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Abstract

In this thesis, we study large stochastic team problems (known also as decentralized stochastic
control problems) with finite as well as countably infinite number of decision makers.

In the first part of the thesis, we introduce sufficient conditions of optimality and character-
ize existence and structural properties for globally optimal policies. We first establish sufficient
conditions of optimality (in terms of regularity and convexity conditions on the cost function) for
static teams with a countably infinite number of decision makers. Then, we focus on static and
dynamic team problems and their mean-field limits, where the cost function and dynamics satisfy
an exchangeability condition. For this class of team problems, by first imposing convexity, we
show that an optimal policy exhibits symmetry and then we establish the convergence of optimal
policies for teams with N decision makers to the corresponding optimal policies of mean-field
teams. Then, we establish an existence and structural result for convex mean-field teams with a
decentralized information structure. Next, we relax the convexity assumption, and we characterize
existence and structural properties of an optimal decentralized policy.

Through our analysis of the aforementioned results, it has been shown that static reduction of
dynamic stochastic team problems is an effective method for establishing existence and approxima-
tion results for optimal policies. With this relation, in the second part, we classify static reductions
into three categories: (i) policy-independent, (ii) policy-dependent, and (iii) static measurement
with control-sharing reduction. For the first type, we show that there is a bijection between person-
by-person optimal (globally optimal) policies of dynamic teams and their policy-independent static

reductions. For the second type, although there is a bijection between globally optimal policies of



dynamic teams with partially nested information structures and their static reductions, in gen-
eral, there is no bijection between person-by-person optimal policies of dynamic teams and their
policy-dependent static reductions. We present, however, sufficient conditions under which bijec-
tion relationships hold. Under static measurement with control-sharing reduction, the connections
between optimality concepts can be established under relaxed conditions. An implication is a con-
vexity characterization of dynamic team problems under static measurement with control-sharing

reduction.
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Chapter 1

Introduction: Motivation, Literature Review and Summary of

Contributions

A decentralized control problem, or team problem, entails a collection of decision makers (DMs)
or agents acting together to optimize a common cost function, but not necessarily sharing all the
available information. The term stochastic teams refers to the class of team problems where there
exist randomness in the initial states, observations, cost realizations, or the evolution of the dy-
namics. At each time stage, each DM has only partial access to the global information, which is
characterized by the information structure (1S) of the problem [134]. If there is a pre-defined order
in which the decision makers act, then the team is called a sequential team. In the following, we

formally introduce a general setup of sequential stochastic team problems.

1.1 Intrinsic Model for Stochastic Teams

Hans Witsenhausen’s contributions [134, 131, 130, 135, 133] to stochastic control theory, and his
characterization of information structures in decentralized stochastic control have been crucial in
our modern understanding of decentralized stochastic control and decision theory. In this sub-
section, we introduce the characterizations as laid out by Witsenhausen, termed as the Intrinsic
Model [134]; see [139] and [91] for a more comprehensive overview and further characterizations

and classifications of information structures (ISs). In this model (described in discrete time), any
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action applied at any given time is regarded as applied by an individual DM/agent, who acts only
once. One particular advantage of this model, in addition to its generality, is that through it the
characterizations regarding ISs can be concisely described. For a recent study on the geometry of
ISs, we refer the reader to [111].

Consider decentralized systems where the decision makers act in a pre-defined order. Such
systems are called sequential teams (for non-sequential teams, we refer the reader to Andersland
and Teneketzis [3], [4] and Teneketzis [126], in addition to Witsenhausen [131] and [139, p. 113]).

For sequential teams, Witsenhausen’s intrinsic model [134] consists of the following:

* There exists a collection of measurable spaces {(Q2, F), (U, U"), (Y, V"),i € N}, speci-
fying the system’s distinguishable events, and control and measurement spaces. The set N
denotes the collection of decision makers. The set A can be a finite set {1,2,..., N} or a
countable set N (even though Witsenhausen considered a finite case). The pair (§2, F) is a
measurable space (on which an underlying probability may be defined). The pair (U*,U*)
denotes the Borel space from which the action u’ of DM’ is selected. The pair (Y, V*)

denotes the Borel observation/measurement space.

* There is a measurement constraint to establish the relation between the observation variables
and the system’s distinguishable events. The Y’-valued observation variables are given by

y' = h'(w,ul 1), where ul"*~1 = {u* | k <i — 1} and h's are measurable functions.

* The set of admissible control laws v = {~¥'}ien» also called designs or policies, are measur-
able control functions, so that v’ = ~%(y*). Let I'" denote the set of all admissible policies

for DM’ and let " := [, I".

* There is a probability measure P on (), F) describing the probability space on which the

system is defined.

Under the above intrinsic model, a sequential team problem is dynamic if the information

available to at least one decision maker (DM) is affected by the action of at least one other DM.
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A team problem is static, if for every DM the information available is only affected by exogenous
disturbances; that is, no other DM can affect the information at any given DM. ISs can also be
categorized as classical, quasi-classical (partially-nested) or non-classical. An IS {y* | i € N} is
classical if y° contains all of the information available to DM* for k < i. An IS is quasi-classical
(partially nested), if whenever u”, for some k < i, affects Yy’ through the measurement function h,
y' contains y* (that is o(y*) C o(y*)). An IS which is not partially nested is non-classical.

In this thesis, we also sometimes allow for randomized policies, where in addition to °, each
DM’ has access to, without any loss, a [0, 1]-valued independent random variable. This will be
made precise later on when randomized policies are utilized.

Under the intrinsic model, every DM acts separately. However, depending on the information
structure and the cost function, it may be convenient to consider a collection of DMs as a single
DM acting at different time instances (we sometimes refer this collection of DMs as a player (PL)
to distinguish the definition of a DM in this setup from the preceding (DM-wise) intrinsic model).
In fact, in the classical stochastic control, this is the standard approach. Hence, we may consider
a collection of DMs as a single DM (z € N) acting at different time instances (t € 7T), where
the set 7 denotes the number of times each decision maker can act (the set 7 can be a finite set
{0,1,...,7 — 1} or a countable set N depending on the finite-horizon or infinite-horizon setup).

We now define a dynamic (multi-stage) model as:

(i) The observation and action spaces for each DM are standard Borel spaces (that is, Borel
subsets of complete, separable and metric spaces) with Y := [[/' Yi, U" := []/_, U, respec-

tively.

(ii) An admissible policy for DM’ is defined as 4* € T, where 4* := {vi};c7 and T =
T—1 1
t=0 Ft'

(iii) Observation for each DM’ through time ¢ € 7 is defined as y; := h;(¢,,, Uo,—1) Where

his are Borel measurable functions, ¢, = ({5, - .-, (p)ien and ug,—y = (up, - .., up_q)ien. Let

¢:=(¢C Nienr» where ¢ := (¢});e7 denotes all the uncertainty associated with DM through times
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(which are primitive random variables taking values in standard Borel spaces).

In view of the above formulation for dynamic (multi-stage or multi-level) problems, we will
later on define a state space model of stochastic dynamic (multi-stage) teams.

We now introduce a general setup of stochastic team problems.

Problem (P} ): Stochastic Team Problems with N Decision Makers. Let N' = {1,..., N}.
Lety, = {V'}ien € Ty where Ty = HZN:1 I'". Consider a team problem with an expected cost

function (to minimize) under a policy v, as

Inly) = B || = B|can 0.+ 1 )| ()

for some Borel measurable cost function ¢ : €y x Hf\il U — R,.. We define wy as the Qy-valued
cost function relevant exogenous random variable, where wy : (2, F, P) — (0, Fo), and Qg is a

Borel space with its Borel o-field . Here, we have the notation uy := {u’ | i € N'}.
Now, we introduce two notions of optimality for the preceding stochastic team problems:
Global Optimality: For a given stochastic team problem (P};) with a given information structure,

a policy (strategy) 7% = {4 Yiear € Dy is (globally) optimal for (PY) if

IN(Vy) = lirelﬁN In(vy) =t Iy

Person-by-Person (PbP) Optimality: For a given stochastic team problem (P);) with a given
information structure, a person-by-person (pbp) optimal policy is defined as a policy 7} =

{v"}ien € Ty such that for every i € N/

In(ay) = inf Iv(v', 27,

where v~ := {y', ..., y""1 4" ... 4V} This may also be referred to as Nash equilibrium.
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Before introducing a class of large-scale stochastic team problems, we provide a brief descrip-

tion of static reduction methods, which have been utilized through our analysis in the thesis.

1.2 Static Reductions for Stochastic Dynamic Teams

We now introduce two classes of static reductions which will be used later on in the thesis. Con-
sider teams with finite N number of decision makers (i.e., N := {1,..., N}). Since our focus is
on teams with N number of decision makers, in this section and later on in Chapter 5, sub/super
index N has been eliminated in the problem formulation. We first recall Witsenhausen’s static
reduction (see [135, 138]), and then, we provide a description of team problems under this static
reduction (we refer this as policy-independent static reduction).

Consider a stochastic team problem within the intrinsic model with observations of DMs given

by

yi:hi(wo,wi,ul,...,u’lil,yl,...,yiil), (1.2)

where w; is an exogenous random variable, for i € A and the IS of DM’ is I' = {y'} (or I' =
{y*} ek, forasubset K; C {1,...,i}). Now, we introduce an absolute continuity condition under

which a policy-independent static reduction exists (see [138] for further discussions).

An Absolute Continuity Condition of Policy-Independent Static Reduction. If for any DM’, there

exists a probability measure Q* on Y’ and a function f? such that for any Borel set A’

P(yl 6Ai|w07u17"'7ui717y17"‘7yi71): ‘fi(yiuw[)aula"'7ui717y17‘"7yi71)QZ‘(dyZ‘)' (13)
Az

If the preceding absolute continuity condition holds, then

P(dwy,dut, ... du®, dy*,... dy"~)



1.2. STATIC REDUCTIONS FOR STOCHASTIC DYNAMIC TEAMS 6

N
= P(dwo) H .]M(yza Wo, ulv s 7ui_17 y17 s 7yi_l)Qi(dyi)1{7i(y’7)€dui}' (14)

=1

Hence, under the above change of measure (policy-independent static reduction), we can rewrite

the expected cost function as follows:

N

‘](7): /é(wov Ula s auNy ylv s 7yN) H ]'{"/l(yl)edul}Ql(dyl)P(dWO)7 (15)
i=1

with u? = ~i(y*) fori € N/, and

Elwo,uty . ul o yN) = c(wo,ul,...,uN)Hfi(yi,wo,ul, Lou Tyt oy,

and under (1.5), measurements are independent. As the analysis above indicates, in this static re-
duction, under the absolute continuity condition, the probabilistic nature of the problem has been
transformed to the cost function by changing the measures of the observations to fixed probabil-
ity measures. Since the static reduction above is independent of the policies that preceding DMs
choose, we refer to this type of static reduction as policy-independent static reduction. As Wit-
senhausen notes, a static reduction always holds when the measurement variables take values from
countable sets since a reference measure as in ° above can always be constructed on the measure-
ment space Y' (e.g., Q"(2) = ;51 277 1 (z=m,}, Where Y’ = {m; | j € N}) so that the absolute
continuity condition always holds. We refer the reader to [44] for relations with the classical
continuous-time stochastic control, where the relation with Girsanov’s classical measure transfor-
mation [61, 24] is recognized, and [139, p. 114] for further discussions. For discrete-time partially
observed stochastic control, similar arguments had been presented, e.g. by Borkar in [30], [31].
Now, we briefly introduce Ho and Chu’s static reduction [66, 67] (policy-dependent static re-
duction), and then we provide a description of dynamic team problems under the policy-dependent

static reduction.

Stochastic Dynamic Teams with Partially Nested IS. Consider a stochastic dynamic team with
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partially nested IS, where observations of DMs are defined as

y?:{ﬁ@?:%%@wﬁﬁ, (1.6)

and ¢ := {wp,...,wn} denotes the set of all relevant random variables (corresponding to the
uncertainty of the team), and g; and h; are measurable functions. In the above, yﬁ is a subset of a
collection of observations of precedent DMs, all DM7s for j € N/, such that 7 is affected by the

actions of DM?. The sub index {| i} denotes
{14} = {j | 9P is affected by u’}. (1.7)

Let I” = {y/}.
Now, we introduce a condition under which such a static reduction exists [66, 67].

An Invertibility Condition of Policy-Dependent Static Reduction. For all i € A and for every

fixed u¥, the function g;(-, u*') : h;(¢) — ¢ is invertible for all realizations of .

If the preceding invertibility condition holds, following from [66, 67], given a policy ID , We

can define stochastic dynamic team problems under policy-dependent static reduction as follows:

Stochastic Dynamic Teams with Partially Nested IS under Policy-Dependent static reductions.

Consider a stochastic team, where the observations of each DM can be defined as

ﬁ—{ﬁ@ﬁ—mw} (1.8)

where the IS of DM be I7 = {y7} (we note that given a policy ZD , under the preceding invert-
ibility condition, we can construct a policy v° through a relation 7, (y7) = ~ (yP) for P-almost

surely for all ().
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In the preceding static reduction, given policies of DMs, there is a bijection between observa-
tions as a function of preceding actions of DMs and primitive random variables, and observations
generated under the transformations, where now they are only functions of primitive random vari-
ables. We note that this static reduction depends on the policies that preceding DMs choose, and
hence, through the thesis, we refer to this static reduction as policy-dependent static reduction.

We also introduce a new reduction, by expanding the information structure via control-sharing,

where in addition to observations, actions are also shared.

Stochastic Dynamic Teams with Partially Nested with Control-Sharing IS. Consider a stochas-
tic team, where for each DM, the observations within partially nested with control-sharing IS is

defined as
v = {yﬁ,u“,@?}, (1.9)

with 179% .= {y "},

(2

Under the invertibility condition (since there is a bijection between dynamic observations
and static one y; for each i € N), we can reduce the preceding dynamic problem with partially

nested with control-sharing IS to another dynamic problem where measurements are static.

Stochastic Dynamic Teams with Static Measurements with Control-Sharing IS. Consider a stochas-

tic team, where for each DM?, the observations can be defined as
yod = {yfuiys} (1.10)

with 165 .= {y©5}.

We emphasize that through the thesis, we refer the above information structures as partially
nested with control-sharing and static measurements control-sharing, respectively. We refer the
reduction for control-sharing problems as static measurements with control-sharing. This expan-

sion and its reduction turns out to play a pivotal role in the characterization of convexity and
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optimality conditions which will be discussed in Chapter 5 in detail.

1.3 Large-Scale Stochastic Teams and their Mean-Field Limit

In this section, we introduce our setup for large-scale stochastic team problems. Since exchange-
abiliy plays an important role in our analysis, we first recall the definition of exchangeability for

random variables, which has been used through the thesis and especially in Chapters 3 and 4.

2

Definition. Random vectors (variables) x*, 22, . ..,z defined on a common probability space are

N-exchangeable if for any permutation o of the set {1,..., N},

ﬁ(m”(l),xg(z), . ,IU(N)> = E(ml,xz, . ,xN)
1,2

where L denotes the joint distribution of random vectors. Random vectors (x',x* ... ) is infinitely-
exchangeable if finite distributions of (z*,x%,...) and (z°M),x7®?) | .. .) are identical for any finite

permutation (affecting only finitely many elements) of N.
Now, we present a definition for the cost function to be of the exchangeable type:

Definition. The cost function is exchangeable with respect to actions for all wy if for any permu-

tation o of {1,..., N},

c(wo,u ... u :c(wo,u“(l),...,u"(N)), (1.11)

for all wy.

A particular case of team problems where the cost function is exchangeable is mean-field teams.
Let the action space and observation space be identical through DMs and subsets of appropriate
Euclidean spaces, that is, U’ = U C R" and Y’ = Y C R™ for all i € N, where n and m are
positive integers. We now introduce an /N-DM stochastic static team problem (Py) (also referred

to as a pre-limit stochastic static mean-field team problem) as follows:
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Problem (Py): (Large-Scale) Stochastic (Static) Team Problems with N Decision Makers.
Let V= {1,...,N}. Lety, € I'y where I'y = [T, . Given a (decentralized) static infor-
mation structure, a stochastic static team problem is described with an expected cost function (to

minimize) of 7 as

1 al 1 Y
In(ay) = 37 B2 {ZC(wo,uZ, I Zu”)}, (1.12)
i=1

p=1

for some Borel measurable cost function c: 2 x U x U — R,.

Now, we introduce a stochastic static team problem with a countably infinite number of DMs

(also referred to as stochastic static mean-field team problem) as follows:

Problem (P,.): (Large-Scale) Stochastic (Static) Teams with a Countably Infinite Number of
Decision Makers. Consider a stochastic static team with a countably infinite number of decision
makers, that is, N" = N. Let v := {y'};cpr € I where I' = [],_, I'". Given a (decentralized) static
information structure, a stochastic static team problem is described with an expected cost function

(to minimize) of a policy v as

N N
1 1
J(v) = limsup —FE% c(wo, u', — uP) |, 1.13
() =t 57| e ¥ ) (113

for some Borel measurable cost function ¢ : 29 x U x U — R,. With a slight abuse of notation,

we use the same notation for the cost function c as in (1.12).

One of our main objective here is to characterize the existence and structural properties of
globally optimal policies of the above stochastic static team problems (Py) and (P,,). We are
also interested in the sufficient conditions of optimality for (P,), and the connections between
optimal solutions of team problems (Py) and (P..). Dynamic (multi-stage) version of the above
large-scale stochastic team problems is to be introduced and studied later on in Chapters 3 and 4.
In particular, in Chapter 3, we focus on convex (multi-stage) dynamic problems, and in Chapter 4,

we focus on exchangeable static and dynamic problems, where the convexity condition imposed
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in Chapters 2 and 3 is relaxed. Finally, in Chapter 5, we study the connections between optimality

concepts in /N-DM dynamic problems and their static reductions.

1.4 A General Literature Review and Motivation

For teams with finitely many DMs, Marschak [92] has studied static teams and Radner [102] has
established connections between person-by-person (pbp) optimality, stationarity, and global opti-
mality. Radner’s results were generalized in [78] by relaxing optimality conditions. The essence
of these results is that in the context of static team problems, the convexity of the cost function,
subject to minor regularity conditions, suffices for the global optimality of pbp optimal solutions.
In the particular case of LQG (Linear Quadratic Gaussian) static teams, this result leads to opti-
mality of linear policies [102]. In addition, under static reductions, the results have been extended
to dynamic teams [66, 67].

We also note that static reduction has been utilized for arriving at existence results [62, 140,
138], and formulating universal dynamic programming [138], and characterizing optimality and
convexity conditions [140] for stochastic teams with finitely many DMs, and approximating with
finite models [112]. We emphasize that in the aforementioned results, the underlying assumption
is that the number of decision makers is finite, hence the results above cannot be directly applied
for stochastic teams with a countably infinite number of decision makers.

There have been several studies involving decentralized stochastic control with infinitely many
decision makers. In particular, when the coupling among the decision makers is only through
some aggregate/average effect, such problems can be viewed within the umbrella of mean-field
games [70, 69, 86, 19, 40, 19, 40, 110, 43, 39]. There have also been several studies for mean-field
games where the limits of sequences of Nash equilibria have been investigated as the number of
decision makers N — oo (see e.g., [56, 83, 20, 86, 7]). The solution concept in game theory
is often Nash equilibrium, and often under various characterizations of it in dynamic Bayesian
setups. We however recall that in the context of team problems, these correspond to person-by-

person optimal solutions, and hence not necessarily globally optimal solutions. We emphasize that
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in team problems, person-by-person optimality does not in general imply global optimality both
for teams with a finite number of DMs and teams with a countably infinite number of DMs. In
fact, in the context of large-scale stochastic teams, the gap between person-by-person optimality
(Nash equilibrium in the game-theoretic context) and global team optimality is significant since a
perturbation of finitely many policies fails to deviate the value of the expected cost, which implies
that person-by-person optimality is a weak condition for such a setup. Hence, without establishing
the uniqueness of the mean-field solution (which may hold for example, under strong monotonicity
assumptions [86]), the results presented in the aforementioned papers may be inconclusive regard-
ing global optimality of the limit equilibrium. Nonetheless, on the existence as well as uniqueness
and non-uniqueness results on equilibria, there have been several studies for mean-field games
[86, 19, 40, 88, 80, 23, 63, 48, 38]. For teams and social optima control problems, the earlier anal-
ysis has primarily focused on the LQG model where the centralized performance has been shown
to be achieved asymptotically by decentralized controllers (see e.g., [71, 5, 6]). A notable excep-
tion is [90] where LQG static teams with a countably infinite number of decision makers have been
studied, and sufficient conditions for global optimality have been established.

As a further motivation of our problem in this thesis, we note that for infinite-horizon dynamic
team problems, the static reductions lead to static teams with countably many decision makers;
thus leading to a different setup where our results in this thesis will be applicable. In particular, the
question of whether partially nested dynamic LQG teams admit optimal policies under an expected
average cost criterion, in its most general form, has not been conclusively addressed despite the
presence of results which impose linearity (and sometimes stabilizability) a priori for the optimal
policies under such decentralized information structures [105, 124, 87, 125]. We also establish
some results in this direction, and provide sufficient conditions under which an optimal policy is
linear.

Now, we provide literature review and motivation for the results in the second part of the
thesis, where we study policy-independent and policy-dependent static reductions. As we have

discussed above (and can be seen through our analysis of large stochastic teams), static reduction
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is an effective method for arriving at existence, structural and approximation results in the context
of stochastic teams [62, 140, 109, 138, 68] and for approximations with finite models to [112]. We
note that although the purpose of two aforementioned types of static reductions is similar, their
impact on the optimality notions (global optimality, person-by-person optimality, and stationarity)
as well as convexity and variational analysis is significantly different from one to another and this
distinction can be very subtle.

Toward an interpretation and explanation of the subtlety of the above connections, we note that
in the language of stochastic control, an interpretation of policies for a dynamic team and its static
reduction can be (path-dependent) feedback policies (policies that are functions of a subset of the
history of states or a noisy observation of states, which may depend on actions of the preceding
DMs) versus noise feedforward policies (policies that are functions of only disturbances) [24]. We
also note that in the game theory literature (see, for example, mean-field games [39]), closed-loop
policies (where policies are adapted processes to the filtration generated by states or observations,
which are functions of preceding actions) can be viewed as policies for dynamic games. On the
other hand, open-loop policies (where policies are adapted processes to the filtration generated by
Brownian motions) can be viewed as policies for dynamic games under a static reduction. These
connections are particularly important since the compactness and convexity conditions often can
be established under more relaxed assumptions for open-loop policies, and hence, it can simplify
the analysis for the convergence and existence for open-loop policies in the context of large-scale
games and teams [116, 56, 81, 39, 72, 83]. In view of the above subtlety and interpretation of
policies for dynamic team problems and their static reductions, we refer the reader to several papers
mostly on games [132, 14,9, 11, 10, 12, 15, 16, 46, 59, 113, 114]. In the second part of the thesis,
we study the above subtleties toward establishing some connections between optimality notions
of policies for stochastic dynamic teams and their policy-independent and policy-dependent static

reductions.
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1.5 Summary of Contributions and Organization of the Thesis

1.5.1 Chapter 2

In this chapter, we study stochastic static teams with a countably infinite number of decision mak-
ers, with the goal of obtaining (globally) optimal policies under a decentralized information struc-
ture. We present sufficient conditions to connect the concepts of team (global) optimality and
person by person optimality for static teams with a countably infinite number of decision makers.
We show that under uniform integrability and uniform convergence conditions, an optimal policy
for static teams with a countably infinite number of decision makers can be established as the limit
of sequences of optimal policies for static teams with N decision makers as N — oo. Under the
presence of a symmetry condition, we relax the conditions and this leads to optimality results for
a class of mean-field static team problems, where the existing results have been limited to person-
by-person optimality and not global optimality (under strict decentralization). In particular, we
establish the optimality of symmetric (i.e., identical) policies for such problems. We consider a
number of illustrative examples where the theory is applied to setups with either infinitely many
decision makers or an infinite-horizon stochastic control problem reduced to a static team. The

results of Chapter 2 have appeared in part in [120, 117].

1.5.2 Chapter 3

This chapter studies convex stochastic dynamic team problems with finite and infinite time hori-
zons under decentralized information structures. First, we introduce two notions called exchange-
able teams and symmetric information structures. We show that in convex large-scale team prob-
lems an optimal policy exhibits a symmetry structure. We provide a characterization of such sym-
metrically optimal teams for a general class of convex dynamic team problems under a mild con-
ditional independence condition. In addition, through concentration of measure arguments, we
establish the convergence of optimal policies for teams with N decision makers to the correspond-

ing optimal policies for symmetric mean-field teams with infinitely many decision makers. As a
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by-product, we present an existence result for convex mean-field teams, where the main contribu-
tion of our results is with respect to the information structure in the system when compared with
the related results in the literature that have either assumed a classical information structure or a
static information structure.

We also apply these results to the important special case of Linear Quadratic Gaussian (LQG)
team problems, where while for partially nested LQG team problems with finite time horizons it
is known that the optimal policies are linear, for infinite horizon problems the linearity of optimal
policies has not been established in full generality. We also study average cost finite and infinite
horizon dynamic team problems with a symmetric partially nested information structure and obtain
globally optimal solutions, where we establish linearity of optimal policies. The results of Chapter

3 have appeared in [118, 119].

1.5.3 Chapter 4

In this chapter, we study symmetric stochastic team problems and characterize existence and struc-
tural properties for (globally) optimal policies. Unlike Chapter 3, in this chapter, convexity of the
cost and action spaces is not assumed. We first introduce a suitable topology on policies which
then leads to a de Finetti type representation theorem for exchangeable decentralized policies, that
is, for the probability measures induced by admissible relaxed control policies under decentralized
information structures. This leads to a representation theorem for policies, which admit an infi-
nite exchangeability condition. For a general setup of stochastic team problems with N decision
makers, under exchangeability of observations of decision makers and the cost function, we show
that without loss of global optimality, the search for optimal policies can be restricted to those
that are N-exchangeable. Then, by extending /V-exchangeable policies to infinitely exchangeable
ones, establishing a convergence argument for the induced costs, and using the presented de Finetti
type theorem, we establish the existence of an optimal decentralized policy for static and dynamic

teams with a countably infinite number of decision makers, which turns out to be symmetric (i.e.,
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identical) and randomized. Finally, we show near optimality of symmetric independently random-
ized policies for finite /V-decision maker team problems and thus establish approximation results
for N-decision maker weakly coupled stochastic teams. The results of Chapter 4 are available in

[116, 115].

1.5.4 Chapter 5

In this chapter, we study optimality properties under policy-independent, policy-dependent static
reductions, and static measurements with control-sharing reduction. Under the first type, we show
that there is a bijection between person-by-person optimal (globally optimal, stationary) policies
and their policy-independent static reductions. For the second type, although there is a bijection be-
tween globally optimal policies of dynamic teams with partially nested information structures and
their static reductions, in general there is no bijection between stationary (person-by-person opti-
mal) policies of dynamic teams and their policy-dependent static reductions. We present, however,
sufficient conditions under which such a relationship holds and a functional form of the bijection
can be constructed. Furthermore, we study the connections between optimality and stationarity
concepts under static measurements with control-sharing reduction. An implication is a convexity
characterization of dynamic team problems with a partially nested with control-sharing informa-
tion structure. Finally, we study multi-stage team problems, where we discuss the connections
between optimality concepts under the introduced static reductions via introducing two reduction.
The results of Chapter 5 are available in [113]. We also note that results on games related to those

in Chapter 5 are available in [114] (but these are not included in the thesis).
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Chapter 2

Large-Scale Convex Stochastic Static Teams and Their

Mean-Field Limit

In this chapter, we study sufficient conditions of (global) optimality, and existence and structural
properties of (globally) optimal policies for large-scale stochastic static teams problems with finite
as well as a countably infinite number of decision makers. We mainly focus on convex static teams,
where the cost function satisfies an exchangeability property. The dynamic case will be studied in
Chapter 3.

We first restate the setup for stochastic static teams with finite as well as infinitely many deci-
sion makers. Throughout this chapter, we assume that action and observation spaces are subsets of
appropriate Euclidean spaces, U* C R", and Y! C R™ for all i € N, where n and m are positive
integers. In view of the intrinsic model described in the introductory chapter, the general stochastic

static team problem with a finite number of decision makers (/N-DM) is defined as:

Problem (P}) Let N = {1,...,N}. Lety,, := {y'}iex € Ty where Ty = [, . Given
a (decentralized) static information structure, a stochastic static team problem is described with an

expected cost function (to be minimized) of Ny 38

Inly) = B el = B ean ') 6] @

for some Borel measurable cost function ¢ : {2y X Hfj:l U* — R. As before, we define wy as the
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()g-valued cost function relevant exogenous random variable, where wy : (2, F, P) — (Q9, Fo),

and (2 is a Borel space with its Borel o-field F.

Let the action space and observation space be identical through DMs. Now, under an exchange-
ability of the cost function, a stochastic static team problems with finite (/N) number of decision

makers (also referred to as pre-limit mean-field stochastic static team problem) is defined as:

Problem (Py) Let N = {1,..., N}. Lety, = {y'}icy € T'y where I'y = [T, I Given
a (decentralized) static information structure, a stochastic static team problem is described with an

expected cost function (to be minimized) of N 38

In(vy) = lElN {

N
;1
N C(w07 u, N pzl up):| ) (22)

=1
for some Borel measurable cost function c: {2 x U x U — R,.

We note that with slight abuse of notations, we used the same notation c (as (2.1)) for the
cost function of (2.2). Now, a stochastic static team problem with a countably infinite number of

decision makers (also referred to as a mean-field team problem) is described as:

Problem (P.) Let N' = N. Let 7y := {7 }ien € T 'where I' = .., I"". Given a (decentral-
ized) static information structure, a stochastic static team problem is described with an expected

cost function (to minimize) under a policy 7 as

N N
1 -1
J(v) = limsup —FE% E c(wo, u', — g uP) |, 2.3
(Z) N—>00p N |: =1 ( ’ N p=1 ):| ( )

for some Borel measurable cost function ¢ : € x U x U — R,.
The focus of this chapter is to address the following questions:

Problem 1: Optimality conditions for optimal policies of (P,). Assumec: Qo xUxU — R,

is (jointly) convex and continuously differentiable in its second and third arguments for every
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wo. Given a policy v* € I', under what conditions the policy is (globally) optimal for (P)?
In particular, if a policy 7* is person-by-person optimal (stationary), under what conditions 7* is
globally optimal? We note that, using variational analysis, the above question has been addressed

for (P)) in [92, 102, 78], here, the extensions of the results to (P, ) are of interest.

Problem 2: Connections between optimal policies of (Py) and (P,). Let a sequence {f_ij} N>
where for each N € N, a policy 7y € I'~v is a globally optimal policy for a stochastic static team
problem (Py) be given. Instead of dealing with the variational analysis for the infinite dimensional
problem (P), is it possible to obtain sufficient conditions of optimality for a policy 7* € I' based
on {7} }~ and its sequence of optimal expected cost {Jy(7} ) }n? In particular, suppose {7} }n
converges pointwise (almost-surely for every observations) to a limit policy 7*. Is it the case that

7" 1s (globally) optimal for (P,)? Under what conditions this holds?

Problem 3: Existence and structural properties of optimal policies for (Py) and (P.,). The ex-
istence of (globally) optimal polices for (P},) has been established under very general setups of
stochastic teams [140, 138, 62]. Assume observations of decision makers are identically dis-
tributed, and the information structure is decentralized and static. Then, since the cost function
in (Py) is of an exchangeable type (or in a more general setup, suppose a problem (P},) with an
exchangeable cost function), is it the case that (globally) optimal polices for (Py) are symmetric
(identical) through decision makers? The question that we address is also on the existence and
symmetry property of (globally) optimal policy for (P,,). In particular, under what conditions,

there exists a symmetric globally (deterministic or randomized) optimal policy for (P..)?

2.1 Literature Review and Contributions

As it has been discussed in the introductory chapter, for teams with finitely many decision makers,
the results in [92, 102, 78] showed that convexity of the cost function, subject to minor regularity
conditions, may suffice for the global optimality of person-by-person-optimal solutions. However,

these results are applicable for static teams with a finite number of decision makers. In this chapter,
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the focus is on teams with a countably infinite number of decision makers. for team problems with
infinitely many decision makers, a related set of results involves those in mean-field games [70, 69,
86, 19, 40, 19, 40, 110, 43] and in the economic theory literature, [122, 93] (focusing on Cournot-
Nash equilibria). There have also been several studies for mean-field games where the limits of
sequences of Nash equilibria have been investigated as the number of decision makers tends to
infinity (see e.g., [56, 83, 20, 86, 7]). These results, while very useful for establishing equilibria or
in the context of team problems, person-by-person-optimal policies, does not guarantee the global
optimality among all policies. Compared with [20, 54, 56, 27, 7] where only the convergence of a
sequence of Nash equilibria for symmetric games with the mean-field interaction has been studied,
we show that, under sufficient conditions, sequences of optimal policies for teams with /N number
of decision makers as N — oo converge to a team optimal policy for static teams with a countably
infinite number of decision makers.

Mean-field team and social optima problems have also been studied: Social optima for mean-
field LQG control problems under both centralized and a specific decentralized information struc-
ture have been considered in [71, 127]. In [6], a setup is considered where decision makers share
some information on the mean-field in the system, and through showing that the performance of
a corresponding centralized system can be realized under a decentralized information structure,
global optimality is established. In this chapter, we follow an approach where optimality for every
N is established and also optimality holds as N — oo for the limit policy. The papers [74, 73]
have studied a continuous-time setup where a major agent is present; by considering the social
impact for each individual player, they showed person-by-person optimal policies asymptotically
minimize the social cost [71]. By approximating the mean-field term, the authors bound the in-
duced approximation error of order O (N T 4 ~) where ey goes to zero as the number of players
N — oo [71]. In [34], mean-field team problems with mixed players have been considered where
minor agents act together to minimize a common cost against a major player. Also, for the LQ
setup, under the assumption that DMs apply identical policy in addition to some technical as-

sumptions on the cost function and transition probabilities of Markov chains, [5] showed that the



2.1. LITERATURE REVIEW AND CONTRIBUTIONS 21

expected cost achieved by a sub-optimal decentralized strategy is ey close to the optimal cost
achieved when mean-field term (empirical distribution of states) has been shared. Such results
on mean-field teams either show global optimality through equivalence to the performance of a
centralized setup (considering specific sharing patterns on the mean-field model) or typically only
assume person-by-person-optimality. In this chapter, we will establish global optimality under a
completely decentralized information structure; however, certain technical conditions will be im-
posed.

A number of studies have focused on the LQG setup (in addition to [71, 127]). A close study
is [90] where LQG static teams with a countably infinite number of decision makers have been
studied, and sufficient conditions for global optimality have been established. In this chapter, we
utilize some of the results from [90], however compared with [90], we propose sufficient conditions
of team optimality for average cost problems in a more general setup: except convexity, no specific
structure is presumed a priori on the cost function. For our analysis, we do not restrict our setup
to the LQG case, where often direct methods can be applied building on [102], [78], and operator
theory involving matrix algebra. More importantly, we study the mean-field setting and establish
symmetry properties. In fact, for a general setup of static teams, we introduce sufficient conditions
(see Theorem 2.2.2 and Theorem 2.2.3) such that the optimal cost and optimal policies of static
teams with a countably infinite number of decision makers is obtained as a limit of the optimal cost
and optimal policies for static teams with N number of decision makers as N — oco. In [60], LQG
team problems with infinitely many decision makers have been studied for a setup, where the cost
function is the expected inner-product of an infinite dimensional vector (and to allow for a Hilbert
theoretic formulation, finiteness of the infinite sum of the moments of individual random variables
is imposed) and linearity and uniqueness of optimal policies have been established; the finiteness
(of the infinite summation) restriction rules out the setup in this chapter. In [99], infinite horizon
decentralized stochastic control problems containing a remote controller and a collection of local
controllers dealing with linear models have been addressed for a setup where the cost is quadratic

and the communication model satisfies a specified sharing pattern of information between local
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controller and remote controller. Under the assumed sharing pattern (common information), the

connections between the optimal solution and the coupled algebraic Riccati equation for Markov

jump linear systems and its convergence to the coupled fixed point equations have been utilized to

show the optimality of the solution [99].

Contributions. In view of the above literature review and introduction, this chapter makes the

following contributions:

(1)

(i)

(iii)

For a general setup of static teams, we show that (see Theorem 2.2.3), under a uniform
integrability condition (see Remark 2.2.2), if sequences of team optimal policies of decision
makers s = 1,..., NV of static teams with N number of decision makers converge uniformly
ini =1,..., N (see (b) in Theorem 2.2.3), then the corresponding limit policies are team

optimal for the static team with a countably infinite number of decision makers.

We establish global optimality results for mean-field teams under strict decentralization of
the information structure for both teams with large numbers of players and infinitely many
players. Toward this end, we introduce a notion of symmetrically optimal teams (see Defi-
nition 2.3.1) to obtain a global optimality result under relaxed sufficient conditions. Under
mild conditions on action spaces and observations of decision makers, through concentra-
tion of measures arguments, we establish the convergence of optimal policies for symmetric
mean-field teams with N decision makers to the corresponding optimal policy of mean-field
teams. In addition, we establish an existence result for optimal policies on mean-field teams

under relaxed conditions on action spaces and the cost function (see Theorem 2.3.6).

We apply our results to a number of illustrative examples: We first consider LQG and LQ
(non-Gaussian) average cost problems with state coupling (see Section 2.4.1 and Section
2.4.2). We also consider LQG average cost problems with control coupling (see Section
2.4.3). In addition, we show that the team optimal policy of LQG teams with classical infor-
mation structure (see Section 2.4.5) is obtained using the technique proposed in this chapter.

This is important since this result, while well-known in the stochastic control literature, has
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not been investigated using static reduction and hence this approach can be viewed as a step
to address optimal solutions for infinite-horizon partially nested dynamic LQG problems
which can be reduced to a static team with a countably infinite number of decision makers

(more on this is to be discussed in Chapter 3, Section 3.2).

The organization of the chapter is as follows. In Section 2.1.1, we review the results on convex
static teams. Section 2.2 contains our main results including sufficient conditions for team optimal-
ity and asymptotic optimality for a general setup of static teams with a countably infinite number
of decision makers. Section 2.3 discusses symmetric and mean-field teams, and applications are

presented in Section 2.4. Proofs are provided in Section 2.5.

2.1.1 Convex Static Teams with a Finite Number of Decision Makers

In this subsection, we review the relevant results on convex static teams with a finite number of

decision makers [102, 78]. We first recall the definition of stationary policies for team problems.

Definition. Stationary solution [102].

A team decision rule 7y  (.) is stationary if J(v, ) < oo, and forall i =1, ..., N, P-almost surely

Vo E [c(wo, (v u))

where Vi denotes the gradient with respect to u'.

In this subsection, with slight abuse of notations, we sometimes used 7% as v'(y). In the
following, we review some results for stochastic static teams (P},) with NV decision makers. The
following is known as Radner’s theorem [102]. Radner proposed the first result to connect the

stationarity concept and global team optimality.
Theorem 2.1.1. [102] If

(a) c(wo,uy) is convex and differentiable in uy for P- almost surely;
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(b) inf Jy(y,) > —oo;

ZNEFN

(c) Jn(.) is locally finite at vy [102];
(d) l}kv is stationary;
then 7y}, is globally optimal for ( Pr)-

Radner’s theorem fails in some applications because of the restrictive local finiteness assump-
tion. Krainak et al [78] relaxed assumptions and presented sufficient conditions for team optimality

on static teams.

Theorem 2.1.2. [78] Assume that, for every fixed wy, c¢(wo,uy) is convex differentiable in ;.
Suppose (b) in Theorem 2.1.1 holds. Let vy, € I'n, and assume that E[c(wo, v, (y,))] < oo. If,

forally, € I'n with E[C(woajN@N))] < 00,

N
E{Zcmwo,zg)w-vi*) >0, 2.4

=1

where c,i(wo,7},) is the partial derivative of c(wo, uy) with respect to u’ valued in uy = Yy then
7’ is an optimal team policy for (Py). Moreover, if c(wo, uy) is strictly convex in uy P-almost

surely, then 7 is P-a.s. unique.

Since the set of admissible policies is generally uncountable, checking (2.4) is difficult. Krainak
et al [78] further developed relaxed conditions under which stationarity of a team decision rule im-

plies its optimality.

Theorem 2.1.3. [78] Assume, for every fixed wy € o, that c(wo,uy) is a convex differentiable
function of uy and suppose (b) in Theorem 2.1.1 holds. Assume that Ty € I'n is a stationary

team decision rule. Let, for all v, € I'n with E[c(wo, 7, (y,))] < 00,

E Cui(WO,ZjV)(’yi —7*)| < o0 fori=1,...,N. (2.5)
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Then v, is a team optimal policy for ( Pr)- If c(wo, uy) is strictly convex in uy, P-a.s., then T

is unique.

Furthermore, (2.5) can be replaced by the following more checkable conditions [139]: Let I"
be a Hilbert space consisting of some random variables v*(y*) such that for each i = 1,..., N and

Ele(wo, vy (y,))] < oo forall v, € I'n. Moreover, let

E {cui (wos vy)

y} el i=1,..,N. (2.6)

The above conditions follows directly from (2.5) when I'? is a Hilbert space foralli = 1,2,..., N.

This condition can be checked for some applications; for example, LQ teams [139].

2.2 Optimal Policies for Teams with Infinitely Many Decision Makers

2.2.1 Sufficient Conditions of Optimality

In the following, we propose sufficient conditions of team optimality for (P.,). We often follow
[78], and the result is an extension of [78] to a general setup of static teams with a countably
infinite number of decision makers. We also note a related analysis in [90]. We will use the
following theorem for LQ static teams with a countably infinite number of decision makers (see

Section 2.4.2).
Assumption 2.2.1. Let

(A1) c(wp,u?, % ;V:l uP) be a R -valued jointly convex function of second and third arguments

and differentiable in u' with continuous partial derivatives, for every wy € Q.

(A2) for somey* €T,

N N
.1 . ;1
J\P_{%oﬁ E EY [c(wo,u N E up)] < 00. 2.7
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We note that the cost function is differentiable in «’ which means that the cost is totally differ-

i 15NV ) =

1 P 1
I N 2up=1 U

B?Lic(wo, u', un) + Na%vc(wg, u', juy) exists.

. . 1/ . d
entiable in ', i.e., 75 c(wo, u

Theorem 2.2.1. Assume (Al) holds and (A2) holds for v* € T. If for all v € T with J(7y) < oo,

N N
lim sup NE|: § E Cyk <w077 y )(’yk - Vk ) > 07 (28)

N—oo i=1 k=1

where |1y = + ZIJ;V:1 YP*(yP), then v* is a globally optimal team policy for (Ps.).

In some applications, (2.8) can be difficult to check since it must be satisfied for all v € I' with
J(v) < co. In the next section, we address this issue by introducing a constructive approach for
static teams with a countably infinite number of decision makers as a limit of a sequence of team
optimal policies of the corresponding static teams with a finite number of decision makers. In the
following, we propose sufficient conditions to approximate the optimal cost and a team optimal
policy for static teams with a countably infinite number of decision makers using the optimal cost
and an optimal policy for static teams with N decision makers. We note that our first result here is

based on [90, Theorem 1], which considered an equality. We denote Z| ~ € '~y as a restriction of

7 € T to the first N components.

Theorem 2.2.2. Let v, € I'n be an optimal policy for (Pn) as (2.2) (see [78, 62, 140] for

sufficient conditions). If there exists v* € I, with J (1*) < 00, satisfying

limsup Jn (v3,) = J(7"), (2.9)

N—o0
then * is a globally team optimal policy for (Ps).

Remark 2.2.1. Under (A2), one can replace (2.9) with

N

lim sup % Z {E”’jv {c(wo, u’, ,uN)} — EY {c(wo,ui, ,uN)} } > 0. (2.10)

N—oo i1
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The above theorem and remark will be useful for some applications (see for example Section

2.4.5).

2.2.2 Asymptotically Optimal Policies as a Limit of Finite Team Optimal Policies

In the following, we present a sufficient condition for (2.9). The following result also presents a

constructive method to obtain optimal policies using asymptotic analysis.
Theorem 2.2.3. Assume
(a) for every N, there exist ﬁv € 'y for (Py) (see (2.2)),
(b) let w € B for some B € F event of P measure one, for every fixed y'(w), v~ (y") converges

to v (y') uniformly ini = 1,2,..., N, i.e.,

lim sup [|yx(y") — 72 (@)I=0 P —as.,

N—oo1<i<N

where ||-|| is the sup norm,

(c) there exists a P-integrable function g(wy, ) such that, for every N,

N
%ZC(WQ, Z’Y ) <gw0ay)7
i=1

where y = (y*, 92, ...), then 7", a team optimal policy for (P), is a pointwise limit of Ve an

optimal policy for (Py), i.e., v*(y") = A}im Y (y') = Y2 (y") P-almost surely.
—00
Remark 2.2.2. One can relax conditions in Theorem 2.2.3 as follows:

(i) relax (a) by considering a sequence of €n-optimal policy, where ¢y are non-negative and

converges to zero as N — oo,



2.3. GLOBALLY OPTIMAL POLICIES FOR MEAN-FIELD TEAMS 28

(ii) relax (c) with a uniform integrability condition which is satisfied if the following expression

is finite (see [26, Theorem 3.5]),

1+e€
|

for some ¢ > 0. This new condition can be checked in some applications (see Section 2.4).

e 1«
sup || e (w020, 5 L0200
=1 =1

N>1

The result follows from [26, Theorem 3.5],

(iii) relax the P-almost sure convergence in (b) by considering convergence in probability, i.e.,

dim P( sup [lyy(y) = 2)]1= €) =0,
—00  1<i<N

hence similar to the proof of Theorem 2.2.3, Step 1, using continuous mapping theorem (see
for example, [26]), we show that c(wy, V5 (y"), 1) converges to c(wo, v (y"), ]\}im we)
—00

in probability. Similarly, the result of Step 2 holds in probability. Using [26, Theorem 3.5],

under the uniform integrablity of Xy := = SN ¢ (wo, VD), N 'yéz(yz)> and under

convergence in probability Xy to X = ]&im % Zfil c(wo, Yy, Zf\il 7@2(3;1)) we
—00
can conclude E(Xy) — E(X). This relaxation can be useful when the weak law of large

numbers can be invoked to check (c), but the strong law of large numbers fails to apply.

We apply the results of this section to two examples in Sections 2.4.1 and 2.4.2.

2.3 Globally Optimal Policies for Mean-Field Teams

2.3.1 Symmetric (Exchangeable) Teams

In the following, we present sufficient conditions for team optimality in symmetric and mean-field
teams. The concept of symmetry has been studied in a variety of contexts; see e.g., [96], [47] and

many others.

Definition. (Exchangeable teams)
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An N-DM team is exchangeable if the value of the expected cost function (see (2.1)) is invariant

under every permutation of policies.

We note that it is also called totally symmetric in a game theoretic context (see for example

[47]).

Definition. (Symmetrically optimal teams)
A team is symmetrically optimal, if for every given policy, there exists an identically symmetric

policy (i.e., each DM has the same policy) which performs at least as good as the given policy.

In the following, we characterize the symmetry of the general setup for (Pjy) (see (2.1)).

Clearly, the result will also hold for the (Py) (see (2.2)).

Lemma 2.3.1. For a fixed N, consider an N-DM team defined as (P)) (see (2.1)) and let the cost
function be a convex function of uy P-almost surely. Assume the cost function is exchangeable
P-almost surely with respect to the actions. If the action space U is convex, and observations of

DMs are exchangeable conditioned on wy, then the team is symmetrically optimal.

In the following, we present another characterization of symmetrically optimal teams; this
looks to be an immediate result; however, a proof is included for completeness since we could not

find an explicit reference (this proof will also be utilized in Chapter 4).

Lemma 2.3.2. For a fixed N, consider an N-DM team defined as (P ) (see (2.1)) and let the cost
function be a convex function of uy P-almost surely. Assume the action space for each DM is
convex. If the expected cost function (see (2.1)) is exchangeable with respect to the policies, then

the team is symmetrically optimal.

Proof. Let v = (v"*,7*,...,7"*) be a given policy for (P}). According to the definition of
exchangeable teams, any permutation of policies, say 47 = (y"*,7*,...,7"*), fails to change
the value of the expected cost function, and hence achieve the same expected cost as the one

induced by 7. Consider 7 as a uniform randomization among all possible permutations of
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optimal policies, since U is convex then ¥ « 18 a control policy. By convexity of the cost function,
through Jensen’s inequality, and the fact that any permutation of optimal policies preserves the
value of the cost function, we have Jy(7,) < Jn(7},)- Since 7 is also identically symmetric,

the proof is completed. ]

Now, we characterize symmetrically optimal teams for (Py) (see (2.2)).

Theorem 2.3.1. Consider an N-DM team defined as (Py ) (see (2.2)). Let action spaces be convex
and the cost function be convex in the second and third arguments P-almost surely. If observations

are exchangeable conditioned on wy, then the team is symmetrically optimal.

Proof. The cost function defined in (Py) is exchangeable in actions, hence under convexity of
the action spaces and the cost function and following from the hypothesis that observations are

exchangeable condition on wy, the proof is completed using Lemma 2.3.1. [l

Theorem 2.3.1 will be utilized in our analysis to follow.

2.3.2 Optimal Solutions for Mean-field Teams as Limits of Optimal Policies for Finite Sym-

metric Teams

In the following, we present results for symmetrically optimal static teams. First, we focus on
the case that the observations of decision makers are identical and independent, then we deal with
non-identical and dependent observations under additional assumptions.

Our next theorem, under the assumption that observations are independent and identically dis-

tributed, utilizes a measure concentration argument to establish a convergence result.

Theorem 2.3.2. Consider a team defined as (Ps) (see (2.3)) with the convex cost function in the
second and third arguments P-almost surely. Let the action space be compact and convex for each
decision maker, and 1's be i.i.d. random variables. If there exists a sequence of optimal policies
for (Py) (see (2.2)), {vx}n, which converges (for every decision maker due to the symmetry)
pointwise to Y5, as N — 0o, then v}, (which is identically symmetric) is an optimal policy for

(Poo)-
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Remark 2.3.1. In view of the analysis in the proof of the preceding Theorem, we can observe
that if P-almost surely the sequence {Qn}n converges weakly to (), then Theorem 2.3.2 can be
generalized to a class of team problems defined as (Ps) (see (2.3)) which may include ones with
a non-convex cost function and/or the ones with conditionally non-exchangeable observations:
This relaxation contains a class of problems (see e.g. Example 4 in Section 2.4.4) where one can
consider a sequence of N-DM teams which admits asymmetric optimal policies that define (Py)

(see (2.2)), but whose limit is identified with (P.,) under an optimal sequence of policies.
In the following, we relax the hypothesis that observations of decision makers are independent.

Proposition 2.3.1. Consider a team defined as (P,) (see (2.3)) with the convex cost function in
the second and third arguments P-almost surely. Let the action space be compact and convex for
each decision maker, and ' = h(z, zi), where Z's are i.i.d. random variables. If there exists a
sequence of optimal policies for (Py), {7 }n, which converges pointwise to v, as N — oo, then

V5, (which is identically symmetric) is an optimal policy for (Px).

Remark 2.3.2. Existence of optimal policies for (Py) and dynamic teams satisfying static reduc-
tion have been studied in [138] and [62]. In [138, Theorem 4.8], the existence of optimal policies
achieved under o-compactness of each decision maker’s action space and under mild conditions
on the control law and the cost function. Hence the existence of identically symmetric optimal
policies for (Py) (see (2.2)) follows from symmetry and [138, Theorem 4.8]; thus, the existence

result for (P ) is obtained under assumptions of Theorem 2.3.2.

In the following, action spaces need not be compact; this is particularly important for LQG

models as we will see in the next section.

Theorem 2.3.3. Consider a team defined as (Ps,) (see (2.3)) with the convex cost function in the
second and third arguments P-almost surely. Let the action spaces be convex for each decision
maker. Let y's be i.i.d. random variables. If there exists a sequence of optimal policies for (Pxy)

(see (2.2)), {7y~ }n, which converges pointwise to %, as N — oo, and
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(A3) for some & > 0, sup E[||vi(yH)|[*] < oo,
N>1
then v (which is identically symmetric) is an optimal policy for (Px).
In the following, we present a result for monotone mean-field coupled teams.

Theorem 2.3.4. Consider a team defined as (Ps.) (see (2.3)) with the convex cost function in the
second and third arguments P-almost surely. Let the action spaces be convex for each decision
maker. Let the cost function be increasing in the last argument, and y's be i.i.d. random vari-
ables. If there exists a sequence of optimal policies for (Py), {7y}~ (see (2.2)), which converges
pointwise to v then vi as N — oo (which is identically symmetric) is an optimal policy for

(Poo)-
In the following, observations need not be identical or independent.

Theorem 2.3.5. Consider a team defined as (Ps.) (see (2.3)) with the convex cost function in the
second and third arguments P-almost surely. Let the action spaces be convex for each decision
maker. Let (a), and (c) in Theorem 2.2.3 hold, and let observations be exchangeable conditioned

on wy. Assume there exists a sequence {vy}n converges pointwise to v as N — oo, and let

where lim N1 Zfil f(y") < oo and lim h(N) = 0. Then, a team optimal policy for (Ps,) is

N—oo N—o0

P-a.s.
*_ fHR(N)

*

Yo ) = 5 (y) (2.11)

symmetrically optimal and an optimal policy is identified as a limit of a sequence of team optimal

policies for (Py) (see (2.2)) as N — o0.

2.3.3 An Existence Theorem on Globally Optimal Policies for Mean-Field Teams

An implication of our analysis is the following existence result on globally optimal policies for
mean-field problems. In Theorem 2.3.2, we showed that if a pointwise limit as N — oo of a
sequence of optimal policies for (Py) (see (2.2)) exists, this limit is a globally optimal policy

for (P ), but under the conditions stated in the following theorem, an existence result also can be
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established. In the following, we relax the assumption that there exists a pointwise convergence se-
quence of optimal policies for (Py) (see (2.2)). For the following theorem, we do not establish the
pointwise convergence; but clearly if a sequence of optimal policies for (Py) (see (2.2)) converges
pointwise, a global optimal policy exists. Let Qn (B) := Zf\il dci (B), where B € Z :=UxY,

and (i == (Ya(¥'), )

Theorem 2.3.6. Consider (P,) (see (2.3)) with the convex cost function in the second and third
arguments P-almost surely. Let the action spaces be convex for each decision maker. Assume
further that, without any loss, the optimal control laws can be restricted to those with E|[¢;(u?)] <
K for some finite K, where ¢; : U — R_ is lower semi-continuous. If y's are i.i.d. random

variables, then there exists an optimal policy for (Ps).

We note that the limit policy is not necessarily deterministic according to the above result; this
interesting discussion is left open for further study.

We apply the results of this section in Section 2.4.3.

2.4 Examples

In the following, we present a number of examples to demonstrate results in previous sections. We
also investigate dynamic infinite-horizon average cost LQG teams with the classical information

structure.

24.1 Example 1: Static quadratic Gaussian teams with coupling between states

Consider the following observation scheme,

y' =zt 4 2, (2.12)
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where {2'};en and {2'};cy are i.i.d. zero mean Gaussian random variables. Let {z°};cn be inde-

pendent of {z"},cn. The expected cost function is defined as

N
J(v) = limsup %E’Y{Z Ru)? +Q(u' — 2" — un)?|, (2.13)

N—oo i—1

where uy = Z +_, 2" and let R be a positive number and ) be a non-negative number.

Theorem 2.4.1. For LQG static teams as formulated above, under the measurement scheme (2.12),
v (y') is globally optimal for (Ps,) achieved as the limit N — oo of v5(y"), an optimal solution

for (Pn).

2.4.2 Example 2: Static non-Gaussian teams with coupling between states

Let the observation scheme be (2.12), where {z'};cy and {x'};cy are i.i.d. zero mean random
variables with finite variance. Let {z'};cy be independent of {},cy. The expected cost function

is defined as (2.13). Let R be a positive number and () be a non-negative number.

Theorem 2.4.2. For LQ static teams as formulated above, under the measurement scheme (2.12),
Ve (yF) = (R+Q)1QE[x*|y*] is globally optimal for (Ps,) and is obtained as the limit of v%; (y*)

as N — oo.
2.4.3 Example 3: LQG symmetric teams with coupling between control actions
Let
y'=H'z+ 2, (2.14)

where {2'};cy is independent zero mean Gaussian random vectors also independent of z, with
covariance ¥;; = NV > 0. Define w = (z, z', 2%, ...), and wy := z where z is a Gaussian random

vector with covariance E[zx”] = Y. Let

J(7y) = lim sup %EV{Z(ui)TRui -2 Z( )'D(z+ — Zu

N—oo i=1 i=1
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1 & 1 Y
+z+ 5> u) Qe+ NZu’“)], (2.15)

where R is an appropriate dimension positive definite matrix and D, and () are appropriate di-
mension positive semi-definite matrices, and R > 2D. In the following, we follow steps in [139,

Theorem 2.6.8] to obtain optimal policies for (Py).

Lemma 2.4.1. Consider an N-DM LQG team formulated above, under the measurement scheme
(2.14), the global optimal policy for (Py) is linear, i.e., v (y*) = mky*. Here, 7% € M, .(R),

n X m real-valued matrix, is obtained by solving the following parallel update scheme,

N
1
@ = —Ly {SMN > wgﬁ(i)msk}, (2.16)

p=L,p#k

where Ly := (R + % - %)_1(% — D), S* := S (HM)T (H*Soo(H*)T + Xyr) " and the initial

points of the iterations are considered as zero functions.

Proof. By Definition 2.1.1, stationary policies satisfy the following equality fork =1,..., N,

e+ (4 0) e+ & > e

p=1,p#k

ka =0, (2.17)

where M = R + % — 22 and (2.17) can be rewritten as PEZ*N(Q) + Pr(w) = 0, where P is

a block diagonal matrix with éi-th block P;;5*(w) := E[f'(w)|y’], R is a matrix where R;; := M
N(% — D) for every i,j = 1,...,N, j # i, and r(w) = z. Note that P is a
projection operator defined on a Hilbert space whose operator norm is one. Now, we use the

and RZ] =

successive approximation method [139, Theorem A.6.4]. According to (2.17), we can write for

k=1,2.. N

MAN o W") + evvo W) — ernw @)

+ (% - D) {E[zlyk] + % ZN: kE {Vﬁa)(yp)
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Thus, by dividing the expression over € and rearranging it, we have

~

i
€

—% <% - D) {E[ﬂy’“] +% XN: E{ﬁ(i)(yp)

p=1,p#k

o) =0 o (@)

|

where the initial points of the iterations are zero functions. We can write Zjv(g) = P(I —
%_]%)f_y}*v (y) — £ Pr(w). Similar to [139, Theorem 2.6.5], the above sequence converges to the unique

fixed point if and only if the spectral radius satisfies the following constraint p <P(I — %)) =

R 1 ﬁ
p(I — %) = khm sup[||A||¥]* < 1, where A := I — =, ||A||:= sup ||Az|| and p denotes spectral
—00 € 1

llll<
radius. The first equality is true since both P and A maps I'y into itself and P has operator norm

equal to one. The above constraint can be always satisfied by choosing € = %()\mam (E) + Amin (E))

On the other hand, since (z,z!,...,z") are jointly Gaussian, then 4 (y*) = 7ky* for k =
1,...,N. Hence, vy ;,(y*) = 7y ;y¥", and by linearity of the conditional expectation, we have

Elz|y*] = S*y*, and E[vX (yP)|y*] = 78, HPS*y*. Hence (2.16) holds. Following from [139], the

stationary policy is globally optimal for (Py), and this completes the proof. [

Theorem 2.4.3. Consider (Ps,) with the expected cost (2.15). Under the following measurement
scheme

gj:ngL ¢ (2.18)

where 2's are i.i.d. Gaussian random vectors, v (y') = w*_y" is an optimal policy for (Ps,) and is

the pointwise limit of V% (y') = 7iy', an optimal policy for (Py).

Proof. In the following, we invoke Proposition 2.3.1 and Theorem 2.3.3 to prove the theorem. Un-
der (2.18), the static team is symmetrically optimal and hence from (2.16), we have 73 = L[S +
N-YN — )y HS), 7%, = R'D[S+n* HS|,where Ly := (N*R — 2DN + Q) '(N%D — NQ),
S = Yoo(H)" (HY0o(H)" 4 X41)~". Since for every N, we have Jy (7% ) < 0o, and since R > 0,
we have zsvuﬁ E||v&(H]I3] < oo, which implies (A3). The proof is completed using the results of

Proposition 2.3.1 and Theorem 2.3.3. One can also invoke Theorem 2.3.5 to justify the result. [
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2.4.4 Example 4: Asymmetric LQG team problems

Here, we consider simple variation of Example 3 considered above to illustrate Remark 2.3.1.
Consider the observation scheme (2.18), and let the expected cost function be defined as

J(v)= limsup %EV[Z(UZ)TRUZ -2 Z(UZ)TD(Q + % Z uk)

- N—o0 —
1 1 & 1 & ]
+(£ + N Z Uk)TQ(£ —+ N Z uk)—I—N Z(Uk)TOékuk} s

where M € Z, is independent of V. Clearly, the N-DM team admits asymmetric optimal policies
for (Py) with the expected cost Jy for every N. However, one can observe that the last term
above goes to zero as N — oo under a sequence of optimal policies, and hence asymptotically
the expected cost would essentially be (2.15) and Theorem 2.4.1 implies «7 is an optimal policy
since P-almost surely the sequence )y converges weakly (the asymmetric term vanishes when
N — o0). That is, the optimal policy designed for the symmetric problem is also a solution
for the asymmetric problem since under this policy the additional term (which is a non-negative

contribution) vanishes, certifying its optimality.

2.4.5 Example 5: Multivariable Classical LQG Problems: Average Cost Optimality Through

Static Reduction

Here, we revisit a well-known problem and a well-known solution, using the technique presented
in this chapter. Let

Ty = Az + Bu' + ',
where A € M, ,(R), B € M,,,»(R) and w's and X are i.i.d. Gaussian random vectors with

mean zero and positive variance taking values in R™. Let (A, B) be controllable and let

J(z) = lim sup Jr (l)

T—oo
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T-1

) 1
:= lim sup TEI [ ; vl Qu, + (ut)TRut} :

T—o00

where () > 0 and R > 0 are appropriate dimensions real matrices. We can write,

T-1 , ¢ ¢ T
1
J(7) = limsup TEl [ Z ( Z AR Byt 4 Z At_kck)
k=0

T—oo =0 \ k=1

> Q ( Z At—kBuk:—l + Z At_kck) + (ut)TRut:| :
k=0

k=1

where ¢ = (X7, (w7, (w')T,...)T. In the following, we consider fully observed classical IS,
ie., y' = 2%, and we can write y' = H'C + Z;;B Dyju?, where H' and D,; are appropriate
dimensional matrices. Using [66, Theorem 1], we can reduce IS to the static one as v' = ﬁtC .

According to [64, Section 3.5], we have uf = GLa, fort =0,1,...,T — 1, where k- = 0, and

Gh = —(R+ BT B) ' BTE A, (2.19)
Ky =Q+ ATRH A — ATE B(R+ BTEY B) T BTEL A (2.20)

Theorem 2.4.4. For LQG teams with the classical information structure as formulated above,
ut* = Tlim Ve (v') = A2 (v*) is the optimal policy for J(7y), where {~}1 is a sequence of optimal
—00 -

policies for {Jr(v,,) }r with the pointwise limit 755 as T — oo.

Although, this result is a classical one in the literature, here, we present a new approach using

the static reduction.

Remark 2.4.1. Similarly, one can show the result for (i) y* = Cz', (A,C) is observable and

Q = CTC, (ii) the discounted LOG team problems with the classical information structure.
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2.5 Proofs

2.5.1 Proof of Theorem 2.2.1

Under (A1), the required derivatives in (2.8) in the direction of 1’ exist and the chain rule of
derivatives can be applied since this implies that the cost function is Fréchet differentiable in v’
[57]. Now, we use the convexity property to justify interchanging the expectation and the derivation
similar to [78, Theorem 2], then we use (2.7) and (2.8) to establish the global optimality of 7* for
(Ps). Under (A1), we have for every a € (0, 1],

N N N
% i * o i * 7 1% *
ZC(WO/V +a67/~LN+NZ(Sp)_C(w077 7MN>SQZC(MO7VJNN)_C(WO7’V 7:“]\/)7

i—1 p=1 i—1
where py = & Z;V:l VP (yP) and & = ~* — ™. Let

1 N

N

o) =1 |5 D el oty 5 D2 < )|
Hence, [50, Proposition 6.3.2] implies that h%, («) is a monotone non-increasing function as « — 0
in a € [0,1] and bounded from above by h%(1). Thus, by [50, Corollary 6.3.3], !, y(w,0) :=
lim,_,0 A% (@) exists. Since h% («) is a monotonic non-increasing function as & — 0 in « € [0, 1]
and bounded above by h%;(1), and since J(7*) and J() are finite, we can choose N large enough
such that F[h%(1)] < oco. Now, we can use the monotone convergence theorem (see [64, page.
170]) to interchange the limit and the expectation

lim E[hy (a)] = E[lim b, (a)] = E[R, y(w,0)]. (2.21)

a—0 a—0

From [78, Lemma 1], we have E[I, y(w,0)] = 2 E[S"1 S0 | coe(wo, v, 11y )6"]. Define

N

N
1 - . o
N - — 1k () *
Flw(a) = NE[ E c(wo, V™ + ad’, iy + N 5 (57’)].

=1 p=1
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Note that Flj\jv(oz) exists for o € [0, 1] since E[h% ()] < E[h§(1)] < 00, and E[+ SV e(wo, v, pi)] <

oo. Therefore, one can write F;JX (0) = lin% E[h* ()], and
N a—

N N
1 P * *
PO =3 E| T3 anlenn” k)0 =)

i=1 k=1

Thus, we can write

J(7) = J(y*) =limsup F}¥ (1) — limsup F." (0) (2.22)
- - N—o00 In N—o0 N
= hgl_?;p F,N( ) — hanalo%f FiN(O) (2.23)
F)Y (1) = F}Y (0)
> lim sup —% Iy (2.24)
N—o00 1
> limsup F'Y (0) > 0, (2.25)
N—oo -N

where (2.23) follows from (A2), (2.7), and — lim inf ay = limsup —ay, limsup ay+limsup by >
N—oc0 N—oo N—oo

lim sup(ay + by) imply (2.24), and (2.25) holds since FN ( ) is a convex function and using [50,

N—oo

Corollary 6.3.3], and since ay > by then limsupay > limsupby. Finally, the last inequality
N—o0 N—o0

follows from (2.8); hence, J (f_y) —J (Z*) > 0, and the proof is completed.

2.5.2 Proof of Theorem 2.2.2

We have
| X
J(y") < lljrvnjolipﬁ ;EVN [c(wg,ul,uN)} (2.26)
N

=i f E2 ' 2.27

o, b, 7 20 et )| o

=1li f — EY 2.28

imsup inf Z {c wo, U’ ,UN):| (2.28)

< inf lim sup — Z EY {c (wo, u' ,uN)} (2.29)

€T N—oo
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= inf J(v),

7€l

where puy = % Z;VZI uP and (2.26) follows from (2.9), and (2.27) is true since vy, is a team
optimal policy for (Py) (see (2.2)). Furthermore, (2.28) follows from the fact that [1 | v E I =

I'n, where Y |y is Y restricted to the first N components.

2.5.3 Proof of Theorem 2.2.3

According to Theorem 2.2.2, we only need to show that

lim sup JN(EV) > hNHLio%f JN(Z*N)

N—oo
N

> E[ lim NZC(WONN(?J ), N)

N—oo -
=1

= A NG

where iy = % ijv:1 v (y) and the second inequality follows from Fatou’s lemma (since the cost
function is non-negative). In the following, we justify the equality above. On a set of P measure
one, w € B where B € F, for every fixed y'(w) in this set, define y(w) = (y'(w),y*(w), ...) and

Yy (@) = (' (w),...,y"(w)). We follow three steps to prove the theorem.

(Step 1): We show that on a set of P measure one, w € B where B € F, for every fixed ¢ (w)
in this set A}im ~ SN <7ﬁ(yl) — i (yl)) = 0. For a fixed y, following from (b) for a given
—00 =
Swy, = SUP1<ien| VR (4') — 72 (y)||> O there exists N (d,,, ) € N such that for N > N(b,, ),
V& (y") — 72 (yh)]|< Ouy, foreveryi=1,..., N, where A}im Ouy, = 0 P-almost surely. We
] mreu ]

have P-almost surely,

N

H% > (200 - 200)

=1

1 N
< N Z 5""’91\7 - 6“”91\1’

=1

and since lim sup; ;< y|[7%(v") — 7% (y")||= 0, one can see lim 4, = 0. Hence, we can show
N—o00 == N—o0 =N
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that hm ¥ LSV yi(y) = hm ¥ LS 4% (y"). Following from continuity, c(wo, v (y'), 1)

converges to ¢(wo, v (1), A}lm pt) P-as. foreveryi=1...., N.
—00

(Step 2): We show that c(wo, 74 (y?), i) converges to c¢(wo, v (1), Jim ) uniformly in i =
—00

1,..., N P-almost surely, where i}, = + Zp 1 V2% (yP). By continuity of the cost function, we

have for a given €,, > 0, there exists d,, > 0 such that |7 (y") — 7%(y)|[< duy, , and

1% s W (Y) = Y2 (W)I< duy,, implies [e(wo, Yy (y), i) — c(wo, Yo (y'), w5 )|< €y, P-

almost surely for every i = 1, ..., N. Following from Step 1, we have for N > N (Ouy  (Ewy )

VN (") = Yo W< duy, > and |15 2750, 7R (Y) — 75 (y)||< duy - hence P-as.
c(wo, Y ('), 1in) — c(wo, Yo (U')s 130) | < €y, s

where lim €uy,, =0.
N—o0 =

(Step 3): In this step, we show that P-a.s.,

N

i 3 [elen ) k) = cln 2000 | 0.

N—o00
i=1
According to Step 2, for N > N(éwﬂN(ew,QN), we have P-a.s.

N
Dl 03 o 1L <

=1

Following from (c), we can interchange the limit and the integral using the dominated convergence

theorem, and the proof is completed.

2.5.4 Proof of Lemma 2.3.1

Any permutation of policies does not deviate the value of Jy (v N) since

JN(Z?V) = /c(wo, ul, o ,UN)PN(dyl, ce ,dyN|w0)1{(ﬁ/o(1>(y1) ..... 7a(N)(yN))}(dul, ceey duN)P(dwo)
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= /C(Wo, u”(l), e ,UJU(N))l{(,YU(n(ya(U) ,ya(N)(ya(N)))}<d'U/U(l), e ,duU(N)>

.....

x Py (dy® @, . dy”™|we) P(dwy) (2.30)
— /c(wg, ul, ... ,U/N>1{(,Yl(yl) .... 7z\/(yN))}(dul, o du™) Py (dyt, . dyN|wo) P(dwo)

= JN(IN%

where (2.30) follows from the assumption that the cost function is exchangeable with respect to
the actions, and the hypothesis that observations of DMs are P-almost surely exchangeable con-
ditioned on the random variable wy. Let 7} = (v*, 4%, ...,¥N*) be a given policy. Consider
7, as a convex combination of all possible permutations of policies by averaging them, o € X,
where 3. is the set of all possible permutation. Since U is convex, ¥ » 1s a control policy. Following
from convexity of the cost function P-almost surely, we have for o, = % (where |X| denotes the

cardinality of X)),

N anry)

oeEY

S Z Oéa‘]N(ZTVU)

ceEY

=D ardn(ay) = In(y):

ceEY

where the inequality follows from convexity of the cost function P-almost surely for every fixed

realization of observations since we have

B|e(en S anli 0. Sl )]

oceED cED

< B Cane (s G 00 0300707 )|

oeY

|
> e B |e{en (0300 300N )|
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where (1}‘\}“)]' denotes the j-the component of 77:7, and the inequality above follows from Jensen’s
inequality since the cost function is convex P-almost surely. Hence, the team is symmetrically

optimal.

2.5.5 Proof of Theorem 2.3.2

Action spaces and the cost function are convex and following from the hypothesis that y's are
1.i.d. random variables (hence they are exchangeable conditioned on wy) and the result of Theorem
2.3.1, one can consider a sequence of N-DM teams which are symmetrically optimal that defines
(Pn) (see (2.2)) and whose limit is identified with (P.,). Define empirical measures on actions
and observation of Qn(B) := + SV dci (B), and Qn(B) := % SV d¢ci (B), where B € Z :=
UxY, = (), y), ¢ = (75 (y"),y"), and dy(-) is the Dirac measure for any random
variable Y. In the following, we first show that Qn converges weakly to Q@ = £(¢’,) P-almost

surely, then we show (2.9) holds, and we invoke Theorem 2.2.2.

(Step 1): For every g € C,(Z), where we denote Cy,(X) as the space of continuous and bounded

functions in X, we have

lim P (‘/QdQN - [ g

)

N
< lim — ZIEHQ(V}"v(y ), y") = 9(v5 (), ¥) } (2.31)
=t tim B {005 - o000 232)
= B Jim [o309) - 962 0).99) | <o, 2.33)

where (2.31) follows from Markov’s inequality, the triangle inequality and the definition of the
empirical measure, and (2.32) follows from the hypothesis that y's are identical random variables.
Since ¢ is bounded and continuous, the dominated convergence theorem implies (2.33). Hence,
for every subsequence there exists a subsubsequence such that | [ gd@Q Ny — i gd@ Nkz| converges

to zero P-almost surely as [ — co. On the other hand, since y's are i.i.d. random variables, the
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strong law of large numbers (SLLN) implies Qn converges weakly to () P-almost surely, that is
[ gdQy — | 9dQ| converges to zero P-almost surely for every g € C,(Z). Hence, through choos-
ing a suitable subsequence, (), converges PP-almost sure weakly to () since for every continuous

and bounded function g, we have P-a.s.,

]&iig)o‘/ngN—/ng‘ < lim ('/ngN_/ngN +‘/9dQN_/ng’)

=0. (2.34)

(Step 2): Following from [123, Theorem 3.5] and [53, Lemma 1.5], or [85, Theorem 3.1] using

the fact that the cost function is non-negative and continuous, we have

N

c (wo, (), % > va(yi))]

i=1

| N
lim sup N Z E
i=1

N—o0

N—oo

> hminfE[E[/ c (wo,u, / u@Qn (du x Y)) Qn(du,dy)
z U

]
]

wo” , (2.35)

> E{E[liminf c (wo,u, / u@Qn (du x Y)) Qn(du,dy)
U

> B {E[Z;oo(wozu /U uQ(du x Y)) Q(du, dy)

where the first inequality follows from the definition of () and replacing limsup by liminf. The

second inequality follows from Fatou’s lemma. In the following, we justify (2.35). Since Qy
converges weakly to () P-almost surely, using continuous mapping theorem [26, page 20], we
have @ y(du x Y) converges weakly to Q(du x Y) P-almost surely, hence the compactness of U
implies [, uQn(duxY) = [ uQ(duxY) P-almost surely, and continuity of the cost function P-
almost surely implies c(wo, u, [, uQn(du x Y)) converges to ¢ (wo, u, [, uQ(du x Y)) P-almost
surely. Define a non-negative bounded sequence G/ := min{M, ¢ (wo, u, [ uQn(du x Y))},

where G} 1 GV := ¢ (wo, u, [y uQn(du x Y)) as M — oo, then we have P-almost surely

N—oo

liminf/zc (wo,u,/UuQN(du X Y)) Qn(du,dy)
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= lim liminf/ c(wo,u,/uQN(du XY)) Qn(du, dy)
z U

M—o00 N—oo

M—o00 N—oo

> lim liminf / GN Qn(du, dy)
zZ

= lim [ GMQ(du,dy)

M—oo [z
= / c (wo,u,/uQ(du X Y)) Q(du, dy),
Z U

where the first inequality follows from the definition of G and the second equality is true using
[123, Theorem 3.5] since G is bounded (hence it is uniformly () y-integrable) and continuously
converges to G, and the monotone convergence theorem implies the last equality. Hence, (2.35)

holds which implies (2.9), and the proof is completed using Theorem 2.2.2.

2.5.6 Proof of Preposition 2.3.1

Since z's are i.i.d. random variables, observations, yi = h(z, zi), have identical distributions (but
are not independent), and similar to the proof of Theorem 2.3.2, using symmetry, one can show

(2.33) holds. In the following, we show (2.34) and (2.35) hold.

1 N 2
=2 NHBEOE{ N ;g(ﬁo(@ﬂ), y') — E(g(v(y"), y") ] (2.36)
1 & 2
= 1321100(6>_2E[EHN 3 Ly ('), 9") w” (2.37)
=0 (2.38)

where L(v% (%), v') == g(vi (v"),y") — E(9(7v5 (y'), y')|z), and (2.36) follows from Chebyshev’s
inequality, and (2.37) follows from the law of iterated expectations. The structure y* = h(z, z°)
implies conditional independence of ys given z, hence, using the law of large numbers and since
g € Cy(Z), we have (2.38), and this implies Qy, converges weakly to £(C% |x) P-almost surely

as k — oo, hence through choosing a suitable subsequence, () y,, converges P-almost sure weakly
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to Q = L(¢’ |x) as | — oo and the rest of the proof to justify (2.35) is the same as that of Theorem
2.3.2.
2.5.7 Proof of Theorem 2.3.3

In the following, we just show [, uQny(du x Y) — [, uQ(du x Y) P-almost surely, and the rest

of the proof follows from that of Theorem 2.3.2. We have

Nhinoop< /UUQN(du xY) — /UudQN(du X Y)‘ > e>
< &@migE[mw -0 (2.39)
=t tim 5| l) )| (240
=g Jim ) - 60)|| <o @41)

where (2.39) follows from Markov’s inequality and the triangle inequality, and (2.40) is true since
observations have identical distributions, and (2.41) follows from the uniform integrability as-
sumption (A3) and the pointwise convergence of v;; using [26, Theorem 3.5]. On the other hand,
SLLN implies P-almost surely that [, uQn(du x Y) = ~ 3" 7% (y') — [, uQ(du x Y), and

this completes the proof.

2.5.8 Proof of Theorem 2.3.4

We show (2.9) holds, then we invoke Theorem 2.2.2. We use the same definitions in Theorem 2.3.2

for measures () and (). We have

E[E[lim inf/ c <w0,u, / u@Qn (du x Y)) Qn(du, dy)
z U

N—o00

E[E[ /2 liminf ¢ (wo,u, /U O (du x \Y))Q(du,dy)
E[E[ /Z c (wo,u, /U wQ(du x Y)) Q(du, dy) w()”, (2.43)

|

WO] ] (2.42)

v

v
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where (2.42) follows from a version of Fatou’s lemma in [52, Theorem 1.1], and (2.43) is true

since from the lower semi-continuity of [, uQy(du x Y), we have lim inf JyuQn(du x Y) >
—00

fU u@(du x Y), and continuity and the hypothesis that the cost function is increasing in the last

argument imply for all u € U, liNnLiOI})fc (wo, u, J;uQn(du x Y)) > ¢ (wo,u, [;uQ(du x Y))

P-almost surely, and this completes the proof.

2.5.9 Proof of Lemma 2.3.5

Following from the result of Theorem 2.3.1, one can consider a sequence of N-DM teams which
are symmetrically optimal that defines (Py) (see (2.2)) and whose limit is identified with (P).
Equivalent to (b) in Theorem 2.2.3, we can show that lim sup || (v") —7% (v")||>= 0 P-almost

N—oo 1<i<N
surely. We have

N
lim su () — A% ()12 < lim N N W NIT:
Jim sup [0 () = 75wl _NW;IIVN(y) S el

< lim h(N)%Zf(y")

N—o0 -
=1

=0,

where the last inequality follows from (2.11). Hence, thanks to Theorem 2.2.3, a team optimal
policy for (P,) is the limit of a sequence of team optimal policies for (Py) (see (2.2)) as N — oo,

and hence a team optimal policy for (P,,) is symmetrically optimal and the proof is completed.

2.5.10 Proof of Theorem 2.3.6

Proof. We first show that {Q y } 5 is pre-compact in the product space (Y x U) equipped with the

weak convergence topology for each component. Then, we show that an induced policy by the limit

() achieves lower expected cost than lim sup J N(fij), and we invoke Theorem 2.2.2 to complete
N—oo -

the proof. Action spaces and the cost function are convex and following from the hypothesis that

y's are i.i.d. random variables (hence they are exchangeable conditioned on wy) and the result of
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Theorem 2.3.1, one can consider a sequence of N-DM teams which are symmetrically optimal that

defines (Py) (see (2.2)) and whose limit is identified with (P,,).

(Step 1): In the following, we show that for some subsequence {Q,, },c1 converges weakly to )

P-almost surely, that is, P-a.s., for every continuous and bounded function g,

ggo‘/ngn—/ng’ =0,

where n € [ is the index set of a converging subsequence. We use the fact that observations are
1.1i.d. and the space of control policies is weakly compact (see e.g., [138, proof of Theorem 4.7]).
That is because, we can represent the control policy spaces with the space of all joint measures
on (Y¢ x U?) for each DM with a fixed marginal on 3 [140, 29]. Since the team is static, this
decouples the policy spaces from the policies of the previous decision makers, and following from
the hypothesis on ¢; and the fact that v — [ v(dz)g(x) is lower semi-continuous for a continuous
function g [138, proof of Theorem 4.7], the marginals on U’ will be weakly compact. If the
marginals are weakly compact, then the collection of all measures with these weakly compact
marginals are also weakly compact (see e.g., [137, Proof of Theorem 2.4]) and hence the control
policy space is weakly compact. Using Tychonoff’s theorem, the countably infinite product space
is also compact under the product topology which implies compactness of the space of control
policies under the product topology. Hence, there exists a subsequence { (@), } ,c1 converges weakly

to () P-almost surely.

(Step 2): Now, we show that (2.9) holds. We have

E[E{ /Z c<w0,u, /U wQ(du x Y)) Q(du, dy) w()”
_ A}@OOE{EUZMH{M,C (wo,u,/UuQ(du % Y)) }Q(du, dy)

= ]VlllinooE {E Lh_)rgo/zmm {M,c <w0,u,/UuQn(du X Y)) }Qn(du, dy)

wo] ] (2.44)

wo] } (2.45)
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= k}i_r)noo nh_)n;oE[E[/me {]\/Lc <w07u,/UuQn(du X Y)) }Qn(du, dy) wOH (2.46)

< Ahinooh]?fipE[E[/me {M,c (wo,u, / u@Qn (du x Y)) }QN(du, dy)
¢ (womv ZVN )] (2.48)

wo] ] (2.47)

< hmsup—ZE

N—o0 i=1

where (2.44) follows from the monotone convergence theorem. Since {Q,, },c; converges weakly
to () P-almost surely, we have by continuous mapping theorem (by considering a projection to the
first component) [, u@Qn(du x Y) — [, uQ(du x Y) P-almost surely. Following from (Step 1),
(2.45) follows from [123, Theorem 3.5]. That is because, the cost function is continuous in actions,

and min{}M, ¢ (wo, u, [, uQ,(du x Y))} is continuously converges in u, that is,

min{ M, c(wo, ty, / uQ(du x Y))} — min{ M, (e, u, / WQ(du x Y))),  (2.49)
U U

where u,, — u as n — oo. Equality (2.46) follows from the dominated convergence theorem
since min{ M, ¢ (wo, u, fU uQ N (du x Y))} is bounded, and (2.47) is true since limsup is the great-
est convergent subsequence limit for a bounded sequence. Finally, (2.48) follows from the def-
inition of empirical measures and since for every M, min{M, ¢ (wo,u, [ uQn(du x Y))} <
c (wo, u, ftu u@Q N (du x Y)); hence, following from Theorem 2.2.2, the randomized limit policy

through subsequence is a globally optimal for (P).

2.5.11 Proof of Theorem 2.4.1

We invoke Theorem 2.2.3 to prove the theorem. The stationary policy (see Definition 2.1.1) is

obtained as

W) = (R+Q)7'Q(+ ) Elx'ly'],
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where the equality follows from the assumption that z’s are independent of z’s and z*s, k # i for
every ¢ = 1,2, ..., N and they are mean zero. Following from [78], stationary policies are team
optimal for (Py) in this formulation, and 7% (y*) = (R + Q) 'QFE|[z"|y"]. Since y's are zero mean

Gaussian random variables, we have E[z'[y] = X,:,:% = Ky', where Yxy is defined as a

yzyzy

covariance of two random variables X and Y. We have P-almost surely,

. . . . 1 L
TP A N L — — Elxtt
1iggpNH%v(y) Yoo (¥ R+Q1§3<I>NIN [z [y’]]
KQ
— sup |— 0, 2.50
R+Q1<z<pN|Ny| —00 ( )

where (2.50) follows from

N

L . i\ 2

_ < _ 02 —q.

1\}5%012?2\7 N2( y')? < lim Z(y) 0P —a.s,

where the first inequality is true since (y*)?s are non-negative, and equality follows from the strong
law of large numbers (SLLN) since y's are i.i.d. and have a finite variance, hence, (b) holds. One
can show that the condition in Remark 2.2.2(ii) holds since %’s and z's are i.i.d. random variables,

hence Theorem 2.2.3 completes the proof.

2.5.12 Proof of Theorem 2.4.2

In the following, we use both Theorem 2.2.1 and Theorem 2.2.3. Clearly, (A1) holds, we show
that (A2) holds,

(a2t + MN)QQ} (2.51)

N
< limsup %E[Z & E?x |y]} + lim M (2.52)
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—Q?
T Q+R

E {Eﬂx”yﬂ + Qo?, (2.53)
where (2.51) follows from

B | By + )] = B[ E| Bl + )

J|| =0+ el esy

and (2.52) is true since z¢ an 2% are i.i.d. random variables and limsupay + limsupby >
N—oo N—oo

limsup(ay + by). We can justify (2.53) by defining Y* := (E[2*|y'])?, and since y's are measur-
N—o0

able functions of {y};>1, and y's and xs are i.i.d., hence Y's are i.i.d. random variables. Similarly,

one can show the other side direction for liminf. Hence (A2) is satisfied. Now, we check (2.8), for

every 7% with J(y, ) < oo,

N N
imsup 8| 303 e ) )|
N=ro0 i=1 k=1
20 &
zlg?mq»KFE:JEPﬂxﬂn%ﬂyﬂ}—-E[@ﬁ4—uan%ﬂ (2.55)
—00 k=1
N
_QQ
= lim su i) m 2.56
N_mp N ; {NN k} (2.56)
1 N
= 2Q lim sup — E |aF~F k]—E[a:kk k} 2.57
Q NA@PJVQEQ { V(") e (y") (2.57)
1 N
_ : . k_k k
= —QQIﬂlgfm;E{x 5 (y )} (2.58)
1 N
> Qe ) B|oL6h)] 259)
B[00y ]
> —2Q0 lim inf ) 2.60
> —2Q0 imin éggzv e (2.60)

where measurability of my;, = v* (y*) — 4% (y*) with respect to the o-field generated by y*

implies (2.55), and (2.56) follows from the iterated expectations property. Since x”s are mean
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zero and independent of y* for k& # p, we have (2.57), and (2.58) follows from the fact that **
is independent of k, and since y* and z* are i.i.d. random variables. Moreover, .J (100) < 00,
so E[vE (v*)] < E[(vE,(y*))?] < oo, and Cauchy-Schwarz inequality implies (2.59), and (2.60)

follows from

E [(vﬁo(y’“))Q] | o
. . 2
— 2 Sliminf-m k§1 E[(vw(y ) } =0, (2.61)

liminf sup
N—o0 1<k<N

where (2.61) is true since E [(vfo(yk))Q] > 0 and li]r;l sup + B [ SN <7’§o(yk)> QR} <J(y )<
0o. Thus, (2.8) is satisfied and Theorem 2.2.1 comple—tt: the proof.

One can also invoke Theorem 2.2.3 to complete the proof. One can show that the condition in
Remark 2.2.2(ii) holds since 4's and x’s are i.i.d. random variables. We only justify (b). Station-
ary policy is team optimal for (Py) in this formulation [78], hence 7% (y') = (R + Q)'Q(1 +
~)E[z'|y], so we need to show that

=0P —a.s,

lim sup |yw(y') — V(Y

N—oo 1<i<N

Equivalently, we can show that P-a.s

1 o\ 2 1 & o\ 2
s - (Ble) < g (Bl) o

N—o00 1<i<N

2
where the first inequality is true since (E [xz|y’]> s are non-negative, and equality follows from

SLLN since

B|(Bla1y)?| = B|?] - B[ - Blaly)?)] <
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2
and <E [xﬂy’]) are i.i.d. sequence of random variables since y's are i.i.d. random variables and

the proof is completed.

2.5.13 Proof of Theorem 2.4.4

Since, k., = ktT’l fort =1,2,...,T, one can write (2.20) as
kr=Q+ ATkL A — ATKL  B(R+ Bk, _,B)"'BTEL_| A.

We use Theorem 2.2.2 and Remark 2.2.1, to show that v’ = Gz, is team optimal, where G, =
—(R + BTC*B)"'BT(C* A, and following from controllability of (A, B), C* = %}H} Cj, a fixed
—

point of the following recursion exists,
-1
Cﬁ(n) = Q —I— ATﬁCﬁ(n — 1)A — AT505(TL — 1>B (R + BTB05(TL — 1)3) BTSCB(TL — 1)A

By comparing C*(n) = él_)lri Cj(n) and (2.20), we see that 71520 ki = K = C* = lim C*(n).

n—oo

Hence, we have for t = 0,1,...,7 — 1, Tlim Gt = —(R+ BTKB)'BTKA = —(R +
—00
BTC*B)™'BTC*A = G. In the following, we show (2.9) holds using Remark 2.2.1.

li;n Sup]JT(l*T) - JT(Z;”
t T
B[ e () wstal]
k=0

t T
—~ E[ZTr [c;? (Lif) (H&)Léf@” ’ (2.62)

< limsup sup
T—oo 0<t<T-1

k=0
¢ T T
<timsw sup |B| S rrich((o) et - (o) moz]| e
T—oo 0<t<T—1 —
< Y?limsup sup Tr[(H%)C}—(HiO)C’éOH (2.64)
T—oo 0<t<T—1

< Y?limsup| sup |Tr((GH) RGLCL — (Go)' RGLCL)|+ sup |Tr(Qeh)|]  (2.65)

T—oo 0<t<T—1 0<t<T—1
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< ¥?limsup [ sup |T7‘((GtT)TRGtT—(GOO)TRGOO)| sup |Tr(ChH)|

Tooo 0<t<T—1 0<t<T—1
+ sup |Tr(GLRG.eb)|+ sup |Tr(Qeh)]] (2.66)
0<t<T—1 0<t<T—1

< Slimsup| sup |Tr[<GfT<GtT>T—GmGZO>R]|< swp [Tr(eh)+ sup [Tr(CL))

T—oo 0<t<T—1 0<t<T—1 0<t<T—1
+ sup |[Tr(GLRGxeh)|+ sup [Tr(Qeh)|] =0, (2.67)
0<t<T—1 0<t<T—1

where L3" := [[\7}.(A+ BGY.), Lt =[], (A+ BG), Hy = (Q+(G4)TRGY), HL, = (Q+

(o) R = O Clusand € = | S5, L (L)] = | S (Lm)]
and ¥? := max(0%,,0,,), where 0%, and o, are the variance of each component of X, and wy,
respectively. Equality (2.62) follows from the fact that the trace of scalar is the scalar itself and
the fact that {wy } are i.i.d. and independent from X,. Inequality (2.63) follows from the trace
property that Tr(ABC) = Tr(CAB), and (2.64) follows from the hypothesis that ;s are i.i.d.
random vectors and 7r(ABC) = Tr(BCA) and (2.65) follows from linearity of the trace and
sup f + g < sup f + sup g. Inequality (2.66) follows from adding and subtracting G*. RG ., C%
in the first term and using Tr(AB) < Tr(A)Tr(B) for A and B positive semi-definite matrices
since one can observe that (2.20) implies for a fixed T, {k%}.' is a decreasing sequence, i.e.,
K > k% > kb > --- > kL', and hence {G%(G%)T}]Z' is a decreasing sequence. Also, from
(2.19), we have for a fixed T, {(A + BG%)(A+ BGL)T}-! is an increasing sequence, hence one
can show (GL)T RGL — G1 RG ., is positive semi-definite, and (2.67) follows from the definition

of et and the following calculation. First, we show that for a fixed 7', {T'r(e%-) }/_' is an increasing

sequence using the aforementioned observations. Hence,

lim su Tr(et)|= lim |Tr(el )= 0.
Jm sup [Tr(eh)|= Jim [Tr(c )

Similarly, 7hm SUpg<i<r_1|Tr(Qek)|= 0. We have,
— 00 - =

lim sup |Tr(CL)|= ‘Tr{([—(AJrBGOO))_l}

T—00 g<t<T—1

=0,
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where Y(*) denotes the T' power of the matrix Y and the result follows from the fact that ||A +
BGl||< 1 (following from the controllability assumption, the optimal policy stabilizes the dy-

namics). Finally, we have

lim sup
T—o0 g<t<T—1

Tr KGtT(GtT)T - GOOGZO> R] ‘ =0

where the second equality follows from the aforementioned observations and since R is positive

definite. Therefore, limsup Jr(7},) — /(77 ) = 0, and the proof is completed.

T—o00
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Chapter 3

Large-Scale Convex Stochastic Dynamic Teams and Their

Mean-Field Limit

In this chapter, we study convergence, existence and structural properties of (globally) optimal
policies for stochastic dynamic team problems with a finite as well as a countably infinite number
of decision makers. We mainly focus on finite-horizon convex multi-stage dynamic teams with
a symmetric information structure, where the cost function satisfies an exchangeability property.
Hence, we extend the results of the previous chapter to the dynamic case.

We first briefly introduce the setup for stochastic (symmetric) dynamic teams with finite as well
as infinitely many decision makers. In view of the intrinsic model described in the introductory
chapter, we can view a collection of DMs as a single player acting at different time instances.

The set N denotes the collection of decision makers (which can be a finite set {1,2,..., N}
or a countably infinite set N). Consider a collection of DMs as a single DM (i € N) acting at
different time instances (¢t € 7 ), where the set 7 denotes number of times each decision maker
can act (the set 7 can be a finite set {1,2,...,7} or a countably infinite set N, depending on the
finite-horizon or infinite-horizon setups). Define state dynamics and observations for each decision

maker ¢ at time ¢ as

Ty = filx, uy,wy), (3.1)

Yi = hy(Thy, W1 Vi) (3.2)
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where functions f; and h, are measurable functions. The information structure of DM’ at time ¢
is I! = {y!} (or I} = {yi}rex, for a subset K; C {0,...,t}), and ¢/ := (w},v}) (with ¢} :=
(zf, wh, vi)) denotes uncertainty corresponding to dynamics and observations at time ¢ for DM"
which are exogenous random vectors.

In the view of symmetry in the above setup (since functions f; and h; are identical through deci-
sion makers), we assume that spaces that state, action, observation, disturbances live are symmetric
(identical) through players (also through times for simplicity of our analysis) and Borel subsets of
appropriate dimension Euclidean space X C R™, U C R™ Y C R™, W, and V, where m, m/,
and m” are positive integers. Now, a dynamic stochastic team problem with finite (V) number of

decision makers (also referred to as a pre-limit mean-field stochastic team problem) is defined as:

Problem (Pév ’MF): Given a (decentralized) information structure, an N-DM finite-horizon

stochastic team problem is described with an expected cost function (to minimize) of Z;N as

i a1 a p 1 a P
c wOaxtvubNZut’Nth ) (3.3)

for some Borel measurable cost function ¢ : 20 x X x U x U x X — R, where wy is an exogenous

random vector and 7} = i ;.

We note that to distinguish the finite-horizon problems from infinite-horizon ones (Section
3.4.2), the sub-index 7' has been introduced. Also the super-index MF (mean-field) has been
considered in the problem description to distinguish the mean-field setup from symmetric LQG
problems (which will be defined later on in Section 3.4). In this chapter, for some of the results,
we consider a more general setup of N-DM (symmetric) stochastic dynamic team problems, where
the cost function is of an exchangeable type, and the information structure is symmetric. This will
be defined precisely later on. We now introduce finite-horizon stochastic team problem with a

countably infinite number of decision makers (also referred to as a mean-field team problem).

Problem (P;° ’MF): Given a (decentralized) information structure, a mean-field team problem
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is described with the expected cost function (to minimize) of Yy as

T-1 N

J7(v,) = limsup % Z Z E2r

N—yoo =0 i=1

N

N
o1 1
SERE ST 3 | Y

p=1

for some Borel measurable cost function ¢ : €2y x X x U x U x X — R, where fT =~y for

i € Nand v, = {7] }ien

The global optimality can be defined similar to that of static problems in the preceding chapters.

The main focus of this chapter is to address the following questions:

Problem 1: Connections between optimal policies of (P}V MFy and (P7 MFyLet a sequence of

policies {jg *}n, where for each N € N a policy zN *

€ D'y is a globally optimal policy for

N-DM stochastic dynamic team problem (7%V MY be given. Suppose {lg *} v converges pointwise

(almost-surely for every observation) to a limit policy 77.. Is 77, (globally) optimal for (Py My

Problem 2: Existence and structural properties of optimal policies of (P:]FV MF) and (P7 MEy,
The existence of (globally) optimal polices for (P},) has been established under very general setups
of team problems [140, 138, 62]. Since the cost function in (Pg My are of exchangeable type, is
it the case that a (globally) optimal policies for (P}V MF) is symmetric (identical) through decision
makers? The question that we also address is toward the existence and symmetry property of
(globally) optimal policy for (P75 MY In particular, under what conditions, does there exist a

symmetric globally (deterministic or randomized) optimal policy for (P My

Problem 3: Structural properties of optimal policies for finite-horizon and infinite-horizon
dynamic team problems with a specific symmetric network topology. Consider a general setup
of N-DM stochastic dynamic teams (not necessarily pre-limit mean-field model), where the cost
function is of exchangeable type. Assume the information structure is symmetric for N-DM
stochastic team problems, that is, functions A!, inducing the observations of decision makers, are

identical through decision makers (this holds for the mean-field problems formulated above). Now,
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for these problems, can we show the symmetry of globally optimal policies through decision mak-
ers? Now, let us focus on N-DM LQG dynamic teams with a specific partially nested symmetric
information structure (for example, a tree information structure). Linearity of a (globally) optimal
policy for the finite-horizon case has been established in [66]. Can we establish the linearity of a
(globally) optimal policy for the infinite-horizon case? In particular case, let a sequence {1? “Yr,
where for each T € T, policy ﬂ * 1s a globally optimal policy for an /N-DM problem with a finite
horizon 7', be given. Suppose {f_yg *}r converges pointwise (almost-surely for every observation)
to a limit policy ZN *as T — oo. Under the above convergence, is lN * (globally) optimal for the

infinite-horizon case?

We note that obtaining structural results in team problems is important towards establishing
both existence and computational/approximation methods for optimal policies. In this chapter, we
define the notion of exchangeable teams and symmetric information structures (as a refinement
of those in the preceding chapter), and we show that, for convex exchangeable dynamic teams
with finite horizons, optimal policies exhibit a symmetry structure. For any number of DMs, this
symmetry structure is more relaxed when compared with the previous chapter, which focused on
problems under a static information structure, and is applicable for dynamic teams which may not

admit a static reduction, as long as convexity in policies holds for the team problem.

3.1 Literature Review and Contributions

Some relevant studies on the existence and convergence of equilibria from the mean-field games
literature are the following: In [36], for one-shot mean-field games, under regularity assumptions
on the cost function, it has been shown that mixed Nash strategies of N-player symmetric games
converge through a subsequence to a limit (which is a weak-solution of the mean-field limit).
In [56], through a concentration of measures argument, it has been shown that a subsequence
of symmetric local approximate Nash equilibria for N player games converge to a solution for

the mean-field game under the assumption that the normalized occupational measures converges
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weakly to a deterministic measure. Furthermore, using a similar method in [81], assumptions on
equilibrium policies of the large population mean-field symmetric stochastic differential games
have been presented to allow the convergence of asymmetric approximate Nash equilibria to a
weak solution of the mean-field game [81, Theorem 2.6] in the presence of common randomness.
Using martingale methods and relaxed controls (see also [56, 81, 80, 40]), an existence result and
a limit theory have been established for controlled McKean-Vlasov dynamics [82]. We note that in
[81, 82, 80, 40], it has been assumed that each player has full access to the information available to
all players, i.e., the controls are functions of all initial states, Wiener processes of all players, and
common randomness. Thus, the information structure is centralized.

We further note that the existence results for open-loop equilibria have been established in
[81, 40, 39, 56]. We note that in our setup under these strategies the information structure cor-
responds to the static problems. The equilibria with respect to closed-loop can be completely
different since the deviating player can still influence the information of other players and hence
it can influence the average of states or actions substantially. Under a convexity condition (which
has been introduced in [55] and also considered in [82, 80]), and under the classical informa-
tion structure (i.e., what would be a centralized problem in the team theoretic setup), convergence
of Nash equilibria induced by closed-loop controllers (both path-dependent and Markovian) to a
weak semi-Markov mean-field equilibrium has been established in [83] for finite horizon mean-
field game problems. Recently, in [35], both a convergence result for all correlated equilibrium
solutions of discrete finite state mean-field games as limits of exchangeable correlated equilibria
restricted to Markov open-loop strategies and an approximation result for N-players correlated
equilibria have been established.

We also note a result in [37] for the convergence of the closed-loop equilibria, where an infinite-
dimensional PDE, the master equation, has been considered and its smooth solution has been used
to show the convergence of the empirical measure to a mean-field game equilibrium. We note that,
the approach requires uniqueness of the mean-field equilibrium [37]. For infinite horizon problems,

in [38], an example of ergodic differential games with mean-field coupling has been constructed
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such that limits of sequences of expected costs induced by symmetric Nash-equilibrium of N-
player games capture expected costs induced by many more Nash-equilibruim policies including a
mean-field equilibrium and social optima. In [83], the classical information structure (a centralized
problem) has been considered, where in [38] it has been assumed that players have access to all
the history of states of all players but not controls (we note that in the team problem setup with the
classical information structure through using a classical result of Blackwell [28] in the case where
each decision maker knows all the history of states of all decision makers, optimal policies can be
realized as one in the centralized problem where just the global state is a sufficient statistic). As
we see, information structure aspects lead to subtle differences in analysis and conclusions.

The above highlights the intricacies due to the information structure aspects: different from the
aforementioned studies above, we consider information structures that are not necessarily static or
classical. Also, in this chapter, we work with global optimality and not only person-by-person (or
mean-field) equilibria and we establish existence and convergence results for a globally optimal
policy for mean-field team problems. On the other hand, here since we work under the convexity
assumption, the information structure does not allow for the mean-field coupling in the dynamics.
This assumption will be relaxed in the next chapter, where non-convex problems are to be studied.
In this chapter, we also obtain existence results on optimal policies for the setups considered.
Compared to the results on the existence of a globally optimal policy in team problems where
(finite) N-DM team problems have been considered [138, 62, 140, 108], we study convex team
problems with a countably infinite number of decision makers.

Parts of our results in this chapter correspond to LQG teams. Under static reductions, dy-
namic teams with a partially nested information structure can be reduced to a static one ([66, 135])
where Radner’s theorem concludes global optimality of linear policies for LQG team problems
[102]. However, for average cost infinite horizon, partially nested, LQG dynamic team prob-
lems so far there has been no universal result establishing that a globally optimal policy is linear,

time-invariant, and stabilizing, and this has been often imposed a priori: In [105], the problem of
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designing a linear, time-invariant, stabilizing, state feedback optimal policy for decentralized Ho-
optimization problems, which satisfy the quadratically invariance property, has been addressed by
reparametrizing the problem as a convex problem (via Youla parameterization). In [104], it has
been shown that for sequential team problems involving linear systems, quadratic invariance and
the partially nested property are equivalent. For a class of partially ordered (POSET) systems,
state space techniques have been utilized to obtain optimal, linear, time-invariant, state feedback
controllers for Hq-optimization problems with sparsity constraints [124]. A similar result has been
established in [125] where linearity and time invariance have been imposed a priori. In [106],
the problem of designing linear time-invariant stabilizing controllers, belonging to a pre-selected
quadratically invariant subspace has been addressed. In [107], a convex characterization of the
set of all stable time-invariant closed-loop linear systems which result from applying linear time-
invariant stabilizing controllers has been studied under a strong quadratic invariance condition.
In [87], Hs-optimization output feedback problems with two-players have been considered and
optimality results have been established when the optimal policies are restricted to linear, time
invariant, stabilizing policies. However, the results in [87, 105, 124, 125, 106, 107] may be in-
conclusive regarding global optimality. Our contribution here is to consider average cost infinite
horizon dynamic team problems without restricting the set of policies to those that are linear, time-
invariant, and stabilizing unlike the results in [87, 105, 124, 125, 106, 107]. We note again that
the optimality of linear policies for infinite horizon LQG team problems is an open problem in its
generality and we provide positive results for a class of such problems.

Contributions. In view of the discussion above, this chapter makes the following contribu-

tions.

(i) We define a notion of exchangeable teams and symmetric information structures, and we
show that, for convex exchangeable dynamic teams with finite horizons, optimal policies
exhibit a symmetry structure (Theorem 3.2.2). For any number of DMs, this symmetry
structure is more relaxed when compared with the symmetry results developed in [120, 117]

and is applicable for dynamic teams which may not admit a static reduction, as long as
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(ii)

(111)

(iv)

convexity in policies holds for the team problem.

For convex mean-field teams with a symmetric information structure, through concentration
of measure arguments, we establish the convergence of optimal policies for mean-field teams
with N decision makers to the corresponding optimal policies for mean-field teams (see

Theorem 3.3.1).

We establish an existence result for the class of convex mean-field teams with a symmetric
information structure (see Theorem 3.3.3) for finite horizon problems, where, as noted in the
literature review, related results assumed more restrictive information structures which are

either static or classical.

We also apply our results to LQG dynamic teams for finite horizon problems (see Section
3.4). For LQG dynamic teams with a symmetric partially information pattern, we obtain
an optimal policy for finite horizon problems (see Section 3.4.1). We also apply convex
mean-field results to LQG mean-field teams with a symmetric partially nested information
structure (see Section 3.4.1) and obtain a globally optimal policy. Building on the result

above, we also obtain a globally optimal policy for average cost LQG team problems.

The organization of the chapter is as follows: we study convex exchangeable dynamic teams

with finite horizons in Section 3.2, and we study mean-field teams in Section 3.3. We obtain

globally optimal solutions for finite horizon problems with a symmetric partially nested infor-

mation structure and LQG mean-field teams in Section 3.4.1, and we discuss average cost LQG

team problems with a symmetric information structure in Section 3.4.2, respectively. Proofs are

provided in Section 3.5.
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3.2 Finite Horizon Convex Dynamic Team Problems with a Symmetric Information Struc-

ture

In this section, we characterize symmetry in dynamic team problems. Consider sequential systems
and assume the action and measurement spaces are standard Borel spaces. According to the in-
trinsic model for (multi-stage) dynamic team problems, by considering a collection of DMs as a
single DM (z = 1,..., N) acting at different time instances (t = 0,...,T — 1), we define a team

problem with (NT)-DMs as a team with N-DMs:

(i) Let the observation and action spaces be identical foreach DM (: = 1,..., N) with Y; :=

Y = HT "YU = U = HtT_*Ol U, respectively. The sets of all admissible policies are denoted

byr Hz 1F_Hz IHTlrt

(ii) Fori=1,..., N, yi := hi(axf™, (LN, ulil |) represents the observation of DM’ at time ¢

(his are Borel measurable functions).

(iii) Let (QIZN) = (¢, ... ,QN) where ' := (), ({,7_,) denotes all the uncertainty associated

with DM’ including his/her initial states. We assume that (¢ ") takes values in Q¢ (where at each

time instances ¢, it takes value in {2,). Let u denote the law of g LN

(iv) Define the expected cost function of vV as Jp(y*N) = B2 [¢(¢*N, u'™N)], for some
Borel measurable cost function c¢ : Hi]\il(QC x U) — Ry, where "N = (v!,92,... v
lz :W/(ZJT—I fOI'Z — ].,...,N.

Now, we present the definition of symmetric information structures (note that symmetric infor-

mation structures can be classical, partially nested, or non-classical).

Definition. Let the information of DM’ acting at time t be described as I} = {y!} (or I} =
{y: Yrek, for a subset Ky C {0,...,t}). The information structure of a sequential N-DM team
problem is symmetric if

(i) b = he(xh, 25", Gy, Gty Uby 1, Upsi_ 1) Where hy is identical for all i = 1,..., N (note that

function’s arguments depend on 1).
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We note that the above definition can be generalized to be applicable for teams with countably
infinite DMs and infinite horizon problems.

The symmetric information structure can also be interpreted and defined as a graph, which
has often been the common method to describe information structures in control theory, relating
DMs and their information through directed edges. Consider G(V, i) as a directed graph with
V = {1,...,NT} nodes and where u C V x V determines the directed edges between nodes;
this represents the dependency notation in the information of nodes, i.e., (7, j) denotes a directed
edge from i to j, ¢ — j, it means u’ affects ¢’ through the relation y/ = h'(w,u'7~') defined
in the intrinsic model. We denote by | j as the set of nodes ¢ such that :+ — j (ancestors), and
W j=A{ljtu{j}. Similarly, we can define descendants by 1 j. We can define a collection
of DMs as a single DM (¢ = 1,..., N) acting at different time instances (t = 0,...,7 — 1) on
a graph with a symmetric information structure (two examples are shown in Fig. (3.1), and Fig.

(3.1)). Assume

(i) there exists a node {i} (root node), wy. Each sub-graph represents a single DM acting at time
instances t = 0,...,T — 1, and there exists a finite number of sub-graphs Gp(f/, ft) such that
UL, G, U{i} = G, where Gs are isomorphic (see e.g., [128]) forallp = 1,..., N, i.e., for every
node with directed edges in each sub-graph there exists a unique node with identical directed edges
in the corresponding sub-graphs, where V= {0,...,7 — 1}, and G”; refers to a node k in G, for

allp=1,..., Nandk=0,..., T —1,

(i1) sharing of the information is symmetric across sub-graphs, i.e., forp,s =1,..., N,and k, j =
0,...,7 — 1, and for every edge from a node G'g to a node G, there exists an edge from a node

G} to nodes G’ , where G ,» denotes (Gl,....G7 &

J .
p> p—1:Gpir1r s G’y ), and also there exist edges

from nodes G* , to anode Gg.

Assumption 3.2.1. For any permutation o of the set {1,..., N}, we have for all wy

c(wo, (¢)™N, (w”)"Y) = c(wo, ¢V, u'™), (3.5)
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where (QU)LN = (g"(l), . ,CU(N)) and (u”)'N = (u® .. ue™).

Here, we recall some definitions and results from [140, Section 3.3] on convexity of static and

dynamic team problems required to follow the result in this chapter.

Definition. /7140, Section 3.3] An N-DM team problem (static or dynamic) is convex in policies
if for any two team policies Z;N and ﬁ,N in the set {I;N el : JT(Z;N) < oo}, and for any

a € (0,1), we have
Tr(a™ + (1= a)3EY) < adr(35Y) + (1 — a) Jr(3EY).

The above definition can also be applied to infinite-horizon and/or teams with a countably
infinite number of DMs. We recall sufficient conditions for convexity of static and dynamic team

problems following [140, Section 3.3].

Theorem 3.2.1. [140, Section 3.3] Consider a sequential team problems, and assume action
spaces are convex, and the expected cost function is finite for all admissible policies v € T (or

alternatively, restrict the set to those leading to the finite cost). Then

(i) for static team problems convexity of the cost function in actions is sufficient for convexity

of the team problem in policies,

(ii) for dynamic team problems with a static reduction, convexity of the team problem in poli-

cies is equivalent to the convexity of its static reduction.

(iii) in particular, for partially nested dynamic teams with a static reduction (more generally,

for stochastically partially nested team problems [ 140, Section 3.3]) if the cost function is convex

1 1
/yU — yl o
Wo

B

Figure 3.1: A tree structure of a symmetric dynamic team.
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Figure 3.2: An example of a graph structure of a symmetric dynamic team.

in actions then for the reduced team problem with an equivalent information structure (see Chapter
5 for refinement via control sharing according to the partial nested information structure) is convex

onT.

The conditions above, are only sufficient conditions [140, Example 1]. We note however that
as a Corollary for (ii) above, for the LQG setup, under partial nestedness, convexity in policies
hold as a consequence of Ho-Chu’s theorem; we will study this case in Section 3.4. On the other
hand, not all LQG problems are convex: the celebrated counterexample of Witsenhausen [130]
demonstrates that under non-classical information structures, even LQG problems may not be

convex and optimal policies may not be linear (see [140, p. 22] for a proof of non-convexity).

3.2.1 Optimality of Symmetric Policies for Convex Dynamic Teams with A Symmetric In-

formation Structure

In the following, we define notions of exchangeable and symmetrically optimal teams analogous

to Section 2.3 of Chapter 2 for dynamic teams.

Definition. (Exchangeable teams)

An N-DM team is exchangeable if the value of the expected cost function is invariant under every

permutation of policies of DMs, i.e., Jp(vh, 12, ..., vN) = Jr((49) ., (03 )N).

Definition. (Symmetrically optimal teams)

A team is symmetrically optimal, if for every given policy Vp = (chp, cee 1? ), there exists an
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identically symmetric policy (i.e., each DM has the same policy, 7, = @;, . ,jﬁ ), and jff = ﬁp
foralli,j =1,..., N)which performs at least as good as the given policy.

Remark 3.2.1. The concepts of exchangeable and symmetrically optimal dynamic teams in this
chapter are generalizations of those for static teams in preceding chapter. However, here, the

value of the expected cost function may not be invariant under exchanging ! with ’yi for k #t,

k,t=0,....,T—1,andfori,j=1,...,N.
Here, we give a characterization for exchangeable and symmetrically optimal dynamic teams.

Theorem 3.2.2. Consider dynamic team problems with a symmetric information structure under

Assumption 3.2.1. If

(a) action spaces U are convex forallt =0,...,T — 1,

(b) (C',...,CN) are exchangeable,

(c) for all policies v € T, and for all A = Al x ... x AN where A* € )",

gy, &ffvpyéfivmé(yé),---,%11(y§1)7v3(y3),~wivl(yivl))

T-1

= ﬂHP(yZ € Al

t=0 i=1

xg,csztbyﬁavﬁwyﬁw), (3.6)

where yty' == {yjud affects yi ¥V p = 0,...,t —1landVj = 1,...,N} and (v}}'(y}}")) can be

defined similarly,

(i) then, the team problem is exchangeable.

(ii) Furthermore, if the team problem is convex in policies (see Theorem 3.2.1), then the team is

symmetrically optimal.

Examples will be given in Section 3.3 and Section 3.4.1 where Theorem 3.2.2 can be applied.
Here, we present the result for a class of problems that admit a static reduction (see [139, Section

3.7], [140, Section 1.2], [67, 135]).
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Lemma 3.2.1. Consider a dynamic team problem with a symmetric partially nested information
structure (see Definition 3.2) which admits a static reduction. Under Assumption 3.2.1, and As-
sumptions (a), (b), (c) of Theorem 3.2.2, if the cost function is jointly convex in u',. .., u" P-

almost surely, then the team is symmetrically optimal.

Proof. The proof follows from Theorem 3.2.1(iii) and Theorem 3.2.2 since the team is convex on

I under the static reduction which is equivalent to the dynamic problem. [
Hence, it follows that if a static reduction of an exchangeable, symmetrically optimal, dynamic

team exists, then it is exchangeable and symmetrically optimal.

3.3 Convex Mean-Field Teams with a Symmetric Information Structure

Consider the dynamic team problems (PCJFV My and (PF M) where the cost function and dynamics

satisfies the following regularity conditions.
Assumption 3.3.1. Assume

(a) function f; : X x U x W — X is continuous in its first and second arguments for all w; and

for each © € N and uniformly bounded,

(b) function h; : [[}_y X ¥ HZ_:B U x [T—o V = Y is continuous in states and actions for all

v}, and for each i € N, and

(c) the cost function in (3.3), ¢ : Qg x X x U x U x X — R, is continuous in its second, third,

fourth, and fifth arguments for all wy.

In the following, we first establish global optimality results under Assumption 3.3.2 (see The-
orem 3.3.1), then we establish the result under a more relaxed assumption, Assumption 3.3.3 (see

Theorem 3.3.2):

Assumption 3.3.2. Assume
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(i) (x, 2%, ...) are iid. random vectors conditioned on wy,

(ii) fort =0,...,T—1, {wi}icy are i.i.d. random vectors, and fori € N, {wi} ;' are mutually

independent, and independent of wy and (z},x3,...). Fort =0,...,T—1, {v}ien are i.i.d.

random vectors, and for i € N, {v} }tT:_Ol are mutually independent, and independent of wy,

(zd,22,...), and wisfori e Nandt =0,...,T — 1.
Assumption 3.3.3. Assume that conditioned on wy, (z}, x3, . ..) are exchangeable random vectors.

Later on we will establish an existence theorem under Assumption 3.3.2, and we note that the
proof under Assumption 3.3.2 is more direct. This is why two separate theorems will be presented,

and the proof of the latter will be built on that of the former.

Lemma 3.3.1. Consider a team defined as ( Pév ME) with a symmetric information structure. As-

sume the team problem is convex in policies. Let the action space be compact and convex for
each decision makers. Under Assumption 3.3.1 and Assumption 3.3.2, the team is symmetrically

optimal.
Proof. The proof follows from Theorem 3.2.2. [

Theorem 3.3.1. Consider a team defined as (P} ME) with ( Pév ME) having a symmetric information
structure for every N. Assume for every N the team problem is convex in policies. Let the action
space be compact and convex for each DM. Under Assumption 3.3.1, and Assumption 3.3.2, if
there exists a sequence of optimal policies for ( 7>§V AME) {’_y;N }n, which converges (for every DM

due to the symmetry) pointwise to >

770 as N — oo, then 2> (which is identically symmetric) is

an optimal policy for (P3>™M"),

Remark 3.3.1. On the connection between finitely many DMs and infinitely many DMs, we note
a closely related work on mean-field games by Fischer [56] where the information structure is
assumed to be static since the policy of each player is assumed to be adapted to the filtration gen-

erated by his/her initial states and Wiener process (also called in the mean-field games’ literature,
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somewhat non-standard in the control literature, as open-loop distributed controllers [81],[40,
pages 72-76]). This means that the information of each DM is not affected by any of the actions of
the other DMs. For dynamic teams, there are two difficulties: (1) obtaining variational equations is
challenging since fixing policies of DMs and perturbing only DM’s policies, perturbs the observa-
tion of other DMs and hence the controls u™" = (y"*(y"), ...,y (" 1), ¥ ("), ...,y @Y)):

(2) solutions of variational equations which give person-by-person optimal policies are inconclu-

sive for global optimality due to the lack of convexity in general.

Remark 3.3.2. We also note additional related works by Lacker [82, 83] where either conver-
gence of open-loop controllers, or convergence of Nash equilibria induced by closed-loop con-
trollers (where controls are measurable path-dependent functions of states, u. = ¢(t, o), where
Tos = (1}, ..., 2d,) and ¢ is a measurable function) or Markovian controllers (ut = ¢(t,x;),
where x; = (z},. .. ,xiv )) have been considered. In [83], the information structure is classical (a

centralized problem) since players have access to all the information available to previous DMs).

Remark 3.3.3. In Lemma 3.3.1 and Theorem 3.3.1, we considered a non-classical information
structure for teams defined as (P ME) with a convex expected cost in policies. For teams defined as
(P ME) with a symmetric partially nested information structure which admit static reduction, the
above result holds and similar to the proof of Theorem 3.3.1, it can be proven under the assumption
that the cost functions is convex in actions (since convexity of the cost function in actions is a

sufficient condition for convexity of the expected cost function in policies for this class of problems

[140, Theorem 3.7]).

Remark 3.3.4. Assumptions that action spaces are compact and f;s are bounded can be relaxed

by assuming that
(A1) sup E[[|y=N(y")]]"] < oo for some § > 0,
N> T

(42) sup E[[|A(v;N (), ¢)I[F] < oo for some § > 0.
N>1 - - =
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That is because, following from the pointwise convergence of Z;N and continuity of A in actions,
the above uniform integrability assumption justifies exchanging the limit and the expectation re-
quired to establish the convergence in (3.40) and (3.41) using a similar analysis of (3.31) and an
argument of (3.32) based on the strong law of large numbers. This result is particularly important

for LOG models (we use this remark in Section 3.4).

Theorem 3.3.2. Consider a team defined as (P;° ME) with ( Pév ME) having a symmetric information
structure for every N. Assume for every N the team problem is convex in policies. Let the action
space be compact and convex for each DM, and assume Assumption 3.3.1, Assumption 3.3.2(ii),
and Assumption 3.3.3 hold. If there exists a sequence of optimal policies for ( P:JFV AME) {z*T’N N
which converges (for every DM due to the symmetry) pointwise to 7> as N — oo, then 77>

(which is identically symmetric) is an optimal policy for (Py. ME)

3.3.1 An Existence Theorem on Globally Optimal Policies for Dynamic Mean-Field Team

Problems with a Symmetric Information Structure

An implication of Theorem 3.3.1 is the following existence result on globally optimal policies
for mean-field team problems. In particular, we will establish the existence of a converging
subsequence, in an appropriate sense, for a sequence of optimal policies for N-DM teams with
an increasing number of DMs. For the following theorem, we do not establish the pointwise
convergence; but by Theorem 3.3.1, if a sequence of optimal policies for (Pév I {z*T’N I
converges pointwise, a global optimal policy exists. To this end, we allow decision makers to
apply randomized policies. For each decision maker (DM’ for i € N), a probability measure
PeP(Qpx X x HtT;Ol (W x V) x HtT;Ol (U x Y)) is a policy induced by a randomized policy if

and only if forevery ¢t = 0,...,T — 1 and for all continuous and bounded function g

/g(wo, xé? Cé:tflv yé:t? ué:t)P(dw(J? dIB, dCé:tfh dy(i):tv dutz)t)

- / 0(w0r @y Chy s Yo g i (A, Ay w00) P(d) 37
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t
X H HZ(duuylle)p;c(dyllc‘wOv 1’6, C(z):kflu yé:kfh uz):kfl)a
k=0
for a stochastic kernel IT; on U given Y, where pj, is the transition kernel characterizing the obser-

vations of DM? at time ¢,

Px (yk € '|(,L)0,$0, CO:kflvyO:kfla uO:kfl)

=P (hk<xf)k7 u%]:kflv Ué:k) S ‘WO, $6, Cé:kfb y(z):kflv ué:kfl) )

and ' is a fixed probability measure on initial states and disturbances of DM* conditioned on wy.
This equivalency follows from the fact that continuous and bounded functions form a separating
class [26, page 12] and [137, Theorem 2.2].

First, we present an absolute continuity assumption on observations of DMs.

Assumption 3.3.4. For every DM' and t = 0,..., T — 1, there exists a function 1! : Y x Q) x
X x H’,;B(W x V) x HZ;B(Y x U) — R continuous in actions, and a probability measure v}

on Y such that for all Borel sets A = A* x ... x AV,

N
LN LN ~L:N LN LN i i i i i (i
Py, € Alwo, x5, Coitl1s Yoim1 Upie—1)= | | Av1/’;(%7“073767Cé:pbyé:tfpué):tfl)#(dyi)-
B [3
Pl

This assumption allows us to obtain an independent measurements reduction (see [138, Section
2.2]). For example, if v} foralli € Nand ¢t = 0,...,T — 1 are i.i.d with a probability measure

admitting a density function so that the observation of each DM" at time ¢ is y; = hy(x}, u,) + vj,

where l~1t is continuous, then Assumption 3.3.4 holds [62, Lemma 5.1].

Theorem 3.3.3. Consider a team defined as (P; ME) with ( 737{\7 ME) having a symmetric information
structure for every N. Assume for every N, the team problem is convex in policies and the action
space is convex. Assume further that without any loss, the optimal policies can be restricted to
those with E(¢;(u')) < K for some finite K, where ¢; : U — R, is lower semi-continuous

(moment condition). Under Assumption 3.3.1 and Assumption 3.3.2 if either
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(i) Assumption 3.3.4 holds (with no further assumptions on the information structure of each

DM fori € N through timet =0,...,T — 1), or

(ii) for each DM’ for i € N through timet = 0,...,T — 1, there exists a static reduction with
the classical information structure (i.e., under a static reduction, the information structure

is expanding such that o(y;) C o(y;,,) where o denotes the o-field),

then there exists an optimal policy for (7);O,M )

Since the space of policies that are deterministic (where H}€ in (3.7) are indicator functions)
are not closed under the weak convergence topology (e.g., as an implication of [140, Theorem
2.7]), we allow for randomization in the policies and therefore the limit policy is not necessarily

deterministic according to the above result; however, it is identical for each DM.

Remark 3.3.5. For the existence result, to show that the set of policies induced by independently
randomized policies for each DM through timet = 0,...,T — 1 (see (3.7)) is closed under the
weak convergence topology, we utilized the result in [138, Section 5.2] which are more general
than those in [62, 140]. We note that the extension of the existence results in [138, Section 5.2]
to our setup is not immediate since the conclusion of (Step 3) can not be established rigorously

without considering the technical steps involving infinite dimensions and limit arguments.

3.4 Symmetric LQG Dynamic Teams

In the section, we consider LQG setup where the results of Section 3.2 and Section 3.3 can be
applied. We first consider N-DM LQG problems where we use Theorem 3.2.2 to show that the
globally optimal policies are symmetric. Then, based on symmetry, we calculate N-DM optimal
policies for such problems. Next, using Theorem 3.3.1 and Theorem 3.3.2, we show the conver-
gence of N-DM optimal policies to optimal policies of LQG mean-field teams with a countably
infinite number of DMs. Finally, we consider infinite horizon problems where we use symmetry

and convergence results to obtain global optimal policies for such problems.
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3.4.1 Symmetric Partially Nested LQG Dynamic Teams on a Graph

In the following, we consider decentralized problems where Theorem 3.2.2 can be utilized and
the optimal policy can be obtained. First, we formulate LQG problems with a symmetric partially

nested information structure. Consider the following dynamics. Let s = 1,2, and
zh,, = Az, + Bu} + wj. (3.8)

Problem (P7): Consider the expected cost function of (1,}, fT) as

N
_

2
(w0)" Quf + (up)" Rug + (up)" Ruf + (uf) Rup |, (3.9)

Nl =

JT(l;“’f_ng = E(ZITQQT) |:

t

Il
o

i=1
where /. = (4.7 _4), and R, R > 0 and Q > 0. Let

t—1

vi = HiGor + ) Dyl (3.10)
j=0

where ¢/ = (w},v}) with ¢§ = (z},w},vi). Let M, , denote the space of r X ¢ matrices. Let
n,m,s € Nand X = R", Y = R5, U = R™, w} € R", v} € R", A € M, B € My m,
R e Mpym Q € M., R € Moms Hi € Mg p241), and Dy; € M, .. Let the information

structure of each DM be I; = {y;,],}.

In the following, we show that the above dynamic teams are symmetrically optimal under

sufficient conditions on the observations and initial states.

Corollary 3.4.1. For a fixed T, consider a finite horizon team problem defined above as (Pr). If x}
and x? are exchangeable zero mean Gaussian random vectors and w's and vis are i.i.d. Gaussian
random vectors for i = 1,2 and independent for allt = 0,...,T — 1 and also independent of

initial states, then the dynamic team is symmetrically optimal.
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Proof. Since the dynamic team is LQG with a partially nested information structure, a static reduc-
tion exists and the expected cost is convex in policies under static reductions (see [66] and Theorem
3.2.1(1i1)). Assumption 3.2.1 is satisfied following from (3.9). We need to show assumptions of
Theorem 3.2.2 hold. Following from the hypothesis on disturbances and initial states, Assump-
tion (b) holds. Assumption (c) holds following from Assumption 3.2.2 and since given (z{,z3),

(ya.r_1, Y21, are independent. Hence, Theorem 3.2.2 completes the proof. 0

Here, we consider a class of LQG dynamic teams with a tree information structure where we

utilize Corollary 3.4.1 and we obtain an explicit recursion for the optimal policy.
Problem (P): Consider a finite horizon expected cost (3.9) with I} = {4, uo, 1 }-

We note that this problem is a special case of (Pr) since we assumed that y¢ = z! for all DM’
andt =0,...,T — 1 and also all DMs have a total recall (I} = {xf& o Ufo;tq}}) For this problem,
we calculate an explicit recursion for optimal policies using the symmetry established in Corollary

34.1.

Theorem 3.4.1. For a fixed T, consider a finite horizon team problem defined as (P1). If (x}, x2)
are exchangeable with an identical zero mean Gaussian distribution and w's are i.i.d. zero mean
Gaussian random vectors for i = 1,2 and independent for allt = 0, ..., T — 1 and independent

of initial states, then

u " = KD} + LD Elad|x), 3.11)
u™" = Ko + LV B, 3.12)

where
K" = —(R+ BTPIB) T BT P A, G-13)

P = —ATP{IBT(R+ B"P)B) ' BTP{1A+ Q + ATP{) A, (3.14)
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-1 T-1
L = - (R + BTP}QB) {RK@GET) + RIS + Y BT(ATY T PEBLYD |, (3.15)
s=t+1
t—1 t t—1

GV =T[A+BE™) +> [[A+BK")BL%,

s=0 s=1 j=s

where Y = Elzl(x3)T|(E[z3(22)T]) 7, P}T) =0, G(()T) = I. Moreover, the optimal cost is

2 T-1
?{E{ TP }+ E[ TPy } (3.16)
t=0
T—1 T
+ZE[( i) (O B P BL ) Bl
=0
1
+ 3 [ ary PGB Bl |
t=1

Proof. Following from [66] and Radner’s theorem [102], person-by-person optimality implies
global optimality due to the uniqueness of the person-by-person optimal policy. That is because
the information structure is partially nested, and LQG dynamic teams can be reduced to a static one
using Ho-Chu'’s static reduction [66]. Hence, we only need to show that the policy satisfying (3.11)
and (3.12) is person-by-person optimal. We show that for DM, J (s 7)) < J((v", B),75) for
all § € I where (7., 8) = (¥5.4—1, 3, Vi1.7—1)- This implies that (77,77 is person-by-person
optimal thanks to Corollary 3.4.1 since the dynamic team is symmetrically optimal (by exchang-
ing policies (v,.**, 8) with 7, which implies J (v}, 75) < J(75,, (7., B)) forall 8 € I'" and this
implies that (zi}, 1*T) is the fixed point of the equation). The proof is completed by induction. Due

to space constraints, we have removed the calculation. OJ

Remark 3.4.1. The optimal policies (3.11) and (3.12) contain two parts which can be interpreted

as follows: the first part, k@

x!, is equivalent to the optimal policy of the branch (DM) by ignoring
the other branch in the optimization problem (in this case, this is equivalent to the centralized
policies since the information structure of each branch (DM) is centralized). The second part

corresponds to the correlation term between branches (DMs).
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In the following, we generalize the result of Theorem 3.4.1 to N-DM LQG dynamic teams.

Assume that the dynamics for ¢ = 1,2, ..., N are defined as (3.8).
Problem (P;""*): Consider the expected cost function of 7}V as

T-1 N N
: 1 1. , , . . R R
JIJY(V;N) = E g et l(a:i)TQmi + (u)? Rul + E (u)" Rul + (u)) ' Rul|, (3.17)

T : =
t=0 i=1 j=1,5#1i

where 7} =5 fori=1,..., N and R, R>0and Q> 0. Let I/ = {%0.> o1y -

N tree

Corollary 3.4.2. For a fixed T' and N, consider a finite horizon team problem defined as (Py""").
If (x}N) are exchangeable with an identical zero mean Gaussian distribution, and w's for i =
1,...,N are iid. zero mean Gaussian random vectors, independent fort = 0,...,T — 1, and

independent of initial states, then

N
o, (1), (N T) 4 N),(T j |
u" M = KDt [0S B,

J=Lj#
where Kt(T) and Pt(T) satisfy (3.13) and (3.14), and L]EN)’(T) is a function of K(g?.
Proof. The proof is similar to the one of Theorem 3.4.1. [

Now we consider more general setup where using Corollary 3.4.1, we establish a structural
result for the case where the information structure of each decision maker over time satisfies a
structure which is identical for all DMs and is partially nested. An example of such a graph

structure has been depicted in Fig. (3.2).

Problem (P2): Consider a finite horizon expected cost of f_y;N as (3.17) with the information

structure I} = {y;,y|,} where y; is defined in (3.10) and dynamics is defined in (3.8).

Theorem 3.4.2. For a fixed T and N, consider a finite horizon team problem defined as (PY).

If (z,...,x)) are exchangeable with an identical zero mean Gaussian distribution and wis for
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1=1,...,N arei.i.d. zero mean Gaussian random vectors, independent for allt = 0,...,T — 1

and independent of initial states, then

i, (T),(N T) N
ut()():Kt() () ZE%M
J=Llj#1

where K, t(T) are obtained by considering only one DM and ignoring other DMs.
Proof. The proof is similar to that of Theorem 3.4.1 by [66] and Corollary 3.4.1. [

Remark 3.4.2. A related work is [97], where structural results for optimal policy have been ob-
tained for finite horizon LQG problems on graphs. In our analysis above, the structural result
for the optimal policy is obtained without assuming that decision makers who have no common
ancestors and no common descendants have either uncorrelated noise or are decoupled through
the cost function. Instead, exchangeable partially nested LQG teams with correlated initial states
and disturbances are considered. Moreover, here, the graph structures may not be trees in general,

as opposed to [97] where a multi-tree structure has been imposed on a graph.

Now, we present results for LQG teams with a mean-field coupling through the cost function.
First, using Corollary 3.4.2, we obtain globally optimal policies for N-DM teams with a mean-
field coupling and correlated initial states and disturbances. Next, as an implication of Theorem
3.3.1, we show the convergence of optimal policies for LQG N-DM mean-field teams on a tree
to the corresponding optimal policy of mean-field teams. Let I} = {{,, uj,, ,j} for i € N, and

dynamics be as (3.8).

Problem (P LQG) Consider the expected cost function of fy as

1 NNl . . .
Jr () = > B {(wi)TQxH(ui)TRuz (3.18)
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where R, R > 0 and Q,Q > 0.

Problem (P;? ]’}gg): Consider the expected cost function of Yy as

I () = limsup J7 (7,.)- (3.19)

N—oo
Corollary 3.4.3. For a fixed T' and N, consider a finite horizon team problem defined as ( 77715{ Lngz ).
If (xN) are exchangeable zero mean Gaussian random vectors, and wis are i.i.d. zero mean
Gaussian random vectors for it = 1,..., N, independent fort =0, ..., T' — 1, and independent of

initial states, then

LEN),(T) N o
T O Elailg), (320

=1,

WSO @i

where Kt(T) and Pt(T) satisfy (3.13) and (3.14), and L,EN)’(T) is a function of Ké:Tt).
Proof. The proof is similar to the one in Theorem 3.4.1. 0

Corollary 3.4.4. For afixed T, consider a finite horizon team problem defined as (P, ng ). Assume
{x}}icn are exchangeable random vectors with zero mean Gaussian distribution, and wis are i.i.d.

zero mean Gaussian random vectors for v € N, independent fort =0, ..., T'— 1, and independent

N)(T )(T)

of initial states. If LE Vin (3.20) converges pointwise as N — oo to Lioo , then

where K™ and P\") satisfy (3.13) and (3.14), and ¥ = Elz}(x2)7)(E[x2(22)]) .

Proof. Following from [1, page 9], since {xé}ieN are exchangeable Gaussian random vectors, we
can describe them explicitly as =, = wy + 0° where (6*,60%...) are i.i.d. mean zero Gaussian
and independent of mean zero Gaussian random vector wy. Now, we invoke Theorem 3.3.1 (or

Theorem 3.3.2) and Corollary 3.4.3 and we use Remark 3.3.4 to complete the proof. [l
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3.4.2 Average Cost Infinite Horizons Problems for Partially Nested Dynamic Teams

In the following, we consider average cost problems with a symmetric partially nested information
structure as well as LQG dynamic teams with the one step delay sharing pattern and sparsity
constraints. We note that the optimality of linear policies for infinite horizon LQG problems is an
open problem in its generality. In this subsection, we provide a positive result for a class of such
problems.

Average Cost Infinite Horizons Problems for Partially Nested Dynamic Teams

Now, we consider an infinite horizon team problem and we use the result in Section 3.4.1.

Problem (P*¢): Consider the expected cost function of (y',~?) as

J(v'?) = limsup BQ 2 [c(ah2_,, ugZ_,)), (3.21)

T—o0
where the cost function is defined as (3.9) and I} = {z{,,, ufo, ,}-

First, we introduce a lemma essential for Theorem 3.4.3.

Lemma 3.4.1. Consider the sequence {ay}1_|. Assume Jim a=afori=0,...,T — 1. If for
—00
every fixed T € N, al, = af_ﬁflforalll =0...,7 -1, then 71im %Zle al = a.
—00

Proof. We have

|7 = | L

— r—= — 1 ey — 1 =

DL L S DIL S DIL

where the second equality follows from al, = alTJ:fl and the last equality follows from the Cesaro

mean argument. 0

Theorem 3.4.3. Consider average cost infinite horizon team problems defined as (P'"). Assume

(A, B) are stabilizable and (A, Q%) are detectable. Assume x} and x3 are exchangeable with an
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identical zero mean Gaussian distribution and wis are i.i.d. zero mean Gaussian random variables
fori=1,2andforallt =0,...,T—1 and independent of initial states. IfL,ET) in (3.15) converges
pointwise to L,EOO) asT — oo, then the pointwise limit of the sequence of optimal policies for (Pi¢)

is team optimal for (P'°°) and stabilizes the closed-loop system,

™™ = Ka} + L Bladaf),

™ = Kaj + L Elag|a3),
where K| P, LEOO) and GEOO) are the pointwise limit of the ones for (P¥¢¢) as T — oc.

Average Cost Team Problems with One-Step-Delayed Observation Sharing Pattern and Spar-

sity Constraints

In [84], the problem of finding a steady state solution for state feedback average cost LQG team
problems with a delay and sparsity has been considered. Under the independence of disturbances
assumption, convergence of the solution to the stabilizing solutions for finite horizon of the corre-
sponding algebraic Riccati equation has been shown [84]; however, global optimality of the limit
solution has not been established. We establish global optimality of the limit solution. Consider

the following dynamics forz = 1,..., NV,

N
(A ij .0 ij,,J i
xtH—E Az + By 4+ wy,

J

where for a fixed: = 1,..., N, Aij and Btij are zero if sum of the delays along the directed path
from j to ¢ with the shortest path, D;;, is more than one, i.e., D;; > 1. Assume xés and wgs are
mutually independent Gaussian random vectors for all = 1,..., N and ws are independent for
t=0,...,T — 1 with covariance matrix >} . The information structure is defined as I} = {z7|j =
1,...,N,and k =0,...,t— D,;}. This along with the assumption on the dynamics of the system

implies that the information structure is partially nested. Since the disturbances and initial states are
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mutually independent, the information structure can be decomposed into the independent sets [84].
To this end, an information graph, G (M, F), has been defined for a graph [84]. In the following,
we follow the notation in [84]. Define si as a set of all nodes reachable from node j within k steps.
Define M := {s}|j = 1,...,Nand k > 0} and F := {(s}, s} ;)] = 1,..., N and k > 0}. The
following theorem is from [84], and gives an optimal policy for finite horizon problems.

Assume that the delay of sharing between each decision maker is not greater than one. Assume

there are no directed cycles with a total delay of zero.

Theorem 3.4.4. [84] Consider the LQG team problem with

1 — Q S| |z
Jr(y,) = f]ElT [Z [xtT utTl o p 17
t= Ut

Q S

where R > 0, @ > 0, and >0, uy = (u},...,ul). Then, the optimal controller is
ST R

ul, = 3,0, IV K] (), where r € M, I is the identity matrix partition according to {i} and

r, and

Ktr _ _(Rrr + (Bsr)TX;+1Bsr)—1(Srr + (AS’I’)TXtSJ'_lBST),

Xtr — er =+ (AST)TX:J’_lAST - (K;)T(Rrr + (BST)TX;_lBST)K[, (322)

with X5 = Q™ and iy =Y, (AT + BTK)C + Y I90wi, with ¢§ =5 i, I,
where s € M is the unique node such that there is an edge between r and s, i.e., v — s. Moreover,

the optimal cost is obtained as

N T-1 N
* 1 s\{i},{? ) [ s i},{7 7
Jr(1p) = 7l > Tr((X)PH IR (xh)") + > Tr((X )R], (3.23)
i=1,wi—s t=0 i=1,wi—s

where (X$., )" denotes the sub-matrix (X}, ) corresponds to the ii-th array.
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In the following, we refine a related result in [84]. We show the global optimality of the limit
policy similar to the method used for the convergence results in the preceding chapters (by showing

that the sequence of optimal expected costs converges to the expected cost of the limit policy).

Theorem 3.4.5. Consider the LQG team problem with

T—1
1 S| |z
J(7) := limsup T]E”’{ {xtT UtT] “ ' ] :
T—o0 =0 ST R |w

Ass — ei@ Bss
Assume for self loops s — s in the information graph, (A*°, B%) is stabilizable and
CSS RSS
has a full column rank for every 0 € [0,2r], where C*° and D** are the matrix of the form
QSS SSS
(SSS)T Rss
Tlgrolo K:’(T), X)) = jlglgo X[’(T) forall t and CZ’(OO) is obtained by replacing KZ’(T) with K™(%),

T
= {Css DSS] {Css Dss}. Then, ui® = Y, ., T K¢ where K™(%) =

3.5 Proofs

3.5.1 Proof of Theorem 3.2.2

We first show that for any permutation o € S, Jr((v7)", ..., (7)) = Jr(vh, -, 75 ) i.e., the

team is exchangeable. We have,

= [ (M0 W 0N ) ™ G

7h e U1 () W) (3.24)

=)
<.
Il

—_

= [ (@™ G ) G Y)) i) (GG )
< [TTI P (dw;

()", (G’ WO () (7)) (3.25)
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T-1 N

:/c(leNale(gl),,,.,Zg(gND p(dat™ AN HHP<dyZ

t=0 =1

s Wi Vi, W
xBaC(l);t_pyuza%tz(yuZ))

(3.26)

= JT(’_}/;, c. ’17]\“[)’

where (3.24) follows from condition (c). Equality (3.25) follows from exchanging gi, g with
(y7)", (¢°)" by relabeling them, respectively. Since the information structure is symmetric, (3.5)
and condition (b) imply (3.26). Hence, the team is exchangeable. Let 1; = (1;*, e zg *) be
a given policy. Consider 7, as a convex combination of all possible permutations of policies by
averaging them. Since action spaces are convex by condition (a), 7. is a control policy. Following

from convexity of the cost function in policies, we have

(3 f) < X ) = rlzz)

oes

where | S| denotes the cardinality of the set .S and the inequality above follows from the hypothesis
that the team problem is convex on I' and the last equality follows from exchangeability of the

team problem. This implies that the team is symmetrically optimal and completes the proof.

3.5.2 Proof of Theorem 3.3.1

Following from Lemma 3.3.1, one can consider a sequence of N-DM teams which are symmetri-

cally optimal that defines (PN MFy and whose limit is identified with (PF MF) . Define
XN
= 5205, (B) where By = (177 (1) 4, C). (3.27)
i=1
1w A
=~ > 65 (B)  where B = (vi(y). ' ¢,
i=1

where dy (-) denotes the Dirac measure for any random vector Y, and B € Z := U x Y x S,

U:= ([ U.Y = (J[5Y.8:=~J5S) =Xx ([ WxV), X = (], X)
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Qi = (yéa -+ Y1), and QZ = (Céa Gl

In the following, first, we show that conditioned on wy, )y converges P-almost surely to () =
L(BL |wo) in w-s topology (coarsest topology on P (U xY xS) under which [ f(u,y, ()Qn(du, dy, d() :
P(U xY x S) — Ris continuous for every measurable and bounded function f which is contin-
uous in v and y but need not to be continuous in ¢ (see e.g., [121] and [138, Theorem 5.6])). Then,

we show that

limsup Jp (%) = J7(3;),

N—oo

~x, N | __ * N %N *, N ~K,00 *,00 A, %,00
where 727 = (ZT s )andZT = (v, e )

(Step 1): In this step, we show that conditioned on wy, () converges P-almost surely to ()
in w-s topology. First, we show that for every continuous and bounded function g in actions and

observations, for every wy on a set of P-measure one,

p(foer

Following from symmetry of the information structure and Lemma 3.3.1, every DM applies an

lim (% i [Q(Z*T’N(g"),gﬂﬁi) - Q(Z*T’m(yi)’gi’g)m - O}

N—o0

w0> =1. (3.28)

identical optimal policy Z;;N and since functions f; and h; are identical for each DM, conditioned
on wo, (VN (y'), ', ¢") and (12:>(y"), 4", ¢’) are i.i.d. random vectors. For every ¢ > 0 and for

every function g continuous and bounded in actions and observations, we have P-almost surely

P P(‘/ngN_/ngN Zewo)

N
<S¢ lim & Z_:E UQ(Z;N@)WZ@) —9( ()Y ¢) wo} (3.29)
=€ 1 ]\}I—I};OE [ g(y;N(gzLyz?gi) i g(v}"o(gl),yl,g) WO} (3.30)
=€ 1E { hIICl>O ’g(Z;N(g2>7yz’§) o g(z;oo<gz>’yl7£z) wg} _ 07 (3.31)

where (3.29) follows from Markov’s inequality, the triangle inequality and the definition of the
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empirical measure, and (3.30) follows from the fact that (7Y (y'), ", ¢") and (v2:(y"), 4", ¢') are

i.i.d. random vectors. Since g is bounded and continuous, the dominated convergence theorem

implies (3.31). Hence, for every subsequence, there exists a subsubsequence such that P-almost
surely P ({w € Q]}&lm <fngN - fngN) = O}]wo) =1
—00
Now, we show that conditioned on wy, {Q N}~ converges weakly to () P-almost surely. Since
conditioned on wy, (v:*(y'), ¥, (') are i.i.d. random vectors, the strong law of large numbers

implies that P-almost surely

(e J)-4

hence, P ({w € | lim gdQy — [ 9dQ) = 0}wy) = 1 P-almost surely.
N—o00

N
Jim (;Zg(vi;“(yi),yé ¢) - Bai=wat ) wO) ~ 1, (332)

i=1

Hence, through choosing a suitable subsequence, for every wy € )y on a set of P-measure
one, for every function g continous and bounded in actions and observations and measurable and

bounded in uncertainty and initial states

Jim ‘/gd@N— gd@‘< lim ()/gd@N—/ngN ‘/gd@N— ngD —o,

hence, conditioned on wy, )y converges weakly to () P-almost surely. We note that the conver-

gence is in the weak convergence topology, but since gis are exogenous with a fixed probability

measure, the convergence is also in the w-s topology.

(Step 2): Following from (3.1) and (3.2), we have

X, = ft—l(ft—Q(' .- fO(xév ué’ wé))7 ui—lv wi—l) = ﬁ—1(£i7 ué:t—1>’ (333)

yZ ($07f (C uo) aft—l(gvué:t—l)vué:t—lvvé:t) = Bt(gi,%;t_l), (3.34)

where following from Assumption 3.3.1, ft—l and ﬁt are continuous in actions. Hence, under
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Assumption 3.3.1(c), we have

i=1 t=0 p=1 p=1
1 & 1 & 1 &
_ ~ N O A * N s *, N

where (3.35) is true following from (3.33) for some functions ¢ : ) x S x U x U x X — R,
which are continuous in its last three arguments and a function A : U xS — X which is continuous
in actions. Hence, by induction and rewriting observations as a functions of policies of the past
DMs (vIgN(yjt)) since Z;N converges to 72>, the induced cost by l;N also converges to the cost

induced by 7> P-almost surely.

(Step 3): We have

| N | X | X
. L 7;1,1:N i i L P L P
hzrvnjolipN;t EZ [c <w0,xt,ut,N;ut,N;zt>]
1 X . 1 1 &
= limsup ; E|é (wo, ¢, N ;Z;N(gp), N p; A(z;N(g”)gp))] (3.36)
ZliminfE{E{/é(wo,C,u,/ uQN(duxYXS),/ AQN(duXdeC))
N—oo z U UxS
xQn (du, dy, d() wo” (3.37)
EE{E{liminf/é(wo,(,u,/ uQn(du xY X S),/ AQN(duXYXdC))
N=oo Jz U UxS
X Qn(du, dy, dC) wOH (3.38)
> E{E[/ c (wo,g,u,/ uQ(du x Y x S), AQ(du x Y x dC))Q(du, dy, dQ) wOH,
Z U UxS
(3.39)

where (3.36) follows from (3.35). Inequality (3.37) follows from (3.27) and replacing limsup

with liminf, and (3.38) follows from Fatou’s lemma. In the following, we justify (3.39). Since



3.5. PROOFS 90

conditioned on wy, @ y converges weakly to () P-almost surely, we have Q y (duxY x S) converges
weakly to Q(du xY x S) P-almost surely conditioned on wy, hence, the compactness of U implies

that conditioned on wy, P-almost surely

N
1 ZZ;N(gi) — /UuQN(du XY x8S) Noveo, UuQ(du XY x8) = E[f_y;oo(gl) wo)-

' (3.40)
Since conditioned on wy, @ converges weakly to () P-almost surely, we have Q) y(du x Y x d()
converges P-almost surely to Q(du X Y x d() in w-s topology conditioned on wy. Following from
(3.33), since f;s are bounded and continuous in actions, A is bounded and continuous in actions,

hence, this implies that conditioned on wy, P-almost surely

/ AQn(du x Y x d¢) 222 / AQ(du x Y x d¢). (3.41)
UxS UxS

Since the cost function ¢ is continuous in its last three arguments, P-almost surely

N—o0

lim é(wo,g,u,/ uQN(duXYxS),/ AQN(duxde§)>
U UxS

zé(wo,(,u,/UuQ(duxYXS),/U SAQ(duXYXdC)).

Define a non-negative bounded functions

G = min{M,é (wO,C,u,/ uQn(du xY X S),/
U

UxS

AQn(du x Y x dg)) }

GM := min {M,é (wo,(,u,/ uQ(du XY x S),/ AQ(du x Y X dO) }a
U UxS

where the sequence {G*},, converges as M — oo P-almost surely to

G::E(wo,g,u,/uQ(duxYxS),/ AQ(duxdeQ).
U UxS



3.5. PROOFS 91

We have P-almost surely

N—oo

lim inf (wo, C,u / u@Qpn(du x Y x S), AQn(du x Y X dC)) Qn(du, dy, dq)
z

UxS
> lim liminf / GN Qn (du, dy.d) (3.42)
M—oo0 N—oo =
= lim GMQ(du, dy, d¢) (3.43)

= / c (w07C,u,/ u@Q(du x Y X S),/ AQ(du X Y X d())Q(du,dy,dC), (3.44)
z U UxS

where (3.42) is true since

¢ (wO,C,u,/UuQN(du XY x S),/U SAQN(du XY x dg)) > G

Equality (3.43) follows from the generalized convergence theorem in [123, Theorem 3.5] since

G% is bounded and continuously converges to G, i.e., P-almost surely

lim min {M, ¢ (wo,(,uN,/ uQn(du x Y X S),/ AQn(du XY X dC)) }
U

N—oo UxS

:min{M,é(wo,C,u,/ u@Q(du x Y X S),/ AQ(duxdeC)) }, (3.45)
U UxS

when uy — w as N — oo. The monotone convergence theorem implies (3.44). Hence, (3.39)
holds which implies lim sup J7' (3> Ny = J7°(3;°°), and this completes the proof following from
N—o0 -

[120, Theorem 5]. Here, for completeness we present the proof which is similar to the analysis of

the proof [120, Theorem 5] for dynamic teams,

inf J7°(v,) < limsup JY (75>)
Jr =T

N—oo
= lim sup JQJY(V;’ ) = limsup inf N (7} Ve b
N—oo - N—oo VT
= limsup inf J& (v,) (3.46)

N—oo 'YT
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< inflimsup J7 (y o) =inf J=(v,),
Gy o

’YT N—o0

where (3.46) is true since the restriction . to the first V' components is Z;N . This implies that
77 is globally optimal.
3.5.3 Proof of Theorem 3.3.2

Under Assumption 3.3.2(ii) and Assumption 3.3.3, forevery A’ € B(S), and A* = B'x[[_, (D x
E}) (where B' € B(X), Di € B(W), and E; € B(V)), for all N € N, and permutations o, we

have P-almost surely

P(¢t e A'... ¢V e AV|wy)

N T-1
=P(zy € B',...,x) € BVwo) [[ [[ P(wi € D})P(v; € E}) (3.47)
=1 t=0
T—1
=P((f)' € B',....(z))" € BVwo) [[ [[ P((w)" € D) P((v])' € E}) (3.48)

=11

I
o

= P((¢) e AY ()N € AN|wy),

where (3.47) follows from Assumption 3.3.2(ii), and (3.48) follows from Assumption 3.3.3. Hence,
(¢',¢%,...) are exchangeable conditioned on wp.

Hence, following from a similar argument as the proof of Theorem 3.2.2 (by considering wy in
the cost function and the law of total expectation (by first conditioning on wy), under Assumption
3.3.2(i1) and Assumption 3.3.3, one can consider a sequence of N-DM teams which are symmet-

NMFy and whose limit is identified with (P7 MF) Since initial states

rically optimal that defines (P,
are not necessarily independent conditioned on wo, we can not establish that (v (y'), v/, ') are
1.i.d. random vectors conditioned on wy which has been used in (3.32) in (Step 1) of the proof of

Theorem 3.3.1 to show that () 5 converges weakly to () P-almost surely.

However, we note that since (¢ 1,§ ?,...) are exchangeable conditioned on wy, for every A’ €
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B(S) and C € B(§)), and for all N € N, and permutations o, we have
P(QI e Al . (NeAV uwe 0) = P((C")l e AN e AN w € C). (3.49)

Let o' := (wp, (") Hence, (3.49) implies that (o', a?,...) is exchangeable. Following from [1,
Proposition 3.8(a)], there exists a random vector z € [0, 1] such that, (¢',¢?,...) are i.i.d. random
vectors conditioned on (wy, z).

Let &g := (wo, z). Hence, under Assumption 3.3.2(ii) and Assumption 3.3.3, conditioned on
@o, (€ 1,§ ?,...) are i.i.d. random vectors. Following from standard stochastic realization results
[29, Lemma 3.1], we can represent any stochastic kernel in a functional form, with almost sure
equivalence, ¢ " = (&, 0") for some independent #° and measurable g (note that following from
exchangeability, g is identical for all 7 € N and (6,0, ...) are i.i.d. random vectors).

Since conditioned on &, (¢, ¢?, .. .) are i.i.d. random vectors, (Z;W(gi),gi,g) are i.i.d. ran-
dom vectors conditioned on &, hence for every @, on a set of P-measure one, we have for every

continuous and bounded function g in actions and observations, by the strong law of large numbers,

_ }@0>:1.

Hence, following from an identical analysis as that of (Step 1) of the proof of Theorem 3.3.1,

N
P ({w S Q’ lim ‘]{[ Zg(y;oo(yi)’yi’gﬁ _ E{Q(V;W(yl)»yl,gl)

N—o00 -
=1

conditioned on @y, () v converges weakly to (), for every @y on a set of P-measure one.

Following from the representation (' = g(&o, 6"), we have

limsupE{E [/ ¢ (wo,g,u,/ uQn(du xY X S),/ AQn(du XY X d()) Qn(du, dy,dC)
N—o0 zZ U UxS

g

a;o} P(di), (3.50)

—limsup/ E[/&(d}o,(,u,/ u@Qn(du xY x S), AQN(duXYXdC))
Q0x[0,1] z U UxS

N—oo

XQN(du> dyv dC)
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where (3.50) follows from the fact that for all N € N, and for every A* € B(S)

N

/ Pt e A, . ¢N € AN|wo) P(dwp) = / [In(¢ € A%z, w0)P(dz, dwy),
Qo

Q[) X [0,1} i=1

and with slightly abuse of notations we use the same notation, ¢, for the cost function after trans-

formation in (3.50). The rest of the proof is identical to that of Theorem 3.3.1.

3.5.4 Proof of Theorem 3.3.3

We use individually randomized policies and we show that for every sequence of N-DM optimal
policies, there exists a subsequence which converges to an optimal independently randomized
policy for the mean-field limit under an appropriate topology defined by the product topology
where each coordinate is endowed with the weak convergence topology. In (Step 1), we show
that for each finite /N-DM team problem, optimal policies are deterministic and symmetric and we
consider the independently randomized policies induced by such policies { Py }y (Where Py €
P(Y x U) for each DM satisfying (3.7)), as our sequence to be studied. We also define the
sequence of empirical measures induced by these policies, (), as (3.27).

In (Step 2), we show that for every sequence of policies satisfying a moment condition there
exists a subsequence such that policies { P, },, for each DM and a subsequence of empirical mea-
sures {Q),, }, induced by these policies (where n € I is the index set of a convergent subsequence)
converge weakly to a limit P-almost surely, that is, for a set of P-measure one, for every bounded

function g which is continuous in actions and observations and measurable in uncertainties,

(ot ([ o) <o)

To this end, we first show that for each DM a sequence {P,}, is tight, then we show that the

sequence of empirical measures {Q,, },, induced by these policies converges weakly to a limit P-

almost surely.
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In (Step 3), we show that the set of policies for each DM is closed under the weak convergence
topology, hence, the limit policy satisfies the required measurability/conditional independence con-
straints (that is, the limit policy satisfies (3.7)). In (Step 4), we use the lower semi-continuity argu-
ment to show that the expected cost function under the induced limit policy is less than or equal to

the expected cost achieved by the sequence of N-DM optimal policies.

(Step 1): Under Assumption 3.3.1, Assumption 3.3.1(c) and Assumption 3.3.2, and by con-
dition (i) using [138, Theorem 5.2], or condition (ii) using [138, Theorem 5.6], there exists a
deterministic optimal policy for each finite N-DM team problem. Action spaces are convex and
the team problem is convex in policies, hence, using Lemma 3.3.1, one can consider a sequence of
N-DM teams which are symmetrically optimal that defines (P}V MEy and whose limit is identified

with (P MEy Hence, for each N-DM team problem, we consider symmetric randomized optimal

policies.

(Step 2): In the following, we first show that the set of policies Py € P(Y x U) for each DM
satisfying (3.7) and the moment condition is tight, then, by symmetry, we show that () 5 induced
by this set of policies is tight. We use the fact that conditioned on wy, (I*T’N (y"),y', ¢') are iid.
random vectors (this follows from symmetry of the information structure and Lemma 3.3.1 since
every DM applies the identical policy f_yi;N ) and also since the space of control policies is tight

under the weak convergence for each DM (see e.g., [138, proof of Theorem 4.7]).

Since actions of DMs do not affect the observations of others, the policy spaces are decoupled
from the actions of other decision makers. Since we can restrict the search for optimal policies over
those satisfying the moment condition, the fact that v — [ v(dz)g(x) is lower semi-continuous
for a continuous function g [138, proof of Theorem 4.7] implies that the marginals on U satisfying
the moment condition are tight under the weak convergence topology. Hence, the collection of
all probability measures with these tight marginals is also tight (see e.g., [137, Proof of Theorem
2.4]). This implies that the sequence of randomized policies satisfying the moment condition is

tight.
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Since every DM applies an identical policy and since observations are conditionally 1.i.d., a
countably infinite product of space of policies of DMs is tight (where each coordinate is tight in
the weak convergence topology). Hence, there exists a subsequence of policies P, € PLY x
U)) (as a product of policies of DMs) converges weakly to a limit P (each coordinate converges
weakly) P-almost surely. Furthermore, since every DM applies an identical policy, conditioned on
wy, actions induced by an identical randomized policies, observations and disturbances are 1.1.d.
through DMs. Hence, following from a similar argument as (Step 1) of the proof of Theorem 3.3.1,
a subsequence of empirical measures {Q,, },c1 converges P-almost surely to ) in w-s topology.
We note that the convergence is under the weak convergence topology, but since ¢ 's are eXxogenous

with a fixed marginal, the convergence is also in the w-s topology.

(Step 3): In this step, we show that each coordinate of the space of policies (space of policies
for each DM) is closed under the weak convergence topology. This in particular implies that the
space of policies is closed under the product topology and using (Step 1), we can conclude that the
space of control policies is compact under the product topology where each coordinate is weakly

compact.

Assume P, is a policy for DM’ induced by a randomized policy converging weakly to Ps.
In fact, conditions (1) or (ii) leads to the closedness of the set of policies (see (3.7)) induced by
P,. If Assumption 3.3.4 holds, then by the discussion in the proof of [138, Theorem 5.2], each
coordinate of policy spaces corresponding to DM? acting through time is closed under the weak
convergence topology. Also, if condition (ii) holds, then [138, Theorem 5.6] leads to the same
conclusion. Hence, each coordinate of space of policies (corresponding to DM?) is closed under
the weak convergence topology (since each coordinate of the space of policies is a finite product of
space of policies for each DM at time instances t = 0, ..., 7" — 1). Hence, following from (Step 2),
there exists a subsequence {Q), },c1 converges weakly to () P-almost surely where () is induced
by a randomized policy in the set of policies satisfying (3.7) and the limit policy is admissible and

satisfies the required measurability/conditional independence constraints.
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Let forevery t = 0,...,7 — 1, P>“° be a probability measure on actions, observations and
uncertainties induced by optimal randomized policies for each DM (which is identical because of

symmetry) for N-DM teams conditioned on wy, i.€., a probability measure that satisfies

/g(w07xév<8:t—1>yé:t» nOt)P*wo(d%adCOt pdyoudu;*m)

_ / 90, Ty Gt Y U ) 1, Ay i)
t

X H H}Z’” (dui’k |yllc)pk (dylzc |wo, »’Ué, C(i):k:—l ; yé:k—l? “:{,*o:k—ﬁa (3.51)
k=0

for all bounded functions g which is continuous in actions and observations and measurable in

other arguments. We denote u’* := (u,’’

1,14707...7

Ui{,*T—1) as the action of DM’ through time induced
by II;". Similarly, we denote P*“° as a probability measure induced by the limit policy, i.e., a

probability measure satisfying (3.51) induced by 1™ where u} = (ul,,...,ul ;) is the

action of DM" through time induced by II,">

(Step 4): Now, we show that the expected cost function under the limit randomized policy is
less than or equal to the expected cost achieved by lim sup J%(Ry;”). Since the cost function is
n—00 _

continuous in states and actions, under the reduction (conditions (i) or (ii)), we have P-almost

surely

M) =

1 N T-1 1
NZ C((.U(),.Tt,ut, Zut,ﬁ

p=1

1 N 1 N 1 N
:N;é(wo,g,g’,NZgP,NZA (u? CP)Hw(y wO,C u> (3.52)

p=1 p=1

$f)
- .

N T-1
=1

Py (?Jt> Wos £ Cort—15 Yo:t—15 Uo:t—1>

t=

3
I

where (3.52) is true following from (3.2) and Assumption 3.3.1 for some functions ¢ : 25 X S X

U x U x X — R, continuous in states and actions and a function A : U x S — X continuous in
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actions and

S

[Te(stonca) =11

=11

Uy <yt7 Wo, T Cort—15 Yort—15 “0:t1> .

Il
o

We have
N T-1 | N LN
i P p
hgl_?olip_z;; [c(wo,xt,ut,ﬁgut,N;xt)]

> lim hmsup// min {M,é (wo,g,u,/ u@Qpn(du x Y x S), AQn(du x Y X dC)) }
Z U UxS

M—00 N_oo

o0

xQn(du, dy, d¢) HP]’(,WO duy, dy', dg)

Zk}i_r)noogi_)n.}o//mm{Mc<wo,C, ,/uQn(duXYxS) /stAQn(dUXYXdO>}

y(gkwo,g’}yi?)P(dwO) (3.53)

n::]g

o o

X Qn(du, dy, d¢) [ | Pr<e(duiy, dy', d¢") [T (', wo, €' ™) P (duwo) (3.54)
=1 i=1
= A}gnm/gg%/zmm {M,é <w0,C,u,/UuQn(du xY x8S), e AQ,(du XY x dC)) }

X Qn(du, dy,doHP*’“O(d ,dy',d’) m wo, ¢', ) P(duwy) (3.55)

—A}iinoo//mm{Mc(wo,C, ,/ uQ(duxYxS),/UXSAQ(duxdeg))}

n:g

Q(du,dy,dQ)HP*”O b dy', d¢) H ' wo, ¢ Ul ) P(dwo) (3.56)
i=1 i=1
Cou duxY xS AQ(du x Y x d
// (woC /uQ(ux X )/st Q(du x Y X ())
xQ(du, dy, d¢) HP*»WO(dggg,dgi,dg H " wo, ¢ ul) P(dwo) (3.57)

=1

where (3.53) follows from the definition of empirical measures and by integrating over the set

(Hfim +1 Y x S) and since P-almost surely

min {M,E <w0,§,u,/ u@Qn(du xY X S),/ AQn(du X Y X d()) }
U UxS
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Sé(wo,(,u,/ uQn(du XY X S),/ AQN(duxde())
U UxS

Inequality (3.54) is true since limsup is the greatest convergent subsequential limit for a bounded
sequence and (3.55) follows from the dominated convergence theorem. We note that {Q,}, is
induced by u;* for each DM. Since {Q, }nc; converges weakly to () P-almost surely, by the
moment condition and Remark 3.3.4, a similar argument as (Step 3) of the proof of Theorem 3.3.1

implies that P-almost surely

/ uQn(du x Y x 8) =2 [ uQ(du xY x S)
U U

/ AQy(du x Y x d¢) == / AQ(du x Y x d¢)
UxS

UxS

Hence, (3.56) follows from [123, Theorem 3.5] since

min {M,E (wo,(,u,/ uQn(du x Y X S),/ AQ,(du xY x dC)) }
U UxS

is bounded and non-negative, and continuously converges in u P-almost surely (see (3.45)). That
is because, conditioned on wy, gi are i.i.d. random vectors (thanks to the symmetry), the space
of policies is compact under the product topology (with the weak convergence topology for each
coordinate (for each DM)), [ ]2, P (g", Wo, _i, u®*) converges in the product topology, and the cost
function and 1) are continuous. Finally, (3.57) follows from the monotone convergence theorem.

Hence, the proof is completed.

3.5.5 Proof of Theorem 3.4.3

We show limsup Jr(v;,) = J(77_ ) and invoke [120, Theorem 5] or [90, Theorem 1] to complete

T—o0

the proof. From (3.16), we have

A [ Jr(y7 ) = Jr(a7)]
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.2 T 2 T
= Jin 21B ()" (" - P + 2 > () (A = Pt (3.58)
9 T-1 T
+2 3| (Budl)) (@7 s P - (VB PEL Bl 659
t=0
5 T-1
t5D B [(xg)T(AT)” (Pt(H)BL( ) PBLE‘”)) E[:cgyxg]] ‘ (3.60)
t=0
=0, (3.61)
where (3.58) is zero since PO(T) converges to P using Lemma 3.4.1 since Pt(ff V= Pt(T). Expres-

(00)

sion (3.60) converges to zero since LgT) in (3.15) converges pointwise to L, ' as T" — oo, we

have >, | BT(AT)*tPBLY™ < o, and this implies that lim L = 0. Hence, we have for
every € > 0, there exists N > T such that for every ¢ > N, |TT[L§OO)(L§OO))T]|< €. We define
LET) = 0 for ¢t > T'. Expression (3.59) is equal to zero following from Lemma 3.4.1 and the fact
that |T7[L{> (L{°)T]|< € for every t > N. Hence, equality (3.61) is true and global optimality
follows from [120, Theorem 5]. The closed loop system is stable since hm sup E(||z}?) <

following from ||A + BK||< 1 (all the eigenvalues of A + BK are inside of the unit circle), and

since ||L§°°) || is uniformly bounded.

3.5.6 Proof of Theorem 3.4.5

As T — oo, we have X7 () = Tlim X, D for (3.22) since the the recursion for s — s corresponds
— 00

to the classical Riccati equation and X, ‘™) is a continuous function of X; () [84, Corollary 7].
We have,
N
ti [ (7)) = e = B 37 (XY — (X)) B (o))
T—o00 —0 =T .
1= UJ ﬁ?”

N
+3°3 T D)y (XN AN ¢ B (wi(w)T))]

T-1 N

. (T)N{i}, {i} i r,(00)\{2},12} 2
— lim _Z‘ Z TT([(XtJr(1)){ 5t }Zw—(X i )){ i }EWHZ 0,
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where (3.23) and Lemma 3.4.1 implies the last equality. This is because (3.22) implies that

X;’r(lTH) = X7™D: hence, invoking [120, Theorem 5] implies global optimality of 7*_. The stabil-

ity argument follows from [84, Corollary 7] and [141].
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Chapter 4

Large-Scale Exchangeable Stochastic Teams and Their

Mean-Field Limit: Relaxing Convexity

In this chapter, we study stochastic (static and dynamic) team problems with finite but large as well
as a countably infinite number of decision makers (DMs). We focus on existence and structural
results for exchangeable stochastic team problems, where now the convexity condition imposed in
the preceding chapters is relaxed. In addition, we establish approximation results for N-DM static
and dynamic teams.

We now restate the setup for stochastic team problems.

4.1 Static Teams.
First, we consider static problems, and then, we introduce the dynamic ones.

Problem (Py): Let N = {1,...,N}. Lety, = (v',---,7") where 'y = [T, . Given
a (decentralized) static information structure, a static stochastic team problem is described with an

expected cost function (to be minimized) of N\ 38

In(y) = B [e(wo, uy)] = Ele(wo, v (y"), - 7" (¥™))], (4.1)

for some Borel measurable cost function ¢ : {2y x ngl UF — R,.



4.1. STATIC TEAMS. 103

As we consider exchangeable team problems, we let action and observation spaces be identical
through DMs U° = U C R" and Y! = Y C R™ for all i € A/, where n and m are positive
integers. In this chapter, we also focus is on a class of exchangeable team problems satisfying an

exchangeability assumption on the cost function.

Assumption 4.1.1. The cost function is exchangeable with respect to actions for all wy, i.e., for

any permutation o of {1, ..., N}, (1.11) for all w.

In particular, again for our main results, we focus on team problems with the following expected

cost function instead of (4.1):
1 & 1 &
~ ZELV {c (wo,u%, ~ Zup)} (4.2)

Clearly, + >°N | c(wo, u’, & ;Vzl uP) satisfies Assumption 4.1.1. Now, we recall a stochastic

team problem with countably infinite number of decision makers.

Problem (P.,): Consider a stochastic team with a countably infinite number of decision mak-
ers, that is, N' = N. Let ' = J[,.y[" and v = (v',7*,...). Given a (decentralized) static
information structure, a static stochastic team problem is described with an expected cost function

(to be minimized) of a policy 7 as

N N
_ 1 o1
J(7) = lim sup NEV[ ;:1 c(wo,u N g up)}, 4.3)

N—o0 =1
for some Borel measurable cost function ¢ : g x U x U — R,.

Our theorems require the following absolute continuity condition (policy-independent static
reduction) under which we can equivalently view the observations of each DM as independent and

also independent of wy via change of measure argument.

Assumption 4.1.2. Assume that for every N € NU {00}, there exists a probability measure Q" on
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Y and a function f for all i € N such that for all Borel set B' in'Y (with B :== B* x --- x BY)

N(Blwo) = H f yhwo,y' -y Q' (dy), (4.4)

where [i"¥ is the conditional distribution of observations (y*, ..., y") given w.

The above allows us to introduce a suitable topology under which the space of randomized
policies is Borel (see Section 4.4.1). In addition, our main Theorem 4.5.1 imposes the following

assumptions on the observations and action space.
Assumption 4.1.3. Assume that

(i) Observations {y'}ic are i.i.d. conditioned on wy;

(ii) Action space U is compact.

We note that under Assumption 4.1.2 and Assumption 4.1.3(1), there exists an identical refer-

ence probability measure () and function f such that the absolute continuity condition

B]wo H,u B |w0

—H fy wo)Q(dy'),

where /i is the conditional distribution of each observation 3* given wy. We note that the function f
and the measure () are identical through DMs since observations are identically distributed condi-
tioned on wy. Furthermore, our main Theorem 4.5.1 imposes the following continuity assumption

on the cost function.

Assumption 4.1.4. The cost function in (4.2), ¢ : Qg x U x U — R, is continuous in its second

and third arguments for all wy.

For our results in Section 4.5, we impose Assumption 4.1.1 and Assumption 4.1.2, but we only

impose Assumption 4.1.3 and Assumption 4.1.4 when they are needed.
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4.1.1 Dynamic Teams.

Again, we consider exchangeable teams, and hence, we let action, observation, and state spaces,
respectively, be identical through DMs i € A/, and for simplicity, also through timet = 0,...,T —
LU=UCR,Y.=YCR", X! =X CR" foralli ¢ Nandt =0,...,T — 1, where n, n’

and n” are positive integers. Define state dynamics and observation dynamics of DMs as follows:

1 N 1 N
zi = fi (x;,u;, ~ > al, ~ Zuf,w;), (4.5)
p=1 p=1
%ﬂ%%%ﬂ%a, (4.6)

where functions f; and h; are measurable functions and v} and w; are random vectors represent-

ing uncertainties in state dynamics and observations. We denote zi, := (xf,...,2}), uf, | :=
(ub,...,ul_y), and v}, := (vi,...,v}). Let the admissible policies ().r_;)ien (With 75| =
(7, ... ,7_,)) be measurable control functions so that ui = ~i(yi) for all i € N and t =
0,...., T —1.

Problem (PX): Consider N-DM mean-field dynamic teams with the expected cost function

of vV as

N~
—-

N

1 X
(wo,xi,ut, Zut,—z >} “4.7)

B =B |5

t

i
o

=1

where ' = (Y571, Wro1) and Vg = (Vs Vo)

Problem (P7°): Consider mean-field dynamic teams with the expected cost function of 7 as

J7(7) = limsup Jp ('), (4.8)
- N—=oo -
where = (76:T—17 78;T—17 ...)and ll:N = (76:T—1a e aVéYT—l)-

Our solution technique for dynamic problems is similar to the static one, which requires more
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technical arguments and additional assumptions. Our theorems for dynamic case impose an ab-
solute continuity condition (see Assumption 4.6.1) to allow us to introduce a suitable topology
on control policies and to facilitate our analysis (our main Theorem 4.7.1 requires an additional

technical Assumption 4.7.3). Furthermore, our main Theorem 4.7.1 imposes the following:
Assumption 4.1.5.

(i) Fort =0,...,T — 1, functions f, and h, in (4.5) and (4.6) are continuous in the states and

actions and fs are bounded;

(i) The cost function in (4.7), ¢ : g x X x U x U x X — R, is continuous in the second, third,

fourth, and fifth arguments.
Assumption 4.1.6.

(i) (x})ien are i.i.d. random vectors conditioned on wo;

(ii) Fort =0,...,T—1, (w})icp are i.i.d. random vectors, and fori € N, (w)) " are mutually

independent, and independent of wy and (x})ien. Fort = 0,...,T — 1, (v})ien are ii.d.
T-1

random vectors, and for i € N, (v}),= are mutually independent, and independent of wy,

(28)ien, and wis fori € Nandt =0,...,T — 1.
(iii) U is compact.

In view of Assumption 4.1.6(i), we note that w also introduces a correlation between initial
states. For our results in Section 4.6, we impose Assumption 4.6.1, but we impose Assumption

4.7.3, Assumption 4.1.5, and Assumption 4.1.6 when they are needed.

4.1.2 Approximations.

Finally, we address the following problem in Section 4.8. If P is a (randomized) symmetric

optimal policy for (P,) (P5°)) then there exist ey > 0, with ey — 0 as N — oo, such that P*|y
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is e y-optimal for (Py) ((PY)) where P |y is the restriction of P to the first N decision makers.
We use our symmetry results and analysis for (Ps,) ((P7)).

The main goal of this chapter is to extend the existence and structural results in Chapters
2 and 3 for stochastic static and dynamic teams to exchangeable stochastic static and dynamic
teams, where the convexity of the cost functions (in actions) and convexity of the action spaces are

relaxed. Hence, our main objective in this chapter is to address the following questions:

Problem 1: Existence and structural properties of optimal policies of (Py) and (P..)
((PY) and (P£°)). For mean-field team problems (P.,) ((P3°)), we are interested in the existence
and structural properties of globally optimal policies. In particular, if there is a globally optimal
policy and which is symmetric (by a symmetric policy we mean that a policy is identical through
DMs) for these type of problems. The purpose of this chapter is to address this question for mean-
field team problems where the problem can be non-convex. The non-convexity of the problem can
arise as a result of non-convexity of the action space and/or non-convexity of the cost function in
actions. Also, even if the action space is convex and the cost function is convex in actions, the
information structure of the problem may lead to non-convexity of the problem in policies (see for

example [140, Section 3.3]). A celebrated example is the counterexample of Witsenhausen [130].

Finally, we address the following problem in Section 4.8:

Problem 2: Approximations of (globally) optimal polices for (Py) and (P.,) (PY). One
may be also interested in the relations between optimal policies for mean-field teams and approx-
imation of the optimal policies for the pre-limit N-DM teams when N is large. Suppose P’ is a
(randomized) symmetric optimal policy for (P>°) ((P$°)). Let PZ|y be the restriction of P to the
first N decision makers to apply that. Is there exist e5 > 0 with ey — 0 as N — oo such that

P*|y is en-optimal for (PY) (PX))?

In the view of the above discussion, this chapter addresses three main problems: (i) existence
and structural results for static teams with a countably infinite number of DMs (Section 4.5) (ii) ex-

istence and structural results for dynamic teams with a countably infinite number of DMs (Section
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4.6) (iii) approximation results for N-DM static and dynamic teams (Section 4.8).

4.2 Literature Review and Contributions

The main focus of this chapter is on teams with infinitely many decision makers. In this direction,
we note that in the preceding chapters, we have studied static and dynamic teams, where under
convexity and symmetry conditions, global optimality of the limit points of a sequence of N de-
cision maker optimal policies has been established. We also established existence and structural
results for convex static and dynamic teams with infinitely many decision makers. In this chapter,
convexity is not imposed. We emphasize that mean-field teams under decentralized information
structures generally correspond to dynamic team problems with non-classical information struc-
tures, hence, mean-field team problems may be non-convex even under the convexity of the cost
function due to the non-classical information structures.

Related results to this chapter are those on the existence and convergence of equilibria from the
mean-field games literature [81, 56, 82, 83, 80, 40], which have been discussed in the preceding
chapters. In this chapter, we will adopt a different and novel approach. First, under symmetry of
information structures and cost functions, we show that optimal policies are of an exchangeable
type for both teams with a finite and countably infinite number of decision makers. Then, we will
develop a de Finetti type representation theorem that characterizes the set of optimal policies as
the extreme points of a convex set.

We also note that compared to the results on the existence of a globally optimal policy in team
problems where (finite) /NV-decision maker team problems has been considered [138, 62, 140, 109],
we study static team problems with a countably infinite number of decision makers. In our ap-
proach, we use randomized policies for our analysis and we define a topology on control policies
for decentralized stochastic control. A consequence of our analysis is that, in the limit of countably
infinitely many decision makers, one can characterize the set of optimal policies as the extreme
points of a convex set of policies, which is, in turn, a subset of decentralized, independently ran-

domized and identical policies. Such a result is not applicable to teams with finitely many decision
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makers. This geometric representation of the set of policies is related to the celebrated de Finetti’s
theorem. De Finetti’s theorem implies that infinitely exchangeable joint probability measures can
be represented as mixtures (convex combination) of identical and independent probability mea-
sures [1, 65, 77].

There has been related work in the quantum information/mechanics literature. Let us first
note, however, that in [49], it has been shown that a finite number of exchangeable probability
measures can be approximated by a mixture of identical and independent probability measures,
and this approximation asymptotically becomes more accurate when the number of exchangeable
random variables increases. The de Finetti representation type results have been extended for quan-
tum systems where conditional probability measures have been considered [32, 103, 45, 18, 42].
In fact, for permutation-symmetric conditional probability measures, approximation results have
been obtained, provided that the non-signaling property holds (a conditional independence propety
between local actions and other measurements given local measurement) [32, 103, 45, 18, 42]. We
refer readers to [33, 101], for a review on the connection between the non-signaling conditional
probability measures and the conditional probability measures with private and common random-
ness.

We note that, de Finetti type results developed for conditional probability measures in quantum
information literature give us a geometric interpretation we require for strategic measures (a geo-
metric connection between non-signaling infinitely exchangeable conditional probability measures
and conditional probability measures induced by common and private randomness). However, in
the team problem setup, in addition to show this geometric connection, one is require to show that
the common randomness is independent of the observations. We address this issue by establishing

a de Finetti type representation theorem on space of policies, properly defined and metrized.
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4.3 Discussion on Main Results

In Lemma 4.5.1 for static N-DM teams and in Lemma 4.7.1 for dynamic N-DM teams, we first
show that the optimal policies are of /N-exchangeable type. Then, in Lemma 4.5.2 for static mean-
field teams and in Lemma 4.7.2 for dynamic mean-field teams, we show the global optimality of
infinitely-exchangeable optimal policies and we use de Finetti representation to establish symmetry
of optimal policies. We establish the existence of a symmetric randomized optimal policy for static
and dynamic mean-field teams in Theorem 4.5.1 and Theorem 4.7.1, respectively. In Section 4.8,
based on our analysis for the existence and symmetry of optimal policy for mean-field teams, we
establish approximation results for N-DM weakly coupled teams.

One of the main difficulties in studying non-convex mean-field team problems is to show that
globally optimal policies for mean-field team problems are symmetric (identical for each DM).
This difficulty stems from the observation that, in general, globally optimal policies are not sym-
metric for non-convex pre-limit N-DM team problems (which can be seen in Example 4.5.1). This
is in contrast to the convex mean-field teams where symmetry can be established for both pre-limit

N-DM and mean-field team problems (Chapters 2 and 3). In our approach:

(i) We introduce a topology on control polices which is used to establish a de Finetti repre-
sentation result for probability measures on policies identified as randomized policies. In
Theorem 4.4.1, we show that any infinitely-exchangeable randomized policies can be repre-
sented by elements of the set of randomized policies with common and private independent
randomness where conditioned on common randomness, randomization of the policies are

independent and identical through DMs.

(i1) In Section 4.5 for static and Section 4.6 for dynamic N-DM stochastic teams (see Lemma
4.5.1 and Lemma 4.7.1), we show that by exchangeablity of the cost function and considering
symmetric information structures (under a causality condition for the dynamic case), one can

establish N-exchangeability of optimal policies.



4.4. TOPOLOGY ON CONTROL POLICIES AND A DE FINETTI REPRESENTATION
RESULT 111

(111)

(iv)

v)

In Section 4.5 for static and Section 4.6 for dynamic mean-field teams (see Lemma 4.5.2 and
Lemma 4.7.2) under regularity conditions on the cost function and dynamics, by constructing
infinitely exchangeable policies by relabeling /NV-exchangeable optimal policies, as N goes
to infinity, we show the asymptotic optimality of infinitely exchangeable optimal policies.
Hence, this, following from our de Finetti type theorem (see Theorem 4.4.1), establishes

asymptotic global optimality of symmetric and conditionally independent policies.

Using extreme point and lower semi-continuity arguments, we establish the existence of a
symmetric optimal policy (which is privately randomized) for static and dynamic mean-field

teams (see Theorem 4.5.1 and Theorem 4.7.1).

In Section 4.8, using our analysis for mean-field problems, as N goes to infinity, we show
that symmetric optimal policies of mean-field teams are asymptotically optimal for N-DM

weakly coupled teams, hence, it establishes approximation results for this class of problems.

4.4 Topology on Control Policies and a de Finetti Representation Result

4.4.1 Topology on Control Policies

In this section, we introduce a topology using which, we can introduce Borel probability measures

on policies. We first consider N-DM static team problems. Following from [138, 135], Assump-

tion 4.1.2 allows us to reduce the problem as a static team problem where now the observation of

each DM is independent of observations of other DMs and also independent of wy (since under the

measure transformation (4.4), a probability measure on the observation of each DM is )¢, which is

independent of observations of other DMs and wy). Hence, under Assumption 4.1.2, we can focus

on each DM’ separately. Let us define

@i

= {P € P(U x Y)‘P(B) = / Ligiyiyeany Q' (dy"), g: Y = U, B € B(U x Y)}, (4.9)
B
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where P(-) denotes the space of probability measures, and 1;. ¢ 43 denotes the indicator function
of the set A. The above set is the set of extreme points of the set of probability measures on (U xY)

with fixed marginals Q" onY, that is,
R = {P € P(U x \Y)‘P(B) = / T (du’|y") Q" (dy"), B € B(U x \Y)}, (4.10)
B

where IT° is a stochastic kernel from Y to U. Hence, it inherits Borel measurability and topo-
logical properties of that Borel measurable set [29]. We note that this set corresponds to Young
measures [136] and this representation result is due to Borkar [29]. Now, we identify the set
of relaxed policies I by R’ and we define convergence on policies as 7/ — ~* if and only if
v (dutly) Q¥ (dy') — v (du'|y’) Q' (dy*) (in the weak convergence topology) as n — co.

In view of the above standard Borel space formulation for I'* for each i € A/, we can define the
set of Borel probability measures on admissible policies Iy (which is referred to as a set of ran-
domized policies) as L := P(I'y), where Borel o-field B(I') is induced by the topology defined

above. Define the set of randomized policies induced by a common and individual randomness as:

Lo == {PW € LN|forall 4; € B(T") :

[ Pity € Ad=yn(dz), n € P, 11)},

=1

Rr(’y1 €A,.... YN e An) :/
z€[0,1]

where 7 is the distribution of common, but independent (from intrinsic exogenous system vari-
ables), randomness, and for every fixed z, Pj; € P(Fi) indicates an identical independent random-
ized policy of each DM’ (i = 1,..., N). Note that conditioned on a [0, 1]-valued random variable
Z, policies are independent. It can be shown that LY, and L are identical (see Theorem 4.9.1 in
the Appendix), and hence, the set of randomized policies LY corresponds to randomized policies
induced by an individual and a common randomness. Since individual and a common randomness
do not improve the optimal expected cost, the relaxation of the problem to sets of randomized

policies LY is a legitimate relaxation for the team problems with N-DMs.
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Now, we define the set of exchangeable randomized policies as:

L = {P7T € L¥|forall A; € B(I"") and forall o € Sy :

Pyt € Ay,... AN € Ax) = P.(v"W € 4y,... 47 eAN)}, 4.11)

where Sy is the set of permutations of {1, ..., N'}. We note that LYy is a convex subset of L". We
also define the set LY, gyy as the set of identical randomized policies induced by a common and

individual randomness:

for all A; € B(T") :

N

P.(Y € Ay,... 4N € Ay) = / [ }Hﬁ’ﬂ(vi € A;|z)n(dz), n € P(|0, 1])},
z€[0,1 1

where for all i € N, and fixed 2z, P, € P(T) indicates an identical independent randomized
policy of each DM? (i = 1,..., N). Also, define the set of randomized policies with only private

independent randomness as:

Lig i= {P,, € LN |forall 4; € B(T") : (4.12)

N
P.(y* € Ay,....4/N € Ay) = HP};(W" € A;), for P! € P(Fi)}.

=1

Finally, define the set of randomized policies with identical and independent randomness:

for all A; € B(I") : (4.13)

P.(v* € Ay,..., /N € Ay) = (7 € Ay) forIBWGP(Fi)}.

”::2
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For a team with a countably infinite number of decision makers, we define sets of random-
ized policies L, Lgx, Lco, Lcosym, Ler, Lpr sym similarly using Ionescu Tulcea extension theorem
through the sequential formulation, by iteratively adding new coordinates for our probability mea-
sure (see e.g., [2, 64]). We define the set of randomized policies L on the infinite product Borel
spaces I' = [ [, I as L := P(I"). Now, we define the set of infinitely exchangeable randomized

policies as:

Lpx = {PTr € Lifor all A; € B(I'"") and for all N € N, and for all o € Sy

Pﬂ—(’}/l - Al,. .. ,’YN - AN) = Pﬂ—(’ya(l) - A17. .. ,’)/U(N) - AN)},
and we define

Leo = {PW € Liforall A; € B(T") :

P.(y' € A, 72 €4y, )= / HP;(’y" € Aj|z)n(dz), n € P([0, 1])}
z€[0,1] ;e

Note that Lco is a convex subset of L and its extreme points are in the set of randomized policies

with private independent randomness:

Leg = {P,T € Liforall A; € B(I'") : (4.14)

Pr(y' € A, €Ay, ... ) = HP;(fyi € A;), for P! € P(Fi)}.

1€EN

Also, we define

LCO,SYM = {‘P7r € Lifor all Al S B(].—w') .

Pﬂ(’yl € A1772 € A27 . ) = / Hpﬂ(’yl € AAZ)’I’}(CZZ), ne /P({O7 1])}7
z€[0,1] ;e



4.4. TOPOLOGY ON CONTROL POLICIES AND A DE FINETTI REPRESENTATION
RESULT 115

and

LPR,SYM = {Pﬂ— € L|for all AZ c B(FZ) .

P.(y' € Aj,7? € Ay,...) = Hf’w(vi € 4;), for P, € P(Fi)}.

1€eN

4.4.2 A de Finetti theorem for admissible team policies.

In view of the introduced topology and sets of Borel probability measures on policies (sets of
randomized polices), we now establish a connection between Lgx and Lcosym using the classical
de Finetti’s theorem; that is, infinitely-exchangeable randomized policies are a mixture of i.i.d.

randomized policies.

Theorem 4.4.1. Any infinitely-exchangeable randomized policy P, € Lgy is in the set of random-
ized policies Lcosym (Pr € Leosym), Le., for any Py € Ly, there exists a [0, 1]-valued random

variable Z such that for any A; € B(T')

P.(Y' € A,y € Ay, ) = / Hﬁﬂ(yi € Aj|2)n(dz), n € P([0,1]), (4.15)
z€[0,1]

ieN
where for every fixed z, P, e P(T).

Proof. In view of the introduced weak convergence topology on I'* (using Borel measurable sets
(4.10) and (4.9)), we have I' is a closed subset of the Borel space P(U x Y), and hence, I is
Borel for « € N. The proof follows from [76, Theorem 1.1] since [' = H;’il I is Borel. We note
that the de Finetti representation in [76, Theorem 1.1] is of the form .737T(71 c A,y €Ay, .. )=
Jpa T2 m(AY)i(dm) for ) € P(P(I*)) which can be written as in (4.15). That is because,
P(T%) is an (uncountable) Borel space [25, Corollary 7.25.1], and hence, by Borel-isomorphism

Theorem (see for example, [25, Proposition 7.16]), it is Borel isomorphic to [0, 1]. O
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4.5 Existence and Structure of Optimal Policies for Symmetric Static Team Problems with

Infinitely Many Decision Makers.

In this section, we consider static stochastic team problems where we impose Assumption 4.1.1
and Assumption 4.1.2. We again note that for our results in this section, we impose Assumption
4.1.1 and Assumption 4.1.2. Based on the definitions of randomized policies, we redefine the

expected cost in (Py) of a randomized policy P, € LY as:

N
:Z/(/C(wo,ul,...,uN)H’Yk(duk\yk)>Pﬂ(d71,~--,d’YN)NN(dWOadylv---vdyN)>

(4.16)

where ¢ (7, y, wo) == [ e(wo, ul, ..., u™) [To_, ¥*(du”|y*), and 1" is the joint probability mea-
sure on measurements (y',...,y") and wy. In the following, we characterize team problems in
which the search for a randomized optimal policy can be restricted to policies in Ly without losing

global optimality.
Assumption 4.5.1. Let observations of DMs, (y*,-- - ,y"), be exchangeable conditioned on wy.
Note that Assumption 4.5.1 is weaker than Assumption 4.1.3(1).

Lemma 4.5.1. For a fixed N, consider an N-DM static team. Assume L is an arbitrary convex

subset of LV . If Assumption 4.5.1 holds, then

inf /P,T(dl)uN(dwo,dg)cN(l,g, wp) =  inf /Pw(dl),uN(dwo,dg)cN(l,g, wp). (4.17)

PreLN PreLNNLY,

In the following, we present an existence result on globally optimal policies for static mean-
field teams with infinitely many decision makers. First, we re-state the infinite decision maker

mean-field team problem and its pre-limit.
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Problem (Py): Consider an N-DM static team with the expected cost of a randomized policy

PN € LN as:

/ PN (dy) ™ (dwo, dy)e™ (1, y, wo) 1= / ( / %Zﬁ;cwui’%gwﬂvk(dukwk))

k=1

x PN (dy?t, ... dy™M N (dwy, dy', . .. dy™).  (4.18)

The above problem is considered as a pre-limit problem for our infinite-decision maker team
problem. This problem is a special case of (Py) defined in the previous section since we have a

special structure for the cost function ¢V which satisfies Assumption 4.1.1.

Problem (P.,): Consider infinite-DM static team with the following expected cost of a ran-

domized policy P, € L as

lim sup/PmN(dl)uN(dwO,dg)cN(l, Y, Wo), 4.19)

N—oo

where P, y is the marginal of the P, € L to the first N components and z” is the marginal of the

fixed probability measure on (wy, y',%?, . ..) to the first N + 1 components.

In the following, we present a key result required for our main theorem. Under mild conditions,
we show that the optimal expected cost function induced by L&y and Lgx are equal as N goes to
infinity. Hence, by Lemma 4.5.1, under symmetry, this allows us to show that without loss of
global optimality, optimal policies of static mean-field teams with countably infinite number of

DMs can be considered to be an infinitely-exchangeable type.

Lemma 4.5.2. Suppose that Assumption 4.1.3 and Assumption 4.1.4 hold. Assume further that the

cost function is bounded. Then

limsup inf /Pf(dz)uN(dwO,dg)CN(j,g,wO)

N—oo PﬁeLg(

= limsup inf /PW,N(dz),uN(dwo,dg)cN(l,g, W), (4.20)

N—o00 PWGLEX



4.5. EXISTENCE AND STRUCTURE OF OPTIMAL POLICIES FOR SYMMETRIC
STATIC TEAM PROBLEMS WITH INFINITELY MANY DECISION MAKERS. 118

where P, y is the marginal of the P, € Ly to the first N components.
In the following, we establish an existence of a randomized optimal policy for (P).

Theorem 4.5.1. Consider a static team problem (P,) where Assumption 4.1.3 and Assumption

4.1.4 hold. Then, there exists a randomized optimal policy P} for (Ps) which is in Lpg sym:

inf limsup/PmN(dy),uN(dwmdy)cN(%y, wp):= lim sup/P:’N(dz)uN(dwo,dg)cN(z, Y, wo)

PreLprsym N—oo N—o00

= inf limsup/Pﬂ,N(dv)uN(dwo,dy)cN(%y,wo).

Pr eLPR N—o00

Here, we present an example where Theorem 4.5.1 can be applied but the existence result of
Theorem the:ch2existence in Chapter 2 cannot be applied because the assumption that U’ for each

DM is convex in Theorem 2.3.6 is violated.

Example 4.5.1. Consider a team problem with the following expected cost function

) = imswp 27| S - ol

N—oo

where o-field o(y") = {0, Q} (this corresponds to a team setup where DMs have no measurement,
hence measurable functions (policies) are constant functions), and we consider u* € {0,1} for
each DM. Clearly, an optimal policy that achieves zero is the one where a matching partition (such
as even numbers vs. odd numbers) among DMs picking u' = 0 and u' = 1, that is because the cost
function is non-negative. One can see that there is an optimal policy in Lpg syy since each DM can
choose independently an action zero or one with probability half and this achieves the expected
cost of zero; however, there is no identically deterministic policy that achieves zero expected cost.
We note also that the problem is not a convex problem, therefore the results in Theorem 2.3.6 and
Proposition 2.3.1 are not applicable to show the existence of a symmetric randomized optimal

policy, in particular, the action sets are not convex.
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4.6 Finite Horizon Dynamic Team Problems with a Symmetric Information Structure

In this section, we study dynamic stochastic team problems. Similar to the static case, we first
introduce the intrinsic model for general dynamic team problems, and then, we define a topology

on control policies, and finally we establish our main results for dynamic problems.

4.6.1 A Revised intrinsic model for dynamic team problems

In this subsection, we recall the general (multi-stage) dynamic problems using the intrinsic model
under deterministic policies. In the next subsections, we allow randomization equipped with a
suitable topology.

According to the discussion above, by considering a collection of DMs as a single DM (¢ =
1,..., N) acting at different time instances (! = 0,...,7 — 1), we revise the intrinsic mode for

(multi-stage) dynamic team problems with (N7")-DMs as a team with N-DMs (for N € NU{o0}):

(1) Let the observation and action spaces be standard Borel spaces and be identical for each DM
G=1,...,N)ywithY; :==Y = HtT:_Ol Y, U, :=U= H?:Bl U, respectively (later on, for

simplicity of our notation and analysis, we assume that action and observation spaces are

also identical through time). For each DM, the set of all admissible policies are denoted by

I, = tT;Ol I't. Later on, these policies will be allowed to be randomized and accordingly
the image will be P(U).
(i) Fori = 1,...,N, yi = hi(ay™, LN, ulN |) represents the observation of DM’ at time

t (his are Borel measurable functions). Let /¥ be a stochastic kernel characterizing the
joint distribution of observations 31V := (y},...,yY) at time ¢ induced by hls given the
available information, and let (¢"") := (¢',...,¢") where ¢’ := (2}, (}r_,) denotes all
the uncertainty associated with DM’ including his/her initial states. We assume that (g’)
takes values in €2 (where at each time instances t, it takes value in ),). Let uN denote the

law of ¢ "N To be consistent with our notations in our analysis of the static case, we used

the same notation p¥ as the fixed probability measures on observations and wy for the static
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case; however, we note that in the dynamic case, the probability measures on uncertainties

(¢ N is fixed and not probability measures on observations.

4.6.2 'Topology on dynamic control policies.

Similar to Section 4.4.1, here, we allow randomization in policies, but first we introduce two reduc-
tion conditions (independent and nested reduction) that enable us to define sets of Borel probability
measures on randomized policies for dynamic teams with different information structures by con-

sidering a policy of a single DM (¢ = 1, ..., N) acting at different time instances (t = 0,...,7—1).
Assumption 4.6.1. One of the following conditions holds:

(i) (Independent reduction): for every N € NU{oco} andfori=1,...,Nandt=0,...,T—1,
there exists a probability measure 7 on Y' and a function 1! : Y' x Qq X sz)vzl( 2;10 Qe X

L (U* x YK)) — Ry such that for all Borel sets A" on Y* (with A = A" x ... x AV)

N LN LN LN LN | 1:N
v (Alwo, 5™, Coit 1, Yoir1s U1 H ﬂft Yo, w0 2575 Coit 1 Yot Ui )7 (dyy)-

(ii) (Nested reduction): for every N € NU {oc} and fori =1,... Nandt =0,...,T — 1,
there exists a probability measure 1 on Y' and a function ¢! such that for all Borel sets A’
on Y  (with A=A x ... x AN)

vy (A‘Wm 1N> étNlay()t 17“551)
= H 9751& ythvao ><0t 1>3/0t 17U’Ot 1)77t(dyt‘$OvC0t 173/0t 1au0t 1)
and for each DM® through time (t = 0,...,T — 1), there exists a static reduction with the

classical information structure (i.e., under the reduction, the information structure of each

DM through time is expanding such that o(y;) C o(y;,,) fort =0,...,T —1).

We note that Assumption 4.6.1(i) allows us to obtain an independent measurements reduction
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both through DMs and through time, t = 0, ..., 7" — 1 (see Appendix 4.9.5). Assumption 4.6.1(i1)
holds if an independent static reduction exists through DMs and there exists a nested static reduc-
tion for each DM through time, i.e., under the reduction, the information is expanding for each
DM through time (see Appendix 4.9.5). In view of the above reduction conditions, we introduce
a suitable topology for randomized policies. Similar to Section 4.4.1, under Assumption 4.6.1(1),

we define convergence on policies as:

vl == 4" ifand only if 7, (dutly;)7/ (dy;) ﬁ Vi(duglyy) T (dy;) ¥t =0,...,T = 1.

y

Under Assumption 4.6.1(i1), we define convergence on policies as:

v, *==r ' ifand only if 7}, (duglyo., )i (dyp.) ‘ﬁz; Vi (duilyo. i (dy,) V=0, . T — 1.

‘n

Hence, under Assumption 4.6.1, we define all the sets of randomized policies defined in Section
4.4.1 for the dynamic teams by considering li'
Now, we provide examples under which either one of the conditions in Assumption 4.6.1 holds.
Example 4.6.1. Foreachi =1,... Nandt =0,....,T — 1, let i, = fi(afd, uf), w}) and
1:N

Y = hi(wo, xdN, CEN L udlN ) + v, where ¢ = (wi,vl), and v} admits zero-mean Gaussian

density function 0} with positive-definite covariance.

(i) If the information structure for each DM at time t is described as I} := {y'} for all i =

1,...,Nandt =0,...,T — 1, then Assumption 4.6.1(i) holds.

(ii) If I} = {yby,uby_1} foralli=1,...,Nandt =0,...,T — 1 (or equivalently, I} := {i}
with §i = hi(wo, thN, Ny, ubiN |, vd,) for some function hi and o(§i) C o(ji,,) and

o(ui) C o(§i,,) for some function hy), then Assumption 4.6.1(ii) holds.

Part(i) is true since forallt =0,...,T —landi=1,..., N, we have

i 1.1 1:N ,~1:N 1:N T 1 1:N ~1:N 1:N 7
y; = hi(wo, Lot 5 S0:t—1> uO:t—l) + v; = kg (wo, Lo 5 80:t—1> U’O:t—l) + vy,



4.6. FINITE HORIZON DYNAMIC TEAM PROBLEMS WITH A SYMMETRIC
INFORMATION STRUCTURE 122

for some functions k;, and hence, we can define

i/ i : : : : 9i<yi_’%i(w07'x1:N7 1':]\i ,Ulf]\i )) i % i i
¢t(yt7W0>x(1)'Na Szﬁpy&{ﬁp%;ﬁl) = : Qio(yi> il Ol , T (dyy) = 0 (y;)dy;.
t Yy

Part(ii) can be shown similarly by first applying the independent reduction as above, and then,

considering the nested information structure through time for each DM.
Example 4.6.2. Consider the following two information structures:

(i) (Open-loop information structure): Foreachi =1,... Nandt=0,...,T — 1, let Jziﬂ =
fi@Ey ug  wi) and yi = hi(Cl,_1,vi) such that o (yi) C o (yis), where ((); = (wi, v})
denotes the disturbances of DM" (which is independent of disturbances of other DMs and
independent of wy). If I} == {yi} foralli =1,... ,Nandt =0,...,T —1, then Assumption

4.6.1(ii) holds.

(ii) Foreachi = 1,...,Nandt = 0,...,T — 1, let x|, = fi(wo, 2}, uyy) + wj, where
w! admits zero-mean Gaussian density function 0 with positive-definite covariance, and let
yi = hi(xh,, You_1,v0,) such that o(y;) C o(yi.,), where (v}); are independent of dis-
turbances of other DMs and independent of wy. If I! := {y.} foralli = 1,...,N and

t=0,...,T — 1, then Assumption 4.6.1(ii) holds.

Fart(i) follows from the fact that the information structure is open-loop and nested for each DM,
and hence, under this information structure the problem is static with the classical information

structure through time for each DM. Part(ii) is true since forallt =0,...,T—1landi=1,..., N,

N . . Oi(xt — fi(wo, opN L udN ) o
O o Ty i) = e () = G,
t\Vt

and since the information structure is nested through time for each DM.
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4.7 Existence and Structure of Optimal Policies for Symmetric Dynamic Team Problems

with Infinitely Many Decision Makers.

In the following, we study the existence and structure of globally optimal policies for dynamic
team problems with a symmetric information structure (that are not necessarily partially nested)
and with a finite but large and also infinitely many decision makers. In Chapter 3, convex mean-
field team problems have been considered under the assumption that the action space is convex
for each DM and the cost function is convex in policies. We note that even if the cost function is
convex in actions when there is a mean-field coupling in dynamics, convexity rarely holds since
the information structure under decentralized setup is non-classical, and that may lead to the non-
convexity of the team problem in policies (see for example [140, Section 3.3]). In the following,

convexity is not imposed. Again, for our results in this subsection, we impose Assumption 4.6.1.

4.7.1 Exchangeability of optimal policies for symmetric dynamic team problems with a fi-

nite but large number of decision makers.

We first focus on symmetric dynamic team problems with N-DMs, and we establish a structural
result for optimal policies of this class of problems (which is more general than the pre-limit mean-
field model (73%V )). In the next subsection, we use this result to establish existence and structural
properties of globally randomized optimal policies for mean-field dynamic team problems.

Now, we focus on dynamic teams with a symmetric information structure (see Definition 3.2).
We note that pre-limit mean-field and mean-field dynamic team problems (P2) and (P3°) intro-
duced in Section 5.2 have a symmetric information structure. Before, we present the result for
dynamic mean-field teams, we characterize team problems with symmetric information structures
in which the search for an optimal policy can be restricted to policies in Ly without losing global

optimality. To this end, we focus on a more general setup of team problems within randomized
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policies P, € LY as

N
/ (w0, (N ) Hﬂdw’\y)) Po(dn, .. dy™ ) (dwo, d¢™)

x VtN (dytN‘wo, 1N> étNla?JOt 17“(1)1{\[1) (4.21)

where ¢ (¢, 7, y,wo) := [ clwo, ("N, ul, ... u™) [TV, 7/ (du’ly’) and the following assumptions

hold.
Assumption 4.7.1. For any permutation o of the set {1,..., N}, we have for all wy,
c(wo, (£0)12N7 (EU)1:N> _ C(Wo,QLN,Ql:N), (4.22)
where (V)N = (¢°W, ..., ¢"™) and (u)' = (w®, . u ™).
Assumption 4.7.2.
(a) (gl, . ,QN) are exchangeable conditioned on wy;

(b) Forallt =0,...,T — 1, and all Borel sets A’ on Y' (with A = A' x ... x AN)

N

N LN LN i LN
Vy (A|w0,x0 0:t— 1>?J0t 1 Ot 1 HVt A|w0,x0,C0t 17yOt 1> Yo~ 1)

where v} is a stochastic kernel of the observation DM" at time t, !, induced by h; (which is identical

for each DM).

We note that dynamic mean-field team problems introduced in Section 4.1.1 with the cost
function (4.7), dynamic (4.5), and observations (4.6), under Assumption 4.1.6 satisfy Assumption

4.7.1 and Assumption 4.7.2.
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Lemma 4.7.1. Consider a dynamic team problem with a symmetric information structure. Let
Assumption 4.7.1 and Assumption 4.7.2 hold. Assume L" is an arbitrary convex subset of L".

Then

€
N

inf /Pﬁ(dz)uN(dwo,dg)cN(g, Y wO)VN(d \g,l

P.eLN

= inf / Pﬂ'(dZ)MN(dwO? dg)CN (Q’ Y, WO)VN(dylga e WO)'

PreLNNLY,
4.7.2 Existence and structure of optimal policies for mean-field dynamic team problems

In the following, we establish the existence of a globally randomized optimal policy for dynamic
mean-field teams with infinitely many decision makers. Define state dynamics and observations
as (4.5) and (4.6). The information structure of DM’ at time ¢ is I} = {yi}, and (} := (w!,v})
(with ¢} = (z§, wh,v})) denotes the uncertainty corresponding to dynamics and observations at
time ¢ for DM* which are exogenous random vectors in standard Borel spaces. First, we re-state

the infinite decision maker mean-field team problem and its pre-limit within randomized policies.

Problem (P2): Consider an N-DM dynamic team with the expected cost of a randomized

policy PN € LV as:

/ PN (dy) (e, )¢ (€7 s wi0)r™ (dylC, s o)
1T—l N 1 N 1 N N
[ ([ 5 T ety o) 5 o at) [Tt
t=0 i=1 p=1 p=1 k=1
T—1
xPN(dy', .. dy™) N (dewo, dCN) T v (dyi N wo, 2™, G 1, oy 10 ugis 1) (4.23)
t=0
where

The above problem is considered as a pre-limit problem for our infinite-decision maker team
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problem. We note that N-DM teams of (P}V ) is a special case of (4.21) since we have a special
structure for the cost function ¢V and observations which satisfy Assumption 4.7.1 and symmetry,

respectively.

Remark 4.7.1. Our analysis below also allows a more general observations for each DM where
the observations of each DM at time t can be explicitly functions of average of previous states and

actions as

N N
i_p i i 1 p 1 P i
Yy = I xO:NuO:t—DN ‘TO:t—l’N Up.t—15 Vot |-
p=1 p=1

However, to simplify the presentations of theorems and proofs and emphasize in the decentraliza-

tion of optimal policy, for the rest of this chapter, we consider (4.6).

Problem (P7°): Consider infinite-DM static team with the following expected cost of a ran-

domized policy P, € L as:

lim sup / PW,N(dz),uN(dwo, dg)cN (¢, 79, wO)VN(dgK, 7 wo) (4.24)

N—o00

where P, y is the restriction of P, € L to its first N components and p” is the marginal of the

fixed probability measure on (wp, ¢ ' ¢ %....) to the first N + 1 components.

Assumption 4.7.3. Assume Assumption 4.6.1 holds with functions 1! and ¢! are of the following
forms for everyi € N andt=0,...,T — 1:
N

N

1/}1’ 2 1 Ci ) ] l p i p

t| Yt Wos Lo, O:tflﬂy():tfbu():tfl?N uO:t71>N Lot |»
p=1

p=1

1 & 1 &
¢; (y; wo, N Z ug:t—h N Z ‘%.g:t) )
p=1 p=1

where 1! is continuous in the last three arguments (actions and the empirical mean of actions and

states) and ¢! is continuous in the last two arguments (the empirical mean of actions and states).
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Before presenting our main result for dynamic mean-field teams, we present sufficient condi-
tions under which the expected cost function induced by randomized optimal policies in L{ and
Lgx are equal as N goes to infinity, and hence, following from Lemma 4.7.1, under symmetry, this
shows that without loss of global optimality, optimal policies of dynamic mean-field teams can be

considered to be an infinitely-exchangeable type.

Lemma 4.7.2. Consider the team problem (PY ) where Assumption 4.7.3, Assumption 4.1.5, and

Assumption 4.1.6 hold. Assume further that the cost function bounded, then

limsup inf /Pg(dl)uN(dwo,dg)cN(g,l, Y, wO)VN(d |£, Y, wo)

N—oo PNeL}

= limsup inf /PW’N(dl)uN(dwo, dg)cN(g, %Y, wo)l/N(dy|£, 7, wo), (4.25)

N—oo Pr€Lpx

where P, v is the restriction of Py € Lgx to its first N components and p is the marginal of the

fixed probability measure on (wo, ¢ ' ¢ %....) to the first N + 1 components.

In the following, we establish an existence and structural result for a randomized optimal policy

of (P5).

Theorem 4.7.1. Consider a mean-field team problem (P3) with (PY ) having a symmetric infor-
mation structure for every N. Let Assumption 4.7.3, Assumption 4.1.5, and Assumption 4.1.6 hold.

Then, there exists a randomized optimal policy P for (Pp°) which is in Lpg syu,

inf limsup/PmN(dl),uN(dwo,dg)cN(g,l,g,wo)l/N(d 1€, 7, wo)

Pr€Llprsym N—oo

::limsup/P;‘VN(d’_y)uN(dw()?dg)cN(g, ,y,wo)uN(dy\g,l, wo)

N—o00

€
s

= inf hmsup/Pﬂ',N(dﬁY)luN(dwde)cN(C) 7y7w0)VN(dy|<7’y
Prel N_oo — = - = - =
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4.8 Approximations of Optimal Policies for Symmetric N-DM Stochastic Team Problems

In this section, we present approximation results of optimal policies for N-DM team problems.
We show that for large [V, symmetric policies are nearly optimal and the restriction of the optimal
infinite solution to the finite team problem is nearly optimal for large /N. We first consider the
static case. To present ideas more effectively, we first introduce the following set of probability

measures on policies as:

N
forall A; € B(I'") : Pr(v' € Ay,..., 7N € Ay) = H Lisica,y, for 3’ € Fi},

i=1

LY = {PW c LV

where the above set corresponds to Dirac-delta measures in L.

Theorem 4.8.1. Consider a static team problem (Py) (see (4.18)) where Assumption 4.1.4 and

Assumption 4.1.3 hold. Assume further the cost function is bounded. Then,
(i)

inf /Pf(d’y)uN(dwo, dy)cN(% y,wp) < inf /Piv(d’y)uN(dwo, dy)cN(% Y,wo) + €n,
PN €L syu - - - PNeLl, - = - =

(4.26)

and

inf /P#V(df_y)uN(dwo,dg)cN(f_y,g,wo) < inf /P,ﬁv(dl)uN(dwo,dg)cN(’_y,g,wo) + en,

N7, N T PN N
P €Lpg sym PYeLy

(4.27)

where ey — 0 as N goes to infinity.

(ii) If P} € Lpgsym is a randomized optimal policy of (Pw), then there exist ey > 0 where
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én — 0as N goes to infinity and

/P:’N(dl),uN(dwo, dg)cN(l, v, wp) < inf /Pfrv(dz),uN(dwo, dg)cN(l, Y, wo) + €y + En,

PNeLl

(4.28)

where PP \ is the restriction of P} to the first N components.

The main idea for establishing Part(i) is to use Lemma 4.5.1 and Lemma 4.5.2 to provide an
approximation of optimal expected cost by restricting the search for randomized policies to those
that are restrictions of randomized policies in Lgx to the /V first components. We note that since
the set of policies LY is not a convex subset of the set of randomized policies LY, (4.26) does not
immediately imply (4.27) using Lemma 4.5.1 but the result can be established using an extreme
point argument and since policies in LY are optimal among all randomized policies L2, for N-DM
teams thanks to Blackwell’s irrelevant information theorem [28]. Part(ii) follows from Part(i) and
Theorem 4.5.1, using the fact that a randomized optimal policy P} € Lprsym 0of (Ps) provides
an approximation for the optimal expected cost when the search for randomized optimal policy for
N-DM teams is restricted to those in L} gyy-

Similarly, we present approximation results of optimal policies for symmetric dynamic N-DM

team problems.

Theorem 4.8.2. Consider a dynamic team problem (PY ) (see (4.7)). Let Assumption 4.7.3, As-

sumption 4.1.5, and Assumption 4.1.6 hold. If the cost function is bounded, then

(i)

inf /Pfrv(dz)u]v(dwo, dg)cN(g, Y wo)N (d ¢, 7, wo)

NN
P e€Lpg sym

< inf /Pfrv(dv)uN(dwo,dC)CN(g,'y,y,WQ)VN(d
PNeLl, - - - =
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and

Neg N
P eLpg sym

inf /Pfrv(dz)uN(dwg, dg)cN(g, Y wO)VN(dylg, 7 wWo)
<

inf / P (dvy)p™ (dwo, d¢)e™ (¢, v, y, wo)v™ (dy[¢, v, wo) + en,  (4.30)

PNeLl
where ey — 0 as N goes to infinity.
(ii) If P} € Lpgsym is a randomized optimal policy of (P7°), then there exist ey > 0 where
ey — 0as N goes to infinity and

/ P2 o (dy) i (deo, 4O (¢, 7 o)™ (dylC, 7. 0)

< inf /Pf(dz)ﬂ(dwo,dg)cN(g,z,g, wo)v™ (dy|¢, v, wo) + € + En,

T PNeL)
where P} \ is the restriction of P} to the first N components.

Proof. Proof follows from a similar steps as the proof of Theorem 4.8.1 using the results of Lemma

4.7.2 and Theorem 4.7.1. O]

4.9 Proofs
4.9.1 Connection between L), and L" in Section 4.4.1.
In following theorem, we show that sets of randomized policies LY, and L” are identical.

Theorem 4.9.1. The set of randomized policies L" is identical to the set of randomized policies

N
LCO.

Proof. Clearly, we have LY, C L". In the following, we show LY C LY. Following from [29],
foreachi = 1,..., N, the set of marginals of randomized policies in L" to each coordinate I"? is

a convex combination of its extreme points which is in the set of Delta-dirac measures of elements
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in I". Hence, for the set of extreme points of the convex set LY (denoted by Extreme(LN ), we

have

Extreme(L") C {P,r € LN |forall 4; € B(T") :

N
Py € Ay, ... AN € Ay) = H Lisica,y, for 3’ € F“}

i=1

Hence, Extreme(LY) C LY, and since both sets LY and LY, are convex, we have LY C LY, and

this completes the proof. 0

4.9.2 Proof of Lemma 4.5.1.

For any permutation o € Sy, we define a randomized policy P? € LY as a permutation, o, of

arguments of a randomized policy P, € LYV, i.e., for A* € B(I')
Pyt e AL ... P e AN) = P.(y°W € AL, A7) € AN,
We have

/ P2 (dy)i (dwo, dy)e™ (7, s wo)

N
— [etionat o) [T o) P2 o o)
k=1
N
= [ conut ) [T ) oy ) oy, ) B
k=1
4.31)
N
:/C(W(),Ug(l),--- Hv”(k (du®® 7NN (dye@ - dyT ™ |wy)
k=1
x  Pldyt, ... dyN)Py(dwy) (4.32)

_ / c(wo, - u™) T2 @ [y Ay . dy o) Pa(dn . dy™ Yol du)  (433)
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— /Pﬂ(df_y)uN(dwo, dg)cN(l, Y, Wo),

where iV is the joint conditional distribution of observations (y*,...,y") given wy, and (4.31)
follows from the definition of P? and (4.32) follows from relabeling u”®, 47 with v, y* for all
1 =1,...,N. Equality (4.33) follows from Assumption 4.1.1 and Assumption 4.5.1.

Let € > 0, and consider a randomized policy Py € LY such that

/P;}E(df_y)uN(dwo,dg)cN(l y,wp) < inf /Pw(df_y)uN(dwo,dg)cN(l,g, wp) + €.

PreLN

Consider J-:’7r ¢ as a convex combination of all possible permutations of P; by averaging them.
Since LY is convex, we have P7T e € LY. Also, we have P7r e € LEX, and for any permutation

o € Sy, we have

Pro(dy',...odyV) =) mp;:g (dy, ... dy™)

ocESN

= Pﬁe(d'yl, o dyN),

where | S| denotes the cardinality of the set Sy, and the second equality follows from the fact that
the sum is over all permutation o by taking average of them. Therefore, a randomized policy ]57T7e

isin LY N LY. We have,

[ Pratdn e, dy)e¥ (i) = [(F anPE0) @) (e, dy)e (3, .0)

cESN
= Y o [ Py (oo, dy)e® (,3:0)
ocESN
= Y o [ Py (oo, dy)e® (,:0)
UESN
< int [ Pulayi (dan, dy)e® () +
PrelN
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and the third equality follows from (4.33). Since PN,E € LN N LY, we have

/Pﬁ,e(dz)u]v(dwo, dg)cN(Z, y,wo) > inf /Pw(dl),uN(dwo, dg)cN (7, y,wo)-

PreLNNLY,

Hence, for any € > 0, we have

inf /Pﬂ(dz),uN(dwo, dy)c™ (v,y,wo) < inf /Pw(dl)uN(dwo, dy)c™ (v, y, wo) + €.

PreLNNLY, PreLN

Since € is arbitrary, this completes the proof.

4.9.3 Proof of Lemma 4.5.2

To prove Lemma 4.5.2, we use two following results by Diaconis and Friedman [49, Theorem
13] and Aldous [1, Proposition 7.20] (see also [75] for more general results) which we recall for

reader’s convenience:

Theorem 4.9.2. [49, Theorem 13] LetY = (Y1,...,Y,) be an n-exchangeable and Z = (7, Zs, . . .)
be an infinitely-exchangeable sequence of random variables with L(Z1, ..., Zx) = L(Y1,,..., Y1)
for all k > 1 where the indices (11, I, . ..) are i.i.d. random variables with the uniform distribu-

tion on the set {1,... ,n}. Then, forallm =1,...,n,

HL(Yl,...,Ym)—£(Zl,...,Zm) , (4.34)

TV

where L(-) denotes the law of random variables and ||-||1v is the total variation norm.

Theorem 4.9.3. [1, Proposition 7.20] Let X = (X;, Xs,...) be an infinitely-exchangeable se-
quence of random variables taking values in a Polish space X and directed by a random measure
a (i.e., a is a P(X)-valued random variable and Pr(X € A) fp [T, (A Pr(a € df)
where A" € B(X) and (A = A' x A? x ...), see [1, Definition 2.6]). Suppose that either for each

n



4.9. PROOFS 134

(1) X = (Xl("), XQ(n), ... ) is infinitely-exchangeable directed by o, or
2) X = (X 1("), ceey X,(I")) is n-exchangeable with empirical measure .
Then, X ™ converges in distribution to X (X ™ L X) if and only if a,, L a.
n— oo n—o0

We note that by convergence in distribution to an infinite exchangeable sequence, we mean the

following: X —9— X ifand only if (X™, ..., x™) —4 (X,,..., X,) foreach m > 11,
n—00 n—00

page 55].

Using the above theorems, we now complete the Proof of Lemma 4.5.2. Since the action
space U is compact and observations are i.i.d. with a fixed marginal (under Assumption 4.1.2,
via a change of measure argument observations can be viewed to be independent of wy), the set
of probability measures LN is tight. Furthermore, by [138, Theorem 5.1], LY is closed under the
topology of weak convergence and hence L" is compact. Using the argument in [138, Theorem
5.1] under Assumption 4.1.4, the expected cost function is lower semicontinuous in policies Py €
LY. Hence, there exists an optimal policy for (Py), and by Lemma 4.5.1, this optimal policy can
be assumed to be in L. Consider a sequence of N-exchangeable randomized policies { PV},

where for every N > 1, PN € LY, and

/ Py (dy)p (dwo, dy)c™ (1, y,wo) = _ inf / P (dy)p™ (duwo, dy)c™ (1, y,w0). - (4.35)

PNeLl

In the following, we show (4.20) in two steps. In the first step, for every N, we use the construction
in Theorem 4.9.2 to construct an infinitely-exchangeable randomized policy P;fvo € Lgx using the
N-exchangeable randomized policy P € L by considering the indices as a sequence of i.i.d.
random variables with uniform distribution on the set {1,..., N}, and then, we show that there
exists a weakly convergent subsequence of joint measures on the first coordinate, observations,
and the average of induced actions of randomized policies P,y € Lgx. Then, we show that the
expected cost function induced by the N-exchangeable randomized policy PV € L converges

through a subsequence to a limit induced by an infinitely-exchangeable randomized policy P;;,o
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(Step 1): Let (I, I5,...)bei.i.d. random variables with uniform distribution on the set {1, ..., N'}.
For a fixed N and for any N-exchangeable randomized policy P>V € LL, we construct an

infinitely-exchangeable randomized policy P:]O\f € Lgx as follows: for every N and m and for all

At e B(I)
Pry(yt e Al 4" e A = PrN(yh e AL e AT,

where P;JOVO is the restriction of P::;jN € Lgx to the first N components. We note that P:JOVO € Lgx
because we use i.i.d. sequence ([y, ls,...) for indexing probability measures on the space of
policies, hence, for every fixed N and N-exchangeable randomized policy P*”, a randomized

policy P:K,o is i.i.d through DMs and hence it is infinitely-exchangeable.

Let u}‘vz be the control action induced by ~4 where random variables (v, ...,V ) are deter-
mined by N-exchangeable randomized policy P> € L{. Let u’; \ be the control action induced
by Vi..o Where random variables (Y ., - - -, 7N o) are determined by infinitely-exchangeable ran-

domized policy P;; ~ € Lgx. Since under the reduction (Assumption 4.1.2), observations are 1.1.d.

and also independent of wy, following from Theorem 4.9.2, we have for every m > 1

H‘C(ﬁ/}\/7"'7’7ﬁ7y17"'7ym) _£(ﬁ)/]1\77007"'77ﬁ7007y17"'7ym)H

||k TT 600 — L0k O [LE0]| 00 @30
i=1 i=1 v
where (4.36) follows from the fact that (yy,...,vy) and (Y5 o - - -, VN ) are random variables

with joint probability measures PV € LY and Py € Lgx/|,, respectively.

Since U is compact, the marginal of probability measures on U is tight. Since the probability
measure on Y is fixed, the marginal on Y is also tight. Since marginals are tight, then the collection
of all measures on (U x Y) with these tight marginals is also tight (see e.g., [137, Proof of Theorem
2.4]), and hence, the set I is tight for each i € N. Hence, {£(7., y)} is tight for each DM and by

exchangeablity £(v', y) = L(7L y). Hence, we can find a subsequence such that £(+’_;) —
’ ’ ’ —00
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L(v%,) for all i € N. Since marginals of {L£(7},;,...,7% )} are tight, for each m > 1, there

exists a further subsequence

E(P)/éonw s 77072,71) — 5(7;07 tee 770@)7

n—oo

where (v1,,~%,...) is infinitely-exchangeable and induced by an infinitely-exchangeable random-
ized policy P> € Lgx since the set of infinitely-exchangeable randomized policies is closed un-
der the weak-convergence topology, where by weak convergence for an infinite sequence, we mean
weak convergence of finite restrictions. That is because, if P7*°° is the limit in the weak conver-
gence topology of the sequence randomized policies { P77>},, as n — oo, where for Al e B(T)

and for all N € N and all finite permutations o € Sy
Pr(yh e ALy € A% ) = Pro(y7 D e AN 47 e A2,

Then, following from exchangeability, since sequences { Py}, and {P7;»>}, are identical, the
limit in the weak convergence topology of both randomized policies P> and PZ2*° are also
identical, and hence, the limit P*° is infinitely-exchangeable, P**° € Lgx. Hence, following

from (4.36), foreachm > 1

n—0o0

By construction of random variables v and v and since random variables +s are independent

of y's, we have for each m > 1

d
(u:l’ s >u;7m) m (uclxw '7“2)7

where (ul_,u?_,...) is induced by an infinitely-exchangeable policy P> € Lgx. Following from

) (ool
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Theorem 4.9.3, we have for all A € U and P-almost surely

n

1
Fo(A) = F2(A) 1= — 76000 (4) 4 av(a), (4.37)

=1

where w denotes the sample path dependency and « is the directing measure of an infinitely-
exchangeable random variables (ul_,u?_,...) (that is a(w, A) = Pr(u%’ € A|H) almost surely
for all A € U where H is the o-field generated by P (U)-valued random variable « [1]). Following
from (4.37), since the action space U is compact, we have P-almost surely

g @ o= lz /uF (du) L F ::/Uuozw(du). (4.38)

n—0o0

Define P*" as the joint probability measure of (ust, F,, y) where marginals on y := (9%, . .0)
are fixed to be ]2, Q(dy'). Since marginals on (uj', F},) are tight and marginals on y are fixed,
{P*"},, is tight. Hence, there exists a subsubsequence { P**}, converges weakly to P* as k goes
to infinity. This implies that marginals {P*k } on (u,:’l, F},) converges to the marginals of P* on
(u*', F), hence, P* is induced by (ul_,u2,...) which is infinitely-exchangeable and is induced

OO’ OO’

by an infinitely-exchangeable randomized policy in Lgx.

(Step 2): We have

limsup/P:’N(d’y)uN(dwmdy)cN(%% wo)

N—o0
N N
I ; k k *, N N
_hgljolipNZ/ wo, U, ;u” }I[lfy (du*|y*Y PN (dr*, ... dyY)
N

X H/)(dyi]wo)IP’o(dwo)

i=1

N
—hmsupZ/ c(wo, u NZU” nyk (du*|y*Y PN (dy, ... dyY) (4.39)
k=1

N—o00
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X H f (wo, i)Q(dyi)]P)o(dwo)

= 11]1\1[[1 bup// c(wg, ut, Fy ) PN (dut, dFy, dy) ﬁf(wo,yi)IP’o(dwo) (4.40)
=0 [N Y i=1
> kh_{go//m wo,ul,Fk)P*’k(dul,dFk7dy)ﬁf(wo,yi)IF’o(dwo) (4.41)
izkt1 Y i=1
= [ et ut, VPl P ) TT /(o )Bo(dcn) (4.42)
i=1
> li]{[njotip PﬁigLfEX / PmN(dl),uN(dwm dg)cN(l, Y, Wo). (4.43)

where /i is the conditional distribution of each observation y given wy, and (4.39) follows from
Assumption 4.1.3(i), hence, under Assumption 4.1.2, in the new (equivalent) expected cost func-
tion, observations are i.i.d. and independent of wy. (4.40) follows from integrating over the
set [ .2y 41 Y and since (ufv’l, RN TN: ) is N-exchangeable. Inequality (4.41) follows from the
assumption that the cost function is bounded and limsup is the greatest subsequence limit of a
bounded sequence where k is the index of the subsequence considered in (Step 1). Equality (4.42)
follows from the dominated convergence theorem and following from Assumption 4.1.4 and since
by (Step 1) {15*”€ }1 converges weakly to P* as k goes to infinity. Inequality (4.43) follows from

the fact that P* is the joint measure with the first coordinate (ul ,u?,...) which is infinitely-

o) o)
exchangeable and it is induced by an infinitely-exchangeable randomized policy in Lgx. The
above inequalities become equalities since the opposite direction is true as well (that is because

Lex|y C L&) and this completes the proof.

4.9.4 Proof of Theorem 4.5.1

We complete the proof in four steps.

(Step 1): Similar to the proof of Lemma 4.5.2, using [138, Theorem 5.1], we can show that

there exists a randomized optimal policy for (Py) which belongs to the set L", and by Lemma
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4.5.1, this randomized optimal policy can be assumed to be in the set of N-exchangeable random-
ized policies L. Consider a sequence of N-exchangeable randomized policies { P>V } v, where

forevery N > 1, P*N € L& and

[ P2 e, dy)e? (3, pon) = it [ P (e dg)e (3, )

(Step 2): In this step, we show that to establish an existence result, it is sufficient to show the
convergence of the expected cost induced by a randomized optimal policy in Ly gyy of N-DM
teams to the expected cost induced by a randomized policy Lpg sym of mean-field teams through a
subsequence as N goes to infinity. We first lift the space of randomized admissible policies, and
we represent any admissible randomized policy as a probability measure in L (which is convex)

and Lgx C L. We have

inf limsup/PmN(dl),uN(dwo,dg)CN(Z,g,wo)

Prel N0

> limsup _inf / PN (dy)p" (dwo, dy)c™ (7, y, wo) (4.44)
Nosoo PNELN - s

=timsp ot [ PN ) (oo, dy)e¥ (1, ) (4.45)
N—oo PNeL - - -

> lim limsup inf /P N (dwg, dy) min {M, ™ (v, y,wo) } (4.46)
M—00  N_sy0o PN eLN - —

= ]\}linoohgljolip PﬁlgLfEX/ e v (dy) Y (dwo, dy) min {M, N (v, y, wo) } (4.47)

= lim limsup inf /P N (dwo, dy) min {M, ™ (v, y, wo) } (4.43)
M=00 N—oo PNELEysym -

= lim limsup inf /PN dry ) (dwo, dy) min {M, ™ (v, y,wo)} (4.49)
M=00 N—ooo PN ELIJ’\{QSYM N

>t iy [Pl (e, dy)e® (.0 (4.50)
PreLprsyM N—oo - Z =7z

> inf limsup / P (dy) ™ (dwo, dy)e™ (4, y, wo) (4.51)
PreLcosyM N—oo - < =z

> inf limsup/PmN(dl),uN(dwo,dg)cN(l,g, W), (4.52)

Prel N0
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where (4.44) follows from exchanging limsup with inf and the fact that the restriction to N-first co-
ordinate P y € LY for any randomized policy P, € L, and (4.45) follows from Lemma 4.5.1. In-
equality (4.46) follows from min {M, ¢™ (v, y,wo)} < ¢¥(v,y,wo). Equality (4.47) follows from
Lemma 4.5.2 and (4.48) follows from Theorem 4.4.1. The set of extreme points of the convex set
Lo sym is in L gyy (that is because, L gyy corresponds to the randomized policies with com-
mon and individual independent randomness where each DM choose an identical randomized pol-
icy), hence, (4.49) is true since L sy is convex, and the map [ PN (dvy ) (dwo, dy)e™ (7, y, wo) -
L]CVO’SYM — R is linear. Inequalities (4.51) and (4.52) follow from the fact that Lpgrsym C

Lcosym C L. Hence, by (4.52), this chain of inequalities must be chain of equalities.

In the next two steps, we justify (4.50) through showing that there exists a subsequence of
policies induced by symmetric/identical private randomization whose weak-limit achieves (4.50).
First, we establish compactness of the set of randomized policies Ly gyy, and then, we show a

lower semicontinuity of the induced expected cost function justifying (4.50).

(Step 3): Consider the set of randomized policies LIJD\{(,SYM' For each DM, we can equivalently
represent any randomized policy as a probability measure on (U x Y), where the marginal on ob-
servations is fixed. Since the team is static, this decouples the policy spaces from the policies of
the previous decision makers. Following from symmetry, we can represent each DM’s privately
randomized policy space as { P € P(U x Y)|P(B) = [, II(du'|y")Q(dy’)} where B € B(U x Y)
and IT is an identical randomized policy from the set of stochastic kernels from space of obser-
vations to space of actions for each DM. Since U is compact, the marginals on U are relatively
compact. Since the marginals are relatively compact, the collection of all measures with these
relatively compact marginals are also relatively compact (see e.g., [137, Proof of Theorem 2.4]),
and hence, the randomized policy space is relatively compact. Following from symmetry, the set
of individual randomized policies for each DM is closed under product topology where each co-
ordinate converges in the weak convergence topology. Hence, (Step 3) implies that there exists a

subsequence of (symmetric) individually randomized policies for each DM that converges weakly
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to the limit which is identical for each DM. In (Step 4), we show that the limit randomized policy

is optimal by showing a lower semicontinuity of the induced expected cost function.

(Step 4): Define the empirical measure on actions and observations as follows:

1 N
= 20, (B
=1

where for each N, 34 = (u%, "), B € Z := (UxY), u%’ is the action induced by the randomized

policy IT% in (Step 3).

Now, we have

lim limsup inf /P;V(dz)uN (dwo, dy) min { M, CN(17 Y,wo) }

T N—oo PR ELPRSYM

= A}iinwligljotip/ </min {M,c (wo,u,/UuAN(du X Y)) }AN(du,dy)> (4.53)

x [ Py (du', dy' )Py (dewy)

i=1

> A}im lim (/min {M, c (wo,u, / ul\y, (du x Y)) }An(du, dy)) (4.54)
—00 N—00 U

HP*“O (du’, dy")Po(dwy)

:&gnoo nh—>nolo/ (/min{M,c(wo,u,/UuAn(du X Y)) }An(du7 dy)) (4.55)

X HP* “0 (du’, dy" )P (dw)

> Jim / / ( / min{M,c (wo,u, /U uh(du Y)) }A(du, dy)) (4.56)

X H P (du, dy') Py (dewp)
=1

= / < / c <w0,u, /U u(du x Y)) A(du,dy)) le[lP*’“’O(dui,dyi)IP’o(dwo) (4.57)

N
= lim sup/ Z (wo, u', % Zup> H P*,wo(dui’ dyZ)PO(dwo) (4.58)

N—o00 p=1 i=1
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> inf lim sup/PmN(dl),uN(dwo, dg)cN(z7 Y, wo) (4.59)

" Pi€LprsyM NN

where Py (du’,dy') := Ty (du'ldy®) i(dyt|we) = Ty (dul|y?) f(wo, v*)Q(dy?). Equality (4.53)
follows from the definition of the empirical measure, and Assumption 4.1.3(i), and follows from
symmetry of optimal policies since every DM apply an identical policy, the set of policies can
be extended to infinite product space and then we can consider the expected cost by integrating
over [[;2 (U x Y). Inequality (4.54) follows from the fact that limsup is the greatest convergent
subsequence limit for a bounded sequence, where we denoted the convergent subsequence of co-
ordinates of policies in (Step 3) with n € T C N. Equality (4.55) follows from the law of total

expectation, and the dominated convergence theorem.

Fix the convergent subsequence n, following from symmetry and Assumption 4.1.2 and As-
sumption 4.1.3(i), we have 3" = (u}", y') are i.i.d. Now, using a similar argument as the proof
of Theorem 3.3.1, through choosing a suitable subsubsequence and using the strong law of large

numbers, we can show that for a continuous bounded function g € Cj(Z2)

P({w €Q: lim %;gw;) = E(g(ﬁéo))‘ = 0}) = 1. (4.60)

By considering a countable family of measure determining functions 7 C C,(Z), (4.60) im-
plies that the empirical measures {A,, },, converges weakly to A = £(3% ) P-almost surely, and A
is induced by the limit randomized policy P*“°. We define the w-s topology on the above set of
probability measures on (£29 x U x Y). That is, the coarsest topology on P(£2y x U x Y) under
which [ fwo, u, y)k(dwo, du, dy) : P(Qy x U x Y) — R is continuous for every measurable and
bounded f which is continuous in u but need not to be continuous in y and w, (see e.g., [121]
and [138, Theorem 5.6]). Following from Assumption 4.1.5 and Assumption 4.1.3(ii), and since

actions induced by identical policies are i.i.d. (thanks to symmetry), we have P-almost surely

fn := min {M,c (wo, ~,/uAn(du X Y)) } con{ f= min{M,c (wo, ~,/uA(du X Y)) },
U U
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where we recall that the sequence f, converges continuously to f (f, cont f) if and only if

fn(an) — f(a) whenever a,, — a as n — oo. Now, (4.56) follows from the generalized domi-
nated convergence theorem for varying measures in [123, Theorem 3.5]. Equality (4.57) follows
from the monotone convergence theorem, and (4.58) follows from the fact that the limit random-
ized policy, P**°, does not depend on N and symmetry, hence, (4.58) is true using a similar
analysis as (4.56). Inequality (4.59) follows from the fact that the limit policy, P*“°(du’, dy’) :=
IT*(dut|y?) f (wo, ¥")Q(dy?), achieving (4.58) belongs to Lpg sym. That is because, following from
(Step 3), for each DM, the set of randomized policies is closed under the product topology where
each coordinate converges weakly, and hence, the limit policy is also a randomized policy induced
by a subsequence of N-DM optimal policies (which are symmetric through DMs). This implies

(4.59) and completes the proof.

4.9.5 Independent measurement reduction under Assumption 4.6.1

Under Assumption 4.6.1(i), we can represent the expected cost as

I Yim [ el sy (dan, )

T—1
LN LN _LI:N

H Leiwi edut}Vt (dyt‘w()?xo 0:t—15 Yoit—15 Uoit— 1)

t=0

’:Jz

X

—_

=

—~— 1

c(wo, g1, - - gy )1 (dwo, dgl:N) (4.61)

T-1

X
P

1{75(%)603%}% <yg;w07$(l)N 01> Yot 15 o 1>Tt(dyt)
t=0
N T-1
Cs(WOaglN U(IJ¥ 1790T 1) dwo,dC HH {'yt(yt)edut}Tt d?/t)

i=1 t=0

|
—~—

where the new (equivalent) cost function is defined as

T—

,_\

N
LN | I:N
cs(wo, ¢ ugip— 1790T 1) '_CWOvUOT 1) H

i=1 t=0

1:N 1:N 1:N

(U8 (ytvw()axo » 60:t—10 Yo:t—15 Yo:— 1)
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and (4.61) follows from Assumption 4.6.1(1). Similar derivation holds when randomized poli-
cies are considered. Similarly, we can define the new (equivalent) cost function under Assump-
tion 4.6.1(i1). We note that in the above, we considered control actions induced by deterministic

policies; however, the above analysis can be extended to randomized policies by just replacing
T=1 _i( 3,4,

Hz 1 H 1{% (yi)edui} with Hz o Vi (dugly;).

4.9.6 Proof of Lemma 4.7.1

We follow the steps of the proof of Lemma 4.5.1. For any permutation o € Sy, we define a
randomized policy P? € L" as a permutation o of arguments of a randomized policy P, € LY,
ie., for A" € B(T')

PI(yt e Al P e AY) =P ("W e A ") e AN).

We have

/ P (dy)i™ (deo, 4O (€, 7,y w0) ™ (dylC, 7o )
N
= /C(wo,ul, cou™) Hlk(dgk@k)}jﬁ(dl"(l), e ,dl"(N)) (4.62)
k=1
T—-1 N '
AN (d¢ N |wo)Po(dwo) [T TT ¥ (dwi|wos s Govs vty ™)
t=0 =1
N
= / c(wo, u™, . w M) T (dur Py W) Pr(dy!, ... dyN) (4.63)
k=1
T—-1 N

/lN(d(Q )1N|WO ]PO dwo HV <dyt ‘Woaxo(l)a (‘)7551)17 (yOt 1)1N> (ugth)uv)

t=0 =1

—/c(wo,ul,...,uN)nyk( gk@k)Pﬂ(dll,...,le) (4.64)
k=1
—1

ﬂN(dgl:N‘WO)PO(dWO) H H VZ (dyﬂwo, xéa Cé:t—h yOt 1 U(l)ivl)

t=0 i=1

:/Pﬂ(d’y)uN(dwo,dC)cN(C,fy,y,wo)l/N(dy\C,’y,wo)

N
T
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where iV is the conditional distribution of uncertainties g LN given wy, and (4.62) follows from
Assumption 4.7.2(b) and the definition of randomized policy P? and (4.63) follows from relabeling

u®, 7@ 70 with o', yi, {* foralli = 1,..., N and the fact that yf = hy(xd, 2o, Cys Corts U1, Ugry—1)-
Equality (4.64) follows from Assumption 4.7.2(a), Assumption 4.7.1 and the hypothesis that the

information structure is symmetric. The rest of the proof follows from similar steps in that of

Lemma 4.5.1.

4.9.7 Proof of Lemma 4.7.2

We follow steps of the proof of Lemma 4.5.2. Under Assumption 4.7.3 and Assumption 4.1.5, for
every finite N, there exists an optimal policy in L. Consider a sequence {P*"} v, where for

every N > 1, PN € LY and

/ PN (d) i (dy, )™ (¢, 7, s w0 (A€, 7, )

= inf /Pfrv(dz) N (dwo, dC)™N (¢, 7, y, wo)r™ (dy|¢, v, wo). (4.65)

PNeLl

(Step 1): Let (/y,I5,...) be i.i.d. random variables with the uniform distribution on the set
{1,...,N}. For a fixed N and for any P>V € L&, we construct P:JOVO € Lgx as follows: for

every fixed N and for all A® € B(T")
Pry(yte Al e ANy = PN (e AL T e AY),

where P* N is the restriction of P*% PN € Lgx to the first N components.

Let u:}\, be the control action induced by 7}, where random variables (7y,,. .. 77%,0 for
all t = 0,...,7 — 1 are determined by PN € Lf. Let u;" \ be the control action in-

duced by 7%, , where random variables (v, n,- .-, sn) are determined by P’y € Lgx.

Let ”_Y;V = (75\/,07 o a’va,T—1)’ Zj\f,oo = (78,00,]\/7 e 77%“—1,00,N)’ QZN = (“3\/,07 e 7U§V,T—1) and
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gﬁv’m = (ué,oo,N7 Cee uiT_LoQN) for each DM. Since under the reduction (Assumption 4.6.1), ob-
servations are i.i.d. through DMs and also independent of wy, following from Theorem 4.9.2, we

have for every m > 1

Hﬁ(’Y}\pa’yxaylaaym) _‘C(ﬁ}/j\[’oow"777];17007y1>"'7ym>H

= HL(V}W cs ) H Ly — ﬁ(l}\f,oo’ e ,12700) H L(y") = 0. (4.66)
i=1 i=1 v
where (4.36) follows from the fact that (Z}V, e ,ij\vf) and (Z}VOO, e ,1%00) are random vari-

ables with joint probability measures PN € L and P;;,O € Lgx|y. respectively. Since U
is compact, and under the reduction the probability measure on observation is fixed, any joint
probability measures on acttions and observations is tight, hence, {‘C(lio, N)} ~ 1s tight for each
DM and by exchangeablity 5(1107 N = £(f_yi07 ). Hence, we can find a subsequence such that
L(Zio,z) - L(y" ) forall i € N. Since marginals of {E(Zio,l’ -, ) are tight, for each

m > 1, there exists a further subsequence

Vo T >—>£(Z;""’1$)7

—00,n —oO,M" n—oo

where (zio,zio, ...) is infinitely-exchangeable and induced by P> € Lgx since the set of
infinitely-exchangeable random variables is closed under the weak-convergence topology. Hence,
following from (4.36), for each m > 1

ﬁ(vl,...,'y;”) —>£(l;,...,1’:o).

—n — n—o0

By construction v’ and u* and since random variables vis are independent of y's, we have for

eachm >1

sty =9 (@

1 m
n—00 >7

00) * o Foo
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where (u!l_,u? ,...) is induced by an infinitely-exchangeable policies P*> € Lgx. Following

o0 =007

from Theorem 4.9.3, P-almost surely

)

1
FralA) 1= F2(A) = — 36,00 0 (A) =9 a(A), 4.67)

where A € U and w denotes the sample path dependence and «' is the directing random measure

of an infinitely-exchangeable random variables (u., 0 uZ,,--.). By (4.67), since the action space
is compact, for allt = 0,...,T — 1, we have P-almost surely
u u,w d u U,w
g o= fyt = — Zum = /an,t(du) — = /Uuozt (du). (4.68)

(Step 2): Let ', be the state of DM’ at time ¢ under ugy_; ,, := (ugh, ..., ui’) ,):

*0 E E
xt,n_f 1(:Et 1,n nt 1 xt 177,7 unt l’wt 1) (469)

Let¢t = 1. We have

x’{;n—fo(xo, o, Zxo, Zuno,wo) (4.70)

Since initial states are i.i.d. conditioned on wy, by continuity of the function f, in actions and

. d . 1 . .
states, we have x7"), — x;, for all DMs. Hence, {L£(27,, ..., x]},)}n is tight, and hence, for
. 1 d 1
each m > 1, there exists a subsubsequence & such that (z7;, ..., 277}") — (T 00r -+ > T1'00)-

Following from Theorem 4.9.3, since f; is bounded, we have P-almost surely

Mey = PP af{; = / Z(S wi (dx) —> wy = /anf’w(dx), 4.71)

k—o0
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%1 2 .
where of is the directing measure for (27,27, ... ). Similarly, we can show that for ¢ = 2,
*,1 _ *,0 *,0 xT u 7
Ty = f1 (xl,lwuk,l? Hoe 1 Foge, 15 w1>. 4.72)

By continuity of the function f; and the analysis for ¢ = 1, we have 7, 'k L) x2 '~ for all DMs.

k—o00
Hence, {L (x5, . .. ,:c;];)}l is tight and for each m > 1, there exists a further subsubsequence £;
d . . .
such that (x;,lﬂ, e Ty P (x;(lx), ..., my) . Following from Theorem 4.9.3, since f; is
bounded, , we have P-almost surely
1 & d
x o Tw T,w

My 2 "= My = /X T L 5@ ‘- (dx) P iy = /Xx% (dz), (4.73)

where of is the directing measure for (x’;}m x;%z, ...). By induction, for each m > 1, there

exists a further subsubsequence n (which we indicate by n to omit further sub-subscript) such that

(! hm) 4., (', ... z5™) and pf d, pufforallt =0,..., T — 1.
7 n—oo

Ty ™) > (2R

Now, we follow the steps of Lemma 4.5.2, however, in addition to actions and observations,
we consider states and disturbances in our analysis and we use the result of (Step 2). Define
P*™ as the joint probability measures of (uht, z ,,unOT 1> My o715 Y5 ¢)- Since marginals on

(us! Ha 07— 15 My 071 ) are tight and under the reduction marginals on (y, () are fixed, {P*"},

TL7—TL7

is tight. Hence, there exists a further subsubsequence {P*’”k }n,, converges weakly to P*asny goes

to infinity. This implies that marginals {P*”k }n, converge to the marginals of P*, hence, P* is

2

Uoos - -

induced by (ul, .) which is infinitely-exchangeable and is induced by a policy in Lgx.

(Step 3): Since the cost function is continuous in states and actions, under the reduction (As-

sumption 4.7.3), we have P-almost surely

1 T—1 1 N 1 N
T CIRTE S WIS DY
N 4 N o N o

N

N T-1 ] L
XH ¢i<yt,wo7xo,ébt 15 Yost—1> U 17Nzu0t 1aNZ$€:t)

p=1 p=1
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1 T A =
=2 é(wo,C’,m’,ul,NZup,NZx”> (4.74)

N
[T (s en g’ fzup fz '),
=1 =1

where (4.74) is true following from (4.5) and Assumption 4.1.5 for some function ¢ : {2y X S x

X x U x U x X — R, which is continuous in states and actions and

We have,

limsup inf /P#V(Ch’) (dwo,dC) (C 7, ¥, wo)v(dyl¢, v, wo)

N—oco PN eLé\;(

:limsup// (woy<i7xi;uiap‘qf\f,O:T—lal’L?V,O:T—1> (4.75)
N—oo Y xS

7/ ny;+1

X p*’N(dy*’iv dg*’iv d/ﬁV,O:Tflv dU?\f,O:Tfla gv Q

X H QZ <Z/i> wo, §i7 M*’iy M7V7O:T—17 M?V,O:T—l) Py (dwo)

P

> lim //
N —00 Hoo

i=ng+1

5(“0741 z'u', /sz,O:T—lmquk,O:T—1> (4.76)

Y xS

Xp*nk<d - dx” d:unkOT 1adﬂnk0T Y, O

o0
X H ¢ (yZ wo, Cza M*’i7 Nzk,O:T—la :U’ik,O:T1> Py (dwo)

|
8\

Ju', K15 Ng:T—1> P (d@*’ia dz*’, dpgr—1s Agr—15 Y, Q 4.77)
HQ <y UJ(),C u” HuOT 15 Hor— 1>P0(dw0)

Z lim sup inf / P’IT,N(dl) (dw07 dC) (C 17 Y, CU())V(dy|€, la WO)' (478)

N—oo Pr€Lex
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where (4.75) follows from integrating over the set (Hfim +1 Y x S) and the fact that under the re-

. . . e .. 1 Ny -
duction, observations and disturbances, initial states are i.i.d. and (uy ,...,uy ) is N-exchangeable.

Inequality (4.76) follows from the assumption that the cost function is bounded and limsup is the
greatest subsequence limit of a bounded sequence. Equality (4.77) follows from the dominated
convergence theorem and following from Assumption 4.1.5 and Assumption 4.7.3 and since prob-
ability measures on observations disturbances are fixed and since by (Step 2) {P*”k }n,, converges
weakly to P* and [[5%, ¢'(y', wo, ', u™, i oy, 1E o.p—1) converges weakly to the limit in the
product topology as ny, goes to infinity. Inequality (4.78) follows from the fact that P* is the joint

measure with the first coordinate (ul_ , u% ,...) which is infinitely-exchangeable and is induced by

o0 Yoo

a policy in Lgx. The above inequalities are equalities since the opposite direction is true (that is

because Lgx|, C Liy) and this completes the proof.
4.9.8 Proof of Theorem 4.7.1

We complete the proof in five steps where the steps are similar to the proof of Theorem 4.5.1.

(Step 1): Under Assumption 4.1.5 and Assumption 4.7.3, by Lemma 4.7.1, for every finite /V,
there exists a randomized optimal policy in L{y. Consider a sequence { P>V } 5, where for every

N >1, PN e LY and

=
=

/P:’N(d_ N(dwo,dg)cN(g,’_y,g,wo)VN(d ¢, v, wo) (4.79)

= inf /Piv(df_y)uN(dwo,dg)cN(g,’_y,g,wo)VN(dy\g,f_y,wo).

PNeLl

(Step 2): Similar to (Step 2) of the proof of Theorem 4.5.1 using Lemma 4.7.2 and Theorem

4.4.1, we can show that to complete the proof, it is sufficient to show

€
s

lim limsup inf /Pg(dl)u]v(dwo, dg) min { M, cN(g, %Y wo)}l/N(dyK,l

M—00 N—oo P7{'V€Ll]’\}72,SYM

> inf limsup/P,r,N(dz),uN(dwo,dg)cN(g,'y,g, wo)uN(dy\g,z, wp). (4.80)

" Pr€LprsyM N-—oo
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In the next two steps, we justify (4.80) through showing that there exists a subsequence of ran-
domized policies induced by symmetric/identical private randomization whose weak subsequent

limit achieves the right hand side of (4.80).

(Step 3): Consider the set of randomized policies L%,SYM. We note that under a symmetric
information structure and since each DM applies an identical policy, under Assumption 4.6.1,
gi are i.i.d. through DMs and also independent of w,. Hence, following from the information
structure, the randomized policy spaces of each DM is separated from the policies of the other
decision makers. Hence, we can equivalently represent any privately randomized policy for each
DM acting through time separately as a probability measures induced by symmetric (identical

randomized policies), i.e., probability measures ¢ on (U x Y') where randomized policies of each

DM forevery t =0,...,T — 1 satisfy

/g(wo, Zﬁé, Cé:t—lv yé:t? ué:t)Q(dyé:tv dué:t|w07 336, Cé:t—l)
t

= /g(w()? xéa Cé:t—la yé:tv u%)t)H H]kv(duﬂyi)??k(dyﬂwm CE%, gé:kflv y(i):kfb ué:kfl)v
k=0

for all bounded functions g which is continuous in actions and observations and measurable in
other arguments and for some stochastic kernel ITY representing a randomized policy of DMs at

time & (which is identical through DMs).

Since U is compact, the marginals on U is relatively compact under the weak convergence
topology. Hence, the collection of all probability measures with these relatively compact marginals
are also relatively compact (see e.g., [137, Proof of Theorem 2.4]). Since every DM applies an
identical policy and since observations are i.1.d., the randomized policy space is relatively compact
(where each coordinate is relatively compact in the weak convergence topology), and hence, there
exists a subsequence of randomized policies ¢, € P(][,(Y x U)) converges weakly (each coordi-
nate converges weakly) to a limit ¢ (as an infinite product of policies of DMs), where n is the index

of the subsequence and n goes to infinity. Now, we show that randomized policy space is closed
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under the weak convergence topology. Assume ¢, € P(Y x U) (induced by identical randomized
policies II} for each DM attime ¢t = 0,...,7T — 1) converges weakly to ¢. If Assumption 4.6.1(1)
(under the structure Assumption 4.7.3) holds, then there exists an independent static reduction for
each DM through time, and hence, following from the discussion in the proof of [138, Theorem
5.2], each coordinate of policy spaces corresponds to DM’ at time ¢ is closed under the weak
convergence topology. Also, if Assumption 4.6.1(i1) (under the structure 4.7.3) holds, then [138,
Theorem 5.6] leads to the same conclusion. Hence, this implies that for g3 € P(Hf\i (Y xU))
induced by optimal randomized policies II; N for each DM at time ¢, there exists a subsequence
¢ € P(I12,(Y x U)) (as an infinite product of policies of DMs II;"™) converges weakly (each
coordinate converges weakly) to a limit ¢* which is in Lpg sym and it is induced by a randomized

policy IT;"* for each DM at time ¢.

(Step 4): Let {G% }~ be a policy for each DM induced by optimal randomized policies IT; N
for N-DM team problems, and let u% := (uj{,fo, Ce ué\,’*,Tfl) be the action of DM’ through time
induced by IT}"". Following from (Step 3), there exists a weak subsequential limit ¢* of {@:}n as

1%
00,07 *

n — oo for each DM, which is induced by IT;*. Let v’ := (u . quT_l) be the action of

DM’ induced by the identically randomized policy II;**. Define

N
1
Tn(B) =5 D Sy ai(B), (4.81)
i=1
where & == (u, ¥, ('), B€ Xx 2 :=XxUxYxS,U:=([[_,'U),Y := ([, Y).S :=
(IT='S) = X x ([Tisg Wx V), X = ([T5 X)s ¢ = (s, ¥p1)s € = (Ghooov s G
and x% := (zi,...,2% ) with states are driven by a sequence of N-DM randomized optimal

policies of TT; N n the following, we show that, conditioned on wy, the subsequence of empirical
measures {1}, converges to T := L((zl,, &l )|wo) in w-s topology, where &%, = (u’,y', ()
and z'_ denotes that states of DM’ driven by u*’ (we note that the convergence is weakly, but

since ('s are exogenous random variables with a fixed marginal, the convergence is also in the w-s
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topology). Define
~ 1
Qn(B) == = s (B), (4.82)

where B € Z. Under the reduction in Assumption 4.6.1, observations of each DM are independent
of actions and observations of other DMs through time, ¢ = 0,...,7 — 1, and hence, a similar ar-
gument, which is used to show (4.60), implies that the subsequence of empirical measures {Q,, } ncr

converges P-almost surely to Q = £(a’_|wp) in w-s topology. Define

1 n
t A . .
TH(A) = §1 St i ) (A), (4.83)
where &, = (u;},9, (), A € X x U x Y x S. Since conditioned on wy, initial states are

i.i.d, the empirical measure of initial states converges weakly to £(x}|wy) P-almost surely. Since
{Q,} converges P-almost surely to () in w-s topology, we can conclude that Y%, converges T° :=
L((xh, & o) lwo) in w-s topology P-almost surely. Following from (4.5), for ¢ = 0, we have for

every continuous and bounded function g € C},(X), conditioned on wy, P-almost surely

SRS SEIEN ) SY (A CRITR) SRR SRt )
noeon L noreo n L n =1 n s
= JEI;/g(fo(x,u,/zTg(dx xUxY x S),/urg(x X du x Y x S),g))
(4.84)
x YO (dx, du, dy, d¢)
= /g(f()(x,u,/x'fo(d:): xUxY x S),/uTO(X x du x Y x S),()) (4.85)

xYO(dx, du, dy, d¢)

where (4.84) follows from (4.83), and (4.85) follows from the generalized dominated convergence
theorem for varying measures. That is because, function g is continuous and bounded, f; is a
bounded function which is continuous in actions and observations and measurable in uncertainties,

and the fact that under the reduction, conditioned on wy, Y9 converges Y9 := L((zf, & ,,)|wo) in
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w-s topology P-almost surely. Hence, since {Q,, },, converges P-almost surely to Q in w-s topology
conditioned on wy, T} converges 1! := L((x] ., d} ,)|wo) in w-s topology P-almost surely. By
induction, one can show that conditioned on wy, Y% converges T* := L((x} o, & .. )|wo) in w-s
topology P-almost surely for ¢t = 0,...,7 — 1. Hence, conditioned on wy, {Y,, },c1 converges to

T = L((z',,a)|wo) in w-s topology.

(Step 5): By Assumption 4.1.5, similar to the proof of Theorem 4.7.2, we have (4.74). Un-
der the reduction, we can consider policy spaces for each DM individually. Let for every t =
0,...,7 — 1, P> be a probability measure on actions, observations and uncertainties induced
by optimal randomized policies for each DM (which is identical because of symmetry) for N-DM

teams conditioned on wy, i.€., a probability measure that satisfies

/g(woﬂxévcé:tlvyow nOt)P*wO(de’dCOt 1ad1/0tvdun()t|wo)

= / 9(wo, T, Gty Yo w1 (dachy, Ay |wo) (4.86)
t

X H HZ’n(duﬁlyi)nk(dyi|woa 05 Coutomt Y01 uifo:k—l)a
k=0

for all bounded functions g which is continuous in actions and observations and measurable in
other arguments. Similarly, we denote P*“° as a probability measure induced by the limit policy,
i.e., a probability measure satisfying (4.86) induced by II;"™. Hence, following from a similar

argument as in the (Step 4) of the proof of Theorem 4.7.1, we have

lim limsup inf /P;V(dfy)uN(dwo,dC) (dy|¢, v, wo) min {M, ¢ (¢, 7, y, wo) }

M=00 Nooo PNELRR sy

> ]Vl[im lim //min{M,E <w0,(,x,u,/uTn(X x du xY x S),/xTn(dx xUxY x S)) }
—00 N—00 -
(4.87)

Yo (dz, du, dy, d) | [ Pr (duyy®, dy',dC) [ ] & (y wo, ', us", Zuz*,sz)m(dwo)
=1

i=1 p=1
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= lim lim /min{M,E <wo,C,x,u,/uTn(X x duxY X S),/xTn(dac xUxY x S)> }

M—oc0 n—00

(4.88)

><Tn(dg,dg,dg,d§)ﬁPrf’“° “dy',d¢" H¢> <y wo, ¢y U, — Z—n , ixﬁ)Po(dwo)
p=1

i=1

= lim //min{M,c (wo,g,x,u,/uT(X X duxY x S),/:L"T(d.r xUxY x S)) } (4.89)

M—o0

oo

XY (dz, du, dy, d¢) [ [ P (dus, dy', d¢") H (yi,wo,i,ug,E[ug*\wO},E[x;wo])Po(dwo>

i=1

://c(wo,g,x,u,/uT(xXduxYxs)/ (d:z:xeYxS)) (4.90)
(

x T (dz, du, dy, dC) Hp*wo(du dy dC)H¢ yi,wo,Ci,ui’;‘,E[ugﬂwo},E[:p;w0]>]P’0(dw0)

i=1 i=1

> inf hmsup/PmN(d’y),uN(dwo,dC)cN(Q,’y,y,wo)V(dyC,’y,wo),

Pr€LprsyMm NN

where (4.87) follows from (4.81), (4.74), and since limsup is the greatest convergent subsequence
limit for a bounded sequence, and (4.88) follows from the dominated convergence theorem. Fol-
lowing from a similar argument as the analysis in (Step 4) of the proof of Theorem 4.5.1, since
{T,,} ner converges weakly to T P-almost surely, an argument based on the generalized dominated
convergence theorem for varying measures in [123, Theorem 3.5] implies (4.89), and (4.90) fol-

lows from the monotone convergence theorem. Hence, (4.80) holds and this completes the proof.

4.9.9 Proof of Theorem 4.8.1

(1) We first show (4.26). We have

inf /Pg(dl)uN(dwo, dg)CN(} Y, wo)

PNeLl)

> inf /Pév(dz)uN(dwo, dy)c™ (v, y,wo) — en (4.91)

PNeLdnLex|

= inf /Piv(dz)uN(dwo,dy)CN(j,gMo) — €N, (4.92)

NeT N
P eLpgp sym
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where Lgx|, denotes the set of N-DM randomized policies which are the restrictions of policies
in Lgx to the N first components. By Lemma 4.5.1 since LY, is convex, without losing global

optimality, we can optimize over L N L{. Let € > 0, and consider P} € LY, N L such that

inf /Pfrv(dl)pN(dwo, dy)cN (v, y, wo) > /P:”iv(dl)pN(dwo, dy)c™ (v, y, wo) — €.

PNeLY,nLY,

(4.93)

Following from the proof of Lemma 4.5.2, using P;‘:eN e LY, N LL and by considering the
indexes as a sequence of i.i.d. random variables with uniform distribution on the set {1,..., N},
we can construct an infinitely-exchangeable policy P72 where the restriction of an infinitely-

exchangeable policy to N first components P;’f\}fe € L N Lex| . satisfies

/P::j'\}ie(dl)u]v(dwo, dg)cN(z, Y, wo) / P;”iv(dl)uN(dwo, dg)cN(z, Y,wo) + €n- (4.94)

Hence, (4.93) and (4.94) imply that

inf /Piv(dz)uN(dwo, dg)cN(z, Y, wo)

PNeLd nLl

> inf /Pg(d'_y),u]v(dwo, dy)c™ (v, y,wo) — € — en.

PN eL¥nLex|

Since ¢ is arbitrary, this implies (4.91). By Theorem 4.4.1, without losing optimality, we can
optimize over L{ygyy. Equality (4.92) is true since Ly syy is convex with extreme points in

Lk syms and the map [ PN (dvy) ™ (dwo, dy)c™ (7, y,wo) © Lo.sym — R is linear.

Now, we show (4.27) holds. We have

inf /Pf’(dl)pN(dwO,dy)cN(l,g, wo)=inf /P,fv(dl)uN(dwo,dg)cN(z,g, wo)  (4.95)

PNeL) PNeLl

> inf /Pf(dv)uN(dwo, dy)cN(l, Y, Wo) — €N,

T PN N
P €L sym

(4.96)
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where (4.95) follows from Blackwell’s irrelevant information theorem [28] and since LY is convex
with extreme points in L}, and the map [ P (dv)u™ (dwo, dy)c™ (v, y, wo) : L — R is linear,
hence, without losing optimality, we can optimaize over LY. Inequality (4.96) follows from (4.26)

and this completes the proof of (i).

(i) Let Py € Lprsym be an optimal policy of (Pw) and Py y is the restriction of P} to the first

N components. Define for all N € N

ay = /P:,N(dl)ﬂN(dWO’dﬂ)CNQ’g’ o)

bN = ]nf / PT{'\f(df_y)MN(dwO? dg)cN<l/7 ga WO).

N N
Pﬂ' € LPR,SYM

Following from (Step 4) of the proof of Theorem 4.5.1, since the cost function is bounded,

lim sup / P:,N(dl),uN(dw07 dy)CN (7, ¥, wo)

N—o0

=limsup inf /Piv(dv)uN(dwo, dg)cN(l, Y, Wo)- 4.97)

N—oo Pf{'VELlI)\Ir{SYM

Hence, limsupay = limsupby. Following from (Step 4) of the proof of Theorem 4.5.1, and
N—oo N—o0

symmetry, lim ay = a < oo and also there exists a subsequence such that lim by, = a < oo.
N—oo k—oo
On the other hand, since ay > by for all N € N, we can find €5 > 0 such that ay = by + €n.
Taking limit as & goes to infinity from both sides, we have a = lim (by, + €n,) = a + lim ey, .
k—o00 k—o0

Hence, klim en, = 0 since €y > 0. Hence, there exists €y > 0 where €5 — 0 as N goes to infinity
—00

such that

/ P2 w(d)® (deo, dy)e™ (1, s o)

< inf / P (dy) ™ (dwo, dy)c™ (v, y,wo) + en + En (4.98)

- PNeL)

where (4.98) follows from (4.27), and this completes the proof of (ii).
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Chapter 5

Policy-Independent and Policy-Dependent Static Reductions of

Stochastic Dynamic Teams

We observed earlier that the static reduction of a dynamic team problem facilitates optimality
analysis. In this chapter, we study static reductions for stochastic dynamic team problems with
a finite number of decision makers. In view of the intrinsic model, and the brief introduction on
three types of static reductions in Chapter 1, we introduce the main objective of this chapter, which

is to address mainly the following problems:

Problem 1: Connections between three optimality concepts (global optimality, person-
by-person optimality, and stationarity) for stochastic dynamic teams and their policy-independent
static reductions. Suppose that a policy-independent static reduction holds for a dynamic team
problem. Let zD * = {vP*},cn be a person-by-person optimal (globally optimal) policy for a dy-
namic problem. Is it true that ZD " 1s also a person-by-person optimal (globally optimal) policy for

a dynamic problem under policy-independent static reductions? Is the converse statement valid?

Problem 2: Connections between three optimality concepts (global optimality, person-
by-person optimality, and stationarity) for stochastic dynamic teams and their policy-dependent
static reductions. Suppose that a policy-dependent static reduction holds for a dynamic team prob-

lem with a partially nested information structure. Let f_yD * := {vP*};cn be a person-by-person
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optimal (stationary, globally optimal) policy for a dynamic problem. Construct an admissible pol-
icy ZS’* := {7?* }ienr for the policy-dependent static reduction of the dynamic problem, realizing
almost surely an identical control action (u' = vP*(y”) = 77*(y7)). Is it true that v is a
person-by-person optimal (stationary, globally optimal) policy for the dynamic problem under the

policy-dependent static reduction? Is the converse statement valid?

5.1 Literature Review and Contributions

As we have discussed in the introductory chapter and through our analysis for large-scale teams,
the static reduction method has been shown to be very effective in arriving at existence, structural
and approximation results. For existence results building on this approach, we refer the reader to
[62, 140, 109, 138] and for approximations with finite models to [112]. For game problems, for
an application on existence of saddle point equilibria, see [68]. Also, it has also been shown that
for any sequential team problem with arbitrary information structures, a dynamic programming
formulation can be formulated, see [133] for countable spaces and [138] for general spaces which
lead to general existence results.

In this chapter, we study the connections between stationary (pbp optimal, globally optimal)
policies for both types of static reductions. An interpretation of the connections between policies
of dynamic teams and their static reductions is (path-dependent) feedback policies versus noise
feedforward policies [24]. A subtlety of these connections for stationary (pbp optimal) policies
can stem from the following observation: for dynamic teams, deviating a policy of a DM and
fixing policies of others, requires a multi-directional deviation analysis since observations of frozen
DMs depend on the deviating DM’s policy. However, under a static reduction since observations
of frozen DMs do not depend on the actions of the deviating DMs, only considering a single-
directional deviation analysis of control actions is sufficient. Therefore, in general, establishing
such connections between optimal/stationary policies are not obvious at all and can fail to hold
even under a partially nested IS. In this chapter, we present negative results and also sufficient

conditions for positive results on the connections between optimality concepts of dynamic teams
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and their policy-independent and policy-dependent static reductions.

As we discussed in the introductory chapter, in the game theory literature, an interpretation of
policies of dynamic teams and their static reductions is closed-loop versus open-loop policies. Re-
lated to the subtlety of these connections between open-loop and closed-loop policies, we refer the
reader to the results in [41, 132, 129, 11, 17, 21, 46] on zero-sum games, and [9, 17] on nonzero-
sum games. We again note that as we have observed through our analysis in Chapters 3 and 4, these
connections are particularly important since the compactness and convexity conditions often can
be established under more relaxed assumptions for policies under static reductions (open-loop poli-
cies), and hence, existence of such connections can facilitate the analysis for the convergence and
existence of optimal policies in the context of large-scale teams/games and their mean-field limit
(see also [56, 81, 39, 72, 83] for games). In Section 5.2.4, we focus on multi-stage team problems,
where we first introduce two types of static reductions suitable for these problems, and then we
establish connections between optimal policies of dynamic teams and their static reductions. Our
preliminary results in Section 5.2.4 have shown to be important for analysis of large-scale teams
(Chapters 3 and 4), but the detail study on the equivalence relation, approximation and conver-
gence of open-loop and closed-loop (player-wise) pbp/Nash equilibrium policies for (mean-field)
weakly interacting teams/games is left for future research. Notable results in this direction are:
[83] on mean-field games, where it has been shown that in a sense open-loop and closed-loop con-
verge together to mean-field equilibria; [58] on large games in economic theory literature, where
it has been shown that as the number of players becomes large (the influence of individual player
becomes small), open-loop and closed-loop equilibria are approximately the same.

Contributions. In view of the discussion above, this chapter makes the following observations

and contributions.

(i) For policy-dependent static reductions of stochastic teams with partially nested information
structure, in the reduced form, the cost functions are unaltered; this is not the case for the
policy-independent static reduction of stochastic teams. On the other hand, the probabil-

ity measure on the exogenous random variables do not change under the policy-dependent
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(ii)

(iii)

(iv)

static reduction, but does so in the policy-independent static reduction. Furthermore, for the
policy-dependent case, the static-reduced policy/map from exogenous variables to actions
change depending on the policies that precedent decision makers choose, but in the policy-
independent case, this map is unaltered (as the measurement variables are interpreted as
exogenous variables). For policy-dependent static reductions, it is essential that policies are
deterministic; however, policy-independent static reduction applies even when the policies

are randomized.

We show in Theorem 5.3.1 that there is a bijection between pbp optimal (globally optimal)
policies (and under a further condition between stationary policies) of dynamic teams and
their policy-independent static reductions (these connections are depicted in Fig. 5.1). This

equivalence relationship follows from the fact that this static reduction is policy-independent.

While for global optimality, policy-dependent static reductions have equivalence optimal-
ity properties with the dynamic information setup; for the policy-dependent case, when one
considers person-by-person optimal or stationary policies, significant subtleties emerge: a
policy which is person-by-person optimal in one form may not be so in the other form (see
Proposition 5.4.1). Under sufficient convexity and minor regularity conditions on the cost
function (see Assumption 5.4.1) and a further regularity condition on policies and observa-
tions (see Condition (C)), we show in Theorem 5.4.2 that there is a bijection between sta-
tionary (pbp optimal) policies of dynamic teams and their policy-dependent static reductions

(these connections are depicted in Fig. 5.2).

We define the reduction of dynamic stochastic teams with partially nested with control-
sharing IS to ones with static measurements with control-sharing IS as static measurements
with control-sharing reduction. We show that this reduction is independent of policies (see
Theorems 5.5.1 and 5.5.2). Under this reduction, the connections between optimality con-
cepts can be established under relaxed conditions at the price of introducing informational

nonuniqueness in the representations of policies (see Section 5.5 for details and see Fig. 5.3
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for summary of the connections).

(v) The above static measurements with control-sharing reduction has implications on convexity
properties: a partially nested dynamic team is convex (in policies) if and only if its static
measurements with control-sharing reduction is convex (see [140, Section 3]). This suggests
that for convexity the policy-dependent static reduction requires actions to be shared (see

Section 5.5.2).

(vi) Several examples are presented to explain both positive and negative results. Due to unique-
ness of pbp optimal policies for LQG team problems under the policy-dependent static re-
duction, we establish stronger results for LQG models with a partially nested IS (Corollary

5.6.1).

(vii) We also study multi-stage team problems as a special setup of dynamic teams, and the con-
nections between DM-wise/player-wise pbp optimality under two classes of static reduc-
tions, (i) independent data reduction under which the policy-independent reduction holds
through players and time, and (ii) nested reduction under which measurements are inde-
pendent through players but nested through time. We show that there is a bijection between
player-wise person-by-person optimal policies (globally optimal policies) under both classes
of reductions, but there is no bijection between decision maker-wise person-by-person opti-
mal policies in general under the nested reduction (Corollary 5.7.1). Furthermore, we discuss
the impact of the independent-data and nested reductions on the variational analysis (Corol-

lary 5.7.2).

The organization of the chapter is as follows: In Section 5.2, we present preliminaries and
provide a description of team problems within policy-independent and policy-dependent static
reductions. In Sections 5.3, 5.4, and 5.5, we present results for dynamic teams under policy-
independent, policy-dependent static reductions, and static measurements with control-sharing re-
duction, respectively. In Section 5.6, partially nested LQG problems under policy-dependent static

reductions are studied, and Multi-stage team problems are studied in Section 5.7.
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5.2 Information Structures and Policy-Independent and Policy-Dependent Static Reduc-

tions of Dynamic Teams

5.2.1 Dynamic Teams under Policy-Independent Static Reductions

Let action and observation spaces be subsets of appropriate Euclidean spaces, i.e., U C R"™ and
Y¢ C R™, fori € N, where n; and m; are positive integers. We again recall a stochastic dynamic

team problem as follows:

Problem (P): Consider a team problem within the intrinsic model with observations for each

DM given by (1.2). Let the IS of DM’ be I' = {y'} (or I' = {y*}rex, for a subset K; C

{1,...,4}). An expected cost function (to be minimized) under a policy v = (y',---,7") € T as
J(1) = BX[e(wo, w)] = Ele(wo, 7' ("), -, 7 (™)), (5.1)
for some Borel measurable cost function ¢ : {2y X HZ]\LI U - R, and w := {u',- - ulV}. O

We first recall Witsenhausen’s static reduction (see [135, 138]), and then provide a description
of team problems under this static reduction. Now, we introduce an absolute continuity condition

under which a policy-independent static reduction exists (see [138] for further discussions).

Assumption 5.2.1. If for every i € N, there exists a probability measure )* on Y* and a function

f% such that for any Borel set A%, (1.3) holds.

Denote the joint distribution on (wg, u', ..., u™,y', ..., y") by P, and the distribution of wy

by P°. If the preceding absolute continuity condition holds, then there exists a joint reference
distribution Q on (wg, u!, ..., u™, y' ... ") such that the distribution I is absolutely continuous
with respect to Q (P < Q), where for every Borel set A on (£ x Hf\i (U x YY)

dP

P(A)= / G Qe ity ), (5.2)
A
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where a joint reference distribution and Radon-Nikodym derivative (defined P-almost surely) are

as follows:
N
Q(dwo, du',...,du™, dy', ..., dy") :=P*(dwy) [ [ Q' (dy') 1 (yeaury (5.3)
i=1
4B = d—]P)(wO ut, o ut oyt ) = lN_[f’(y2 wo, ut, .. u Tyt Ly, (5.4)
@ dQ ple

We note that, if I’ = {y"}4ck, for asubset K; C {1,...,4}, in the above 1i(,i)cqyi} Needs to
be replaced by 1¢.i(riyequi}- In view of the above derivations, we now formally introduce policy-

independent static reductions as follows:

Definition (Policy-Independent Static Reduction). For stochastic teams (P) with a given IS
under Assumption 5.2.1, a policy-independent static reduction is defined as a change of measure
(5.2) under which measurements 1 for each DM (defined in (1.2)) have a distribution ()° and the

expected cost function can be written as follows:

J(y):= E%[é(wmul,...,uN,yl,...,yN)], (5.5)
where the new cost function under the reduction is

—. (5.6)

- 1 N 1
cwo,uy oo u Y,y

|

We now recall definitions of global optimality, person-by-person (pbp) optimality, and station-

arity policies for team problems (P).

Definition (Optimality concepts for dynamic problem (P)). For stochastic teams (P) with a

given IS:
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1* N*)

* apolicy v* := (Y, € I' is globally optimal if

J(v) = Flerllﬁ J(7) = #2% EZlc(wo, u, ... u™)],

* apolicy v* € T is pbp optimal if for all § € T" and all i € N,
* — 1% I (1
J() < J(77,P) = Ep

Where (7_1*7 6) = (71*7 A 77(1_1)*7 /87 ’y(l+1)*’ A 77N*))

* a policy v* € I is stationary if, for all i € N,

V.iEp [c (wo, Ay, L AT (D) 7(i+1)*(y;f1),. o (yi\f)) y”} =0 P-a.s.,
uf=yt*(y™*)
where for any j € N
Y= (W07Wj7 ) AT w“‘”*) , (5.7)
v = (WO» Wi YY), IO, A (), A (),
TR T yfjlﬂ)*, . ,ygl)*) . (5.8)

Next, we recall the definitions of stationary (pbp optimal, globally optimal) policies for dy-

namic team problems under the preceding policy-independent static reduction.

Definition (Optimality concepts under policy-independent static reduction). For stochastic

teams ('P) with a given IS under a policy-independent static reduction:

* apolicy v* € I is globally optimal if

J(v) = }erellﬁ J(vy) = irélﬁEé[E(wo,ul, ooyt ™),
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Theorem 5.8.1 m

Stationary policy Pbp optimal policy Globally optimal
under static reduc- under static reduc- policy under static
tion tion reduction

Theorem 5.3.1 Theorem 5.3.1 Theorem 5.3.1
Stationary policy Pbp optimal policy Globally optimal
for (P) for (P) policy for (P)

Figure 5.1: Diagram of the connections between three optimality concepts in dynamic teams and
their policy-independent static reductions. The blue arrow connection is established
under additional condition (5.22), and the red arrow connections are true under the
convexity and regularity assumption on the cost function under policy-independent
static reduction.

* apolicy v* € T is pbp optimal if for all ' € T" and all i € N,

* —ix (y"",8) 1~
J(z ) < J(7 75) = EQl [C(w07u17"'7uN7y17--'7yN>]a

* apolicy v* € U is a stationary policy if P-almost surely,

VuiEq {5(%’ (o P A e I T A (AR B ,vN*(yN),l)

where y := (y*,...,y"). O

One of our goals here is to study the connections between Definition 5.2.1 and Definition
5.2.1. In Section 5.3, we show the existence of a bijection between pbp optimal (globally optimal)
policies of dynamic teams and their policy-independent static reductions, and between stationary
policies of dynamic teams and their policy-independent static reductions under a further condition

on the Randon-Nikodym derivative (see (5.22)). These connections are depicted in Fig 5.1.
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5.2.2 Partially Nested Dynamic Teams under Policy-Dependent Static Reduction

In the following, we first briefly recall Ho and Chu’s static reduction [66, 67] (the policy-dependent
static reduction), and then we provide a description of dynamic team problems under the policy-
dependent static reduction.

Consider dynamic teams with partially nested IS, where observations of DMs are defined as

(1.6). Let I, = {yP}, and the set of admissible policies for dynamic teams be as

| {71) = (v, 8 | uP =~ (yP) for all i E/\/}.

Under the above formulation, we introduce a class of dynamic team problems as follows:

Problem (P?): For stochastic teams with I% (with measurements y” defined in (1.6)) for
all 7 € N, consider an expected cost function under the policy lD as (5.1). Derive a policy

ZD’* = (75’*, e ,vﬁ’*) € I'P that is globally optimal for (PP), that is

Furthermore, obtain a policy ZD * ¢ I'P that is pbp optimal for (P?), that is

J(yP*) = inf J(4P,4P*) forall ie N, (5.9)
- ypPerp -
where li‘* = (P, BB R H

Now, we introduce an assumption under which the policy-dependent static reduction exists

[66, 67].

Assumption 5.2.2. For all i € N and for every fixed Ufp the function g;(-, uﬁ) hi(€) — P s

invertible for all realizations of C.

Following the policy-dependent static reduction introduced in [66, 67], and under Assumption
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/USJ\

[78]

Stationary policy Pbp optimal policy Globally optimal

for (P°) for (P%) policy for (P%)
Theorem 5.4.2X Proposition 5.4.1 Theorem 5.4.2 Theorem 5.4.1

Stationary policy Pbp optimal policy Globally optimal

for (PP) for (PP) policy for (PP)

Figure 5.2: Diagram of the connections between three optimality concepts for dynamic teams with
partially nested ISs and their policy-dependent reductions. The red arrow connections
hold under Assumption 5.4.1. The blue arrow connections require in addition to As-
sumption 5.4.1 some further conditions (see assumptions in Theorem 5.4.2).

5.2.2, given a policy f_yD , we can define the observations within the policy-dependent static reduc-
tion as (1.8). Let the IS of DM’ be I = {7 }. Define the set of admissible policies for dynamic

teams within the policy-dependent static reduction as follows:

.= {15: (v, ) [ud =7 () foralliEN}.

To see various examples, where the above policy-dependent static reduction exists, we refer
the reader to [66, 67]. We define team problems under the policy-dependent static reduction as

follows:

Problem (P°): For stochastic teams with Ifg (with measurements yf defined in (1.8)) for all
i € N, consider an expected cost function under policy 15 as (5.1). Derive a policy 137* =
(v, ... Ay") € TS that is globally optimal for (PS)

J(v%) = inf_J(¥®).

— ZSEFS
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Furthermore, obtain a policy 157* € I that is pbp optimal for (P*), that is

J(y**) = inf_J(77,7%) forall ieN. (5.10)

v ery

|

In view of the above derivations, we now formally introduce policy-dependent static reductions

as follows:

Definition (Policy-Dependent Static Reduction). Consider a partially nested stochastic dynamic
team (PP) with a given IS, 1%, where Assumption 5.2.2 holds. Policy-dependent static reduction
is defined as the reduction of a stochastic dynamic team (PP) to a static one (P®) (which has an
equivalent IS, ]g ), where under the reduction, the cost function is unaltered and measurements
are static), and for a given admissible policy lD c T'P, an admissible policy 15 € T'° can be

constructed through a relation
u' =~ (yP) = P (yP) for P-almost every ¢ (5.11)

forallie N. O

Some of our results in this chapter address the following question: Given a stationary (pbp
optimal, globally optimal) policy v°* € I'® for (P®), is a policy y”* € T'P, constructed through
relation (5.11), stationary (pbp optimal, globally optimal) policy for (P?)? Is the converse state-

ment also true?
Remark 5.2.1.

(i) In contrast to the policy-independent static reduction, which also holds for randomized
policies, the above policy-dependent static reduction requires DMs to have access to the actions of
precedent DMs according to a partially nested IS; hence, it requires the policies to be deterministic
(that is pure). On the other hand, for team problems, globally optimal policies can be chosen

among those that are deterministic without any loss of optimality [140, Theorems 2.3 and 2.5].
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(ii) We also note that in the policy-dependent static reduction, in contrast to the policy-independent

static reduction, the cost function will not change under the static reduction.

(iii) A relation (5.11) in the construction of policies under the policy-dependent static reduc-
tion can be viewed as a composition of policies with a bijection Fi syl yP with the inverse
(Fli)_1 P~ yP forall i € N, where the existence of this bijection follows from Assumption
5.2.2 (we note that the subscript 7y in a bijection denotes the fact that a bijection depends on the
precedent policies for each i € N'). That is, for any given policy ID € I'P, an admissible policy
15 € I'° can be constructed as 77 := P o Fvlf’ and for any given policy f_ys, an admissible policy

P can be constructed as v := 7 o (Fi})

s Y5

-1

In Section 5.4, we first show that the answer to the aforementioned question is affirmative for
globally optimal policies of dynamic teams and their policy-dependent static reduction. For pbp
optimal and stationary policies, however, our results show that, under the policy-dependent static
reduction, there might not exist a bijection between stationary (pbp optimal) policies of dynamic
teams and their policy-dependent static reduction in general. These connections are depicted in Fig.
5.2. This is quite opposite of the result for the policy-independent static reduction (see Theorem
5.3.1), where there is a bijection between stationary (pbp optimal, globally optimal) policies of
dynamic teams and their policy-independent static reduction. We also present sufficient conditions
such that the answer to the above question is affirmative for pbp optimal and stationary policies.

Several examples including LQG models are presented.

5.2.3 Partially Nested with Control-Sharing IS and Static Measurements with Control-

Sharing Reduction

To establish connections between pbp optimality and convexity of dynamic teams and their policy-
dependent static reductions, we introduce (dynamic) partially nested with control-sharing team
problems, where we expand the information structure such that in addition to observations, ac-

tions are also shared (this expansion is consistent with partially nested 1S), i.e., for each DM,
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D
IZ 7CS .

observations are given by (1.9) with [ = {yP %)

Problem (P?:¢5): For stochastic teams with ]iD “S \yith measurements (1.9) for all i € N,

consider an expected cost function (to be minimized) under policy f_yD CS as (5.1). O

Under the invertibility condition (Assumption 5.2.2), there is a bijection between dynamic
observations yZD and static one yf for each i € NV, and hence, this allows us to reduce the dynamic
problem to another dynamic problem where measurements are static. We refer to this reduction as
static measurements with control-sharing. Observations within this reduction are given by (1.10)

with 179 := {y“°}. O

Problem (P“®): For stochastic teams with ¢° with measurements (1.10) for all i € N, con-

sider an expected cost function (to be minimized) under policy ZCS as (5.1). O

We refer the above problems as static measurements control-sharing stochastic team problems.

We now formally introduce static measurements with control-sharing reduction as follows:

Definition (Static Measurements with Control-Sharing Reduction). Consider a dynamic par-
tially nested control-sharing stochastic dynamic team (PP¢%) with a given IS, I iD 5 \where As-
sumption 5.2.2 holds. Static measurements with control-sharing reduction is defined as the reduc-
tion of a stochastic dynamic team (PP°%) to a static measurement control-sharing problem (P°%)
with IS, 1 ZC S where under the reduction, the cost is unaltered and the measurements are static (see
(1.10)), and for a given admissible policy zD CS for (PPCS), an admissible policy ZCS for (P°9)
can be constructed for each i € N, through the relation

P8 (yPO8Y = 4C5 (4yC) for P-almost every ¢ and u¥ (5.12)

forallie N. |

In Section 5.4, based on static measurements with control-sharing reduction, we establish the

connections between pbp optimal (globally optimal) policies (P?), (P®), (P¢%), and (PP-¢%). We
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Theorem 5.5.2(1)

Pbp optimal policy Pbp optimal policy

for (P¢%) for (PP:C9)
Corollary
5.5.1(ii) Theorqn Theorjc.m
5.5.2(iii) 5.5.2(ii)
Pbp optimal policy Pbp optimal policy
for (P%) for (PP)

Figure 5.3: Diagram of the connections between three optimality concepts for dynamic teams with
partially nested ISs and static measurements with control-sharing reduction. The blue
arrow connection hold under Assumption 5.2.2 and the red arrow connection hold
under further Assumption 5.4.1 and a regularity condition on policies.

also study convexity of team problems under the policy-dependent static reduction and under the

static measurements with control-sharing reduction. The summary of the connections between pbp

optimal policies (PP), (P?), (PY?), and (PP-¢S) are depicted in Fig. 5.3.

5.2.4 Multi-Stage Team Problems and Static Reductions

In this subsection, we consider multi-stage stochastic dynamic team problems and introduce two
static reductions in the connection to policy-independent and policy-dependent static reductions
introduced in preceding subsections for single-stage team problems. We will introduce a new
static reduction concept building on the one introduced by Witsenhausen (called independent-data
reduction) [135, Section 2.4] and the other one in Chapter 3. The underlying idea is to view DMs
acting in sequence with increasing information as a single player with a larger action space. This
facilitates our optimality analysis. We note that this approach was utilized to establish structural

and existence results in Chapter 3 ([119, Section 3.2]).
Problem (PMY!%): Consider the following formulation of multi-stage stochastic teams:

(i) The state dynamics and observations for ¢t € 7 := {0,...,T — 1} are given by

Tian = fil@oa 1, ug™ | wy), (5.13)
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vi = hi(Toe—1,ugi 1, v}), (5.14)
where f; and hi are measurable functions and zo.;_1 := (2o, ..., 2 1), and wy, v}, ..., v} for all

t € T are random variables taking values in standard Borel spaces, and also we denote u}Y | :=
(ud, .y ul g, ud ... ulY ). Introduce appropriate collections of DMs as players, with the
i-th player (PL?) for i € N acting at different time instances ¢t € 7 and comprised of DM}, . . .,

DM_,.
(i1) The observation, action, state, and disturbances spaces are standard Borel spaces with
; T—1 wvi ; T—1 7 T—1 ; T—1 i ; T—1 vy

Y' =], Y, U =][, U, X:=][_, X, W =[], W, V' :=[],_, V], respec-

tively.

(iii) An admissible policy for PL? is defined as 4 € T, where 4* := (1{,...,~v ;) and
T =[], Ti. GivenanIS I} C {y5:N,ulil |}, each admissible policy 4/ is a measurable function

with u! = i (I}).

(iv) A multi-stage expected cost function under a policy 7 is given as
J(7) :E“’[ Co(Woy Ty Up sy u )| (5.15)

for some Borel measurable cost function ¢ : 25 xX; x Hfil U! — R, where Y= (Y492, 4N,
and again wy is a {2-valued cost function-relevant exogenous random variable, w, : (2, F, P) —

(Qo, Fo), where € is a Borel space with its Borel o-field Fy.

Determine (existence and characterization of) the policy 4y that minimizes (5.15) over Hf\il I,

O

Definition. For multi-stage stochastic teams, a policyy* is player-wise pbp optimal if for all i € N

and for all B € T,

J(y*) < J(y ", B), (5.16)

=
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where Yy~ = (v, T T L 4N A policy 4* is player-wise globally optimal if for

ally € T[], T,
J(y") < J(). (5.17)

O

Comparing Definition 5.2.4 and Definition 5.2.1, we can see that concepts of player-wise and
(DM-wise) global optimality are equivalent. Also, every player-wise pbp optimal policy is DM-
wise pbp optimal; however, the converse statement is not true in general. That is because, in the
definition of player-wise pbp optimality, in contrast to the definition of (DM-wise) pbp optimality,
policies (¥, - - -, Vi_1s Vis1s - - - » Yoy ) are not frozen. Later on, we provide sufficient conditions for
the converse statement to hold based on our static reductions for multi-stage problems. However,
we note that clearly if there is a unique DM-wise pbp optimal policy, then it is a unique player-wise
pbp optimal policy. In the following, we first, introduce two assumptions which will be used for

our static reductions, and then introduce a static reduction for multi-stage stochastic teams.

Assumption 5.2.3. Assume that for every PL' and for every t € T, there exists a probability
measure Qi on Y and measurable function ¢! such that for all Borel sets A = A x ... x AN with

At in Y¢, we have

P((ytﬂ Lyl )EA

LN 1N 1N
Woal’oa%t 1> Woi—15 Yoie—1> Upi— 1>

:H A_¢t(yt7w07x07vOithéivlayOt 1 UG 1)Qt(dyt) (5.18)

Let P be the joint distribution on (wo, 7o, w,v,u,y), and p be the fixed joint distribution on

(wo, To, w,v). Letz := (2',...,2") and 2° := (2},...,2% ) for 2 = w,y,w,v and i € N.

Hence, under the preceding change of measure (5.18), there exists a joint reference distribution Q

7

on (wo, To, w,v,u,y) such that P < Q, where for every Borel set B on (Qo x Xg X Hf\il(W X
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(B) =

B dQ
where

@(dw07 dl’(], d'1£7 dv, du dy)

@(dwm d$07 dwa dv, du dy)

T-1 N
(d(x)(), dx()v dwa d'U H H ; dyt 1{’yt(yt YEdul}>
t=0 =1
]IND TerI¢
dQ

t

I
o

1:N
yt?"uO?‘rO?UOt 1> Woip— 17?/0t 15 Upip—1
=1

1:N )
Assumption 5.2.4. Assume that the dynamics and observations are decoupled through players
that is, fori € N'

Typ1 = fZ(l’B:thBt 1, W)
Yy =

hl(xf):t_l, Ué-t 1 UZ)

where f} and h} are measurable functions and x; -= {z}icn,

t = {wi}z‘e/\/ .
Definition (Independent-Data and Nested Reductions). Consider multi-stage stochastic teams

(PMulti) with a given IS. Define the following two static reductions for (PM“#).
(i) (Independent-data reduction) Let Assumption 5.2.3 hold, then independent-data reduction is

defined as change of measure (5.19) under which the measurements driven by (5.14) have

distributions ()}, and the expected cost function can be written as follows

. 7uiv>:| = E% [6<W07$07'l£7'0 u y)

(5.20)
T-1 ind
dP
C<w07'r07w7'vau7g) = th(w()?xhuta Y
t=0

(5.21)

(5.19)
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The team problem under this static reduction can be viewed as the one that Witsenhausen

referred to as a static problem with independent data [135];

(ii) (Nested reduction) Let Assumption 5.2.4 hold, then nested reduction is defined as a reduction

under which for each PL' through t € T, the information structure is nested, i.e., o(y}) C

U(yiﬂ)- O

Remark 5.2.2.

(i) We note that it has been shown in Chapters 3 and 4, the above static reduction under mild as-
sumptions on the action and observation spaces leads to a closedness of a set of policies for
each player through times under an appropriate topology, which is desirable for establishing

existence and/or convergence results.

(ii) We also note that the infinite horizon team problem under a nested reduction is more tractable
compared to an independent-data static reduction. That is because nested reductions allow
players to have nested information structures without requiring independent data (which can
be viewed as the total recall property of the private history for players, where measurements
may not necessarily be independent random variables under the reduction). Furthermore,
using nested reductions leads to richness in the variational analysis since for multi-stage
team problems joint perturbations through times of a given player are allowed (see Corol-

lary 5.7.2 and Remark 5.7.1).

5.3 Optimal policies for dynamic teams under policy-independent static reduction

In this section, we establish connections between stationary (pbp optimal, globally optimal) poli-

cies for dynamic teams and their policy-independent static reductions.

Theorem 5.3.1. Consider stochastic dynamic teams (‘P) with a policy-independent static reduction

(1.3).
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(i) A policy v* is pbp optimal (globally optimal) for dynamic teams ('P) if and only if v* is pbp

optimal (globally optimal) for a policy-independent static reduction of dynamic teams (P);

(ii) Let a policy v* satisfy P-almost surely

\ e =0VieN, (5.22)

wi = (y)

B

/

where C% is defined in (5.4). Then, v* is stationary for dynamic teams (P) if and only if v*

is stationary for a policy-independent static reduction of dynamic teams (P).

We note that (5.22) implies that at a stationary point 7*, the control has no impact locally on
the reduction (on the Radon-Nikodym derivative term % defined in (5.4)). Now, in view of the
above connections and sufficient conditions for stationary policies provided in Theorem 5.3.1, we
use [140, Theorem 3.3 and 3.4] (which is a generalization of [78, Theorem 2 and 3] by using an IS
dependent nature of convexity under policy-independent static reductions) to introduce sufficient
conditions for stationary policies of (P) to be globally optimal for dynamic teams (P) with a

policy-independent static reduction. We note that if the team is static, then (5.22) holds since 75 is

dP
Q
the identity map, and hence, the following Corollary provide a refinement for [140, Theorem 3.3

and 3.4] and [78, Theorem 2 and 3].

Corollary 5.3.1. Consider stochastic dynamic teams ('P) with a policy-independent static reduc-

tion (1.3). Assume that

dpP

(i) The cost function, c, and the Radon-Nikodym derivative, a0

are continuously differentiable

Suppose that v* is a stationary policy for the dynamic team (P) and satisfies (5.22). Let for all
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v € T with E3[c(-)] < oo, the following two conditions hold for all i € N:

Ep {vuic(wo,z*@) (vi(yi*) —" (y"*)) < o0, (5.23)

o ((Vu g len 100 )elen ') () 2700 | <00 520

where

bl

Vauc(wo, 7" (y)) = VmC(Wo, YY), AT T D () ,VN*(nyVi)>

ui:"/i* (y“‘)

dP . dP . im1)x (i1 i (i) x
Vi (wo, 4,7 (y)) = vui<W07y>71 (Y1) AT ) AT (), Y (yN)>

d(@ d@ wi=ryi*(yi)
Then, v* is globally optimal for (P). Moreover, if the cost function ¢ is strictly convex in (ul, ... u?),
" is the unique globally optimal policy for (P).
Remark 5.3.1.

(i) We note that for dynamic teams with a given IS, if c is convex inu', . . ., u” for all wy, w1, . . ., wy,
then ¢ (see (5.6)) is not necessarily convex inu', ..., u forall wy,w:, . .. ,wy. In particular,

the celebrated Witsenhausen’s counterexample [130] is an example of non-convexity becom-
ing evident under a policy-independent static reduction (this has been precisely shown in

[140, equation (3.5)]).

(ii) We also note the result in [ 140, Theorem 3.6], where it has been shown that dynamic teams
with a policy-independent static reduction is convex in policies (see, Definition 3.2) if and

only if its policy-independent static reduction of the problem is.

(iii) Inview of Corollary 5.3.1, even if the cost function ¢ in (5.6) is assumed to be convex and con-
tinuously differentiable in actions under policy-independent static reductions, (5.23) might
not be sufficient to establish global optimality of a stationary policy of v* for (P), in gen-
eral. That is because, the effect of the deviating controllers (or a deviating controller in the

definition of the stationary policy u') on the probability measures of observations has not
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been taken into account. This observation suggests that in dynamic teams, variational anal-
ysis requires to take into account the effect of the deviating controllers on the probability

measures of observations (which has been considered in (5.22) and (5.24)).

5.4 Optimal Policies for Dynamic Teams under Policy-Dependent Static Reductions

Here, we study the connections between stationary (pbp optimal, globally optimal) policies of

dynamic teams and their policy-dependent static reductions. Consider the setup of Section 5.2.2.

Theorem 5.4.1. Consider stochastic dynamic teams (PP ) with partially nested IS. Let Assumption
5.2.2 hold. Then, ZD’* is a globally optimal policy for (PP) if and only ifls’* is a globally optimal

policy for (P°) under the policy-dependent static reduction (see (5.11)).

Proof. Since the IS is partially nested and policies are deterministic, under Assumption 5.2.2, there
is a bijection from the set of policies I'” to the set of policies I'®. Therefore, global optimality in

one domain implies global optimality in the other domain. [

5.4.1 Stationary and Person-by-Person Optimal Policies for Dynamic Teams and their Policy-

Dependent Static Reductions

Here, we provide three examples that serve to demonstrate the subtlety of the connections between
stationary (pbp optimal) policies of (P”) and (P*). In fact, we present counterexamples to show
that, in contrast to the case of globally optimal policies, the isomorphic connections between sta-
tionary (pbp optimal) policies of (P?) and (P*) are no longer true, in general (under Assumption
5.2.2). We first introduce a regularity and convexity condition on the cost function, needed for our

results.

Assumption 5.4.1. Assume, for every wy that

(a) the cost function c is continuously differentiable in (u', ... u")

>

(b) the cost function c is (jointly) convex in (u*, ..., u").
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In the following example, we show that a policy 157* is stationary (also pbp optimal) for (P*),
but zD *, satisfying the policy-dependent static reduction (constructed under the relation (5.11)), is

not pbp optimal for (PP).

Example 5.4.1. Consider a 2-DM stochastic team (PP) with I' = {yP} and I* = {yP} =
{yP 9P, where 9P = wy +ut, and wy =: 45 and yP =: y = w, are primitive random variables.

Let the expected cost function be given as
Elc(wy, u',u?)] i= E[(u' — u? +wy)? — a(u')?], (5.25)

fora given a € (0,1).

* A policy v°* = (v, 4") = (0,(0,1)) (where the policy (0,(0,1)) denotes 2 =
0, 751* = 0, and 752* is the identity map, I, that is, u** = 2" (y5) = 0 and u?* =
Y>"(uf,55) = 95) is pbp optimal for (PS).

* However, a policy yP* = (72

= (0, (—5*, 1)) constructed under a relation (5.11)
(where the policy (0, (—~*, 1)) denotes v = 0, VQDi* = —*, and 752’* is the identity
map, that is, u™* = 7" (yP) = 0 and u>* = G2 — 2" (yP)) is not pbp optimal for (PP)
since fixing a policy of DM? to 72D * such that u** = §2 —7f *(yP), the expected cost function

D«

will be concave in u' (c(u',u**) = —a(u')?). We note, however, that yvP** is a stationary

policy for (PP). Here, Assumption 5.4.1(b) fails to hold.

In the following example, we show that a policy zD * is stationary (also pbp optimal) for (PP),

but ZS * under the policy-dependent static reduction, is not pbp optimal for (P?).

Example 5.4.2. Consider a 2-DM stochastic team (PP) with I' = {yP} and I* = {yP} =
{yP 9P, where 8 = wy +ut, and wy =: 45 = wy and yP =: y; are primitive random variables.

Let the expected cost function be given as

Elc(we, u', u?)] := Ela(u')® + B(u* — wa)® — (u' — u® + w)?], (5.26)
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foragiven o € (0,1) and § > 1.

* A policy yP* = (WP 42*) = (0,(0,1)) (where 41 = 0, 'yfi* = 0and 752’* is the identity

map, that is, u** = fle *(yP) = 0 and u* = §2) is pbp optimal for (PP ) since fixing a policy
of DM? 1o 73", the expected cost function will be convex in u' (c(u',u?) = (o + B)(u')?),
and fixing a policy of DM" to yf) * such that u' = 7? *(yP) = 0, the expected cost function

will be convex in u? (c(u',u?) = (B — 1)(u* — wq)?).

*

) = (0, (=, 1)

constructed under a relation (5.11), is not pbp optimal for (P*) since fixing a policy of DM?

* However, under the policy-dependent static reduction, a policy f_yS * = (’yf ’

to vy such that u2 = 5 (yS,45) = 5 — AP (y?), the expected cost function will be

concave inu' (c(u',u?) = (a — 1)(u')?).

Next, we provide an example, in which a policy 11) * is stationary (pbp optimal) for (P?), but

a policy ZS’* under the policy-dependent static reduction (see (5.11)), is not stationary for (P%).

Example 5.4.3. Consider a 2-DM stochastic team (PP) with I' = {yP} and I* = {yP} =
{yP 9P}, where P = wy + Vul, and wo and yP = y; = w, are primitive random variables. Let

the expected cost function be given as
Ele(wy,u,u?)] := E[(Vul —u® + wy)?, (5.27)

where U' = R,

* Apolicy yP* = (7", 73") = (0,(0,1)) (where 71" = 0, 73" = 0 and 35" is the identity

map, that is, u'* = 0 and u** = §2) is stationary for (PP).

* However, under the policy-dependent static reduction, a policy IS’* = (’yf ) 75 ") = (0, (/P 1))
constructed under a relation (5.11) (where 7f "=, 75’ = /P, and 75 o is the identity

map, that is, u' = 0 and u* = wy +/YP*(y7)) is not stationary (although it is pbp optimal)
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for (P°). Since fixing a policy of DM? to 725’* such that u> = ws, the derivative of the ex-
pected cost function with respect to u' is always 1. Hence, the criterion for stationarity does

not lead to any solution. Here, Assumption 5.4.1(a) fails to hold at v5* = (0, (\/7{*, I)).
Hence, in view of the preceding examples, we have the following negative result.

Proposition 5.4.1. Consider stochastic dynamic teams (PP ) with partially nested IS. Let Assump-

tion 5.2.2 hold. Then:

(i) If ID * s a stationary (pbp optimal) policy for (PP), then ZS’* is not necessarily a stationary

(pbp optimal) policy for (P°) under the policy-dependent static reduction (see (5.11));

(ii) If ZS’* is a stationary (pbp optimal) policy for (P°), then ZD *, satisfying the policy-dependent

static reduction relation (5.11), is not necessarily pbp optimal for (PP ).

Proof. This is a direct consequence of the examples above, where Examples 5.4.2 and 5.4.3 imply

Part(i), and Example 5.4.1 implies Part(ii). U

Now, we introduce sufficient conditions to establish connections between stationary policies of

dynamic teams and their policy-dependent static reductions.

Condition (C5). A policy v" satisfies (C) if for all i € N, v ({g;(h; (), u")} ey, 9:i(hi(C), ut'))

is differentiable P-almost surely in u*' (for realizations of ¢ on a set of measure one).

Theorem 5.4.2. Consider stochastic dynamic teams (PP ) with partially nested IS. Let Assumptions

5.2.2 and 5.4.1(a) hold. Then.:

(i) Under Assumption 5.4.1(b), a policy ZD’* satisfying (C) is stationary for (P?) if and only
if 15’* is pbp optimal (stationary) for (P®) under the policy-dependent static reduction (see

(5.11)).

(ii) A policy vP*, where vP ({g;(h;(C), u™)}ieps, 9i(hi(C), u')) is linear (affine) in u*' for all

i € N and (, is stationary for (P?) if and only ifls’* is stationary for (P°) under the
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policy-dependent static reduction (see (5.11)). Furthermore, if Assumption 5.4.1(b) holds,

then zD * and IS’* are pbp optimal policies for (PP) and (P?), respectively.

Remark 5.4.1. We note that for a policy lD *, satisfying the linearity assumption in Part(ii), (C)
holds. However, for the first claim of Part(ii), Assumption 5.4.1(b) is not imposed since in the proof,
there is no need for exchanging the expectation and the limit (for example, this applies to the linear
exponential Gaussian team (LEGT) problems with partially nested IS and a negative exponential
coefficient (risk preferring case), where seeking for pbp optimal (globally optimal) policies apriori
is restricted to affine policies; for static LEGT problems with a positive exponential coefficient

(risk averse case), we refer the reader to [79] and [139, p. 68]).

5.5 Optimality and Convexity under Static Measurements with Control-Sharing Reduction

In this section, we present our results for the static measurement with control-sharing reduction

and its impact on optimality and convexity of dynamic team problems.

5.5.1 Optimal Policies under Static Measurements with Control-Sharing Reduction

In this subsection, we consider team problems with partially nested with control-sharing IS (see
Section 5.2.3), and we establish connections between pbp optimal (globally optimal) policies of
(PP), (PF), (PP:“), and (P?).

Now, we state the following observation as a theorem, since it will be consequential later on:

Theorem 5.5.1. Consider stochastic dynamic teams with partially nested IS, where Assumption

5.2.2 hold. The static measurements with control-sharing reduction is policy-independent.

Proof. Since Assumption 5.2.2 holds and DMs have access to the precedent DMs’ actions, u*,

the static measurements with control-sharing reduction to (P¢) for each DM is independent of

D,CS

precedent DMs’ policies. That is because, given , a policy lcs can be constructed through

(5.12), i.e., forevery i € N, u’ = 7 (yB, u¥, gi(hi(C), u*)) = 75 (y3, u¥, §7) for every ut

(2
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and P-almost every (. The converse of the above statement is also true. The fact that the expected

cost function does not change under the above reduction, completes the proof. [

In view of similar examples as Examples 5.4.1, 5.4.2, and 5.4.3, the isomorphic connections
between stationary (pbp optimal) policies of (P¢®) (PP-¢9)) and (P*) and/or (PP) fail to hold in
general. Now, we provide some positive results using the static measurements with control-sharing

reduction.
Theorem 5.5.2. Consider stochastic dynamic teams with partially nested IS.

(i) If Assumption 5.2.2 holds, then a policy zD O is pbp optimal (stationary, globally optimal)
for (PP-CS) if and only if ZCS is a pbp optimal (stationary, globally optimal) policy for

(PYS) under the static measurements with control-sharing reduction (see (5.12)).

D,CS,*

(ii) If a policy ZD’* is pbp optimal (stationary) for (P”), then a policy gl is pbp optimal

(stationary) for (PPCS), where for all i € N ~2*(yP) = v2 % (4P %) for all u* and

(2 (2

D,CS,x

almost all ¢ (a representation of ~y is ZD * where the extra information on the actions

of precedent DMs is ignored).

(iii) If a policy 15’* is pbp optimal (stationary) for (P°), then there exists a pbp optimal (station-
ary) policy y°** for (P°%), where for every i € N, Y (yS) = AE%* (yCF) for almost all

CS,x

( (a representation of vy is v>*, where the extra information on the actions of precedent

DMs is ignored).
Now, we provide a result as a corollary to Theorems 5.4.2, 5.5.1, and 5.5.2.

Corollary 5.5.1. Consider stochastic dynamic teams (PP ) with partially nested IS, where Assump-

tion 5.2.2 holds.

(i) A policy 105’* is globally optimal for (P®) if and only if policies ZD’* and 15’* are globally

optimal for (PP) and (P®), respectively with a relation v (y") = %S*(yf) = %-CS’*(inS)

forall i € N and almost all ¢ (for any static representation of 15’*, there may exist multiple

representations for Y°* and ).
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(ii) Under Assumption 5.4.1(a), if a pbp optimal policy chv*for (PYS) is linear in actions, then
7%, satisfying a relation v (yS) = A5 () for all i € N and almost all ¢, is pbp

optimal for (P%).

Remark 5.5.1. Define I asa space of admissible policies where observations (1.10) is replaced
by §¢° = {yfi,uKi,gjf = h’(C)}, K; C | i, and I°5 = {§°5), that is, for each i € N, control
action of DM is only shared to a subset K; C | i of DM’s with j €] i (similarly, we can define
[D.Cs

with revising observations (1.9)). Following from Theorem 5.5.2, for teams with partially

nested IS, we have

(i) any pbp optimal policy ZD * € I'P for (PP) constitutes a pbp optimal policy on the enlarged

space I'PC5;

(ii) any pbp optimal policy 157* € ' for (P®) constitutes a pbp optimal policy on the enlarged

space I'%.

(iii) The results of Theorem 5.5.2 (i) and (ii) remain valid if the enlarged space I'""C® (or the
enlarged space 1'°°) is replaced by 2C5 where TP C I'P:CS C TPCS (TS ywhere I'S C

['CS c 195),

Next, we present two results on the existence and uniqueness of optimal policies for (PP),

(P9), (PP-C9), and (P?), using Theorems 5.4.1, Corollary 5.5.1, and Examples 5.4.1 and 5.4.2.

Proposition 5.5.1. Consider stochastic dynamic teams (P ) with partially nested IS, where As-

sumption 5.2.2 holds. Then:

(i) The existence of a pbp optimal policy for (P°?) ((PP-¢S)) does not imply the existence of a

pbp optimal policy for (P°) ((PP)).

(ii) The globally optimal policy is unique for (P°) if and only if the globally optimal policy is

ungiue (or essentially unique) for (PP);
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(iii) If the globally optimal policy for (P®) and/or (PP) is (essentially) unique, then there exists
an essentially unique globally optimal policy for (P¢°) ((PP-C9)) (that is, there can exist

multiple representations of ICS’* and é with v&5* (yCS) = B™*(y©5) for almost all ¢).

(2

Proof. Examples 5.4.1 and 5.4.2 imply Part(i). Theorem 5.4.1 implies Part(ii), and Theorem
5.5.1(1) implies Part(ii1). ]

5.5.2 Convexity of Dynamic Team Problems and their Static Measurements with Control-

Sharing Reduction

Next, we study convexity of team problems (P?), (P%), (PP-¢9), and (P“) in policies (see, [140,
Definition 3.1]). We first present non-convex dynamic team problems (in policies) with a partially
nested IS, where the cost function satisfies Assumption 5.4.1. Hence, we show inadequacy of
Assumption 5.4.1(i1) (convexity of the cost function in actions) to imply convexity of the team

problem in policies for dynamic teams even for those with a partially nested IS.
Example 5.5.1. Consider a 2-DM stochastic dynamic team (PP ) where the expected cost function
is given by

Elc(wo, u',u?)] = E(u' + wo)* + (u?)?],

where wy is a primitive random variable.

o Let I' = {yP} and I* = {yP} = {yP, 9L}, where 9 = 45 + u', and yP and 5 are
primitive random variables. If v (yP) = /y2, then the above dynamic team problem (PP) is not

convex in (yP ~P) since for arbitrary u = vP (yP) and i = 4P (yP) when a convex combination

of policies is applied by DM*, we have v? (y?) = /95 + arP (yP) + (1 — a)AP (yP), and hence,

Ele(wo, oy (1) + (1 — )47 (w1), 75 (95))]

= El(wn +ar? () + (1 — a3l P)? + /35 + orPuP) + (1 — a)3P (uP)
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which implies that the above dynamic team problem (PP) is not convex in policies.

« IS = {y5®) o= {yP ", 45}, then for any u = P (yP’) and @ = 3P (y7), policies 3°
and (3? in T can be constructed satisfying 5(y?, 95) = 1§ (yl, 95,7 (yP)) and B*(yP, §5) =

v$S (P, 95,47 (yf)) such that

E[C(w()v au + (1 - OZ)QAL, ’}/QCS(lev g§7 oau + (1 - a)ﬁ))]

= El(wo + au+ (1= a)a)* + (af(y7,95) + (1 — )3 (47, 95))°),

which implies that under the static measurements with control-sharing reduction, the team prob-
lem above (with static measurements with control-sharing IS) is convex in policies. We can show
that the dynamic team problem above with IY°% = {y2“5} .= {yP u!, 42} is convex in poli-

cies using the static measurements with control-sharing reduction since the reduction is policy-

independent. O

In the following example, we further discuss the fragility of the convexity (in policies) of a team
problem under different reductions and information structures. In particular, similar to Example
ex:non-cvx, we show that a dynamic partially nested team problem, admitting a policy-dependent
static reduction and satisfying the convexity condition in Assumption 5.4.1, can be non-convex
(in policies); however, we further discuss that control-sharing (partial control-sharing) under static
measurements with control-sharing reduction leads to the convexity of the team problem (in poli-

cies).

Example 5.5.2. Consider a N + 1-DM stochastic dynamic team (PP ) where the expected cost

function is given by

1w 1w 1w R &
NZE[c(wo,u’,uN“, NZUP)] = NZE[(WO + Ry’ + RN N 4 NZUP)Q]’
p=1 p=1

i=1

=1

where foralli =1,...,N+1, R" and Rare positive real numbers. Let for everyi =1,... , N+1,



5.5. OPTIMALITY AND CONVEXITY UNDER STATIC MEASUREMENTS WITH
CONTROL-SHARING REDUCTION 188

y? be exogenous random variables, and let y¥ 1= % Zf\il u' + Kyy 41 for K € R. We consider

convexity under the following partially nested information structures:
(i) I =7, YRt and I7 = {y7 )
(i) 1G5, = {vi, .y v uts o ulN b and IP = {y?};
(iii) Iﬁfls ={y?, ...y Rt uN Y and IP = {yf )
() I = A{y0 - YN YNt and I = {y7}.

Part (i): Under the information structure I°, since the team is static and the cost function is

convex in actions, the team is convex in policies.

Parts (ii)(iii): Under the information structure 1°°, we have for any o € [0,1] and for any

policy YN+t € TS,

1 & . ,
2 Ble(wo, ou’ + (1 = )i My 4, 0m + (1= 0)ir), apy + (1 = a)jiy)]
=1
1 N
=¥ Z c(wo, v’ + (1= )i, afNH (yx0) + (1+ @) BN (Y1), aw + (1 — ) fin)]
(5.28)
1 4 1 & .
N Z wO? uz, 6N+1(y]€/+1>7 MN)] + (1 - Q)N Z E[C<w07 /&17 BNJrl(y]S\;Jrl)? /lN)]a
1 i=1
(5.29)

where iy = % Zf\il ul, iy = % vazl @', and (5.28) follows from the fact that the information
structure is static measurements with control-sharing, and hence, policies BNHL and BN *1 can be
constructed. Inequality (5.29) follows from convexity of the cost function in its last three arguments,

[C’S

and hence, the team problem under is convex (in policies). Similarly, we can show that the

team problem under IP©3 is convex (in policies).
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Part (iv): For the team problem under 17, we discuss the team problem under different condi-
tions on R and K. First, let K # 0. Similar to Example 5.5.1, we can show that team problem is
non-convex if YN+t € 'R, is chosen such that ™' = §/ (yN41)- Now, let K = 0. If there is i
fori e {1,..., N} such that R' # 0, then since DMNT! has only access to a partial information
of actions of precedent DMs, 11, the reduction to the team problem with I° is policy-dependent,
and hence, similar to Example 5.5.1, the team problem is non-convex. However, if K = R' = 0

foralli=1,..., N, then we have

N+1(

Ele(wo, " T (YR 1, apy + (1 — a)iiw), apy + (1 — ) jiy)]

< aB[e(wo, B (ynsr), bw)] + (1 — @) E[e(wo, BT (Y1), )]s (5.30)

where ¢(wo, uN 1, £ SN w) 1= (wo+ RN N —1—% SV u')? and (5.30) follows from the fact
that for every uy and iy, policies BN and BN *1 can be constructed, and hence, the reduction
to the team problem with I° is policy-independent which implies that the team problem is convex
in policies. We note that in fact when K = R = 0 for alli = 1,..., N, uy provides enough

information for DM™*! to construct policies under the reduction independent of policies of DM’

fori=1,... N. O

Now, in view Examples 5.5.1 and 5.5.2, we establish a result on convexity of team problems
with partially nested IS under static measurements with control-sharing reduction. We note that
the following result serves as a refinement and clarification of the analysis in [140, Section 3.3.2
and 3.3.3], where this distinction was not made explicit (clarification in the sense that convexity is
only preserved if the IS is partially nested with control-sharing). That is, convexity strictly requires

IS to be partially nested with control-sharing.

Theorem 5.5.3. Consider dynamic team problems with a partially nested IS, where Assumption
5.4.1(a) (on convexity of the cost function) and Assumption 5.2.2 (on the invertibility condition of

observations) hold. Then:
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(i) The team problem (PP) is not necessarily convex in policies.
(ii) The team problems (P°), (P?), and (PP:C*) are convex in policies.

Proof. Part (1) is a straightforward consequence of Example 5.5.1, and for Part (ii), the proof for
(P%) is immediate. For (P¢%) and (PP-¢9), since DMs can have access to actions of precedent
DMs, the reduction of each DM is independent of policies of precedent DMs (Theorem 5.5.2(1)),
and hence, the result follows from the fact that under the policy-dependent static reduction, the

expected cost function does not change. [

5.6 Linear Quadratic Gaussian Stochastic teams with Partially Nested Information Struc-

ture

In this section, we first establish results on the connections between uniqueness of pbp optimal
policies for (P*) and (PP), which is useful in particular for LQG models. The following result is

a corollary to Theorems 5.4.1, 5.4.2, and 5.5.2.

Corollary 5.6.1. Consider stochastic dynamic teams (PP) with partially nested 1S. Assume that
foralli € N, g; is linear in u* for all  (hence, Assumption 5.2.2 holds). Let Assumption 5.4.1

hold, and let ZS’* € I'S be the unique pbp optimal policy for (P°) (hence, globally optimal).

(i) IfID’* € I'P satisfying (5.11), is linear, then ZD’* is the essentially unique linear pbp optimal

policy for (PP) (unique in the class of linear policies).

(ii) Iij € ' is any nonlinear stationary (pbp optimal) policy for (PP) (if it exists), then
J(yP) < J(57).

(iii) If there exists a linear policy 8* for (PCS) with a representation of 3;(yCS) = ~>* (y5) for
i € N and almost all , then B* is an essentially unique linear pbp optimal policy for (P?)

(there might exist other linear representations of the policy).

(iv) If B is any nonlinear pbp optimal policy for (PSS) (if it exists), then J(B*) < J(B)
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Now, we use Corollaries 5.5.1 and 5.6.1 to re-visit a well-known results for LQG team problems

([66]).

Example 5.6.1. Consider LOQG dynamic teams with partially nested IS. Define the observation of

DMs for dynamic teams as

jeli

where ( denotes all relevant random variables, and H; and B;; are matrices of appropriate dimen-
sions. Let the IS of DM' be IP = {yP}. Define the observations under the policy-dependent static

reduction as follows:
Yy = {yfys = HiC},
and let the expected cost function under ZD be given as
E*”[e(wo, ug, - .. un)] = EY [ M{' + o' Rul,

where M > 0, R > 0, u := {uy,...,uyn} and a’ denotes transpose of a for a = (,u. Following
from [66], under the policy-dependent static reduction, the globally optimal policy is unique and
linear (since the cost function is strictly convex in actions). Denote this globally optimal policy
by v¥* = (Q},...,Q%) € I'S. Hence, by Preposition 5.5.1, v** = (K{,...,K}) € I'P
with Qtyy = KiyP for all i € N and almost all ¢ (satisfying (5.11)) is the unique globally
optimal for the dynamic team, which satisfies for all i € N and K} := ({K;'j}jeu‘, K*) and
Q= ({Qf}jeu, Q)

Kij* = Qg* — Qﬁ*Bin;for all j €l 1,

Tk 1%
K= Qi
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D x

Moreover, following from Corollary 5.6.1(i), v~ is the essentially unique linear pbp optimal

policy for the dynamic team.

5.7 Multi-stage Team Problems: Player-wise Optimality Analysis and Reductions

In this section, we consider multi-stage stochastic dynamic team problems. We first provide ex-
amples, where the above independent-data and nested reductions apply. Then, we establish con-
nections between player-wise/DM-wise pbp optimal policies of dynamic multi-stage teams and
their static reduction, and finally, we provide a sufficient condition under which DM-wise pbp op-
timality implies player-wise pbp optimality, which leads us to use the results for the single-stage

problems discussed in the previous sections.

Example 5.7.1. Consider multi-stage stochastic dynamic teams (PM"),

(i) Assume that x|, = ft (xFN ud) + wi, where ft’ is a measurable function and that obser-
vations of each PL' at time t is of the form y! = hz(xo N ubN ) + vl with random variables
vis being independent of other exogenous random variables of dynamics and observations,
and having a zero-mean Gaussian density functions N} with a positive-definite covariance
foralli € N andt € T. If I} = vy}, then an independent-data static reduction exists. The

above holds since we can write

_ %i/ LN LN LN LN
= hy (g™ woip 1, Vit Ui 1) + UL,

and we can define ¢, and n; as

Nf(yi—hi(xé wéivlavét]vla“(l)ivl)) 77
Ntl(yt) P

cbi = Nz(yt)dyt.

(ii) Assume that ©}_, = f}(wo, z{.,, ub,) + w; where f| is a measurable function and w; admits

zero-mean Gaussian density function N} with positive-definite covariance. Let observations
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of each PL" at time t is of the form y; = hi(z{.,, yb.,_1, Vb, ), where o(y;) C o(yi,,) and (v]):
are independent of disturbances of other DMs and independent of wy. If I} = {yi} for all

1=1,...,Nandt=0,...,T — 1, then a nested reduction exists.
Corollary 5.7.1. Consider multi-stage stochastic dynamic teams (PMH),

(i) Assume that there exists an independent-data static reduction. Then, ¥* is a player-wise
(DM-wise) pbp optimal policy for the dynamic team problems (PM“") if and only if it is a

player-wise (DM-wise) pbp optimal policy under independent-data static reductions.

(i) Assume that there exists a nested reduction. Then, ¥* is a player-wise pbp optimal policy
for the dynamic team problems (PM“%) if and only if it is a player-wise pbp optimal policy

under nested reductions.
We emphasize that (ii) is not necessarily true for DM-wise pbp optimal policies.

Proof. Part(i) follows from Theorem 5.3.1, and the fact that the independent-data static reduc-
tion is policy-independent. Part(ii) follows from the fact that in the nested reduction, following
from Assumption 5.2.4, the team problem is static through players, and hence, every player-wise
pbp optimal policy will be preserved under the reduction (since fixing policies of other players,
a player-wise pbp optimal policy is globally optimal for the player through time which will be
preserved under policy-independent, policy-dependent static reductions, static measurement with

control-sharing reduction). 0

As we discussed before, every player-wise pbp optimal policy is DM-wise pbp optimal; how-
ever, the converse statement is not true in general. In the following, we use Corollary 5.7.1 to
establish a variational analysis for multi-stage stochastic dynamic teams (PM"!) under which DM-

wise pbp optimal policies are player-wise pbp optimal.

Corollary 5.7.2. Consider multi-stage stochastic dynamic teams (PM“!). Assume that there ex-
ists an independent-data static reduction. Let y* be a (DM-wise) pbp optimal policy for ( pMuli)

Assume that, for everyt € T,
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1

(i) ¢ (see (5.21)) is continuously differentiable inu = (u', ... u)

’

(ii) for every i € N, ¢ is convex in u', where policies of other players (for PL's with j €

{1,...,i—1,i+1,...,N}) are fixed to be y~**.

Iffor alli € N and for all 4* € T with EY7 " [¢(+)] < oo

Elvugé(wo,xo,t_v,y,%v"*(yi)ﬁéil1(yé;t1),7211@1(%“@1),31) o
ui=7;"(yz)

< oo forallteT,

< (ot~ i) )

then, ’1* is player-wise pbp optimal for (PM“"),

Proof. Following from Corollary 5.7.1, 4" is also a (DM-wise) pbp optimal under an independent-
data static reduction. By fixing policies 4~ and using convexity and regularity assumptions un-
der the reduction, Theorem 5.8.1 implies that 4* is a player-wise pbp optimal policy under an
independent-data static reduction (through showing that by fixing policies vy, 7" is globally op-

timal for PL%), and this completes the proof. [

Remark 5.7.1. For dynamic teams under a nested reduction, the above variational analysis might
not in general hold since if 7" is a (DM-wise) pbp optimal policy for the dynamic problem, it
might not be (DM-wise) pbp optimal policy under a nested reduction. However, for dynamic
teams under a nested reduction, since under Assumption 5.2.4, the team is static through players
(observations of each player at a given time are not affected by actions of any other player), by
considering joint perturbations through times of a given player (through considering a player-wise
stationary policy), variational inqualities (similar to those in Theorem 5.8.1 and Corollary 5.3.1)
can be obtained to show the global optimality of player-wise stationary (pbp optimal) policies.
Hence, under a nested reduction, if the cost function c is convex and continuously differentiable
in actions, then, a variational analysis guarantees the global optimality of player-wise stationary

(pbp optimal) policies but not DM-wise stationary (pbp optimal) policies.
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5.8 Proofs

5.8.1 Proof of Theorem 5.3.1

We first recall sufficient conditions for Bayes Formula (e.g., [S1, p. 216]) which is used in the

proof of Theorem 5.3.1.

Lemma 5.8.1. Consider a probability space (Q, F, IP’) where P < Q for some probability measure
Q. If a o-field G C F and a random variable X is integrable (E5[|X|] < cc), then Bayes formula

holds, that is,

|

Proof of Theorem 5.3.1. Since policies do not change under the reduction, the proof of the result
for globally and pbp optimal policies follows from (5.5). Now, we show the result for stationary
policies. Let 7" be a stationary policy for (PP). In the following, we show that if 7 satisfies (5.22),
then it is also stationary under a policy-independent static reduction. Since 7" is a stationary policy

for (PP), using Lemma 5.8.1, we have P-almost surely

0= vuiEI’PTii* [C(Wo, Ul, cee 7uN)‘yl]

EY U [e(wo,ut, . uN gty |y
=Vm{ o lc(wo oot Yoo )\y]} | (5.31)
Eq [m‘yz] ui=y"*(y")
where (5.31) follows from Lemma 5.8.1. Hence,
(2 RS M)
{ (5.32)

2
(Ea” [%m)
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—i%

£y [e«uo,ul,...,uN,yl,...,yN>yﬂ(w&”[;%yﬂ)}

2
(E&Z* [%Iyi])

Since 7* satisfies (5.22), we have P-almost surely (5.33) is equal to zero, and since % > 0 P-

=0. (5.33)

wi= ()

almost surely and (5.32) must be equal to zero P-almost surely, we have P-almost surely

VuiE&ﬂ*[é(wg,ul,...,uN,yl,...,yN)|yi] =0, (5.34)

wi=ni* (yi)

which implies that 7 is a stationary policy for (PP) under policy-independent static reductions.
For the converse statement, if a policy 7" is stationary for (PP) under policy-independent static
reductions and satisfies (5.22), expressions (5.32) and (5.33) are equal to zero P-almost surely

which implies that v is a stationary policy for (PP), and hence, this completes the proof. 0

5.8.2 Proof of Corollary 5.3.1

We first recall a result which follows from [140, Theorem 3.3 and 3.4] and is used in the proof of

Corollary 5.3.1.

Theorem 5.8.1. [ 140, Theorem 3.3 and 3.4] Consider stochastic dynamic teams (‘P ) with a policy-

independent static reduction (1.3). Assume that

(a) The cost function under the policy-independent static reductions, ¢, is convex inu', ... u",

(b) The cost function under the policy-independent static reductions, ¢, is continuously differen-

tiable in u', ... u.

If v* is a stationary policy for the dynamic team (P) under a policy-independent static reduction,

and for all y € T with Eé[é()] < 00,

Eq | Vic(wo, 7" (¥),y) (fy’(yz*) — (y”))} < oo forallie N, (5.35)
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where

Vi(wo, v (¥),y)

— Vui5<wo, 71*(3/1)7 o ’,Y(ifl)*<yi71>, ui’ ,y(l'+1)*(yi+1)7 o 7,}/N*(yN)’ ylzN)

Y
ui=y*(yh)

then * is globally optimal for (P). Moreover, if the cost function ¢ is strictly convex in (ul, ... ul)

b

" is the unique globally optimal policy for (P).
O

Proof of Corollary 5.3.1. Following from Theorem 5.3.1, since stationary policy for (P) satisfies
(5.22), it is also stationary under policy-independent static reductions. In view of Theorem 5.8.1,
since conditions (a) and (b) hold, we only need to show that (5.35) holds. Since the cost function

c and fz% are differentiable functions in actions, (5.35) can be written as

Eg Kvuw(wm oa (y))) & (vi(yi*) - vi*(yi*))

T W)
(Vg 1y ) oo ) (40 1))

= o (Tuetin ") ) 55 (1) = 7)) (536)
B (Vg oy ) )elen D (0 -0 )| 63

where (5.36) is finite following from (5.23), and (5.37) is finite following from (5.24), and hence,
(5.35) holds and Theorem 5.8.1 completes the proof. ]

5.8.3 Proof of Theorem 5.4.2

For simplicity of our analysis, we consider 2-DM team problems; however, a similar proof can be
used to show that the result holds for N-DM team problems as well. Consider a 2-DM stochastic
dynamic team (PP) with I* = {yP} and I? = {yP} := {yP, 9P}, where 9L = g(95,u'), and yP

and ¢5 are primitive random variables.
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Part (i), “=": We first show that if lD * satisfying (C) is not a stationary policy for (P?), then

+5* is not a stationary policy for (P*).

(Step 1) If lD * satisfying (C) is not a stationary policy for (P), then there is a set B C ()
with P(B) > 0 such that

quE[C(wm fle* (le), U’z) ’yZD]UQZ'yQD* ) % 0 (538)

and/or

vulE[C(w07 Ul, 75*(y?7 9@57 ul)) |y1D]u1:'le*(y1D) 7é 07 (539)

If (5.38) holds, then since (5.11) holds, and since under Assumption 5.2.2, g; is invertable, we have

on the set B

Ve Ele(wo, 157 (7)), 0) 145 2—rs(5) 7 0 (5.40)

which contradicts the assumption that 15’* is a stationary policy for (P).

(Step 2) Since ZD * satisfies (C), by the first-order approximation, we have for ¢,, € [0, 1) close

to zero and a policy §' € I'P

e (yg?en) e (y?, G572 (4P + enal<y?>>)

_ D (yf’, 905, vf*(yf’))) i en(i(yf, i, ﬁ*@?)) o), (54D

where y2. = [y, 9(35, 72" () + €.6" (yP))] and § satisfies

IN ~ * 1 * ~
5<y?,y5,75 <y?>> — DI'P (yP,g(yS‘,u))

u=7{*(y{)

. 1 * ~ * * ~ *
= lim —{VQD (y?,g(yéqryf (y{))ﬂnél)) — (yﬂg(yf,vf) (y?)))],

n—oo ETL
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where €,, goes to zero as n goes to infinity and Dgl denotes the directional derivative with respect

to w in the direction of 4 [89].

(Step 3) If (5.39) holds, then on the set B

lim —E[c(wo,ﬁ (U) + €8 (4P), 12 <y§6n>)—c(wo,vf> (WP), P <y£>)

n—oo ETL

y?]#O,

(5.42)

for a non-zero §* (y{), where y2. = [y, (95, 77" (y') +€.0" (y1))]. Replacing (5.41) in (5.42),
and using Assumption 5.4.1, we can see that the expression inside the conditional expectation
(5.42) is convex and continuously differentiable in €,. Hence, similar to [78, Theorem 2 and 3],
using the extended monotone convergence theorem, we can exchange the limit and the expectation.

Therefore, since (5.11) holds, and also since y{ = y, on the set B

E{lim lc(wo,vf*(yf)+6n<51(yf),%s*(y§)+6n<5(y2)) <wom (y1), 75" (y ))

n—o0 En

2o
(5.43)

for the policy & with 6(y5) = d(yP, 95, vP*(yP)). Under Assumption 5.4.1, using the chain rule

of derivative and linearity of the conditional expectation, (5.43) implies that for on the set B

E[ lim —C(woﬁf 5) + b (4), 15" <y2>) (wml W),5 <y§>)

n—oo E'I”L

yf] (5.44)

. 1 * * In * *
; E[ lim —c(wf )8 (45) + ena<y§>) _ c(wo,vf w)S <y§>) .

n—oo En

} £0. (5.45)

(Step 4) If (5.44) is non-zero on the set B, then by exchanging the limit and expectation, we

have on the set B

vulE[c(w()?ulvaZ (y2))|y1]u1 =v5* (y?7) 7é 0 (546)
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which contradicts the assumption that 157* is a stationary policy for (P°). If (5.45) is non-zero on

the set B, then we have on the set B

Va2 E[e(wo, 775 (47 ) [Y3 a2 () 7 0. (5.47)

That is because, o(yy) C o(y5) and by the towering property of the conditional expectation, we

have on the set B

V.2 E[Ele(wo, v (1), u*) 14510 ()15 ] uecns ) # 0.

Hence, on the set B, (5.40) holds, which contradicts the assumption that 15’* is a stationary policy

for (P%).

“«<": For the converse statement in Part(i), we can use similar steps. First, we note that if
(5.40) holds on the set B on a set of positive measures B, then (5.38) holds on the set B, which

contradicts the assumption that lD * is a stationary policy for (P?). Hence, P-almost surely
Vu2 E[C(w()’ Vf* (y~19> ) U,2) |y2s]u2:'y§* w5 = 0. (548)

Now, similar to the steps above, we can show that if lD * is a stationary policy for (P?), then sum
of (5.44) and (5.45) is equal to zero P-almost surely. Hence, this implies that either both (5.44)
and (5.45) are equal to zero P-almost surely or non of them equal to zero P-almost surely. But if
(5.44) is not equal to zero on the set B, then similar to the above we can show that (5.40) holds for

on the set B, which contradicts (5.48), and hence, this completes the proof of Part(i).

Part(ii): the proof follows from a similar argument as Part(i) since ZD * satisfies (C). We note
that Assumption 5.4.1(b) is not needed for proving the first claim of Part(ii) since we do not require
exchanging the limit and the expectation (there is no O(¢2) in (5.41) under the linearity assumption

of v7*). For the second claim of Part(ii), we only need to show that c(wo, u, v (y{, g(95,u)) is
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convex in u for every realizations of ¢, where v2* is linear in actions for every . Let o € [0, 1],

and consider arbitrary actions u and #; then, for every wy,

(et (1= A (0ol 0+ (1))

< ac (wo,u,vf*@?, o(i8, u>>) - 04)C<W07 u,vé)*(y?,g(@f,ﬂ))), (5.50)

where (5.49) follows from the linearity of ID *

and g; in actions, and (5.50) follows from Assump-
tion 5.4.1(b). The above convexity implies that stationary policies are pbp optimal for (%) under

hypothesis of Part(ii), and hence, the proof is completed.

5.8.4 Proof of Theorem 5.5.2

Part(i): This follows from Theorem 5.5.1 since the static measurements with control-sharing
reduction satisfying a relation (5.12) is policy independent, and the cost function remains un-
changed the static measurements with control-sharing reduction. For the connections between

stationary policies, we have P-almost surely

e G T e R Rvice I ) | T |
S G e R R ) | S
(5.51)
VBl <vfs*(yfs),.‘.,vfcs*(yf )t s (), ...,ﬁ“(yﬁ%)) yfﬁﬁs*(yﬁs)} neges,
- ut=y; (Y
(5.52)
:VmE: (%CS*( N AT W) A (WE), ~--,7§S*(y§ii)) yfs] doseggs)
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where (5.51) follows from a relation (5.12) since the static measurements with control-sharing
reduction satisfying a relation (5.12) is policy independent, and (5.52) follows from Assumption

(5.2.2) since there is a bijection between y” and y?, and this completes the proof.

Part(ii): Let ZD * be a pbp optimal policy for (PP), and let a policy ID OS¢ TPCS be such
that for all i € N, " (yP) = % (yP“®) for almost all u*'. A representation of policy PCE

2

is vP+* itself, where for every i € N, the extra information u*" has not been used. In the following,

we show that ZD * is also pbp optimal for (P?:“%). Assume it is not, then there is an index i € N

and a policy 3¢ € TP (with (87, 47*) € T?CS) such that

D x D x i D x D x D, x
E[(v ), AP, B P AL WA WD <y}3>>}

< E[C(vf)’*(yf’), . ,vﬁ’*(yﬁ))} (5.53)

Since IS is partially nested, for a policy (37, 7";*) € 'S, there exists a policy (5°,7"*) € T'P
such that u' = B'(yP, v (y1)) = AP (yP) for almost all . We note that policies 7”;" remains
unchanged since the construction 73705’* from ID * is independent of preceding policies and is
only depend on preceding actions which are remained unchanged by the construction. Hence,

(5.56) can be written as

D,x D,x N D,* D,x
E[(v D)o AT AP WP ) oD <y£>)]

<E c(*yf”*(yf’),---,vﬁ’*(yﬁ)ﬂ,

which contradicts the assumption that 7" is pbp optimal for (P”), and hence, v”* is pbp optimal

for (PP-C9).

Now, we show the connections for stationary policies. Let lD * be stationary for (P). Similar

D,CS,* is

to the above, a representation of policy lD * itself. In the following, we show that ZD *
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is also stationary for (P?:“%). We have P-almost surely

D,x D i D D x
VuE [C <% W) i W) vy e W) Y (yz’@,ui)>

D,CS
i

D D i D D x D,x
= ui[/0<% W), A W) w v e Wi (yﬁ,uz-)>P(dC|yiDmi (yﬁ))]

b
wi=v;" (yP)

. D,
ut="y; * (y»LD)

D% D,x i D D x
v, [ / c<% R T RO W <yf3,uz->> P(dqy?)}

ui=y;" " (y)
(5.54)
L G RV R U SO 0 |
ui=y" (yP)
=0,
where (5.54) is true since P-almost surely
b pas oo PUACYPYPAY (D) IWP ¢)
PdCly;, vy () = D, Dv.D
P(dy; (yu)’yi )
= P(d¢ly?), (5.55)

where (5.55) follows from the fact that y” includes yfi , and since yg’* are deterministic, and hence,
given y”, random variables fyfi’*(yff ) are independent of ¢. This shows that y"* is also stationary

for (PP:¢5), and completes the proof.

Part(iii): Let 157* be pbp optimal for (P°), and let a policy 105’* € T'“S be such that for all

i € N, (yP) = 47" (y¢) for almost all ¢. A representation of policy 75+

is f_yS’* itself,
where for every i € N/, the extra information u** has not been used. In the following, we show
that 157* is also pbp optimal for (P“®). Assume it is not, then there is an index i € N\ and a policy

Bt e IS5 (with (81,7%") € T°5) such that

S, % S, 7 S, S, S,%
E[C(% W) W), B A W) v i), - N (yzsv))]

<E c(vf’*(yf), . ,%%*(yfv))}- (5.56)
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Since IS is partially nested, for a policy (57, 7”7) € T'“S, there exists a policy (35,7%*) € I'¥ such
that B (y?, 77" (y)) = 47 (y?) for almost all (. We note that policies v} remains unchanged

since their representation is independent of precedent policies. Hence, (5.56) can be written as

S, Sy ~ S, % S,
E [c (% W)y ) A (W) v (W) - Y (yzsv))]

< E{c(vf’*(yf), - ,%Sv’*(y%))],

which contradicts the assumption that ZS’* is a pbp optimal policy for (P*), and hence, 15’* is pbp
optimal for (P¢?). The proof to show that if ZS’* is stationary for (P), then it is also stationary

for (P¢?), is identical to that of Part(ii).

5.8.5 Proof of Corollary 5.5.1

Part (i): The proof follows from the fact that the expected cost function is identical for policies

,YD7*’ ZS,* and 1

CS,x

CS

Part(ii): The proof follows from the fact that can only be a linear function of actions of

precedent DMs, and hence, we can use a similar argument as in the proof of Theorem 5.4.2(ii).

5.8.6 Proof of Corollary 5.6.1

Part (i): A policy zD * and g; are linear in actions, and hence, ZD * satisfies (C). Since Zs,* is
a stationary policy for (P°) and ID * satisfies (C), by Theorem 5.4.2, ZD " 1s a stationary policy
(also pbp optimal following Theorem 5.4.2(ii)) for (PP). If there exists another linear stationary
policy jD * for (PP), then by Theorem 5.4.2, js’* with 37 (%) = 47 (yP) is a stationary policy

for (P*), which contradicts the uniqueness of the stationary policy of (P*).

Part(ii): This follows from the fact that ZD * is a globally optimal policy for (P°) by Theorem
54.1.
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Part(iii): This part follows from a similar argument as in Part(i), the only difference is that for
every 15’*, there exist multiple representations of u’ = fyf *(y7) for every i € N of policies of
(PC%). However, if there exists another essentially non-unique linear stationary policy for (P¢~),

by Theorem 5.5.1(ii), this leads to a contradiction to the uniqueness of the stationary policies of

(P?).

Part(iv): The proof follows from the fact that 15’* is a globally optimal policy for (P°) and
Theorem 5.5.1(1).
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Chapter 6

Conclusions and Future works

In this thesis, we have focused on two main problems: (i) Characterization of existence, struc-
tural properties, and optimality conditions for large-scale stochastic static and dynamic teams and
their mean-field limit; (ii) Characterization of informational properties of optimality notions under
policy-independent and policy-dependent static reductions for stochastic dynamic teams.

Our ongoing work is on extending the results of Chapter 5 to game problems. We note that the
specific form of an IS has been shown to have subtle impacts on different notions of equilibria as
well as the existence and the uniqueness of the equilibrium for game problems (see for example
[132, 9, 17, 16, 59, 94, 98]). We list below some salient features of changes in information in

games:

(a) More information to a given player does not necessarily lead to better performance for that

player (see e.g. [8, 22]).

(b) The team theoretic or stochastic control argument of a player choosing to ignore the addi-
tional information or expansion of information structures as a recipe for optimization certi-

fication (as in [139]) do not apply in games, even in zero-sum games.

(¢) Dynamic games and their static reductions may lead to crucial differences and non-equivalence
results. If information is expanded, e.g., by control-sharing, then there may be infinitely

many, essentially non-unique (in that, the induced costs are different) equilibria and there
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may not be one that is the most desirable for every player.

(d) On the other hand, zero-sum games have particularly appealing aspects. Under mild condi-
tions, every zero-sum game, and accordingly every information structure, has a value (see, in
particular, [68], generalizing a result of [95, Theorem 1]). Furthermore, for zero-sum games,
a complete theory of ordering of information structures can be obtained (see [100] for fi-
nite space case and [68] for the standard Borel setup). In particular, additional information
cannot hurt a player, though this argument is quite subtle in the game case: once again the
choose to ignore the additional information and thus no information cannot hurt argument
is not applicable, even though the implication that more information cannot hurt turns out to

be correct via a more delicate argument.

Our preliminary results in [114] suggest that an equivalence of ISs (static reductions in team
theory in Chapter 5), no longer holds in general for games under policy-independent and policy-
dependent static reductions. In particular, we have shown that although the results for teams under
policy-independent static reductions hold for games, the results for teams under policy-dependent
static reductions, no longer hold for dynamic nonzero-sum games. Hence, we have established
some negative and positive results on the connections between Nash equilibrium of nonzero-sum
dynamic games under policy-independent and policy-dependent static reductions. At the end,
thanks to the ordered interchangeability property of pairs of saddle-point equilibria, we have re-
laxed sufficient conditions for nonzero-sum games, through showing that similar results as those
for teams hold for zero-sum games. At the end, we note that an equivalence of Information struc-
tures (static reductions), no longer holds in general for games under policy-independent and policy-
dependent static reductions.

Also, study of games with non-identical subjective priors, as in [13], is also of interest and a
potential future work. Our analysis in Chapter 5 and [114] does not hold for these challenging
problems but we expect some of the tools developed here to be found useful in that more general

context.



BIBLIOGRAPHY 208

[1]

(2]

[3]

[4]

[5]

[6]

[7]

Bibliography

D.J. Aldous, 1. A. Ibragimov, and J. Jacod. Ecole d’Ete de Probabilites de Saint-Flour XIII,
1983, volume 1117. Springer, 1985.

C. D. Aliprantis and K. C. Border. [Infinite Dimensional Analysis: A Hitchhiker-s Guide,

third edition. Springer, Berlin, 2006.

M. Andersland and D. Teneketzis. Information structures, causality, and non-sequential
stochastic control, I: design-independent properties. SIAM J. Control and Optimization,

30:1447 — 1475, 1992.

M. Andersland and D. Teneketzis. Information structures, causality, and non-sequential
stochastic control, II: design-dependent properties. SIAM J. Control and Optimization,

32:1726 — 1751, 1994.

J. Arabneydi and A. Aghdam. A certainty equivalence result in team-optimal control of
mean-field coupled markov chains. In IEEE 56th Annual Conference on Decision and Con-

trol (CDC), pages 3125-3130, 2017.

J. Arabneydi and A. Mahajan. Team-optimal solution of finite number of mean-field coupled
LQG subsystems. In IEEE 54th Annual Conference on Decision and Control (CDC), pages
5308-5313, 2015.

A. Arapostathis, A. Biswas, and J. Carroll. On solutions of mean field games with ergodic

cost. Journal de Mathématiques Pures et Appliquées, 107(2):205-251, 2017.



BIBLIOGRAPHY 209

[8] T. Basar. A contradictory property of the Nash solution for two stochastic nonzero-sum
games. In Proc. 10th Allerton Conference On Circnit and System Theory, pages 819—827,
1972.

[9] T. Basar. A counterexample in linear-quadratic games: Existence of nonlinear nash solu-

tions. Journal of Optimization Theory and Applications, 14(4):425-430, 1974.

[10] T. Basar. Some thoughts on saddle-point conditions and information structures in zero-sum

differential games. Journal of Optimization Theory and Applications, 18(1):165-170, 1976.

[11] T. Basar. Two general properties of the saddle-point solutions of dynamic games. IEEE

Transactions on Automatic Control, 22(1):124-126, 1977.

[12] T. Basar. Decentralized multicriteria optimization of linear stochastic systems. IEEE Trans-

actions on Automatic Control, 23(2):233-243, 1978.

[13] T. Basar. An equilibrium theory for multiperson decision making with multiple probabilistic

models. IEEE Transactions on Automatic Control, 30(2):118-132, 1985.

[14] T. Basar. Time consistency and robustness of equilibria in non-cooperative dynamic games.

In Contributions to economic analysis, volume 181, pages 9-54. Elsevier, 1989.

[15] T. Basar and Y. C. Ho. Informational properties of the Nash solutions of two stochastic

nonzero-sum games. Journal of Economic Theory, 7(4):370-387, 1974.

[16] T. Basar and G.J. Olsder. Dynamic Noncooperative Game Theory. SIAM Classics in Ap-
plied Mathematics, Philadelphia, PA, 1999.

[17] T. Basar and H. Selbuz. Properties of nash solutions of a two-stage nonzero-sum game.

IEEE Transactions on Automatic Control, 21(1):48-54, 1976.

[18] T. Banica, S. Curran, and R. Speicher. De finetti theorems for easy quantum groups. The

Annals of Probability, 40(1):401-435, 2012.



BIBLIOGRAPHY 210

[19] M. Bardi and M. Fischer. On non-uniqueness and uniqueness of solutions in finite-horizon

mean field games. ESAIM: Control, Optimisation and Calculus of Variations, 25:44, 2019.

[20] M. Bardi and F. S. Priuli. Linear-quadratic N-person and mean-field games with ergodic

cost. SIAM Journal on Control and Optimization, 52(5):3022-3052, 2014.

[21] T. Basar. On the saddle-point solution of a class of stochastic differential games. Journal of

Optimization Theory and Applications, 33(4):539-556, 1981.

[22] B. Bassan, O. Gossner, M. Scarsini, and S. Zamir. Positive value of information in games.

International Journal of Game Theory, 32:17-31, December 2003.

[23] E. Bayraktar and X. Zhang. On non-uniqueness in mean field games. Proceedings of the

American Mathematical Society, 148:4091-4106, 2020.

[24] V. E. BenesS. Existence of optimal stochastic control laws. SIAM Journal on Control,

9(3):446-472, 1971.

[25] D. P. Bertsekas and S. Shreve. Stochastic Optimal Control: The Discrete Time Case. Aca-

demic Press, New York, 1978.

[26] P. Billingsley. Convergence of Probability Measures. Wiley, New York, 1968.

[27] A. Biswas. Mean field games with ergodic cost for discrete time markov processes. arXiv

preprint arXiv:1510.08968, 2015.

[28] D. Blackwell. Memoryless strategies in finite-stage dynamic programming. Annals of Math-

ematical Statistics, 35:863-865, 1964.

[29] V. S. Borkar. White-noise representations in stochastic realization theory. SIAM Journal on

Control and Optimization, 31:1093-1102, 1993.

[30] V.S. Borkar. Average cost dynamic programming equations for controlled Markov chains

with partial observations. STAM Journal on Control and Optimization, 39(3):673-681, 2000.



BIBLIOGRAPHY 211

[31] V.S. Borkar. Dynamic programming for ergodic control of Markov chains under partial
observations: A correction. SIAM Journal on Control and Optimization, 45(6):2299-2304,
2007.

[32] F. G. S. L. Brandao and A. W. Harrow. Quantum de finetti theorems under local measure-

ments with applications. Communications in Mathematical Physics, 353(2):469-506, 2017.

[33] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S. Wehner. Bell nonlocality. Reviews

of Modern Physics, 86(2):419, 2014.

[34] R. Buckdahn, J. Li, and S. Peng. Nonlinear stochastic differential games involving a major
player and a large number of collectively acting minor agents. SIAM Journal on Control

and Optimization, 52(1):451-492, 2014.

[35] L. Campi and M. Fischer. Correlated equilibria and mean field games: a simple model.

arXiv preprint arXiv:2004.06185, 2020.

[36] P. Cardaliaguet. Notes on mean field games. Technical report, Technical report, 2010.

[37] P. Cardaliaguet, F. Delarue, J. Lasry, and P. Lions. The Master Equation and the Conver-
gence Problem in Mean Field Games:(AMS-201), volume 201. Princeton University Press,

2019.

[38] P. Cardaliaguet and C. Rainer. An example of multiple mean field limits in ergodic dif-
ferential games. Nonlinear Differential Equations and Applications NoDEA, 27(3):1-19,
2020.

[39] R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games with Applications
I-11. Springer, 2018.

[40] R. Carmona, F. Delarue, and D. Lacker. Mean field games with common noise. The Annals

of Probability, 44(6):3740-3803, 2016.



BIBLIOGRAPHY 212

[41] D. Castanon and N. Sandell. Equilibrium solutions in sequential stochastic games. IEEE

Transactions on Automatic Control, 22(4):624-627, 1977.

[42] C. M. Caves, C. A. Fuchs, and R. Schack. Unknown quantum states: the quantum de finetti

representation. Journal of Mathematical Physics, 43(9):4537-4559, 2002.

[43] A. Cecchin and M. Fischer. Probabilistic approach to finite state mean field games. Applied

Mathematics & Optimization, pages 1-48, 2018.

[44] C. D. Charalambous. Decentralized optimality conditions of stochastic differential decision
problems via Girsanov’s measure transformation. Mathematics of Control, Signals, and

Systems, 28(3):1-55, 2016.

[45] M. Christandl and B. Toner. Finite de finetti theorem for conditional probability distributions

describing physical theories. Journal of Mathematical Physics, 50(4):042104, 2009.

[46] M. Colombino, R. Smith, and T. H. Summers. Mutually quadratically invariant information
structures in two-team stochastic dynamic games. IEEE Transactions on Automatic Control,

63(7):2256-2263, 2017.

[47] P.Dasgupta and E. Maskin. The existence of equilibrium in discontinuous economic games,

I: Theory. The Review of Economic Studies, 53(1):1-26, 1986.

[48] F. Delarue and R. Tchuendom. Selection of equilibria in a linear quadratic mean-field game.

Stochastic Processes and their Applications, 130(2):1000-1040, 2020.

[49] P. Diaconis and D. Freedman. Finite exchangeable sequences. The Annals of Probability,

pages 745-764, 1980.

[50] R. M. Dudley. Real Analysis and Probability. Cambridge University Press, Cambridge, 2nd
edition, 2002.

[51] R. Durrett. Probability: theory and examples, volume 3. Cambridge university press, 2010.



BIBLIOGRAPHY 213

[52] E. A. Feinberg, P. O. Kasyanov, and N. V. Zadoianchuk. Fatou’s lemma for weakly con-
verging probabilities. Theory of Probability and Its Applications, 58(4):683-689, 2014.

[53] E. A. Feinberg, P. O. Kasyanov, and M. Z. Zgurovsky. Partially observable total-cost Markov

decision processes with weakly continuous transition probabilities. Mathematics of Opera-

tions Research, 41(2):656-681, 2016.

[54] E. Feleqi. The derivation of ergodic mean field game equations for several populations of

players. Dynamic Games and Applications, 3(4):523-536, 2013.

[55] A. Filippov. On certain questions in the theory of optimal control. Journal of the Society

for Industrial and Applied Mathematics, Series A: Control, 1(1):76—84, 1962.

[56] M. Fischer. On the connection between symmetric N-player games and mean field games.

Annals of Applied Probability, 27(2):757-810, 2017.

[57] W. H. Fleming. Functions of Several Variables. Addison-Wesley Publishing Co., Reading,

Mass.-London, 1965.

[58] D. Fudenberg and D. Levine. Open-loop and closed-loop equilibria in dynamic games with

many players. Journal of Economic Theory, 44(1):1-18, 1988.

[59] D. Fudenberg and J. Tirole. Game theory. MIT press, 1991.

[60] A. Gattami. Team decision problems with convex quadratic constraints. /IEEE Transactions

on Control of Network Systems, 4(3):555-563, 2017.

[61] I. V. Girsanov. On transforming a certain class of stochastic processes by absolutely con-
tinuous substitution of measures. Theory of Probability & Its Applications, 5(3):285-301,
1960.



BIBLIOGRAPHY 214

[62] A. Gupta, S. Yiiksel, T. Basar, and C. Langbort. On the existence of optimal policies for a
class of static and sequential dynamic teams. SIAM Journal on Control and Optimization,

53:1681-1712, 2015.

[63] B. Hajek and M. Livesay. On non-unique solutions in mean field games. In IEEE 58th
Annual Conference on Decision and Control (CDC), pages 1219-1224, 2019.

[64] O. Hernandez-Lerma and J. B. Lasserre. Discrete-Time Markov Control Processes: Basic

Optimality Criteria. Springer, 1996.

[65] E. Hewitt and L. J. Savage. Symmetric measures on cartesian products. Transactions of the

American Mathematical Society, 80(2):470-501, 1955.

[66] Y. C. Ho and K. C. Chu. Team decision theory and information structures in optimal control

problems - part I. IEEE Transactions on Automatic Control, 17:15-22, February 1972.

[67] Y. C. Ho and K. C. Chu. On the equivalence of information structures in static and dynamic

teams. IEEE Transactions on Automatic Control, 18(2):187-188, 1973.

[68] I. Hogeboom-Burr and S. Yiiksel. Comparison of information structures for zero-sum games
and a partial converse to Blackwell ordering in standard Borel spaces. To appear in SIAM

Journal on Control and Optimization, also arXiv:2005.06673, 2020.

[69] M. Huang, P. E. Caines, and R. P. Malhamé. Large population stochastic dynamic games:
closed-loop Mckean-Vlasov systems and the Nash certainty equivalence principle. Commu-

nications in Information and Systems, 6:221-251, 2006.

[70] M. Huang, P. E. Caines, and R. P. Malhamé. Large-population cost-coupled LQG prob-
lems with nonuniform agents: Individual-mass behavior and decentralized e-Nash equilib-

ria. IEEFE Transactions on Automatic Control, 52:1560-1571, 2007.



BIBLIOGRAPHY 215

[71] M. Huang, P. E. Caines, and R. P. Malhamé. Social optima in mean field LQG control: cen-

tralized and decentralized strategies. IEEE Transactions on Automatic Control, 57(7):1736—

1751, 2012.

[72] M. Huang, R.P. Malhamé, and P.E. Caines. Large population stochastic dynamic games:
Closed-loop McLean-Vlasov systems and the Nash certainty equivalence principle. Special
issue in honour of the 65th birthday of Tyrone Duncan, Communications in Information and

Systems, 6:221-252, 2006.

[73] M. Huang and S. L. Nguyen. Stochastic control of mean field models with mixed players.

In Proc. 18th IFAC World Congress, Milan, Italy, 2011.

[74] M. Huang and S. L. Nguyen. Linear-quadratic mean field teams with a major agent. In

IEEE 55th Conference on Decision and Control (CDC), pages 6958-6963, 2016.

[75] O. Kallenberg. Canonical representations and convergence criteria for processes with inter-
changeable increments. Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwandte Gebiete,

27(1):23-36, 1973.
[76] O. Kallenberg. Probabilistic symmetries and invariance principles. 2006.
[77] J. E. C. Kingman. Uses of exchangeability. The Annals of Probability, 6(2):183—-197, 1978.

[78] J. C. Krainak, J. L. Speyer, and S. I. Marcus. Static team problems — part I: Sufficient
conditions and the exponential cost criterion. IEEE Transactions on Automatic Control,

27:839-848, April 1982.

[79] J.C. Krainak, J.S. Speyer, and S.I. Marcus. Static team problems — part II: Affine control
laws, projections, algorithms, and the LEGT problem. IEEE Transactions on Automatic

Control, 27:848-859, 1982.

[80] D. Lacker. Mean field games via controlled martingale problems: existence of markovian

equilibria. Stochastic Processes and their Applications, 125(7):2856-2894, 2015.



BIBLIOGRAPHY 216

[81] D. Lacker. A general characterization of the mean field limit for stochastic differential

games. Probability Theory and Related Fields, 165(3-4):581-648, 2016.

[82] D. Lacker. Limit theory for controlled Mckean—Vlasov dynamics. SIAM Journal on Control
and Optimization, 55(3):1641-1672, 2017.

[83] D. Lacker. On the convergence of closed-loop nash equilibria to the mean field game limit.

The Annals of Applied Probability, 30(4):1693-1761, 2020.

[84] A. Lamperski and L. Lessard. Optimal decentralized state-feedback control with sparsity

and delays. Automatica, 58:143-151, 2015.

[85] H.J. Langen. Convergence of dynamic programming models. Mathematics of Operations

Research, 6(4):493-512, 1981.

[86] J. M. Lasry and P. L. Lions. Mean field games. Japanese J. of Mathematics, 2:229-260,
2007.

[87] L. Lessard and S. Lall. Optimal control of two-player systems with output feedback. IEEE

Transactions on Automatic Control, 60(8):2129-2144, 2015.

[88] B. Light and G. Y. Weintraub. Mean field equilibrium: uniqueness, existence, and compar-

ative statics. Existence, and Comparative Statics, 2018.

[89] D. G. Luenberger. Optimization by Vector Space Methods. John Wiley & Sons, New York,
NY, 1969.

[90] A.Mahajan, N. C. Martins, and S. Yiiksel. Static LQG teams with countably infinite players.
In IEEE 52nd Annual Conference on Decision and Control (CDC), pages 6765-6770, 2013.

[91] A. Mahajan, N.C. Martins, M. Rotkowitz, and S. Yiiksel. Information structures in optimal

decentralized control. In IEEE Conference on Decision and Control, Hawaii, USA, 2012.

[92] J. Marschak. Elements for a theory of teams. Management Science, 1:127-137, 1955.



BIBLIOGRAPHY 217

[93] A. Mas-Colell. On a theorem of schmeidler. Journal of Mathematical Economics,

13(3):201-206, 1984.

[94] J. Mertens. Repeated games. In Game Theory and Applications, pages 77-130. Elsevier,
1990.

[95] P. Milgrom and R. Weber. Distributional strategies for games with incomplete information.

Mathematics of operations research, 10(4):619-632, 1985.
[96] J. Nash. Non-cooperative games. Annals of mathematics, 1951.

[97] A. Nayyar and L. Lessard. Optimal control for LQG systems on graphs—part I: Structural

results. arXiv preprint arXiv:1408.2551, 2014.
[98] M. Osborne and A. Rubinstein. A course in game theory. MIT press, 1994.

[99] Y. Ouyang, S. M. Asghari, and A. Nayyar. Optimal infinite horizon decentralized networked

controllers with unreliable communication. arXiv preprint arXiv:1806.06497, 2018.

[100] M. Peski. Comparison of information structures in zero-sum games. Games and Economic

Behaviour, 62:732-735, 2008.
[101] S. Popescu. Nonlocality beyond quantum mechanics. Nature Physics, 10(4):264, 2014.
[102] R. Radner. Team decision problems. Annals of Mathematical Statistics, 33:857-881, 1962.

[103] R.Renner. Symmetry of large physical systems implies independence of subsystems. Nature

Physics, 3(9):645, 2007.

[104] M. Rotkowitz. On information structures, convexity, and linear optimality. In IEEE 47th

Annual Conference on Decision and Control (CDC), pages 1642—-1647, 2008.

[105] M. Rotkowitz and S. Lall. A characterization of convex problems in decentralized control.

IEEE Transactions on Automatic Control, 51:274-286, February 2006.



BIBLIOGRAPHY 218

[106] S. Sabdu and N. C. Martins. Youla-like parametrizations subject to QI subspace constraints.

IEEE transactions on Automatic Control, 59(6):1411-1422, 2014.

[107] S. Sabau, N. C. Martins, and M. Rotkowitz. A convex characterization of multidimen-
sional linear systems subject to SQI constraints. /IEEE Transactions on Automatic Control,

62(6):2981-2986, 2016.

[108] N. Saldi. A topology for team policies and existence of optimal team policies in stochastic

team theory. IEEE Transactions on Automatic Control, 65(1):310-317, 2019.

[109] N. Saldi. A topology for team policies and existence of optimal team policies in stochastic

team theory. IEEE Transactions on Automatic Control, 65(1):310-317, 2020.

[110] N. Saldi, T. Bagar, and M. Raginsky. Approximate Nash equilibria in partially observed

stochastic games with mean-field interactions. Mathematics of Operations Research, 2019.

[111] N. Saldi and S. Yiiksel. Geometry of information structures, strategic measures and associ-

ated control topologie. arXiv, pages arXiv—2010.07377, 2020.

[112] N. Saldi, S. Yiiksel, and T. Linder. Finite model approximations and asymptotic optimality
of quantized policies in decentralized stochastic control. IEEE Transactions on Automatic

Control, 2017.

[113] S. Sanjari, T. Basar, and S. Yiiksel. Optimality conditions under policy-dependent and
policy-independent static reductions of stochastic dynamic teams and games—Part I: Dy-

namic teams. arXiv preprint arXiv:, 2021.

[114] S. Sanjari, T. Basar, and S. Yiiksel. Optimality conditions under policy-dependent and
policy-independent static reductions of stochastic dynamic teams and games—Part II: Dy-

namic games. arXiv preprint arXiv:, 2021.



BIBLIOGRAPHY 219

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

S. Sanjari, N. Saldi, and S. Yiiksel. Independently randomized symmetric policies are opti-
mal for exchangeable stochastic teams with infinitely many decision makers. In 2020 59th

IEEE Conference on Decision and Control (CDC), pages 5986-5991. IEEE, 2020.

S. Sanjari, N. Saldi, and S. Yiiksel. Optimality of independently randomized symmetric
policies for exchangeable stochastic teams with infinitely many decision makers. arXiv

preprint arXiv:2008.11570, 2020.

S. Sanjari and S. Yiiksel. Optimal stochastic teams with infinitely many decision makers
and Mean-field teams. In IEEE 57th Annual Conference on Decision and Control (CDC),

pages 4123-4128, 2018.

S. Sanjari and S. Yiiksel. Convex symmetric stochastic dynamic teams and their mean-field
limit. In IEEE 58th Annual Conference on Decision and Control (CDC), pages 4662—4667,

2019.

S. Sanjari and S. Yiiksel. Optimal policies for convex symmetric stochastic dynamic teams
and their mean-field limit. SIAM Journal on Control and Optimization, 59(2):777-804,

2021.

S. Sanjari and S. Yiiksel. Optimal solutions to infinite-player stochastic teams and mean-

field teams. IEEE Transactions on Automatic Control, 66(3):1071-1086, 2021.

M. Schil. Conditions for optimality in dynamic programming and for the limit of n-stage

optimal policies to be optimal. Z. Wahrscheinlichkeitsth, 32:179-296, 1975.

D. Schmeidler. Equilibrium points of nonatomic games. Journal of Statistical Physics,

7(4):295-300, 1973.

R. Serfozo. Convergence of Lebesgue integrals with varying measures. Sankhya: The

Indian Journal of Statistics, Series A, pages 380—-402, 1982.



BIBLIOGRAPHY 220

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

P. Shah and P. Parrilo. H2 optimal decentralized control over posets: A state-space solution

for state-feedback. IEEFE Transactions on Automatic Control, 58(12):3084-3096, 2013.

J. Swigart and S. Lall. Optimal controller synthesis for decentralized systems over graphs
via spectral factorization. IEEE Transactions on Automatic Control, 59(9):2311-2323,

2014.

D. Teneketzis. On information structures and nonsequential stochastic control. CWI Quar-

terly, 9:241-260, 1996.

B. C. Wang and J. F. Zhang. Social optima in mean field linear-quadratic-gaussian models
with markov jump parameters. SIAM Journal on Control and Optimization, 55(1):429-456,
2017.

D. B. West. Introduction to graph theory, volume 2. Prentice hall Upper Saddle River, NJ,
1996.

H. Witsenhausen. Alternatives to the tree model for extensive games. In The Theory and

Application of Differential Games, pages 77-84. Springer, 1975.

H. S. Witsenhausen. A counterexample in stochastic optimal control. SIAM Journal on

Control and Optimization, 6:131-147, 1968.

H. S. Witsenhausen. On information structures, feedback and causality. SIAM J. Control,

9:149-160, May 1971.

H. S. Witsenhausen. On the relations between the values of a game and its information

structure. Information and Control, 19(3):204-215, 1971.

H. S. Witsenhausen. A standard form for sequential stochastic control. Mathematical Sys-

tems Theory, 7:5-11, 1973.



BIBLIOGRAPHY 221

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

H. S. Witsenhausen. The intrinsic model for discrete stochastic control: Some open prob-

lems. Lecture Notes in Econ. and Math. Syst., Springer-Verlag, 107:322-335, 1975.

H.S. Witsenhausen. Equivalent stochastic control problems. Mathematics of Control, Sig-

nals and Systems, 1(1):3-11, 1988.

L. Young. Generalized curves and the existence of an attained absolute minimum in the
calculus of variations. Comptes Rendus de la Societe des Sci. et des Lettres de Varsovie,

30:212-234, 1937.

S. Yiiksel. On stochastic stability of a class of non-Markovian processes and applications in

quantization. SIAM Journal on Control and Optimization, 55:1241-1260, 2017.

S. Yiiksel. A universal dynamic program and refined existence results for decentralized

stochastic control. SIAM Journal on Control and Optimization, 58(5):2711-2739, 2020.

S. Yiiksel and T. Basar. Stochastic Networked Control Systems: Stabilization and Optimiza-

tion under Information Constraints. Springer, New York, 2013.

S. Yiiksel and N. Saldi. Convex analysis in decentralized stochastic control, strategic mea-

sures and optimal solutions. SIAM Journal on Control and Optimization, 55:1-28, 2017.

K. Zhou, J. C. Doyle, and K. Glover. Robust and optimal control, volume 40. Prentice-Hall,

1996.



