

) is the partial derivative of c(ω0, uN) with respect to ui valued in uN = γ∗
N

, then

γ∗
N

is an optimal team policy for (P ′N ). Moreover, if c(ω0, uN) is strictly convex in uN P -almost

surely, then γ∗
N

is P -a.s. unique.

Since the set of admissible policies is generally uncountable, checking (2.4) is difficult. Krainak

et al [78] further developed relaxed conditions under which stationarity of a team decision rule im-

plies its optimality.

Theorem 2.1.3. [78] Assume, for every fixed ω0 ∈ Ω0, that c(ω0, uN) is a convex differentiable

function of uN and suppose (b) in Theorem 2.1.1 holds. Assume that γ∗
N
∈ ΓN is a stationary

team decision rule. Let, for all γ
N
∈ ΓN with E[c(ω0, γN(y

N
))] <∞,

E

[
cui(ω0, γ

∗
N

)(γi − γi∗)
]
<∞ for i = 1, ..., N. (2.5)
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Then γ∗
N

is a team optimal policy for (P ′N ). If c(ω0, uN) is strictly convex in uN , P -a.s., then γ∗
N

is unique.

Furthermore, (2.5) can be replaced by the following more checkable conditions [139]: Let Γi

be a Hilbert space consisting of some random variables γi(yi) such that for each i = 1, ..., N and

E[c(ω0, γN(y
N

))] <∞ for all γ
N
∈ ΓN. Moreover, let

E

[
cui(ω0, γ

∗
N

)

∣∣∣∣yi] ∈ Γi, i = 1, ..., N. (2.6)

The above conditions follows directly from (2.5) when Γi is a Hilbert space for all i = 1, 2, . . . , N .

This condition can be checked for some applications; for example, LQ teams [139].

2.2 Optimal Policies for Teams with Infinitely Many Decision Makers

2.2.1 Sufficient Conditions of Optimality

In the following, we propose sufficient conditions of team optimality for (P∞). We often follow

[78], and the result is an extension of [78] to a general setup of static teams with a countably

infinite number of decision makers. We also note a related analysis in [90]. We will use the

following theorem for LQ static teams with a countably infinite number of decision makers (see

Section 2.4.2).

Assumption 2.2.1. Let

(A1) c(ω0, u
i, 1
N

∑N
p=1 u

p) be a R+-valued jointly convex function of second and third arguments

and differentiable in ui with continuous partial derivatives, for every ω0 ∈ Ω0.

(A2) for some γ∗ ∈ Γ,

lim
N→∞

1

N

N∑
i=1

Eγ∗
[
c(ω0, u

i,
1

N

N∑
p=1

up)

]
<∞. (2.7)
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We note that the cost function is differentiable in ui which means that the cost is totally differ-

entiable in ui, i.e., d
dui
c(ω0, u

i, 1
N

∑N
p=1 u

p) = ∂
∂ui
c(ω0, u

i, µN) + 1
N

∂
∂µN

c(ω0, u
i, µN) exists.

Theorem 2.2.1. Assume (A1) holds and (A2) holds for γ∗ ∈ Γ. If for all γ ∈ Γ with J(γ) <∞,

lim sup
N→∞

1

N
E

[ N∑
i=1

N∑
k=1

cuk(ω0, γ
i∗, µ∗)(γk − γk∗)

]
≥ 0, (2.8)

where µ∗N = 1
N

∑N
p=1 γ

p∗(yp), then γ∗ is a globally optimal team policy for (P∞).

In some applications, (2.8) can be difficult to check since it must be satisfied for all γ ∈ Γ with

J(γ) < ∞. In the next section, we address this issue by introducing a constructive approach for

static teams with a countably infinite number of decision makers as a limit of a sequence of team

optimal policies of the corresponding static teams with a finite number of decision makers. In the

following, we propose sufficient conditions to approximate the optimal cost and a team optimal

policy for static teams with a countably infinite number of decision makers using the optimal cost

and an optimal policy for static teams with N decision makers. We note that our first result here is

based on [90, Theorem 1], which considered an equality. We denote γ|N ∈ ΓN as a restriction of

γ ∈ Γ to the first N components.

Theorem 2.2.2. Let γ∗
N
∈ ΓN be an optimal policy for (PN ) as (2.2) (see [78, 62, 140] for

sufficient conditions). If there exists γ∗ ∈ Γ, with J(γ∗) <∞, satisfying

lim sup
N→∞

JN(γ∗
N

) ≥ J(γ∗), (2.9)

then γ∗ is a globally team optimal policy for (P∞).

Remark 2.2.1. Under (A2), one can replace (2.9) with

lim sup
N→∞

1

N

N∑
i=1

{
Eγ∗

N

[
c(ω0, u

i, µN)

]
− Eγ∗

[
c(ω0, u

i, µN)

]}
≥ 0. (2.10)
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The above theorem and remark will be useful for some applications (see for example Section

2.4.5).

2.2.2 Asymptotically Optimal Policies as a Limit of Finite Team Optimal Policies

In the following, we present a sufficient condition for (2.9). The following result also presents a

constructive method to obtain optimal policies using asymptotic analysis.

Theorem 2.2.3. Assume

(a) for every N, there exist γ∗
N
∈ ΓN for (PN ) (see (2.2)),

(b) let ω ∈ B for some B ∈ F event of P measure one, for every fixed yi(ω), γi∗N (yi) converges

to γi∗∞(yi) uniformly in i = 1, 2, . . . , N , i.e.,

lim
N→∞

sup
1≤i≤N

||γi∗N (yi)− γi∗∞(yi)||= 0 P − a.s.,

where ||·|| is the sup norm,

(c) there exists a P -integrable function g(ω0, y) such that, for every N ,

1

N

N∑
i=1

c

(
ω0, γ

i∗
∞(yi),

1

N

N∑
p=1

γp∗∞(yp)

)
≤ g(ω0, y),

where y = (y1, y2, . . . ), then γ∗, a team optimal policy for (P∞), is a pointwise limit of γ∗
N

, an

optimal policy for (PN ), i.e., γi∗(yi) = lim
N→∞

γi∗N (yi) = γi∗∞(yi) P -almost surely.

Remark 2.2.2. One can relax conditions in Theorem 2.2.3 as follows:

(i) relax (a) by considering a sequence of εN -optimal policy, where εN are non-negative and

converges to zero as N →∞,
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(ii) relax (c) with a uniform integrability condition which is satisfied if the following expression

is finite (see [26, Theorem 3.5]),

sup
N≥1

E

[∣∣∣∣ 1

N

N∑
i=1

c

(
ω0, γ

i∗
∞(yi),

1

N

N∑
i=1

γi∗∞(yi)

)∣∣∣∣1+ε]
,

for some ε > 0. This new condition can be checked in some applications (see Section 2.4).

The result follows from [26, Theorem 3.5],

(iii) relax the P -almost sure convergence in (b) by considering convergence in probability, i.e.,

lim
N→∞

P ( sup
1≤i≤N

||γi∗N (yi)− γi∗∞(yi)||≥ ε) = 0,

hence similar to the proof of Theorem 2.2.3, Step 1, using continuous mapping theorem (see

for example, [26]), we show that c(ω0, γ
i∗
N (yi), µ∗N) converges to c(ω0, γ

i∗
∞(yi), lim

N→∞
µ∗∞)

in probability. Similarly, the result of Step 2 holds in probability. Using [26, Theorem 3.5],

under the uniform integrablity ofXN := 1
N

∑N
i=1 c

(
ω0, γ

i∗
∞(yi), 1

N

∑N
i=1 γ

i∗
∞(yi)

)
and under

convergence in probability XN to X := lim
N→∞

1
N

∑N
i=1 c

(
ω0, γ

i∗
∞(yi), 1

N

∑N
i=1 γ

i∗
∞(yi)

)
, we

can conclude E(XN) → E(X). This relaxation can be useful when the weak law of large

numbers can be invoked to check (c), but the strong law of large numbers fails to apply.

We apply the results of this section to two examples in Sections 2.4.1 and 2.4.2.

2.3 Globally Optimal Policies for Mean-Field Teams

2.3.1 Symmetric (Exchangeable) Teams

In the following, we present sufficient conditions for team optimality in symmetric and mean-field

teams. The concept of symmetry has been studied in a variety of contexts; see e.g., [96], [47] and

many others.

Definition. (Exchangeable teams)
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An N -DM team is exchangeable if the value of the expected cost function (see (2.1)) is invariant

under every permutation of policies.

We note that it is also called totally symmetric in a game theoretic context (see for example

[47]).

Definition. (Symmetrically optimal teams)

A team is symmetrically optimal, if for every given policy, there exists an identically symmetric

policy (i.e., each DM has the same policy) which performs at least as good as the given policy.

In the following, we characterize the symmetry of the general setup for (P ′N ) (see (2.1)).

Clearly, the result will also hold for the (PN ) (see (2.2)).

Lemma 2.3.1. For a fixed N , consider an N -DM team defined as (P ′N ) (see (2.1)) and let the cost

function be a convex function of uN P -almost surely. Assume the cost function is exchangeable

P -almost surely with respect to the actions. If the action space U is convex, and observations of

DMs are exchangeable conditioned on ω0, then the team is symmetrically optimal.

In the following, we present another characterization of symmetrically optimal teams; this

looks to be an immediate result; however, a proof is included for completeness since we could not

find an explicit reference (this proof will also be utilized in Chapter 4).

Lemma 2.3.2. For a fixed N , consider an N -DM team defined as (P ′N ) (see (2.1)) and let the cost

function be a convex function of uN P -almost surely. Assume the action space for each DM is

convex. If the expected cost function (see (2.1)) is exchangeable with respect to the policies, then

the team is symmetrically optimal.

Proof. Let γ∗
N

= (γ1∗, γ2∗, . . . , γN∗) be a given policy for (P ′N ). According to the definition of

exchangeable teams, any permutation of policies, say γ̂∗
N

= (γi1∗, γi2∗, . . . , γiN∗), fails to change

the value of the expected cost function, and hence achieve the same expected cost as the one

induced by γ∗
N

. Consider γ̃
N

as a uniform randomization among all possible permutations of
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optimal policies, since U is convex then γ̃
N

is a control policy. By convexity of the cost function,

through Jensen’s inequality, and the fact that any permutation of optimal policies preserves the

value of the cost function, we have JN(γ̃
N

) ≤ JN(γ∗
N

). Since γ̃
N

is also identically symmetric,

the proof is completed.

Now, we characterize symmetrically optimal teams for (PN ) (see (2.2)).

Theorem 2.3.1. Consider an N -DM team defined as (PN ) (see (2.2)). Let action spaces be convex

and the cost function be convex in the second and third arguments P -almost surely. If observations

are exchangeable conditioned on ω0, then the team is symmetrically optimal.

Proof. The cost function defined in (PN ) is exchangeable in actions, hence under convexity of

the action spaces and the cost function and following from the hypothesis that observations are

exchangeable condition on ω0, the proof is completed using Lemma 2.3.1.

Theorem 2.3.1 will be utilized in our analysis to follow.

2.3.2 Optimal Solutions for Mean-field Teams as Limits of Optimal Policies for Finite Sym-

metric Teams

In the following, we present results for symmetrically optimal static teams. First, we focus on

the case that the observations of decision makers are identical and independent, then we deal with

non-identical and dependent observations under additional assumptions.

Our next theorem, under the assumption that observations are independent and identically dis-

tributed, utilizes a measure concentration argument to establish a convergence result.

Theorem 2.3.2. Consider a team defined as (P∞) (see (2.3)) with the convex cost function in the

second and third arguments P -almost surely. Let the action space be compact and convex for each

decision maker, and yis be i.i.d. random variables. If there exists a sequence of optimal policies

for (PN ) (see (2.2)), {γ∗N}N , which converges (for every decision maker due to the symmetry)

pointwise to γ∗∞ as N → ∞, then γ∗∞ (which is identically symmetric) is an optimal policy for

(P∞).
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Remark 2.3.1. In view of the analysis in the proof of the preceding Theorem, we can observe

that if P -almost surely the sequence {QN}N converges weakly to Q, then Theorem 2.3.2 can be

generalized to a class of team problems defined as (P∞) (see (2.3)) which may include ones with

a non-convex cost function and/or the ones with conditionally non-exchangeable observations:

This relaxation contains a class of problems (see e.g. Example 4 in Section 2.4.4) where one can

consider a sequence of N -DM teams which admits asymmetric optimal policies that define (PN )

(see (2.2)), but whose limit is identified with (P∞) under an optimal sequence of policies.

In the following, we relax the hypothesis that observations of decision makers are independent.

Proposition 2.3.1. Consider a team defined as (P∞) (see (2.3)) with the convex cost function in

the second and third arguments P -almost surely. Let the action space be compact and convex for

each decision maker, and yi = h(x, zi), where zis are i.i.d. random variables. If there exists a

sequence of optimal policies for (PN ), {γ∗N}N , which converges pointwise to γ∗∞ as N →∞, then

γ∗∞ (which is identically symmetric) is an optimal policy for (P∞).

Remark 2.3.2. Existence of optimal policies for (PN ) and dynamic teams satisfying static reduc-

tion have been studied in [138] and [62]. In [138, Theorem 4.8], the existence of optimal policies

achieved under σ-compactness of each decision maker’s action space and under mild conditions

on the control law and the cost function. Hence the existence of identically symmetric optimal

policies for (PN ) (see (2.2)) follows from symmetry and [138, Theorem 4.8]; thus, the existence

result for (P∞) is obtained under assumptions of Theorem 2.3.2.

In the following, action spaces need not be compact; this is particularly important for LQG

models as we will see in the next section.

Theorem 2.3.3. Consider a team defined as (P∞) (see (2.3)) with the convex cost function in the

second and third arguments P -almost surely. Let the action spaces be convex for each decision

maker. Let yis be i.i.d. random variables. If there exists a sequence of optimal policies for (PN )

(see (2.2)), {γ∗N}N , which converges pointwise to γ∗∞ as N →∞, and



2.3. GLOBALLY OPTIMAL POLICIES FOR MEAN-FIELD TEAMS 32

(A3) for some δ > 0, sup
N≥1

E[||γ∗N(y1)||1+δ] <∞,

then γ∗∞ (which is identically symmetric) is an optimal policy for (P∞).

In the following, we present a result for monotone mean-field coupled teams.

Theorem 2.3.4. Consider a team defined as (P∞) (see (2.3)) with the convex cost function in the

second and third arguments P -almost surely. Let the action spaces be convex for each decision

maker. Let the cost function be increasing in the last argument, and yis be i.i.d. random vari-

ables. If there exists a sequence of optimal policies for (PN ), {γ∗N}N (see (2.2)), which converges

pointwise to γ∗∞ then γ∗∞ as N → ∞ (which is identically symmetric) is an optimal policy for

(P∞).

In the following, observations need not be identical or independent.

Theorem 2.3.5. Consider a team defined as (P∞) (see (2.3)) with the convex cost function in the

second and third arguments P -almost surely. Let the action spaces be convex for each decision

maker. Let (a), and (c) in Theorem 2.2.3 hold, and let observations be exchangeable conditioned

on ω0. Assume there exists a sequence {γ∗N}N converges pointwise to γ∗∞ as N → ∞, and let

P -a.s. ∣∣∣∣∣∣∣∣γ∗N(yi)− γ∗∞(yi)

∣∣∣∣∣∣∣∣2 ≤ f(yi)h(N)

N
, (2.11)

where lim
N→∞

N−1
∑N

i=1 f(yi) < ∞ and lim
N→∞

h(N) = 0. Then, a team optimal policy for (P∞) is

symmetrically optimal and an optimal policy is identified as a limit of a sequence of team optimal

policies for (PN ) (see (2.2)) as N →∞.

2.3.3 An Existence Theorem on Globally Optimal Policies for Mean-Field Teams

An implication of our analysis is the following existence result on globally optimal policies for

mean-field problems. In Theorem 2.3.2, we showed that if a pointwise limit as N → ∞ of a

sequence of optimal policies for (PN ) (see (2.2)) exists, this limit is a globally optimal policy

for (P∞), but under the conditions stated in the following theorem, an existence result also can be
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established. In the following, we relax the assumption that there exists a pointwise convergence se-

quence of optimal policies for (PN ) (see (2.2)). For the following theorem, we do not establish the

pointwise convergence; but clearly if a sequence of optimal policies for (PN ) (see (2.2)) converges

pointwise, a global optimal policy exists. LetQN(B) := 1
N

∑N
i=1 δζiN (B), whereB ∈ Z := U×Y,

and ζ iN := (γ∗N(yi), yi).

Theorem 2.3.6. Consider (P∞) (see (2.3)) with the convex cost function in the second and third

arguments P -almost surely. Let the action spaces be convex for each decision maker. Assume

further that, without any loss, the optimal control laws can be restricted to those with E[φi(u
i)] ≤

K for some finite K, where φi : Ui → R+ is lower semi-continuous. If yis are i.i.d. random

variables, then there exists an optimal policy for (P∞).

We note that the limit policy is not necessarily deterministic according to the above result; this

interesting discussion is left open for further study.

We apply the results of this section in Section 2.4.3.

2.4 Examples

In the following, we present a number of examples to demonstrate results in previous sections. We

also investigate dynamic infinite-horizon average cost LQG teams with the classical information

structure.

2.4.1 Example 1: Static quadratic Gaussian teams with coupling between states

Consider the following observation scheme,

yi = xi + zi, (2.12)
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where {zi}i∈N and {xi}i∈N are i.i.d. zero mean Gaussian random variables. Let {zi}i∈N be inde-

pendent of {xi}i∈N. The expected cost function is defined as

J(γ) = lim sup
N→∞

1

N
Eγ

[ N∑
i=1

R(ui)2 +Q(ui − xi − µN)2

]
, (2.13)

where µN := 1
N

∑N
k=1 x

k and let R be a positive number and Q be a non-negative number.

Theorem 2.4.1. For LQG static teams as formulated above, under the measurement scheme (2.12),

γi∗∞(yi) is globally optimal for (P∞) achieved as the limit N →∞ of γi∗N (yi), an optimal solution

for (PN ).

2.4.2 Example 2: Static non-Gaussian teams with coupling between states

Let the observation scheme be (2.12), where {zi}i∈N and {xi}i∈N are i.i.d. zero mean random

variables with finite variance. Let {zi}i∈N be independent of {xi}i∈N. The expected cost function

is defined as (2.13). Let R be a positive number and Q be a non-negative number.

Theorem 2.4.2. For LQ static teams as formulated above, under the measurement scheme (2.12),

γk∗∞ (yk) = (R+Q)−1QE[xk|yk] is globally optimal for (P∞) and is obtained as the limit of γk∗N (yk)

as N →∞.

2.4.3 Example 3: LQG symmetric teams with coupling between control actions

Let

yi = H ix+ zi, (2.14)

where {zi}i∈N is independent zero mean Gaussian random vectors also independent of x, with

covariance Σjj = N0 > 0. Define ω = (x, z1, z2, . . . ), and ω0 := x where x is a Gaussian random

vector with covariance E[xxT ] = Σ00. Let

J(γ) = lim sup
N→∞

1

N
Eγ

[ N∑
i=1

(ui)TRui − 2
N∑
i=1

(ui)TD(x+
1

N

N∑
k=1

uk)
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+ (x+
1

N

N∑
k=1

uk)TQ(x+
1

N

N∑
k=1

uk)

]
, (2.15)

where R is an appropriate dimension positive definite matrix and D, and Q are appropriate di-

mension positive semi-definite matrices, and R > 2D. In the following, we follow steps in [139,

Theorem 2.6.8] to obtain optimal policies for (PN ).

Lemma 2.4.1. Consider an N -DM LQG team formulated above, under the measurement scheme

(2.14), the global optimal policy for (PN ) is linear, i.e., γk∗N (yk) = πkNy
k. Here, πkN ∈ Mn,m(R),

n×m real-valued matrix, is obtained by solving the following parallel update scheme,

πkN,(i) = −LN
[
Sk +

1

N

N∑
p=1,p 6=k

πpN,(i)H
pSk
]
, (2.16)

where LN := (R+ Q
N2 − 2D

N
)−1(Q

N
−D), Sk := Σ00(Hk)T (HkΣ00(Hk)T + Σkk)

−1 and the initial

points of the iterations are considered as zero functions.

Proof. By Definition 2.1.1, stationary policies satisfy the following equality for k = 1, . . . , N ,

Mγk∗N (yk) +

(
Q

N
−D

)[
E[x|yk] +

1

N

N∑
p=1,p 6=k

E

[
γp∗N (yp)

∣∣∣∣yk]] = 0, (2.17)

where M := R + Q
N2 − 2D

N
, and (2.17) can be rewritten as PR̂γ∗

N
(y) + Pr(ω) = 0, where P is

a block diagonal matrix with ii-th block Piiβi(ω) := E[βi(ω)|yi], R̂ is a matrix where R̂ii := M

and R̂ij :=
1

N
(
Q

N
− D) for every i, j = 1, ..., N , j 6= i, and r(ω) = x. Note that P is a

projection operator defined on a Hilbert space whose operator norm is one. Now, we use the

successive approximation method [139, Theorem A.6.4]. According to (2.17), we can write for

k = 1, 2, ..., N

Mγk∗N,(i)(y
k) + εγk∗N,(i)(y

k)− εγk∗N,(i)(yk)

+

(
Q

N
−D

)[
E[x|yk] +

1

N

N∑
p=1,p 6=k

E

[
γp∗N,(i)(y

p)

∣∣∣∣yk]] = 0.
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Thus, by dividing the expression over ε and rearranging it, we have

γk∗N,(i)(y
k) = (1− R̂ii

ε
)γk∗N,(i)(y

k)

−1

ε

(
Q

N
−D

)[
E[x|yk] +

1

N

N∑
p=1,p 6=k

E

[
γp∗N,(i)(y

p)

∣∣∣∣yk]],
where the initial points of the iterations are zero functions. We can write γ∗

N
(y) = P (I −

1
ε
R̂)γ∗

N
(y)− 1

ε
Pr(ω). Similar to [139, Theorem 2.6.5], the above sequence converges to the unique

fixed point if and only if the spectral radius satisfies the following constraint ρ
(
P (I − R̂

ε
)
)

=

ρ(I − R̂
ε
) := lim

k→∞
sup[||A||k] 1

k < 1, where A := I − R̂

ε
, ||A||:= sup

||x||<1

||Ax|| and ρ denotes spectral

radius. The first equality is true since both P and A maps ΓN into itself and P has operator norm

equal to one. The above constraint can be always satisfied by choosing ε = 1
2
(λmax(R̂)+λmin(R̂)).

On the other hand, since (x, z1, . . . , zN) are jointly Gaussian, then γk∗N (yk) = πkNy
k for k =

1, . . . , N . Hence, γk∗N,(i)(y
k) = πkN,(i)y

k, and by linearity of the conditional expectation, we have

E[x|yk] = Skyk, and E[γp∗N (yp)|yk] = πpNH
pSkyk. Hence (2.16) holds. Following from [139], the

stationary policy is globally optimal for (PN ), and this completes the proof.

Theorem 2.4.3. Consider (P∞) with the expected cost (2.15). Under the following measurement

scheme

yi = Hx+ zi, (2.18)

where zis are i.i.d. Gaussian random vectors, γi∗∞(yi) = π∗∞y
i is an optimal policy for (P∞) and is

the pointwise limit of γi∗N (yi) = π∗Ny
i, an optimal policy for (PN ).

Proof. In the following, we invoke Proposition 2.3.1 and Theorem 2.3.3 to prove the theorem. Un-

der (2.18), the static team is symmetrically optimal and hence from (2.16), we have π∗N = LN [S +

N−1(N − 1)π∗NHS], π∗∞ = R−1D[S+π∗∞HS], whereLN := (N2R− 2DN +Q)−1(N2D −NQ),

S := Σ00(H)T (HΣ00(H)T + Σkk)
−1. Since for everyN , we have JN(γ∗

N
) <∞, and sinceR > 0,

we have sup
N≥1

E[||γ∗N(y1)||22] <∞, which implies (A3). The proof is completed using the results of

Proposition 2.3.1 and Theorem 2.3.3. One can also invoke Theorem 2.3.5 to justify the result.



2.4. EXAMPLES 37

2.4.4 Example 4: Asymmetric LQG team problems

Here, we consider simple variation of Example 3 considered above to illustrate Remark 2.3.1.

Consider the observation scheme (2.18), and let the expected cost function be defined as

J(γ)= lim sup
N→∞

1

N
Eγ

[ N∑
i=1

(ui)TRui − 2
N∑
i=1

(ui)TD(x+
1

N

N∑
k=1

uk)

+(x+
1

N

N∑
k=1

uk)TQ(x+
1

N

N∑
k=1

uk)+
1

N

M∑
k=1

(uk)Tαku
k

]
,

where M ∈ Z+ is independent of N . Clearly, the N -DM team admits asymmetric optimal policies

for (PN) with the expected cost JN for every N . However, one can observe that the last term

above goes to zero as N → ∞ under a sequence of optimal policies, and hence asymptotically

the expected cost would essentially be (2.15) and Theorem 2.4.1 implies γ∗∞ is an optimal policy

since P -almost surely the sequence QN converges weakly (the asymmetric term vanishes when

N → ∞). That is, the optimal policy designed for the symmetric problem is also a solution

for the asymmetric problem since under this policy the additional term (which is a non-negative

contribution) vanishes, certifying its optimality.

2.4.5 Example 5: Multivariable Classical LQG Problems: Average Cost Optimality Through

Static Reduction

Here, we revisit a well-known problem and a well-known solution, using the technique presented

in this chapter. Let

xt+1 = Axt +But + wt,

where A ∈ Mn,n(R), B ∈ Mn,m(R) and wts and X0 are i.i.d. Gaussian random vectors with

mean zero and positive variance taking values in Rn. Let (A,B) be controllable and let

J(γ) = lim sup
T→∞

JT (γ)
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:= lim sup
T→∞

1

T
Eγ

[ T−1∑
t=0

xTt Qxt + (ut)TRut
]
,

where Q ≥ 0 and R > 0 are appropriate dimensions real matrices. We can write,

J(γ) = lim sup
T→∞

1

T
Eγ

[ T−1∑
t=0

( t∑
k=1

At−kBuk−1 +
t∑

k=0

At−kζk
)T

×Q
( t∑

k=1

At−kBuk−1 +
t∑

k=0

At−kζk
)

+ (ut)TRut
]
,

where ζ = (XT
0 , (w

0)T , (w1)T , . . . )T . In the following, we consider fully observed classical IS,

i.e., yt = xt, and we can write yt = H tζ +
∑t−1

j=0Dtju
j , where H t and Dtj are appropriate

dimensional matrices. Using [66, Theorem 1], we can reduce IS to the static one as vt = H̃tζ .

According to [64, Section 3.5], we have ut∗T = Gt
Txt for t = 0, 1, . . . , T − 1, where kTT = 0, and

Gt
T = −(R +BTkt+1

T B)−1BTkt+1
T A, (2.19)

ktT = Q+ ATkt+1
T A− ATkt+1

T B(R +BTkt+1
T B)−1BTkt+1

T A. (2.20)

Theorem 2.4.4. For LQG teams with the classical information structure as formulated above,

ut∗ = lim
T→∞

γt∗T (vt) = γt∗∞(vt) is the optimal policy for J(γ), where {γt∗T }T is a sequence of optimal

policies for {JT (γ
T

)}T with the pointwise limit γt∗∞ as T →∞.

Although, this result is a classical one in the literature, here, we present a new approach using

the static reduction.

Remark 2.4.1. Similarly, one can show the result for (i) yt = Cxt, (A,C) is observable and

Q = CTC, (ii) the discounted LQG team problems with the classical information structure.
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2.5 Proofs

2.5.1 Proof of Theorem 2.2.1

Under (A1), the required derivatives in (2.8) in the direction of ui exist and the chain rule of

derivatives can be applied since this implies that the cost function is Fréchet differentiable in ui

[57]. Now, we use the convexity property to justify interchanging the expectation and the derivation

similar to [78, Theorem 2], then we use (2.7) and (2.8) to establish the global optimality of γ∗ for

(P∞). Under (A1), we have for every α ∈ (0, 1],

N∑
i=1

c(ω0,γ
i∗ + αδi, µ∗N +

α

N

N∑
p=1

δp)− c(ω0, γ
i∗, µ∗N) ≤ α

N∑
i=1

c(ω0, γ
i, µN)− c(ω0, γ

i∗, µ∗N),

where µN = 1
N

∑N
p=1 γ

p(yp) and δi = γi − γi∗. Let

hωN(α) :=
1

α

[
1

N

N∑
i=1

c(ω0, γ
i∗ + αδi, µ∗N +

α

N

N∑
p=1

δp)− c(ω0, γ
i∗, µ∗N)

]
.

Hence, [50, Proposition 6.3.2] implies that hωN(α) is a monotone non-increasing function as α→ 0

in α ∈ [0, 1] and bounded from above by hωN(1). Thus, by [50, Corollary 6.3.3], h′+,N(ω, 0) :=

limα→0 h
ω
N(α) exists. Since hωN(α) is a monotonic non-increasing function as α → 0 in α ∈ [0, 1]

and bounded above by hωN(1), and since J(γ∗) and J(γ) are finite, we can choose N large enough

such that E[hωN(1)] < ∞. Now, we can use the monotone convergence theorem (see [64, page.

170]) to interchange the limit and the expectation

lim
α→0

E[hωN(α)] = E[lim
α→0

hωN(α)] = E[h′+,N(ω, 0)]. (2.21)

From [78, Lemma 1], we have E[h′+,N(ω, 0)] = 1
N
E[
∑N

i=1

∑N
k=1 cuk(ω0, γ

i∗, µ∗N)δk]. Define

FN
γ
N

(α) :=
1

N
E

[ N∑
i=1

c(ω0, γ
i∗ + αδi, µ∗N +

α

N

N∑
p=1

δp)

]
.
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Note thatFN
γ
N

(α) exists for α ∈ [0, 1] sinceE[hωN(α)] ≤ E[hωN(1)] <∞, andE[ 1
N

∑N
i=1 c(ω0, γ

i∗, µ∗N)] <

∞. Therefore, one can write F ′N
γ+N

(0) = lim
α→0

E[hω(α)], and

F ′N
γ+N

(0) =
1

N
E

[ N∑
i=1

N∑
k=1

cuk(ω0, γ
i∗, µ∗N)(γk − γk∗)

]

Thus, we can write

J(γ)− J(γ∗) = lim sup
N→∞

FN
γ
N

(1)− lim sup
N→∞

FN
γ
N

(0) (2.22)

= lim sup
N→∞

FN
γ
N

(1)− lim inf
N→∞

FN
γ
N

(0) (2.23)

≥ lim sup
N→∞

FN
γ
N

(1)− FN
γ
N

(0)

1
(2.24)

≥ lim sup
N→∞

F ′N
γ+N

(0) ≥ 0, (2.25)

where (2.23) follows from (A2), (2.7), and− lim inf
N→∞

aN = lim sup
N→∞

−aN , lim sup
N→∞

aN+lim sup
N→∞

bN ≥

lim sup
N→∞

(aN + bN) imply (2.24), and (2.25) holds since FN
γ
N

(.) is a convex function and using [50,

Corollary 6.3.3], and since aN ≥ bN then lim sup
N→∞

aN ≥ lim sup
N→∞

bN . Finally, the last inequality

follows from (2.8); hence, J(γ)− J(γ∗) ≥ 0, and the proof is completed.

2.5.2 Proof of Theorem 2.2.2

We have

J(γ∗) ≤ lim sup
N→∞

1

N

N∑
i=1

Eγ∗
N

[
c(ω0, u

i, µN)

]
(2.26)

= lim sup
N→∞

inf
γ
N
∈ΓN

1

N

N∑
i=1

Eγ
N

[
c(ω0, u

i, µN)

]
(2.27)

= lim sup
N→∞

inf
γ∈Γ

1

N

N∑
i=1

Eγ

[
c(ω0, u

i, µN)

]
(2.28)

≤ inf
γ∈Γ

lim sup
N→∞

1

N

N∑
i=1

Eγ

[
c(ω0, u

i, µN)

]
(2.29)



2.5. PROOFS 41

= inf
γ∈Γ

J(γ),

where µN := 1
N

∑N
p=1 u

p and (2.26) follows from (2.9), and (2.27) is true since γ∗N is a team

optimal policy for (PN ) (see (2.2)). Furthermore, (2.28) follows from the fact that [γ|N : γ ∈ Γ] =

ΓN, where γ|N is γ restricted to the first N components.

2.5.3 Proof of Theorem 2.2.3

According to Theorem 2.2.2, we only need to show that

lim sup
N→∞

JN(γ∗
N

) ≥ lim inf
N→∞

JN(γ∗
N

)

≥ E

[
lim
N→∞

1

N

N∑
i=1

c(ω0, γ
i∗
N (yi), µ∗N)

]
= lim

N→∞
JN(γ∗∞),

where µ∗N = 1
N

∑N
p=1 γ

p∗
N (yp) and the second inequality follows from Fatou’s lemma (since the cost

function is non-negative). In the following, we justify the equality above. On a set of P measure

one, ω ∈ B where B ∈ F , for every fixed yi(ω) in this set, define y(ω) = (y1(ω), y2(ω), ...) and

y
N

(ω) = (y1(ω), . . . , yN(ω)). We follow three steps to prove the theorem.

(Step 1): We show that on a set of P measure one, ω ∈ B where B ∈ F , for every fixed yi(ω)

in this set lim
N→∞

1
N

∑N
i=1

(
γi∗N (yi) − γi∗∞(yi)

)
= 0. For a fixed y, following from (b) for a given

δω,y
N

:= sup1≤i≤N ||γi∗N (yi)− γi∗∞(yi)||> 0 there exists N̂(δω,y
N

) ∈ N such that for N > N̂(δω,y
N

),

||γi∗N (yi) − γi∗∞(yi)||≤ δω,y
N

for every i = 1, . . . , N , where lim
N→∞

δω,y
N

= 0 P -almost surely. We

have P -almost surely,

∣∣∣∣∣∣∣∣ 1

N

N∑
i=1

(
γi∗N (yi)− γi∗∞(yi)

)∣∣∣∣∣∣∣∣ < 1

N

N∑
i=1

δω,y
N

= δω,y
N
,

and since lim
N→∞

sup1≤i≤N ||γi∗N (yi)−γi∗∞(yi)||= 0, one can see lim
N→∞

δω,y
N

= 0. Hence, we can show
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that lim
N→∞

1
N

∑N
i=1 γ

i∗
N (yi) = lim

N→∞
1
N

∑N
i=1 γ

i∗
∞(yi). Following from continuity, c(ω0, γ

i∗
N (yi), µ∗N)

converges to c(ω0, γ
i∗
∞(yi), lim

N→∞
µ∗∞) P -a.s. for every i = 1. . . . , N .

(Step 2): We show that c(ω0, γ
i∗
N (yi), µ∗N) converges to c(ω0, γ

i∗
∞(yi), lim

N→∞
µ∗∞) uniformly in i =

1, . . . , N P -almost surely, where µ∗∞ = 1
N

∑N
p=1 γ

p∗
∞(yp). By continuity of the cost function, we

have for a given εω,y
N
> 0, there exists δω,y

N
> 0 such that ||γi∗N (yi) − γi∗∞(yi)||< δω,y

N
, and

|| 1
N

∑N
i=1 γ

i∗
N (yi) − γi∗∞(yi)||< δω,y

N
implies |c(ω0, γ

i∗
N (yi), µ∗N) − c(ω0, γ

i∗
∞(yi), µ∗∞)|< εω,y

N
P -

almost surely for every i = 1, . . . , N . Following from Step 1, we have for N > N̂(δω,y
N

(εω,y
N

)),

||γi∗N (yi)− γi∗∞(yi)||< δω,y
N

, and || 1
N

∑N
i=1 γ

i∗
N (yi)− γi∗∞(yi)||< δω,y

N
, hence P -a.s.

∣∣∣∣c(ω0, γ
i∗
N (yi), µ∗N)− c(ω0, γ

i∗
∞(yi), µ∗∞)

∣∣∣∣ < εω,y
N
,

where lim
N→∞

εω,y
N

= 0.

(Step 3): In this step, we show that P -a.s.,

lim
N→∞

1

N

N∑
i=1

[
c(ω0, γ

i∗
N (yi), µ∗N)− c(ω0, γ

i∗
∞(yi), µ∗∞)

]
= 0.

According to Step 2, for N > N̂(δω,y
N

(εω,y
N

), we have P -a.s.

∣∣∣∣ 1

N

N∑
i=1

c(ω0, γ
i∗
N (yi), µ∗N)− c(ω0, γ

i∗
∞(yi), µ∗∞)

∣∣∣∣ < εω,y
N
.

Following from (c), we can interchange the limit and the integral using the dominated convergence

theorem, and the proof is completed.

2.5.4 Proof of Lemma 2.3.1

Any permutation of policies does not deviate the value of JN(γ
N

) since

JN(γσ
N

) =

∫
c(ω0, u

1, . . . , uN)PN(dy1, . . . , dyN |ω0)1{(γσ(1)(y1),...,γσ(N)(yN ))}(du
1, . . . , duN)P (dω0)
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=

∫
c(ω0, u

σ(1), . . . , uσ(N))1{(γσ(1)(yσ(1)),...,γσ(N)(yσ(N)))}(du
σ(1), . . . , duσ(N))

× PN(dyσ(1), . . . , dyσ(N)|ω0)P (dω0) (2.30)

=

∫
c(ω0, u

1, . . . , uN)1{(γ1(y1),...,γN (yN ))}(du
1, . . . , duN)PN(dy1, . . . , dyN |ω0)P (dω0)

= JN(γ
N

),

where (2.30) follows from the assumption that the cost function is exchangeable with respect to

the actions, and the hypothesis that observations of DMs are P -almost surely exchangeable con-

ditioned on the random variable ω0. Let γ∗
N

= (γ1∗, γ2∗, . . . , γN∗) be a given policy. Consider

γ̃
N

as a convex combination of all possible permutations of policies by averaging them, σ ∈ Σ,

where Σ is the set of all possible permutation. Since U is convex, γ̃
N

is a control policy. Following

from convexity of the cost function P -almost surely, we have for ασ = 1
|Σ| (where |Σ| denotes the

cardinality of Σ),

JN(γ̃
N

) := JN(
∑
σ∈Σ

ασγ
∗,σ
N

)

≤
∑
σ∈Σ

ασJN(γ∗,σ
N

)

=
∑
σ∈Σ

ασJN(γ∗
N

) = JN(γ∗
N

),

where the inequality follows from convexity of the cost function P -almost surely for every fixed

realization of observations since we have

E

[
c

(
ω0,
∑
σ∈Σ

ασ(γ∗,σ
N

)1(y1), . . . ,
∑
σ∈Σ

ασ(γ∗,σ
N

)N(yN)

)]
≤ E

[∑
σ∈Σ

ασc

(
ω0, (γ

∗,σ
N

)1(y1), . . . , (γ∗,σ
N

)N(yN)

)]
=
∑
σ∈Σ

ασE

[
c

(
ω0, (γ

∗,σ
N

)1(y1), . . . , (γ∗,σ
N

)N(yN)

)]
,
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where (γ∗,σ
N

)j denotes the j-the component of γ∗,σ
N

, and the inequality above follows from Jensen’s

inequality since the cost function is convex P -almost surely. Hence, the team is symmetrically

optimal.

2.5.5 Proof of Theorem 2.3.2

Action spaces and the cost function are convex and following from the hypothesis that yis are

i.i.d. random variables (hence they are exchangeable conditioned on ω0) and the result of Theorem

2.3.1, one can consider a sequence of N -DM teams which are symmetrically optimal that defines

(PN ) (see (2.2)) and whose limit is identified with (P∞). Define empirical measures on actions

and observation of QN(B) := 1
N

∑N
i=1 δζiN (B), and Q̃N(B) := 1

N

∑N
i=1 δζi∞(B), where B ∈ Z :=

U × Y, ζ iN := (γ∗N(yi), yi), ζ i∞ := (γ∗∞(yi), yi), and δY (·) is the Dirac measure for any random

variable Y . In the following, we first show that Q̃N converges weakly to Q = L(ζ i∞) P -almost

surely, then we show (2.9) holds, and we invoke Theorem 2.2.2.

(Step 1): For every g ∈ Cb(Z), where we denote Cb(X) as the space of continuous and bounded

functions in X , we have

lim
N→∞

P

(∣∣∣∣∫ gdQN −
∫
gdQ̃N

∣∣∣∣ ≥ ε

)
≤ ε−1 lim

N→∞

1

N

N∑
i=1

E

[∣∣∣∣g(γ∗N(yi), yi)− g(γ∗∞(yi), yi)

∣∣∣∣] (2.31)

= ε−1 lim
N→∞

E

[∣∣∣∣g(γ∗N(yi), yi)− g(γ∗∞(yi), yi)

∣∣∣∣] (2.32)

= ε−1E

[
lim
N→∞

∣∣∣∣g(γ∗N(yi), yi)− g(γ∗∞(yi), yi)

∣∣∣∣] = 0, (2.33)

where (2.31) follows from Markov’s inequality, the triangle inequality and the definition of the

empirical measure, and (2.32) follows from the hypothesis that yis are identical random variables.

Since g is bounded and continuous, the dominated convergence theorem implies (2.33). Hence,

for every subsequence there exists a subsubsequence such that |
∫
gdQNkl

−
∫
gdQ̃Nkl

| converges

to zero P -almost surely as l → ∞. On the other hand, since yis are i.i.d. random variables, the
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strong law of large numbers (SLLN) implies Q̃N converges weakly to Q P -almost surely, that is

|
∫
gdQ̃N−

∫
gdQ| converges to zero P -almost surely for every g ∈ Cb(Z). Hence, through choos-

ing a suitable subsequence, QNk converges P -almost sure weakly to Q since for every continuous

and bounded function g, we have P -a.s.,

lim
N→∞

∣∣∣∣∫ gdQN −
∫
gdQ

∣∣∣∣ ≤ lim
N→∞

(∣∣∣∣ ∫ gdQN −
∫
gdQ̃N

∣∣∣∣+

∣∣∣∣ ∫ gdQ̃N −
∫
gdQ

∣∣∣∣)
= 0. (2.34)

(Step 2): Following from [123, Theorem 3.5] and [53, Lemma 1.5], or [85, Theorem 3.1] using

the fact that the cost function is non-negative and continuous, we have

lim sup
N→∞

1

N

N∑
i=1

E

[
c

(
ω0, γ

∗
N(yi),

1

N

N∑
i=1

γ∗N(yi)

)]

≥ lim inf
N→∞

E

[
E

[ ∫
Z
c

(
ω0, u,

∫
U
uQN(du× Y)

)
QN(du, dy)

∣∣∣∣ω0

]]
≥ E

[
E

[
lim inf
N→∞

∫
Z
c

(
ω0, u,

∫
U
uQN(du× Y)

)
QN(du, dy)

∣∣∣∣ω0

]]
≥ E

[
E

[ ∫
Z
c

(
ω0, u,

∫
U
uQ(du× Y)

)
Q(du, dy)

∣∣∣∣ω0

]]
, (2.35)

where the first inequality follows from the definition of QN and replacing limsup by liminf. The

second inequality follows from Fatou’s lemma. In the following, we justify (2.35). Since QN

converges weakly to Q P -almost surely, using continuous mapping theorem [26, page 20], we

have QN(du × Y) converges weakly to Q(du × Y) P -almost surely, hence the compactness of U

implies
∫
U uQN(du×Y)→

∫
U uQ(du×Y) P -almost surely, and continuity of the cost function P -

almost surely implies c(ω0, u,
∫
U uQN(du× Y)) converges to c

(
ω0, u,

∫
U uQ(du× Y)

)
P -almost

surely. Define a non-negative bounded sequence GM
N := min{M, c

(
ω0, u,

∫
U uQN(du× Y)

)
},

where GN
M ↑ GN := c

(
ω0, u,

∫
U uQN(du× Y)

)
as M →∞, then we have P -almost surely

lim inf
N→∞

∫
Z
c

(
ω0, u,

∫
U
uQN(du× Y)

)
QN(du, dy)
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= lim
M→∞

lim inf
N→∞

∫
Z
c

(
ω0, u,

∫
U
uQN(du× Y)

)
QN(du, dy)

≥ lim
M→∞

lim inf
N→∞

∫
Z
GM
NQN(du, dy)

= lim
M→∞

∫
Z
GMQ(du, dy)

=

∫
Z
c

(
ω0, u,

∫
U
uQ(du× Y)

)
Q(du, dy),

where the first inequality follows from the definition of GM
N and the second equality is true using

[123, Theorem 3.5] since GM
N is bounded (hence it is uniformly QN -integrable) and continuously

converges to GM , and the monotone convergence theorem implies the last equality. Hence, (2.35)

holds which implies (2.9), and the proof is completed using Theorem 2.2.2.

2.5.6 Proof of Preposition 2.3.1

Since zis are i.i.d. random variables, observations, yi = h(x, zi), have identical distributions (but

are not independent), and similar to the proof of Theorem 2.3.2, using symmetry, one can show

(2.33) holds. In the following, we show (2.34) and (2.35) hold.

lim
N→∞

P

(∣∣∣∣ ∫ gdQ̃N −
∫
gdQ

∣∣∣∣ ≥ ε

)
≤ 1

ε2
lim
N→∞

E

[∣∣∣∣ 1

N

N∑
i=1

g(γ∗∞(yi), yi)− E(g(γ∗∞(y1), y1))

∣∣∣∣2] (2.36)

= lim
N→∞

(ε)−2E

[
E

[∣∣∣∣ 1

N

N∑
i=1

L(γ∗∞(yi), yi)

∣∣∣∣2∣∣∣∣x]] (2.37)

= 0 (2.38)

where L(γ∗∞(yi), yi) := g(γ∗∞(yi), yi)−E(g(γ∗∞(y1), y1)|x), and (2.36) follows from Chebyshev’s

inequality, and (2.37) follows from the law of iterated expectations. The structure yi = h(x, zi)

implies conditional independence of yis given x, hence, using the law of large numbers and since

g ∈ Cb(Z), we have (2.38), and this implies Q̃Nk converges weakly to L(ζ i∞|x) P -almost surely

as k →∞, hence through choosing a suitable subsequence, QNkl converges P -almost sure weakly
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to Q = L(ζ i∞|x) as l→∞ and the rest of the proof to justify (2.35) is the same as that of Theorem

2.3.2.

2.5.7 Proof of Theorem 2.3.3

In the following, we just show
∫
U uQN(du× Y) →

∫
U uQ(du× Y) P -almost surely, and the rest

of the proof follows from that of Theorem 2.3.2. We have

lim
N→∞

P

(∣∣∣∣ ∫
U
uQN(du× Y)−

∫
U
udQ̃N(du× Y)

∣∣∣∣ ≥ ε

)
≤ ε−1 lim

N→∞

1

N

N∑
i=1

E

[∣∣∣∣γ∗N(yi)− γ∗∞(yi)

∣∣∣∣] (2.39)

= ε−1 lim
N→∞

E

[∣∣∣∣γ∗N(y1)− γ∗∞(y1)

∣∣∣∣] (2.40)

= ε−1E

[
lim
N→∞

∣∣∣∣γ∗N(y1)− γ∗∞(y1)

∣∣∣∣] = 0, (2.41)

where (2.39) follows from Markov’s inequality and the triangle inequality, and (2.40) is true since

observations have identical distributions, and (2.41) follows from the uniform integrability as-

sumption (A3) and the pointwise convergence of γ∗N using [26, Theorem 3.5]. On the other hand,

SLLN implies P -almost surely that
∫
U uQ̃N(du × Y) = 1

N

∑N
i=1 γ

∗
∞(yi) →

∫
U uQ(du × Y), and

this completes the proof.

2.5.8 Proof of Theorem 2.3.4

We show (2.9) holds, then we invoke Theorem 2.2.2. We use the same definitions in Theorem 2.3.2

for measures QN and Q. We have

E

[
E

[
lim inf
N→∞

∫
Z
c

(
ω0, u,

∫
U
uQN(du× Y)

)
QN(du, dy)

∣∣∣∣ω0

]]
≥ E

[
E

[ ∫
Z

lim inf
N→∞

c

(
ω0, u,

∫
U
uQN(du× Y)

)
Q(du, dy)

∣∣∣∣ω0

]]
(2.42)

≥ E

[
E

[ ∫
Z
c

(
ω0, u,

∫
U
uQ(du× Y)

)
Q(du, dy)

∣∣∣∣ω0

]]
, (2.43)
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where (2.42) follows from a version of Fatou’s lemma in [52, Theorem 1.1], and (2.43) is true

since from the lower semi-continuity of
∫
U uQN(du × Y), we have lim inf

N→∞

∫
U uQN(du × Y) ≥∫

U uQ(du × Y), and continuity and the hypothesis that the cost function is increasing in the last

argument imply for all u ∈ U, lim inf
N→∞

c
(
ω0, u,

∫
U uQN(du× Y)

)
≥ c

(
ω0, u,

∫
U uQ(du× Y)

)
P -almost surely, and this completes the proof.

2.5.9 Proof of Lemma 2.3.5

Following from the result of Theorem 2.3.1, one can consider a sequence of N -DM teams which

are symmetrically optimal that defines (PN ) (see (2.2)) and whose limit is identified with (P∞).

Equivalent to (b) in Theorem 2.2.3, we can show that lim
N→∞

sup
1≤i≤N

||γ∗N(yi)−γ∗∞(yi)||2= 0 P -almost

surely. We have

lim
N→∞

sup
1≤i≤N

||γ∗N(yi)− γ∗∞(yi)||2 ≤ lim
N→∞

N∑
i=1

||γ∗N(yi)− γ∗∞(yi)||2

≤ lim
N→∞

h(N)
1

N

N∑
i=1

f(yi)

= 0,

where the last inequality follows from (2.11). Hence, thanks to Theorem 2.2.3, a team optimal

policy for (P∞) is the limit of a sequence of team optimal policies for (PN ) (see (2.2)) as N →∞,

and hence a team optimal policy for (P∞) is symmetrically optimal and the proof is completed.

2.5.10 Proof of Theorem 2.3.6

Proof. We first show that {QN}N is pre-compact in the product space (Y× U) equipped with the

weak convergence topology for each component. Then, we show that an induced policy by the limit

Q achieves lower expected cost than lim sup
N→∞

JN(γ∗
N

), and we invoke Theorem 2.2.2 to complete

the proof. Action spaces and the cost function are convex and following from the hypothesis that

yis are i.i.d. random variables (hence they are exchangeable conditioned on ω0) and the result of
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Theorem 2.3.1, one can consider a sequence ofN -DM teams which are symmetrically optimal that

defines (PN ) (see (2.2)) and whose limit is identified with (P∞).

(Step 1): In the following, we show that for some subsequence {Qn}n∈I converges weakly to Q

P -almost surely, that is, P -a.s., for every continuous and bounded function g,

lim
n→∞

∣∣∣∣ ∫ gdQn −
∫
gdQ

∣∣∣∣ = 0,

where n ∈ I is the index set of a converging subsequence. We use the fact that observations are

i.i.d. and the space of control policies is weakly compact (see e.g., [138, proof of Theorem 4.7]).

That is because, we can represent the control policy spaces with the space of all joint measures

on (Yi × Ui) for each DM with a fixed marginal on yi [140, 29]. Since the team is static, this

decouples the policy spaces from the policies of the previous decision makers, and following from

the hypothesis on φi and the fact that ν →
∫
ν(dx)g(x) is lower semi-continuous for a continuous

function g [138, proof of Theorem 4.7], the marginals on Ui will be weakly compact. If the

marginals are weakly compact, then the collection of all measures with these weakly compact

marginals are also weakly compact (see e.g., [137, Proof of Theorem 2.4]) and hence the control

policy space is weakly compact. Using Tychonoff’s theorem, the countably infinite product space

is also compact under the product topology which implies compactness of the space of control

policies under the product topology. Hence, there exists a subsequence {Qn}n∈I converges weakly

to Q P -almost surely.

(Step 2): Now, we show that (2.9) holds. We have

E

[
E

[ ∫
Z
c

(
ω0, u,

∫
U
uQ(du× Y)

)
Q(du, dy)

∣∣∣∣ω0

]]
= lim

M→∞
E

[
E

[ ∫
Z

min

{
M, c

(
ω0, u,

∫
U
uQ(du× Y)

)}
Q(du, dy)

∣∣∣∣ω0

]]
(2.44)

= lim
M→∞

E

[
E

[
lim
n→∞

∫
Z

min

{
M, c

(
ω0, u,

∫
U
uQn(du× Y)

)}
Qn(du, dy)

∣∣∣∣ω0

]]
(2.45)
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= lim
M→∞

lim
n→∞

E

[
E

[ ∫
Z

min

{
M, c

(
ω0, u,

∫
U
uQn(du× Y)

)}
Qn(du, dy)

∣∣∣∣ω0

]]
(2.46)

≤ lim
M→∞

lim sup
N→∞

E

[
E

[ ∫
Z

min

{
M, c

(
ω0, u,

∫
U
uQN(du× Y)

)}
QN(du, dy)

∣∣∣∣ω0

]]
(2.47)

≤ lim sup
N→∞

1

N

N∑
i=1

E

[
c

(
ω0, γ

∗
N(yi),

1

N

N∑
i=1

γ∗N(yi)

)]
, (2.48)

where (2.44) follows from the monotone convergence theorem. Since {Qn}n∈I converges weakly

to Q P -almost surely, we have by continuous mapping theorem (by considering a projection to the

first component)
∫
U uQn(du × Y) →

∫
U uQ(du × Y) P -almost surely. Following from (Step 1),

(2.45) follows from [123, Theorem 3.5]. That is because, the cost function is continuous in actions,

and min{M, c
(
ω0, u,

∫
U uQn(du× Y)

)
} is continuously converges in u, that is,

min{M, c(ω0, un,

∫
U
uQn(du× Y))} → min{M, c(ω0, u,

∫
U
uQ(du× Y))}, (2.49)

where un → u as n → ∞. Equality (2.46) follows from the dominated convergence theorem

since min{M, c
(
ω0, u,

∫
U uQN(du× Y)

)
} is bounded, and (2.47) is true since limsup is the great-

est convergent subsequence limit for a bounded sequence. Finally, (2.48) follows from the def-

inition of empirical measures and since for every M , min{M, c
(
ω0, u,

∫
U uQN(du× Y)

)
} ≤

c
(
ω0, u,

∫
U uQN(du× Y)

)
; hence, following from Theorem 2.2.2, the randomized limit policy

through subsequence is a globally optimal for (P∞).

2.5.11 Proof of Theorem 2.4.1

We invoke Theorem 2.2.3 to prove the theorem. The stationary policy (see Definition 2.1.1) is

obtained as

γi∗N (yi) = (R +Q)−1Q(1 +
1

N
)E[xi|yi],
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where the equality follows from the assumption that xis are independent of zis and xks, k 6= i for

every i = 1, 2, ..., N and they are mean zero. Following from [78], stationary policies are team

optimal for (PN ) in this formulation, and γi∗∞(yi) = (R+Q)−1QE[xi|yi]. Since yis are zero mean

Gaussian random variables, we have E[xi|yi] = ΣxiyiΣ
−1
yiyi

yi := Kyi, where ΣXY is defined as a

covariance of two random variables X and Y . We have P -almost surely,

sup
1≤i≤N

||γi∗N (yi)− γi∗∞(yi)|| = Q

R +Q
sup

1≤i≤N
| 1
N
E[xi|yi]|

=
KQ

R +Q
sup

1≤i≤N
| 1
N
yi|−−−→

N→∞
0, (2.50)

where (2.50) follows from

lim
N→∞

sup
1≤i≤N

1

N2
(yi)2 ≤ lim

N→∞

1

N2

N∑
i=1

(yi)2 = 0 P − a.s,

where the first inequality is true since (yi)2s are non-negative, and equality follows from the strong

law of large numbers (SLLN) since yis are i.i.d. and have a finite variance, hence, (b) holds. One

can show that the condition in Remark 2.2.2(ii) holds since yis and xis are i.i.d. random variables,

hence Theorem 2.2.3 completes the proof.

2.5.12 Proof of Theorem 2.4.2

In the following, we use both Theorem 2.2.1 and Theorem 2.2.3. Clearly, (A1) holds, we show

that (A2) holds,

lim sup
N→∞

1

N
E

[ N∑
i=1

(γi∗∞(yi))2R +Q(γi∗∞(yi)− xi − µN)2

]

= lim sup
N→∞

1

N
E

[ N∑
i=1

−Q2

Q+R
E2[xi|yi](1 +

2

N
)(xi + µN)2Q

]
(2.51)

≤ lim sup
N→∞

1

N
E

[ N∑
i=1

−Q2

Q+R
E2[xi|yi]

]
+ lim

N→∞

Q(N + 3)σ2

N
(2.52)
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=
−Q2

Q+R
E

[
E2[x1|y1]

]
+Qσ2, (2.53)

where (2.51) follows from

E

[
E[xi|yi](xi + µN)

]
= E

[
E

[
E[xi|yi](xi + µN)

∣∣∣∣yi]] = (1 +
1

N
)E

[
E2[xi|yi]

]
, (2.54)

and (2.52) is true since xi an zi are i.i.d. random variables and lim sup
N→∞

aN + lim sup
N→∞

bN ≥

lim sup
N→∞

(aN + bN). We can justify (2.53) by defining Y i := (E[xi|yi])2, and since yis are measur-

able functions of {yi}i≥1, and yis and xis are i.i.d., hence Y is are i.i.d. random variables. Similarly,

one can show the other side direction for liminf. Hence (A2) is satisfied. Now, we check (2.8), for

every γk∞ with J(γ∞) <∞,

lim sup
N→∞

1

N
E

[ N∑
i=1

N∑
k=1

cuk(ω0, γ
i∗, µ∗)(mk)

]

= lim sup
N→∞

2Q

N

N∑
k=1

E

[
E[xk(mk)|yk]

]
− E

[
(xk + µN)(mk)

]
(2.55)

= lim sup
N→∞

−2Q

N

N∑
k=1

E

[
µNmk

]
(2.56)

= 2Q lim sup
N→∞

1

N2

N∑
k=1

E

[
xkγk∗∞ (yk)

]
− E

[
xkγk∞(yk)

]
(2.57)

= −2Q lim inf
N→∞

1

N2

N∑
k=1

E

[
xkγk∞(yk)

]
(2.58)

≥ −2Qσ lim inf
N→∞

1

N2

N∑
k=1

√
E

[
(γk∞(yk))2

]
(2.59)

≥ −2Qσ lim inf
N→∞

sup
1≤k≤N

√√√√√E

[
(γk∞(yk))2

]
N2

= 0, (2.60)

where measurability of mk := γk∞(yk) − γk∗∞ (yk) with respect to the σ-field generated by yk

implies (2.55), and (2.56) follows from the iterated expectations property. Since xps are mean
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zero and independent of yk for k 6= p, we have (2.57), and (2.58) follows from the fact that γk∗∞

is independent of k, and since yk and xk are i.i.d. random variables. Moreover, J(γ∞) < ∞,

so E[γk∞(yk)] ≤ E[(γk∞(yk))2] < ∞, and Cauchy–Schwarz inequality implies (2.59), and (2.60)

follows from

lim inf
N→∞

sup
1≤k≤N

E

[
(γk∞(yk))2

]
N2

≤ lim inf
N→∞

1

N2

N∑
k=1

E

[
(γk∞(yk))2

]
= 0, (2.61)

where (2.61) is true since E
[
(γk∞(yk))2

]
≥ 0 and lim sup

N→∞

1
N
E

[∑N
k=1

(
γk∞(yk)

)2

R

]
≤ J(γ∞) <

∞. Thus, (2.8) is satisfied and Theorem 2.2.1 completes the proof.

One can also invoke Theorem 2.2.3 to complete the proof. One can show that the condition in

Remark 2.2.2(ii) holds since yis and xis are i.i.d. random variables. We only justify (b). Station-

ary policy is team optimal for (PN ) in this formulation [78], hence γi∗N (yi) = (R + Q)−1Q(1 +

1
N

)E[xi|yi], so we need to show that

lim
N→∞

sup
1≤i≤N

∣∣∣∣γi∗N (yi)− γi∗∞(yi)

∣∣∣∣ = 0 P − a.s,

Equivalently, we can show that P -a.s

lim
N→∞

sup
1≤i≤N

1

N2

(
E[xi|yi]

)2

≤ lim
N→∞

1

N2

N∑
i=1

(
E[xi|yi]

)2

= 0,

where the first inequality is true since
(
E[xi|yi]

)2

s are non-negative, and equality follows from

SLLN since

E

[
(E[xi|yi])2

]
= E

[
(xi)2

]
− E

[
(xi − E[xi|yi])2

]
<∞,
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and
(
E[xi|yi]

)2

are i.i.d. sequence of random variables since yis are i.i.d. random variables and

the proof is completed.

2.5.13 Proof of Theorem 2.4.4

Since, ktT+1 = kt−1
T for t = 1, 2, . . . , T , one can write (2.20) as

ktT = Q+ ATktT−1A− ATktT−1B(R +BTktT−1B)−1BTktT−1A.

We use Theorem 2.2.2 and Remark 2.2.1, to show that ut∗∞ = G∞xt is team optimal, where G∞ =

−(R + BTC∗B)−1BTC∗A, and following from controllability of (A,B), C∗ = lim
β→1

Cβ , a fixed

point of the following recursion exists,

Cβ(n) = Q+ ATβCβ(n− 1)A− ATβCβ(n− 1)B

(
R +BTβCβ(n− 1)B

)−1

BTβCβ(n− 1)A

By comparing C∗(n) = lim
β→1

C∗β(n) and (2.20), we see that lim
T→∞

ktT = K = C∗ = lim
n→∞

C∗(n).

Hence, we have for t = 0, 1, . . . , T − 1, lim
T→∞

Gt
T = −(R + BTKB)−1BTKA = −(R +

BTC∗B)−1BTC∗A = G∞. In the following, we show (2.9) holds using Remark 2.2.1.

lim sup
T→∞

|JT (γ∗
T

)− JT (γ∗∞)|

≤ lim sup
T→∞

sup
0≤t≤T−1

∣∣∣∣E[ t∑
k=0

Tr

[
ζTk

(
Lt,kT

)T
(H t

T )Lt,kT ζk

]]

− E
[ t∑
k=0

Tr

[
ζTk

(
Lt,k∞

)T
(H t
∞)Lt,k∞ ζk

]]∣∣∣∣ (2.62)

≤ lim sup
T→∞

sup
0≤t≤T−1

∣∣∣∣E[ t∑
k=0

Tr[ζkζ
T
k (

(
Lt,kT

)T
(H t

T )Lt,kT −
(
Lt,k∞

)T
(H t
∞)Lt,k∞ )]

]∣∣∣∣ (2.63)

≤ Σ2 lim sup
T→∞

sup
0≤t≤T−1

∣∣∣∣Tr[(H t
T )Ct

T − (H t
∞)Ct

∞

]∣∣∣∣ (2.64)

≤ Σ2 lim sup
T→∞

[ sup
0≤t≤T−1

|Tr((Gt
T )TRGt

TC
t
T − (G∞)TRG∞C

t
∞)|+ sup

0≤t≤T−1
|Tr(QetT )|] (2.65)
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≤ Σ2 lim sup
T→∞

[ sup
0≤t≤T−1

|Tr
(

(Gt
T )TRGt

T − (G∞)TRG∞

)
| sup
0≤t≤T−1

|Tr(Ct
T )|

+ sup
0≤t≤T−1

|Tr(GT
∞RG∞e

t
T )|+ sup

0≤t≤T−1
|Tr(QetT )|] (2.66)

≤ Σ2 lim sup
T→∞

[ sup
0≤t≤T−1

|Tr
[
(Gt

T (Gt
T )T −G∞GT

∞)R

]
|( sup

0≤t≤T−1
|Tr(etT )|+ sup

0≤t≤T−1
|Tr(Ct

∞)|)

+ sup
0≤t≤T−1

|Tr(GT
∞RG∞e

t
T )|+ sup

0≤t≤T−1
|Tr(QetT )|] = 0, (2.67)

where Lt,kT :=
∏t−1

p=k(A+BGp
T ), Lt,k∞ :=

∏t−1
p=k(A+BG∞), H t

T = (Q+(Gt
T )TRGt

T ), H t
∞ = (Q+

(G∞)TRG∞), etT := Ct
T − Ct

∞, and Ct
T :=

[∑t
k=0 L

t,k
T

(
Lt,kT

)T]
, Ct
∞ :=

[∑t
k=0 L

t,k
∞

(
Lt,k∞

)T]
and Σ2 := max(σ2

X0
, σ2

w), where σ2
X0

and σ2
w are the variance of each component of X0 and wk,

respectively. Equality (2.62) follows from the fact that the trace of scalar is the scalar itself and

the fact that {wk}k are i.i.d. and independent from X0. Inequality (2.63) follows from the trace

property that Tr(ABC) = Tr(CAB), and (2.64) follows from the hypothesis that ζks are i.i.d.

random vectors and Tr(ABC) = Tr(BCA) and (2.65) follows from linearity of the trace and

sup f + g ≤ sup f + sup g. Inequality (2.66) follows from adding and subtracting GT
∞RG∞C

t
T

in the first term and using Tr(AB) ≤ Tr(A)Tr(B) for A and B positive semi-definite matrices

since one can observe that (2.20) implies for a fixed T , {ktT}T−1
t=0 is a decreasing sequence, i.e.,

K > k0
T > k1

T > · · · > kT−1
T , and hence {Gt

T (Gt
T )T}T−1

t=0 is a decreasing sequence. Also, from

(2.19), we have for a fixed T , {(A+BGt
T )(A+BGt

T )T}T−1
t=0 is an increasing sequence, hence one

can show (Gt
T )TRGt

T −GT
∞RG∞ is positive semi-definite, and (2.67) follows from the definition

of etT and the following calculation. First, we show that for a fixed T , {Tr(etT )}T−1
t=0 is an increasing

sequence using the aforementioned observations. Hence,

lim
T→∞

sup
0≤t≤T−1

|Tr(etT )|= lim
T→∞
|Tr(eT−1

T )|= 0.

Similarly, lim
T→∞

sup0≤t≤T−1|Tr(QetT )|= 0. We have,

lim
T→∞

sup
0≤t≤T−1

|Tr(Ct
∞)|=

∣∣∣∣Tr[(I − (A+BG∞))−1

]∣∣∣∣ = 0,
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where Y (T ) denotes the T power of the matrix Y and the result follows from the fact that ||A +

BG∞||< 1 (following from the controllability assumption, the optimal policy stabilizes the dy-

namics). Finally, we have

lim
T→∞

sup
0≤t≤T−1

∣∣∣∣Tr[(Gt
T (Gt

T )T −G∞GT
∞

)
R

]∣∣∣∣ = 0

where the second equality follows from the aforementioned observations and since R is positive

definite. Therefore, lim sup
T→∞

JT (γ∗
T

)− J(γ∗∞) = 0, and the proof is completed.
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Chapter 3

Large-Scale Convex Stochastic Dynamic Teams and Their

Mean-Field Limit

In this chapter, we study convergence, existence and structural properties of (globally) optimal

policies for stochastic dynamic team problems with a finite as well as a countably infinite number

of decision makers. We mainly focus on finite-horizon convex multi-stage dynamic teams with

a symmetric information structure, where the cost function satisfies an exchangeability property.

Hence, we extend the results of the previous chapter to the dynamic case.

We first briefly introduce the setup for stochastic (symmetric) dynamic teams with finite as well

as infinitely many decision makers. In view of the intrinsic model described in the introductory

chapter, we can view a collection of DMs as a single player acting at different time instances.

The set N denotes the collection of decision makers (which can be a finite set {1, 2, . . . , N}

or a countably infinite set N). Consider a collection of DMs as a single DM (i ∈ N ) acting at

different time instances (t ∈ T ), where the set T denotes number of times each decision maker

can act (the set T can be a finite set {1, 2, . . . , T} or a countably infinite set N, depending on the

finite-horizon or infinite-horizon setups). Define state dynamics and observations for each decision

maker i at time t as

xit+1 = ft(x
i
t, u

i
t, w

i
t), (3.1)

yit = ht(x
i
0:t, u

i
0:t−1, v

i
0:t), (3.2)
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where functions ft and ht are measurable functions. The information structure of DMi at time t

is I it = {yit} (or I it = {yik}k∈Kt for a subset Kt ⊆ {0, . . . , t}), and ζ it := (wit, v
i
t) (with ζ i0 :=

(xi0, w
i
0, v

i
0)) denotes uncertainty corresponding to dynamics and observations at time t for DMi

which are exogenous random vectors.

In the view of symmetry in the above setup (since functions ft and ht are identical through deci-

sion makers), we assume that spaces that state, action, observation, disturbances live are symmetric

(identical) through players (also through times for simplicity of our analysis) and Borel subsets of

appropriate dimension Euclidean space X ⊆ Rm, U ⊆ Rm′ , Y ⊆ Rm′′ , W, and V, where m, m′,

and m′′ are positive integers. Now, a dynamic stochastic team problem with finite (N ) number of

decision makers (also referred to as a pre-limit mean-field stochastic team problem) is defined as:

Problem (PN,MF
T ): Given a (decentralized) information structure, an N -DM finite-horizon

stochastic team problem is described with an expected cost function (to minimize) of γ1:N
T

as

JNT (γN
T

) =
1

N

T−1∑
t=0

N∑
i=1

Eγ1:N
T

[
c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)]
, (3.3)

for some Borel measurable cost function c : Ω0×X×U×U×X→ R+, where ω0 is an exogenous

random vector and γ1:N
T

= γ1:N
0:T−1.

We note that to distinguish the finite-horizon problems from infinite-horizon ones (Section

3.4.2), the sub-index T has been introduced. Also the super-index MF (mean-field) has been

considered in the problem description to distinguish the mean-field setup from symmetric LQG

problems (which will be defined later on in Section 3.4). In this chapter, for some of the results,

we consider a more general setup ofN -DM (symmetric) stochastic dynamic team problems, where

the cost function is of an exchangeable type, and the information structure is symmetric. This will

be defined precisely later on. We now introduce finite-horizon stochastic team problem with a

countably infinite number of decision makers (also referred to as a mean-field team problem).

Problem (P∞,MF
T ): Given a (decentralized) information structure, a mean-field team problem
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is described with the expected cost function (to minimize) of γ
T

as

J∞T (γ
T

) = lim sup
N→∞

1

N

T−1∑
t=0

N∑
i=1

Eγ
T

[
c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)]
, (3.4)

for some Borel measurable cost function c : Ω0 × X× U× U× X→ R+, where γi
T

= γi0:T−1 for

i ∈ N and γ
T

= {γi
T
}i∈N.

The global optimality can be defined similar to that of static problems in the preceding chapters.

The main focus of this chapter is to address the following questions:

Problem 1: Connections between optimal policies of (PN,MF
T ) and (P∞,MF

T ). Let a sequence of

policies {γN∗
T
}N , where for each N ∈ N a policy γN∗

T
∈ ΓN is a globally optimal policy for

N -DM stochastic dynamic team problem (PN,MF
T ) be given. Suppose {γN∗

T
}N converges pointwise

(almost-surely for every observation) to a limit policy γ∗
T

. Is γ∗
T

(globally) optimal for (P∞,MF
T )?

Problem 2: Existence and structural properties of optimal policies of (PN,MF
T ) and (P∞,MF

T ).

The existence of (globally) optimal polices for (P ′N ) has been established under very general setups

of team problems [140, 138, 62]. Since the cost function in (PN,MF
T ) are of exchangeable type, is

it the case that a (globally) optimal policies for (PN,MF
T ) is symmetric (identical) through decision

makers? The question that we also address is toward the existence and symmetry property of

(globally) optimal policy for (P∞,MF
T ). In particular, under what conditions, does there exist a

symmetric globally (deterministic or randomized) optimal policy for (P∞,MF
T )?

Problem 3: Structural properties of optimal policies for finite-horizon and infinite-horizon

dynamic team problems with a specific symmetric network topology. Consider a general setup

of N -DM stochastic dynamic teams (not necessarily pre-limit mean-field model), where the cost

function is of exchangeable type. Assume the information structure is symmetric for N -DM

stochastic team problems, that is, functions hit, inducing the observations of decision makers, are

identical through decision makers (this holds for the mean-field problems formulated above). Now,
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for these problems, can we show the symmetry of globally optimal policies through decision mak-

ers? Now, let us focus on N -DM LQG dynamic teams with a specific partially nested symmetric

information structure (for example, a tree information structure). Linearity of a (globally) optimal

policy for the finite-horizon case has been established in [66]. Can we establish the linearity of a

(globally) optimal policy for the infinite-horizon case? In particular case, let a sequence {γN∗
T
}T ,

where for each T ∈ T , policy γN∗
T

is a globally optimal policy for an N -DM problem with a finite

horizon T , be given. Suppose {γN∗
T
}T converges pointwise (almost-surely for every observation)

to a limit policy γN∗ as T → ∞. Under the above convergence, is γN∗ (globally) optimal for the

infinite-horizon case?

We note that obtaining structural results in team problems is important towards establishing

both existence and computational/approximation methods for optimal policies. In this chapter, we

define the notion of exchangeable teams and symmetric information structures (as a refinement

of those in the preceding chapter), and we show that, for convex exchangeable dynamic teams

with finite horizons, optimal policies exhibit a symmetry structure. For any number of DMs, this

symmetry structure is more relaxed when compared with the previous chapter, which focused on

problems under a static information structure, and is applicable for dynamic teams which may not

admit a static reduction, as long as convexity in policies holds for the team problem.

3.1 Literature Review and Contributions

Some relevant studies on the existence and convergence of equilibria from the mean-field games

literature are the following: In [36], for one-shot mean-field games, under regularity assumptions

on the cost function, it has been shown that mixed Nash strategies of N -player symmetric games

converge through a subsequence to a limit (which is a weak-solution of the mean-field limit).

In [56], through a concentration of measures argument, it has been shown that a subsequence

of symmetric local approximate Nash equilibria for N player games converge to a solution for

the mean-field game under the assumption that the normalized occupational measures converges
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weakly to a deterministic measure. Furthermore, using a similar method in [81], assumptions on

equilibrium policies of the large population mean-field symmetric stochastic differential games

have been presented to allow the convergence of asymmetric approximate Nash equilibria to a

weak solution of the mean-field game [81, Theorem 2.6] in the presence of common randomness.

Using martingale methods and relaxed controls (see also [56, 81, 80, 40]), an existence result and

a limit theory have been established for controlled McKean-Vlasov dynamics [82]. We note that in

[81, 82, 80, 40], it has been assumed that each player has full access to the information available to

all players, i.e., the controls are functions of all initial states, Wiener processes of all players, and

common randomness. Thus, the information structure is centralized.

We further note that the existence results for open-loop equilibria have been established in

[81, 40, 39, 56]. We note that in our setup under these strategies the information structure cor-

responds to the static problems. The equilibria with respect to closed-loop can be completely

different since the deviating player can still influence the information of other players and hence

it can influence the average of states or actions substantially. Under a convexity condition (which

has been introduced in [55] and also considered in [82, 80]), and under the classical informa-

tion structure (i.e., what would be a centralized problem in the team theoretic setup), convergence

of Nash equilibria induced by closed-loop controllers (both path-dependent and Markovian) to a

weak semi-Markov mean-field equilibrium has been established in [83] for finite horizon mean-

field game problems. Recently, in [35], both a convergence result for all correlated equilibrium

solutions of discrete finite state mean-field games as limits of exchangeable correlated equilibria

restricted to Markov open-loop strategies and an approximation result for N -players correlated

equilibria have been established.

We also note a result in [37] for the convergence of the closed-loop equilibria, where an infinite-

dimensional PDE, the master equation, has been considered and its smooth solution has been used

to show the convergence of the empirical measure to a mean-field game equilibrium. We note that,

the approach requires uniqueness of the mean-field equilibrium [37]. For infinite horizon problems,

in [38], an example of ergodic differential games with mean-field coupling has been constructed
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such that limits of sequences of expected costs induced by symmetric Nash-equilibrium of N -

player games capture expected costs induced by many more Nash-equilibruim policies including a

mean-field equilibrium and social optima. In [83], the classical information structure (a centralized

problem) has been considered, where in [38] it has been assumed that players have access to all

the history of states of all players but not controls (we note that in the team problem setup with the

classical information structure through using a classical result of Blackwell [28] in the case where

each decision maker knows all the history of states of all decision makers, optimal policies can be

realized as one in the centralized problem where just the global state is a sufficient statistic). As

we see, information structure aspects lead to subtle differences in analysis and conclusions.

The above highlights the intricacies due to the information structure aspects: different from the

aforementioned studies above, we consider information structures that are not necessarily static or

classical. Also, in this chapter, we work with global optimality and not only person-by-person (or

mean-field) equilibria and we establish existence and convergence results for a globally optimal

policy for mean-field team problems. On the other hand, here since we work under the convexity

assumption, the information structure does not allow for the mean-field coupling in the dynamics.

This assumption will be relaxed in the next chapter, where non-convex problems are to be studied.

In this chapter, we also obtain existence results on optimal policies for the setups considered.

Compared to the results on the existence of a globally optimal policy in team problems where

(finite) N -DM team problems have been considered [138, 62, 140, 108], we study convex team

problems with a countably infinite number of decision makers.

Parts of our results in this chapter correspond to LQG teams. Under static reductions, dy-

namic teams with a partially nested information structure can be reduced to a static one ([66, 135])

where Radner’s theorem concludes global optimality of linear policies for LQG team problems

[102]. However, for average cost infinite horizon, partially nested, LQG dynamic team prob-

lems so far there has been no universal result establishing that a globally optimal policy is linear,

time-invariant, and stabilizing, and this has been often imposed a priori: In [105], the problem of
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designing a linear, time-invariant, stabilizing, state feedback optimal policy for decentralized H2-

optimization problems, which satisfy the quadratically invariance property, has been addressed by

reparametrizing the problem as a convex problem (via Youla parameterization). In [104], it has

been shown that for sequential team problems involving linear systems, quadratic invariance and

the partially nested property are equivalent. For a class of partially ordered (POSET) systems,

state space techniques have been utilized to obtain optimal, linear, time-invariant, state feedback

controllers forH2-optimization problems with sparsity constraints [124]. A similar result has been

established in [125] where linearity and time invariance have been imposed a priori. In [106],

the problem of designing linear time-invariant stabilizing controllers, belonging to a pre-selected

quadratically invariant subspace has been addressed. In [107], a convex characterization of the

set of all stable time-invariant closed-loop linear systems which result from applying linear time-

invariant stabilizing controllers has been studied under a strong quadratic invariance condition.

In [87], H2-optimization output feedback problems with two-players have been considered and

optimality results have been established when the optimal policies are restricted to linear, time

invariant, stabilizing policies. However, the results in [87, 105, 124, 125, 106, 107] may be in-

conclusive regarding global optimality. Our contribution here is to consider average cost infinite

horizon dynamic team problems without restricting the set of policies to those that are linear, time-

invariant, and stabilizing unlike the results in [87, 105, 124, 125, 106, 107]. We note again that

the optimality of linear policies for infinite horizon LQG team problems is an open problem in its

generality and we provide positive results for a class of such problems.

Contributions. In view of the discussion above, this chapter makes the following contribu-

tions.

(i) We define a notion of exchangeable teams and symmetric information structures, and we

show that, for convex exchangeable dynamic teams with finite horizons, optimal policies

exhibit a symmetry structure (Theorem 3.2.2). For any number of DMs, this symmetry

structure is more relaxed when compared with the symmetry results developed in [120, 117]

and is applicable for dynamic teams which may not admit a static reduction, as long as
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convexity in policies holds for the team problem.

(ii) For convex mean-field teams with a symmetric information structure, through concentration

of measure arguments, we establish the convergence of optimal policies for mean-field teams

with N decision makers to the corresponding optimal policies for mean-field teams (see

Theorem 3.3.1).

(iii) We establish an existence result for the class of convex mean-field teams with a symmetric

information structure (see Theorem 3.3.3) for finite horizon problems, where, as noted in the

literature review, related results assumed more restrictive information structures which are

either static or classical.

(iv) We also apply our results to LQG dynamic teams for finite horizon problems (see Section

3.4). For LQG dynamic teams with a symmetric partially information pattern, we obtain

an optimal policy for finite horizon problems (see Section 3.4.1). We also apply convex

mean-field results to LQG mean-field teams with a symmetric partially nested information

structure (see Section 3.4.1) and obtain a globally optimal policy. Building on the result

above, we also obtain a globally optimal policy for average cost LQG team problems.

The organization of the chapter is as follows: we study convex exchangeable dynamic teams

with finite horizons in Section 3.2, and we study mean-field teams in Section 3.3. We obtain

globally optimal solutions for finite horizon problems with a symmetric partially nested infor-

mation structure and LQG mean-field teams in Section 3.4.1, and we discuss average cost LQG

team problems with a symmetric information structure in Section 3.4.2, respectively. Proofs are

provided in Section 3.5.
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3.2 Finite Horizon Convex Dynamic Team Problems with a Symmetric Information Struc-

ture

In this section, we characterize symmetry in dynamic team problems. Consider sequential systems

and assume the action and measurement spaces are standard Borel spaces. According to the in-

trinsic model for (multi-stage) dynamic team problems, by considering a collection of DMs as a

single DM (i = 1, . . . , N ) acting at different time instances (t = 0, . . . , T − 1), we define a team

problem with (NT )-DMs as a team with N -DMs:

(i) Let the observation and action spaces be identical for each DM (i = 1, . . . , N ) with Yi :=

Y =
∏T−1

t=0 Yt, Ui := U =
∏T−1

t=0 Ut, respectively. The sets of all admissible policies are denoted

by Γ =
∏N

i=1 Γi =
∏N

i=1

∏T−1
t=0 Γt.

(ii) For i = 1, . . . , N , yit := hit(x
1:N
0 , ζ1:N

0:t , u
1:N
0:t−1) represents the observation of DMi at time t

(hits are Borel measurable functions).

(iii) Let (ζ1:N) := (ζ1, . . . , ζN) where ζ i := (xi0, ζ
i
0:T−1) denotes all the uncertainty associated

with DMi including his/her initial states. We assume that (ζ i) takes values in Ωζ (where at each

time instances t, it takes value in Ωζt). Let µ denote the law of ζ1:N .

(iv) Define the expected cost function of γ1:N as JT (γ1:N) = Eγ1:N [c(ζ1:N , u1:N)], for some

Borel measurable cost function c :
∏N

i=1(Ωζ × U) → R+, where γ1:N = (γ1, γ2, . . . , γN) and

γi = γi0:T−1 for i = 1, . . . , N .

Now, we present the definition of symmetric information structures (note that symmetric infor-

mation structures can be classical, partially nested, or non-classical).

Definition. Let the information of DMi acting at time t be described as I it := {yit} (or I it =

{yik}k∈Kt for a subset Kt ⊆ {0, . . . , t}). The information structure of a sequential N -DM team

problem is symmetric if

(i) yit = ht(x
i
0, x
−i
0 , ζ

i
0:t, ζ

−i
0:t , u

i
0:t−1, u

−i
0:t−1) where ht is identical for all i = 1, . . . , N (note that

function’s arguments depend on i).
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We note that the above definition can be generalized to be applicable for teams with countably

infinite DMs and infinite horizon problems.

The symmetric information structure can also be interpreted and defined as a graph, which

has often been the common method to describe information structures in control theory, relating

DMs and their information through directed edges. Consider G(V, µ) as a directed graph with

V = {1, . . . , NT} nodes and where µ ⊂ V × V determines the directed edges between nodes;

this represents the dependency notation in the information of nodes, i.e., (i, j) denotes a directed

edge from i to j, i → j, it means ui affects yj through the relation yj = hj(ω, u1:j−1) defined

in the intrinsic model. We denote by ↓ j as the set of nodes i such that i → j (ancestors), and

↓↓ j := {↓ j} ∪ {j}. Similarly, we can define descendants by ↑ j. We can define a collection

of DMs as a single DM (i = 1, . . . , N ) acting at different time instances (t = 0, . . . , T − 1) on

a graph with a symmetric information structure (two examples are shown in Fig. (3.1), and Fig.

(3.1)). Assume

(i) there exists a node {i} (root node), ω0. Each sub-graph represents a single DM acting at time

instances t = 0, . . . , T − 1, and there exists a finite number of sub-graphs Gp(V̂ , µ̂) such that

∪Np=1Gp ∪ {i} = G, where Gps are isomorphic (see e.g., [128]) for all p = 1, . . . , N , i.e., for every

node with directed edges in each sub-graph there exists a unique node with identical directed edges

in the corresponding sub-graphs, where V̂ = {0, . . . , T − 1}, and Gk
p refers to a node k in Gp for

all p = 1, . . . , N and k = 0, . . . , T − 1,

(ii) sharing of the information is symmetric across sub-graphs, i.e., for p, s = 1, . . . , N , and k, j =

0, . . . , T − 1, and for every edge from a node Gk
p to a node Gj

s, there exists an edge from a node

Gk
p to nodes Gj

−p , where Gj
−p denotes (Gj

1, . . . , G
j
p−1, G

j
p+1, . . . , G

j
N), and also there exist edges

from nodes Gk
−p to a node Gj

p.

Assumption 3.2.1. For any permutation σ of the set {1, . . . , N}, we have for all ω0

c(ω0, (ζ
σ)1:N , (uσ)1:N) = c(ω0, ζ

1:N , u1:N), (3.5)
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where (ζσ)1:N := (ζσ(1), . . . , ζσ(N)) and (uσ)1:N := (uσ(1), . . . , uσ(N)).

Here, we recall some definitions and results from [140, Section 3.3] on convexity of static and

dynamic team problems required to follow the result in this chapter.

Definition. [140, Section 3.3] An N -DM team problem (static or dynamic) is convex in policies

if for any two team policies γ1:N
T

and γ̃1:N

T
in the set {γ1:N

T
∈ Γ : JT (γ1:N

T
) < ∞}, and for any

α ∈ (0, 1), we have

JT (αγ1:N

T
+ (1− α)γ̃1:N

T
) ≤ αJT (γ1:N

T
) + (1− α)JT (γ̃1:N

T
).

The above definition can also be applied to infinite-horizon and/or teams with a countably

infinite number of DMs. We recall sufficient conditions for convexity of static and dynamic team

problems following [140, Section 3.3].

Theorem 3.2.1. [140, Section 3.3] Consider a sequential team problems, and assume action

spaces are convex, and the expected cost function is finite for all admissible policies γ ∈ Γ (or

alternatively, restrict the set to those leading to the finite cost). Then

(i) for static team problems convexity of the cost function in actions is sufficient for convexity

of the team problem in policies,

(ii) for dynamic team problems with a static reduction, convexity of the team problem in poli-

cies is equivalent to the convexity of its static reduction.

(iii) in particular, for partially nested dynamic teams with a static reduction (more generally,

for stochastically partially nested team problems [140, Section 3.3]) if the cost function is convex

y1
0

y2
0

y1
1

y2
1

ω0

...

...

Figure 3.1: A tree structure of a symmetric dynamic team.
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y1
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...

...

Figure 3.2: An example of a graph structure of a symmetric dynamic team.

in actions then for the reduced team problem with an equivalent information structure (see Chapter

5 for refinement via control sharing according to the partial nested information structure) is convex

on Γ.

The conditions above, are only sufficient conditions [140, Example 1]. We note however that

as a Corollary for (ii) above, for the LQG setup, under partial nestedness, convexity in policies

hold as a consequence of Ho-Chu’s theorem; we will study this case in Section 3.4. On the other

hand, not all LQG problems are convex: the celebrated counterexample of Witsenhausen [130]

demonstrates that under non-classical information structures, even LQG problems may not be

convex and optimal policies may not be linear (see [140, p. 22] for a proof of non-convexity).

3.2.1 Optimality of Symmetric Policies for Convex Dynamic Teams with A Symmetric In-

formation Structure

In the following, we define notions of exchangeable and symmetrically optimal teams analogous

to Section 2.3 of Chapter 2 for dynamic teams.

Definition. (Exchangeable teams)

An N -DM team is exchangeable if the value of the expected cost function is invariant under every

permutation of policies of DMs, i.e., JT (γ1
T
, γ2

T
, . . . , γN

T
) = JT ((γσ

T
)1, . . . , (γσ

T
)N).

Definition. (Symmetrically optimal teams)

A team is symmetrically optimal, if for every given policy γ
T

= (γ1
T
, . . . , γN

T
), there exists an
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identically symmetric policy (i.e., each DM has the same policy, γ̃
T

= (γ̃1

T
, . . . , γ̃N

T
) , and γ̃i

T
= γ̃j

T

for all i, j = 1, . . . , N ) which performs at least as good as the given policy.

Remark 3.2.1. The concepts of exchangeable and symmetrically optimal dynamic teams in this

chapter are generalizations of those for static teams in preceding chapter. However, here, the

value of the expected cost function may not be invariant under exchanging γit with γjk for k 6= t,

k, t = 0, . . . , T − 1, and for i, j = 1, . . . , N .

Here, we give a characterization for exchangeable and symmetrically optimal dynamic teams.

Theorem 3.2.2. Consider dynamic team problems with a symmetric information structure under

Assumption 3.2.1. If

(a) action spaces Ut are convex for all t = 0, . . . , T − 1,

(b) (ζ1, . . . , ζN) are exchangeable,

(c) for all policies γ ∈ Γ, and for all A = A1 × . . .× AN where Ai ∈ Y i,

T−1∏
t=0

P

(
y1:N
t ∈ A

∣∣∣∣x1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, γ

1
0(y1

0), . . . , γ1
t−1(y1

t−1), γ2
0(y2

0), . . . , γNt−1(yNt−1)

)

=
T−1∏
t=0

N∏
i=1

P

(
yit ∈ Ai

∣∣∣∣xi0, ζ i0:t−1, y
↓↓i
↓t , γ

↓↓i
↓t (y↓↓i↓t )

)
, (3.6)

where y↓↓i↓t := {yjp|ujp affects yit ∀ p = 0, . . . , t − 1 and ∀j = 1, . . . , N} and (γ↓↓i↓t (y↓↓i↓t )) can be

defined similarly,

(i) then, the team problem is exchangeable.

(ii) Furthermore, if the team problem is convex in policies (see Theorem 3.2.1), then the team is

symmetrically optimal.

Examples will be given in Section 3.3 and Section 3.4.1 where Theorem 3.2.2 can be applied.

Here, we present the result for a class of problems that admit a static reduction (see [139, Section

3.7], [140, Section 1.2], [67, 135]).
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Lemma 3.2.1. Consider a dynamic team problem with a symmetric partially nested information

structure (see Definition 3.2) which admits a static reduction. Under Assumption 3.2.1, and As-

sumptions (a), (b), (c) of Theorem 3.2.2, if the cost function is jointly convex in u1, . . . , uN P -

almost surely, then the team is symmetrically optimal.

Proof. The proof follows from Theorem 3.2.1(iii) and Theorem 3.2.2 since the team is convex on

Γ under the static reduction which is equivalent to the dynamic problem.

Hence, it follows that if a static reduction of an exchangeable, symmetrically optimal, dynamic

team exists, then it is exchangeable and symmetrically optimal.

3.3 Convex Mean-Field Teams with a Symmetric Information Structure

Consider the dynamic team problems (PN,MF
T ) and (P∞,MF

T ), where the cost function and dynamics

satisfies the following regularity conditions.

Assumption 3.3.1. Assume

(a) function ft : X×U×W→ X is continuous in its first and second arguments for all wit and

for each i ∈ N and uniformly bounded,

(b) function ht :
∏t

k=0 X ×
∏t−1

k=0 U ×
∏t

k=0 V → Y is continuous in states and actions for all

vi0:t and for each i ∈ N, and

(c) the cost function in (3.3), c : Ω0 ×X×U×U×X→ R+, is continuous in its second, third,

fourth, and fifth arguments for all ω0.

In the following, we first establish global optimality results under Assumption 3.3.2 (see The-

orem 3.3.1), then we establish the result under a more relaxed assumption, Assumption 3.3.3 (see

Theorem 3.3.2):

Assumption 3.3.2. Assume
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(i) (x1
0, x

2
0, . . . ) are i.i.d. random vectors conditioned on ω0,

(ii) for t = 0, . . . , T −1, {wit}i∈N are i.i.d. random vectors, and for i ∈ N, {wit}T−1
t=0 are mutually

independent, and independent of ω0 and (x1
0, x

2
0, . . . ). For t = 0, . . . , T −1, {vit}i∈N are i.i.d.

random vectors, and for i ∈ N, {vit}T−1
t=0 are mutually independent, and independent of ω0,

(x1
0, x

2
0, . . . ), and wits for i ∈ N and t = 0, . . . , T − 1.

Assumption 3.3.3. Assume that conditioned on ω0, (x1
0, x

2
0, . . . ) are exchangeable random vectors.

Later on we will establish an existence theorem under Assumption 3.3.2, and we note that the

proof under Assumption 3.3.2 is more direct. This is why two separate theorems will be presented,

and the proof of the latter will be built on that of the former.

Lemma 3.3.1. Consider a team defined as (PN,MF
T ) with a symmetric information structure. As-

sume the team problem is convex in policies. Let the action space be compact and convex for

each decision makers. Under Assumption 3.3.1 and Assumption 3.3.2, the team is symmetrically

optimal.

Proof. The proof follows from Theorem 3.2.2.

Theorem 3.3.1. Consider a team defined as (P∞,MF
T ) with (PN,MF

T ) having a symmetric information

structure for every N . Assume for every N the team problem is convex in policies. Let the action

space be compact and convex for each DM. Under Assumption 3.3.1, and Assumption 3.3.2, if

there exists a sequence of optimal policies for (PN,MF
T ), {γ∗,N

T
}N , which converges (for every DM

due to the symmetry) pointwise to γ∗,∞
T

as N → ∞, then γ∗,∞
T

(which is identically symmetric) is

an optimal policy for (P∞,MF
T ).

Remark 3.3.1. On the connection between finitely many DMs and infinitely many DMs, we note

a closely related work on mean-field games by Fischer [56] where the information structure is

assumed to be static since the policy of each player is assumed to be adapted to the filtration gen-

erated by his/her initial states and Wiener process (also called in the mean-field games’ literature,
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somewhat non-standard in the control literature, as open-loop distributed controllers [81],[40,

pages 72-76]). This means that the information of each DM is not affected by any of the actions of

the other DMs. For dynamic teams, there are two difficulties: (1) obtaining variational equations is

challenging since fixing policies of DMs and perturbing only DM’s policies, perturbs the observa-

tion of other DMs and hence the controls u−i∗ = (γ1∗(y1), . . . , γi−1∗(yi−1), γi+1∗(yi+1), . . . , γN∗(yN));

(2) solutions of variational equations which give person-by-person optimal policies are inconclu-

sive for global optimality due to the lack of convexity in general.

Remark 3.3.2. We also note additional related works by Lacker [82, 83] where either conver-

gence of open-loop controllers, or convergence of Nash equilibria induced by closed-loop con-

trollers (where controls are measurable path-dependent functions of states, uit = φ(t,xxx0:t), where

xxx0:t = (x1
0:t, . . . , x

N
0:t) and φ is a measurable function) or Markovian controllers (uit = φ(t,xxxt),

where xxxt = (x1
t , . . . , x

N
t )) have been considered. In [83], the information structure is classical (a

centralized problem) since players have access to all the information available to previous DMs).

Remark 3.3.3. In Lemma 3.3.1 and Theorem 3.3.1, we considered a non-classical information

structure for teams defined as (P∞,MF
T ) with a convex expected cost in policies. For teams defined as

(P∞,MF
T ) with a symmetric partially nested information structure which admit static reduction, the

above result holds and similar to the proof of Theorem 3.3.1, it can be proven under the assumption

that the cost functions is convex in actions (since convexity of the cost function in actions is a

sufficient condition for convexity of the expected cost function in policies for this class of problems

[140, Theorem 3.7]).

Remark 3.3.4. Assumptions that action spaces are compact and fts are bounded can be relaxed

by assuming that

(A1) sup
N≥1

E[||γ∗,N
T

(y1)||1+δ] <∞ for some δ > 0,

(A2) sup
N≥1

E[||Λ(γ∗,N
T

(y1), ζ1)||1+δ̃] <∞ for some δ̃ > 0.
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That is because, following from the pointwise convergence of γ∗,N
T

and continuity of Λ in actions,

the above uniform integrability assumption justifies exchanging the limit and the expectation re-

quired to establish the convergence in (3.40) and (3.41) using a similar analysis of (3.31) and an

argument of (3.32) based on the strong law of large numbers. This result is particularly important

for LQG models (we use this remark in Section 3.4).

Theorem 3.3.2. Consider a team defined as (P∞,MF
T ) with (PN,MF

T ) having a symmetric information

structure for every N . Assume for every N the team problem is convex in policies. Let the action

space be compact and convex for each DM, and assume Assumption 3.3.1, Assumption 3.3.2(ii),

and Assumption 3.3.3 hold. If there exists a sequence of optimal policies for (PN,MF
T ), {γ∗,N

T
}N ,

which converges (for every DM due to the symmetry) pointwise to γ∗,∞
T

as N → ∞, then γ∗,∞
T

(which is identically symmetric) is an optimal policy for (P∞,MF
T ).

3.3.1 An Existence Theorem on Globally Optimal Policies for Dynamic Mean-Field Team

Problems with a Symmetric Information Structure

An implication of Theorem 3.3.1 is the following existence result on globally optimal policies

for mean-field team problems. In particular, we will establish the existence of a converging

subsequence, in an appropriate sense, for a sequence of optimal policies for N -DM teams with

an increasing number of DMs. For the following theorem, we do not establish the pointwise

convergence; but by Theorem 3.3.1, if a sequence of optimal policies for (PN,MF
T ), {γ∗,N

T
}N ,

converges pointwise, a global optimal policy exists. To this end, we allow decision makers to

apply randomized policies. For each decision maker (DMi for i ∈ N), a probability measure

P ∈ P(Ω0 ×X×
∏T−1

t=0 (W×V)×
∏T−1

t=0 (U×Y)) is a policy induced by a randomized policy if

and only if for every t = 0, . . . , T − 1 and for all continuous and bounded function g

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i
0:t)P (dω0, dx

i
0, dζ

i
0:t−1, dy

i
0:t, du

i
0:t)

=

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i
0:t)µ

i(dxi0, dζ
i
0:t−1|ω0)P (dω0) (3.7)
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×
t∏

k=0

Πi
k(du

i
k|yik)pik(dyik|ω0, x

i
0, ζ

i
0:k−1, y

i
0:k−1, u

i
0:k−1),

for a stochastic kernel Πi
k on U given Y, where pik is the transition kernel characterizing the obser-

vations of DMi at time t,

pik
(
yik ∈ ·

∣∣ω0, x
i
0, ζ

i
0:k−1, y

i
0:k−1, u

i
0:k−1

)
:= P

(
hk(x

i
0:k, u

i
0:k−1, v

i
0:k) ∈ ·

∣∣ω0, x
i
0, ζ

i
0:k−1, y

i
0:k−1, u

i
0:k−1

)
,

and µi is a fixed probability measure on initial states and disturbances of DMi conditioned on ω0.

This equivalency follows from the fact that continuous and bounded functions form a separating

class [26, page 12] and [137, Theorem 2.2].

First, we present an absolute continuity assumption on observations of DMs.

Assumption 3.3.4. For every DMi and t = 0, . . . , T − 1, there exists a function ψit : Y × Ω0 ×

X ×
∏t−1

k=0(W × V) ×
∏t−1

k=0(Y × U) → R+ continuous in actions, and a probability measure νit

on Y such that for all Borel sets A = A1 × . . .× AN ,

P (y1:N
t ∈ A|ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1)=

N∏
i=1

∫
Ai
ψit(y

i
t, ω0, x

i
0, ζ

i
0:t−1, y

i
0:t−1, u

i
0:t−1)νit(dy

i
t).

This assumption allows us to obtain an independent measurements reduction (see [138, Section

2.2]). For example, if vit for all i ∈ N and t = 0, . . . , T − 1 are i.i.d with a probability measure

admitting a density function so that the observation of each DMi at time t is yit = h̃t(x
i
t, u

i
↓t) + vit,

where h̃t is continuous, then Assumption 3.3.4 holds [62, Lemma 5.1].

Theorem 3.3.3. Consider a team defined as (P∞,MF
T ) with (PN,MF

T ) having a symmetric information

structure for every N . Assume for every N , the team problem is convex in policies and the action

space is convex. Assume further that without any loss, the optimal policies can be restricted to

those with E(φi(u
i)) ≤ K for some finite K, where φi : U → R+ is lower semi-continuous

(moment condition). Under Assumption 3.3.1 and Assumption 3.3.2 if either
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(i) Assumption 3.3.4 holds (with no further assumptions on the information structure of each

DMi for i ∈ N through time t = 0, . . . , T − 1), or

(ii) for each DMi for i ∈ N through time t = 0, . . . , T − 1, there exists a static reduction with

the classical information structure (i.e., under a static reduction, the information structure

is expanding such that σ(yit) ⊂ σ(yit+1) where σ denotes the σ-field),

then there exists an optimal policy for (P∞,MF
T ).

Since the space of policies that are deterministic (where Πi
k in (3.7) are indicator functions)

are not closed under the weak convergence topology (e.g., as an implication of [140, Theorem

2.7]), we allow for randomization in the policies and therefore the limit policy is not necessarily

deterministic according to the above result; however, it is identical for each DM.

Remark 3.3.5. For the existence result, to show that the set of policies induced by independently

randomized policies for each DM through time t = 0, . . . , T − 1 (see (3.7)) is closed under the

weak convergence topology, we utilized the result in [138, Section 5.2] which are more general

than those in [62, 140]. We note that the extension of the existence results in [138, Section 5.2]

to our setup is not immediate since the conclusion of (Step 3) can not be established rigorously

without considering the technical steps involving infinite dimensions and limit arguments.

3.4 Symmetric LQG Dynamic Teams

In the section, we consider LQG setup where the results of Section 3.2 and Section 3.3 can be

applied. We first consider N -DM LQG problems where we use Theorem 3.2.2 to show that the

globally optimal policies are symmetric. Then, based on symmetry, we calculate N -DM optimal

policies for such problems. Next, using Theorem 3.3.1 and Theorem 3.3.2, we show the conver-

gence of N -DM optimal policies to optimal policies of LQG mean-field teams with a countably

infinite number of DMs. Finally, we consider infinite horizon problems where we use symmetry

and convergence results to obtain global optimal policies for such problems.
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3.4.1 Symmetric Partially Nested LQG Dynamic Teams on a Graph

In the following, we consider decentralized problems where Theorem 3.2.2 can be utilized and

the optimal policy can be obtained. First, we formulate LQG problems with a symmetric partially

nested information structure. Consider the following dynamics. Let i = 1, 2, and

xit+1 = Axit +Buit + wit. (3.8)

Problem (PT ): Consider the expected cost function of (γ1
T
, γ2

T
) as

JT (γ1

T
, γ2

T
) = E(γ1

T
,γ2
T

)

[
1

T

T−1∑
t=0

2∑
i=1

(xit)
TQxit + (uit)

TRuit + (u1
t )
T R̃u2

t + (u2
t )
T R̃u1

t

]
, (3.9)

where γi
T

= (γi0:T−1), and R, R̃ > 0 and Q ≥ 0. Let

yit = Htζ
i
0:t−1 +

t−1∑
j=0

Dtju
i
j, (3.10)

where ζ it = (wit, v
i
t) with ζ i0 = (xi0, w

i
0, v

i
0). Let Mr,q denote the space of r × q matrices. Let

n,m, s ∈ N and X = Rn, Y = Rs, U = Rm, wit ∈ Rn, vit ∈ Rn, A ∈ Mn,n, B ∈ Mn,m,

R ∈ Mm,m, Q ∈ Mn,n, R̃ ∈ Mm,m, Ht ∈ Ms,n(2t+1), and Dtj ∈ Ms,m. Let the information

structure of each DM be I it = {yit, yi↓t}.

In the following, we show that the above dynamic teams are symmetrically optimal under

sufficient conditions on the observations and initial states.

Corollary 3.4.1. For a fixed T , consider a finite horizon team problem defined above as (PT ). If x1
0

and x2
0 are exchangeable zero mean Gaussian random vectors and wits and vits are i.i.d. Gaussian

random vectors for i = 1, 2 and independent for all t = 0, . . . , T − 1 and also independent of

initial states, then the dynamic team is symmetrically optimal.
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Proof. Since the dynamic team is LQG with a partially nested information structure, a static reduc-

tion exists and the expected cost is convex in policies under static reductions (see [66] and Theorem

3.2.1(iii)). Assumption 3.2.1 is satisfied following from (3.9). We need to show assumptions of

Theorem 3.2.2 hold. Following from the hypothesis on disturbances and initial states, Assump-

tion (b) holds. Assumption (c) holds following from Assumption 3.2.2 and since given (x1
0, x

2
0),

(y1
0:T−1, y

2
0:T−1) are independent. Hence, Theorem 3.2.2 completes the proof.

Here, we consider a class of LQG dynamic teams with a tree information structure where we

utilize Corollary 3.4.1 and we obtain an explicit recursion for the optimal policy.

Problem (P tree
T ): Consider a finite horizon expected cost (3.9) with I it = {xi[0:t], u

i
[0:t−1]}.

We note that this problem is a special case of (PT ) since we assumed that yit = xit for all DMi

and t = 0, . . . , T − 1 and also all DMs have a total recall (I it = {xi[0:t], u
i
[0:t−1]}). For this problem,

we calculate an explicit recursion for optimal policies using the symmetry established in Corollary

3.4.1.

Theorem 3.4.1. For a fixed T , consider a finite horizon team problem defined as (P tree
T ). If (x1

0, x
2
0)

are exchangeable with an identical zero mean Gaussian distribution and wits are i.i.d. zero mean

Gaussian random vectors for i = 1, 2 and independent for all t = 0, . . . , T − 1 and independent

of initial states, then

u
1∗,(T )
t = K

(T )
t x1

t + L
(T )
t E[x2

0|x1
0], (3.11)

u
2∗,(T )
t = K

(T )
t x2

t + L
(T )
t E[x1

0|x2
0], (3.12)

where

K
(T )
t = −(R +BTP

(T )
t+1B)−1BTP

(T )
t+1A, (3.13)

P
(T )
t = −ATP (T )

t+1B
T (R +BTP

(T )
t+1B)−1BTP

(T )
t+1A+Q+ ATP

(T )
t+1A, (3.14)
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L
(T )
t = −

(
R +BTP

(T )
t+1B

)−1[
R̃K

(T )
t G

(T )
t + R̃L

(T )
t Σ +

T−1∑
s=t+1

BT (AT )s−tP
(T )
s+1BL

(T )
s

]
, (3.15)

G
(T )
t =

t−1∏
s=0

(A+BK(T )
s ) +

t∑
s=1

t−1∏
j=s

(A+BK
(T )
j )BL

(T )
s−1Σ,

where Σ = E[x1
0(x2

0)T ](E[x2
0(x2

0)T ])−1, P (T )
T = 0, G(T )

0 = I . Moreover, the optimal cost is

JT (γ∗
T

) =
2

T

{
E

[
(x1

0)TP
(T )
0 x1

0

]
+

T−1∑
t=0

E

[
(w1

t )
TP

(T )
t w1

t

]
(3.16)

+
T−1∑
t=0

E

[(
E[x2

0|x1
0]

)T(
(L

(T )
t )TBTP

(T )
t+1BL

(T )
t

)
E[x2

0|x1
0]

]

+
T−1∑
t=1

E

[
(x1

0)T (AT )tP
(T )
t+1BL

(T )
t E[x2

0|x1
0]

]}
.

Proof. Following from [66] and Radner’s theorem [102], person-by-person optimality implies

global optimality due to the uniqueness of the person-by-person optimal policy. That is because

the information structure is partially nested, and LQG dynamic teams can be reduced to a static one

using Ho-Chu’s static reduction [66]. Hence, we only need to show that the policy satisfying (3.11)

and (3.12) is person-by-person optimal. We show that for DM1, J(γ∗
T
, γ∗

T
) ≤ J((γ−t∗

T
, β), γ∗

T
) for

all β ∈ Γt where (γ−t∗
T
, β) = (γ∗0:t−1, β, γ

∗
t+1:T−1). This implies that (γ∗

T
, γ∗

T
) is person-by-person

optimal thanks to Corollary 3.4.1 since the dynamic team is symmetrically optimal (by exchang-

ing policies (γ−t∗
T
, β) with γ∗

T
which implies J(γ∗

T
, γ∗

T
) ≤ J(γ∗

T
, (γ−t∗

T
, β)) for all β ∈ Γt and this

implies that (γ∗
T
, γ∗

T
) is the fixed point of the equation). The proof is completed by induction. Due

to space constraints, we have removed the calculation.

Remark 3.4.1. The optimal policies (3.11) and (3.12) contain two parts which can be interpreted

as follows: the first part, k(T )
t xit, is equivalent to the optimal policy of the branch (DM) by ignoring

the other branch in the optimization problem (in this case, this is equivalent to the centralized

policies since the information structure of each branch (DM) is centralized). The second part

corresponds to the correlation term between branches (DMs).
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In the following, we generalize the result of Theorem 3.4.1 to N -DM LQG dynamic teams.

Assume that the dynamics for i = 1, 2, ..., N are defined as (3.8).

Problem (PN,tree
T ): Consider the expected cost function of γ1:N

T
as

JNT (γ1:N

T
) =

1

T

T−1∑
t=0

N∑
i=1

Eγ1:N
T

[
(xit)

TQxit + (uit)
TRuit +

N∑
j=1,j 6=i

(uit)
T R̃ujt + (ujt)

T R̃uit

]
, (3.17)

where γi
T

= γi0:T−1 for i = 1, . . . , N and R, R̃ > 0 and Q ≥ 0. Let I it = {xi[0:t], u
i
[0:t−1]}.

Corollary 3.4.2. For a fixed T and N , consider a finite horizon team problem defined as (PN,tree
T ).

If (x1:N
0 ) are exchangeable with an identical zero mean Gaussian distribution, and wits for i =

1, . . . , N are i.i.d. zero mean Gaussian random vectors, independent for t = 0, . . . , T − 1, and

independent of initial states, then

u
i∗,(T ),(N)
t = K

(T )
t xit + L

(N),(T )
t

N∑
j=1,j 6=i

E[xj0|xi0],

where K(T )
t and P (T )

t satisfy (3.13) and (3.14), and L(N),(T )
t is a function of K(T )

0:t .

Proof. The proof is similar to the one of Theorem 3.4.1.

Now we consider more general setup where using Corollary 3.4.1, we establish a structural

result for the case where the information structure of each decision maker over time satisfies a

structure which is identical for all DMs and is partially nested. An example of such a graph

structure has been depicted in Fig. (3.2).

Problem (PNT ): Consider a finite horizon expected cost of γ1:N
T

as (3.17) with the information

structure I it = {yit, yi↓t} where yit is defined in (3.10) and dynamics is defined in (3.8).

Theorem 3.4.2. For a fixed T and N , consider a finite horizon team problem defined as (PNT ).

If (x1
0, . . . , x

N
0 ) are exchangeable with an identical zero mean Gaussian distribution and wits for
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i = 1, . . . , N are i.i.d. zero mean Gaussian random vectors, independent for all t = 0, . . . , T − 1

and independent of initial states, then

u
i∗,(T ),(N)
t = K

(T )
t yit + L

(N),(T )
t

N∑
j=1,j 6=i

E[xj0|yit],

where K(T )
t are obtained by considering only one DM and ignoring other DMs.

Proof. The proof is similar to that of Theorem 3.4.1 by [66] and Corollary 3.4.1.

Remark 3.4.2. A related work is [97], where structural results for optimal policy have been ob-

tained for finite horizon LQG problems on graphs. In our analysis above, the structural result

for the optimal policy is obtained without assuming that decision makers who have no common

ancestors and no common descendants have either uncorrelated noise or are decoupled through

the cost function. Instead, exchangeable partially nested LQG teams with correlated initial states

and disturbances are considered. Moreover, here, the graph structures may not be trees in general,

as opposed to [97] where a multi-tree structure has been imposed on a graph.

Now, we present results for LQG teams with a mean-field coupling through the cost function.

First, using Corollary 3.4.2, we obtain globally optimal policies for N -DM teams with a mean-

field coupling and correlated initial states and disturbances. Next, as an implication of Theorem

3.3.1, we show the convergence of optimal policies for LQG N -DM mean-field teams on a tree

to the corresponding optimal policy of mean-field teams. Let I it = {xi[0:t], u
i
[0:t−1]} for i ∈ N, and

dynamics be as (3.8).

Problem (PN,MF
T,LQG): Consider the expected cost function of γN

T
as

JNT (γN
T

) =
1

T

T−1∑
t=0

N∑
i=1

Eγ1:N
T

[
(xit)

TQxit + (uit)
TRuit (3.18)

+
1

N − 1

N∑
j=1,j 6=i

(uit)
T R̃ujt + (ujt)

T R̃uit +
1

N − 1

N∑
j=1,j 6=i

(xit)
T Q̃xjt + (xjt)

T Q̃xit

]
,
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where R, R̃ > 0 and Q, Q̃ ≥ 0.

Problem (P∞,MF
T,LQG): Consider the expected cost function of γ

T
as

J∞T (γ
T

) = lim sup
N→∞

JNT (γ
T

). (3.19)

Corollary 3.4.3. For a fixed T and N , consider a finite horizon team problem defined as (PN,MF
T,LQG).

If (x1:N
0 ) are exchangeable zero mean Gaussian random vectors, and wits are i.i.d. zero mean

Gaussian random vectors for i = 1, . . . , N , independent for t = 0, . . . , T − 1, and independent of

initial states, then

u
i∗,(T ),(N)
t = K

(T )
t xit +

L
(N),(T )
t

N − 1

N∑
j=1,j 6=i

E[xj0|xi0], (3.20)

where K(T )
t and P (T )

t satisfy (3.13) and (3.14), and L(N),(T )
t is a function of K(T )

0:t .

Proof. The proof is similar to the one in Theorem 3.4.1.

Corollary 3.4.4. For a fixed T , consider a finite horizon team problem defined as (P∞,MF
T,LQG). Assume

{xi0}i∈N are exchangeable random vectors with zero mean Gaussian distribution, and wits are i.i.d.

zero mean Gaussian random vectors for i ∈ N, independent for t = 0, . . . , T − 1, and independent

of initial states. If L(N),(T )
t in (3.20) converges pointwise as N →∞ to L(∞),(T )

t , then

u
i∗,(T ),(∞)
t = K

(T )
t xit + L

(∞),(T )
t Σxi0,

where K(T )
t and P (T )

t satisfy (3.13) and (3.14), and Σ = E[x1
0(x2

0)T ](E[x2
0(x2

0)T ])−1.

Proof. Following from [1, page 9], since {xi0}i∈N are exchangeable Gaussian random vectors, we

can describe them explicitly as xi0 = ω0 + θi where (θ1, θ2, . . . ) are i.i.d. mean zero Gaussian

and independent of mean zero Gaussian random vector ω0. Now, we invoke Theorem 3.3.1 (or

Theorem 3.3.2) and Corollary 3.4.3 and we use Remark 3.3.4 to complete the proof.
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3.4.2 Average Cost Infinite Horizons Problems for Partially Nested Dynamic Teams

In the following, we consider average cost problems with a symmetric partially nested information

structure as well as LQG dynamic teams with the one step delay sharing pattern and sparsity

constraints. We note that the optimality of linear policies for infinite horizon LQG problems is an

open problem in its generality. In this subsection, we provide a positive result for a class of such

problems.

Average Cost Infinite Horizons Problems for Partially Nested Dynamic Teams

Now, we consider an infinite horizon team problem and we use the result in Section 3.4.1.

Problem (P tree
∞ ): Consider the expected cost function of (γ1, γ2) as

J(γ1:2) = lim sup
T→∞

E(γ1,γ2)[c(x1:2
0:T−1, u

1:2
0:T−1)], (3.21)

where the cost function is defined as (3.9) and I it = {xi[0:t], u
i
[0:t−1]}.

First, we introduce a lemma essential for Theorem 3.4.3.

Lemma 3.4.1. Consider the sequence {aiT}Ti=1. Assume lim
T→∞

aiT = a for i = 0, . . . , T − 1. If for

every fixed T ∈ N, alT = al+1
T+1 for all l = 0 . . . , T − 1, then lim

T→∞
1
T

∑T
i=1 a

i
T = a.

Proof. We have

lim
T→∞

1

T

T∑
i=1

aiT = lim
T→∞

1

T

T−1∑
i=0

a1
T−i = lim

T→∞

1

T

T∑
k=1

a1
k = a,

where the second equality follows from alT = al+1
T+1 and the last equality follows from the Cesáro

mean argument.

Theorem 3.4.3. Consider average cost infinite horizon team problems defined as (P tree∞ ). Assume

(A,B) are stabilizable and (A,Q
1
2 ) are detectable. Assume x1

0 and x2
0 are exchangeable with an
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identical zero mean Gaussian distribution and wits are i.i.d. zero mean Gaussian random variables

for i = 1, 2 and for all t = 0, . . . , T−1 and independent of initial states. If L(T )
t in (3.15) converges

pointwise to L(∞)
t as T →∞, then the pointwise limit of the sequence of optimal policies for (P tree

T )

is team optimal for (P tree∞ ) and stabilizes the closed-loop system,

u
1∗,(∞)
t = Kx1

t + L
(∞)
t E[x2

0|x1
0],

u
2∗,(∞)
t = Kx2

t + L
(∞)
t E[x1

0|x2
0],

where K,P, L(∞)
t and G(∞)

t are the pointwise limit of the ones for (P treeT ) as T →∞.

Average Cost Team Problems with One-Step-Delayed Observation Sharing Pattern and Spar-

sity Constraints

In [84], the problem of finding a steady state solution for state feedback average cost LQG team

problems with a delay and sparsity has been considered. Under the independence of disturbances

assumption, convergence of the solution to the stabilizing solutions for finite horizon of the corre-

sponding algebraic Riccati equation has been shown [84]; however, global optimality of the limit

solution has not been established. We establish global optimality of the limit solution. Consider

the following dynamics for i = 1, . . . , N ,

xit+1 =
N∑
j

Aijxjt +Bijujt + ωit,

where for a fixed i = 1, . . . , N , Aijt and Bij
t are zero if sum of the delays along the directed path

from j to i with the shortest path, Dij , is more than one, i.e., Dij > 1. Assume xi0s and ωits are

mutually independent Gaussian random vectors for all i = 1, . . . , N and ωits are independent for

t = 0, . . . , T − 1 with covariance matrix Σi
ω. The information structure is defined as I it = {xjk|j =

1, . . . , N, and k = 0, . . . , t−Dij}. This along with the assumption on the dynamics of the system

implies that the information structure is partially nested. Since the disturbances and initial states are
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mutually independent, the information structure can be decomposed into the independent sets [84].

To this end, an information graph, Ĝ(M,F), has been defined for a graph [84]. In the following,

we follow the notation in [84]. Define sjk as a set of all nodes reachable from node j within k steps.

DefineM := {sjk|j = 1, . . . , N and k ≥ 0} and F := {(sjk, s
j
k+1)|j = 1, . . . , N and k ≥ 0}. The

following theorem is from [84], and gives an optimal policy for finite horizon problems.

Assume that the delay of sharing between each decision maker is not greater than one. Assume

there are no directed cycles with a total delay of zero.

Theorem 3.4.4. [84] Consider the LQG team problem with

JT (γ
T

) :=
1

T
EγT

[ T−1∑
t=0

[
xTt uTt

]Q S

ST R


xt
ut

],

where R > 0, Q ≥ 0, and

Q S

ST R

 ≥ 0, ut = (u1
t , . . . , u

N
t ). Then, the optimal controller is

uTt∗ =
∑

r3i I
{i},rKr

t ζ
r
t , where r ∈ M, I{i},r is the identity matrix partition according to {i} and

r, and

Kr
t = −(Rrr + (Bsr)TXs

t+1B
sr)−1(Srr + (Asr)TXs

t+1B
sr),

Xr
t = Qrr + (Asr)TXs

t+1A
sr − (Kr

t )
T (Rrr + (Bsr)TXs

t+1B
sr)Kr

t , (3.22)

with Xr
T = Qrr, and ζst+1 =

∑
r→s(A

sr + BsrKr
t )ζ

r
t +

∑
ωi→s I

s,{i}ωit, with ζs0 =
∑

ωi→s I
s,{i}xi0,

where s ∈M is the unique node such that there is an edge between r and s, i.e., r → s. Moreover,

the optimal cost is obtained as

JT (γ∗
T

) =
1

T
[

N∑
i=1,ωi→s

Tr((Xs
0){i},{i}E(xi0(xi0)T )) +

T−1∑
t=0

N∑
i=1,ωi→s

Tr((Xs
t+1){i},{i}Σi

ω)], (3.23)

where (Xs
t+1){i},{i} denotes the sub-matrix (Xs

t+1) corresponds to the ii-th array.
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In the following, we refine a related result in [84]. We show the global optimality of the limit

policy similar to the method used for the convergence results in the preceding chapters (by showing

that the sequence of optimal expected costs converges to the expected cost of the limit policy).

Theorem 3.4.5. Consider the LQG team problem with

J(γ) := lim sup
T→∞

1

T
Eγ
[ T−1∑
t=0

[
xTt uTt

]Q S

ST R


xt
ut

].

Assume for self loops s→ s in the information graph, (Ass, Bss) is stabilizable and

Ass − eiθ Bss

Css Rss


has a full column rank for every θ ∈ [0, 2π], where Css and Dss are the matrix of the form Qss Sss

(Sss)T Rss

 =

[
Css Dss

]T [
Css Dss

]
. Then, u∞t∗ =

∑
r3i I

{i},rKr,(∞)ζ
r,(∞)
t , whereKr,(∞) =

lim
T→∞

K
r,(T )
t , Xr,(∞) = lim

T→∞
X
r,(T )
t for all t and ζr,(∞)

t is obtained by replacing Kr,(T )
t with Kr,(∞).

3.5 Proofs

3.5.1 Proof of Theorem 3.2.2

We first show that for any permutation σ ∈ S, JT ((γσ
T

)1, . . . , (γσ
T

)N) = JT (γ1
T
, . . . , γN

T
), i.e., the

team is exchangeable. We have,

JT

(
(γσ

T
)1, . . . , (γσ

T
)N
)

=

∫
c
(
ζ1:N , (γσ

T
)1(y1), . . . , (γσ

T
)N(yN)

)
µ(dx1:N

0 , dζ1:N
0:T−1)

×
T−1∏
t=0

N∏
i=1

P
(
dyit

∣∣∣xi0, ζ i0:t−1, y
↓↓i
↓t , (γ

σ)↓↓i↓t (y↓↓i↓t )
)

(3.24)

=

∫
c
(

(ζσ)1:N , (γσ
T

)1((yσ)1), . . . , (γσ
T

)N((yσ)N)
)
µ(d(xσ0 )1:N , d(ζσ0:T−1)1:N)

×
T−1∏
t=0

N∏
i=1

P
(
d(yσ)it

∣∣∣(xσ0 )i, (ζσ0:t−1)i, (yσ)↓↓i↓t , (γ
σ)↓↓i↓t ((yσ)↓↓i↓t )

)
(3.25)
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=

∫
c
(
ζ1:N , γ1

T
(y1), . . . , γN

T
(yN)

)
µ(dx1:N

0 , dζ1:N
0:T−1)

T−1∏
t=0

N∏
i=1

P
(
dyit

∣∣∣xi0, ζ i0:t−1, y
↓↓i
↓t , γ

↓↓i
↓t (y↓↓i↓t )

)
(3.26)

= JT (γ1

T
, . . . , γN

T
),

where (3.24) follows from condition (c). Equality (3.25) follows from exchanging yi, ζ i with

(yσ)i, (ζσ)i by relabeling them, respectively. Since the information structure is symmetric, (3.5)

and condition (b) imply (3.26). Hence, the team is exchangeable. Let γ∗
T

= (γ1∗
T
, . . . , γN∗

T
) be

a given policy. Consider γ̃
T

as a convex combination of all possible permutations of policies by

averaging them. Since action spaces are convex by condition (a), γ̃
T

is a control policy. Following

from convexity of the cost function in policies, we have

JT (γ̃
T

) := JT (
∑
σ∈S

1

|S|
γ∗,σ
T

) ≤
∑
σ∈S

1

|S|
JT (γ∗,σ

T
) = JT (γ∗

T
),

where |S| denotes the cardinality of the set S and the inequality above follows from the hypothesis

that the team problem is convex on Γ and the last equality follows from exchangeability of the

team problem. This implies that the team is symmetrically optimal and completes the proof.

3.5.2 Proof of Theorem 3.3.1

Following from Lemma 3.3.1, one can consider a sequence of N -DM teams which are symmetri-

cally optimal that defines (PN,MF
T ) and whose limit is identified with (P∞,MF

T ). Define

QN(B) :=
1

N

N∑
i=1

δβiN (B) where βiN := (γ∗,N
T

(yi), yi, ζ i), (3.27)

Q̃N(B) :=
1

N

N∑
i=1

δβi∞(B) where βi∞ := (γ∗,∞
T

(yi), yi, ζ i),

where δY (·) denotes the Dirac measure for any random vector Y , and B ∈ Z := U × Y × S,

U := (
∏T−1

t=0 U), Y := (
∏T−1

t=0 Y), S := (
∏T−1

t=0 S) = X × (
∏T−1

t=0 W× V), X = (
∏T−1

t=0 X),
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yi = (yi0, . . . , y
i
T−1), and ζ i := (ζ i0, . . . , ζ

i
T−1).

In the following, first, we show that conditioned on ω0, QN converges P -almost surely to Q =

L(β1
∞|ω0) inw-s topology (coarsest topology onP(U×Y×S) under which

∫
f(u, y, ζ)QN(du, dy, dζ) :

P(U×Y× S)→ R is continuous for every measurable and bounded function f which is contin-

uous in u and y but need not to be continuous in ζ (see e.g., [121] and [138, Theorem 5.6])). Then,

we show that

lim sup
N→∞

JNT (γ̃∗,N
T

) = J∞T (γ̃∗,∞
T

),

where γ̃∗,N
T

:= (γ∗,N
T
, γ∗,N

T
, . . . , γ∗,N

T
) and γ̃∗,∞

T
:= (γ∗,∞

T
, γ∗,∞

T
, . . . ).

(Step 1): In this step, we show that conditioned on ω0, QN converges P -almost surely to Q

in w-s topology. First, we show that for every continuous and bounded function g in actions and

observations, for every ω0 on a set of P -measure one,

P

({
ω ∈ Ω

∣∣∣∣ lim
N→∞

(
1

N

N∑
i=1

[
g(γ∗,N

T
(yi), yi, ζ i)− g(γ∗,∞

T
(yi), yi, ζ i)

])
= 0

}∣∣∣∣∣ω0

)
= 1. (3.28)

Following from symmetry of the information structure and Lemma 3.3.1, every DM applies an

identical optimal policy γ∗,N
T

and since functions ft and ht are identical for each DM, conditioned

on ω0, (γ∗,N
T

(yi), yi, ζ i) and (γ∗,∞
T

(yi), yi, ζ i) are i.i.d. random vectors. For every ε > 0 and for

every function g continuous and bounded in actions and observations, we have P -almost surely

lim
N→∞

P

(∣∣∣∣∫ gdQN −
∫
gdQ̃N

∣∣∣∣ ≥ ε

∣∣∣∣ω0

)
≤ ε−1 lim

N→∞

1

N

N∑
i=1

E

[∣∣∣g(γ∗,N
T

(yi), yi, ζ i)− g(γ∗,∞
T

(yi), yi, ζ i)
∣∣∣ ∣∣∣∣ω0

]
(3.29)

= ε−1 lim
N→∞

E

[∣∣∣g(γ∗,N
T

(yi), yi, ζ i)− g(γ∗,∞
T

(yi), yi, ζ i)
∣∣∣ ∣∣∣∣ω0

]
(3.30)

= ε−1E

[
lim
N→∞

∣∣∣g(γ∗,N
T

(yi), yi, ζ i)− g(γ∗,∞
T

(yi), yi, ζ i)
∣∣∣ ∣∣∣∣ω0

]
= 0, (3.31)

where (3.29) follows from Markov’s inequality, the triangle inequality and the definition of the
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empirical measure, and (3.30) follows from the fact that (γ∗,N
T

(yi), yi, ζ i) and (γ∗,∞
T

(yi), yi, ζ i) are

i.i.d. random vectors. Since g is bounded and continuous, the dominated convergence theorem

implies (3.31). Hence, for every subsequence, there exists a subsubsequence such that P -almost

surely P
(
{ω ∈ Ω| lim

N→∞

(∫
gdQN −

∫
gdQ̃N

)
= 0}|ω0

)
= 1.

Now, we show that conditioned on ω0, {Q̃N}N converges weakly to Q P -almost surely. Since

conditioned on ω0, (γ∗,∞
T

(yi), yi, ζ i) are i.i.d. random vectors, the strong law of large numbers

implies that P -almost surely

P

({
ω ∈ Ω

∣∣∣∣ lim
N→∞

(
1

N

N∑
i=1

g

(
γ∗,∞
T

(yi), yi, ζ i
)
− E

[
g(γ∗,∞

T
(y1), y1, ζ1)

∣∣∣∣ω0

])
= 0

}∣∣∣∣∣ω0

)
= 1, (3.32)

hence, P
(
{ω ∈ Ω| lim

N→∞

(∫
gdQ̃N −

∫
gdQ

)
= 0}|ω0

)
= 1 P -almost surely.

Hence, through choosing a suitable subsequence, for every ω0 ∈ Ω0 on a set of P -measure

one, for every function g continous and bounded in actions and observations and measurable and

bounded in uncertainty and initial states

lim
N→∞

∣∣∣∣∫ gdQN −
∫
gdQ

∣∣∣∣≤ lim
N→∞

( ∣∣∣∣∫ gdQN −
∫
gdQ̃N

∣∣∣∣+

∣∣∣∣∫ gdQ̃N −
∫
gdQ

∣∣∣∣ ) = 0,

hence, conditioned on ω0, QN converges weakly to Q P -almost surely. We note that the conver-

gence is in the weak convergence topology, but since ζ is are exogenous with a fixed probability

measure, the convergence is also in the w-s topology.

(Step 2): Following from (3.1) and (3.2), we have

xit = ft−1(ft−2(. . . f0(xi0, u
i
0, w

i
0)), uit−1, w

i
t−1) = f̃t−1(ζ i, ui0:t−1), (3.33)

yit = ht(x
i
0, f̃0(ζ i, ui0), . . . , f̃t−1(ζ i, ui0:t−1), ui0:t−1, v

i
0:t) = h̃t(ζ

i, ui0:t−1), (3.34)

where following from Assumption 3.3.1, f̃t−1 and h̃t are continuous in actions. Hence, under
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Assumption 3.3.1(c), we have

1

N

N∑
i=1

T−1∑
t=0

Eγ∗,1:NT

[
c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)]

=
1

N

N∑
i=1

E

[
c̃

(
ω0, ζ

i, γ∗,N
T

(yi),
1

N

N∑
p=1

γ∗,N
T

(yp),
1

N

N∑
p=1

Λ(γ∗,N
T

(yp), ζp)

)]
, (3.35)

where (3.35) is true following from (3.33) for some functions c̃ : Ω0 × S ×U ×U ×X → R+

which are continuous in its last three arguments and a function Λ : U×S→ X which is continuous

in actions. Hence, by induction and rewriting observations as a functions of policies of the past

DMs (γ∗,N↓t (yi↓t)) since γ∗,N
T

converges to γ∗,∞
T

, the induced cost by γ∗,N
T

also converges to the cost

induced by γ∗,∞
T

P -almost surely.

(Step 3): We have

lim sup
N→∞

1

N

N∑
i=1

T−1∑
t=0

Eγ∗,1:NT

[
c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)]

= lim sup
N→∞

1

N

N∑
i=1

E

[
c̃

(
ω0, ζ

i, γ∗,N
T

(yi),
1

N

N∑
p=1

γ∗,N
T

(yp),
1

N

N∑
p=1

Λ(γ∗,N
T

(yp), ζp)

)]
(3.36)

≥ lim inf
N→∞

E

[
E

[∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
×QN(du, dy, dζ)

∣∣∣∣ω0

]]
(3.37)

≥ E

[
E

[
lim inf
N→∞

∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
×QN(du, dy, dζ)

∣∣∣∣ω0

]]
(3.38)

≥ E

[
E

[ ∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)
Q(du, dy, dζ)

∣∣∣∣ω0

]]
,

(3.39)

where (3.36) follows from (3.35). Inequality (3.37) follows from (3.27) and replacing limsup

with liminf, and (3.38) follows from Fatou’s lemma. In the following, we justify (3.39). Since
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conditioned on ω0,QN converges weakly toQP -almost surely, we haveQN(du×Y×S) converges

weakly toQ(du×Y×S) P -almost surely conditioned on ω0, hence, the compactness of U implies

that conditioned on ω0, P -almost surely

1

N

N∑
i=1

γ∗,N
T

(yi) =

∫
U

uQN(du×Y × S)
N→∞−−−→

∫
U

uQ(du×Y × S) = E[γ∗,∞
T

(y1)

∣∣∣∣ω0].

(3.40)

Since conditioned on ω0, QN converges weakly to Q P -almost surely, we have QN(du×Y× dζ)

converges P -almost surely to Q(du×Y×dζ) in w-s topology conditioned on ω0. Following from

(3.33), since fts are bounded and continuous in actions, Λ is bounded and continuous in actions,

hence, this implies that conditioned on ω0, P -almost surely

∫
U×S

ΛQN(du×Y × dζ)
N→∞−−−→

∫
U×S

ΛQ(du×Y × dζ). (3.41)

Since the cost function c̃ is continuous in its last three arguments, P -almost surely

lim
N→∞

c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
= c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)
.

Define a non-negative bounded functions

GM
N := min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)}
,

GM := min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)}
,

where the sequence {GM}M converges as M →∞ P -almost surely to

G := c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)
.
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We have P -almost surely

lim inf
N→∞

∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
QN(du, dy, dζ)

≥ lim
M→∞

lim inf
N→∞

∫
Z
GM
NQN(du, dy.dζ) (3.42)

= lim
M→∞

∫
Z
GMQ(du, dy, dζ) (3.43)

=

∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)
Q(du, dy, dζ), (3.44)

where (3.42) is true since

c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
≥ GM

N .

Equality (3.43) follows from the generalized convergence theorem in [123, Theorem 3.5] since

GM
N is bounded and continuously converges to GM , i.e., P -almost surely

lim
N→∞

min

{
M, c̃

(
ω0, ζ, uN ,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)}
= min

{
M, c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)}
, (3.45)

when uN → u as N → ∞. The monotone convergence theorem implies (3.44). Hence, (3.39)

holds which implies lim sup
N→∞

JNT (γ̃∗,N
T

) = J∞T (γ̃∗,∞
T

), and this completes the proof following from

[120, Theorem 5]. Here, for completeness we present the proof which is similar to the analysis of

the proof [120, Theorem 5] for dynamic teams,

inf
γ
T

J∞T (γ
T

) ≤ lim sup
N→∞

JNT (γ̃∗,∞
T

)

= lim sup
N→∞

JNT (γ∗,N
T

) = lim sup
N→∞

inf
γ1:N
T

JNT (γ1:N

T
)

= lim sup
N→∞

inf
γ
T

JNT (γ
T

) (3.46)
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≤ inf
γ
T

lim sup
N→∞

JNT (γ
T

) = inf
γ
T

J∞(γ
T

),

where (3.46) is true since the restriction γ
T

to the first N components is γ1:N
T

. This implies that

γ̃∗,∞
T

is globally optimal.

3.5.3 Proof of Theorem 3.3.2

Under Assumption 3.3.2(ii) and Assumption 3.3.3, for everyAi ∈ B(S), andAi = Bi×
∏T−1

t=0 (Di
t×

Ei
t) (where Bi ∈ B(X), Di

t ∈ B(W), and Ei
t ∈ B(V)), for all N ∈ N, and permutations σ, we

have P -almost surely

P (ζ1 ∈ A1,. . . , ζN ∈ AN |ω0)

= P (x1
0 ∈ B1, . . . , xN0 ∈ BN |ω0)

N∏
i=1

T−1∏
t=0

P (wit ∈ Di
t)P (vit ∈ Ei

t) (3.47)

= P ((xσ0 )1 ∈ B1, . . . , (xσ0 )N ∈ BN |ω0)
N∏
i=1

T−1∏
t=0

P ((wσt )i ∈ Di
t)P ((vσt )i ∈ Ei

t) (3.48)

= P ((ζσ)1 ∈ A1, . . . , (ζσ)N ∈ AN |ω0),

where (3.47) follows from Assumption 3.3.2(ii), and (3.48) follows from Assumption 3.3.3. Hence,

(ζ1, ζ2, . . . ) are exchangeable conditioned on ω0.

Hence, following from a similar argument as the proof of Theorem 3.2.2 (by considering ω0 in

the cost function and the law of total expectation (by first conditioning on ω0), under Assumption

3.3.2(ii) and Assumption 3.3.3, one can consider a sequence of N -DM teams which are symmet-

rically optimal that defines (PN,MF
T ) and whose limit is identified with (P∞,MF

T ). Since initial states

are not necessarily independent conditioned on ω0, we can not establish that (γ∗,∞
T

(yi), yi, ζ i) are

i.i.d. random vectors conditioned on ω0 which has been used in (3.32) in (Step 1) of the proof of

Theorem 3.3.1 to show that QN converges weakly to Q P -almost surely.

However, we note that since (ζ1, ζ2, . . . ) are exchangeable conditioned on ω0, for every Ai ∈
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B(S) and C ∈ B(Ω0), and for all N ∈ N, and permutations σ, we have

P

(
ζ1 ∈ A1,. . . , ζN ∈ AN , ω0 ∈ C

)
= P

(
(ζσ)1 ∈ A1,. . . , (ζσ)N ∈ AN , ω0 ∈ C

)
. (3.49)

Let αi := (ω0, ζ
i). Hence, (3.49) implies that (α1, α2, . . . ) is exchangeable. Following from [1,

Proposition 3.8(a)], there exists a random vector z ∈ [0, 1] such that, (ζ1, ζ2, . . . ) are i.i.d. random

vectors conditioned on (ω0, z).

Let ω̃0 := (ω0, z). Hence, under Assumption 3.3.2(ii) and Assumption 3.3.3, conditioned on

ω̃0, (ζ1, ζ2, . . . ) are i.i.d. random vectors. Following from standard stochastic realization results

[29, Lemma 3.1], we can represent any stochastic kernel in a functional form, with almost sure

equivalence, ζ i = g(ω̃0, θ
i) for some independent θi and measurable g (note that following from

exchangeability, g is identical for all i ∈ N and (θ1, θ2, . . . ) are i.i.d. random vectors).

Since conditioned on ω̃0, (ζ1, ζ2, . . . ) are i.i.d. random vectors, (γ∗,∞
T

(yi), yi, ζ i) are i.i.d. ran-

dom vectors conditioned on ω̃0, hence for every ω̃0 on a set of P -measure one, we have for every

continuous and bounded function g in actions and observations, by the strong law of large numbers,

P

({
ω ∈ Ω

∣∣∣∣ lim
N→∞

∣∣∣∣∣ 1

N

N∑
i=1

g

(
γ∗,∞
T

(yi), yi, ζ i
)
− E

[
g(γ∗,∞

T
(y1), y1, ζ1)

∣∣∣∣ω̃0

]∣∣∣∣∣ = 0

}∣∣∣∣∣ω̃0

)
= 1.

Hence, following from an identical analysis as that of (Step 1) of the proof of Theorem 3.3.1,

conditioned on ω̃0, QN converges weakly to Q, for every ω̃0 on a set of P -measure one.

Following from the representation ζ i = g(ω̃0, θ
i), we have

lim sup
N→∞

E

[
E

[∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
QN(du, dy, dζ)

∣∣∣∣ω0

]]
= lim sup

N→∞

∫
Ω0×[0,1]

E

[∫
Z
c̃

(
ω̃0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
×QN(du, dy, dζ)

∣∣∣∣ω̃0

]
P (dω̃0), (3.50)
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where (3.50) follows from the fact that for all N ∈ N, and for every Ai ∈ B(S)

∫
Ω0

P (ζ1 ∈ A1, . . . , ζN ∈ AN |ω0)P (dω0) =

∫
Ω0×[0,1]

N∏
i=1

η(ζ i ∈ Ai|z, ω0)P (dz, dω0),

and with slightly abuse of notations we use the same notation, c̃, for the cost function after trans-

formation in (3.50). The rest of the proof is identical to that of Theorem 3.3.1.

3.5.4 Proof of Theorem 3.3.3

We use individually randomized policies and we show that for every sequence of N -DM optimal

policies, there exists a subsequence which converges to an optimal independently randomized

policy for the mean-field limit under an appropriate topology defined by the product topology

where each coordinate is endowed with the weak convergence topology. In (Step 1), we show

that for each finite N -DM team problem, optimal policies are deterministic and symmetric and we

consider the independently randomized policies induced by such policies {PN}N (where PN ∈

P(Y × U) for each DM satisfying (3.7)), as our sequence to be studied. We also define the

sequence of empirical measures induced by these policies, QN , as (3.27).

In (Step 2), we show that for every sequence of policies satisfying a moment condition there

exists a subsequence such that policies {Pn}n for each DM and a subsequence of empirical mea-

sures {Qn}n induced by these policies (where n ∈ I is the index set of a convergent subsequence)

converge weakly to a limit P -almost surely, that is, for a set of P -measure one, for every bounded

function g which is continuous in actions and observations and measurable in uncertainties,

P

({
ω ∈ Ω

∣∣∣∣ lim
n→∞

(∫
gdQn −

∫
gdQ

)
= 0

}∣∣∣∣ω0

)
= 1.

To this end, we first show that for each DM a sequence {Pn}n is tight, then we show that the

sequence of empirical measures {Qn}n induced by these policies converges weakly to a limit P -

almost surely.
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In (Step 3), we show that the set of policies for each DM is closed under the weak convergence

topology, hence, the limit policy satisfies the required measurability/conditional independence con-

straints (that is, the limit policy satisfies (3.7)). In (Step 4), we use the lower semi-continuity argu-

ment to show that the expected cost function under the induced limit policy is less than or equal to

the expected cost achieved by the sequence of N -DM optimal policies.

(Step 1): Under Assumption 3.3.1, Assumption 3.3.1(c) and Assumption 3.3.2, and by con-

dition (i) using [138, Theorem 5.2], or condition (ii) using [138, Theorem 5.6], there exists a

deterministic optimal policy for each finite N -DM team problem. Action spaces are convex and

the team problem is convex in policies, hence, using Lemma 3.3.1, one can consider a sequence of

N -DM teams which are symmetrically optimal that defines (PN,MF
T ) and whose limit is identified

with (P∞,MF
T ). Hence, for eachN -DM team problem, we consider symmetric randomized optimal

policies.

(Step 2): In the following, we first show that the set of policies PN ∈ P(Y×U) for each DM

satisfying (3.7) and the moment condition is tight, then, by symmetry, we show that QNN induced

by this set of policies is tight. We use the fact that conditioned on ω0, (γ∗,N
T

(yi), yi, ζ i) are i.i.d.

random vectors (this follows from symmetry of the information structure and Lemma 3.3.1 since

every DM applies the identical policy γ∗,N
T

) and also since the space of control policies is tight

under the weak convergence for each DM (see e.g., [138, proof of Theorem 4.7]).

Since actions of DMs do not affect the observations of others, the policy spaces are decoupled

from the actions of other decision makers. Since we can restrict the search for optimal policies over

those satisfying the moment condition, the fact that ν →
∫
ν(dx)g(x) is lower semi-continuous

for a continuous function g [138, proof of Theorem 4.7] implies that the marginals on U satisfying

the moment condition are tight under the weak convergence topology. Hence, the collection of

all probability measures with these tight marginals is also tight (see e.g., [137, Proof of Theorem

2.4]). This implies that the sequence of randomized policies satisfying the moment condition is

tight.
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Since every DM applies an identical policy and since observations are conditionally i.i.d., a

countably infinite product of space of policies of DMs is tight (where each coordinate is tight in

the weak convergence topology). Hence, there exists a subsequence of policies P̃n ∈ P(
∏

i(Y ×

U)) (as a product of policies of DMs) converges weakly to a limit P̃ (each coordinate converges

weakly) P -almost surely. Furthermore, since every DM applies an identical policy, conditioned on

ω0, actions induced by an identical randomized policies, observations and disturbances are i.i.d.

through DMs. Hence, following from a similar argument as (Step 1) of the proof of Theorem 3.3.1,

a subsequence of empirical measures {Qn}n∈I converges P -almost surely to Q in w-s topology.

We note that the convergence is under the weak convergence topology, but since ζ is are exogenous

with a fixed marginal, the convergence is also in the w-s topology.

(Step 3): In this step, we show that each coordinate of the space of policies (space of policies

for each DM) is closed under the weak convergence topology. This in particular implies that the

space of policies is closed under the product topology and using (Step 1), we can conclude that the

space of control policies is compact under the product topology where each coordinate is weakly

compact.

Assume Pn is a policy for DMi induced by a randomized policy converging weakly to P∞.

In fact, conditions (i) or (ii) leads to the closedness of the set of policies (see (3.7)) induced by

Pn. If Assumption 3.3.4 holds, then by the discussion in the proof of [138, Theorem 5.2], each

coordinate of policy spaces corresponding to DMi acting through time is closed under the weak

convergence topology. Also, if condition (ii) holds, then [138, Theorem 5.6] leads to the same

conclusion. Hence, each coordinate of space of policies (corresponding to DMi) is closed under

the weak convergence topology (since each coordinate of the space of policies is a finite product of

space of policies for each DM at time instances t = 0, . . . , T −1). Hence, following from (Step 2),

there exists a subsequence {Qn}n∈I converges weakly to Q P -almost surely where Q is induced

by a randomized policy in the set of policies satisfying (3.7) and the limit policy is admissible and

satisfies the required measurability/conditional independence constraints.
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Let for every t = 0, . . . , T − 1, P ∗,ω0
n be a probability measure on actions, observations and

uncertainties induced by optimal randomized policies for each DM (which is identical because of

symmetry) for N -DM teams conditioned on ω0, i.e., a probability measure that satisfies

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i,∗
n,0:t)P

∗,ω0
n (dxi0, dζ

i
0:t−1, dy

i
0:t, du

i,∗
n,0:t)

=

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i,∗
n,0:t)µ

i(dxi0, dζ
i
0:t−1|ω0)

×
t∏

k=0

Π∗,nk (du∗,in,k|y
i
k)pk(dy

i
k|ω0, x

i
0, ζ

i
0:k−1, y

i
0:k−1, u

i,∗
n,0:k−1), (3.51)

for all bounded functions g which is continuous in actions and observations and measurable in

other arguments. We denote ui,∗n := (ui,∗n,0, . . . , u
i,∗
n,T−1) as the action of DMi through time induced

by Π∗,nt . Similarly, we denote P ∗,ω0 as a probability measure induced by the limit policy, i.e., a

probability measure satisfying (3.51) induced by Π∗,∞k where ui,∗∞ := (ui,∗∞,0, . . . , u
i,∗
∞,T−1) is the

action of DMi through time induced by Π∗,∞k .

(Step 4): Now, we show that the expected cost function under the limit randomized policy is

less than or equal to the expected cost achieved by lim sup
n→∞

JnT (γ̃∗,n
T

). Since the cost function is

continuous in states and actions, under the reduction (conditions (i) or (ii)), we have P -almost

surely

1

N

N∑
i=1

T−1∑
t=0

c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

) N∏
i=1

T−1∏
t=0

ψt

(
yit, ω0, x

i
0, ζ

i
0:t−1, y

i
0:t−1, u

i
0:t−1

)

=
1

N

N∑
i=1

c̄

(
ω0, ζ

i, ui,
1

N

N∑
p=1

up,
1

N

N∑
p=1

Λ(up, ζp)

) N∏
i=1

ψ

(
yi, ω0, ζ

i, ui
)
, (3.52)

where (3.52) is true following from (3.2) and Assumption 3.3.1 for some functions c̄ : Ω0 × S ×

U×U×X→ R+ continuous in states and actions and a function Λ : U× S→ X continuous in
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actions and

N∏
i=1

ψ

(
yi, ω0, ζ

i, ui
)

:=
N∏
i=1

T−1∏
t=0

ψt

(
yit, ω0, x

i
0, ζ

i
0:t−1, y

i
0:t−1, u

i
0:t−1

)
.

We have

lim sup
N→∞

1

N

N∑
i=1

T−1∑
t=0

Eγ∗,1:NT

[
c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)]

≥ lim
M→∞

lim sup
N→∞

∫ ∫
Z

min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)}
×QN(du, dy, dζ)

∞∏
i=1

P ∗,ω0

N (dui,∗N , dy
i, dζ i)

∞∏
i=1

ψ(yi, ω0, ζ
i, ui,∗N )P (dω0) (3.53)

≥ lim
M→∞

lim
n→∞

∫ ∫
Z

min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQn(du×Y × S),

∫
U×S

ΛQn(du×Y × dζ)

)}
×Qn(du, dy, dζ)

∞∏
i=1

P ∗,ω0
n (dui,∗n , dy

i, dζ i)
∞∏
i=1

ψ(yi, ω0, ζ
i, ui,∗n )P (dω0) (3.54)

= lim
M→∞

∫
lim
n→∞

∫
Z

min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQn(du×Y × S),

∫
U×S

ΛQn(du×Y × dζ)

)}
×Qn(du, dy, dζ)

∞∏
i=1

P ∗,ω0
n (dui,∗n , dy

i, dζ i)
∞∏
i=1

ψ(yi, ω0, ζ
i, ui,∗n )P (dω0) (3.55)

= lim
M→∞

∫ ∫
Z

min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)}
×Q(du, dy, dζ)

∞∏
i=1

P ∗,ω0(dui,∗∞ , dy
i, dζ i)

∞∏
i=1

ψ(yi, ω0, ζ
i, ui,∗∞ )P (dω0) (3.56)

=

∫ ∫
Z
c̃

(
ω0, ζ, u,

∫
U

uQ(du×Y × S),

∫
U×S

ΛQ(du×Y × dζ)

)
×Q(du, dy, dζ)

∞∏
i=1

P ∗,ω0(dui,∗∞ , dy
i, dζ i)

∞∏
i=1

ψ(yi, ω0, ζ
i, ui,∗∞ )P (dω0) (3.57)

where (3.53) follows from the definition of empirical measures and by integrating over the set

(
∏∞

i=nl+1 Y × S) and since P -almost surely

min

{
M, c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)}
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≤ c̃

(
ω0, ζ, u,

∫
U

uQN(du×Y × S),

∫
U×S

ΛQN(du×Y × dζ)

)
.

Inequality (3.54) is true since limsup is the greatest convergent subsequential limit for a bounded

sequence and (3.55) follows from the dominated convergence theorem. We note that {Qn}n is

induced by ui,∗n for each DM. Since {Qn}n∈I converges weakly to Q P -almost surely, by the

moment condition and Remark 3.3.4, a similar argument as (Step 3) of the proof of Theorem 3.3.1

implies that P -almost surely

∫
U

uQn(du×Y × S)
n→∞−−−→

∫
U

uQ(du×Y × S)∫
U×S

ΛQn(du×Y × dζ)
n→∞−−−→

∫
U×S

ΛQ(du×Y × dζ)

Hence, (3.56) follows from [123, Theorem 3.5] since

min

{
M,c̃

(
ω0, ζ, u,

∫
U

uQn(du×Y × S),

∫
U×S

ΛQn(du×Y × dζ)

)}

is bounded and non-negative, and continuously converges in u P -almost surely (see (3.45)). That

is because, conditioned on ω0, yi are i.i.d. random vectors (thanks to the symmetry), the space

of policies is compact under the product topology (with the weak convergence topology for each

coordinate (for each DM)),
∏∞

i=1 ψ(yi, ω0, ζ
i, ui,∗n ) converges in the product topology, and the cost

function and ψ are continuous. Finally, (3.57) follows from the monotone convergence theorem.

Hence, the proof is completed.

3.5.5 Proof of Theorem 3.4.3

We show lim sup
T→∞

JT (γ∗
T

) = J(γ∗∞) and invoke [120, Theorem 5] or [90, Theorem 1] to complete

the proof. From (3.16), we have

lim
T→∞
|JT (γ∗∞)− JT (γ∗

T
)|
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= lim
T→∞

2

T

∣∣∣∣E[(x1
0)T (P

(T )
0 − P )x1

0

]
+

2

T

T−1∑
t=0

E

[
(w1

t )
T (P

(T )
t − P )w1

t

]
(3.58)

+
2

T

T−1∑
t=0

E

[(
E[x2

0|x1
0]

)T(
(L

(T )
t )TBTP

(T )
t+1BL

(T )
t − (L

(∞)
t )TBTPBL

(∞)
t

)
E[x2

0|x1
0]

]
(3.59)

+
2

T

T−1∑
t=0

E

[
(x1

0)T (AT )t−1

(
P

(T )
t+1BL

(T )
t − PBL

(∞)
t

)
E[x2

0|x1
0]

]∣∣∣∣ (3.60)

= 0, (3.61)

where (3.58) is zero since P (T )
0 converges to P using Lemma 3.4.1 since P (T+1)

t+1 = P
(T )
t . Expres-

sion (3.60) converges to zero since L(T )
t in (3.15) converges pointwise to L(∞)

t as T → ∞, we

have
∑∞

s=t+1 B
T (AT )s−tPBL

(∞)
s < ∞, and this implies that lim

s→∞
L

(∞)
s = 0. Hence, we have for

every ε > 0, there exists N̂ > T such that for every t > N̂ , |Tr[L(∞)
t (L

(∞)
t )T ]|< ε. We define

L
(T )
t = 0 for t > T . Expression (3.59) is equal to zero following from Lemma 3.4.1 and the fact

that |Tr[L(∞)
t (L

(∞)
t )T ]|< ε for every t > N̂ . Hence, equality (3.61) is true and global optimality

follows from [120, Theorem 5]. The closed loop system is stable since lim sup
t→∞

E(||x1
t ||2) < ∞

following from ||A + BK||< 1 (all the eigenvalues of A + BK are inside of the unit circle), and

since ||L(∞)
t || is uniformly bounded.

3.5.6 Proof of Theorem 3.4.5

As T →∞, we haveXr,(∞) = lim
T→∞

X
r,(T )
t for (3.22) since the the recursion for s→ s corresponds

to the classical Riccati equation and Xr,(T )
t is a continuous function of Xs,(T )

t [84, Corollary 7].

We have,

lim
T→∞
|JT (γ∗∞)− JT (γ∗

T
)| = lim

T→∞

1

T
|

N∑
i=1,ωi→r

Tr([(X
r,(T )
0 ){i},{i} − (Xr,(∞)){i},{i}]× E(xi0(xi0)T ))

+
T−1∑
t=0

N∑
i=1,ωi→r

Tr([(X
r,(T )
t+1 ){i},{i} − (Xr,(∞)){i},{i}]× E(ωit(ω

i
t)
T ))|

= lim
T→∞

1

T

T−1∑
t=0

|
N∑

i=1,ωi→r

Tr([(X
r,(T )
t+1 ){i},{i}Σi

ω − (Xr,(∞)){i},{i}Σi
ω]|= 0,
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where (3.23) and Lemma 3.4.1 implies the last equality. This is because (3.22) implies that

X
r,(T+1)
t+1 = X

r,(T )
t ; hence, invoking [120, Theorem 5] implies global optimality of γ∗∞. The stabil-

ity argument follows from [84, Corollary 7] and [141].
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Chapter 4

Large-Scale Exchangeable Stochastic Teams and Their

Mean-Field Limit: Relaxing Convexity

In this chapter, we study stochastic (static and dynamic) team problems with finite but large as well

as a countably infinite number of decision makers (DMs). We focus on existence and structural

results for exchangeable stochastic team problems, where now the convexity condition imposed in

the preceding chapters is relaxed. In addition, we establish approximation results for N -DM static

and dynamic teams.

We now restate the setup for stochastic team problems.

4.1 Static Teams.

First, we consider static problems, and then, we introduce the dynamic ones.

Problem (PN ): Let N = {1, . . . , N}. Let γ
N

= (γ1, · · · , γN) where ΓN =
∏N

i=1 Γi. Given

a (decentralized) static information structure, a static stochastic team problem is described with an

expected cost function (to be minimized) of γ
N

as

JN(γ
N

) = Eγ
N [c(ω0, uN)] := E[c(ω0, γ

1(y1), · · · , γN(yN))], (4.1)

for some Borel measurable cost function c : Ω0 ×
∏N

k=1 Uk → R+.
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As we consider exchangeable team problems, we let action and observation spaces be identical

through DMs Ui = U ⊆ Rn and Yi = Y ⊆ Rm for all i ∈ N , where n and m are positive

integers. In this chapter, we also focus is on a class of exchangeable team problems satisfying an

exchangeability assumption on the cost function.

Assumption 4.1.1. The cost function is exchangeable with respect to actions for all ω0, i.e., for

any permutation σ of {1, . . . , N}, (1.11) for all ω0.

In particular, again for our main results, we focus on team problems with the following expected

cost function instead of (4.1):

1

N

N∑
i=1

Eγ
N

[
c

(
ω0, u

i,
1

N

N∑
p=1

up
)]
. (4.2)

Clearly, 1
N

∑N
i=1 c(ω0, u

i, 1
N

∑N
p=1 u

p) satisfies Assumption 4.1.1. Now, we recall a stochastic

team problem with countably infinite number of decision makers.

Problem (P∞): Consider a stochastic team with a countably infinite number of decision mak-

ers, that is, N = N. Let Γ =
∏

i∈N Γi and γ = (γ1, γ2, . . . ). Given a (decentralized) static

information structure, a static stochastic team problem is described with an expected cost function

(to be minimized) of a policy γ as

J(γ) = lim sup
N→∞

1

N
Eγ

[ N∑
i=1

c

(
ω0, u

i,
1

N

N∑
p=1

up
)]
, (4.3)

for some Borel measurable cost function c : Ω0 × U× U→ R+.

Our theorems require the following absolute continuity condition (policy-independent static

reduction) under which we can equivalently view the observations of each DM as independent and

also independent of ω0 via change of measure argument.

Assumption 4.1.2. Assume that for every N ∈ N∪{∞}, there exists a probability measure Qi on
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Y and a function f i for all i ∈ N such that for all Borel set Bi in Y (with B := B1 × · · · ×BN )

µ̃N(B|ω0) =
N∏
i=1

∫
Bi
f i(yi, ω0, y

1, . . . , yi−1)Qi(dyi), (4.4)

where µ̃N is the conditional distribution of observations (y1, . . . , yN) given ω0.

The above allows us to introduce a suitable topology under which the space of randomized

policies is Borel (see Section 4.4.1). In addition, our main Theorem 4.5.1 imposes the following

assumptions on the observations and action space.

Assumption 4.1.3. Assume that

(i) Observations {yi}i∈N are i.i.d. conditioned on ω0;

(ii) Action space U is compact.

We note that under Assumption 4.1.2 and Assumption 4.1.3(i), there exists an identical refer-

ence probability measure Q and function f such that the absolute continuity condition

µ̃N(B|ω0) =
N∏
i=1

µ̂(Bi|ω0)

=
N∏
i=1

∫
Bi
f(yi, ω0)Q(dyi),

where µ̂ is the conditional distribution of each observation yi given ω0. We note that the function f

and the measure Q are identical through DMs since observations are identically distributed condi-

tioned on ω0. Furthermore, our main Theorem 4.5.1 imposes the following continuity assumption

on the cost function.

Assumption 4.1.4. The cost function in (4.2), c : Ω0 × U × U → R+, is continuous in its second

and third arguments for all ω0.

For our results in Section 4.5, we impose Assumption 4.1.1 and Assumption 4.1.2, but we only

impose Assumption 4.1.3 and Assumption 4.1.4 when they are needed.
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4.1.1 Dynamic Teams.

Again, we consider exchangeable teams, and hence, we let action, observation, and state spaces,

respectively, be identical through DMs i ∈ N , and for simplicity, also through time t = 0, . . . , T −

1, Ui
t = U ⊆ Rn, Yi

t = Y ⊆ Rn′ , Xi
t = X ⊆ Rn′′ for all i ∈ N and t = 0, . . . , T − 1, where n, n′

and n′′ are positive integers. Define state dynamics and observation dynamics of DMs as follows:

xit+1 = ft

(
xit, u

i
t,

1

N

N∑
p=1

xpt ,
1

N

N∑
p=1

upt , w
i
t

)
, (4.5)

yit = ht

(
xi0:t, u

i
0:t−1, v

i
0:t

)
, (4.6)

where functions ft and ht are measurable functions and vit and wit are random vectors represent-

ing uncertainties in state dynamics and observations. We denote xi0:t := (xi0, . . . , x
i
t), ui0:t−1 :=

(ui0, . . . , u
i
t−1), and vi0:t := (vi0, . . . , v

i
t). Let the admissible policies (γi0:T−1)i∈N (with γi0:T−1 :=

(γi0, . . . , γ
i
T−1)) be measurable control functions so that uit = γit(y

i
t) for all i ∈ N and t =

0, . . . , T − 1.

Problem (PNT ): Consider N -DM mean-field dynamic teams with the expected cost function

of γ1:N as

JNT (γ1:N) = Eγ1:N
[

1

N

T−1∑
t=0

N∑
i=1

c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)]
, (4.7)

where γ1:N := (γ1
0:T−1, . . . , γ

N
0:T−1) and γi0:T−1 := (γi0, . . . , γ

i
T−1).

Problem (P∞T ): Consider mean-field dynamic teams with the expected cost function of γ as

J∞T (γ) = lim sup
N→∞

JNT (γ1:N), (4.8)

where γ := (γ1
0:T−1, γ

2
0:T−1, . . . ) and γ1:N := (γ1

0:T−1, . . . , γ
N
0:T−1).

Our solution technique for dynamic problems is similar to the static one, which requires more
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technical arguments and additional assumptions. Our theorems for dynamic case impose an ab-

solute continuity condition (see Assumption 4.6.1) to allow us to introduce a suitable topology

on control policies and to facilitate our analysis (our main Theorem 4.7.1 requires an additional

technical Assumption 4.7.3). Furthermore, our main Theorem 4.7.1 imposes the following:

Assumption 4.1.5.

(i) For t = 0, . . . , T − 1, functions ft and ht in (4.5) and (4.6) are continuous in the states and

actions and fts are bounded;

(ii) The cost function in (4.7), c : Ω0×X×U×U×X→ R+, is continuous in the second, third,

fourth, and fifth arguments.

Assumption 4.1.6.

(i) (xi0)i∈N are i.i.d. random vectors conditioned on ω0;

(ii) For t = 0, . . . , T−1, (wit)i∈N are i.i.d. random vectors, and for i ∈ N , (wit)
T−1
t=0 are mutually

independent, and independent of ω0 and (xi0)i∈N . For t = 0, . . . , T − 1, (vit)i∈N are i.i.d.

random vectors, and for i ∈ N , (vit)
T−1
t=0 are mutually independent, and independent of ω0,

(xi0)i∈N , and wits for i ∈ N and t = 0, . . . , T − 1.

(iii) U is compact.

In view of Assumption 4.1.6(i), we note that ω0 also introduces a correlation between initial

states. For our results in Section 4.6, we impose Assumption 4.6.1, but we impose Assumption

4.7.3, Assumption 4.1.5, and Assumption 4.1.6 when they are needed.

4.1.2 Approximations.

Finally, we address the following problem in Section 4.8. If P ∗π is a (randomized) symmetric

optimal policy for (P∞) ((P∞T )) then there exist εN ≥ 0, with εN → 0 as N →∞, such that P ∗π |N
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is εN -optimal for (PN ) ((PNT )) where P ∗π |N is the restriction of P ∗π to the first N decision makers.

We use our symmetry results and analysis for (P∞) ((P∞T )).

The main goal of this chapter is to extend the existence and structural results in Chapters

2 and 3 for stochastic static and dynamic teams to exchangeable stochastic static and dynamic

teams, where the convexity of the cost functions (in actions) and convexity of the action spaces are

relaxed. Hence, our main objective in this chapter is to address the following questions:

Problem 1: Existence and structural properties of optimal policies of (PN ) and (P∞)

((PNT ) and (P∞T )). For mean-field team problems (P∞) ((P∞T )), we are interested in the existence

and structural properties of globally optimal policies. In particular, if there is a globally optimal

policy and which is symmetric (by a symmetric policy we mean that a policy is identical through

DMs) for these type of problems. The purpose of this chapter is to address this question for mean-

field team problems where the problem can be non-convex. The non-convexity of the problem can

arise as a result of non-convexity of the action space and/or non-convexity of the cost function in

actions. Also, even if the action space is convex and the cost function is convex in actions, the

information structure of the problem may lead to non-convexity of the problem in policies (see for

example [140, Section 3.3]). A celebrated example is the counterexample of Witsenhausen [130].

Finally, we address the following problem in Section 4.8:

Problem 2: Approximations of (globally) optimal polices for (PN ) and (P∞) (PNT ). One

may be also interested in the relations between optimal policies for mean-field teams and approx-

imation of the optimal policies for the pre-limit N -DM teams when N is large. Suppose P ∗π is a

(randomized) symmetric optimal policy for (P∞) ((P∞T )). Let P ∗π |N be the restriction of P ∗π to the

first N decision makers to apply that. Is there exist εN ≥ 0 with εN → 0 as N → ∞ such that

P ∗π |N is εN -optimal for (PN ) ((PNT ))?

In the view of the above discussion, this chapter addresses three main problems: (i) existence

and structural results for static teams with a countably infinite number of DMs (Section 4.5) (ii) ex-

istence and structural results for dynamic teams with a countably infinite number of DMs (Section
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4.6) (iii) approximation results for N -DM static and dynamic teams (Section 4.8).

4.2 Literature Review and Contributions

The main focus of this chapter is on teams with infinitely many decision makers. In this direction,

we note that in the preceding chapters, we have studied static and dynamic teams, where under

convexity and symmetry conditions, global optimality of the limit points of a sequence of N de-

cision maker optimal policies has been established. We also established existence and structural

results for convex static and dynamic teams with infinitely many decision makers. In this chapter,

convexity is not imposed. We emphasize that mean-field teams under decentralized information

structures generally correspond to dynamic team problems with non-classical information struc-

tures, hence, mean-field team problems may be non-convex even under the convexity of the cost

function due to the non-classical information structures.

Related results to this chapter are those on the existence and convergence of equilibria from the

mean-field games literature [81, 56, 82, 83, 80, 40], which have been discussed in the preceding

chapters. In this chapter, we will adopt a different and novel approach. First, under symmetry of

information structures and cost functions, we show that optimal policies are of an exchangeable

type for both teams with a finite and countably infinite number of decision makers. Then, we will

develop a de Finetti type representation theorem that characterizes the set of optimal policies as

the extreme points of a convex set.

We also note that compared to the results on the existence of a globally optimal policy in team

problems where (finite)N -decision maker team problems has been considered [138, 62, 140, 109],

we study static team problems with a countably infinite number of decision makers. In our ap-

proach, we use randomized policies for our analysis and we define a topology on control policies

for decentralized stochastic control. A consequence of our analysis is that, in the limit of countably

infinitely many decision makers, one can characterize the set of optimal policies as the extreme

points of a convex set of policies, which is, in turn, a subset of decentralized, independently ran-

domized and identical policies. Such a result is not applicable to teams with finitely many decision
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makers. This geometric representation of the set of policies is related to the celebrated de Finetti’s

theorem. De Finetti’s theorem implies that infinitely exchangeable joint probability measures can

be represented as mixtures (convex combination) of identical and independent probability mea-

sures [1, 65, 77].

There has been related work in the quantum information/mechanics literature. Let us first

note, however, that in [49], it has been shown that a finite number of exchangeable probability

measures can be approximated by a mixture of identical and independent probability measures,

and this approximation asymptotically becomes more accurate when the number of exchangeable

random variables increases. The de Finetti representation type results have been extended for quan-

tum systems where conditional probability measures have been considered [32, 103, 45, 18, 42].

In fact, for permutation-symmetric conditional probability measures, approximation results have

been obtained, provided that the non-signaling property holds (a conditional independence propety

between local actions and other measurements given local measurement) [32, 103, 45, 18, 42]. We

refer readers to [33, 101], for a review on the connection between the non-signaling conditional

probability measures and the conditional probability measures with private and common random-

ness.

We note that, de Finetti type results developed for conditional probability measures in quantum

information literature give us a geometric interpretation we require for strategic measures (a geo-

metric connection between non-signaling infinitely exchangeable conditional probability measures

and conditional probability measures induced by common and private randomness). However, in

the team problem setup, in addition to show this geometric connection, one is require to show that

the common randomness is independent of the observations. We address this issue by establishing

a de Finetti type representation theorem on space of policies, properly defined and metrized.
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4.3 Discussion on Main Results

In Lemma 4.5.1 for static N -DM teams and in Lemma 4.7.1 for dynamic N -DM teams, we first

show that the optimal policies are of N -exchangeable type. Then, in Lemma 4.5.2 for static mean-

field teams and in Lemma 4.7.2 for dynamic mean-field teams, we show the global optimality of

infinitely-exchangeable optimal policies and we use de Finetti representation to establish symmetry

of optimal policies. We establish the existence of a symmetric randomized optimal policy for static

and dynamic mean-field teams in Theorem 4.5.1 and Theorem 4.7.1, respectively. In Section 4.8,

based on our analysis for the existence and symmetry of optimal policy for mean-field teams, we

establish approximation results for N -DM weakly coupled teams.

One of the main difficulties in studying non-convex mean-field team problems is to show that

globally optimal policies for mean-field team problems are symmetric (identical for each DM).

This difficulty stems from the observation that, in general, globally optimal policies are not sym-

metric for non-convex pre-limit N -DM team problems (which can be seen in Example 4.5.1). This

is in contrast to the convex mean-field teams where symmetry can be established for both pre-limit

N -DM and mean-field team problems (Chapters 2 and 3). In our approach:

(i) We introduce a topology on control polices which is used to establish a de Finetti repre-

sentation result for probability measures on policies identified as randomized policies. In

Theorem 4.4.1, we show that any infinitely-exchangeable randomized policies can be repre-

sented by elements of the set of randomized policies with common and private independent

randomness where conditioned on common randomness, randomization of the policies are

independent and identical through DMs.

(ii) In Section 4.5 for static and Section 4.6 for dynamic N -DM stochastic teams (see Lemma

4.5.1 and Lemma 4.7.1), we show that by exchangeablity of the cost function and considering

symmetric information structures (under a causality condition for the dynamic case), one can

establish N -exchangeability of optimal policies.
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(iii) In Section 4.5 for static and Section 4.6 for dynamic mean-field teams (see Lemma 4.5.2 and

Lemma 4.7.2) under regularity conditions on the cost function and dynamics, by constructing

infinitely exchangeable policies by relabeling N -exchangeable optimal policies, as N goes

to infinity, we show the asymptotic optimality of infinitely exchangeable optimal policies.

Hence, this, following from our de Finetti type theorem (see Theorem 4.4.1), establishes

asymptotic global optimality of symmetric and conditionally independent policies.

(iv) Using extreme point and lower semi-continuity arguments, we establish the existence of a

symmetric optimal policy (which is privately randomized) for static and dynamic mean-field

teams (see Theorem 4.5.1 and Theorem 4.7.1).

(v) In Section 4.8, using our analysis for mean-field problems, as N goes to infinity, we show

that symmetric optimal policies of mean-field teams are asymptotically optimal for N -DM

weakly coupled teams, hence, it establishes approximation results for this class of problems.

4.4 Topology on Control Policies and a de Finetti Representation Result

4.4.1 Topology on Control Policies

In this section, we introduce a topology using which, we can introduce Borel probability measures

on policies. We first consider N -DM static team problems. Following from [138, 135], Assump-

tion 4.1.2 allows us to reduce the problem as a static team problem where now the observation of

each DM is independent of observations of other DMs and also independent of ω0 (since under the

measure transformation (4.4), a probability measure on the observation of each DM is Qi, which is

independent of observations of other DMs and ω0). Hence, under Assumption 4.1.2, we can focus

on each DMi separately. Let us define

Θi :=

{
P ∈ P(U× Y)

∣∣∣∣P (B) =

∫
B

1{gi(yi)∈dui}Q
i(dyi), g : Y→ U, B ∈ B(U× Y)

}
, (4.9)
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where P(·) denotes the space of probability measures, and 1{· ∈ A} denotes the indicator function

of the setA. The above set is the set of extreme points of the set of probability measures on (U×Y)

with fixed marginals Qi on Y, that is,

Ri :=

{
P ∈ P(U× Y)

∣∣∣∣P (B) =

∫
B

Πi(dui|yi)Qi(dyi), B ∈ B(U× Y)

}
, (4.10)

where Πi is a stochastic kernel from Y to U. Hence, it inherits Borel measurability and topo-

logical properties of that Borel measurable set [29]. We note that this set corresponds to Young

measures [136] and this representation result is due to Borkar [29]. Now, we identify the set

of relaxed policies Γi by Ri and we define convergence on policies as γin → γi if and only if

γin(dui|yi)Qi(dyi)→ γi(dui|yi)Qi(dyi) (in the weak convergence topology) as n→∞.

In view of the above standard Borel space formulation for Γi for each i ∈ N , we can define the

set of Borel probability measures on admissible policies ΓN (which is referred to as a set of ran-

domized policies) as LN := P(ΓN), where Borel σ-field B(Γi) is induced by the topology defined

above. Define the set of randomized policies induced by a common and individual randomness as:

LNCO :=

{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) :

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) =

∫
z∈[0,1]

N∏
i=1

P i
π(γi ∈ Ai|z)η(dz), η ∈ P([0, 1])

}
,

where η is the distribution of common, but independent (from intrinsic exogenous system vari-

ables), randomness, and for every fixed z, P i
π ∈ P(Γi) indicates an identical independent random-

ized policy of each DMi (i = 1, . . . , N ). Note that conditioned on a [0, 1]-valued random variable

Z, policies are independent. It can be shown that LNCO and LN are identical (see Theorem 4.9.1 in

the Appendix), and hence, the set of randomized policies LN corresponds to randomized policies

induced by an individual and a common randomness. Since individual and a common randomness

do not improve the optimal expected cost, the relaxation of the problem to sets of randomized

policies LN is a legitimate relaxation for the team problems with N -DMs.
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Now, we define the set of exchangeable randomized policies as:

LNEX :=

{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) and for all σ ∈ SN :

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) = Pπ(γσ(1) ∈ A1, . . . , γ

σ(N) ∈ AN)

}
, (4.11)

where SN is the set of permutations of {1, . . . , N}. We note that LNEX is a convex subset of LN . We

also define the set LNCO,SYM as the set of identical randomized policies induced by a common and

individual randomness:

LNCO,SYM :=

{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) :

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) =

∫
z∈[0,1]

N∏
i=1

P̃π(γi ∈ Ai|z)η(dz), η ∈ P([0, 1])

}
,

where for all i ∈ N , and fixed z, P̃π ∈ P(Γi) indicates an identical independent randomized

policy of each DMi (i = 1, . . . , N ). Also, define the set of randomized policies with only private

independent randomness as:

LNPR :=

{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) : (4.12)

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) =

N∏
i=1

P i
π(γi ∈ Ai), for P i

π ∈ P(Γi)

}
.

Finally, define the set of randomized policies with identical and independent randomness:

LNPR,SYM :=

{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) : (4.13)

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) =

N∏
i=1

P̃π(γi ∈ Ai), for P̃π ∈ P(Γi)

}
.
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For a team with a countably infinite number of decision makers, we define sets of random-

ized policies L,LEX, LCO, LCO,SYM, LPR, LPR,SYM similarly using Ionescu Tulcea extension theorem

through the sequential formulation, by iteratively adding new coordinates for our probability mea-

sure (see e.g., [2, 64]). We define the set of randomized policies L on the infinite product Borel

spaces Γ =
∏

i∈N Γi as L := P(Γ). Now, we define the set of infinitely exchangeable randomized

policies as:

LEX :=

{
Pπ ∈ L

∣∣∣∣for all Ai ∈ B(Γi) and for all N ∈ N, and for all σ ∈ SN :

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) = Pπ(γσ(1) ∈ A1, . . . , γ

σ(N) ∈ AN)

}
,

and we define

LCO :=

{
Pπ ∈ L

∣∣∣∣for all Ai ∈ B(Γi) :

Pπ(γ1 ∈ A1, γ
2 ∈ A2, . . . ) =

∫
z∈[0,1]

∏
i∈N

P i
π(γi ∈ Ai|z)η(dz), η ∈ P([0, 1])

}
.

Note that LCO is a convex subset of L and its extreme points are in the set of randomized policies

with private independent randomness:

LPR :=

{
Pπ ∈ L

∣∣∣∣for all Ai ∈ B(Γi) : (4.14)

Pπ(γ1 ∈ A1, γ
2 ∈ A2, . . . ) =

∏
i∈N

P i
π(γi ∈ Ai), for P i

π ∈ P(Γi)

}
.

Also, we define

LCO,SYM :=

{
Pπ ∈ L

∣∣∣∣for all Ai ∈ B(Γi) :

Pπ(γ1 ∈ A1, γ
2 ∈ A2, . . . ) =

∫
z∈[0,1]

∏
i∈N

P̃π(γi ∈ Ai|z)η(dz), η ∈ P([0, 1])

}
,
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and

LPR,SYM :=

{
Pπ ∈ L

∣∣∣∣for all Ai ∈ B(Γi) :

Pπ(γ1 ∈ A1, γ
2 ∈ A2, . . . ) =

∏
i∈N

P̃π(γi ∈ Ai), for P̃π ∈ P(Γi)

}
.

4.4.2 A de Finetti theorem for admissible team policies.

In view of the introduced topology and sets of Borel probability measures on policies (sets of

randomized polices), we now establish a connection between LEX and LCO,SYM using the classical

de Finetti’s theorem; that is, infinitely-exchangeable randomized policies are a mixture of i.i.d.

randomized policies.

Theorem 4.4.1. Any infinitely-exchangeable randomized policy Pπ ∈ LEX is in the set of random-

ized policies LCO,SYM (Pπ ∈ LCO,SYM), i.e., for any Pπ ∈ LEX, there exists a [0, 1]-valued random

variable Z such that for any Ai ∈ B(Γi)

Pπ(γ1 ∈ A1, γ
2 ∈ A2, . . . ) =

∫
z∈[0,1]

∏
i∈N

P̃π(γi ∈ Ai|z)η(dz), η ∈ P([0, 1]), (4.15)

where for every fixed z, P̃π ∈ P(Γi).

Proof. In view of the introduced weak convergence topology on Γi (using Borel measurable sets

(4.10) and (4.9)), we have Γi is a closed subset of the Borel space P(U × Y), and hence, Γi is

Borel for i ∈ N. The proof follows from [76, Theorem 1.1] since Γ =
∏∞

i=1 Γi is Borel. We note

that the de Finetti representation in [76, Theorem 1.1] is of the form Pπ(γ1 ∈ A1, γ
2 ∈ A2, . . . ) =∫

P(Γi)

∏∞
i=1m(Ai)η̂(dm) for η̂ ∈ P(P(Γi)) which can be written as in (4.15). That is because,

P(Γi) is an (uncountable) Borel space [25, Corollary 7.25.1], and hence, by Borel-isomorphism

Theorem (see for example, [25, Proposition 7.16]), it is Borel isomorphic to [0, 1].
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4.5 Existence and Structure of Optimal Policies for Symmetric Static Team Problems with

Infinitely Many Decision Makers.

In this section, we consider static stochastic team problems where we impose Assumption 4.1.1

and Assumption 4.1.2. We again note that for our results in this section, we impose Assumption

4.1.1 and Assumption 4.1.2. Based on the definitions of randomized policies, we redefine the

expected cost in (PN) of a randomized policy Pπ ∈ LN as:

JπN(γ
N

) :=

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0)

:=

∫ (∫
c(ω0, u

1, . . . , uN)
N∏
k=1

γk(duk|yk)
)
Pπ(dγ1, . . . , dγN)µN(dω0, dy

1, . . . , dyN),

(4.16)

where cN(γ, y, ω0) :=
∫
c(ω0, u

1, . . . , uN)
∏N

k=1 γ
k(duk|yk), and µN is the joint probability mea-

sure on measurements (y1, . . . , yN) and ω0. In the following, we characterize team problems in

which the search for a randomized optimal policy can be restricted to policies in LNEX without losing

global optimality.

Assumption 4.5.1. Let observations of DMs, (y1, · · · , yN), be exchangeable conditioned on ω0.

Note that Assumption 4.5.1 is weaker than Assumption 4.1.3(i).

Lemma 4.5.1. For a fixed N , consider an N -DM static team. Assume L̄N is an arbitrary convex

subset of LN . If Assumption 4.5.1 holds, then

inf
Pπ∈L̄N

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0) = inf

Pπ∈L̄N∩LNEX

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0). (4.17)

In the following, we present an existence result on globally optimal policies for static mean-

field teams with infinitely many decision makers. First, we re-state the infinite decision maker

mean-field team problem and its pre-limit.
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Problem (PN ): Consider an N -DM static team with the expected cost of a randomized policy

PN
π ∈ LN as:

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) :=

∫ (∫
1

N

N∑
i=1

c(ω0, u
i,

1

N

N∑
p=1

up)
N∏
k=1

γk(duk|yk)
)

×PN
π (dγ1, . . . , dγN)µN(dω0, dy

1, . . . , dyN). (4.18)

The above problem is considered as a pre-limit problem for our infinite-decision maker team

problem. This problem is a special case of (PN) defined in the previous section since we have a

special structure for the cost function cN which satisfies Assumption 4.1.1.

Problem (P∞): Consider infinite-DM static team with the following expected cost of a ran-

domized policy Pπ ∈ L as

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0), (4.19)

where Pπ,N is the marginal of the Pπ ∈ L to the first N components and µN is the marginal of the

fixed probability measure on (ω0, y
1, y2, . . . ) to the first N + 1 components.

In the following, we present a key result required for our main theorem. Under mild conditions,

we show that the optimal expected cost function induced by LNEX and LEX are equal as N goes to

infinity. Hence, by Lemma 4.5.1, under symmetry, this allows us to show that without loss of

global optimality, optimal policies of static mean-field teams with countably infinite number of

DMs can be considered to be an infinitely-exchangeable type.

Lemma 4.5.2. Suppose that Assumption 4.1.3 and Assumption 4.1.4 hold. Assume further that the

cost function is bounded. Then

lim sup
N→∞

inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)

= lim sup
N→∞

inf
Pπ∈LEX

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0), (4.20)
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where Pπ,N is the marginal of the Pπ ∈ LEX to the first N components.

In the following, we establish an existence of a randomized optimal policy for (P∞).

Theorem 4.5.1. Consider a static team problem (P∞) where Assumption 4.1.3 and Assumption

4.1.4 hold. Then, there exists a randomized optimal policy P ∗π for (P∞) which is in LPR,SYM:

inf
Pπ∈LPR,SYM

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0):= lim sup

N→∞

∫
P ∗π,N(dγ)µN(dω0, dy)cN(γ, y, ω0)

= inf
Pπ∈LPR

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0).

Here, we present an example where Theorem 4.5.1 can be applied but the existence result of

Theorem the:ch2existence in Chapter 2 cannot be applied because the assumption that Ui for each

DM is convex in Theorem 2.3.6 is violated.

Example 4.5.1. Consider a team problem with the following expected cost function

J(γ) = lim sup
N→∞

Eγ

[(
(

1

N

N∑
i=1

ui)− 1

2

)2]
,

where σ-field σ(yi) = {∅,Ω} (this corresponds to a team setup where DMs have no measurement,

hence measurable functions (policies) are constant functions), and we consider ui ∈ {0, 1} for

each DM. Clearly, an optimal policy that achieves zero is the one where a matching partition (such

as even numbers vs. odd numbers) among DMs picking ui = 0 and ui = 1, that is because the cost

function is non-negative. One can see that there is an optimal policy in LPR,SYM since each DM can

choose independently an action zero or one with probability half and this achieves the expected

cost of zero; however, there is no identically deterministic policy that achieves zero expected cost.

We note also that the problem is not a convex problem, therefore the results in Theorem 2.3.6 and

Proposition 2.3.1 are not applicable to show the existence of a symmetric randomized optimal

policy, in particular, the action sets are not convex.
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4.6 Finite Horizon Dynamic Team Problems with a Symmetric Information Structure

In this section, we study dynamic stochastic team problems. Similar to the static case, we first

introduce the intrinsic model for general dynamic team problems, and then, we define a topology

on control policies, and finally we establish our main results for dynamic problems.

4.6.1 A Revised intrinsic model for dynamic team problems

In this subsection, we recall the general (multi-stage) dynamic problems using the intrinsic model

under deterministic policies. In the next subsections, we allow randomization equipped with a

suitable topology.

According to the discussion above, by considering a collection of DMs as a single DM (i =

1, . . . , N ) acting at different time instances (t = 0, . . . , T − 1), we revise the intrinsic mode for

(multi-stage) dynamic team problems with (NT )-DMs as a team withN -DMs (forN ∈ N∪{∞}):

(i) Let the observation and action spaces be standard Borel spaces and be identical for each DM

(i = 1, . . . , N ) with Yi := Y =
∏T−1

t=0 Yt, Ui := U =
∏T−1

t=0 Ut, respectively (later on, for

simplicity of our notation and analysis, we assume that action and observation spaces are

also identical through time). For each DMi, the set of all admissible policies are denoted by

Γi :=
∏T−1

t=0 Γt. Later on, these policies will be allowed to be randomized and accordingly

the image will be P(U).

(ii) For i = 1, . . . , N , yit := hit(x
1:N
0 , ζ1:N

0:t , u
1:N
0:t−1) represents the observation of DMi at time

t (hits are Borel measurable functions). Let νNt be a stochastic kernel characterizing the

joint distribution of observations y1:N
t := (y1

t , . . . , y
N
t ) at time t induced by hits given the

available information, and let (ζ1:N) := (ζ1, . . . , ζN) where ζ i := (xi0, ζ
i
0:T−1) denotes all

the uncertainty associated with DMi including his/her initial states. We assume that (ζ i)

takes values in Ωζ (where at each time instances t, it takes value in Ωζt). Let µN denote the

law of ζ1:N . To be consistent with our notations in our analysis of the static case, we used

the same notation µN as the fixed probability measures on observations and ω0 for the static
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case; however, we note that in the dynamic case, the probability measures on uncertainties

(ζ1:N) is fixed and not probability measures on observations.

4.6.2 Topology on dynamic control policies.

Similar to Section 4.4.1, here, we allow randomization in policies, but first we introduce two reduc-

tion conditions (independent and nested reduction) that enable us to define sets of Borel probability

measures on randomized policies for dynamic teams with different information structures by con-

sidering a policy of a single DM (i = 1, . . . , N ) acting at different time instances (t = 0, . . . , T−1).

Assumption 4.6.1. One of the following conditions holds:

(i) (Independent reduction): for everyN ∈ N∪{∞} and for i = 1, . . . , N and t = 0, . . . , T−1,

there exists a probability measure τ it on Yt and a function ψit : Yt×Ω0×
∏N

p=1(
∏t−1

k=0 Ωζk ×∏t−1
k=0(Uk × Yk))→ R+ such that for all Borel sets Ai on Yt (with A = A1 × . . .× AN )

νNt (A|ω0, x
1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1)=

N∏
i=1

∫
Ai
ψit(y

i
t, ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1)τ it (dy

i
t).

(ii) (Nested reduction): for every N ∈ N ∪ {∞} and for i = 1, . . . , N and t = 0, . . . , T − 1,

there exists a probability measure ηit on Yt and a function φit such that for all Borel sets Ai

on Yt (with A = A1 × . . .× AN )

νNt (A|ω0, x
1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1)

=
N∏
i=1

∫
Ai
φit(y

i
t, ω0, x

−i
0 , ζ

−i
0:t−1, y

−i
0:t−1, u

−i
0:t−1)ηit(dy

i
t|xi0, ζ i0:t−1, y

i
0:t−1, u

i
0:t−1),

and for each DMi through time (t = 0, . . . , T − 1), there exists a static reduction with the

classical information structure (i.e., under the reduction, the information structure of each

DM through time is expanding such that σ(yit) ⊂ σ(yit+1) for t = 0, . . . , T − 1).

We note that Assumption 4.6.1(i) allows us to obtain an independent measurements reduction
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both through DMs and through time, t = 0, . . . , T − 1 (see Appendix 4.9.5). Assumption 4.6.1(ii)

holds if an independent static reduction exists through DMs and there exists a nested static reduc-

tion for each DM through time, i.e., under the reduction, the information is expanding for each

DM through time (see Appendix 4.9.5). In view of the above reduction conditions, we introduce

a suitable topology for randomized policies. Similar to Section 4.4.1, under Assumption 4.6.1(i),

we define convergence on policies as:

γi
n

n→∞−−−→ γi if and only if γit,n(duit|yit)τ it (dyit)
n→∞−−−−→

weakly
γit(du

i
t|yit)τ it (dyit) ∀ t = 0, . . . , T − 1.

Under Assumption 4.6.1(ii), we define convergence on policies as:

γi
n

n→∞−−−→ γi if and only if γit,n(duit|yi0:t)η
i
t(dy

i
0:t)

n→∞−−−−→
weakly

γit(du
i
t|yi0:t)η

i
t(dy

i
0:t) ∀ t = 0, . . . , T − 1.

Hence, under Assumption 4.6.1, we define all the sets of randomized policies defined in Section

4.4.1 for the dynamic teams by considering γi.

Now, we provide examples under which either one of the conditions in Assumption 4.6.1 holds.

Example 4.6.1. For each i = 1, . . . , N and t = 0, . . . , T − 1, let xit+1 = f it (x
1:N
0:t , u

1:N
0:t , w

i
t) and

yit = hit(ω0, x
1:N
0:t , ζ

1:N
0:t−1, u

1:N
0:t−1) + vit, where ζ it := (wit, v

i
t), and vit admits zero-mean Gaussian

density function θit with positive-definite covariance.

(i) If the information structure for each DM at time t is described as I it := {yit} for all i =

1, . . . , N and t = 0, . . . , T − 1, then Assumption 4.6.1(i) holds.

(ii) If I it := {yi0:t, u
i
0:t−1} for all i = 1, . . . , N and t = 0, . . . , T − 1 (or equivalently, I it := {ỹit}

with ỹit := h̃it(ω0, x
1:N
0:t , ζ

1:N
0:t−1, u

1:N
0:t−1, v

i
0:t) for some function h̃it and σ(ỹit) ⊂ σ(ỹit+1) and

σ(uit) ⊂ σ(ỹit+1) for some function h̄t), then Assumption 4.6.1(ii) holds.

Part(i) is true since for all t = 0, . . . , T − 1 and i = 1, . . . , N , we have

yit = hit(ω0, x
1:N
0:t , ζ

1:N
0:t−1, u

1:N
0:t−1) + vit = κit(ω0, x

1:N
0 , ζ1:N

0:t−1, u
1:N
0:t−1) + vit,
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for some functions κit, and hence, we can define

ψit(y
i
t, ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1) :=

θit(y
i
t − κit(ω0, x

1:N
0 , ζ1:N

0:t−1, u
1:N
0:t−1))

θit(y
i
t)

, τ it (dy
i
t) := θit(y

i
t)dy

i
t.

Part(ii) can be shown similarly by first applying the independent reduction as above, and then,

considering the nested information structure through time for each DM.

Example 4.6.2. Consider the following two information structures:

(i) (Open-loop information structure): For each i = 1, . . . , N and t = 0, . . . , T − 1, let xit+1 =

f it (x
1:N
0:t , u

1:N
0:t , w

i
t) and yit = hit(ζ

i
0:t−1, v

i
t) such that σ(yit) ⊂ σ(yit+1), where (ζ it)t := (wit, v

i
t)t

denotes the disturbances of DMi (which is independent of disturbances of other DMs and

independent of ω0). If I it := {yit} for all i = 1, . . . , N and t = 0, . . . , T −1, then Assumption

4.6.1(ii) holds.

(ii) For each i = 1, . . . , N and t = 0, . . . , T − 1, let xit+1 = f it (ω0, x
1:N
0:t , u

1:N
0:t ) + wit, where

wit admits zero-mean Gaussian density function θit with positive-definite covariance, and let

yit = hit(x
i
0:t, y

i
0:t−1, v

i
0:t) such that σ(yit) ⊂ σ(yit+1), where (vit)t are independent of dis-

turbances of other DMs and independent of ω0. If I it := {yit} for all i = 1, . . . , N and

t = 0, . . . , T − 1, then Assumption 4.6.1(ii) holds.

Part(i) follows from the fact that the information structure is open-loop and nested for each DM,

and hence, under this information structure the problem is static with the classical information

structure through time for each DM. Part(ii) is true since for all t = 0, . . . , T−1 and i = 1, . . . , N ,

φ̂it(x
i
t, ω0, x

1:N
0:t−1, u

1:N
0:t−1) :=

θit(x
i
t − f it (ω0, x

1:N
0:t−1, u

1:N
0:t−1))

θit(x
i
t)

, η̂it(dx
i
t) := θit(x

i
t)dx

i
t,

and since the information structure is nested through time for each DM.
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4.7 Existence and Structure of Optimal Policies for Symmetric Dynamic Team Problems

with Infinitely Many Decision Makers.

In the following, we study the existence and structure of globally optimal policies for dynamic

team problems with a symmetric information structure (that are not necessarily partially nested)

and with a finite but large and also infinitely many decision makers. In Chapter 3, convex mean-

field team problems have been considered under the assumption that the action space is convex

for each DM and the cost function is convex in policies. We note that even if the cost function is

convex in actions when there is a mean-field coupling in dynamics, convexity rarely holds since

the information structure under decentralized setup is non-classical, and that may lead to the non-

convexity of the team problem in policies (see for example [140, Section 3.3]). In the following,

convexity is not imposed. Again, for our results in this subsection, we impose Assumption 4.6.1.

4.7.1 Exchangeability of optimal policies for symmetric dynamic team problems with a fi-

nite but large number of decision makers.

We first focus on symmetric dynamic team problems with N -DMs, and we establish a structural

result for optimal policies of this class of problems (which is more general than the pre-limit mean-

field model (PNT )). In the next subsection, we use this result to establish existence and structural

properties of globally randomized optimal policies for mean-field dynamic team problems.

Now, we focus on dynamic teams with a symmetric information structure (see Definition 3.2).

We note that pre-limit mean-field and mean-field dynamic team problems (PNT ) and (P∞T ) intro-

duced in Section 5.2 have a symmetric information structure. Before, we present the result for

dynamic mean-field teams, we characterize team problems with symmetric information structures

in which the search for an optimal policy can be restricted to policies in LNEX without losing global

optimality. To this end, we focus on a more general setup of team problems within randomized
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policies Pπ ∈ LN as

JπN(γ1:N):=

∫
Pπ(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

:=

∫ (∫
c(ω0, ζ

1:N , u1, . . . , uN)
N∏
i=1

γi(dui|yi)
)
Pπ(dγ1, . . . , dγN)µN(dω0, dζ

1:N)

×
T−1∏
t=0

νNt
(
dy1:N

t

∣∣ω0, x
1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1

)
, (4.21)

where cN(ζ, γ, y, ω0) :=
∫
c(ω0, ζ

1:N , u1, . . . , uN)
∏N

i=1 γ
i(dui|yi) and the following assumptions

hold.

Assumption 4.7.1. For any permutation σ of the set {1, . . . , N}, we have for all ω0,

c(ω0, (ζ
σ)1:N , (uσ)1:N) = c(ω0, ζ

1:N , u1:N), (4.22)

where (ζσ)1:N := (ζσ(1), . . . , ζσ(N)) and (uσ)1:N := (uσ(1), . . . , uσ(N)).

Assumption 4.7.2.

(a) (ζ1, . . . , ζN) are exchangeable conditioned on ω0;

(b) For all t = 0, . . . , T − 1, and all Borel sets Ai on Yt (with A = A1 × . . .× AN )

νNt
(
A
∣∣ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1

)
=

N∏
i=1

νit
(
Ai
∣∣ω0, x

i
0, ζ

i
0:t−1, y

1:N
0:t−1, u

1:N
0:t−1

)
,

where νit is a stochastic kernel of the observation DMi at time t, yit, induced by ht (which is identical

for each DM).

We note that dynamic mean-field team problems introduced in Section 4.1.1 with the cost

function (4.7), dynamic (4.5), and observations (4.6), under Assumption 4.1.6 satisfy Assumption

4.7.1 and Assumption 4.7.2.
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Lemma 4.7.1. Consider a dynamic team problem with a symmetric information structure. Let

Assumption 4.7.1 and Assumption 4.7.2 hold. Assume L̄N is an arbitrary convex subset of LN .

Then

inf
Pπ∈L̄N

∫
Pπ(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

= inf
Pπ∈L̄N∩LNEX

∫
Pπ(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0).

4.7.2 Existence and structure of optimal policies for mean-field dynamic team problems

In the following, we establish the existence of a globally randomized optimal policy for dynamic

mean-field teams with infinitely many decision makers. Define state dynamics and observations

as (4.5) and (4.6). The information structure of DMi at time t is I it = {yit}, and ζ it := (wit, v
i
t)

(with ζ i0 := (xi0, w
i
0, v

i
0)) denotes the uncertainty corresponding to dynamics and observations at

time t for DMi which are exogenous random vectors in standard Borel spaces. First, we re-state

the infinite decision maker mean-field team problem and its pre-limit within randomized policies.

Problem (PNT ): Consider an N -DM dynamic team with the expected cost of a randomized

policy PN
π ∈ LN as:

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

:=

∫ (∫
1

N

T−1∑
t=0

N∑
i=1

c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt (y
p
t ),

1

N

N∑
p=1

xpt

) N∏
k=1

γk(duk|yk)
)

×PN
π (dγ1, . . . , dγN)µN(dω0, dζ

1:N)
T−1∏
t=0

νNt
(
dy1:N

t

∣∣ω0, x
1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1

)
, (4.23)

where

cN(ζ, γ, y, ω0) :=

∫
1

N

T−1∑
t=0

N∑
i=1

c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt (y
p
t ),

1

N

N∑
p=1

xpt

) N∏
k=1

γk(duk|yk).

The above problem is considered as a pre-limit problem for our infinite-decision maker team
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problem. We note that N -DM teams of (PNT ) is a special case of (4.21) since we have a special

structure for the cost function cN and observations which satisfy Assumption 4.7.1 and symmetry,

respectively.

Remark 4.7.1. Our analysis below also allows a more general observations for each DM where

the observations of each DM at time t can be explicitly functions of average of previous states and

actions as

yit = ht

(
xi0:t, u

i
0:t−1,

1

N

N∑
p=1

xp0:t−1,
1

N

N∑
p=1

up0:t−1, v
i
0:t

)
.

However, to simplify the presentations of theorems and proofs and emphasize in the decentraliza-

tion of optimal policy, for the rest of this chapter, we consider (4.6).

Problem (P∞T ): Consider infinite-DM static team with the following expected cost of a ran-

domized policy Pπ ∈ L as:

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0) (4.24)

where Pπ,N is the restriction of Pπ ∈ L to its first N components and µN is the marginal of the

fixed probability measure on (ω0, ζ
1, ζ2, . . . ) to the first N + 1 components.

Assumption 4.7.3. Assume Assumption 4.6.1 holds with functions ψit and φit are of the following

forms for every i ∈ N and t = 0, . . . , T − 1:

ψit

(
yit, ω0, x

i
0, ζ

i
0:t−1, y

i
0:t−1, u

i
0:t−1,

1

N

N∑
p=1

up0:t−1,
1

N

N∑
p=1

xp0:t

)
,

φit

(
yit, ω0,

1

N

N∑
p=1

up0:t−1,
1

N

N∑
p=1

xp0:t

)
,

where ψit is continuous in the last three arguments (actions and the empirical mean of actions and

states) and φit is continuous in the last two arguments (the empirical mean of actions and states).
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Before presenting our main result for dynamic mean-field teams, we present sufficient condi-

tions under which the expected cost function induced by randomized optimal policies in LNEX and

LEX are equal as N goes to infinity, and hence, following from Lemma 4.7.1, under symmetry, this

shows that without loss of global optimality, optimal policies of dynamic mean-field teams can be

considered to be an infinitely-exchangeable type.

Lemma 4.7.2. Consider the team problem (PNT ) where Assumption 4.7.3, Assumption 4.1.5, and

Assumption 4.1.6 hold. Assume further that the cost function bounded, then

lim sup
N→∞

inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

= lim sup
N→∞

inf
Pπ∈LEX

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0), (4.25)

where Pπ,N is the restriction of Pπ ∈ LEX to its first N components and µN is the marginal of the

fixed probability measure on (ω0, ζ
1, ζ2, . . . ) to the first N + 1 components.

In the following, we establish an existence and structural result for a randomized optimal policy

of (P∞T ).

Theorem 4.7.1. Consider a mean-field team problem (P∞T ) with (PNT ) having a symmetric infor-

mation structure for every N . Let Assumption 4.7.3, Assumption 4.1.5, and Assumption 4.1.6 hold.

Then, there exists a randomized optimal policy P ∗π for (P∞T ) which is in LPR,SYM,

inf
Pπ∈LPR,SYM

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

:= lim sup
N→∞

∫
P ∗π,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

= inf
Pπ∈L

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0).
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4.8 Approximations of Optimal Policies for Symmetric N -DM Stochastic Team Problems

In this section, we present approximation results of optimal policies for N -DM team problems.

We show that for large N , symmetric policies are nearly optimal and the restriction of the optimal

infinite solution to the finite team problem is nearly optimal for large N . We first consider the

static case. To present ideas more effectively, we first introduce the following set of probability

measures on policies as:

LND :=

{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) : Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) =

N∏
i=1

1{γ̃i∈Ai}, for γ̃i ∈ Γi
}
,

where the above set corresponds to Dirac-delta measures in LNPR.

Theorem 4.8.1. Consider a static team problem (PN ) (see (4.18)) where Assumption 4.1.4 and

Assumption 4.1.3 hold. Assume further the cost function is bounded. Then,

(i)

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) ≤ inf

PNπ ∈LNCO

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) + εN ,

(4.26)

and

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) ≤ inf

PNπ ∈LND

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) + εN ,

(4.27)

where εN → 0 as N goes to infinity.

(ii) If P ∗π ∈ LPR,SYM is a randomized optimal policy of (P∞), then there exist ε̄N ≥ 0 where
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ε̄N → 0 as N goes to infinity and

∫
P ∗π,N(dγ)µN(dω0, dy)cN(γ, y, ω0) ≤ inf

PNπ ∈LND

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) + εN + ε̄N ,

(4.28)

where P ∗π,N is the restriction of P ∗π to the first N components.

The main idea for establishing Part(i) is to use Lemma 4.5.1 and Lemma 4.5.2 to provide an

approximation of optimal expected cost by restricting the search for randomized policies to those

that are restrictions of randomized policies in LEX to the N first components. We note that since

the set of policies LND is not a convex subset of the set of randomized policies LN , (4.26) does not

immediately imply (4.27) using Lemma 4.5.1 but the result can be established using an extreme

point argument and since policies in LND are optimal among all randomized policies LNPR forN -DM

teams thanks to Blackwell’s irrelevant information theorem [28]. Part(ii) follows from Part(i) and

Theorem 4.5.1, using the fact that a randomized optimal policy P ∗π ∈ LPR,SYM of (P∞) provides

an approximation for the optimal expected cost when the search for randomized optimal policy for

N -DM teams is restricted to those in LNPR,SYM.

Similarly, we present approximation results of optimal policies for symmetric dynamic N -DM

team problems.

Theorem 4.8.2. Consider a dynamic team problem (PNT ) (see (4.7)). Let Assumption 4.7.3, As-

sumption 4.1.5, and Assumption 4.1.6 hold. If the cost function is bounded, then

(i)

inf
PNπ ∈LNPR, SYM

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

≤ inf
PNπ ∈LNCO

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0) + εN , (4.29)
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and

inf
PNπ ∈LNPR, SYM

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

≤ inf
PNπ ∈LND

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0) + εN , (4.30)

where εN → 0 as N goes to infinity.

(ii) If P ∗π ∈ LPR,SYM is a randomized optimal policy of (P∞T ), then there exist ε̄N ≥ 0 where

ε̄N → 0 as N goes to infinity and

∫
P ∗π,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

≤ inf
PNπ ∈LND

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0) + εN + ε̄N ,

where P ∗π,N is the restriction of P ∗π to the first N components.

Proof. Proof follows from a similar steps as the proof of Theorem 4.8.1 using the results of Lemma

4.7.2 and Theorem 4.7.1.

4.9 Proofs

4.9.1 Connection between LNCO and LN in Section 4.4.1.

In following theorem, we show that sets of randomized policies LNCO and LN are identical.

Theorem 4.9.1. The set of randomized policies LN is identical to the set of randomized policies

LNCO.

Proof. Clearly, we have LNCO ⊆ LN . In the following, we show LN ⊆ LNCO. Following from [29],

for each i = 1, . . . , N , the set of marginals of randomized policies in LN to each coordinate Γi is

a convex combination of its extreme points which is in the set of Delta-dirac measures of elements
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in Γi. Hence, for the set of extreme points of the convex set LN (denoted by Extreme(LN)), we

have

Extreme(LN) ⊆
{
Pπ ∈ LN

∣∣∣∣for all Ai ∈ B(Γi) :

Pπ(γ1 ∈ A1, . . . , γ
N ∈ AN) =

N∏
i=1

1{γ̃i∈Ai}, for γ̃i ∈ Γi
}

Hence, Extreme(LN) ⊂ LNCO and since both sets LN and LNCO are convex, we have LN ⊆ LNCO, and

this completes the proof.

4.9.2 Proof of Lemma 4.5.1.

For any permutation σ ∈ SN , we define a randomized policy P σ
π ∈ L̄N as a permutation, σ, of

arguments of a randomized policy Pπ ∈ L̄N , i.e., for Ai ∈ B(Γi)

P σ
π (γ1 ∈ A1, . . . , γ2 ∈ AN) := Pπ(γσ(1) ∈ A1, . . . , γσ(N) ∈ AN).

We have

∫
P σ
π (dγ)µN(dω0, dy)cN(γ, y, ω0)

=

∫
c(ω0, u

1, . . . , uN)
N∏
k=1

γk(duk|yk)µ̃N(dy1, . . . , dyN |ω0)P σ
π (dγ1, . . . , dγN)P0(dω0)

=

∫
c(ω0, u

1, . . . , uN))
N∏
k=1

γk(duk|yk)µ̃N(dy1, . . . , dyN |ω0)Pπ(dγσ(1), . . . , dγσ(N))P0(dω0)

(4.31)

=

∫
c(ω0, u

σ(1), . . . , uσ(N)))
N∏
k=1

γσ(k)(duσ(k)|yσ(k))µ̃N(dyσ(1), . . . , dyσ(N)|ω0)

× Pπ(dγ1, . . . , dγN)P0(dω0) (4.32)

=

∫
c(ω0, u

1, . . . , uN)
N∏
k=1

γk(duk|yk)µ̃N(dy1, . . . , dyN |ω0)Pπ(dγ1, . . . , dγN)P0(dω0) (4.33)
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=

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0),

where µ̃N is the joint conditional distribution of observations (y1, . . . , yN) given ω0, and (4.31)

follows from the definition of P σ
π and (4.32) follows from relabeling uσ(i), yσ(i) with ui, yi for all

i = 1, . . . , N . Equality (4.33) follows from Assumption 4.1.1 and Assumption 4.5.1.

Let ε ≥ 0, and consider a randomized policy P ∗π,ε ∈ L̄N such that

∫
P ∗π,ε(dγ)µN(dω0, dy)cN(γ, y, ω0) ≤ inf

Pπ∈L̄N

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0) + ε.

Consider P̃π,ε as a convex combination of all possible permutations of P ∗π,ε by averaging them.

Since L̄N is convex, we have P̃π,ε ∈ L̄N . Also, we have P̃π,ε ∈ LNEX, and for any permutation

σ ∈ SN , we have

P̃π,ε(dγ
1, . . . , dγN) :=

∑
σ∈SN

1

|SN |
P ∗,σπ,ε (dγ1, . . . , dγN)

= P̃ σ
π,ε(dγ

1, . . . , dγN),

where |SN | denotes the cardinality of the set SN , and the second equality follows from the fact that

the sum is over all permutation σ by taking average of them. Therefore, a randomized policy P̃π,ε

is in L̄N ∩ LNEX. We have,

∫
P̃π,ε(dγ)µN(dω0, dy)cN(γ, y, ω0) :=

∫
(
∑
σ∈SN

ασP
∗,σ
π,ε )(dγ)µN(dω0, dy)cN(γ, y, ω0)

=
∑
σ∈SN

ασ

∫
P ∗,σπ,ε (dγ)µN(dω0, dy)cN(γ, y, ω0)

=
∑
σ∈SN

ασ

∫
P ∗π,ε(dγ)µN(dω0, dy)cN(γ, y, ω0)

≤ inf
Pπ∈L̄N

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0) + ε,

where the second equality is true since the map Pπ →
∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0) is linear
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and the third equality follows from (4.33). Since P̃N,ε ∈ L̄N ∩ LNEX, we have

∫
P̃π,ε(dγ)µN(dω0, dy)cN(γ, y, ω0) ≥ inf

Pπ∈L̄N∩LNEX

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0).

Hence, for any ε ≥ 0, we have

inf
Pπ∈L̄N∩LNEX

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0) ≤ inf

Pπ∈L̄N

∫
Pπ(dγ)µN(dω0, dy)cN(γ, y, ω0) + ε.

Since ε is arbitrary, this completes the proof.

4.9.3 Proof of Lemma 4.5.2

To prove Lemma 4.5.2, we use two following results by Diaconis and Friedman [49, Theorem

13] and Aldous [1, Proposition 7.20] (see also [75] for more general results) which we recall for

reader’s convenience:

Theorem 4.9.2. [49, Theorem 13] Let Y = (Y1, . . . , Yn) be an n-exchangeable andZ = (Z1, Z2, . . . )

be an infinitely-exchangeable sequence of random variables withL(Z1, . . . , Zk) = L(YI1 , . . . , YIk)

for all k ≥ 1 where the indices (I1, I2, . . . ) are i.i.d. random variables with the uniform distribu-

tion on the set {1, . . . , n}. Then, for all m = 1, . . . , n,

∣∣∣∣∣∣∣∣L(Y1, . . . , Ym)− L(Z1, . . . , Zm)

∣∣∣∣∣∣∣∣
TV

≤ m(m− 1)

2n
, (4.34)

where L(·) denotes the law of random variables and ||·||TV is the total variation norm.

Theorem 4.9.3. [1, Proposition 7.20] Let X := (X1, X2, . . . ) be an infinitely-exchangeable se-

quence of random variables taking values in a Polish space X and directed by a random measure

α (i.e., α is a P(X)-valued random variable and Pr(X ∈ A) =
∫
P(X)

∏∞
i=1 ξ(A

i)Pr(α ∈ dξ)

where Ai ∈ B(X) and (A = A1×A2× . . . ), see [1, Definition 2.6]). Suppose that either for each

n
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(1) X(n) = (X
(n)
1 , X

(n)
2 , . . . ) is infinitely-exchangeable directed by αn, or

(2) X(n) = (X
(n)
1 , . . . , X

(n)
n ) is n-exchangeable with empirical measure αn.

Then, X(n) converges in distribution to X (X(n) d−−−→
n→∞

X) if and only if αn
d−−−→

n→∞
α.

We note that by convergence in distribution to an infinite exchangeable sequence, we mean the

following: X(n) d−−−→
n→∞

X if and only if (X
(n)
1 , . . . , X

(n)
m )

d−−−→
n→∞

(X1, . . . , Xm) for each m ≥ 1 [1,

page 55].

Using the above theorems, we now complete the Proof of Lemma 4.5.2. Since the action

space U is compact and observations are i.i.d. with a fixed marginal (under Assumption 4.1.2,

via a change of measure argument observations can be viewed to be independent of ω0), the set

of probability measures LN is tight. Furthermore, by [138, Theorem 5.1], LN is closed under the

topology of weak convergence and hence LN is compact. Using the argument in [138, Theorem

5.1] under Assumption 4.1.4, the expected cost function is lower semicontinuous in policies PN ∈

LN . Hence, there exists an optimal policy for (PN ), and by Lemma 4.5.1, this optimal policy can

be assumed to be in LNEX. Consider a sequence of N -exchangeable randomized policies {P ∗,Nπ }N ,

where for every N ≥ 1, P ∗,Nπ ∈ LNEX and

∫
P ∗,Nπ (dγ)µN(dω0, dy)cN(γ, y, ω0) = inf

PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0). (4.35)

In the following, we show (4.20) in two steps. In the first step, for everyN , we use the construction

in Theorem 4.9.2 to construct an infinitely-exchangeable randomized policy P ∗,∞π,N ∈ LEX using the

N -exchangeable randomized policy P ∗,Nπ ∈ LNEX by considering the indices as a sequence of i.i.d.

random variables with uniform distribution on the set {1, . . . , N}, and then, we show that there

exists a weakly convergent subsequence of joint measures on the first coordinate, observations,

and the average of induced actions of randomized policies P ∗,∞π,N ∈ LEX. Then, we show that the

expected cost function induced by the N -exchangeable randomized policy P ∗,Nπ ∈ LNEX converges

through a subsequence to a limit induced by an infinitely-exchangeable randomized policy P ∗,∞π,N .
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(Step 1): Let (I1, I2, . . . ) be i.i.d. random variables with uniform distribution on the set {1, . . . , N}.

For a fixed N and for any N -exchangeable randomized policy P ∗,Nπ ∈ LNEX, we construct an

infinitely-exchangeable randomized policy P ∗,∞π,N ∈ LEX as follows: for every N and m and for all

Ai ∈ B(Γi)

P ∗,∞π,N (γ1 ∈ A1, . . . , γm ∈ Am) := P ∗,Nπ (γI1 ∈ A1, . . . , γIm ∈ Am).

where P ∗,∞π,N is the restriction of P ∗,∞
π,PNπ

∈ LEX to the first N components. We note that P ∗,∞π,N ∈ LEX

because we use i.i.d. sequence (I1, I2, . . . ) for indexing probability measures on the space of

policies, hence, for every fixed N and N -exchangeable randomized policy P ∗,Nπ , a randomized

policy P ∗,∞π,N is i.i.d through DMs and hence it is infinitely-exchangeable.

Let u∗,iN be the control action induced by γiN where random variables (γ1
N , . . . , γ

N
N ) are deter-

mined byN -exchangeable randomized policy P ∗,Nπ ∈ LNEX. Let u∗,i∞,N be the control action induced

by γiN,∞ where random variables (γ1
N,∞, . . . , γ

N
N,∞) are determined by infinitely-exchangeable ran-

domized policy P ∗,∞π,N ∈ LEX. Since under the reduction (Assumption 4.1.2), observations are i.i.d.

and also independent of ω0, following from Theorem 4.9.2, we have for every m ≥ 1

∣∣∣∣∣∣∣∣L(γ1
N , . . . , γ

m
N , y

1, . . . , ym)− L(γ1
N,∞, . . . , γ

m
N,∞, y

1, . . . , ym)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣L(γ1
N , . . . , γ

m
N )

m∏
i=1

L(yi)− L(γ1
N,∞, . . . , γ

m
N,∞)

m∏
i=1

L(yi)

∣∣∣∣∣∣∣∣
TV

−−−→
N→∞

0, (4.36)

where (4.36) follows from the fact that (γ1
N , . . . , γ

N
N ) and (γ1

N,∞, . . . , γ
N
N,∞) are random variables

with joint probability measures P ∗,Nπ ∈ LNEX and P ∗,∞π,N ∈ LEX|N , respectively.

Since U is compact, the marginal of probability measures on U is tight. Since the probability

measure on Y is fixed, the marginal on Y is also tight. Since marginals are tight, then the collection

of all measures on (U×Y) with these tight marginals is also tight (see e.g., [137, Proof of Theorem

2.4]), and hence, the set Γi is tight for each i ∈ N. Hence, {L(γi∞,N)}N is tight for each DM and by

exchangeablity L(γi∞,N) = L(γ1
∞,N). Hence, we can find a subsequence such that L(γi∞,l) −−−→

l→∞
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L(γi∞) for all i ∈ N. Since marginals of {L(γ1
∞,l, . . . , γ

m
∞,l)}l are tight, for each m ≥ 1, there

exists a further subsequence

L(γ1
∞,n, . . . , γ

m
∞,n) −−−→

n→∞
L(γ1

∞, . . . , γ
m
∞),

where (γ1
∞, γ

2
∞, . . . ) is infinitely-exchangeable and induced by an infinitely-exchangeable random-

ized policy P ∗,∞π ∈ LEX since the set of infinitely-exchangeable randomized policies is closed un-

der the weak-convergence topology, where by weak convergence for an infinite sequence, we mean

weak convergence of finite restrictions. That is because, if P σ,∗,∞
π is the limit in the weak conver-

gence topology of the sequence randomized policies {P σ,∗,∞
π,n }n as n→∞, where for Ai ∈ B(Γi)

and for all N ∈ N and all finite permutations σ ∈ SN

P σ,∗,∞
π,n (γ1 ∈ A1, γ2 ∈ A2, . . . ) := P ∗,∞π,n (γσ(1) ∈ A1, γσ(2) ∈ A2, . . . ).

Then, following from exchangeability, since sequences {P ∗,∞π,n }n and {P σ,∗,∞
π,n }n are identical, the

limit in the weak convergence topology of both randomized policies P ∗,∞π and P σ,∗,∞
π are also

identical, and hence, the limit P ∗,∞π is infinitely-exchangeable, P ∗,∞π ∈ LEX. Hence, following

from (4.36), for each m ≥ 1

L(γ1
n, . . . , γ

m
n ) −−−→

n→∞
L(γ1

∞, . . . , γ
m
∞).

By construction of random variables u∗,in and u∗,i∞ and since random variables γins are independent

of yis, we have for each m ≥ 1

(u∗,1n , . . . , u∗,mn )
d−−−→

n→∞
(u1
∞, . . . , u

m
∞),

where (u1
∞, u

2
∞, . . . ) is induced by an infinitely-exchangeable policy P ∗,∞π ∈ LEX. Following from
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Theorem 4.9.3, we have for all A ∈ U and P-almost surely

Fn(A) := F ω
n (A) :=

1

n

n∑
i=1

δu∗,in (ω)(A)
d−−−→

n→∞
αω(A), (4.37)

where ω denotes the sample path dependency and α is the directing measure of an infinitely-

exchangeable random variables (u1
∞, u

2
∞, . . . ) (that is α(ω,A) = Pr(u∗,i∞ ∈ A|H) almost surely

for all A ∈ U where H is the σ-field generated by P(U)-valued random variable α [1]). Following

from (4.37), since the action space U is compact, we have P-almost surely

F̄n := F̄ ω
n :=

1

n

n∑
i=1

u∗,in (ω) =

∫
U
uFn(du)

d−−−→
n→∞

F̄ :=

∫
U
uαω(du). (4.38)

Define P̃ ∗,n as the joint probability measure of (u∗,1n , F̄n, y) where marginals on y := (y1, y2, . . . )

are fixed to be
∏∞

i=1Q(dyi). Since marginals on (u∗,1n , F̄n) are tight and marginals on y are fixed,

{P̃ ∗,n}n is tight. Hence, there exists a subsubsequence {P̃ ∗,k}k converges weakly to P̃ ∗ as k goes

to infinity. This implies that marginals {P̃ ∗,k}k on (u∗,1k , F̄k) converges to the marginals of P̃ ∗ on

(u∗,1, F̄ ), hence, P̃ ∗ is induced by (u1
∞, u

2
∞, . . . ) which is infinitely-exchangeable and is induced

by an infinitely-exchangeable randomized policy in LEX.

(Step 2): We have

lim sup
N→∞

∫
P ∗,Nπ (dγ)µN(dω0, dy)cN(γ, y, ω0)

= lim sup
N→∞

1

N

N∑
i=1

∫
c(ω0, u

i,
1

N

N∑
p=1

up)
N∏
k=1

γk(duk|yk)P ∗,Nπ (dγ1, . . . , dγN)

×
N∏
i=1

µ̂(dyi|ω0)P0(dω0)

= lim sup
N→∞

1

N

N∑
i=1

∫
c(ω0, u

i,
1

N

N∑
p=1

up)
N∏
k=1

γk(duk|yk)P ∗,Nπ (dγ1, . . . , dγN) (4.39)
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×
N∏
i=1

f(ω0, y
i)Q(dyi)P0(dω0)

= lim sup
N→∞

∫ ∫
∏∞
i=N+1 Y

c(ω0, u
1, F̄N)P̃ ∗,N(du1, dF̄N , dy)

∞∏
i=1

f(ω0, y
i)P0(dω0) (4.40)

≥ lim
k→∞

∫ ∫
∏∞
i=k+1 Y

c(ω0, u
1, F̄k)P̃

∗,k(du1, dF̄k, dy)
∞∏
i=1

f(ω0, y
i)P0(dω0) (4.41)

=

∫
c(ω0, u

1, F̄ )P̃ ∗(du1, dF̄ , , dy)
∞∏
i=1

f(ω0, y
i)P0(dω0) (4.42)

≥ lim sup
N→∞

inf
Pπ∈LEX

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0). (4.43)

where µ̂ is the conditional distribution of each observation yi given ω0, and (4.39) follows from

Assumption 4.1.3(i), hence, under Assumption 4.1.2, in the new (equivalent) expected cost func-

tion, observations are i.i.d. and independent of ω0. (4.40) follows from integrating over the

set
∏∞

i=N+1 Y and since (u∗,1N , . . . , u∗,NN ) is N -exchangeable. Inequality (4.41) follows from the

assumption that the cost function is bounded and limsup is the greatest subsequence limit of a

bounded sequence where k is the index of the subsequence considered in (Step 1). Equality (4.42)

follows from the dominated convergence theorem and following from Assumption 4.1.4 and since

by (Step 1) {P̃ ∗,k}k converges weakly to P̃ ∗ as k goes to infinity. Inequality (4.43) follows from

the fact that P̃ ∗ is the joint measure with the first coordinate (u1
∞, u

2
∞, . . . ) which is infinitely-

exchangeable and it is induced by an infinitely-exchangeable randomized policy in LEX. The

above inequalities become equalities since the opposite direction is true as well (that is because

LEX|N ⊂ LNEX) and this completes the proof.

4.9.4 Proof of Theorem 4.5.1

We complete the proof in four steps.

(Step 1): Similar to the proof of Lemma 4.5.2, using [138, Theorem 5.1], we can show that

there exists a randomized optimal policy for (PN ) which belongs to the set LN , and by Lemma
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4.5.1, this randomized optimal policy can be assumed to be in the set of N -exchangeable random-

ized policies LNEX. Consider a sequence of N -exchangeable randomized policies {P ∗,Nπ }N , where

for every N ≥ 1, P ∗,Nπ ∈ LNEX and

∫
P ∗,Nπ (dγ)µN(dω0, dy)cN(γ, y, ω0) = inf

PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0).

(Step 2): In this step, we show that to establish an existence result, it is sufficient to show the

convergence of the expected cost induced by a randomized optimal policy in LNPR,SYM of N -DM

teams to the expected cost induced by a randomized policy LPR,SYM of mean-field teams through a

subsequence as N goes to infinity. We first lift the space of randomized admissible policies, and

we represent any admissible randomized policy as a probability measure in L (which is convex)

and LEX ⊂ L. We have

inf
Pπ∈L

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0)

≥ lim sup
N→∞

inf
PNπ ∈LN

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) (4.44)

= lim sup
N→∞

inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) (4.45)

≥ lim
M→∞

lim sup
N→∞

inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dy) min {M, cN(γ, y, ω0)} (4.46)

= lim
M→∞

lim sup
N→∞

inf
Pπ∈LEX

∫
Pπ,N(dγ)µN(dω0, dy) min {M, cN(γ, y, ω0)} (4.47)

= lim
M→∞

lim sup
N→∞

inf
PNπ ∈LNCO,SYM

∫
PN
π (dγ)µN(dω0, dy) min {M, cN(γ, y, ω0)} (4.48)

= lim
M→∞

lim sup
N→∞

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy) min {M, cN(γ, y, ω0)} (4.49)

≥ inf
Pπ∈LPR,SYM

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0) (4.50)

≥ inf
Pπ∈LCO,SYM

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0) (4.51)

≥ inf
Pπ∈L

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0), (4.52)
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where (4.44) follows from exchanging limsup with inf and the fact that the restriction toN -first co-

ordinate Pπ,N ∈ LN for any randomized policy Pπ ∈ L, and (4.45) follows from Lemma 4.5.1. In-

equality (4.46) follows from min {M, cN(γ, y, ω0)} ≤ cN(γ, y, ω0). Equality (4.47) follows from

Lemma 4.5.2 and (4.48) follows from Theorem 4.4.1. The set of extreme points of the convex set

LNCO,SYM is in LNPR,SYM (that is because, LNCO,SYM corresponds to the randomized policies with com-

mon and individual independent randomness where each DM choose an identical randomized pol-

icy), hence, (4.49) is true sinceLNCO,SYM is convex, and the map
∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) :

LNCO,SYM → R is linear. Inequalities (4.51) and (4.52) follow from the fact that LPR,SYM ⊂

LCO,SYM ⊂ L. Hence, by (4.52), this chain of inequalities must be chain of equalities.

In the next two steps, we justify (4.50) through showing that there exists a subsequence of

policies induced by symmetric/identical private randomization whose weak-limit achieves (4.50).

First, we establish compactness of the set of randomized policies LNPR,SYM, and then, we show a

lower semicontinuity of the induced expected cost function justifying (4.50).

(Step 3): Consider the set of randomized policies LNPR,SYM. For each DM, we can equivalently

represent any randomized policy as a probability measure on (U× Y), where the marginal on ob-

servations is fixed. Since the team is static, this decouples the policy spaces from the policies of

the previous decision makers. Following from symmetry, we can represent each DM’s privately

randomized policy space as {P ∈ P(U×Y)|P (B) =
∫
B

Π(dui|yi)Q(dyi)} where B ∈ B(U×Y)

and Π is an identical randomized policy from the set of stochastic kernels from space of obser-

vations to space of actions for each DM. Since U is compact, the marginals on U are relatively

compact. Since the marginals are relatively compact, the collection of all measures with these

relatively compact marginals are also relatively compact (see e.g., [137, Proof of Theorem 2.4]),

and hence, the randomized policy space is relatively compact. Following from symmetry, the set

of individual randomized policies for each DM is closed under product topology where each co-

ordinate converges in the weak convergence topology. Hence, (Step 3) implies that there exists a

subsequence of (symmetric) individually randomized policies for each DM that converges weakly
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to the limit which is identical for each DM. In (Step 4), we show that the limit randomized policy

is optimal by showing a lower semicontinuity of the induced expected cost function.

(Step 4): Define the empirical measure on actions and observations as follows:

ΛN(B) :=
1

N

N∑
i=1

δβiN (B),

where for eachN , βiN := (ui,∗N , y
i),B ∈ Z := (U×Y), ui,∗N is the action induced by the randomized

policy Π∗N in (Step 3).

Now, we have

lim
M→∞

lim sup
N→∞

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy) min {M, cN(γ, y, ω0)}

= lim
M→∞

lim sup
N→∞

∫ (∫
min

{
M, c

(
ω0, u,

∫
U
uΛN(du× Y)

)}
ΛN(du, dy)

)
(4.53)

×
∞∏
i=1

P ∗,ω0

N (dui, dyi)P0(dω0)

≥ lim
M→∞

lim
n→∞

∫ (∫
min

{
M, c

(
ω0, u,

∫
U
uΛn(du× Y)

)}
Λn(du, dy)

)
(4.54)

×
∞∏
i=1

P ∗,ω0
n (dui, dyi)P0(dω0)

= lim
M→∞

∫
lim
n→∞

∫ (∫
min

{
M, c

(
ω0, u,

∫
U
uΛn(du× Y)

)}
Λn(du, dy)

)
(4.55)

×
∞∏
i=1

P ∗,ω0
n (dui, dyi)P0(dω0)

≥ lim
M→∞

∫ ∫ (∫
min

{
M, c

(
ω0, u,

∫
U
uΛ(du× Y)

)}
Λ(du, dy)

)
(4.56)

×
∞∏
i=1

P ∗,ω0(dui, dyi)P0(dω0)

=

∫ (∫
c

(
ω0, u,

∫
U
uΛ(du× Y)

)
Λ(du, dy)

) ∞∏
i=1

P ∗,ω0(dui, dyi)P0(dω0) (4.57)

= lim sup
N→∞

∫
1

N

N∑
i=1

c

(
ω0, u

i,
1

N

N∑
p=1

up
) N∏

i=1

P ∗,ω0(dui, dyi)P0(dω0) (4.58)
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≥ inf
Pπ∈LPR,SYM

lim sup
N→N

∫
Pπ,N(dγ)µN(dω0, dy)cN(γ, y, ω0) (4.59)

where P ∗,ω0

N (dui, dyi) := Π∗N(dui|dyi)µ̂(dyi|ω0) = Π∗N(dui|yi)f(ω0, y
i)Q(dyi). Equality (4.53)

follows from the definition of the empirical measure, and Assumption 4.1.3(i), and follows from

symmetry of optimal policies since every DM apply an identical policy, the set of policies can

be extended to infinite product space and then we can consider the expected cost by integrating

over
∏∞

i=N(U × Y). Inequality (4.54) follows from the fact that limsup is the greatest convergent

subsequence limit for a bounded sequence, where we denoted the convergent subsequence of co-

ordinates of policies in (Step 3) with n ∈ I ⊂ N. Equality (4.55) follows from the law of total

expectation, and the dominated convergence theorem.

Fix the convergent subsequence n, following from symmetry and Assumption 4.1.2 and As-

sumption 4.1.3(i), we have βin = (u∗,in , y
i) are i.i.d. Now, using a similar argument as the proof

of Theorem 3.3.1, through choosing a suitable subsubsequence and using the strong law of large

numbers, we can show that for a continuous bounded function g ∈ Cb(Z)

P
({

ω ∈ Ω : lim
n→∞

∣∣∣∣ 1n
n∑
i=1

g(βin)− E(g(βi∞))

∣∣∣∣ = 0

})
= 1. (4.60)

By considering a countable family of measure determining functions T ⊂ Cb(Z), (4.60) im-

plies that the empirical measures {Λn}n converges weakly to Λ = L(βi∞) P-almost surely, and Λ

is induced by the limit randomized policy P ∗,ω0 . We define the w-s topology on the above set of

probability measures on (Ω0 × U × Y). That is, the coarsest topology on P(Ω0 × U × Y) under

which
∫
f̂(ω0, u, y)κ(dω0, du, dy) : P(Ω0 × U× Y)→ R is continuous for every measurable and

bounded f̂ which is continuous in u but need not to be continuous in y and ω0 (see e.g., [121]

and [138, Theorem 5.6]). Following from Assumption 4.1.5 and Assumption 4.1.3(ii), and since

actions induced by identical policies are i.i.d. (thanks to symmetry), we have P-almost surely

fn := min

{
M, c

(
ω0, ·,

∫
U
uΛn(du× Y)

)}
cont−−→ f := min

{
M, c

(
ω0, ·,

∫
U
uΛ(du× Y)

)}
,
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where we recall that the sequence fn converges continuously to f (fn
cont−−→ f ) if and only if

fn(an) → f(a) whenever an → a as n → ∞. Now, (4.56) follows from the generalized domi-

nated convergence theorem for varying measures in [123, Theorem 3.5]. Equality (4.57) follows

from the monotone convergence theorem, and (4.58) follows from the fact that the limit random-

ized policy, P ∗,ω0 , does not depend on N and symmetry, hence, (4.58) is true using a similar

analysis as (4.56). Inequality (4.59) follows from the fact that the limit policy, P ∗,ω0(dui, dyi) :=

Π∗(dui|yi)f(ω0, y
i)Q(dyi), achieving (4.58) belongs to LPR,SYM. That is because, following from

(Step 3), for each DM, the set of randomized policies is closed under the product topology where

each coordinate converges weakly, and hence, the limit policy is also a randomized policy induced

by a subsequence of N -DM optimal policies (which are symmetric through DMs). This implies

(4.59) and completes the proof.

4.9.5 Independent measurement reduction under Assumption 4.6.1

Under Assumption 4.6.1(i), we can represent the expected cost as

JN(γ1:N):=

∫
c(ω0, u

1
0:T−1, . . . , u

N
0:T−1)µN(dω0, dζ

1:N)

×
N∏
i=1

T−1∏
t=0

1{γit(yit)∈duit}ν
i
t

(
dyit
∣∣ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1

)
=

∫
c(ω0, u

1
0:T−1, . . . , u

N
0:T−1)µN(dω0, dζ

1:N) (4.61)

×
N∏
i=1

T−1∏
t=0

1{γit(yit)∈duit}ψ
i
t

(
yit, ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1

)
τ it (dy

i
t)

=

∫
cs(ω0, ζ

1:N , u1:N
0:T−1, y

1:N
0:T−1)µN(dω0, dζ

1:N)
N∏
i=1

T−1∏
t=0

1{γit(yit)∈duit}τ
i
t (dy

i
t),

where the new (equivalent) cost function is defined as

cs(ω0, ζ
1:N , u1:N

0:T−1, y
1:N
0:T−1) := c(ω0, u

1:N
0:T−1)

N∏
i=1

T−1∏
t=0

ψit

(
yit, ω0, x

1:N
0 , ζ1:N

0:t−1, y
1:N
0:t−1, u

1:N
0:t−1

)
,
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and (4.61) follows from Assumption 4.6.1(i). Similar derivation holds when randomized poli-

cies are considered. Similarly, we can define the new (equivalent) cost function under Assump-

tion 4.6.1(ii). We note that in the above, we considered control actions induced by deterministic

policies; however, the above analysis can be extended to randomized policies by just replacing∏N
i=1

∏T−1
t=0 1{γit(yit)∈duit} with

∏N
i=1

∏T−1
t=0 γ

i
t(du

i
t|yit).

4.9.6 Proof of Lemma 4.7.1

We follow the steps of the proof of Lemma 4.5.1. For any permutation σ ∈ SN , we define a

randomized policy P σ
π ∈ L̄N as a permutation σ of arguments of a randomized policy Pπ ∈ L̄N ,

i.e., for Ai ∈ B(Γi)

P σ
π (γ1 ∈ A1, . . . , γ2 ∈ AN) := Pπ(γσ(1) ∈ A1, . . . , γσ(N) ∈ AN).

We have

∫
P σ
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

=

∫
c(ω0, u

1, . . . , uN)
N∏
k=1

γk(duk|yk)Pπ(dγσ(1), . . . , dγσ(N)) (4.62)

×µ̃N(dζ1:N |ω0)P0(dω0)
T−1∏
t=0

N∏
i=1

νit
(
dyit
∣∣ω0, x

i
0, ζ

i
0:t−1, y

1:N
0:t−1, u

1:N
t−1

)
=

∫
c(ω0, u

σ(1), . . . , uσ(N))
N∏
k=1

γσ(k)(duσ(k)|yσ(k))Pπ(dγ1, . . . , dγN) (4.63)

×µ̃N(d(ζσ)1:N |ω0)P0(dω0)
T−1∏
t=0

N∏
i=1

νit

(
dy

σ(i)
t

∣∣∣ω0, x
σ(i)
0 , ζ

σ(i)
0:t−1, (y

σ
0:t−1)1:N , (uσ0:t−1)1:N

)
=

∫
c(ω0, u

1, . . . , uN)
N∏
k=1

γk(duk|yk)Pπ(dγ1, . . . , dγN) (4.64)

×µ̃N(dζ1:N |ω0)P0(dω0)
T−1∏
t=0

N∏
i=1

νit
(
dyit
∣∣ω0, x

i
0, ζ

i
0:t−1, y

1:N
0:t−1, u

1:N
0:t−1

)
=

∫
Pπ(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)
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where µ̃N is the conditional distribution of uncertainties ζ1:N given ω0, and (4.62) follows from

Assumption 4.7.2(b) and the definition of randomized policy P σ
π and (4.63) follows from relabeling

uσ(i), yσ(i), ζσ(i) with ui, yi, ζ i for all i = 1, . . . , N and the fact that yit = ht(x
i
0, x
−i
0 , ζ

i
0:t, ζ

−i
0:t , u

i
0:t−1, u

−i
0:t−1).

Equality (4.64) follows from Assumption 4.7.2(a), Assumption 4.7.1 and the hypothesis that the

information structure is symmetric. The rest of the proof follows from similar steps in that of

Lemma 4.5.1.

4.9.7 Proof of Lemma 4.7.2

We follow steps of the proof of Lemma 4.5.2. Under Assumption 4.7.3 and Assumption 4.1.5, for

every finite N , there exists an optimal policy in LNEX. Consider a sequence {P ∗,Nπ }N , where for

every N ≥ 1, P ∗,Nπ ∈ LNEX and

∫
P ∗,Nπ (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0)

= inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0). (4.65)

(Step 1): Let (I1, I2, . . . ) be i.i.d. random variables with the uniform distribution on the set

{1, . . . , N}. For a fixed N and for any P ∗,Nπ ∈ LNEX, we construct P ∗,∞π,N ∈ LEX as follows: for

every fixed N and for all Ai ∈ B(Γi)

P ∗,∞π,N (γ1 ∈ A1, . . . , γ2 ∈ AN) := P ∗,Nπ (γI1 ∈ A1, . . . , γIN ∈ AN),

where P ∗,∞π,N is the restriction of P ∗,∞
π,PNπ

∈ LEX to the first N components.

Let u∗,it,N be the control action induced by γiN,t where random variables (γ1
N,t, . . . , γ

N
N,t) for

all t = 0, . . . , T − 1 are determined by P ∗,Nπ ∈ LNEX. Let u∗,it,∞,N be the control action in-

duced by γi∞,t where random variables (γ1
t,∞,N , . . . , γ

N
t,∞,N) are determined by P ∗,∞π,N ∈ LEX.

Let γi
N

:= (γiN,0, . . . , γ
i
N,T−1), γi

N,∞ := (γi0,∞,N , . . . , γ
i
T−1,∞,N), uiN := (uiN,0, . . . , u

i
N,T−1) and



4.9. PROOFS 146

uiN,∞ := (ui0,∞,N , . . . , u
i
T−1,∞,N) for each DM. Since under the reduction (Assumption 4.6.1), ob-

servations are i.i.d. through DMs and also independent of ω0, following from Theorem 4.9.2, we

have for every m ≥ 1

∣∣∣∣∣∣∣∣L(γ1

N
, . . . , γm

N
, y1, . . . , ym)− L(γ1

N,∞, . . . , γ
m

N,∞, y
1, . . . , ym)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣L(γ1

N
, . . . , γm

N
)
m∏
i=1

L(yi)− L(γ1

N,∞, . . . , γ
m

N,∞)
m∏
i=1

L(yi)

∣∣∣∣∣∣∣∣
TV

−−−→
N→∞

0. (4.66)

where (4.36) follows from the fact that (γ1
N
, . . . , γN

N
) and (γ1

N,∞, . . . , γ
N
N,∞) are random vari-

ables with joint probability measures P ∗,Nπ ∈ LNEX and P ∗,∞π,N ∈ LEX|N , respectively. Since U

is compact, and under the reduction the probability measure on observation is fixed, any joint

probability measures on acttions and observations is tight, hence, {L(γi∞,N)}N is tight for each

DM and by exchangeablity L(γi∞,N) = L(γ1
∞,N). Hence, we can find a subsequence such that

L(γi∞,l) −−−→l→∞
L(γi∞) for all i ∈ N. Since marginals of {L(γ1

∞,l, . . . , γ
m
∞,l)}l are tight, for each

m ≥ 1, there exists a further subsequence

L(γ1

∞,n, . . . , γ
m

∞,n) −−−→
n→∞

L(γ1

∞, . . . , γ
m

∞),

where (γ1
∞, γ

2
∞, . . . ) is infinitely-exchangeable and induced by P ∗,∞π ∈ LEX since the set of

infinitely-exchangeable random variables is closed under the weak-convergence topology. Hence,

following from (4.36), for each m ≥ 1

L(γ1

n
, . . . , γm

n
) −−−→
n→∞

L(γ1

∞, . . . , γ
m

∞).

By construction u∗,in and u∗,i∞ and since random variables γi
n
s are independent of yis, we have for

each m ≥ 1

(u∗,1n , . . . , u∗,mn )
d−−−→

n→∞
(u1
∞, . . . , u

m
∞),
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where (u1
∞, u

2
∞, . . . ) is induced by an infinitely-exchangeable policies P ∗,∞π ∈ LEX. Following

from Theorem 4.9.3, P-almost surely

Fn,t(A) := F ω
n,t(A) :=

1

n

n∑
i=1

δu∗,in,t(ω)(A)
d−−−→

n→∞
αu,ωt (A), (4.67)

where A ∈ U and ω denotes the sample path dependence and αut is the directing random measure

of an infinitely-exchangeable random variables (u1
∞,t, u

2
∞,t, . . . ). By (4.67), since the action space

is compact, for all t = 0, . . . , T − 1, we have P-almost surely

µun,t := µu,ωn,t :=
1

n

n∑
i=1

u∗,in,t =

∫
U
uFn,t(du)

d−−−→
n→∞

µut :=

∫
U
uαu,ωt (du). (4.68)

(Step 2): Let x∗,it,n be the state of DMi at time t under u∗,i0:t−1,n := (u∗,i0,n, . . . , u
∗,i
t−1,n):

x∗,it,n = ft−1

(
x∗,it−1,n, u

∗,i
n,t−1,

1

n

n∑
p=1

x∗,pt−1,n,
1

n

n∑
p=1

u∗,pn,t−1, w
i
t−1

)
. (4.69)

Let t = 1. We have

x∗,i1,n = f0

(
xi0, u

∗,i
n,0,

1

n

n∑
p=1

xp0,
1

n

n∑
p=1

u∗,pn,0, w
i
0

)
. (4.70)

Since initial states are i.i.d. conditioned on ω0, by continuity of the function f0 in actions and

states, we have x∗,i1,n
d−−−→

n→∞
x∗,i1,∞ for all DMs. Hence, {L(x∗,11,n, . . . , x

∗,n
1,n)}n is tight, and hence, for

each m ≥ 1, there exists a subsubsequence k such that (x∗,11,k, . . . , x
∗,m
1,k )

d−−−→
k→∞

(x∗,11,∞, . . . , x
∗,m
1,∞).

Following from Theorem 4.9.3, since f0 is bounded, we have P-almost surely

µxk,1 :=
1

k

n∑
i=1

x∗,i1,k = µx,ωk,1 =

∫
X
x

1

k

k∑
i=1

δx∗,i1,k
(dx)

d−−−→
k→∞

µx1 :=

∫
X
xαx,ω1 (dx), (4.71)
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where αx1 is the directing measure for (x∗,1∞,1, x
∗,2
∞,1, . . . ). Similarly, we can show that for t = 2,

x∗,i2,k = f1

(
x∗,i1,k, u

∗,i
k,1, µ

x
k,1, µ

u
k,1, w

i
1

)
. (4.72)

By continuity of the function f1 and the analysis for t = 1, we have x∗,i2,k

d−−−→
k→∞

x∗,i2,∞ for all DMs.

Hence, {L(x∗,12,k, . . . , x
∗,k
2,k)}l is tight and for each m ≥ 1, there exists a further subsubsequence kl

such that (x∗,12,kl
, . . . , x∗,m2,kl

)
d−−−→

kl→∞
(x∗,12,∞, . . . , x

∗,m
2,∞) . Following from Theorem 4.9.3, since f1 is

bounded, , we have P-almost surely

µxkl,2 := µx,ωkl,2 =

∫
X
x

1

kl

kl∑
i=1

δx∗,i2,kl

(dx)
d−−−→

kl→∞
µx2 :=

∫
X
xαx,ω2 (dx), (4.73)

where αx2 is the directing measure for (x∗,1∞,2, x
∗,2
∞,2, . . . ). By induction, for each m ≥ 1, there

exists a further subsubsequence n (which we indicate by n to omit further sub-subscript) such that

(x∗,1n , . . . , x∗,mn )
d−−−→

nl→∞
(x∗,1∞ , . . . , x

∗,m
∞ ) and µxnl,t

d−−−→
n→∞

µxt for all t = 0, . . . , T − 1.

Now, we follow the steps of Lemma 4.5.2, however, in addition to actions and observations,

we consider states and disturbances in our analysis and we use the result of (Step 2). Define

P̃ ∗,n as the joint probability measures of (u∗,1n , x∗,1n , µun,0:T−1, µ
x
n,0:T−1, y, ζ). Since marginals on

(u∗,1n , x∗,1n , µun,0:T−1, µ
x
n,0:T−1) are tight and under the reduction marginals on (y, ζ) are fixed, {P̃ ∗,n}n

is tight. Hence, there exists a further subsubsequence {P̃ ∗,nk}nk converges weakly to P̃ ∗ as nk goes

to infinity. This implies that marginals {P̃ ∗,nk}nk converge to the marginals of P̃ ∗, hence, P̃ ∗ is

induced by (u1
∞, u

2
∞, . . . ) which is infinitely-exchangeable and is induced by a policy in LEX.

(Step 3): Since the cost function is continuous in states and actions, under the reduction (As-

sumption 4.7.3), we have P-almost surely

1

N

N∑
i=1

T−1∑
t=0

c

(
ω0, x

i
t, u

i
t,

1

N

N∑
p=1

upt ,
1

N

N∑
p=1

xpt

)

×
N∏
i=1

T−1∏
t=0

φit

(
yit, ω0, x

i
0, ζ

i
0:t−1, y

i
0:t−1, u

i
0:t−1,

1

N

N∑
p=1

up0:t−1,
1

N

N∑
p=1

xp0:t

)
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=
1

N

N∑
i=1

c̄

(
ω0, ζ

i, xi, ui,
1

N

N∑
p=1

up,
1

N

N∑
p=1

xp
)

(4.74)

N∏
i=1

φi
(
yi, ω0, ζ

i, ui,
1

N

N∑
p=1

up,
1

N

N∑
p=1

xp
)
,

where (4.74) is true following from (4.5) and Assumption 4.1.5 for some function ĉ : Ω0 × S ×

X×U×U×X→ R+ which is continuous in states and actions and

φi
(
yi, ω0, ζ

i, ui,
1

N

N∑
p=1

up,
1

N

N∑
p=1

xp
)

:=
T−1∏
t=0

φit

(
yit, ω0, x

i
0, ζ

i
0:t−1, y

i
0:t−1, u

i
0:t−1,

1

N

N∑
p=1

up0:t−1,
1

N

N∑
p=1

xp0:t

)

We have,

lim sup
N→∞

inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)ν(dy|ζ, γ, ω0)

= lim sup
N→∞

∫ ∫
∏∞
i=nl+1 Y×S

c̄

(
ω0, ζ

i, xi, ui, µuN,0:T−1, µ
x
N,0:T−1

)
(4.75)

×P̃ ∗,N(du∗,i, dx∗,i, dµuN,0:T−1, dµ
x
N,0:T−1, y, ζ)

×
∞∏
i=1

φi
(
yi, ω0, ζ

i, u∗,i, µuN,0:T−1, µ
x
N,0:T−1

)
P0(dω0)

≥ lim
nk→∞

∫ ∫
∏∞
i=nk+1 Y×S

c̄

(
ω0, ζ

1, x1, u1, µunk,0:T−1, µ
x
nk,0:T−1

)
(4.76)

×P̃ ∗,nk(du∗,i, dx∗,i, dµunk,0:T−1, dµ
x
nk,0:T−1, y, ζ)

×
∞∏
i=1

φi
(
yi, ω0, ζ

i, u∗,i, µunk,0:T−1, µ
x
nk,0:T−1

)
P0(dω0)

=

∫
c̄

(
ω0, ζ

1, x1, u1, µu0:T−1, µ
x
0:T−1

)
P̃ ∗(du∗,i, dx∗,i, dµu0:T−1, dµ

x
0:T−1, y, ζ) (4.77)

×
∞∏
i=1

φi
(
yi, ω0, ζ

i, u∗,i, µu0:T−1, µ
x
0:T−1

)
P0(dω0)

≥ lim sup
N→∞

inf
Pπ∈LEX

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)ν(dy|ζ, γ, ω0). (4.78)
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where (4.75) follows from integrating over the set (
∏∞

i=nl+1 Y × S) and the fact that under the re-

duction, observations and disturbances, initial states are i.i.d. and (u∗,1N , . . . , u∗,NN ) isN -exchangeable.

Inequality (4.76) follows from the assumption that the cost function is bounded and limsup is the

greatest subsequence limit of a bounded sequence. Equality (4.77) follows from the dominated

convergence theorem and following from Assumption 4.1.5 and Assumption 4.7.3 and since prob-

ability measures on observations disturbances are fixed and since by (Step 2) {P̃ ∗,nk}nk converges

weakly to P̃ ∗ and
∏∞

i=1 φ
i(yi, ω0, ζ

i, u∗,i, µunk,0:T−1, µ
x
nk,0:T−1) converges weakly to the limit in the

product topology as nk goes to infinity. Inequality (4.78) follows from the fact that P̃ ∗ is the joint

measure with the first coordinate (u1
∞, u

2
∞, . . . ) which is infinitely-exchangeable and is induced by

a policy in LEX. The above inequalities are equalities since the opposite direction is true (that is

because LEX|N ⊂ LNEX) and this completes the proof.

4.9.8 Proof of Theorem 4.7.1

We complete the proof in five steps where the steps are similar to the proof of Theorem 4.5.1.

(Step 1): Under Assumption 4.1.5 and Assumption 4.7.3, by Lemma 4.7.1, for every finite N ,

there exists a randomized optimal policy in LNEX. Consider a sequence {P ∗,Nπ }N , where for every

N ≥ 1, P ∗,Nπ ∈ LNEX and

∫
P ∗,Nπ (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0) (4.79)

= inf
PNπ ∈LNEX

∫
PN
π (dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0).

(Step 2): Similar to (Step 2) of the proof of Theorem 4.5.1 using Lemma 4.7.2 and Theorem

4.4.1, we can show that to complete the proof, it is sufficient to show

lim
M→∞

lim sup
N→∞

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dζ) min {M, cN(ζ, γ, y, ω0)}νN(dy|ζ, γ, ω0)

≥ inf
Pπ∈LPR,SYM

lim sup
N→∞

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)νN(dy|ζ, γ, ω0). (4.80)
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In the next two steps, we justify (4.80) through showing that there exists a subsequence of ran-

domized policies induced by symmetric/identical private randomization whose weak subsequent

limit achieves the right hand side of (4.80).

(Step 3): Consider the set of randomized policies LNPR,SYM. We note that under a symmetric

information structure and since each DM applies an identical policy, under Assumption 4.6.1,

yi are i.i.d. through DMs and also independent of ω0. Hence, following from the information

structure, the randomized policy spaces of each DM is separated from the policies of the other

decision makers. Hence, we can equivalently represent any privately randomized policy for each

DM acting through time separately as a probability measures induced by symmetric (identical

randomized policies), i.e., probability measures q on (U×Y) where randomized policies of each

DM for every t = 0, . . . , T − 1 satisfy

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i
0:t)q(dy

i
0:t, du

i
0:t|ω0, x

i
0, ζ

i
0:t−1)

=

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i
0:t)

t∏
k=0

ΠN
k (duik|yik)ηk(dyik|ω0, x

i
0, ζ

i
0:k−1, y

i
0:k−1, u

i
0:k−1),

for all bounded functions g which is continuous in actions and observations and measurable in

other arguments and for some stochastic kernel ΠN
k representing a randomized policy of DMs at

time k (which is identical through DMs).

Since U is compact, the marginals on U is relatively compact under the weak convergence

topology. Hence, the collection of all probability measures with these relatively compact marginals

are also relatively compact (see e.g., [137, Proof of Theorem 2.4]). Since every DM applies an

identical policy and since observations are i.i.d., the randomized policy space is relatively compact

(where each coordinate is relatively compact in the weak convergence topology), and hence, there

exists a subsequence of randomized policies q̃n ∈ P(
∏

i(Y×U)) converges weakly (each coordi-

nate converges weakly) to a limit q̃ (as an infinite product of policies of DMs), where n is the index

of the subsequence and n goes to infinity. Now, we show that randomized policy space is closed
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under the weak convergence topology. Assume q̂n ∈ P(Y×U) (induced by identical randomized

policies Πn
t for each DM at time t = 0, . . . , T − 1) converges weakly to q̂. If Assumption 4.6.1(i)

(under the structure Assumption 4.7.3) holds, then there exists an independent static reduction for

each DM through time, and hence, following from the discussion in the proof of [138, Theorem

5.2], each coordinate of policy spaces corresponds to DMi at time t is closed under the weak

convergence topology. Also, if Assumption 4.6.1(ii) (under the structure 4.7.3) holds, then [138,

Theorem 5.6] leads to the same conclusion. Hence, this implies that for q̃∗N ∈ P(
∏N

i=1(Y ×U))

induced by optimal randomized policies Π∗,Nt for each DM at time t, there exists a subsequence

q̃∗n ∈ P(
∏∞

i=1(Y ×U)) (as an infinite product of policies of DMs Π∗,nt ) converges weakly (each

coordinate converges weakly) to a limit q̃∗ which is in LPR,SYM and it is induced by a randomized

policy Π∗,∞t for each DM at time t.

(Step 4): Let {q̂∗N}N be a policy for each DM induced by optimal randomized policies Π∗,Nt

for N -DM team problems, and let ui,∗N := (ui,∗N,0, . . . , u
i,∗
N,T−1) be the action of DMi through time

induced by Π∗,Nt . Following from (Step 3), there exists a weak subsequential limit q̂∗ of {q̂∗n}n as

n → ∞ for each DM, which is induced by Π∗,∞t . Let ui,∗∞ := (ui,∗∞,0, . . . , u
i,∗
∞,T−1) be the action of

DMi induced by the identically randomized policy Π∗,∞t . Define

ΥN(B) :=
1

N

N∑
i=1

δ(xiN ,α̃
i
N )(B), (4.81)

where α̃iN := (ui,∗N , y
i, ζ i),B ∈ X×Z := X×U×Y×S, U := (

∏T−1
t=0 U), Y := (

∏T−1
t=0 Y), S :=

(
∏T−1

t=0 S) = X × (
∏T−1

t=0 W× V), X := (
∏T−1

t=0 X), yi := (yi0, . . . , y
i
T−1), ζ i := (ζ i0, . . . , ζ

i
T−1),

and xiN := (xi0, . . . , x
i
T−1) with states are driven by a sequence of N -DM randomized optimal

policies of Π∗,Nt . In the following, we show that, conditioned on ω0, the subsequence of empirical

measures {Υn}n converges to Υ := L((x1
∞, α̃

1
∞)|ω0) in w-s topology, where α̃i∞ = (u∗,i∞ , y

i, ζ i)

and xi∞ denotes that states of DMi driven by u∗,i∞ (we note that the convergence is weakly, but

since ζ is are exogenous random variables with a fixed marginal, the convergence is also in the w-s
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topology). Define

Q̄N(B) :=
1

N

N∑
i=1

δα̃iN (B), (4.82)

whereB ∈ Z . Under the reduction in Assumption 4.6.1, observations of each DM are independent

of actions and observations of other DMs through time, t = 0, . . . , T − 1, and hence, a similar ar-

gument, which is used to show (4.60), implies that the subsequence of empirical measures {Q̄n}n∈I

converges P-almost surely to Q̄ = L(α̃i∞|ω0) in w-s topology. Define

Υt
n(A) :=

1

n

n∑
i=1

δ(xit,n,α̃
i
t,n)(A), (4.83)

where α̃it,n := (ui,∗n,t, y
i
t, ζ

i
t), A ∈ X × U × Y × S. Since conditioned on ω0, initial states are

i.i.d, the empirical measure of initial states converges weakly to L(x1
0|ω0) P-almost surely. Since

{Q̄n}n converges P-almost surely to Q̄ in w-s topology, we can conclude that Υ0
N converges Υ0 :=

L((xi0, α̃
i
0,∞)|ω0) in w-s topology P-almost surely. Following from (4.5), for t = 0, we have for

every continuous and bounded function g ∈ Cb(X), conditioned on ω0, P-almost surely

lim
n→∞

1

n

n∑
i=1

g(xi1,n)= lim
n→∞

1

n

n∑
i=1

g

(
f0

(
xi0, u

∗,i
n,0,

1

n

n∑
p=1

xp0,
1

n

n∑
p=1

u∗,pn,0, w
i
0

))

= lim
n→∞

∫
g

(
f0

(
x, u,

∫
xΥ0

n(dx× U× Y× S),

∫
uΥ0

n(X× du× Y× S), ζ

))
(4.84)

×Υ0
n(dx, du, dy, dζ)

=

∫
g

(
f0

(
x, u,

∫
xΥ0(dx× U× Y× S),

∫
uΥ0(X× du× Y× S), ζ

))
(4.85)

×Υ0(dx, du, dy, dζ)

where (4.84) follows from (4.83), and (4.85) follows from the generalized dominated convergence

theorem for varying measures. That is because, function g is continuous and bounded, f0 is a

bounded function which is continuous in actions and observations and measurable in uncertainties,

and the fact that under the reduction, conditioned on ω0, Υ0
N converges Υ0 := L((xi0, α̃

i
0,∞)|ω0) in
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w-s topology P-almost surely. Hence, since {Q̄n}n converges P-almost surely to Q̄ inw-s topology

conditioned on ω0, Υ1
N converges Υ1 := L((xi1,∞, α̃

i
1,∞)|ω0) in w-s topology P-almost surely. By

induction, one can show that conditioned on ω0, Υt
N converges Υt := L((xit,∞, α̃

i
t,∞)|ω0) in w-s

topology P-almost surely for t = 0, . . . , T − 1. Hence, conditioned on ω0, {Υn}n∈I converges to

Υ := L((xi∞, α̃
i
∞)|ω0) in w-s topology.

(Step 5): By Assumption 4.1.5, similar to the proof of Theorem 4.7.2, we have (4.74). Un-

der the reduction, we can consider policy spaces for each DM individually. Let for every t =

0, . . . , T − 1, P ∗,ω0
n be a probability measure on actions, observations and uncertainties induced

by optimal randomized policies for each DM (which is identical because of symmetry) for N -DM

teams conditioned on ω0, i.e., a probability measure that satisfies

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i,∗
n,0:t)P

∗,ω0
n (dxi0, dζ

i
0:t−1, dy

i
0:t, du

i,∗
n,0:t|ω0)

=

∫
g(ω0, x

i
0, ζ

i
0:t−1, y

i
0:t, u

i,∗
n,0:t)µ

i(dxi0, dζ
i
0:t−1|ω0) (4.86)

×
t∏

k=0

Π∗,nk (du∗,in,k|y
i
k)ηk(dy

i
k|ω0, x

i
0, ζ

i
0:k−1, y

i
0:k−1, u

i,∗
n,0:k−1),

for all bounded functions g which is continuous in actions and observations and measurable in

other arguments. Similarly, we denote P ∗,ω0 as a probability measure induced by the limit policy,

i.e., a probability measure satisfying (4.86) induced by Π∗,∞k . Hence, following from a similar

argument as in the (Step 4) of the proof of Theorem 4.7.1, we have

lim
M→∞

lim sup
N→∞

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dζ)ν(dy|ζ, γ, ω0) min {M, cN(ζ, γ, y, ω0)}

≥ lim
M→∞

lim
n→∞

∫ ∫
min

{
M,c̄

(
ω0, ζ, x, u,

∫
uΥn(X× du×Y × S),

∫
xΥn(dx×U×Y × S)

)}
(4.87)

×Υn(dx, du, dy, dζ)
∞∏
i=1

P ∗,ω0
n (dui,∗n , dy

i, dζ i)
∞∏
i=1

φi
(
yi, ω0, ζ

i, ui,∗n ,
1

n

n∑
p=1

up,∗n ,
1

n

n∑
p=1

xpn

)
P0(dω0)
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= lim
M→∞

∫
lim
n→∞

∫
min

{
M,c̄

(
ω0, ζ, x, u,

∫
uΥn(X× du×Y × S),

∫
xΥn(dx×U×Y × S)

)}
(4.88)

×Υn(dx, du, dy, dζ)
∞∏
i=1

P ∗,ω0
n (dui,∗n , dy

i, dζ i)
∞∏
i=1

φi
(
yi, ω0, ζ

i, ui,∗n ,
1

n

n∑
p=1

up,∗n ,
1

n

n∑
p=1

xpn

)
P0(dω0)

= lim
M→∞

∫ ∫
min

{
M,c̄

(
ω0, ζ, x, u,

∫
uΥ(X× du×Y × S),

∫
xΥ(dx×U×Y × S)

)}
(4.89)

×Υ(dx, du, dy, dζ)
∞∏
i=1

P ∗,ω0(dui,∗∞ , dy
i, dζ i)

∞∏
i=1

φi
(
yi, ω0, ζ

i, ui,∗∞ , E[u1,∗
∞ |ω0], E[x1

∞|ω0]

)
P0(dω0)

=

∫ ∫
c̄

(
ω0, ζ, x, u,

∫
uΥ(X× du×Y × S),

∫
xΥ(dx×U×Y × S)

)
(4.90)

×Υ(dx, du, dy, dζ)
∞∏
i=1

P ∗,ω0(dui,∗∞ , dy
i, dζ i)

∞∏
i=1

φi
(
yi, ω0, ζ

i, ui,∗∞ , E[u1,∗
∞ |ω0], E[x1

∞|ω0]

)
P0(dω0)

≥ inf
Pπ∈LPR,SYM

lim sup
N→N

∫
Pπ,N(dγ)µN(dω0, dζ)cN(ζ, γ, y, ω0)ν(dy|ζ, γ, ω0),

where (4.87) follows from (4.81), (4.74), and since limsup is the greatest convergent subsequence

limit for a bounded sequence, and (4.88) follows from the dominated convergence theorem. Fol-

lowing from a similar argument as the analysis in (Step 4) of the proof of Theorem 4.5.1, since

{Υn}n∈I converges weakly to Υ P-almost surely, an argument based on the generalized dominated

convergence theorem for varying measures in [123, Theorem 3.5] implies (4.89), and (4.90) fol-

lows from the monotone convergence theorem. Hence, (4.80) holds and this completes the proof.

4.9.9 Proof of Theorem 4.8.1

(i) We first show (4.26). We have

inf
PNπ ∈LNCO

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)

≥ inf
PNπ ∈LNCO∩LEX|

N

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)− εN (4.91)

= inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)− εN , (4.92)
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where LEX|N denotes the set of N -DM randomized policies which are the restrictions of policies

in LEX to the N first components. By Lemma 4.5.1 since LNCO is convex, without losing global

optimality, we can optimize over LNCO ∩ LNEX. Let ε > 0, and consider P ∗,Nπ,ε ∈ LNCO ∩ LNEX such that

inf
PNπ ∈LNCO∩L

N
EX

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) ≥

∫
P ∗,Nπ,ε (dγ)µN(dω0, dy)cN(γ, y, ω0)− ε.

(4.93)

Following from the proof of Lemma 4.5.2, using P ∗,Nπ,ε ∈ LNCO ∩ LNEX and by considering the

indexes as a sequence of i.i.d. random variables with uniform distribution on the set {1, . . . , N},

we can construct an infinitely-exchangeable policy P ∗,∞π,ε where the restriction of an infinitely-

exchangeable policy to N first components P ∗,∞π,N,ε ∈ LNCO ∩ LEX|N , satisfies

∫
P ∗,∞π,N,ε(dγ)µN(dω0, dy)cN(γ, y, ω0)

∫
P ∗,Nπ,ε (dγ)µN(dω0, dy)cN(γ, y, ω0) + εN . (4.94)

Hence, (4.93) and (4.94) imply that

inf
PNπ ∈LNCO∩L

N
EX

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)

≥ inf
PNπ ∈LNCO∩LEX|

N

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)− ε− εN .

Since ε is arbitrary, this implies (4.91). By Theorem 4.4.1, without losing optimality, we can

optimize over LNCO,SYM. Equality (4.92) is true since LNCO,SYM is convex with extreme points in

LNPR,SYM, and the map
∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) : LNCO,SYM → R is linear.

Now, we show (4.27) holds. We have

inf
PNπ ∈LND

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)= inf

PNπ ∈LNPR

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) (4.95)

≥ inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0)− εN ,

(4.96)
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where (4.95) follows from Blackwell’s irrelevant information theorem [28] and sinceLNCO is convex

with extreme points in LNPR and the map
∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) : LNCO → R is linear,

hence, without losing optimality, we can optimaize over LNCO. Inequality (4.96) follows from (4.26)

and this completes the proof of (i).

(ii) Let P ∗π ∈ LPR,SYM be an optimal policy of (P∞) and P ∗π,N is the restriction of P ∗π to the first

N components. Define for all N ∈ N

aN :=

∫
P ∗π,N(dγ)µN(dω0, dy)cN(γ, y, ω0)

bN := inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0).

Following from (Step 4) of the proof of Theorem 4.5.1, since the cost function is bounded,

lim sup
N→∞

∫
P ∗π,N(dγ)µN(dω0, dy)cN(γ, y, ω0)

= lim sup
N→∞

inf
PNπ ∈LNPR,SYM

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0). (4.97)

Hence, lim sup
N→∞

aN = lim sup
N→∞

bN . Following from (Step 4) of the proof of Theorem 4.5.1, and

symmetry, lim
N→∞

aN = a < ∞ and also there exists a subsequence such that lim
k→∞

bNk = a < ∞.

On the other hand, since aN ≥ bN for all N ∈ N, we can find ε̃N ≥ 0 such that aN = bN + ε̃N .

Taking limit as k goes to infinity from both sides, we have a = lim
k→∞

(bNk + εNk) = a + lim
k→∞

εNk .

Hence, lim
k→∞

εNk = 0 since ε̃N ≥ 0. Hence, there exists ε̄N ≥ 0 where ε̄N → 0 as N goes to infinity

such that

∫
P ∗π,N(dγ)µN(dω0, dy)cN(γ, y, ω0)

≤ inf
PNπ ∈LND

∫
PN
π (dγ)µN(dω0, dy)cN(γ, y, ω0) + εN + ε̄N (4.98)

where (4.98) follows from (4.27), and this completes the proof of (ii).
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Chapter 5

Policy-Independent and Policy-Dependent Static Reductions of

Stochastic Dynamic Teams

We observed earlier that the static reduction of a dynamic team problem facilitates optimality

analysis. In this chapter, we study static reductions for stochastic dynamic team problems with

a finite number of decision makers. In view of the intrinsic model, and the brief introduction on

three types of static reductions in Chapter 1, we introduce the main objective of this chapter, which

is to address mainly the following problems:

Problem 1: Connections between three optimality concepts (global optimality, person-

by-person optimality, and stationarity) for stochastic dynamic teams and their policy-independent

static reductions. Suppose that a policy-independent static reduction holds for a dynamic team

problem. Let γD,∗ := {γD∗i }i∈N be a person-by-person optimal (globally optimal) policy for a dy-

namic problem. Is it true that γD,∗ is also a person-by-person optimal (globally optimal) policy for

a dynamic problem under policy-independent static reductions? Is the converse statement valid?

Problem 2: Connections between three optimality concepts (global optimality, person-

by-person optimality, and stationarity) for stochastic dynamic teams and their policy-dependent

static reductions. Suppose that a policy-dependent static reduction holds for a dynamic team prob-

lem with a partially nested information structure. Let γD,∗ := {γD∗i }i∈N be a person-by-person
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optimal (stationary, globally optimal) policy for a dynamic problem. Construct an admissible pol-

icy γS,∗ := {γS∗i }i∈N for the policy-dependent static reduction of the dynamic problem, realizing

almost surely an identical control action (ui = γD∗i (yDi ) = γS∗i (ySi )). Is it true that γS,∗ is a

person-by-person optimal (stationary, globally optimal) policy for the dynamic problem under the

policy-dependent static reduction? Is the converse statement valid?

5.1 Literature Review and Contributions

As we have discussed in the introductory chapter and through our analysis for large-scale teams,

the static reduction method has been shown to be very effective in arriving at existence, structural

and approximation results. For existence results building on this approach, we refer the reader to

[62, 140, 109, 138] and for approximations with finite models to [112]. For game problems, for

an application on existence of saddle point equilibria, see [68]. Also, it has also been shown that

for any sequential team problem with arbitrary information structures, a dynamic programming

formulation can be formulated, see [133] for countable spaces and [138] for general spaces which

lead to general existence results.

In this chapter, we study the connections between stationary (pbp optimal, globally optimal)

policies for both types of static reductions. An interpretation of the connections between policies

of dynamic teams and their static reductions is (path-dependent) feedback policies versus noise

feedforward policies [24]. A subtlety of these connections for stationary (pbp optimal) policies

can stem from the following observation: for dynamic teams, deviating a policy of a DM and

fixing policies of others, requires a multi-directional deviation analysis since observations of frozen

DMs depend on the deviating DM’s policy. However, under a static reduction since observations

of frozen DMs do not depend on the actions of the deviating DMs, only considering a single-

directional deviation analysis of control actions is sufficient. Therefore, in general, establishing

such connections between optimal/stationary policies are not obvious at all and can fail to hold

even under a partially nested IS. In this chapter, we present negative results and also sufficient

conditions for positive results on the connections between optimality concepts of dynamic teams
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and their policy-independent and policy-dependent static reductions.

As we discussed in the introductory chapter, in the game theory literature, an interpretation of

policies of dynamic teams and their static reductions is closed-loop versus open-loop policies. Re-

lated to the subtlety of these connections between open-loop and closed-loop policies, we refer the

reader to the results in [41, 132, 129, 11, 17, 21, 46] on zero-sum games, and [9, 17] on nonzero-

sum games. We again note that as we have observed through our analysis in Chapters 3 and 4, these

connections are particularly important since the compactness and convexity conditions often can

be established under more relaxed assumptions for policies under static reductions (open-loop poli-

cies), and hence, existence of such connections can facilitate the analysis for the convergence and

existence of optimal policies in the context of large-scale teams/games and their mean-field limit

(see also [56, 81, 39, 72, 83] for games). In Section 5.2.4, we focus on multi-stage team problems,

where we first introduce two types of static reductions suitable for these problems, and then we

establish connections between optimal policies of dynamic teams and their static reductions. Our

preliminary results in Section 5.2.4 have shown to be important for analysis of large-scale teams

(Chapters 3 and 4), but the detail study on the equivalence relation, approximation and conver-

gence of open-loop and closed-loop (player-wise) pbp/Nash equilibrium policies for (mean-field)

weakly interacting teams/games is left for future research. Notable results in this direction are:

[83] on mean-field games, where it has been shown that in a sense open-loop and closed-loop con-

verge together to mean-field equilibria; [58] on large games in economic theory literature, where

it has been shown that as the number of players becomes large (the influence of individual player

becomes small), open-loop and closed-loop equilibria are approximately the same.

Contributions. In view of the discussion above, this chapter makes the following observations

and contributions.

(i) For policy-dependent static reductions of stochastic teams with partially nested information

structure, in the reduced form, the cost functions are unaltered; this is not the case for the

policy-independent static reduction of stochastic teams. On the other hand, the probabil-

ity measure on the exogenous random variables do not change under the policy-dependent
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static reduction, but does so in the policy-independent static reduction. Furthermore, for the

policy-dependent case, the static-reduced policy/map from exogenous variables to actions

change depending on the policies that precedent decision makers choose, but in the policy-

independent case, this map is unaltered (as the measurement variables are interpreted as

exogenous variables). For policy-dependent static reductions, it is essential that policies are

deterministic; however, policy-independent static reduction applies even when the policies

are randomized.

(ii) We show in Theorem 5.3.1 that there is a bijection between pbp optimal (globally optimal)

policies (and under a further condition between stationary policies) of dynamic teams and

their policy-independent static reductions (these connections are depicted in Fig. 5.1). This

equivalence relationship follows from the fact that this static reduction is policy-independent.

(iii) While for global optimality, policy-dependent static reductions have equivalence optimal-

ity properties with the dynamic information setup; for the policy-dependent case, when one

considers person-by-person optimal or stationary policies, significant subtleties emerge: a

policy which is person-by-person optimal in one form may not be so in the other form (see

Proposition 5.4.1). Under sufficient convexity and minor regularity conditions on the cost

function (see Assumption 5.4.1) and a further regularity condition on policies and observa-

tions (see Condition (C)), we show in Theorem 5.4.2 that there is a bijection between sta-

tionary (pbp optimal) policies of dynamic teams and their policy-dependent static reductions

(these connections are depicted in Fig. 5.2).

(iv) We define the reduction of dynamic stochastic teams with partially nested with control-

sharing IS to ones with static measurements with control-sharing IS as static measurements

with control-sharing reduction. We show that this reduction is independent of policies (see

Theorems 5.5.1 and 5.5.2). Under this reduction, the connections between optimality con-

cepts can be established under relaxed conditions at the price of introducing informational

nonuniqueness in the representations of policies (see Section 5.5 for details and see Fig. 5.3
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for summary of the connections).

(v) The above static measurements with control-sharing reduction has implications on convexity

properties: a partially nested dynamic team is convex (in policies) if and only if its static

measurements with control-sharing reduction is convex (see [140, Section 3]). This suggests

that for convexity the policy-dependent static reduction requires actions to be shared (see

Section 5.5.2).

(vi) Several examples are presented to explain both positive and negative results. Due to unique-

ness of pbp optimal policies for LQG team problems under the policy-dependent static re-

duction, we establish stronger results for LQG models with a partially nested IS (Corollary

5.6.1).

(vii) We also study multi-stage team problems as a special setup of dynamic teams, and the con-

nections between DM-wise/player-wise pbp optimality under two classes of static reduc-

tions, (i) independent data reduction under which the policy-independent reduction holds

through players and time, and (ii) nested reduction under which measurements are inde-

pendent through players but nested through time. We show that there is a bijection between

player-wise person-by-person optimal policies (globally optimal policies) under both classes

of reductions, but there is no bijection between decision maker-wise person-by-person opti-

mal policies in general under the nested reduction (Corollary 5.7.1). Furthermore, we discuss

the impact of the independent-data and nested reductions on the variational analysis (Corol-

lary 5.7.2).

The organization of the chapter is as follows: In Section 5.2, we present preliminaries and

provide a description of team problems within policy-independent and policy-dependent static

reductions. In Sections 5.3, 5.4, and 5.5, we present results for dynamic teams under policy-

independent, policy-dependent static reductions, and static measurements with control-sharing re-

duction, respectively. In Section 5.6, partially nested LQG problems under policy-dependent static

reductions are studied, and Multi-stage team problems are studied in Section 5.7.
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5.2 Information Structures and Policy-Independent and Policy-Dependent Static Reduc-

tions of Dynamic Teams

5.2.1 Dynamic Teams under Policy-Independent Static Reductions

Let action and observation spaces be subsets of appropriate Euclidean spaces, i.e., Ui ⊆ Rni and

Yi ⊆ Rmi , for i ∈ N , where ni and mi are positive integers. We again recall a stochastic dynamic

team problem as follows:

Problem (P): Consider a team problem within the intrinsic model with observations for each

DM given by (1.2). Let the IS of DMi be I i = {yi} (or I i = {yk}k∈Ki for a subset Ki ⊆

{1, . . . , i}). An expected cost function (to be minimized) under a policy γ = (γ1, · · · , γN) ∈ Γ as

J(γ) = Eγ[c(ω0, u)] := E[c(ω0, γ
1(y1), · · · , γN(yN))], (5.1)

for some Borel measurable cost function c : Ω0 ×
∏N

i=1 Ui → R+ and u := {u1, · · · , uN}. 2

We first recall Witsenhausen’s static reduction (see [135, 138]), and then provide a description

of team problems under this static reduction. Now, we introduce an absolute continuity condition

under which a policy-independent static reduction exists (see [138] for further discussions).

Assumption 5.2.1. If for every i ∈ N , there exists a probability measure Qi on Yi and a function

f i such that for any Borel set Ai, (1.3) holds.

Denote the joint distribution on (ω0, u
1, . . . , uN , y1, . . . , yN) by P, and the distribution of ω0

by P0. If the preceding absolute continuity condition holds, then there exists a joint reference

distribution Q on (ω0, u
1, . . . , uN , y1, . . . , yN) such that the distribution P is absolutely continuous

with respect to Q (P� Q), where for every Borel set A on (Ω0 ×
∏N

i=1(Ui × Yi))

P(A)=

∫
A

dP
dQ

Q(dω0, du
1, . . . , duN , dy1, . . . , dyN), (5.2)
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where a joint reference distribution and Radon-Nikodym derivative (defined P -almost surely) are

as follows:

Q(dω0, du
1, . . . , duN , dy1, . . . , dyN) := P0(dω0)

N∏
i=1

Qi(dyi)1{γi(yi)∈dui}, (5.3)

dP
dQ

:=
dP
dQ

(ω0, u
1, . . . , u1, y1 . . . , yN) :=

N∏
i=1

f i(yi, ω0, u
1, . . . , ui−1, y1, . . . , yi−1). (5.4)

We note that, if I i = {yk}k∈Ki for a subset Ki ⊆ {1, . . . , i}, in the above 1{γi(yi)∈dui} needs to

be replaced by 1{γi(Ii)∈dui}. In view of the above derivations, we now formally introduce policy-

independent static reductions as follows:

Definition (Policy-Independent Static Reduction). For stochastic teams (P) with a given IS

under Assumption 5.2.1, a policy-independent static reduction is defined as a change of measure

(5.2) under which measurements yi for each DM (defined in (1.2)) have a distribution Qi and the

expected cost function can be written as follows:

J(γ):= E
γ

Q[c̃(ω0, u
1, . . . , uN , y1, . . . , yN)], (5.5)

where the new cost function under the reduction is

c̃(ω0, u
1, . . . , uN , y1, . . . , yN):= c(ω0, u

1, . . . , uN)
dP
dQ

. (5.6)

2

We now recall definitions of global optimality, person-by-person (pbp) optimality, and station-

arity policies for team problems (P).

Definition (Optimality concepts for dynamic problem (P)). For stochastic teams (P) with a

given IS:
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• a policy γ∗ := (γ1∗, . . . , γN
∗
) ∈ Γ is globally optimal if

J(γ∗) = inf
γ∈Γ

J(γ) := inf
γ∈Γ

E
γ

P [c(ω0, u
1, . . . , uN)],

• a policy γ∗ ∈ Γ is pbp optimal if for all β ∈ Γi and all i ∈ N ,

J(γ∗) ≤ J(γ−i∗, β) := E
(γ−i∗,β)

P [c(ω0, u
1, . . . , uN)],

where (γ−i∗, β) := (γ1∗, . . . , γ(i−1)∗, β, γ(i+1)∗, . . . , γN∗),

• a policy γ∗ ∈ Γ is stationary if, for all i ∈ N ,

∇uiEP

[
c

(
ω0, γ

1∗(y1∗), . . . , γ(i−1)∗(y(i−1)∗), ui, γ(i+1)∗(yi+1
ui

),. . . , γN∗(yNui)

)∣∣∣∣yi∗]∣∣∣∣
ui=γi∗(yi∗)

= 0 P -a.s.,

where for any j ∈ N

yj∗ = hj
(
ω0, ωj, γ

1∗(y1∗), . . . , γ(j−1)∗(y(j−1)∗), y1∗, . . . , y(j−1)∗
)
, (5.7)

yj∗
ui

= hj
(
ω0, ωj, γ

1∗(y1∗), . . . , γ(i−1)∗(y(i−1)∗), ui, γ(i+1)∗(y
(i+1)∗
ui

), . . . , γ(j−1)∗(y
(j−1)∗
ui

),

y1∗, . . . , yi∗, y
(i+1)∗
ui

, . . . , y
(j−1)∗
ui

)
. (5.8)

Next, we recall the definitions of stationary (pbp optimal, globally optimal) policies for dy-

namic team problems under the preceding policy-independent static reduction.

Definition (Optimality concepts under policy-independent static reduction). For stochastic

teams (P) with a given IS under a policy-independent static reduction:

• a policy γ∗ ∈ Γ is globally optimal if

J(γ∗) = inf
γ∈Γ

J(γ) := inf
γ∈Γ

E
γ

Q[c̃(ω0, u
1, . . . , uN , y1, . . . , yN)],
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Pbp optimal policy
under static reduc-
tion

Globally optimal
policy under static
reduction

Stationary policy
under static reduc-
tion

Pbp optimal policy
for (P)

Globally optimal
policy for (P)

Stationary policy
for (P)

Theorem 5.8.1Theorem 5.8.1

Theorem 5.3.1 Theorem 5.3.1 Theorem 5.3.1

Figure 5.1: Diagram of the connections between three optimality concepts in dynamic teams and
their policy-independent static reductions. The blue arrow connection is established
under additional condition (5.22), and the red arrow connections are true under the
convexity and regularity assumption on the cost function under policy-independent
static reduction.

• a policy γ∗ ∈ Γ is pbp optimal if for all βi ∈ Γi and all i ∈ N ,

J(γ∗) ≤ J(γ−i∗, β) := E
(γ−i∗,β)

Q [c̃(ω0, u
1, . . . , uN , y1, . . . , yN)],

• a policy γ∗ ∈ Γ is a stationary policy if P -almost surely,

∇uiEQ

[
c̃

(
ω0, γ

1∗(y1), . . . , γ(i−1)∗(yi−1), ui, γ(i+1)∗(yi+1) . . . , γN∗(yN), y

)∣∣∣∣yi]∣∣∣∣
ui=γi∗(yi)

= 0

where y := (y1, . . . , yN). 2

One of our goals here is to study the connections between Definition 5.2.1 and Definition

5.2.1. In Section 5.3, we show the existence of a bijection between pbp optimal (globally optimal)

policies of dynamic teams and their policy-independent static reductions, and between stationary

policies of dynamic teams and their policy-independent static reductions under a further condition

on the Randon-Nikodym derivative (see (5.22)). These connections are depicted in Fig 5.1.
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5.2.2 Partially Nested Dynamic Teams under Policy-Dependent Static Reduction

In the following, we first briefly recall Ho and Chu’s static reduction [66, 67] (the policy-dependent

static reduction), and then we provide a description of dynamic team problems under the policy-

dependent static reduction.

Consider dynamic teams with partially nested IS, where observations of DMs are defined as

(1.6). Let I iD = {yDi }, and the set of admissible policies for dynamic teams be as

ΓD :=

{
γD := (γD1 , . . . , γ

D
N )

∣∣∣∣ uDi = γDi (yDi ) for all i ∈ N
}
.

Under the above formulation, we introduce a class of dynamic team problems as follows:

Problem (PD): For stochastic teams with I iD (with measurements yDi defined in (1.6)) for

all i ∈ N , consider an expected cost function under the policy γD as (5.1). Derive a policy

γD,∗ := (γD,∗1 , . . . , γD,∗N ) ∈ ΓD that is globally optimal for (PD), that is

J(γD,∗) = inf
γD∈ΓD

J(γD).

Furthermore, obtain a policy γD,∗ ∈ ΓD that is pbp optimal for (PD), that is

J(γD,∗) = inf
γDi ∈ΓDi

J(γDi , γ
D∗
−i ) for all i ∈ N , (5.9)

where γD∗−i = (γD∗1 , . . . , γD∗i−1, γ
D∗
i+1, . . . , γ

D∗
N ). 2

Now, we introduce an assumption under which the policy-dependent static reduction exists

[66, 67].

Assumption 5.2.2. For all i ∈ N and for every fixed uD↓i, the function gi(·, uD↓i) : hi(ζ) 7→ ŷDi is

invertible for all realizations of ζ .

Following the policy-dependent static reduction introduced in [66, 67], and under Assumption
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Pbp optimal policy
for (PS)

Globally optimal
policy for (PS)

Stationary policy
for (PS)

Pbp optimal policy
for (PD)

Globally optimal
policy for (PD)

Stationary policy
for (PD)

[78]
[78]

Theorem 5.4.2 Theorem 5.4.2 Theorem 5.4.1×Proposition 5.4.1

Figure 5.2: Diagram of the connections between three optimality concepts for dynamic teams with
partially nested ISs and their policy-dependent reductions. The red arrow connections
hold under Assumption 5.4.1. The blue arrow connections require in addition to As-
sumption 5.4.1 some further conditions (see assumptions in Theorem 5.4.2).

5.2.2, given a policy γD, we can define the observations within the policy-dependent static reduc-

tion as (1.8). Let the IS of DMi be I iS = {ySi }. Define the set of admissible policies for dynamic

teams within the policy-dependent static reduction as follows:

ΓS :=

{
γS = (γS1 , . . . , γ

S
N)

∣∣∣∣ uSi = γSi (ySi ) for all i ∈ N
}
.

To see various examples, where the above policy-dependent static reduction exists, we refer

the reader to [66, 67]. We define team problems under the policy-dependent static reduction as

follows:

Problem (PS): For stochastic teams with I iS (with measurements ySi defined in (1.8)) for all

i ∈ N , consider an expected cost function under policy γS as (5.1). Derive a policy γS,∗ :=

(γS,∗1 , . . . , γS,∗N ) ∈ ΓS that is globally optimal for (PS)

J(γS,∗) = inf
γS∈ΓS

J(γS).
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Furthermore, obtain a policy γS,∗ ∈ ΓS that is pbp optimal for (PS), that is

J(γS,∗) = inf
γSi ∈ΓSi

J(γSi , γ
S∗
−i) for all i ∈ N . (5.10)

2

In view of the above derivations, we now formally introduce policy-dependent static reductions

as follows:

Definition (Policy-Dependent Static Reduction). Consider a partially nested stochastic dynamic

team (PD) with a given IS, I iD, where Assumption 5.2.2 holds. Policy-dependent static reduction

is defined as the reduction of a stochastic dynamic team (PD) to a static one (PS) (which has an

equivalent IS, I iS), where under the reduction, the cost function is unaltered and measurements

are static), and for a given admissible policy γD ∈ ΓD, an admissible policy γS ∈ ΓS can be

constructed through a relation

ui = γSi (ySi ) = γDi (yDi ) for P -almost every ζ (5.11)

for all i ∈ N . 2

Some of our results in this chapter address the following question: Given a stationary (pbp

optimal, globally optimal) policy γS,∗ ∈ ΓS for (PS), is a policy γD,∗ ∈ ΓD, constructed through

relation (5.11), stationary (pbp optimal, globally optimal) policy for (PD)? Is the converse state-

ment also true?

Remark 5.2.1.

(i) In contrast to the policy-independent static reduction, which also holds for randomized

policies, the above policy-dependent static reduction requires DMs to have access to the actions of

precedent DMs according to a partially nested IS; hence, it requires the policies to be deterministic

(that is pure). On the other hand, for team problems, globally optimal policies can be chosen

among those that are deterministic without any loss of optimality [140, Theorems 2.3 and 2.5].
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(ii) We also note that in the policy-dependent static reduction, in contrast to the policy-independent

static reduction, the cost function will not change under the static reduction.

(iii) A relation (5.11) in the construction of policies under the policy-dependent static reduc-

tion can be viewed as a composition of policies with a bijection F i
γ : yDi 7→ ySi with the inverse

(F i
γ)
−1 : ySi 7→ yDi for all i ∈ N , where the existence of this bijection follows from Assumption

5.2.2 (we note that the subscript γ in a bijection denotes the fact that a bijection depends on the

precedent policies for each i ∈ N ). That is, for any given policy γD ∈ ΓD, an admissible policy

γS ∈ ΓS can be constructed as γSi := γDi ◦ F i
γS↓i

, and for any given policy γS , an admissible policy

γD can be constructed as γDi := γSi ◦ (F i
γD↓i

)−1.

In Section 5.4, we first show that the answer to the aforementioned question is affirmative for

globally optimal policies of dynamic teams and their policy-dependent static reduction. For pbp

optimal and stationary policies, however, our results show that, under the policy-dependent static

reduction, there might not exist a bijection between stationary (pbp optimal) policies of dynamic

teams and their policy-dependent static reduction in general. These connections are depicted in Fig.

5.2. This is quite opposite of the result for the policy-independent static reduction (see Theorem

5.3.1), where there is a bijection between stationary (pbp optimal, globally optimal) policies of

dynamic teams and their policy-independent static reduction. We also present sufficient conditions

such that the answer to the above question is affirmative for pbp optimal and stationary policies.

Several examples including LQG models are presented.

5.2.3 Partially Nested with Control-Sharing IS and Static Measurements with Control-

Sharing Reduction

To establish connections between pbp optimality and convexity of dynamic teams and their policy-

dependent static reductions, we introduce (dynamic) partially nested with control-sharing team

problems, where we expand the information structure such that in addition to observations, ac-

tions are also shared (this expansion is consistent with partially nested IS), i.e., for each DMi,



5.2. INFORMATION STRUCTURES AND POLICY-INDEPENDENT AND
POLICY-DEPENDENT STATIC REDUCTIONS OF DYNAMIC TEAMS 171

observations are given by (1.9) with ID,CSi := {yD,CSi }.

Problem (PD,CS): For stochastic teams with ID,CSi with measurements (1.9) for all i ∈ N ,

consider an expected cost function (to be minimized) under policy γD,CS as (5.1). 2

Under the invertibility condition (Assumption 5.2.2), there is a bijection between dynamic

observations yDi and static one ySi for each i ∈ N , and hence, this allows us to reduce the dynamic

problem to another dynamic problem where measurements are static. We refer to this reduction as

static measurements with control-sharing. Observations within this reduction are given by (1.10)

with ICSi := {yCSi }. 2

Problem (PCS): For stochastic teams with ICSi with measurements (1.10) for all i ∈ N , con-

sider an expected cost function (to be minimized) under policy γCS as (5.1). 2

We refer the above problems as static measurements control-sharing stochastic team problems.

We now formally introduce static measurements with control-sharing reduction as follows:

Definition (Static Measurements with Control-Sharing Reduction). Consider a dynamic par-

tially nested control-sharing stochastic dynamic team (PD,CS) with a given IS, ID,CSi , where As-

sumption 5.2.2 holds. Static measurements with control-sharing reduction is defined as the reduc-

tion of a stochastic dynamic team (PD,CS) to a static measurement control-sharing problem (PCS)

with IS, ICSi , where under the reduction, the cost is unaltered and the measurements are static (see

(1.10)), and for a given admissible policy γD,CS for (PD,CS), an admissible policy γCS for (PCS)

can be constructed for each i ∈ N , through the relation

γD,CSi (yD,CSi ) = γCSi (yCSi ) for P -almost every ζ and u↓i (5.12)

for all i ∈ N . 2

In Section 5.4, based on static measurements with control-sharing reduction, we establish the

connections between pbp optimal (globally optimal) policies (PD), (PS), (PCS), and (PD,CS). We
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Pbp optimal policy
for (PCS)

Pbp optimal policy
for (PS)

Pbp optimal policy
for (PD)

Pbp optimal policy
for (PD,CS)

Corollary
5.5.1(ii) Theorem

5.5.2(ii)
Theorem
5.5.2(iii)

Theorem 5.5.2(i)

Figure 5.3: Diagram of the connections between three optimality concepts for dynamic teams with
partially nested ISs and static measurements with control-sharing reduction. The blue
arrow connection hold under Assumption 5.2.2 and the red arrow connection hold
under further Assumption 5.4.1 and a regularity condition on policies.

also study convexity of team problems under the policy-dependent static reduction and under the

static measurements with control-sharing reduction. The summary of the connections between pbp

optimal policies (PD), (PS), (PCS), and (PD,CS) are depicted in Fig. 5.3.

5.2.4 Multi-Stage Team Problems and Static Reductions

In this subsection, we consider multi-stage stochastic dynamic team problems and introduce two

static reductions in the connection to policy-independent and policy-dependent static reductions

introduced in preceding subsections for single-stage team problems. We will introduce a new

static reduction concept building on the one introduced by Witsenhausen (called independent-data

reduction) [135, Section 2.4] and the other one in Chapter 3. The underlying idea is to view DMs

acting in sequence with increasing information as a single player with a larger action space. This

facilitates our optimality analysis. We note that this approach was utilized to establish structural

and existence results in Chapter 3 ([119, Section 3.2]).

Problem (PMulti): Consider the following formulation of multi-stage stochastic teams:

(i) The state dynamics and observations for t ∈ T := {0, . . . , T − 1} are given by

xt+1 = ft(x0:t−1, u
1:N
0:t−1, wt), (5.13)
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yit = hit(x0:t−1, u
1:N
0:t−1, v

i
t), (5.14)

where ft and hit are measurable functions and x0:t−1 := (x0, . . . , xt−1), and wt, v1
t , . . . , v

N
t for all

t ∈ T are random variables taking values in standard Borel spaces, and also we denote u1:N
0:t−1 :=

(u1
0, . . . , u

1
t−1, . . . , u

N
0 , . . . , u

N
t−1). Introduce appropriate collections of DMs as players, with the

i-th player (PLi) for i ∈ N acting at different time instances t ∈ T and comprised of DMi
0, . . . ,

DMi
T−1.

(ii) The observation, action, state, and disturbances spaces are standard Borel spaces with

Yi :=
∏T−1

t=0 Yi
t, Ui :=

∏T−1
t=0 Ui

t, X :=
∏T−1

t=0 Xt, Wi :=
∏T−1

t=0 Wi
t, Vi :=

∏T−1
t=0 Vi

t, respec-

tively.

(iii) An admissible policy for PLi is defined as γiγiγi ∈ Γi, where γiγiγi := (γi0, . . . , γ
i
T−1) and

Γi =
∏T−1

t=0 Γit. Given an IS I it ⊆ {y1:N
0:t , u

1:N
0:t−1}, each admissible policy γit is a measurable function

with uit = γit(I
i
t).

(iv) A multi-stage expected cost function under a policy γγγ is given as

J(γγγ) = Eγγγ

[ T−1∑
t=0

ct(ω0, xt, u
1
t , . . . , u

N
t )

]
, (5.15)

for some Borel measurable cost function c : Ω0×Xt×
∏N

i=1 Ui
t → R+, whereγγγ := (γ1γ1γ1, γ2γ2γ2, . . . , γNγNγN),

and again ω0 is a Ω0-valued cost function-relevant exogenous random variable, ω0 : (Ω,F , P ) →

(Ω0,F0), where Ω0 is a Borel space with its Borel σ-field F0.

Determine (existence and characterization of) the policy γγγ that minimizes (5.15) over
∏N

i=1 Γi.

2

Definition. For multi-stage stochastic teams, a policy γγγ∗ is player-wise pbp optimal if for all i ∈ N

and for all βββ ∈ Γi,

J(γγγ∗) ≤ J(γγγ−i,∗,βββ), (5.16)
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where γγγ−i,∗ := (γγγ1∗, . . . , γγγi−1∗, γγγi+1∗, . . . , γγγN∗). A policy γγγ∗ is player-wise globally optimal if for

all γγγ ∈
∏N

i=1 Γi,

J(γγγ∗) ≤ J(γγγ). (5.17)

2

Comparing Definition 5.2.4 and Definition 5.2.1, we can see that concepts of player-wise and

(DM-wise) global optimality are equivalent. Also, every player-wise pbp optimal policy is DM-

wise pbp optimal; however, the converse statement is not true in general. That is because, in the

definition of player-wise pbp optimality, in contrast to the definition of (DM-wise) pbp optimality,

policies (γi0, . . . , γ
i
t−1, γ

i
t+1, . . . , γ

i
T−1) are not frozen. Later on, we provide sufficient conditions for

the converse statement to hold based on our static reductions for multi-stage problems. However,

we note that clearly if there is a unique DM-wise pbp optimal policy, then it is a unique player-wise

pbp optimal policy. In the following, we first, introduce two assumptions which will be used for

our static reductions, and then introduce a static reduction for multi-stage stochastic teams.

Assumption 5.2.3. Assume that for every PLi and for every t ∈ T , there exists a probability

measure Q̃i
t on Yi

t and measurable function φit such that for all Borel sets A = A1× . . .×AN with

Ai in Yi
t, we have

P

(
(y1
t , . . . , y

N
t )∈ A

∣∣∣∣ ω0, x0, v
1:N
0:t−1, w

1:N
0:t−1, y

1:N
0:t−1, u

1:N
0:t−1

)

=
N∏
i=1

∫
Ai
φit(y

i
t, ω0, x0, v

1:N
0:t−1, w

1:N
0:t−1, y

1:N
0:t−1, u

1:N
0:t−1)Q̃i

t(dy
i
t). (5.18)

Let P̃ be the joint distribution on (ω0, x0,www,vvv,uuu,yyy), and µ be the fixed joint distribution on

(ω0, x0,www,vvv). Let zzz := (zzz1, . . . , zzzN) and zzzi := (zi0, . . . , z
i
T−1) for z = u, y, w, v and i ∈ N .

Hence, under the preceding change of measure (5.18), there exists a joint reference distribution Q̃

on (ω0, x0,www,vvv,uuu,yyy) such that P̃ � Q̃, where for every Borel set B on (Ω0 × X0 ×
∏N

i=1(Wi ×
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Vi ×Ui ×Yi))

P̃(B) =

∫
B

dP̃
dQ̃

Q̃(dω0, dx0, dwww, dvvv, duuu, dyyy), (5.19)

where

Q̃(dω0, dx0, dwww, dvvv, duuu, dyyy) := µ(dω0, dx0, dwww, dvvv)
T−1∏
t=0

N∏
i=1

Q̃i
t(dy

i
t)1{γit(yit)∈duit},

dP̃
dQ̃

:=
T−1∏
t=0

N∏
i=1

φit(y
i
t, ω0, x0, v

1:N
0:t−1, w

1:N
0:t−1, y

1:N
0:t−1, u

1:N
0:t−1).

Assumption 5.2.4. Assume that the dynamics and observations are decoupled through players,

that is, for i ∈ N

xit+1 = f it (x
i
0:t−1, u

i
0:t−1, w

i
t),

yit = hit(x
i
0:t−1, u

i
0:t−1, v

i
t),

where f it and hit are measurable functions and xt := {xit}i∈N , wt := {wit}i∈N .

Definition (Independent-Data and Nested Reductions). Consider multi-stage stochastic teams

(PMulti) with a given IS. Define the following two static reductions for (PMulti):

(i) (Independent-data reduction) Let Assumption 5.2.3 hold, then independent-data reduction is

defined as change of measure (5.19) under which the measurements driven by (5.14) have

distributions Q̃i
t, and the expected cost function can be written as follows:

J(γγγ) := E
γγγ

P̃

[ T−1∑
t=0

ct(ω0, xt, u
1
t , . . . , u

N
t )

]
= E

γγγ

Q̃

[
ĉ(ω0, x0,www,vvv,uuu,yyy)

]
, (5.20)

where the new cost function is

ĉ(ω0, x0,www,vvv,uuu,yyy) :=
T−1∑
t=0

ct(ω0, xt, u
1
t , . . . , u

N
t )
dP̃
dQ̃

. (5.21)
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The team problem under this static reduction can be viewed as the one that Witsenhausen

referred to as a static problem with independent data [135];

(ii) (Nested reduction) Let Assumption 5.2.4 hold, then nested reduction is defined as a reduction

under which for each PLi through t ∈ T , the information structure is nested, i.e., σ(yit) ⊂

σ(yit+1). 2

Remark 5.2.2.

(i) We note that it has been shown in Chapters 3 and 4, the above static reduction under mild as-

sumptions on the action and observation spaces leads to a closedness of a set of policies for

each player through times under an appropriate topology, which is desirable for establishing

existence and/or convergence results.

(ii) We also note that the infinite horizon team problem under a nested reduction is more tractable

compared to an independent-data static reduction. That is because nested reductions allow

players to have nested information structures without requiring independent data (which can

be viewed as the total recall property of the private history for players, where measurements

may not necessarily be independent random variables under the reduction). Furthermore,

using nested reductions leads to richness in the variational analysis since for multi-stage

team problems joint perturbations through times of a given player are allowed (see Corol-

lary 5.7.2 and Remark 5.7.1).

5.3 Optimal policies for dynamic teams under policy-independent static reduction

In this section, we establish connections between stationary (pbp optimal, globally optimal) poli-

cies for dynamic teams and their policy-independent static reductions.

Theorem 5.3.1. Consider stochastic dynamic teams (P) with a policy-independent static reduction

(1.3).
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(i) A policy γ∗ is pbp optimal (globally optimal) for dynamic teams (P) if and only if γ∗ is pbp

optimal (globally optimal) for a policy-independent static reduction of dynamic teams (P);

(ii) Let a policy γ∗ satisfy P -almost surely

∇uiE
γ−i∗

Q

[
dP
dQ

∣∣∣∣yi]∣∣∣∣
ui=γi∗(yi)

= 0 ∀i ∈ N , (5.22)

where dP
dQ is defined in (5.4). Then, γ∗ is stationary for dynamic teams (P) if and only if γ∗

is stationary for a policy-independent static reduction of dynamic teams (P).

We note that (5.22) implies that at a stationary point γ∗, the control has no impact locally on

the reduction (on the Radon-Nikodym derivative term dP
dQ defined in (5.4)). Now, in view of the

above connections and sufficient conditions for stationary policies provided in Theorem 5.3.1, we

use [140, Theorem 3.3 and 3.4] (which is a generalization of [78, Theorem 2 and 3] by using an IS

dependent nature of convexity under policy-independent static reductions) to introduce sufficient

conditions for stationary policies of (P) to be globally optimal for dynamic teams (P) with a

policy-independent static reduction. We note that if the team is static, then (5.22) holds since dP
dQ is

the identity map, and hence, the following Corollary provide a refinement for [140, Theorem 3.3

and 3.4] and [78, Theorem 2 and 3].

Corollary 5.3.1. Consider stochastic dynamic teams (P) with a policy-independent static reduc-

tion (1.3). Assume that

(i) The cost function, c, and the Radon-Nikodym derivative, dP
dQ , are continuously differentiable

in u1, . . . , uN ,

(ii) The cost function under the policy-independent static reduction, c̃ (defined in (5.6)), is convex

in u1, . . . , uN .

Suppose that γ∗ is a stationary policy for the dynamic team (P) and satisfies (5.22). Let for all
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γ ∈ Γ with E
γ

P [c(·)] <∞, the following two conditions hold for all i ∈ N :

EP

[
∇uic(ω0, γ

∗(y))

(
γi(yi∗)− γi∗(yi∗)

)]
<∞, (5.23)

EQ

[(
∇ui

dP
dQ

(ω0, y, γ
∗(y))

)
c(ω0, γ

∗(y))

(
γi(yi)− γi∗(yi)

)]
<∞, (5.24)

where

∇uic(ω0, γ
∗(y)) := ∇uic

(
ω0, γ

1∗(y1∗), . . . , γ(i−1)∗(y(i−1)∗), ui, γ(i+1)∗(yi+1
ui

), . . . , γN∗(yNui)

)∣∣∣∣
ui=γi∗(yi∗)

,

∇ui
dP
dQ

(ω0, y, γ
∗(y)) := ∇ui

dP
dQ

(
ω0, y, γ

1∗(y1), . . . , γ(i−1)∗(yi−1), ui, γ(i+1)∗(yi+1), . . . , γN∗(yN)

)∣∣∣∣
ui=γi∗(yi)

.

Then, γ∗ is globally optimal for (P). Moreover, if the cost function c̃ is strictly convex in (u1, . . . , uN),

γ∗ is the unique globally optimal policy for (P).

Remark 5.3.1.

(i) We note that for dynamic teams with a given IS, if c is convex in u1, . . . , uN for all ω0, ω1, . . . , ωN ,

then c̃ (see (5.6)) is not necessarily convex in u1, . . . , uN for all ω0, ω1, . . . , ωN . In particular,

the celebrated Witsenhausen’s counterexample [130] is an example of non-convexity becom-

ing evident under a policy-independent static reduction (this has been precisely shown in

[140, equation (3.5)]).

(ii) We also note the result in [140, Theorem 3.6], where it has been shown that dynamic teams

with a policy-independent static reduction is convex in policies (see, Definition 3.2) if and

only if its policy-independent static reduction of the problem is.

(iii) In view of Corollary 5.3.1, even if the cost function c̃ in (5.6) is assumed to be convex and con-

tinuously differentiable in actions under policy-independent static reductions, (5.23) might

not be sufficient to establish global optimality of a stationary policy of γ∗ for (P), in gen-

eral. That is because, the effect of the deviating controllers (or a deviating controller in the

definition of the stationary policy ui) on the probability measures of observations has not
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been taken into account. This observation suggests that in dynamic teams, variational anal-

ysis requires to take into account the effect of the deviating controllers on the probability

measures of observations (which has been considered in (5.22) and (5.24)).

5.4 Optimal Policies for Dynamic Teams under Policy-Dependent Static Reductions

Here, we study the connections between stationary (pbp optimal, globally optimal) policies of

dynamic teams and their policy-dependent static reductions. Consider the setup of Section 5.2.2.

Theorem 5.4.1. Consider stochastic dynamic teams (PD) with partially nested IS. Let Assumption

5.2.2 hold. Then, γD,∗ is a globally optimal policy for (PD) if and only if γS,∗ is a globally optimal

policy for (PS) under the policy-dependent static reduction (see (5.11)).

Proof. Since the IS is partially nested and policies are deterministic, under Assumption 5.2.2, there

is a bijection from the set of policies ΓD to the set of policies ΓS . Therefore, global optimality in

one domain implies global optimality in the other domain.

5.4.1 Stationary and Person-by-Person Optimal Policies for Dynamic Teams and their Policy-

Dependent Static Reductions

Here, we provide three examples that serve to demonstrate the subtlety of the connections between

stationary (pbp optimal) policies of (PD) and (PS). In fact, we present counterexamples to show

that, in contrast to the case of globally optimal policies, the isomorphic connections between sta-

tionary (pbp optimal) policies of (PD) and (PS) are no longer true, in general (under Assumption

5.2.2). We first introduce a regularity and convexity condition on the cost function, needed for our

results.

Assumption 5.4.1. Assume, for every ω0 that

(a) the cost function c is continuously differentiable in (u1, . . . , uN),

(b) the cost function c is (jointly) convex in (u1, . . . , uN).
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In the following example, we show that a policy γS,∗ is stationary (also pbp optimal) for (PS),

but γD,∗, satisfying the policy-dependent static reduction (constructed under the relation (5.11)), is

not pbp optimal for (PD).

Example 5.4.1. Consider a 2-DM stochastic team (PD) with I1 = {yD1 } and I2 := {yD2 } =

{yD1 , ŷD2 }, where ŷD2 = ω2 +u1, and ω2 =: ŷS2 and yD1 =: yS1 = ω1 are primitive random variables.

Let the expected cost function be given as

E[c(ω2, u
1, u2)] := E[(u1 − u2 + ω2)2 − α(u1)2], (5.25)

for a given α ∈ (0, 1).

• A policy γS,∗ = (γS,∗1 , γS,∗2 ) = (0, (0, I)) (where the policy (0, (0, I)) denotes γS,∗1 ≡

0, γS,∗2,1 ≡ 0, and γS,∗2,2 is the identity map, I , that is, u1∗ = γS,∗1 (yS1 ) = 0 and u2∗ =

γS,∗2 (yS1 , ŷ
S
2 ) = ŷS2 ) is pbp optimal for (PS).

• However, a policy γD,∗ = (γD,∗1 , γD,∗2 ) = (0, (−γS∗1 , I)) constructed under a relation (5.11)

(where the policy (0, (−γS∗1 , I)) denotes γD,∗1 ≡ 0, γD,∗2,1 = −γS∗1 , and γD,∗2,2 is the identity

map, that is, u1∗ = γD,∗1 (yD1 ) = 0 and u2∗ = ŷD2 − γ
S,∗
1 (yD1 )) is not pbp optimal for (PD)

since fixing a policy of DM2 to γD,∗2 such that u2∗ = ŷD2 −γ
S,∗
1 (yD1 ), the expected cost function

will be concave in u1 (c(u1, u2∗) = −α(u1)2). We note, however, that γD,∗ is a stationary

policy for (PD). Here, Assumption 5.4.1(b) fails to hold.

In the following example, we show that a policy γD,∗ is stationary (also pbp optimal) for (PD),

but γS,∗ under the policy-dependent static reduction, is not pbp optimal for (PS).

Example 5.4.2. Consider a 2-DM stochastic team (PD) with I1 = {yD1 } and I2 := {yD2 } =

{yD1 , ŷD2 }, where ŷD2 = ω2 +u1, and ω2 =: ŷS2 = ω1 and yD1 =: yS1 are primitive random variables.

Let the expected cost function be given as

E[c(ω2, u
1, u2)] := E[α(u1)2 + β(u2 − ω2)2 − (u1 − u2 + ω2)2], (5.26)
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for a given α ∈ (0, 1) and β > 1.

• A policy γD,∗ = (γD,∗1 , γD,∗2 ) = (0, (0, I)) (where γD,∗1 ≡ 0, γD,∗2,1 ≡ 0 and γD,∗2,2 is the identity

map, that is, u1∗ = γD,∗1 (yD1 ) = 0 and u2∗ = ŷD2 ) is pbp optimal for (PD) since fixing a policy

of DM2 to γD,∗2 , the expected cost function will be convex in u1 (c(u1, u2) = (α + β)(u1)2),

and fixing a policy of DM1 to γD,∗1 such that u1 = γD,∗1 (yD1 ) = 0, the expected cost function

will be convex in u2 (c(u1, u2) = (β − 1)(u2 − ω2)2).

• However, under the policy-dependent static reduction, a policy γS,∗ = (γS,∗1 , γS,∗2 ) = (0, (−γD,∗1 , I))

constructed under a relation (5.11), is not pbp optimal for (PS) since fixing a policy of DM2

to γS,∗2 such that u2 = γS,∗2 (yS1 , ŷ
S
2 ) = ŷS2 − γD,∗1 (yS1 ), the expected cost function will be

concave in u1 (c(u1, u2) = (α− 1)(u1)2).

Next, we provide an example, in which a policy γD,∗ is stationary (pbp optimal) for (PD), but

a policy γS,∗ under the policy-dependent static reduction (see (5.11)), is not stationary for (PS).

Example 5.4.3. Consider a 2-DM stochastic team (PD) with I1 = {yD1 } and I2 = {yD2 } :=

{yD1 , ŷD2 }, where ŷD2 = ω2 +
√
u1, and ω2 and yD1 = yS1 := ω1 are primitive random variables. Let

the expected cost function be given as

E[c(ω2, u
1, u2)] := E[(

√
u1 − u2 + ω2)2], (5.27)

where U1 = R+.

• A policy γD,∗ = (γD,∗1 , γD,∗2 ) = (0, (0, I)) (where γD,∗1 ≡ 0, γD,∗2,1 ≡ 0 and γD,∗2,2 is the identity

map, that is, u1∗ = 0 and u2∗ = ŷD2 ) is stationary for (PD).

• However, under the policy-dependent static reduction, a policy γS,∗ = (γS,∗1 , γS,∗2 ) = (0, (
√
γD∗1 , I))

constructed under a relation (5.11) (where γS,∗1 ≡ 0, γS,∗2,1 =
√
γD∗1 , and γS,∗2,2 is the identity

map, that is, u1 = 0 and u2 = ω2 +
√
γD∗1 (yS1 )) is not stationary (although it is pbp optimal)
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for (PS). Since fixing a policy of DM2 to γS,∗2 such that u2 = ω2, the derivative of the ex-

pected cost function with respect to u1 is always 1. Hence, the criterion for stationarity does

not lead to any solution. Here, Assumption 5.4.1(a) fails to hold at γS,∗ = (0, (
√
γD∗1 , I)).

Hence, in view of the preceding examples, we have the following negative result.

Proposition 5.4.1. Consider stochastic dynamic teams (PD) with partially nested IS. Let Assump-

tion 5.2.2 hold. Then:

(i) If γD,∗ is a stationary (pbp optimal) policy for (PD), then γS,∗ is not necessarily a stationary

(pbp optimal) policy for (PS) under the policy-dependent static reduction (see (5.11));

(ii) If γS,∗ is a stationary (pbp optimal) policy for (PS), then γD,∗, satisfying the policy-dependent

static reduction relation (5.11), is not necessarily pbp optimal for (PD).

Proof. This is a direct consequence of the examples above, where Examples 5.4.2 and 5.4.3 imply

Part(i), and Example 5.4.1 implies Part(ii).

Now, we introduce sufficient conditions to establish connections between stationary policies of

dynamic teams and their policy-dependent static reductions.

Condition (C5). A policy γD satisfies (C) if for all i ∈ N , γDi ({gj(hj(ζ), u↓j)}j∈↓i, gi(hi(ζ), u↓i))

is differentiable P -almost surely in u↓i (for realizations of ζ on a set of measure one).

Theorem 5.4.2. Consider stochastic dynamic teams (PD) with partially nested IS. Let Assumptions

5.2.2 and 5.4.1(a) hold. Then:

(i) Under Assumption 5.4.1(b), a policy γD,∗ satisfying (C) is stationary for (PD) if and only

if γS,∗ is pbp optimal (stationary) for (PS) under the policy-dependent static reduction (see

(5.11)).

(ii) A policy γD,∗, where γDi ({gj(hj(ζ), u↓j)}j∈↓i, gi(hi(ζ), u↓i)) is linear (affine) in u↓i for all

i ∈ N and ζ , is stationary for (PD) if and only if γS,∗ is stationary for (PS) under the
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policy-dependent static reduction (see (5.11)). Furthermore, if Assumption 5.4.1(b) holds,

then γD,∗ and γS,∗ are pbp optimal policies for (PD) and (PS), respectively.

Remark 5.4.1. We note that for a policy γD,∗, satisfying the linearity assumption in Part(ii), (C)

holds. However, for the first claim of Part(ii), Assumption 5.4.1(b) is not imposed since in the proof,

there is no need for exchanging the expectation and the limit (for example, this applies to the linear

exponential Gaussian team (LEGT) problems with partially nested IS and a negative exponential

coefficient (risk preferring case), where seeking for pbp optimal (globally optimal) policies apriori

is restricted to affine policies; for static LEGT problems with a positive exponential coefficient

(risk averse case), we refer the reader to [79] and [139, p. 68]).

5.5 Optimality and Convexity under Static Measurements with Control-Sharing Reduction

In this section, we present our results for the static measurement with control-sharing reduction

and its impact on optimality and convexity of dynamic team problems.

5.5.1 Optimal Policies under Static Measurements with Control-Sharing Reduction

In this subsection, we consider team problems with partially nested with control-sharing IS (see

Section 5.2.3), and we establish connections between pbp optimal (globally optimal) policies of

(PD), (PS), (PD,CS), and (PCS).

Now, we state the following observation as a theorem, since it will be consequential later on:

Theorem 5.5.1. Consider stochastic dynamic teams with partially nested IS, where Assumption

5.2.2 hold. The static measurements with control-sharing reduction is policy-independent.

Proof. Since Assumption 5.2.2 holds and DMs have access to the precedent DMs’ actions, u↓i,

the static measurements with control-sharing reduction to (PCS) for each DM is independent of

precedent DMs’ policies. That is because, given γD,CS , a policy γCS can be constructed through

(5.12), i.e., for every i ∈ N , ui = γD,CSi (yD↓i , u
↓i, gi(hi(ζ), u↓i)) = γCSi (yS↓i, u

↓i, ŷSi ) for every u↓i
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and P -almost every ζ . The converse of the above statement is also true. The fact that the expected

cost function does not change under the above reduction, completes the proof.

In view of similar examples as Examples 5.4.1, 5.4.2, and 5.4.3, the isomorphic connections

between stationary (pbp optimal) policies of (PCS) ((PD,CS)) and (PS) and/or (PD) fail to hold in

general. Now, we provide some positive results using the static measurements with control-sharing

reduction.

Theorem 5.5.2. Consider stochastic dynamic teams with partially nested IS.

(i) If Assumption 5.2.2 holds, then a policy γD,CS is pbp optimal (stationary, globally optimal)

for (PD,CS) if and only if γCS is a pbp optimal (stationary, globally optimal) policy for

(PCS) under the static measurements with control-sharing reduction (see (5.12)).

(ii) If a policy γD,∗ is pbp optimal (stationary) for (PD), then a policy γD,CS,∗ is pbp optimal

(stationary) for (PD,CS), where for all i ∈ N γD,∗i (yDi ) = γD,CS,∗i (yD,CSi ) for all u↓i and

almost all ζ (a representation of γD,CS,∗ is γD,∗, where the extra information on the actions

of precedent DMs is ignored).

(iii) If a policy γS,∗ is pbp optimal (stationary) for (PS), then there exists a pbp optimal (station-

ary) policy γCS,∗ for (PCS), where for every i ∈ N , γS,∗i (ySi ) = γCS,∗i (yCSi ) for almost all

ζ (a representation of γCS,∗ is γS,∗, where the extra information on the actions of precedent

DMs is ignored).

Now, we provide a result as a corollary to Theorems 5.4.2, 5.5.1, and 5.5.2.

Corollary 5.5.1. Consider stochastic dynamic teams (PD) with partially nested IS, where Assump-

tion 5.2.2 holds.

(i) A policy γCS,∗ is globally optimal for (PCS) if and only if policies γD,∗ and γS,∗ are globally

optimal for (PD) and (PS), respectively with a relation γD,∗i (yDi ) = γS,∗i (ySi ) = γCS,∗i (yCSi )

for all i ∈ N and almost all ζ (for any static representation of γS,∗, there may exist multiple

representations for γD,∗ and γCS,∗).
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(ii) Under Assumption 5.4.1(a), if a pbp optimal policy γCS,∗ for (PCS) is linear in actions, then

γS,∗, satisfying a relation γS,∗i (ySi ) = γCS,∗i (yCSi ) for all i ∈ N and almost all ζ , is pbp

optimal for (PS).

Remark 5.5.1. Define Γ̃CS as a space of admissible policies where observations (1.10) is replaced

by ỹCSi :=

{
yS↓i, u

Ki , ŷSi := hi(ζ)

}
, Ki ⊆ ↓ i, and ĨCS = {ỹCSi }, that is, for each i ∈ N , control

action of DMi is only shared to a subset Ki ⊆ ↓ i of DMjs with j ∈↓ i (similarly, we can define

Γ̃D,CS with revising observations (1.9)). Following from Theorem 5.5.2, for teams with partially

nested IS, we have

(i) any pbp optimal policy γD,∗ ∈ ΓD for (PD) constitutes a pbp optimal policy on the enlarged

space ΓD,CS;

(ii) any pbp optimal policy γS,∗ ∈ ΓS for (PS) constitutes a pbp optimal policy on the enlarged

space ΓCS .

(iii) The results of Theorem 5.5.2 (i) and (ii) remain valid if the enlarged space ΓD,CS (or the

enlarged space ΓCS) is replaced by Γ̃D,CS where ΓD ⊆ Γ̃D,CS ⊆ ΓD,CS (Γ̃CS where ΓS ⊆

Γ̃CS ⊆ ΓCS).

Next, we present two results on the existence and uniqueness of optimal policies for (PD),

(PS), (PD,CS), and (PCS), using Theorems 5.4.1, Corollary 5.5.1, and Examples 5.4.1 and 5.4.2.

Proposition 5.5.1. Consider stochastic dynamic teams (PD) with partially nested IS, where As-

sumption 5.2.2 holds. Then:

(i) The existence of a pbp optimal policy for (PCS) ((PD,CS)) does not imply the existence of a

pbp optimal policy for (PS) ((PD)).

(ii) The globally optimal policy is unique for (PS) if and only if the globally optimal policy is

unqiue (or essentially unique) for (PD);
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(iii) If the globally optimal policy for (PS) and/or (PD) is (essentially) unique, then there exists

an essentially unique globally optimal policy for (PCS) ((PD,CS)) (that is, there can exist

multiple representations of γCS,∗ and β̃ with γCS,∗i (yCSi ) = β̃i∗(yCSi ) for almost all ζ).

Proof. Examples 5.4.1 and 5.4.2 imply Part(i). Theorem 5.4.1 implies Part(ii), and Theorem

5.5.1(i) implies Part(iii).

5.5.2 Convexity of Dynamic Team Problems and their Static Measurements with Control-

Sharing Reduction

Next, we study convexity of team problems (PD), (PS), (PD,CS), and (PCS) in policies (see, [140,

Definition 3.1]). We first present non-convex dynamic team problems (in policies) with a partially

nested IS, where the cost function satisfies Assumption 5.4.1. Hence, we show inadequacy of

Assumption 5.4.1(ii) (convexity of the cost function in actions) to imply convexity of the team

problem in policies for dynamic teams even for those with a partially nested IS.

Example 5.5.1. Consider a 2-DM stochastic dynamic team (PD) where the expected cost function

is given by

E[c(ω0, u
1, u2)] := E[(u1 + ω0)2 + (u2)2],

where ω0 is a primitive random variable.

• Let I1 = {yD1 } and I2 = {yD2 } := {yD1 , ŷD2 }, where ŷD2 = ŷS2 + u1, and yD1 and ŷS2 are

primitive random variables. If γD2 (yD2 ) = 4
√
yD2 , then the above dynamic team problem (PD) is not

convex in (γD1 , γ
D
1 ) since for arbitrary u = γD1 (yD1 ) and û = γ̂D1 (yD1 ) when a convex combination

of policies is applied by DM1, we have γD2 (yD2 ) = 4
√
ŷS2 + αγD1 (yD1 ) + (1− α)γ̂D1 (yD1 ), and hence,

E[c(ω0, αγ
D
1 (yD1 ) + (1− α)γ̂D1 (yD1 ), γD2 (ŷD2 )]

= E[(ω0 + αγD1 (yD1 ) + (1− α)γ̂D1 (yD1 ))2 +
√
ŷS2 + αγD1 (yD1 ) + (1− α)γ̂D1 (yD1 )]
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which implies that the above dynamic team problem (PD) is not convex in policies.

• If ICS2 := {yCS2 } := {yD1 , u1, ŷS2 }, then for any u = γD1 (yD1 ) and û = γ̂D1 (yD1 ), policies β2

and β̂2 in ΓCS can be constructed satisfying β2(yD1 , ŷ
S
2 ) = γCS2 (yD1 , ŷ

S
2 , γ

D
1 (yD1 )) and β̂2(yD1 , ŷ

S
2 ) =

γCS2 (yD1 , ŷ
S
2 , γ̂

D
1 (yD1 )) such that

E[c(ω0, αu+ (1− α)û, γCS2 (yD1 , ŷ
S
2 , αu+ (1− α)û))]

= E[(ω0 + αu+ (1− α)û)2 + (αβ2(yS1 , ŷ
S
2 ) + (1− α)β̂2(yS1 , ŷ

S
2 ))2],

which implies that under the static measurements with control-sharing reduction, the team prob-

lem above (with static measurements with control-sharing IS) is convex in policies. We can show

that the dynamic team problem above with ID,CS2 := {yD,CS2 } := {yD1 , u1, ŷD2 } is convex in poli-

cies using the static measurements with control-sharing reduction since the reduction is policy-

independent. 2

In the following example, we further discuss the fragility of the convexity (in policies) of a team

problem under different reductions and information structures. In particular, similar to Example

ex:non-cvx, we show that a dynamic partially nested team problem, admitting a policy-dependent

static reduction and satisfying the convexity condition in Assumption 5.4.1, can be non-convex

(in policies); however, we further discuss that control-sharing (partial control-sharing) under static

measurements with control-sharing reduction leads to the convexity of the team problem (in poli-

cies).

Example 5.5.2. Consider a N + 1-DM stochastic dynamic team (PD) where the expected cost

function is given by

1

N

N∑
i=1

E[c(ω0, u
i, uN+1,

1

N

N∑
p=1

up)] :=
1

N

N∑
i=1

E[(ω0 +Riui +RN+1uN+1 +
R̃

N

N∑
p=1

up)2],

where for all i = 1, . . . , N+1, Ri and R̃ are positive real numbers. Let for every i = 1, . . . , N+1,
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ySi be exogenous random variables, and let yDN+1 = 1
N

∑N
i=1 u

i +KySN+1 for K ∈ R. We consider

convexity under the following partially nested information structures:

(i) ISN+1 := {yS1 , . . . , ySN+1} and ISi := {ySi };

(ii) ICSN+1 := {yS1 , . . . , ySN , ySN+1, u
1, . . . , uN} and ISi := {ySi };

(iii) ID,CSN+1 := {yS1 , . . . , ySN , yDN+1, u
1, . . . , uN} and ISi := {ySi };

(iv) IDN+1 := {yS1 , . . . , ySN , yDN+1} and ISi := {ySi }.

Part (i): Under the information structure IS , since the team is static and the cost function is

convex in actions, the team is convex in policies.

Parts (ii)(iii): Under the information structure ICS , we have for any α ∈ [0, 1] and for any

policy γN+1 ∈ ΓCSN+1

1

N

N∑
i=1

E[c(ω0, αu
i + (1− α)ûi, γN+1(ySN+1, αu+ (1− α)û), αµN + (1− α)µ̂N)]

=
1

N

N∑
i=1

E[c(ω0, αu
i + (1− α)ûi, αβN+1(ySN+1) + (1 + α)β̂N+1(ySN+1), αµN + (1− α)µ̂N)]

(5.28)

≤ α
1

N

N∑
i=1

E[c(ω0, u
i, βN+1(ySN+1), µN)] + (1− α)

1

N

N∑
i=1

E[c(ω0, û
i, β̂N+1(ySN+1), µ̂N)],

(5.29)

where µN := 1
N

∑N
i=1 u

i, µ̂N := 1
N

∑N
i=1 û

i, and (5.28) follows from the fact that the information

structure is static measurements with control-sharing, and hence, policies βN+1 and β̂N+1 can be

constructed. Inequality (5.29) follows from convexity of the cost function in its last three arguments,

and hence, the team problem under ICS is convex (in policies). Similarly, we can show that the

team problem under ID,CS is convex (in policies).
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Part (iv): For the team problem under ID, we discuss the team problem under different condi-

tions on Ri and K. First, let K 6= 0. Similar to Example 5.5.1, we can show that team problem is

non-convex if γN+1 ∈ ΓDN+1 is chosen such that uN+1 = 4

√
(yDN+1). Now, let K = 0. If there is i

for i ∈ {1, . . . , N} such that Ri 6= 0, then since DMN+1 has only access to a partial information

of actions of precedent DMs, µN , the reduction to the team problem with IS is policy-dependent,

and hence, similar to Example 5.5.1, the team problem is non-convex. However, if K = Ri = 0

for all i = 1, . . . , N , then we have

E[ĉ(ω0, γ
N+1(ySN+1, αµN + (1− α)µ̂N), αµN + (1− α)µ̂N)]

≤ αE[ĉ(ω0, β
N+1(ySN+1), µN)] + (1− α)E[ĉ(ω0, β̂

N+1(ySN+1), µ̂N)], (5.30)

where ĉ(ω0, u
N+1, 1

N

∑N
i=1 u

i) := (ω0 +RN+1uN+1 + R̃
N

∑N
i=1 u

i)2 and (5.30) follows from the fact

that for every µN and µ̂N , policies βN+1 and β̂N+1 can be constructed, and hence, the reduction

to the team problem with IS is policy-independent which implies that the team problem is convex

in policies. We note that in fact when K = Ri = 0 for all i = 1, . . . , N , µN provides enough

information for DMN+1 to construct policies under the reduction independent of policies of DMi

for i = 1, . . . , N . 2

Now, in view Examples 5.5.1 and 5.5.2, we establish a result on convexity of team problems

with partially nested IS under static measurements with control-sharing reduction. We note that

the following result serves as a refinement and clarification of the analysis in [140, Section 3.3.2

and 3.3.3], where this distinction was not made explicit (clarification in the sense that convexity is

only preserved if the IS is partially nested with control-sharing). That is, convexity strictly requires

IS to be partially nested with control-sharing.

Theorem 5.5.3. Consider dynamic team problems with a partially nested IS, where Assumption

5.4.1(a) (on convexity of the cost function) and Assumption 5.2.2 (on the invertibility condition of

observations) hold. Then:
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(i) The team problem (PD) is not necessarily convex in policies.

(ii) The team problems (PS), (PCS), and (PD,CS) are convex in policies.

Proof. Part (i) is a straightforward consequence of Example 5.5.1, and for Part (ii), the proof for

(PS) is immediate. For (PCS) and (PD,CS), since DMs can have access to actions of precedent

DMs, the reduction of each DM is independent of policies of precedent DMs (Theorem 5.5.2(i)),

and hence, the result follows from the fact that under the policy-dependent static reduction, the

expected cost function does not change.

5.6 Linear Quadratic Gaussian Stochastic teams with Partially Nested Information Struc-

ture

In this section, we first establish results on the connections between uniqueness of pbp optimal

policies for (PS) and (PD), which is useful in particular for LQG models. The following result is

a corollary to Theorems 5.4.1, 5.4.2, and 5.5.2.

Corollary 5.6.1. Consider stochastic dynamic teams (PD) with partially nested IS. Assume that

for all i ∈ N , gi is linear in u↓i for all ζ (hence, Assumption 5.2.2 holds). Let Assumption 5.4.1

hold, and let γS,∗ ∈ ΓS be the unique pbp optimal policy for (PS) (hence, globally optimal).

(i) If γD,∗ ∈ ΓD satisfying (5.11), is linear, then γD,∗ is the essentially unique linear pbp optimal

policy for (PD) (unique in the class of linear policies).

(ii) If γ̂D ∈ ΓD is any nonlinear stationary (pbp optimal) policy for (PD) (if it exists), then

J(γD,∗) ≤ J(γ̂D).

(iii) If there exists a linear policy β∗ for (PCS) with a representation of β∗i (y
CS
i ) = γS,∗i (ySi ) for

i ∈ N and almost all ζ , then β∗ is an essentially unique linear pbp optimal policy for (PCS)

(there might exist other linear representations of the policy).

(iv) If β̂ is any nonlinear pbp optimal policy for (PCS) (if it exists), then J(β∗) ≤ J(β̂).
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Now, we use Corollaries 5.5.1 and 5.6.1 to re-visit a well-known results for LQG team problems

([66]).

Example 5.6.1. Consider LQG dynamic teams with partially nested IS. Define the observation of

DMs for dynamic teams as

yDi =

{
yD↓i , ŷ

D
i := Hiζ +

∑
j∈↓i

Biju
D
j

}
,

where ζ denotes all relevant random variables, and Hi and Bij are matrices of appropriate dimen-

sions. Let the IS of DMi be IDi = {yDi }. Define the observations under the policy-dependent static

reduction as follows:

ySi =

{
yS↓i, ŷ

S
i := Hiζ

}
,

and let the expected cost function under γD be given as

EγD [c(ω0, u1, . . . , uN)] := EγD [ζ ′Mζ ′ + u′Ru],

where M ≥ 0, R > 0, u := {u1, . . . , uN} and a′ denotes transpose of a for a = ζ, u. Following

from [66], under the policy-dependent static reduction, the globally optimal policy is unique and

linear (since the cost function is strictly convex in actions). Denote this globally optimal policy

by γS,∗ = (Q∗1, . . . , Q
∗
N) ∈ ΓS . Hence, by Preposition 5.5.1, γD,∗ := (K∗1 , . . . , K

∗
N) ∈ ΓD

with Q∗i y
S
i = K∗i y

D
i for all i ∈ N and almost all ζ (satisfying (5.11)) is the unique globally

optimal for the dynamic team, which satisfies for all i ∈ N and K∗i := ({Kj
i }j∈↓i, Ki∗

i ) and

Q∗i := ({Qj
i}j∈↓i, Qi∗

i )

Kj∗
i = Qj∗

i −Qi∗
i BijK

∗
j for all j ∈↓ i,

Ki∗
i = Qi∗

i .
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Moreover, following from Corollary 5.6.1(i), γD,∗ is the essentially unique linear pbp optimal

policy for the dynamic team.

5.7 Multi-stage Team Problems: Player-wise Optimality Analysis and Reductions

In this section, we consider multi-stage stochastic dynamic team problems. We first provide ex-

amples, where the above independent-data and nested reductions apply. Then, we establish con-

nections between player-wise/DM-wise pbp optimal policies of dynamic multi-stage teams and

their static reduction, and finally, we provide a sufficient condition under which DM-wise pbp op-

timality implies player-wise pbp optimality, which leads us to use the results for the single-stage

problems discussed in the previous sections.

Example 5.7.1. Consider multi-stage stochastic dynamic teams (PMulti).

(i) Assume that xit+1 = f̃ it (x
1:N
0:t , u

1:N
0:t ) + wit, where f̃ it is a measurable function and that obser-

vations of each PLi at time t is of the form yit = h̃it(x
1:N
0:t , u

1:N
0:t−1) + vit with random variables

vits being independent of other exogenous random variables of dynamics and observations,

and having a zero-mean Gaussian density functions N i
t with a positive-definite covariance

for all i ∈ N and t ∈ T . If I it = yi0:t, then an independent-data static reduction exists. The

above holds since we can write

yit = ĥit(x
1:N
0 , w1:N

0:t−1, v
1:N
0:t−1, u

1:N
0:t−1) + vit,

and we can define φit and ηit as

φit =
N i
t (y

i
t − ĥit(x1:N

0 , w1:N
0:t−1, v

1:N
0:t−1, u

1:N
0:t−1))

N i
t (y

i
t)

, ηit = N i
t (y

i
t)dy

i
t.

(ii) Assume that xit+1 = f̃ it (ω0, x
i
0:t, u

i
0:t) + wit where f̃ it is a measurable function and wit admits

zero-mean Gaussian density function N i
t with positive-definite covariance. Let observations
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of each PLi at time t is of the form yit = hit(x
i
0:t, y

i
0:t−1, v

i
0:t), where σ(yit) ⊂ σ(yit+1) and (vit)t

are independent of disturbances of other DMs and independent of ω0. If I it := {yit} for all

i = 1, . . . , N and t = 0, . . . , T − 1, then a nested reduction exists.

Corollary 5.7.1. Consider multi-stage stochastic dynamic teams (PMulti).

(i) Assume that there exists an independent-data static reduction. Then, γγγ∗ is a player-wise

(DM-wise) pbp optimal policy for the dynamic team problems (PMulti) if and only if it is a

player-wise (DM-wise) pbp optimal policy under independent-data static reductions.

(ii) Assume that there exists a nested reduction. Then, γγγ∗ is a player-wise pbp optimal policy

for the dynamic team problems (PMulti) if and only if it is a player-wise pbp optimal policy

under nested reductions.

We emphasize that (ii) is not necessarily true for DM-wise pbp optimal policies.

Proof. Part(i) follows from Theorem 5.3.1, and the fact that the independent-data static reduc-

tion is policy-independent. Part(ii) follows from the fact that in the nested reduction, following

from Assumption 5.2.4, the team problem is static through players, and hence, every player-wise

pbp optimal policy will be preserved under the reduction (since fixing policies of other players,

a player-wise pbp optimal policy is globally optimal for the player through time which will be

preserved under policy-independent, policy-dependent static reductions, static measurement with

control-sharing reduction).

As we discussed before, every player-wise pbp optimal policy is DM-wise pbp optimal; how-

ever, the converse statement is not true in general. In the following, we use Corollary 5.7.1 to

establish a variational analysis for multi-stage stochastic dynamic teams (PMulti) under which DM-

wise pbp optimal policies are player-wise pbp optimal.

Corollary 5.7.2. Consider multi-stage stochastic dynamic teams (PMulti). Assume that there ex-

ists an independent-data static reduction. Let γγγ∗ be a (DM-wise) pbp optimal policy for (PMulti).

Assume that, for every t ∈ T ,
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(i) ĉ (see (5.21)) is continuously differentiable in uuu = (uuu1, . . . ,uuuN),

(ii) for every i ∈ N , ĉ is convex in uuui, where policies of other players (for PLjs with j ∈

{1, . . . , i− 1, i+ 1, . . . , N}) are fixed to be γγγ−i∗.

If for all i ∈ N and for all γγγi ∈ Γi with Eγγγi,γγγ−i∗ [ĉ(·)] <∞

E

[
∇uit

ĉ

(
ω0, x0,www,vvv, u

i
t, γγγ
−i∗(yyy−i), γi∗0:t−1(yi0:t−1), γi∗t+1:T−1(yit+1:T−1), yyy

)∣∣∣∣
uit=γ

i∗
t (yit)

×
(
γit(y

i
t)− γi∗t (yit)

)]
<∞ for all t ∈ T ,

then, γγγ∗ is player-wise pbp optimal for (PMulti).

Proof. Following from Corollary 5.7.1, γγγ∗ is also a (DM-wise) pbp optimal under an independent-

data static reduction. By fixing policies γγγ−i∗ and using convexity and regularity assumptions un-

der the reduction, Theorem 5.8.1 implies that γγγ∗ is a player-wise pbp optimal policy under an

independent-data static reduction (through showing that by fixing policies γγγ−i∗, γγγ∗ is globally op-

timal for PLi), and this completes the proof.

Remark 5.7.1. For dynamic teams under a nested reduction, the above variational analysis might

not in general hold since if γγγ∗ is a (DM-wise) pbp optimal policy for the dynamic problem, it

might not be (DM-wise) pbp optimal policy under a nested reduction. However, for dynamic

teams under a nested reduction, since under Assumption 5.2.4, the team is static through players

(observations of each player at a given time are not affected by actions of any other player), by

considering joint perturbations through times of a given player (through considering a player-wise

stationary policy), variational inqualities (similar to those in Theorem 5.8.1 and Corollary 5.3.1)

can be obtained to show the global optimality of player-wise stationary (pbp optimal) policies.

Hence, under a nested reduction, if the cost function c is convex and continuously differentiable

in actions, then, a variational analysis guarantees the global optimality of player-wise stationary

(pbp optimal) policies but not DM-wise stationary (pbp optimal) policies.
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5.8 Proofs

5.8.1 Proof of Theorem 5.3.1

We first recall sufficient conditions for Bayes Formula (e.g., [51, p. 216]) which is used in the

proof of Theorem 5.3.1.

Lemma 5.8.1. Consider a probability space (Ω̃, F̃ , P̃) where P̃� Q̃ for some probability measure

Q̃. If a σ-field G ⊂ F̃ and a random variable X is integrable (EP̃[|X|] <∞), then Bayes formula

holds, that is,

EP̃[X|G] =
EQ̃[X dP̃

dQ̃ |G]

EQ̃[ dP̃
dQ̃ |G]

P̃− a.s.

2

Proof of Theorem 5.3.1. Since policies do not change under the reduction, the proof of the result

for globally and pbp optimal policies follows from (5.5). Now, we show the result for stationary

policies. Let γ∗ be a stationary policy for (PD). In the following, we show that if γ∗ satisfies (5.22),

then it is also stationary under a policy-independent static reduction. Since γ∗ is a stationary policy

for (PD), using Lemma 5.8.1, we have P -almost surely

0 = ∇uiE
γ−i∗

P [c(ω0, u
1, . . . , uN)|yi]

∣∣∣∣
ui=γi∗(yi)

= ∇ui

{
Eγ−i∗

Q [c̃(ω0, u
1, . . . , uN , y1, . . . , yN)|yi]
Eγ−i∗

Q [ dP
dQ |yi]

}∣∣∣∣
ui=γi∗(yi)

, (5.31)

where (5.31) follows from Lemma 5.8.1. Hence,

{(∇uiE
γ−i∗

Q [c̃(ω0, u
1, . . . , uN , y1, . . . , yN)|yi]

)
Eγ−i∗

Q [ dP
dQ |y

i](
Eγ−i∗

Q [ dP
dQ |yi]

)2 (5.32)
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−
Eγ−i∗

Q [c̃(ω0, u
1, . . . , uN , y1, . . . , yN)|yi]

(
∇uiE

γ−i∗

Q [ dP
dQ |y

i]

)
(
Eγ−i∗

Q [ dP
dQ |yi]

)2

}∣∣∣∣
ui=γi∗(yi)

= 0. (5.33)

Since γ∗ satisfies (5.22), we have P -almost surely (5.33) is equal to zero, and since dP
dQ > 0 P -

almost surely and (5.32) must be equal to zero P -almost surely, we have P -almost surely

∇uiE
γ−i∗

Q [c̃(ω0, u
1, . . . , uN , y1, . . . , yN)|yi]

∣∣∣∣
ui=γi∗(yi)

= 0, (5.34)

which implies that γ∗ is a stationary policy for (PD) under policy-independent static reductions.

For the converse statement, if a policy γ∗ is stationary for (PD) under policy-independent static

reductions and satisfies (5.22), expressions (5.32) and (5.33) are equal to zero P -almost surely

which implies that γ∗ is a stationary policy for (PD), and hence, this completes the proof.

5.8.2 Proof of Corollary 5.3.1

We first recall a result which follows from [140, Theorem 3.3 and 3.4] and is used in the proof of

Corollary 5.3.1.

Theorem 5.8.1. [140, Theorem 3.3 and 3.4] Consider stochastic dynamic teams (P) with a policy-

independent static reduction (1.3). Assume that

(a) The cost function under the policy-independent static reductions, c̃, is convex in u1, . . . , uN ,

(b) The cost function under the policy-independent static reductions, c̃, is continuously differen-

tiable in u1, . . . , uN .

If γ∗ is a stationary policy for the dynamic team (P) under a policy-independent static reduction,

and for all γ ∈ Γ with E
γ

Q[c̃(·)] <∞,

EQ

[
∇ui c̃(ω0, γ

∗(y), y)

(
γi(yi∗)− γi∗(yi∗)

)]
<∞ for all i ∈ N , (5.35)
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where

∇ui c̃(ω0, γ
∗(y), y)

:= ∇ui c̃

(
ω0, γ

1∗(y1), . . . , γ(i−1)∗(yi−1), ui, γ(i+1)∗(yi+1), . . . , γN∗(yN), y1:N

)∣∣∣∣
ui=γi∗(yi)

,

then γ∗ is globally optimal for (P). Moreover, if the cost function c̃ is strictly convex in (u1, . . . , uN),

γ∗ is the unique globally optimal policy for (P).

2

Proof of Corollary 5.3.1. Following from Theorem 5.3.1, since stationary policy for (P) satisfies

(5.22), it is also stationary under policy-independent static reductions. In view of Theorem 5.8.1,

since conditions (a) and (b) hold, we only need to show that (5.35) holds. Since the cost function

c and dP
dQ are differentiable functions in actions, (5.35) can be written as

EQ

[(
∇uic(ω0, γ

∗(y))

)
dP
dQ

(
γi(yi∗)− γi∗(yi∗)

)
+

(
∇ui

dP
dQ

(ω0, y, γ
∗(y))

)
c(ω0, γ

∗(y∗))

(
γi(yi∗)− γi∗(yi∗)

)]
= EQ

[(
∇uic(ω0, γ

∗(y))

)
dP
dQ

(
γi(yi∗)− γi∗(yi∗)

)]
(5.36)

+ EQ

[(
∇ui

dP
dQ

(ω0, y, γ
∗(y))

)
c(ω0, γ

∗(y∗))

(
γi(yi∗)− γi∗(yi∗)

)]
(5.37)

where (5.36) is finite following from (5.23), and (5.37) is finite following from (5.24), and hence,

(5.35) holds and Theorem 5.8.1 completes the proof.

5.8.3 Proof of Theorem 5.4.2

For simplicity of our analysis, we consider 2-DM team problems; however, a similar proof can be

used to show that the result holds for N -DM team problems as well. Consider a 2-DM stochastic

dynamic team (PD) with I1 = {yD1 } and I2 = {yD2 } := {yD1 , ŷD2 }, where ŷD2 = g(ŷS2 , u
1), and yD1

and ŷS2 are primitive random variables.
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Part (i), “⇒”: We first show that if γD,∗ satisfying (C) is not a stationary policy for (PD), then

γS,∗ is not a stationary policy for (PS).

(Step 1) If γD,∗ satisfying (C) is not a stationary policy for (PD), then there is a set B ⊆ Ω

with P (B) > 0 such that

∇u2E[c(ω0, γ
D∗
1 (yD1 ), u2)|yD2 ]u2=γD∗2 (yD2 ) 6= 0 (5.38)

and/or

∇u1E[c(ω0, u
1, γD∗2 (yD1 , g(ŷS2 , u

1))|yD1 ]u1=γD∗1 (yD1 ) 6= 0, (5.39)

If (5.38) holds, then since (5.11) holds, and since under Assumption 5.2.2, gi is invertable, we have

on the set B

∇u2E[c(ω0, γ
S∗
1 (yS1 ), u2)|yS2 ]u2=γS∗2 (yS2 ) 6= 0 (5.40)

which contradicts the assumption that γS,∗ is a stationary policy for (PS).

(Step 2) Since γD,∗ satisfies (C), by the first-order approximation, we have for εn ∈ [0, 1) close

to zero and a policy δ1 ∈ ΓD1

γD∗2

(
yD2,εn

)
:= γD∗2

(
yD1 , g(ŷS2 , γ

D∗
1 (yD1 ) + εnδ

1(yD1 ))

)
= γD∗2

(
yD1 , g(ŷS2 , γ

D∗
1 (yD1 ))

)
+ εnδ̃

(
yD1 , ŷ

S
2 , γ

D∗
1 (yD1 )

)
+O(ε2n), (5.41)

where yD2,εn := [yD1 , g(ŷS2 , γ
D∗
1 (yD1 ) + εnδ

1(yD1 ))] and δ̃ satisfies

δ̃

(
yD1 , ŷ

S
2 , γ

D∗
1 (yD1 )

)
:= Dδ1

u γ
D∗
2

(
yD1 , g(ŷS2 , u)

)∣∣∣∣
u=γD∗1 (yD1 )

:= lim
n→∞

1

εn

[
γD∗2

(
yD1 , g(ŷS2 , γ

D∗
1 (yD1 ) + εnδ

1)

)
− γD∗2

(
yD1 , g(ŷS2 , γ

D∗
1 (yD1 ))

)]
,



5.8. PROOFS 199

where εn goes to zero as n goes to infinity and Dδ1

u denotes the directional derivative with respect

to u in the direction of δ1 [89].

(Step 3) If (5.39) holds, then on the set B

lim
n→∞

1

εn
E

[
c

(
ω0, γ

D∗
1 (yD1 ) + εnδ

1(yD1 ), γD∗2 (yD2,εn)

)
−c
(
ω0, γ

D∗
1 (yD1 ), γD∗2 (yD2 )

)∣∣∣∣yD1 ] 6= 0,

(5.42)

for a non-zero δ1(yD1 ), where yD2,εn := [yD1 , g(ŷS2 , γ
D∗
1 (yD1 )+εnδ

1(yD1 ))]. Replacing (5.41) in (5.42),

and using Assumption 5.4.1, we can see that the expression inside the conditional expectation

(5.42) is convex and continuously differentiable in εn. Hence, similar to [78, Theorem 2 and 3],

using the extended monotone convergence theorem, we can exchange the limit and the expectation.

Therefore, since (5.11) holds, and also since yS1 = yD1 , on the set B

E

[
lim
n→∞

1

εn
c

(
ω0, γ

S∗
1 (yS1 ) + εnδ

1(yS1 ), γS∗2 (yS2 ) + εnδ̂(y
S
2 )

)
−c
(
ω0, γ

S∗
1 (yS1 ), γS∗2 (yS2 )

)∣∣∣∣yS1 ] 6= 0,

(5.43)

for the policy δ̂ with δ̂(yS2 ) = δ̃(yD1 , ŷ
S
2 , γ

D∗
1 (yD1 )). Under Assumption 5.4.1, using the chain rule

of derivative and linearity of the conditional expectation, (5.43) implies that for on the set B

E

[
lim
n→∞

1

εn
c

(
ω0, γ

S∗
1 (yS1 ) + εnδ

1(yS1 ), γS∗2 (yS2 )

)
− c
(
ω0, γ

S∗
1 (yS1 ), γS∗2 (yS2 )

)∣∣∣∣yS1 ] (5.44)

+ E

[
lim
n→∞

1

εn
c

(
ω0, γ

S∗
1 (yS1 ), γS∗2 (yS2 ) + εnδ̂(y

S
2 )

)
− c
(
ω0, γ

S∗
1 (yS1 ), γS∗2 (yS2 )

)∣∣∣∣yS1 ] 6= 0. (5.45)

(Step 4) If (5.44) is non-zero on the set B, then by exchanging the limit and expectation, we

have on the set B

∇u1E[c(ω0, u
1, γS∗2 (yS2 ))|yS1 ]u1=γS∗1 (yS1 ) 6= 0, (5.46)
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which contradicts the assumption that γS,∗ is a stationary policy for (PS). If (5.45) is non-zero on

the set B, then we have on the set B

∇u2E[c(ω0, γ
S∗
1 (yS1 ), u2)|yS2 ]u2=γS∗2 (yS2 ) 6= 0. (5.47)

That is because, σ(yS1 ) ⊆ σ(yS2 ) and by the towering property of the conditional expectation, we

have on the set B

∇u2E[E[c(ω0, γ
S∗
1 (yS1 ), u2)|yS2 ]δ̂(yS2 )|yS1 ]u2=γS∗2 (yS2 ) 6= 0.

Hence, on the set B, (5.40) holds, which contradicts the assumption that γS,∗ is a stationary policy

for (PS).

“⇐”: For the converse statement in Part(i), we can use similar steps. First, we note that if

(5.40) holds on the set B on a set of positive measures B, then (5.38) holds on the set B, which

contradicts the assumption that γD,∗ is a stationary policy for (PD). Hence, P -almost surely

∇u2E[c(ω0, γ
S∗
1 (yS1 ), u2)|yS2 ]u2=γS∗2 (yS2 ) = 0. (5.48)

Now, similar to the steps above, we can show that if γD,∗ is a stationary policy for (PD), then sum

of (5.44) and (5.45) is equal to zero P -almost surely. Hence, this implies that either both (5.44)

and (5.45) are equal to zero P -almost surely or non of them equal to zero P -almost surely. But if

(5.44) is not equal to zero on the set B, then similar to the above we can show that (5.40) holds for

on the set B, which contradicts (5.48), and hence, this completes the proof of Part(i).

Part(ii): the proof follows from a similar argument as Part(i) since γD∗ satisfies (C). We note

that Assumption 5.4.1(b) is not needed for proving the first claim of Part(ii) since we do not require

exchanging the limit and the expectation (there is noO(ε2n) in (5.41) under the linearity assumption

of γD∗). For the second claim of Part(ii), we only need to show that c(ω0, u, γ
D∗
2 (yD1 , g(ŷS2 , u)) is
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convex in u for every realizations of ζ , where γD∗2 is linear in actions for every ζ . Let α ∈ [0, 1],

and consider arbitrary actions u and û; then, for every ω0,

c

(
ω0, αu+ (1− α)û, γD∗2 (yD1 , g(ŷS2 , αu+ (1− α)û))

)
= c

(
ω0, αu+ (1− α)û, αγD∗2 (yD1 , g(ŷS2 , u)) + (1− α)γD∗2 (yD1 , g(ŷS2 , û))

)
(5.49)

≤ αc

(
ω0, u, γ

D∗
2 (yD1 , g(ŷS2 , u))

)
+ (1− α)c

(
ω0, u, γ

D∗
2 (yD1 , g(ŷS2 , û))

)
, (5.50)

where (5.49) follows from the linearity of γD,∗ and gi in actions, and (5.50) follows from Assump-

tion 5.4.1(b). The above convexity implies that stationary policies are pbp optimal for (PD) under

hypothesis of Part(ii), and hence, the proof is completed.

5.8.4 Proof of Theorem 5.5.2

Part(i): This follows from Theorem 5.5.1 since the static measurements with control-sharing

reduction satisfying a relation (5.12) is policy independent, and the cost function remains un-

changed the static measurements with control-sharing reduction. For the connections between

stationary policies, we have P -almost surely

0= ∇uiE

[
c

(
γD,CS,∗1 (yD,CS1 ), . . . , γD,CS,∗i−1 (yD,CSi−1 ), ui, γD,CS∗

i+1,ui
(yD,CSi+1 ), . . . , γD,CS,∗N (yD,CS

N,ui
)

)∣∣∣∣yD,CSi

]∣∣∣∣
ui=γD,CS,∗i (yD,CSi )

= ∇uiE

[
c

(
γCS,∗1 (yCS1 ), . . . , γD,CS,∗i−1 (yCSi−1), ui, γCS∗i+1,ui(y

CS
i+1), . . . , γCS,∗N (yCSN,ui)

)∣∣∣∣yDi , γCS∗↓i (yCS↓i )

]∣∣∣∣
ui=γCS,∗i (yCSi )

(5.51)

= ∇uiE

[
c

(
γCS,∗1 (yCS1 ), . . . , γD,CS,∗i−1 (yCSi−1), ui, γCS∗i+1,ui(y

CS
i+1), . . . , γCS,∗N (yCSN,ui)

)∣∣∣∣ySi , γCS∗↓i (yCS↓i )

]∣∣∣∣
ui=γCS,∗i (yCSi )

(5.52)

= ∇uiE

[
c

(
γCS,∗1 (yCS1 ), . . . , γD,CS,∗i−1 (yCSi−1), ui, γCS∗i+1,ui(y

CS
i+1), . . . , γCS,∗N (yCSN,ui)

)∣∣∣∣yCSi ]∣∣∣∣
ui=γCS,∗i (yCSi )

,
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where (5.51) follows from a relation (5.12) since the static measurements with control-sharing

reduction satisfying a relation (5.12) is policy independent, and (5.52) follows from Assumption

(5.2.2) since there is a bijection between yDi and ySi , and this completes the proof.

Part(ii): Let γD,∗ be a pbp optimal policy for (PD), and let a policy γD,CS,∗ ∈ ΓD,CS be such

that for all i ∈ N , γD,∗i (yDi ) = γD,CS,∗i (yD,CSi ) for almost all u↓i. A representation of policy γD,CS,∗

is γD,∗ itself, where for every i ∈ N , the extra information u↓i has not been used. In the following,

we show that γD,∗ is also pbp optimal for (PD,CS). Assume it is not, then there is an index i ∈ N

and a policy βi ∈ ΓD,CSi (with (βi, γD,∗−i ) ∈ ΓD,CS) such that

E

[
c

(
γD,∗1 (yD1 ), . . . , γD,∗i−1(yDi−1), βi(yDi , γ

D,∗
↓i (yD↓i)), γ

D,∗
i+1(yDi+1), . . . , γD,∗N (yDN )

)]
< E

[
c

(
γD,∗1 (yD1 ), . . . , γD,∗N (yDN )

)]
. (5.53)

Since IS is partially nested, for a policy (βi, γD,∗−i ) ∈ ΓD,CS , there exists a policy (γ̂Di , γ
D,∗
−i ) ∈ ΓD

such that ui = βi(yDi , γ
D,∗
↓i (yD↓i)) = γ̂Di (yDi ) for almost all ζ . We note that policies γD,∗−i remains

unchanged since the construction γD,CS,∗−i from γD,∗ is independent of preceding policies and is

only depend on preceding actions which are remained unchanged by the construction. Hence,

(5.56) can be written as

E

[
c

(
γD,∗1 (yD1 ), . . . , γD,∗i−1(yDi−1), γ̂Di (yDi ), γD,∗i+1(yDi+1), . . . , γD,∗N (yDN )

)]
< E

[
c

(
γD,∗1 (yD1 ), . . . , γD,∗N (yDN )

)]
,

which contradicts the assumption that γD,∗ is pbp optimal for (PD), and hence, γD,∗ is pbp optimal

for (PD,CS).

Now, we show the connections for stationary policies. Let γD,∗ be stationary for (PD). Similar

to the above, a representation of policy γD,CS,∗ is γD,∗ itself. In the following, we show that γD,∗
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is also stationary for (PD,CS). We have P -almost surely

∇uiE

[
c

(
γD,∗1 (yD1 ), . . . , γD,∗i−1(yDi−1), ui, γD,∗

i+1,ui
(yDi+1), . . . , γD,∗N (yDN,ui)

)∣∣∣∣yD,CSi

]∣∣∣∣
ui=γD,∗i (yDi )

= ∇ui

[ ∫
c

(
γD,∗1 (yD1 ), . . . , γD,∗i−1(yDi−1), ui, γD,∗

i+1,ui
(yDi+1), . . . , γD,∗N (yDN,ui)

)
P (dζ|yDi , γ

D,∗
↓i (yD↓i))

]∣∣∣∣
ui=γD,∗i (yDi )

= ∇ui

[ ∫
c

(
γD,∗1 (yD1 ), . . . , γD,∗i−1(yDi−1), ui, γD,∗

i+1,ui
(yDi+1), . . . , γD,∗N (yDN,ui)

)
P (dζ|yDi )

]∣∣∣∣
ui=γD,∗i (yDi )

(5.54)

= ∇uiE

[
c

(
γD,∗1 (yD1 ), . . . , γD,∗i−1(yDi−1), ui, γD,∗

i+1,ui
(yDi+1), . . . , γD,∗N (yDN,ui)

)∣∣∣∣yDi ]∣∣∣∣
ui=γD,∗i (yDi )

= 0,

where (5.54) is true since P -almost surely

P (dζ|yDi , γ
D,∗
↓i (yD↓i)) =

P (dζ|yDi )P (dγD,∗↓i (yD↓i)|yDi , ζ)

P (dγD,∗↓i (yD↓i)|yDi )

= P (dζ|yDi ), (5.55)

where (5.55) follows from the fact that yDi includes yD↓i , and since γD,∗↓i are deterministic, and hence,

given yDi , random variables γS,∗↓i (yD↓i) are independent of ζ . This shows that γD,∗ is also stationary

for (PD,CS), and completes the proof.

Part(iii): Let γS,∗ be pbp optimal for (PS), and let a policy γCS,∗ ∈ ΓCS be such that for all

i ∈ N , γS,∗i (ySi ) = γCS,∗i (yCSi ) for almost all ζ . A representation of policy γCS,∗ is γS,∗ itself,

where for every i ∈ N , the extra information u↓i has not been used. In the following, we show

that γS,∗ is also pbp optimal for (PCS). Assume it is not, then there is an index i ∈ N and a policy

βi ∈ ΓCSi (with (βi, γS,∗−i ) ∈ ΓCS) such that

E

[
c

(
γS,∗1 (yS1 ), . . . , γS,∗i−1(ySi−1), βi(ySi , γ

S,∗
↓i (yS↓i)), γ

S,∗
i+1(ySi+1), . . . , γS,∗N (ySN)

)]
< E

[
c

(
γS,∗1 (yS1 ), . . . , γS,∗N (ySN)

)]
. (5.56)
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Since IS is partially nested, for a policy (βi, γS,∗−i ) ∈ ΓCS , there exists a policy (γ̂Si , γ
S,∗
−i ) ∈ ΓS such

that βi(ySi , γ
S,∗
↓i (yS↓i)) = γ̂Si (ySi ) for almost all ζ . We note that policies γS,∗−i remains unchanged

since their representation is independent of precedent policies. Hence, (5.56) can be written as

E

[
c

(
γS,∗1 (yS1 ), . . . , γS,∗i−1(ySi−1), γ̂Si (ySi ), γS,∗i+1(ySi+1), . . . , γS,∗N (ySN)

)]
< E

[
c

(
γS,∗1 (yS1 ), . . . , γS,∗N (ySN)

)]
,

which contradicts the assumption that γS,∗ is a pbp optimal policy for (PS), and hence, γS,∗ is pbp

optimal for (PCS). The proof to show that if γS,∗ is stationary for (PS), then it is also stationary

for (PCS), is identical to that of Part(ii).

5.8.5 Proof of Corollary 5.5.1

Part (i): The proof follows from the fact that the expected cost function is identical for policies

γD,∗, γS,∗ and γCS,∗.

Part(ii): The proof follows from the fact that γCS,∗ can only be a linear function of actions of

precedent DMs, and hence, we can use a similar argument as in the proof of Theorem 5.4.2(ii).

5.8.6 Proof of Corollary 5.6.1

Part (i): A policy γD,∗ and gi are linear in actions, and hence, γD,∗ satisfies (C). Since γS,∗ is

a stationary policy for (PS) and γD,∗ satisfies (C), by Theorem 5.4.2, γD,∗ is a stationary policy

(also pbp optimal following Theorem 5.4.2(ii)) for (PD). If there exists another linear stationary

policy γ̃D,∗ for (PD), then by Theorem 5.4.2, γ̃S,∗ with γ̃S,∗i (ySi ) = γ̃D,∗i (yDi ) is a stationary policy

for (PS), which contradicts the uniqueness of the stationary policy of (PS).

Part(ii): This follows from the fact that γD,∗ is a globally optimal policy for (PS) by Theorem

5.4.1.
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Part(iii): This part follows from a similar argument as in Part(i), the only difference is that for

every γS,∗, there exist multiple representations of ui = γS,∗i (ySi ) for every i ∈ N of policies of

(PCS). However, if there exists another essentially non-unique linear stationary policy for (PCS),

by Theorem 5.5.1(ii), this leads to a contradiction to the uniqueness of the stationary policies of

(PS).

Part(iv): The proof follows from the fact that γS,∗ is a globally optimal policy for (PS) and

Theorem 5.5.1(i).
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Chapter 6

Conclusions and Future works

In this thesis, we have focused on two main problems: (i) Characterization of existence, struc-

tural properties, and optimality conditions for large-scale stochastic static and dynamic teams and

their mean-field limit; (ii) Characterization of informational properties of optimality notions under

policy-independent and policy-dependent static reductions for stochastic dynamic teams.

Our ongoing work is on extending the results of Chapter 5 to game problems. We note that the

specific form of an IS has been shown to have subtle impacts on different notions of equilibria as

well as the existence and the uniqueness of the equilibrium for game problems (see for example

[132, 9, 17, 16, 59, 94, 98]). We list below some salient features of changes in information in

games:

(a) More information to a given player does not necessarily lead to better performance for that

player (see e.g. [8, 22]).

(b) The team theoretic or stochastic control argument of a player choosing to ignore the addi-

tional information or expansion of information structures as a recipe for optimization certi-

fication (as in [139]) do not apply in games, even in zero-sum games.

(c) Dynamic games and their static reductions may lead to crucial differences and non-equivalence

results. If information is expanded, e.g., by control-sharing, then there may be infinitely

many, essentially non-unique (in that, the induced costs are different) equilibria and there
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may not be one that is the most desirable for every player.

(d) On the other hand, zero-sum games have particularly appealing aspects. Under mild condi-

tions, every zero-sum game, and accordingly every information structure, has a value (see, in

particular, [68], generalizing a result of [95, Theorem 1]). Furthermore, for zero-sum games,

a complete theory of ordering of information structures can be obtained (see [100] for fi-

nite space case and [68] for the standard Borel setup). In particular, additional information

cannot hurt a player, though this argument is quite subtle in the game case: once again the

choose to ignore the additional information and thus no information cannot hurt argument

is not applicable, even though the implication that more information cannot hurt turns out to

be correct via a more delicate argument.

Our preliminary results in [114] suggest that an equivalence of ISs (static reductions in team

theory in Chapter 5), no longer holds in general for games under policy-independent and policy-

dependent static reductions. In particular, we have shown that although the results for teams under

policy-independent static reductions hold for games, the results for teams under policy-dependent

static reductions, no longer hold for dynamic nonzero-sum games. Hence, we have established

some negative and positive results on the connections between Nash equilibrium of nonzero-sum

dynamic games under policy-independent and policy-dependent static reductions. At the end,

thanks to the ordered interchangeability property of pairs of saddle-point equilibria, we have re-

laxed sufficient conditions for nonzero-sum games, through showing that similar results as those

for teams hold for zero-sum games. At the end, we note that an equivalence of Information struc-

tures (static reductions), no longer holds in general for games under policy-independent and policy-

dependent static reductions.

Also, study of games with non-identical subjective priors, as in [13], is also of interest and a

potential future work. Our analysis in Chapter 5 and [114] does not hold for these challenging

problems but we expect some of the tools developed here to be found useful in that more general

context.



BIBLIOGRAPHY 208

Bibliography

[1] D. J. Aldous, I. A. Ibragimov, and J. Jacod. Ecole d’Ete de Probabilites de Saint-Flour XIII,

1983, volume 1117. Springer, 1985.

[2] C. D. Aliprantis and K. C. Border. Infinite Dimensional Analysis: A Hitchhiker-s Guide,

third edition. Springer, Berlin, 2006.

[3] M. Andersland and D. Teneketzis. Information structures, causality, and non-sequential

stochastic control, I: design-independent properties. SIAM J. Control and Optimization,

30:1447 – 1475, 1992.

[4] M. Andersland and D. Teneketzis. Information structures, causality, and non-sequential

stochastic control, II: design-dependent properties. SIAM J. Control and Optimization,

32:1726 – 1751, 1994.

[5] J. Arabneydi and A. Aghdam. A certainty equivalence result in team-optimal control of

mean-field coupled markov chains. In IEEE 56th Annual Conference on Decision and Con-

trol (CDC), pages 3125–3130, 2017.

[6] J. Arabneydi and A. Mahajan. Team-optimal solution of finite number of mean-field coupled

LQG subsystems. In IEEE 54th Annual Conference on Decision and Control (CDC), pages

5308–5313, 2015.

[7] A. Arapostathis, A. Biswas, and J. Carroll. On solutions of mean field games with ergodic
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[118] S. Sanjari and S. Yüksel. Convex symmetric stochastic dynamic teams and their mean-field

limit. In IEEE 58th Annual Conference on Decision and Control (CDC), pages 4662–4667,

2019.
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