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Abstract

Disc galaxies such as the Milky Way host some of the most striking features

in nature. Many observations of disc galaxies have shown us structures such as

grand design spiral arms and prominent warps which bend the disc out of its plane.

Inspired by these structures, many decades of research has been conducted in an

attempt to understand the properties and causes of these features. However, due to

the complexity of the system it is still an active area of research.

In this thesis we examine the bar, warps, the buckling instability and dynamical

friction effects that occur due to interactions between the disc and dark matter halo.

To do this we make use of four N-body simulations, two of which feature spinning

dark matter halos with prograde and retrograde orientations, one with a static halo

and an isotropic halo. We find three major findings in our analysis of these systems.

First, a buckling instability that leaves m = 1 kinematic signatures in mean vertical

displacement and velocity. Second, that warps in N-body simulations are much more

prominent in retrograde halos than in prograde halos. Finally, we find a disc-halo

instability driven by dynamical friction which causes the center of the disc to move

outward in radius overtime in rotating halos.
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Chapter 1

Introduction and Literature Review

Galaxies are some of the most complex systems in the universe. These collections

of stars, gas and dust, bound together by gravity, can naively be thought of as an

axisymmetric disc with stars on nearly circular orbits moving around the center of

the galaxy. The speed of these stars changes with radius and is determined by the

gravitational potential. If baryons were the only type of matter in a galaxy, then

the speed of stars would �rst rise then drop as the radius increases since density

drops with radius. This, however, is not the case since Rubin et al. (1978) found the

rotation curves of luminous disc galaxies to be 
at. Flat rotation curves led theorists

to the idea that the disc of the galaxy may be surrounded by a large, spherical dark

matter halo.

Further observations of disc galaxies reveal to us many interesting features, sug-

gesting the naive axisymmetric model of the galaxy is simplistic. Disc galaxies can

have prominent spiral arms and surveys of these spiral galaxies show that approxi-

mately two-thirds feature a large bar (Eskridge and Frogel, 1999; Buta et al., 2010,

2015). These bars can dominate galaxies, as it does in NGC 1300 shown in Fig. 1.3,

or it can simply distort the disc, as seen in UGC 12158, shown in Fig. 1.1.
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Figure 1.1: An image of the Milky Way like galaxy UGC 12158, featuring a bar and
spiral arms. This image is taken from ESA and NASA (2010).

Disc galaxies also feature large spiral arms. These spirals can be the well known

grand design spirals as seen in Fig. 1.3, but they can also be 
occulent spirals, which

are patchy and broken. The spiral arms of our Milky Way galaxy are similar to those

seen in Fig. 1.1.

Structures of the galaxy are not limited to in plane disturbances. Many galaxies

also feature vertical structure due to the warping and bending of the disc (Guijarro

Robin Joshi - Physics, Engineering Physics, and Astronomy



3

Figure 1.2: An edge-on view of UGC 3697. It features the prominent integral shape
due to its warps. This image is taken from NRAO (2021).

et al., 2010; Nandakumar et al., 2022). One of the most common vertical structures

are warps, such as those of UGC 3697 shown in Fig. 1.2. Even our own galaxy, the

Milky Way, features signatures of vertical structure such as the phase-space spirals

�rst seen in Gaia Data Release 2. These phase-space spirals have been attributed to

the buckling of our galactic bar (Khoperskov et al., 2019), which is another type of

bending of the disc.

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.1. DYNAMICAL FRICTION 4

There has been decades of research on the origin of bars, spirals and warps. Yet

even today this is an active �eld of study. Observations of these features provide us

with a view of how galaxies are today, but understanding the evolution of galaxies

requires theoretical work. The answers to these broad questions cannot be found

analytically due to the complexity of galactic systems. Questions like how bars a�ect

the evolution of galaxies and why might the galactic disc bend and buckle out of the

midplane require the use of N-body simulations.

In this thesis we examine the role the dark matter halo might play in the creation

and evolution of large scale galactic structure, both in-plane and vertical. The goal is

to gain some insight into bar formation, the buckling of bars, warps and the key role

dynamical friction plays in the evolution of the galaxy. This chapter goes over some

of the past research and background information on the topics that are relevant to

this thesis.

1.1 Dynamical Friction

One of the most important interactions that drives the formation and evolution

of many galactic structures is dynamical friction. First described in a series of papers

(Chandrasekhar, 1943a,b), dynamical friction describes how the motion of a high

mass particle can experience friction when moving through a body of light particles.

An intuitive explanation of this is to consider a large body with massM moving

through a cloud of bodies with massm << M with relative velocity v. The gravity

of M will pull the lighter bodies towards it. This pull will cause a wake to form

behind the path ofM exerting a gravitational force which acts opposite the direction

of motion. The net force onM is linear in v if v is small, while if v is large then the

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.2. DENSITY STRUCTURES OF THE DISC 5

force is proportional tov� 2 (Binney and Tremaine, 2011).

The standard derivation of the dynamical friction formula assumes a cloud of par-

ticles with uniform density and velocity distribution and a heavy point mass moving

through this cloud. However, when it comes to understanding the role of dynamical

friction in systems like a rotating disc in a rotating halo, N-body simulations must be

used. Dynamical friction also plays a role in the evolution of bars and warps. Exactly

how will be explained in each of the relevant sections.

1.2 Density Structures of the Disc

1.2.1 Density Wave Theory

Many galaxies including our own Milky Way feature prominent structures such

as bars and spiral arms. Attempts at explaining how these density structures occur

and persist over time has been an active area of research for a long time. In the early

days of galactic astronomy, spiral arms were thought to be material. However, if the

material that makes the spiral arm remains in the arm then, after a short time, wind

up occurs due to the di�erential rotation of the galaxy. This does not match the

long-lived nature of spiral arms we see in galaxies such as NGC 1300 in Fig. 1.3.

Lin and Shu (1964) were the �rst to introduce the idea that spiral arms are density

waves. As the stars, gas, and dust of the galactic disk move through these waves,

they become compressed. The result is areas of the disc with a higher density. Along

with spiral arms, galactic bars are also structures that can be thought of as density

waves.

Lin and Shu (1964) described density waves that were quasi-static, simply rotating

patterns that do not evolve. The work of Goldreich and Lynden-Bell (1965) and

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.2. DENSITY STRUCTURES OF THE DISC 6

Figure 1.3: An image of NGC 1300, an example of a galaxy with a prominent bar
with spiral arms. This image is taken from NASA (2005).

Julian and Toomre (1966) expanded on this work and described the process of swing

ampli�cation where small instabilities that start as perturbations in the disc grow

exponentially until they are suppressed. This process added to the theory the role of

self-gravity and shear explaining how a small density perturbation can trap orbits,

reinforcing a positive feedback loop which eventually grows into a dominant structure

in the disc.

1.2.2 Fourier Modes of Galactic Structures

Many density structures, such as the bars and spiral arms in Fig. 1.3, found in

galaxies showm-fold symmetry. This symmetry for in-plane structures can be thought

of as the number of times a pattern repeats in the azimuth of the galactic disc. For

example, if a galaxy has two spiral arms then the spiral structure hasm = 2 symmetry.

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.2. DENSITY STRUCTURES OF THE DISC 7

Since there is this periodicity in the azimuth of the galaxy, Fourier decomposition is

a powerful tool to analyse structures withm-fold symmetry. Chapter. 2.3 is where

we introduce this analysis method thoroughly for both in-plane and vertical galactic

structures.

1.2.3 The Bar Instability in Simulations

Some of the earliest research on bar formation in N-body simulations was done

by Miller et al. (1970) and Hohl (1971). They found in their simulations that bar

formation occurs easily and that it is hard to prevent this instability altogether.

Many studies (Mark, 1974; Toomre, 1981; Hasan and Norman, 1990) have found that

increasing the central mass concentration in the disc can inhibit the bar instability.

Athanassoula and Sellwood (1986) found that the bar instability can be inhibited

successfully if the random motions of the disc stars increase. Furthermore, Ostriker

and Peebles (1973) showed that adding a massive spherical dark matter halo can

stabilize the disc to the bar instability.

Bar formation can also be encouraged in N-body simulations. These simulations

can have dark matter halos that respond to the disc, live halos, or have dark matter

halos that remain rigid over the whole simulation, called static halos. As alluded

to before, Ostriker and Peebles (1973) found that massive disks tend to be more

susceptible to the bar instability. More recently, Sellwood (2016) and Polyachenko

et al. (2016) found that the growth rate of bars is greater in live halos compared to

static halos, indicating that the responsiveness of the dark matter halo does have an

e�ect on bar formation.

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.2. DENSITY STRUCTURES OF THE DISC 8

1.2.4 Secular Evolution of Bars

After the bar formation phase, where the bar grows in strength exponentially, its

growth slows down entering its secular evolution phase. Secular evolution refers to the

changes a galaxy will undergo due to internal processes over many dynamical times.

Once the bar has formed and stabilized in the disc of a galaxy it will continue to

evolve by secular evolution. Angular momentum transfer is one of the major drivers

of secular evolution and can be used to understand how the bar will change over the

lifetime of a galaxy. Stars and dark matter at orbital resonances play an important

role in the transfer of angular momentum.

As described in Binney and Tremaine (2011), suppose the bar has some �xed

pattern speed 
 p. Orbits in the disc by stars can be described as being near circular.

Practically, this means that the orbits can be modelled as a superposition of small

radial oscillations around the guiding center which is circular about the center of the

galaxy. The frequency of the radial oscillations is known as the epicyclic frequency

represented by� and the circular speed at the radius of the orbit represented by 
.

For a bar the corresponding Fourier mode ism = 2. Resonances occur when some

combination of 
 and � are related to 
 p. The most common resonances are

ˆ Corotation Resonance (CR) (
 = 
 b): Here the orbit speed of the guiding

center matches the pattern speed of the bar

ˆ Lindblad Resonances (
 = 
 b � �=m ): The plus sign case is called the inner

Lindblad Resonance (ILR). Stars at the ILR will orbit faster than the bar. The

minus sign case is called the Outer Lindblad Resonance (OLR). Stars at this

resonance orbit slower than the bar.

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.2. DENSITY STRUCTURES OF THE DISC 9

In the rotating frame of the bar, orbits at the ILR, OLR and CR are closed,

whereas usually orbits follow open rosette patterns. This means that stars at these

resonances will encounter a gravitational forcing at regular intervals.

It turns out that these orbital resonances play a large part in the bar moving

angular momentum. The pioneering work of Lynden-Bell and Kalnajs (1972) showed,

using linear perturbation theory, that stars can emit or absorb angular momentum

at resonances and that galaxies move angular momentum from the inner galaxy to

the outer galaxy. A bar will gain angular momentum from the ILR and lose it to

resonant orbits at outer radii. Athanassoula (2002, 2003) found that as the bar loses

angular momentum it can slow down, grow in length or become thinner.

Another major process by which a bar will lose angular momentum is through

dynamical friction with the dark matter halo. It has been shown that the dark matter

halo will act as an angular momentum sink for the bar to lose angular momentum

to both analytically (Tremaine and Weinberg, 1984; Weinberg, 1985) and in N-body

simulations (Sellwood, 1980; Weinberg and Katz, 2007a,b). There are two ways one

can look at the slowing of the bar due to the halo. The �rst is the formation of a

dark matter wake that lags the bar as it rotates. This wake exerts a torque on the

bar which slows it down over time. The second is the transfer of angular momentum

through orbital resonances as we have discussed earlier.

The bar-halo interactions have been studied extensively in the literature as we

have described for non-rotating dark matter halos. More recently bar formation and

evolution has been studied in spinning dark matter halos. In the case of prograde

halos, Saha and Naab (2013) found that the formation of the bar occurs faster as the

spin of the halo increases. A seemingly con
icting result was found in a subsequent

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.2. DENSITY STRUCTURES OF THE DISC 10

study by Long et al. (2014), which was that the bar-halo angular momentum transfer

decreases as the spin of the halo increases, resulting in stagnant bars by the end of the

simulations. The big di�erence between these two studies was that Saha and Naab

(2013) focused on only the instability phase of the bar, while Long et al. (2014) also

analysed the secular evolution. A lucid explanation is given in Collier and Madigan

(2021) regarding the dark matter halo-bar interaction in spinning halos, both in

prograde and retrograde orientations, which we summarize here.

In a prograde halo, we can imagine a halo orbit with some inclination behind the

bar, as in the top row of Fig. 1.4. Since the orbit is behind, the resulting torque will

speed up precession of the orbit until it ends up ahead of the bar. Now the orbit is in

front and the orbit, so the torque will slow the precession. This continues until the

orbit joins the bar.

The capture of dark matter orbits by the bar makes what Petersen et al. (2016)

call the shadow bar. This structure in the dark matter halo ends up becoming part

of the bar which reduces the torque the bar can feel over the course of its evolution.

Long et al. (2014) explains that this is also why bar formation is accelerated in

prograde halos. As the bar forms there are more halo orbits available to gain angular

momentum, in other words more orbits are trapped in the wake. As this wake aligns

itself with the bar, angular momentum transport becomes ine�cient. The result is a

slow growing or stagnant bar.

In a retrograde halo, the precession of the orbit is opposite to the rotation of the

bar. Hence, after some time the bar can only slow the precession until an overdensity

is created perpendicular to the bar, as seen in the bottom row of Fig. 1.4.

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.3. VERTICAL STRUCTURES OF THE DISC 11

Figure 1.4: A graphic of dark matter wakes in spinning halos interacting with the
bar. Taken from Collier and Madigan (2021).

1.3 Vertical Structures of the Disc

1.3.1 Bending Waves

Vertical structures such as warps of the disk can be thought of as bending waves.

These types of waves model the vertical displacement of stars above and below the

galactic disc. The self-gravity of the disc makes it stable to these types of waves

(Hunter and Toomre, 1969), which means that there must be some mechanism by

which they are excited. Some of these mechanisms include tidal e�ects (Weinberg

and Blitz, 2006), dark matter halo interactions with the disc Sparke (1984); Sparke

and Casertano (1988); Debattista and Sellwood (1999) and intergalactic magnetic

�elds (Battaner et al., 1990). Even after exciting these waves they tend to damp out

quickly (Sellwood et al., 1998).

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.3. VERTICAL STRUCTURES OF THE DISC 12

Shen and Sellwood (2006) examined the role of cosmic infall in generating warps

in the disc. They found that an external torque (due to cosmic infall) applied to the

disc will cause the disc to tilt and precess. Due to the inner region of the disc being

sti�er than the outer disc, its precession is slower than the outer disc. Soon after an

internal torque on the outer disc will be felt due to the inner disc resulting in a slow,

retrograde warp of the disc.

Recent work has been done regarding the generation of bending waves in isolated

N-body simulations by Chequers and Widrow (2017). They found that despite having

a smooth dark matter halo, long-lasting bending waves can exist in these types of

simulations. The reason being that the shot noise from the dark matter halo con-

tinually excites these bending waves in the disc. Similar results were also found by

Sellwood and Debattista (2022), who clarify, that the external torque on the disc can

be due to any reason including halo shot noise.

Nelson and Tremaine (1995) found that dynamical friction also plays a role in the

evolution of warps. Typically dynamical friction will damp warps except for in special

scenarios, adding to the consensus that warps must be continually excited in the disc.

One one these special scenarios is a retrograde halo which will act to excite warps

instead of damp them since both halo and warp can rotate with the same orientation.

1.3.2 Buckling Instability and the Boxy/Peanut Shape

We have mentioned that galactic discs tend to remain stable to bending modes,

but there is one scenario where this does not seem to be the case. Many N-body simu-

lations that feature bar formation �nd that the bar will buckle out of the plane of the

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.3. VERTICAL STRUCTURES OF THE DISC 13

disc spontaneously and form a boxy/peanut shaped bulge (Raha et al., 1991; Debat-

tista et al., 2006;  Lokas, 2019b; Smirnov and Sotnikova, 2019). Martinez-Valpuesta

and Shlosman (2004) found that only the outer regions of the bar can dissolve during

buckling while the inner regions remain intact.

After the buckling instability, the bar weakens considerably. After buckling, the

bar typically will enter its secular evolution phase where it grows by losing angular

momentum. It is not uncommon for there to be a second buckling event over the

course of a bar's lifetime, although this event is less violent and occurs in the outer

bar region (Martinez-Valpuesta et al., 2006). If the initial buckling of the bar is

violent then this helps the bar regain its strength during the secular evolution phase,

while a less violent buckling can dissolve the bar completely (Collier, 2020).

There are currently two main ideas on how the buckling instability occurs. The

�rst uses the analogy of the �re-hose instability to describe buckling. Raha et al.

(1991) compare the bar to a hollow tube where stars 
ow through eventually bending

the tube at the center. They �nd that the bar in their simulations bend in a "U"

shape as predicted.

Toomre (1966) was the �rst to suggest this instability in the disc of the galaxy,

which was further expanded upon by Araki (1985). They suggested that should the

ratio of vertical velocity dispersion to radial velocity dispersion drop below around

0.3, the disc would become unstable to the buckling instability. However, this value

was determined under highly idealized conditions. Recent studies, such as  Lokas

(2019a), found a drop in the dispersion ratio coinciding with the buckling of the bar,

but the ratio at which the bar becomes unstable to buckling is higher than 0.3.

The second method of studying buckling and boxy bulge formation is by analysing

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.3. VERTICAL STRUCTURES OF THE DISC 14

the individual orbits of the bar. Earlier we described orbits in the plane of the disc as

a simple superposition of radial oscillations about a guiding center. Orbits supporting

the bar at the time of buckling cannot be thought of in this way since the in
uence

of the bar has made bar supporting orbits highly elliptical. Some of the main orbit

types that are in
uential in the buckling of the bar and generation of the boxy/peanut

bulge are those that undergo two periods of vertical oscillations per one orbital period

in the frame of the rotating bar (2:1 resonance) and those that undergo one period

of vertical oscillation per one orbital period in the frame of the rotating bar (1:1

resonance) (Pfenniger and Friedli, 1991). Fig. 1.5 shows a visualization of both types

of orbits. It has been found that the boxy/peanut shape bulge is typically where

the 2:1 resonance lies (Combes et al., 1990; Quillen et al., 2014; Patsis and Harsoula,

2018). A boxy/peanut shaped bulge can also form gradually without a buckling event

(Sellwood and Gerhard, 2020). Orbits can become excited vertically if they pass

through the 2:1 resonance or if they gradually become trapped in the 2:1 resonance.

An interesting result from  Lokas (2019a) is that the buckling event can be approx-

imated by using them = 2 mode of bending waves. Even during the second buckling

event the m = 2 signature appears in the outer bar region.

There has been recent interest on the buckling event in spinning halos. In prograde

halos the buckling event is triggered earlier when compared to a non-rotating halo,

while in the retrograde halo buckling appears to be delayed (Collier et al., 2019;

Kataria and Shen, 2022).

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.4. WHY DO DARK MATTER HALOS HAVE SPIN? 15

Figure 1.5: Illustration of the 1:1 (top) and 2:1 (bottom) vertical resonances. Illus-
tration from Quillen (2002).

1.4 Why do Dark Matter Halos Have Spin?

We have discussed how recent work has been done regarding the evolution of

galactic structures in spinning halos. These studies typically use isolated disk-halo

N-body simulations where the dark matter halo is given some initial spin. This spin

is typically quanti�ed by the cosmological spin parameter,� , which is de�ned as

(Bullock et al., 2001)

� =
J

p
2M vir Rvir v

: (1.1)

Here J refers to the total angular momentum in the dark matter halo,M vir is the

virial mass, Rvir is the virial radius and v is the circular velocity at Rvir .

Robin Joshi - Physics, Engineering Physics, and Astronomy



1.5. THESIS GOALS AND LAYOUT 16

In the cosmological picture, density 
uctuations of the early universe undergo a

linear growth phase. The argument of tidal torque theory is that as these overdensities

grow they exert a torque on neighbouring overdensities (Peebles, 1969; Efstathiou

and Jones, 1979; White, 1984; Catelan and Theuns, 1996; Porciani et al., 2002). This

torque gives the protohalo angular momentum as virialization occurs. Typically, after

virialization the protohalo has largely decoupled from the expanding universe which

means the� of a dark matter halo will not change signi�cantly after it has formed.

This provides justi�cation for the study of spinning halos in isolated galaxy systems.

Typical values of� are hard to �nd through observation, so large scale cosmological

simulations must be used. Bullock et al. (2001) performed a statistical analysis on a

cosmological simulation to �nd the spin of halos to follow a log-normal distribution

P(� ) =
1

�
p

2��
exp

�
�

ln2(�=� 0)
2� 2

�
(1.2)

with � 0 = 0:035 � 0:005 and � = 0:5 � 0:03. This value is supported by more

recent studies, such as Macci�o et al. (2008); Mu~noz-Cuartas et al. (2011); Rodr��guez-

Puebla et al. (2016) who �nd similar distributions of halo spin parameters in di�erent

simulations, an example of which is shown in Fig. 1.6.

1.5 Thesis Goals and Layout

The goal of this thesis is to examine how major galactic structures such as the bar

and warps evolve in the presence of static, isotropic and rotating halos. On top of

this we also study the e�ect dynamical friction might have on the galactic disc over

the course of its evolution and the buckling instability of the bar. To do this we make

use of N-body simulations and analysis methods such as Fourier decomposition.
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1.5. THESIS GOALS AND LAYOUT 17

Figure 1.6: The distribution of the cosmological spin parameter for halos at di�erent
redshifts �tted by a log-normal distribution with � = 0:031 and � = 0:57. From
Mu~noz-Cuartas et al. (2011).
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In Chapter. 2 we will explain some of the tools we use to setup, evolve and analyse

the galaxy N-body simulations. Chapter. 3 is a draft of some sections of a paper

currently in preparation in collaboration with Prof. Lawrence M. Widrow. Finally,

in Chapter. 4 we summarize the key �ndings of the thesis.
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Chapter 2

Technical Details

This chapter goes over some of the tools used in initializing, evolving and analysing

the galaxy simulations that we work with. Common practice in the literature regard-

ing generating galactic initial conditions is to provide a brief description and relevant

references. The code used to evolve the initial conditions (N-body simulations) is

typically just mentioned with a reference with no further information. To provide a

description for the reader this chapter will describe the code that we have used to

generate and evolve our galaxy models, along with some information on the Fourier

and spherical harmonics analysis we use on the resulting data.

2.1 Initial Conditions of Galaxies

2.1.1 Modelling Galaxies in Equilibrium

The number of stars in the Milky Way is estimated to be on the order of 100

billion. Keeping track of the positions and velocities of this many stars is impractical.

Also, since the distance between these stars is far greater than the size of the stars

themselves, e�ects involving the interaction between two stars is negligible. Hence,

19
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the way of approaching the study of galaxies is to de�ne a one particle distribution

function (DF) with a phase-spacef (x; v ; t) such that f (x; v ; t)d3xd3v returns the

mass of stars having phase space coordinates in phase space elementx + dx; v + dv.

The DF is convenient to use due to its relationship with observable quantities. For

example, in a cylindrical coordinate system (R, � , z) we can �nd the surface density,

�( R; �; t ), by integrating the DF over all velocities and the vertical coordinate

�( R; �; t ) =
Z

f (x; v ; t)d3vdz: (2.1)

Other observable quantities can be found by taking moments of the DF. One such

observable we will be interested in later is the mean vertical coordinate,Z (R; �; t ),

which is given by

Z(R; �; t ) =
1

�( R; �; t )

Z
zf (x; v ; t)d3vdz: (2.2)

Changes of the observable quantities in a galaxy re
ect a changing DF over time.

The reason the DF will evolve is due to the in
uence of the gravitational potential,

�( x; t). However, it is expected that stars will not jump from one point in phase-

space to another but instead move through it smoothly. The relationship between

these ideas is expressed by the collisionless Boltzmann equation (CBE)

df
dt

=
@f
@t

+ v �
@f
@x

�
@�
@x

�
@f
@v

= 0: (2.3)

The CBE implies that the phase-space distribution along particle orbits is constant,

as one intuitively expects. This equation is a statement on how stars will move both

due to their velocities and due to the gravitational potential of the galaxy.
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So far we have considered a DF that depends on its phase-space coordinates

explicitly, but this need not be the case. This idea is the backbone of modelling a

galaxy in equilibrium. For a galaxy to be in equilibrium its gravitational potential

must be time-independent, �(x). In �( x), one can �nd the integrals of motion,

I (x; v), which are functions that depend only on the phase-space coordinates and are

constant along orbits. Two exactI (x; v) in an axisymmetric system are the energy,

E, and the angular momentum about the spin axis,L z. As stated by Jeans theorem

(Jeans, 1915), a DF that depends on the integrals of motion will result in a steady-

state solution to the collisionless Boltzmann equation. Hence, by using Jeans theorem

one can �nd DFs of galaxies in equilibrium.

The process of creating an equilibrium model starts with a DF that is a function

of the integrals of motion,f [I (x; v)]. The density, � , can be found by integrating over

all velocities. With the density, one may �nd the resulting �( x) by using the Poisson

equation, r 2�( x) = 4 �G� (x), where G is the gravitational constant.

Exploiting the relationship between all these quantities leads to the method of self-

consistent modelling. For each galaxy component, one determines a DF (f [I (x; v)]).

Then a guess is made on what the potential (�0(x)) might be. From here the following

recursion occurs until convergence:

ˆ calculate the integrals of motion in the potential

ˆ calculate the density by integrating the DF over velocities

ˆ calculate the new potential from the Poisson equation

Once a potential-density pair has been found, an N-body system can be created by

sampling the DF which depends on the associatedI (x; v).
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2.1.2 GalactICS

To generate the initial conditions of our galaxy models in this thesis we used

GalactICS (Kuijken and Dubinski, 1995; Widrow et al., 2008; Deg et al., 2019).

GalactICS uses the self-consistent modelling procedure described in Sec. 2.1.1 to

generate axisymmetric disc-halo systems that are in approximate equilibrium. As

we have described in the previous section, self-consistent modelling is done for each

galaxy component. In this section we go over some of the details regarding the DFs

used byGalactICS for the disc and dark matter halo.

Stars in the galactic disc can be thought of as moving in nearly circular orbits on

the same plane. In this con�guration, the mean radius of each orbit is determined

by its L z, which is an integral of motion along withE as mentioned in Sec. 2.1.1. A

DF which is a function of onlyE and L z must satisfy the condition� z = � R (Binney

and Tremaine, 2011), where� R is the radial velocity dispersion and� z is the vertical

velocity dispersion. This condition does not hold based on observational data of disc

galaxies (Bottema, 1993). Hence, it is necessary for the DF of the disc to depend

on a third integral of motion which represents the vertical oscillation of stars. In

GalactICS this is the vertical energy,Ez = �( R; z) � �( R; 0) + v2
z
2 , which assumes

that the potential is separable such that �(R; z) = �( R) + �( z). Ez is not an exact

integral of motion but is well conserved along near circular orbits to no large radial

or vertical deviations. Therefore, the DF of the disc is given byf (E; L z; Ez). This

DF is chosen such that the� R pro�le is exponential

� 2
R(R) = � 2

R0e� R=Rd ; (2.4)

where Rd is the radial scale length of the disc. An exponential pro�le is a good
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�t of the observed velocity dispersion in disc galaxies (Bottema, 1993; Gerssen and

Shapiro Gri�n, 2012).

The density pro�le of the disc is calculated by integratingf (E; L z; Ez) over all

velocities. The result is an exponential pro�le

� d(R; z) =
M d

4�R 2
dzd

e� R=Rd sech2(z=zd)C(R; Rout ; �R out ); (2.5)

whereM d is the mass of the disc andzd is the vertical scale length.C is a truncation

function meant to smoothly take the disc density to 0 from radiusRout over width

�R out .

An isolated dark matter halo is constructed by assuming a spherically symmetric

system. Exploiting this symmetry, the DF is a function of only one integral of motion,

E. GalactICS �nds the DF of the halo by using the Abel integral transform (Binney

and Tremaine, 2011)

f (E) =
1

p
8� 2

Z E

0

d�
p

E � �

d2�
d� 2

(2.6)

where the gravitational potential � is determined from the density, � . The resulting

halo is spherically symmetric with an isotropic velocity ellipsoid.

While this works well for an isolated halo, our simulations include a disc, which

will slightly 
atten the halo violating the spherical symmetry. GalactICS works

around this problem by using a spherical approximation of the disc potential which

is included when determining �. With this work around Eq. 2.6 can still be used to

�nd the DF. The resulting density pro�le for the dark matter halo is the well known

Navarro-Frenk-White (NFW) pro�le (Navarro et al., 1996)
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� h(r ) =
� 2

hah

4�G
1

r (r + ah)2
; (2.7)

where� h is the velocity scale andah the halo scale length.

The method described above will produce an isotropic velocity distribution, but

we will also explore systems with rotating dark matter halos.GalactICS is able

to generate rotation in the dark matter halo by selectively picking the sign of the

azimuthal velocity, v� . This is possible because the DF depends onv2
� , therefore

either positive and negative values can be picked.

2.2 N-Body Simulation

Once the initial conditions have be created byGalactICS , we can analyse its

evolution over time through the use of N-body simulations. In essence, a N-body

simulation is a Monte-Carlo representation of the mass distribution that satis�es the

collisionless Boltzmann equation. The evolution in the N-body code we use is driven

solely by the force of gravity. One simple way to calculate the forces would be through

direct summation, where the force on a particle is found by summing the contribution

from all particles in the simulation. While this may provide the most accurate results,

it requires an unreasonable amount of computational time (O(N 2)). Generally more

e�cient codes are used at the cost of some accuracy. A common type of N-body code

used to evolve isolated disc-halo systems, �rst introduced by Barnes and Hut (1986),

is the tree-based code. In this thesis we use the tree N-body code written by Sti�

(2003) based on the algorithm of Dehnen (2000).

The basic ideas of this algorithm are talked about here but for a detailed explana-

tion we point the reader to Dehnen (2000). In tree-based N-body codes the �rst step
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is to organize the particle distribution into a tree data structure (called an oct-tree

in three dimensions). The three-dimensional space that the particles occupy (parent

cell) is divided into eight child cells. Beginning at the volume containing all particles

(root node) this division occurs recursively until each particle has its own cell. To

determine the force on a particle the �rst step is traversing the tree starting at the

root node. At each cell it is necessary to determine whether or not to continue moving

down the tree. If this condition is met then the force will be calculated using the total

mass at the center of mass of the cell. Otherwise, the journey down the tree continues

until there is an encounter with a cell with only one particle, in which case a direct

force calculation is performed. By calculating forces in this way the computational

time is reduced, compared to direct summation, toO(N logN )

When studying the physics of galaxy evolution using N-body simulations it is

important to ensure the number of particles used is suited for the type of e�ect being

studied. One of the e�ects we will look at is angular momentum transfer from the

stellar disc to the dark matter halo. Dubinski et al. (2009) conducted a study on this

matter using simulations with a varying number of particles and found that using

between 106 to 107 particles is enough to model this interaction.

2.3 Fourier Analysis

Many density structures found in galaxies often display m-fold symmetry in the

plane of the disc as explained in Chapter. 1.2.2. For example, in an axisymmetric disc

the galactic bar is anm = 2 disturbance. One of the most powerful tools to study

disturbances like the bar is Fourier analysis. Based on the seminal work of Sellwood

and Athanassoula (1986) we can decompose the surface density of the galactic disc
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by writing it as a Fourier series in�

�( R; �; t ) = Re

 
X

m

� m (R; t)e� im�

!

(2.8)

where the Fourier coe�cients are

� m (R; t) =
1

2�

Z 2�

0
�( R; �; t )eim� d�: (2.9)

In an N-body simulation one must sum over the particles that were sampled

from the DF rather than integrate. To do this we begin with the surface density as

de�ned by Eq. 2.1. One may represent the DF in an N-body simulation as sum of

delta-functions, f (x; v ; t) =
P

i � i � 3(x � x i )� 3(v � v i ). By subbing this distribution

function into Eq. 2.1 and then writing it as a Fourier series over rings of �nite radius

at radius, R� , with thickness, � R� , we get the Fourier coe�cients

� m (R� ; t) = S� 1
�

X

j 2 �

� j eim� j ; (2.10)

where S� = 2�R � � R� is the area of the ring and the sum is over all particles with

mass� in the ring.

Similar to density structures like the bar, vertical structures like warps, which is

an m = 1 disturbance, can exist in the disc. Chequers and Widrow (2017) expanded

on the Fourier series of the surface density to decompose the vertical coordinate using

Fourier analysis. The ideas used to derive Eq. 2.10 can also be used to derive the

vertical Fourier decomposition, with the end results being

Z(R� ; �; t ) = �( R� ; �; t )� 1Re

 
X

m

Zm (R� ; t)e� im�

!

(2.11)
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where

Zm (R� ; t) = S� 1
�

X

j 2 �

� j zj eim� j : (2.12)

2.4 Spherical Harmonics

Due to the formation of a bar in the disc of the galaxy one expects the formation

of a dark matter wake. This wake is a structure that forms in the dark matter halo

and so it is necessary to analyse the density distribution of the dark matter halo. Due

to the almost spherical shape of the halo, an expansion of the density� h(r; �; � ) using

spherical harmonics can be done. To start, we write the density as

� h(r; �; � ) =
X

l;m

� lm (r )Ylm (�; � ); (2.13)

where l and m are the quantum numbers. By rearranging the coe�cients can be

written as

� lm (r ) =
Z

d
 � h(r; �; � )Y �
lm (�; � ); (2.14)

whered
 = sin( � )d�d� .

Due to the N-body simulation being a group of particles that were sampled from

the DF it is more practical to write � lm (r ) as a sum. Density is an integral of the

DF over velocities so we may write� (r; �; � ) =
P

i � i � 3(~r � ~ri ), where the sum is over

all particles with mass� . From here we get the spherical harmonic coe�cients which

can be used to decompose the density of the halo in a shell at radiusr � and thickness

� r � .
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� lm (r � ) =

P
j 2 � � i Y �

lm (� i ; � i )

r 2
� � r �

: (2.15)
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Chapter 3

The Tangled History of Galactic Bars and Dark

Matter Halos

3.1 Simulations

We carry out a sequence of N-body simulations that follow the evolution of a

stellar thin disc embedded in a dark matter halo from equilibrium initial conditions.

The e�ects of a bulge on the stellar disc are de�nitely not negligible, but is beyond

the scope of this work. For the most part, we use the cylindrical coordinates (R; �; z )

though we will sometimes use spherical coordinates (r; �; � ) when discussing the halo.

We assume that the disc has an exponential surface density pro�le with a total mass

of M d = 4:7 � 1010 M � , a radial scale length ofRd = 2:8 kpc, and a vertical scale

height hz = 180 pc. The radial velocity dispersion pro�le is also exponential with

� r = � R0 exp (� R=2Rd). We set � R0 = 100 km s� 1, leading to a Toomre instability

parameter, which is a measure of the stability of the disc against gravitational collapse,

of Q = 1:1 at R = 2:2Rd. The parameters of the disc are set in accordance with

observations of the Milky Way (Sofue, 2013) so that our models are bar unstable
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Milky Way like galaxies. The density of the dark matter halo follows a Navarro-

Frenk-White (NFW) pro�le (Navarro et al., 1996) with a scale length ofah = 13:6 kpc

and a density at r = ah of � h = v2
h=16�Ga 2

h = 2:7 � 106 M � kpc� 3, which translates

to a halo velocity scale ofvh = 330 km s� 1.

All of our simulations are run with a live disc comprising 2 million particles. In

our �ducial simulation, the halo is also live and its velocity ellipsoid is isotropic. We

also follow the evolution of the disc in a static halo, in a live halo that rotates in the

same sense as the disc, and a live halo that rotates in the opposite sense of the disc.

We refer to these simulations as IH, SH, PH, and RH for isotropic halo, static halo,

prograde halo, and retrograde halo, respectively.

The initial conditions are generated using theGalactICS code (Kuijken and

Dubinski, 1995; Widrow et al., 2008; Deg et al., 2019), which is based on Jeans theo-

rem where the distribution functions (DFs) for both the disc and halo are generated

from elementary functions of the integrals of motions. In particular, the DF for the

disc is a function of the energyE, the angular momentum about thez-axis L z, and

the vertical energyEz. Since the latter is only an approximate integral of motion, the

initial conditions are only approximately in equilibrium. However, for the relatively

thin disc considered here, the departure from exact equilibrium is negligible. The

halo DF for the IH simulation depends only on the energy and therefore the halo

velocity ellipsoid is isotropic.

The �rst step in the GalactICS code is to calculate the self-consistent DF-

density-potential triad by solving Poisson's equation for the potential given the den-

sity and �nding the density from the DF by integrating over velocities. The �rst part
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is accomplished by expanding both the potential and density in Legendre polynomi-

als and solving for the coe�cients on a radial grid using an iterative scheme. Once

convergence is achieved, one can sample the disc DF to obtain an N-body realization

of the system. Likewise, an N-body realization for the IH simulation is obtained by

sampling its DF. Note that the isodensity contours of the halo are slightly 
attened

due to the contribution of the disc to the potential. In the SH simulation, we calcu-

lated the force due to the halo using the Legendre polynomial expansion and utility

routines in the GalactICS code. The alternative is to simply freeze the halo parti-

cles, which avoids the necessity of integratingGalactICS routines into an N-body

code (Polyachenko et al., 2016).

For the PH and RH runs, we impart rotation to the halo by introducing a bias in

the sign of the azimuthal component of the velocity,v� for halo particles. Since the

halo DF depends onv2
� , we are free to choose any admixture of particles with positive

or negative v� . In this work, we choose the limiting case where all halo particles

have positivev� in the PH case and negativev� in the RH case. This method for

producing a rotating halo is rather arti�cial; more realistic models can be generated

by allowing the DF to depend on theL z as well asE. Nevertheless, it leads to a halo

with a reasonable amount of rotation. To see this, we compute the dimensionless

spin parameter� �rst discussed by Peebles (1969, 1971). Here, we use the form from

Bullock et al. (2001):

� =
jhL zij

p
2GM200R200

; (3.1)

where hL zi the mean speci�c angular momentum of the halo particles,R200 is

the virial radius of the halo, de�ned to be the radius in which the mean density
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Figure 3.1: Circular speed and rotation curves along with velocity dispersion pro�les
our models. The top panel showsvc(R) (solid black) as well as the separate contri-
butions to vc from the disc (red) and halo (blue). The dashed black curve shows the
rotation curve of the disc particles, which includes the the e�ect of asymmetric drift.
The middle panel shows the velocity dispersion for disc particles in the radial, az-
imuthal, and vertical directions as solid, dashed, and dotted curves. The semi-log plot
highlights the fact that the velocity dispersion pro�les are approximately exponential
in R. The bottom panel shows the total velocity dispersion of the halo (dashed curve)
as well as the rotation curve for the prograde halo.
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interior is 200 times the critical density, andM 200 is the virial mass. For our halo,

R200 = 145 kpc andM 200 = 3:3� 1011 M � . With these values, the PH and RH models

have a spin parameter of� = 0:08. The halos in simulations appear to follow a log-

normal distribution with a mean of 0:04 and standard deviation in ln� of 0.5 (Bullock

et al., 2001). Our PH and RH halos therefore have high spins but within 1.5 sigma

from the mean.

The top panel of Fig.3.1 shows the circular speed curve,vc(R) �
p

RjF (R)j where

F (R) is the radial component of the force as measure in the mid plane of the system.

We also show the contributions tovc from the disc and halo. From the rotation curve

decomposition, we can already anticipate that the system will form a strong bar since

the disc dominates over the halo forR < 10 kpc. To further emphasize this point we

note that � � Vpeak=
p

GMd=Rd ' 0:78 whereas stability against the formation of a

strong bar requires� & 1:1 (Efstathiou et al., 1982). We also �nd that �=m d = 0:56

in our rotating halo models, wheremd is the disc mass to halo mass ratio, while

stability against bar formation is achieved when�=m d � 1 (Mo et al., 1998; Foyle

et al., 2008). Each of our models will form a bar which is conducive to our exploration

of bar-halo interactions. We also show the rotation curve,hv� i (R) for disc particles.

The di�erence betweenvc and hv� i is a re
ection of asymmetric drift, which is build

into the GalactICS models.

The middle panel of Fig.3.1 shows the radial pro�les for the velocity dispersion in

the radial, azimuthal, and vertical directions. These are calculated from the N-body

realization of the disc, though they can be understood from the construction of the

GalactICS code. For example, as described above� R is exponential with a scale

length ofRd=2 and central value of� R0 by design. Furthermore, theGalactICS code
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builds a disc where the vertical structure is approximately isothermal with constant

scale height. Since, to a good approximation, the surface density � is proportional to

� 2
z=hz, we expect, and indeed �nd, that� z will follow the same exponential pro�le.

The bottom panel of Fig. 3.1 shows the total velocity dispersion pro�le for the

halo as derived from the N-body realization of the equilibrium DF. As expected, the

peak in the 3D velocity dispersion is roughly a factor of
p

3=2 ' 1:22 times higher

than the peak in the rotation curve. We also show the rotation curve for the PH case.

The rotation curve is about a factor of two lower than the rotation curve for the disc

stars re
ecting the fact that even for our limiting PH and RH cases, the main support

for the system comes from random motions of the halo particles.

The simulations are run using an N-body code from Sti� (2003), which is based

on the algorithm described in Dehnen (2000). The simulations use a softening length

of 50 pc and timestep of' 1 Myr and are run for 10 Gyr.

Throughout this work, we use Fourier analysis to describe the angular and time

dependence of various quantities such as the surface density and mid plane displace-

ment (see, for example, Sellwood (1985), Athanassoula and Misiriotis (2002), and

(Chequers and Widrow, 2017). We begin by dividing the disc into cylindrical bins

with mean radii R� and areaS� . Formally, the surface density �(R� ; �; t ) can be

written

�( R� ; �; t ) = 2 �S � 1
�

X

j 2 �

� j � (� � � j (t)) (3.2)

where the sum is over all particles in the� 'th bin. This can be expressed as a

Fourier series:
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�( R� ; �; t ) =
1X

m=0

� m (R� ; t)e� im� (3.3)

where it is understood that � is obtained by taking the real part of the right hand

side of this expression. The Fourier coe�cients are given by

� m (R� ; t) = S� 1
�

X

j 2 �

� j eim� j : (3.4)

The Fourier series allows us to construct an approximation to the surface density

that is continuous in � . In what follows, we use terms up tom = 5 and write

��( R� ; �; t ) =
5X

m=0

� m (R� ; t)eim� (3.5)

Similarly, we can construct quantities to describe the displacement of the disc

from its mid plane. The vertical displacement across the disc is given by

Z(R; �; t ) = ��( R; �; t )� 1
X

m

Zm (R� ; t)e� im� (3.6)

where

Zm (R� ; t) = S� 1
�

X

j

� j zj eim� j (3.7)

Global properties of the disc are described by considering bins that encompass

large regions of the disc. For example, we de�ne the dimensionless bar strength

parameter as

A2 = M � 1
7

�
�
�
�
�

X

R< 7 kpc

� j eim� j

�
�
�
�
�

(3.8)
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where M 7 is the mass of the disc within 7 kpc. A radius of 7 kpc is used since we

�nd that this is where the corotation radius of the bar is after it forms. Likewise,

we de�ne the global Fourier mode with quantum numberm associated with vertical

displacements as

Zm = M � 1
7

�
�
�
�
�

X

R< 7 kpc

� j zj eim� j

�
�
�
�
�

(3.9)

The root-mean-square thickness of the disc is de�ned as

ZRMS =
s

M � 1
7

X

R< 7 kpc

mj z2
j (3.10)

3.2 Results

3.2.1 Overview of Evolution: Bar Formation and Angular Momentum

Transfer

First we examine how our stellar discs evolve in the di�erent dark matter halos.

In Fig. 3.2 we show the evolution ofA2 (top panel) along with several other global

kinematic diagnostics over the entirety of the simulations. The evolution ofA2 after

bar formation involves relatively sharp drops, long term drifts that can be increasing

or decreasing, and oscillations with a period of� 200 Myr. For example, in the IH

simulation, A2 oscillates with an overall drop of about 25% between 480� 650 Myr.

This is followed by a steady rise until 3:7 Gyr when there is a second, more precipitous

drop by 25%, after whichA2 once again slowly rises. These oscillations can indicate

beats between two features with di�erent pattern speeds, such as spiral arms and the

bar, as explained in Villa-Vargas et al. (2009); Sellwood (2016).
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To further study these events in all our simulations we plot the meanm = 2

mode of vertical displacement,Z 2 (second panel). We �nd that theA2 drops coincide

with peaks in Z 2. For example, in the IH simulation, the �rst peak is only 10 pc but

nevertheless clearly visible above the notice, while the second reaches a maximum

value above 50 pc. TheA2 drops are also coincident with sharp increases in the root

mean square thickness (ZRMS ) of the inner disc, as can be seen in the third panel

of Fig. 3.2. Our interpretation of the peaks inZ 2 or the sharp increases inZRMS

is that they are buckling events. Of the two representations of buckling in Fig. 3.2

we use the time of sharp increase inZRMS to determine when buckling occurs in all

simulations since it is less noisy. In the IH, PH and RH simulation there are two

buckling events, at 680 and 3700, 600 and 4800, 1000 and 2500Myr respectively. We

label these events as IHB1, IHB2, PHB1, PHB2, RHB1 and RHB2. In the SH simulation

there is no discernible peak inZ 2, yet there is a small but sharp jump at 2500Myr

in ZRMS which we label SHB1. The �nal thickness of the bar in the RH simulation

is the greatest, followed by the IH, PH and SH models. All of the identi�ed buckling

events will be examined closely later.

Though the stellar disc quickly forms a bar in all four of our simulations, the details

of the formation process and subsequent evolution of the disc depend sensitively on the

dark halo. In Fig.3.3 we show the bar strength parameterA2 during the early stages

of each simulation. We see that the bar forms most rapidly in the PH simulation

when the disc is embedded in a co-rotating halo. This is followed, in decreasing order

of the bar formation rate, by the IH, RH, and SH simulations. Rough estimates

for these rates, which we estimate using linear regression as shown in Fig. 3.3 are

8:6; 5:0; 2:1; 1:8 Gyr� 1 for the PH, IH, RH, and SH simulations, respectively. This
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