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Figure 3: Alternant response of the shear stress [Eq. (20) with Eqs. (21)–(24) (black)] 
versus finite difference calculations of Eq. (8) (in color).  Loops of dimensionless shear 
stress, 

   
⌣τ yx ≡ λ1τ yx η0 , versus dimensionless shear rate,    !γ !γ 0 = cosωt  for  Wi De = 1 10 ,

 1 2 , 3 4 , 1 , 5 4  and  λ2 λ1 = 1 27 .  Four subfigures are for  De = 0.1 , 1 , 5 , 10 .  
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Figure 4:  Alternant response of the shear stress [Eq. (20) with Eqs. (21)–(24) (black)] 
versus finite difference calculations of Eq. (8) (in color).  Loops of dimensionless shear 
stress, 

   
⌣τ yx ≡ λ1τ yx η0 , versus dimensionless shear rate,    !γ !γ 0 = cosωt  for  Wi De = 1 10 ,

 1 2 , 3 4 , 1 , 5 4  and  λ2 λ1 = 1 9 .  Four subfigures are for  De = 0.1 , 1 , 5 , 10 .  
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Figure 5: Startup shear stress response [Eqs. (20) and (25) with Eqs. (21)–(24) and Eqs. 
(26)–(29) (in black)] and finite difference calculations of Eq. (8) (in color).  Loops of 
dimensionless shear stress, 

   
⌣τ yx ≡ λ1τ yx η0 , versus dimensionless shear rate,    !γ !γ 0 = cosωt  

for  Wi De = 1 10 , 1 2 , 3 4 , 1 , 5 4 , and  De = 0.1 , 1  and for  λ2 λ1 = 1 27  (top row) and 

 λ2 λ1 = 1 9  (bottom row).  
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Figure 6: Alternant response of the exact solution [Eq. (20) with Eqs. (21)–(24) (black)] 
versus finite difference calculations of Eq. (8) (red).  Loops of dimensionless shear stress, 

   
⌣τ yx ≡ λ1τ yx η0 , versus dimensionless shear rate,    !γ !γ 0 = cosωt  at  De→ 0 .  Three 

subfigures are for  λ2 λ1 = 0,1 27 ,1 9 .  
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Figure 7:  Ewoldt grid of the alternant response [Eq. (20) with Eqs. (21)–(24)] for 

 λ2 λ1 = 1 9 .  
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Figure 8:  Measured (circles) and fitted (lines)  η η0  versus   λ1 !γ .  Left column is from the 
multimode CJ [Eq. (36)].  Right column is finite difference calculation for the multimode 
O8 [Eq. (35)].  The fitted model parameters for both models are summarized in Table III 
and the RSS are summarized in Table IV.  
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Figure 9:  Measured (circles) and predicted (lines)   λ1τ yx η0  versus   !γ !γ 0  for  ω = 10rad s  

and   !γ
0 = 10s−1 .  Using the best-fit parameters from steady shear experiment, left column 

is from the multimode CJ [Eq. (37)], right column is finite difference calculation of the 
multimode O8 [Eq. (38) with Eq. (33)] using the fitted model parameters in Table III. 
RSS are summarized in Table IV.  
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Figure 10:  Measured (circles) and predicted (lines)   λ1τ yx η0  versus   !γ !γ 0  for 

 ω = 10rad s  and   !γ
0 = 100s−1 .  Using the best-fit parameters from steady shear 

experiment, left column is from the multimode CJ [Eq. (37)], right column is finite 
difference calculation of the multimode O8 [Eq. (38) with Eq. (33)] using the fitted 
model parameters in Table III. RSS are summarized in Table IV.  
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Figure 11:  Measured (circles) and predicted (lines)   λ1τ yx η0  versus   !γ !γ 0  for  ω = 1rad s  

and   !γ
0 = 5s−1 .  Using the best-fit parameters from steady shear experiment, left column 

is from the multimode CJ [Eq. (37)], right column is finite difference calculation of the 
multimode O8 [Eq. (38) with Eq. (33)] using the fitted model parameters in Table III.  
RSS are summarized in Table IV.    
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This supplements [1,2] with the proof of the stress governing equation and our main 
results.  Section I of the Supplementary Material provides the detailed derivation of the 
stress governing equation for both the Oldroyd 8-constant framework, Eq. (7), and its 
special case, the corotational Jeffreys fluid, Eq. (8).  Section II of the Supplementary 
Material provides the detailed derivation of our main results, for the alternant part, Eq. 
(20) [with Eqs. (21)–(24)], and the transient part, Eq. (25) [with Eqs. (26)–(29)]. 

 
I DERIVATION OF THE STRESS GOVERNING EQUATION 

The shear rate expression for udLAOS is given by: 

   !γ = !γ 0 1+ cosωt( )  (1) 
and the Oldroyd 8-constant framework is given by: 

     

τ + λ1
D τ
D t

+ 1
2 µ0 trτ( ) !γ − 1

2 µ1 τ ⋅ !γ+ !γ ⋅τ{ }+ 1
2ν1 τ : !γ( )δ

= −η0 !γ + λ2
D !γ
D t

− µ2 !γ ⋅ !γ{ }+ 1
2ν2 !γ : !γ( )δ⎛

⎝⎜
⎞
⎠⎟

 (2) 

To derive the stress governing equation for this framework under udLAOS, we need the 
following ingredients: 

     

!γ ≡ ∇v + ∇v( )† = !γ 0 1+ cosωt( )
0 1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (3) 

     

ω ≡ ∇v − ∇v( )† = !γ 0 1+ cosωt( )
0 −1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (4) 

    
!γ yx = !γ 0 1+ cosωt( )  (5) 

   

τ=

τ xx τ yx 0
τ yx τ yy 0
0 0 τ zz

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

 (6) 

     

D τ
D t

≡ Dτ
Dt

+ 1
2
ω⋅τ − τ ⋅ω{ } = ∂τ

∂t
+ 1

2
ω⋅τ − τ ⋅ω{ }

=

!τ xx !τ yx 0

!τ yx !τ yy 0

0 0 !τ zz

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+ 1
2

!γ 0 1+ cosωt( )
−2τ yx τ xx −τ yy 0

τ xx −τ yy 2τ yx 0

0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

 (7) 
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trτ( ) !γ= τ xx +τ yy +τ zz( ) !γ 0 1+ cosωt( )
0 1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (8) 

    

τ ⋅ !γ+ !γ ⋅τ{ } = !γ 0 1+ cosωt( )
2τ yx τ yy +τ xx 0

τ yy +τ xx 2τ yx 0

0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

 (9) 

    

τ : !γ( )δ= 2 !γ 0 1+ cosωt( )τ yx

1 0 0
0 1 0
0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (10) 

     

D !γ
D t

≡ D !γ
Dt

+ 1
2
ω⋅ !γ − !γ⋅ω{ } = ∂ !γ

∂t
+ 1

2
ω⋅ !γ − !γ⋅ω{ }

= − !γ 0ω sinωt
0 1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ !γ 0 1+ cosωt( )⎡⎣ ⎤⎦

2
−1 0 0
0 1 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (11) 

    

!γ ⋅ !γ{ } = !γ 0 1+ cosωt( )⎡⎣ ⎤⎦
2

1 0 0
0 1 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (12) 

    

!γ : !γ( )δ= 2 !γ 0 1+ cosωt( )⎡⎣ ⎤⎦
2

1 0 0
0 1 0
0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (13) 

Substituting Eqs. (3) through (13) into Eq. (2), we find: 

   

τ xx τ yx 0
τ yx τ yy 0
0 0 τ zz

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+ λ1

!τ xx !τ yx 0
!τ yx !τ yy 0
0 0 τ zz

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+
λ1

2
!γ yx

−2τ yx τ xx −τ yy 0
τ xx −τ yy 2τ yx 0
0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+
µ0

2
τ xx +τ yy +τ zz( ) !γ yx

0 1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

−
µ1

2
!γ yx

2τ yx τ yy +τ xx 0
τ yy +τ xx 2τ yx 0
0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+ν1 !γ yxτ yx

1 0 0
0 1 0
0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

= −η0 !γ yx

0 1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+η0λ2 !γ 0ω sinωt

0 1 0
1 0 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
−η0λ2 !γ yx

2
−1 0 0
0 1 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

+η0µ2 !γ yx
2

1 0 0
0 1 0
0 0 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
−η0ν2 !γ yx

2
1 0 0
0 1 0
0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 (14) 

from which we extract: 
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λ1 !τ xx +τ xx − λ1 + µ1 −ν1⎡⎣ ⎤⎦ !γ 0 1+ cosωt( )τ yx =η0 λ2 + µ2 −ν2( ) !γ 0 1+ cosωt( )⎡⎣ ⎤⎦

2
 (15) 

   
λ1 !τ yy +τ yy + λ1 − µ1 +ν1( ) !γ 0 1+ cosωt( )τ yx = −η0 λ2 − µ2 +ν2( ) !γ 0 1+ cosωt( )⎡⎣ ⎤⎦

2
 (16) 

   
λ1 !τ zz = −τ zz −ν1 !γ 0 1+ cosωt( )τ yx −η0ν2 !γ 0 1+ cosωt( )⎡⎣ ⎤⎦

2
 (17) 

   

λ1 !τ yx = − 1
2 λ1 − µ1 + µ0⎡⎣ ⎤⎦ !γ 0 1+ cosωt( )N1 − µ0 − µ1⎡⎣ ⎤⎦ !γ 0 1+ cosωt( )N2

− 3
2 µ0 − µ1⎡⎣ ⎤⎦ !γ 0 1+ cosωt( )τ zz −τ yx −η0 !γ 0 1+ cosωt( ) +η0λ2 !γ 0ω sinωt

 (18) 

Eqs. (15) through (18) can be nondimensionalized to: 

   

d⌣τ yx

dτ
= − 1

De
⌣τ yx − 1

2 1+ ⌣µ0 −
⌣µ1⎡⎣ ⎤⎦

Wi
De

1+ cosτ( ) ⌣N1 −
⌣µ0 −
⌣µ1⎡⎣ ⎤⎦

Wi
De

1+ cosτ( ) ⌣N2

− 3
2
⌣µ0 −
⌣µ1⎡⎣ ⎤⎦

Wi
De

1+ cosτ( ) ⌣τ zz −
Wi
De

1+ cosτ( ) +
⌣
λ2 Wisinτ

 (19) 

   

d
⌣
N1

dτ
= 2

Wi
De

1+ cosτ( ) ⌣τ yx −
1

De

⌣
N1 + 2

⌣
λ2

Wi2

De
1+ cosτ( )2  (20) 

   

d
⌣
N2

dτ
= − 1− ⌣µ1( )Wi

De
1+ cosτ( ) ⌣τ yx −

1
De

⌣
N2 −

⌣
λ2 −

⌣µ2( )Wi2

De
1+ cosτ( )2  (21) 

   

d⌣τ zz

dτ
= − ⌣ν1

Wi
De

1+ cosτ( ) ⌣τ yx −
1

De
⌣τ zz −

⌣ν2

Wi2

De
1+ cosτ( )2  (22) 

which can be rewritten into matrix form as in Eq. (7) of the main manuscript [1,2].  For 
the special case of the corotational Jeffreys fluid, we set  µ0 =  µ1 =  µ2 =  ν1 =  ν2 = 0  to find:  

   

d⌣τ yx

dτ
= − 1

De
⌣τ yx −

1
2

Wi
De

1+ cosτ( ) ⌣N1 −
Wi
De

1+ cosτ( ) +
⌣
λ2 Wisinτ  (23) 

   

d
⌣
N1

dτ
= 2

Wi
De

1+ cosτ( ) ⌣τ yx −
1

De

⌣
N1 + 2

⌣
λ2

Wi2

De
1+ cosτ( )2  (24) 

   

d
⌣

N2

dτ
= − Wi

De
1+ cosτ( ) ⌣τ yx −

1
De

⌣
N2 −

⌣
λ2

Wi2

De
1+ cosτ( )2  (25) 

   
d⌣τ zz

dτ
+ 1

De
⌣τ zz = 0  (26) 

By inspection of Eqs. (24) and (25), we find    
⌣

N1 = −2
⌣
N2 , as it should [6], and shear stress 

response is independent of   
⌣τ zz .  Therefore, the relevant governing equation for stress 

responses are: 

   

d⌣τ yx

dτ
= − 1

De
⌣τ yx −

1
2

Wi
De

1+ cosτ( ) ⌣N1 −
Wi
De

1+ cosτ( ) +
⌣
λ2 Wisinτ  (27) 

   

d
⌣
N1

dτ
= 2

Wi
De

1+ cosτ( ) ⌣τ yx −
1

De

⌣
N1 + 2

⌣
λ2

Wi2

De
1+ cosτ( )2  (28) 

which can be rewritten into matrix form as in Eq. (8) of the main manuscript [1,2].  
Table I of [1,2] summarizes all dimensional variables and symbols, whereas Table II of 
[1,2] gathers all dimensionless ones. 
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II EXACT SOLUTIONS 

We derive the exact shear stress expression from the corotational Jeffreys fluid from 
the governing equations for stresses, given by Eqs. (27) and (28).  We first derive the 
homogeneous part in Subsection IIa, and then the particular part in Subsection IIb.  

 
a Homogeneous Part 

The homogeneous parts in Eqs. (23) and (24) are [3]: 

   

d⌣τ yx ,h

dτ
= − 1

De
⌣τ yx ,h −

1
2

Wi
De

1+ cosτ( ) ⌣N1,h  (29) 

   

d
⌣

N1,h

dτ
= 2

Wi
De

1+ cosτ( ) ⌣τ yx ,h −
1

De

⌣
N1,h  (30) 

Solving these by following the method of [3] as described in Section 4. of [6], we find: 

   

⌣τ yx ,h =
1
2

e
−τ
De i e

π
2De C1 −C2( )cos

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟
− e

π
2De C1 +C2( )sin

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥  (31) 

   

⌣
N1,h = e

−τ
De e

π
2De C1 +C2( )cos

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟
+ ie

π
2De C1 −C2( )sin

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥  (32) 

For simplicity, we group the integration constants: 

  C3 ≡ i e
π

2De C1 −C2( ) ; C4 ≡ e
π

2De C1 +C2( )  (33) 
Substituting Eq. (33) into Eqs. (31) and (32), we find:  

   

⌣τ yx ,h =
1
2

e
−τ
De C3 cos

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟
−C4 sin

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥  (34) 

   

⌣
N1,h = e

−τ
De C3 sin

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟
+C4 cos

Wi
De

τ + sinτ( )⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥  (35) 

Rewriting Eqs. (34) and (35) into matrix form, we find: 

   

⌣τ yx ,h
⌣

N1,h

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= Φ
C3

C4

⎡

⎣
⎢

⎤

⎦
⎥  (36) 

in which the fundamental matrix is given by: 

 

Φ ≡
1
2 exp −τ

De( )cos Wi
De τ + sinτ( )( )

exp −τ
De( )sin Wi

De τ + sinτ( )( )
− 1

2 exp −τ
De( )sin Wi

De τ + sinτ( )( )
exp −τ

De( )cos Wi
De τ + sinτ( )( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥  (37) 

which we will use to calculate the particular part of the stress responses.  Eq. (36) is the 
homogeneous response of udLAOS from the corotational Jeffreys.   
 

b Particular Part 

The particular responses can be calculated from (see Eq. (10) on p. 711 of [4]): 
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⌣τ yx ,p
⌣
N1,p

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= Φ τ( ) Φ−1 ′τ( )

− Wi
De 1+ cos ′τ( ) +

⌣
λ2 Wisin ′τ

2
⌣
λ2

Wi2

De 1+ cos ′τ( )2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
d ′τ∫  (38) 

To evaluate this, we must invert Eq. (37): 

 

Φ−1 =
2exp τ

De( )cos Wi
De τ + sinτ( )( )

−2exp τ
De( )sin Wi

De τ + sinτ( )( )
exp τ

De( )sin Wi
De τ + sinτ( )( )

exp τ
De( )cos Wi

De τ + sinτ( )( )
⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥  (39) 

Substituting this into Eq. (38) and considering only the integrand, we find: 

   
Φ−1

− Wi
De 1+ cos ′τ( ) +

⌣
λ2 Wisin ′τ

2
⌣
λ2

Wi2

De 1+ cos ′τ( )2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
d ′τ∫ = 2

− Wi
De I1 − Wi

De I3 +
⌣
λ2 Wi I5 +

⌣
λ2

Wi2

De
3
2 I2 + 2I4 + 1

2 I7( )
Wi
De I2 + Wi

De I4 −
⌣
λ2 Wi I6 +

⌣
λ2

Wi2

De
3
2 I1 + 2I3 + 1

2 I8( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (40) 

where: 

  I1 ≡ e
′τ

De cos Wi
De ′τ + sin ′τ( )( )d ′τ∫  (41) 

  I2 ≡ e
′τ

De sin Wi
De ′τ + sin ′τ( )( )d ′τ∫  (42) 

  I3 ≡ e
′τ

De cos ′τ cos Wi
De ′τ + sin ′τ( )( )d ′τ∫  (43) 

  I4 ≡ e
′τ

De cos ′τ sin Wi
De ′τ + sin ′τ( )( )d ′τ∫  (44) 

  I5 ≡ e
′τ

De sin ′τ cos Wi
De ′τ + sin ′τ( )( )d ′τ∫  (45) 

  I6 ≡ e
′τ

De sin ′τ sin Wi
De ′τ + sin ′τ( )( )d ′τ∫  (46) 

  I7 ≡ e
′τ

De cos2 ′τ sin Wi
De ′τ + sin ′τ( )( )d ′τ∫  (47) 

  I8 ≡ e
′τ

De cos2 ′τ cos Wi
De ′τ + sin ′τ( )( )d ′τ∫  (48) 

To evaluate the constant of integration,   C3  and   C4 , we substitute Eqs. (37) and (40) 
into Eq. (38) to get: 

   

⌣τ yx ,p
⌣

N1,p

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= e

−τ
De

− Wi
De I1 − Wi

De I3 +
⌣
λ2 Wi I5 +

⌣
λ2

Wi2

De
3
2 I2 + 2I4 + 1

2 I7( )( )cos Wi
De τ + sinτ( )

+ − Wi
De I2 − Wi

De I4 +
⌣
λ2 Wi I6 −

⌣
λ2

Wi2

De
3
2 I1 + 2I3 + 1

2 I8( )( )sin Wi
De τ + sinτ( )

2 − Wi
De I1 − Wi

De I3 +
⌣
λ2 Wi I5 +

⌣
λ2

Wi2

De
3
2 I2 + 2I4 + 1

2 I7( )( )sin Wi
De τ + sinτ( )

+ 2 Wi
De I2 + Wi

De I4 −
⌣
λ2 Wi I6 +

⌣
λ2

Wi2

De
3
2 I1 + 2I3 + 1

2 I8( )( )cos Wi
De τ + sinτ( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (49) 

Combining Eqs. (36) and (49) gives the complete compact solution: 
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⌣τ yx
⌣
N1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

C3

2
e
−τ
De cos

Wi
De

τ + sinτ( )− C4

2
e
−τ
De sin

Wi
De

τ + sinτ( )

C3e
−τ
De sin

Wi
De

τ + sinτ( ) +C4e
−τ
De cos

Wi
De

τ + sinτ( )

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+e
−τ
De

− Wi
De I1 − Wi

De I3 +
⌣
λ2 Wi I5 +

⌣
λ2

Wi2

De
3
2 I2 + 2I4 + 1

2 I7( )( )cos Wi
De τ + sinτ( )

+ − Wi
De I2 − Wi

De I4 +
⌣
λ2 Wi I6 −

⌣
λ2

Wi2

De
3
2 I1 + 2I3 + 1

2 I8( )( )sin Wi
De τ + sinτ( )

2 − Wi
De I1 − Wi

De I3 +
⌣
λ2 Wi I5 +

⌣
λ2

Wi2

De
3
2 I2 + 2I4 + 1

2 I7( )( )sin Wi
De τ + sinτ( )

+ 2 Wi
De I2 + Wi

De I4 −
⌣
λ2 Wi I6 +

⌣
λ2

Wi2

De
3
2 I1 + 2I3 + 1

2 I8( )( )cos Wi
De τ + sinτ( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (50) 

Subjecting this to the stress-free initial conditions: 

   

⌣τ yx 0( )
⌣
N1 0( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

0
0
⎡

⎣
⎢
⎤

⎦
⎥  (51) 

we find: 

   

C3

C4

⎡

⎣
⎢

⎤

⎦
⎥=

−2 − Wi
De I1,0 −

Wi
De I3 ,0 +

⌣
λ2 Wi I5,0 +

⌣
λ2

Wi2

De
3
2 I2 ,0 + 2I4 ,0 +

1
2 I7 ,0( )( )

−2 Wi
De I2 ,0 +

Wi
De I4 ,0 −

⌣
λ2 Wi I6,0 +

⌣
λ2

Wi2

De
3
2 I1,0 + 2I3 ,0 +

1
2 I8,0( )( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

 (52) 

where   In ,0 ≡ In τ=0 .   
Substituting Eq. (52) into the shear stress component of Eq. (50): 

   

⌣τ yx =

− Wi
De I1 − I1,0( )− Wi

De I3 − I3,0( ) + ⌣λ2 Wi I5 − I5,0( )
+
⌣
λ2

Wi2

De
3
2 I2 − I2,0( ) + 2 I4 − I4 ,0( ) + 1

2 I7 − I7 ,0( )( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

e
−τ
De cos Wi

De τ + sinτ( )

+
− Wi

De I2 − I2,0( )− Wi
De I4 − I4 ,0( ) + ⌣λ2 Wi I6 − I6,0( )

−
⌣
λ2

Wi2

De
3
2 I1 − I1,0( ) + 2 I3 − I3,0( ) + 1

2 I8 − I8,0( )( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

e
−τ
De sin Wi

De τ + sinτ( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (53) 

where the alternant part can be extracted as follow: 

   

⌣τ yx = − Wi
De I1 − Wi

De I3 +
⌣
λ2 Wi I5 +

⌣
λ2

Wi2

De
3
2 I2 + 2I4 + 1

2 I7( )( )e
−τ
De cos Wi

De τ + sinτ( )

+ − Wi
De I2 − Wi

De I4 +
⌣
λ2 Wi I6 −

⌣
λ2

Wi2

De
3
2 I1 + 2I3 + 1

2 I8( )( )e
−τ
De sin Wi

De τ + sinτ( )
 (54) 

and the transient part can be extracted as follow: 

   

⌣τ yx ,0 = −e
−τ
De

− Wi
De I1,0 − Wi

De I3,0 +
⌣
λ2 Wi I5,0 +

⌣
λ2

Wi2

De
3
2 I2,0 + 2I4 ,0 + 1

2 I7 ,0( )( )cos Wi
De τ + sinτ( )

+ − Wi
De I2,0 − Wi

De I4 ,0 +
⌣
λ2 Wi I6,0 −

⌣
λ2

Wi2

De
3
2 I1,0 + 2I3,0 + 1

2 I8,0( )( )sin Wi
De τ + sinτ( )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

 (55) 

Eq. (53) is the compact form of the shear stress response in udLAOS.   
 

We next evaluate the integrals   I1 –  I8 , defined in Eqs. (41) through (48).  For these, we 
need the following trigonometric identities (Eqs. 4.3.16 and 4.3.17 of [5] and Eqs. (117) 
and (120) of [6]): 
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 cos Wi
De τ + Wi

De sinτ( ) = cos Wi
De τ cos Wi

De sinτ( )− sin Wi
De τ sin Wi

De sinτ( )  (56) 

 sin Wi
De τ + Wi

De sinτ( ) = sin Wi
De τ cos Wi

De sinτ( ) + cos Wi
De τ sin Wi

De sinτ( )  (57) 

  
cos Wi

De sinτ( ) = J0 + 2 J2k cos2kτ
k=1

∞

∑  (58) 

  
sin Wi

De sinτ( ) = 2 J2k−1 sin 2k −1( )τ
k=1

∞

∑  (59) 

 
i.   I1  

Substituting Eq. (56) into Eq. (41) yields: 

  I1 = e
′τ

De cos Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ − e
′τ

De sin Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (60) 
and then Eqs. (58) and (59) into the result, we find: 

  
I1 = J0I1,1 + 2 J2kI1,2 − J2k−1I1,3( )

k=1

∞

∑  (61) 

  I1,1 ≡ e
′τ

De cos Wi
De ′τ d ′τ∫  (62) 

  I1,2 ≡ e
′τ

De cos Wi
De ′τ cos2kτ d ′τ∫  (63) 

  I1,3 ≡ e
′τ

De sin Wi
De ′τ sin 2k −1( ) ′τ d ′τ∫  (64) 

Evaluating these, and then substituting the results back into Eq. (61) yields: 

  

I1 = Dee
τ

De J0 cos Wi
De τ

1+ Wi2 +
Wi J0 sin Wi

De τ
1+ Wi2

⎡
⎣⎢

⎤
⎦⎥

+ Dee
τ

De

J2k cos 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2
+

J2k cos 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2
−

J2k−1 cos 2k −1− Wi
De( )τ

1+ 2k −1− Wi
De( )2

De2
+

J2k−1 cos 2k −1+ Wi
De( )τ

1+ 2k −1+ Wi
De( )2

De2

+
2k − Wi

De( )De J2k sin 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2
+

2k + Wi
De( )De J2k sin 2k + Wi

De( )τ
1+ 2k + Wi

De( )2
De2

−
2k −1− Wi

De( )De J2k−1 sin 2k −1− Wi
De( )τ

1+ 2k −1− Wi
De( )2

De2
+

2k −1+ Wi
De( )De J2k−1 sin 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

−
J0 De

1+ Wi2 + De

J2k

1+ 2k − Wi
De( )2

De2
+

J2k

1+ 2k + Wi
De( )2

De2

−
J2k−1

1+ 2k −1− Wi
De( )2

De2
+

J2k−1

1+ 2k −1+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

 (65) 

Subtracting the transient part,   I1,0 ≡ limτ→0 I1 , gives: 
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I1 − I1,0 = Dee
τ

De

φ1
1( ) cos 2k + Wi

De( )τ +ψ 1
1( ) sin 2k + Wi

De( )τ⎡⎣ ⎤⎦
k=0

∞

∑

+
φ1

2( ) cos 2k −1− Wi
De( )τ +φ1

3( ) cos 2k −1+ Wi
De( )τ +φ1

4( ) cos 2k − Wi
De( )τ

+ψ 1
2( ) sin 2k −1− Wi

De( )τ +ψ 1
3( ) sin 2k −1+ Wi

De( )τ +ψ 1
4( ) sin 2k − Wi

De( )τ
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

−De φ1
1( )

k=0

∞

∑ + φ1
2( ) +φ1

3( ) +φ1
4( )( )

k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (66) 

where: 

  

φ1
i( ) ≡

J2k

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − J2k−1

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

,

J2k−1

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

, J2k

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 (67) 

  

ψ 1
i( ) ≡

2k + Wi
De( )De J2k

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − 2k −1− Wi
De( )De J2k−1

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

,

2k −1+ Wi
De( )De J2k−1

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

, 2k − Wi
De( )De J2k

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 (68) 

 
 

ii.   I2  
Substituting Eq. (57) into Eq. (42) yields: 

  I2 = e
′τ

De sin Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ + e
′τ

De cos Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (69) 
and then Eqs. (58) and (59) into the result, we find: 

  
I2 = J0I2,1 + 2 J2kI2,2 + J2k−1I2,3( )

k=1

∞

∑  (70) 

  I2,1 ≡ e
′τ

De sin Wi
De ′τ d ′τ∫  (71) 

  I2,2 ≡ e
′τ

De sin Wi
De ′τ cos2kτ d ′τ∫  (72) 

  I2,3 ≡ e
′τ

De cos Wi
De ′τ sin 2k −1( )τ d ′τ∫  (73) 

Evaluating these, and then substituting the results back into Eq. (70) yields: 
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I2 = Dee
τ

De

−Wi J0 cos Wi
De τ

1+ Wi2 +
J0 sin Wi

De τ
1+ Wi2

⎛
⎝⎜

⎞
⎠⎟

+

2k − Wi
De( )De J2k cos 2k − Wi

De( )τ
1+ 2k − Wi

De( )2
De2

−
2k + Wi

De( )De J2k cos 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2

−
2k −1− Wi

De( )De J2k−1 cos 2k −1− Wi
De( )τ

1+ 2k −1− Wi
De( )2

De2
−

2k −1+ Wi
De( )De J2k−1 cos 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

−
J2k sin 2k − Wi

De( )τ
1+ 2k − Wi

De( )2
De2

+
J2k sin 2k + Wi

De( )τ
1+ 2k + Wi

De( )2
De2

+
J2k−1 sin 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

+
J2k−1 sin 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

+
Wi De J0

1+ Wi2 +

− 2k − Wi
De( )De2 J2k

1+ 2k − Wi
De( )2

De2
+

2k + Wi
De( )De2 J2k

1+ 2k + Wi
De( )2

De2

+
2k −1− Wi

De( )De2 J2k−1

1+ 2k −1− Wi
De( )2

De2
+

2k −1+ Wi
De( )De2 J2k−1

1+ 2k −1+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

 (74) 

Subtracting the transient part,   I2,0 ≡ limτ→0 I2 , gives: 

  

I2 − I2,0 = Dee
τ

De

φ2
1( ) cos 2k + Wi

De( )τ +ψ 2
1( ) sin 2k + Wi

De( )τ⎡⎣ ⎤⎦
k=0

∞

∑

+
φ2

2( ) cos 2k −1− Wi
De( )τ +φ2

3( ) cos 2k −1+ Wi
De( )τ +φ2

4( ) cos 2k − Wi
De( )τ

+ψ 2
2( ) sin 2k −1− Wi

De( )τ +ψ 2
3( ) sin 2k −1+ Wi

De( )τ +ψ 2
4( ) sin 2k − Wi

De( )τ
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

−De φ2
1( )

k=0

∞

∑ + φ2
2( ) +φ2

3( ) +φ2
4( )( )

k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (75) 

where: 

  

φ2
i( ) ≡

− 2k + Wi
De( )De J2k

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − 2k −1− Wi
De( )De J2k−1

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

,

− 2k −1+ Wi
De( )De J2k−1

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

, 2k − Wi
De( )De J2k

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 (76) 

  

ψ 2
i( ) ≡

J2k

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, J2k−1

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

,

J2k−1

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

, − J2k

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 (77) 

 
iii.   I3  

Substituting Eq. (56), into Eq. (43) yields: 
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  I3 = e
′τ

De cos ′τ cos Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ − e
′τ

De cos ′τ sin Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (78) 
and then Eqs. (58) and (59) into the result, we find: 

  
I3 = J0I3,1 + 2 J2kI3,2 − J2k−1I3,3( )

k=1

∞

∑  (79) 

  I3,1 ≡ e
′τ

De cos ′τ cos Wi
De ′τ d ′τ∫  (80) 

  I3,2 ≡ e
′τ

De cos ′τ cos Wi
De ′τ cos2k ′τ d ′τ∫  (81) 

  I3,3 ≡ e
′τ

De cos ′τ sin Wi
De ′τ sin 2k −1( ) ′τ d ′τ∫  (82) 

Evaluating these, and then substituting the results back into Eq. (79) yields: 

  

I3 =
Dee

τ
De

2

J0 cos 1− Wi
De( )τ

1+ 1− Wi
De( )2

De2
+

J0 cos 1+ Wi
De( )τ

1+ 1+ Wi
De( )2

De2
+

1− Wi
De( )De J0 sin 1− Wi

De( )τ
1+ 1− Wi

De( )2
De2

+
1+ Wi

De( )De J0 sin 1+ Wi
De( )τ

1+ 1+ Wi
De( )2

De2

−
J2k−1 cos 2k − Wi

De( )τ
1+ 2k − Wi

De( )2
De2

+
J2k−1 cos 2k + Wi

De( )τ
1+ 2k + Wi

De( )2
De2

−
J2k−1 cos 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
J2k−1 cos 2k − 2+ Wi

De( )τ
1+ 2k − 2+ Wi

De( )2
De2

+
J2k cos 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

+
J2k cos 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

+
J2k cos 2k +1− Wi

De( )τ
1+ 2k +1− Wi

De( )2
De2

+
J2k cos 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

−
2k − Wi

De( )De J2k−1 sin 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2

+
2k + Wi

De( )De J2k−1 sin 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2
−

2k − 2− Wi
De( )De J2k−1 sin 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
2k − 2+ Wi

De( )De J2k−1 sin 2k − 2+ Wi
De( )τ

1+ 2k − 2+ Wi
De( )2

De2

+
2k −1− Wi

De( )De J2k sin 2k −1− Wi
De( )τ

1+ 2k −1− Wi
De( )2

De2
+

2k −1+ Wi
De( )De J2k sin 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

+
2k +1− Wi

De( )De J2k sin 2k +1− Wi
De( )τ

1+ 2k +1− Wi
De( )2

De2

+
2k +1+ Wi

De( )De J2k sin 2k +1+ Wi
De( )τ

1+ 2k +1+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

J0

1+ 1− Wi
De( )2

De2
+

J0

1+ 1+ Wi
De( )2

De2

+

J2k

1+ 2k −1− Wi
De( )2

De2
+

J2k

1+ 2k −1+ Wi
De( )2

De2
+

J2k

1+ 2k +1− Wi
De( )2

De2
+

J2k

1+ 2k +1+ Wi
De( )2

De2

−
J2k−1

1+ 2k − Wi
De( )2

De2
+

J2k−1

1+ 2k + Wi
De( )2

De2
−

J2k−1

1+ 2k − 2− Wi
De( )2

De2
+

J2k−1

1+ 2k − 2+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (83) 

Subtracting the transient part,   I3,0 ≡ limτ→0 I3 , from Eq. (83) gives: 

  

I3 − I3,0 =
Dee

τ
De

2

φ3
1( ) cos 2k +1− Wi

De( )τ +φ3
2( ) cos 2k +1+ Wi

De( )τ
+ψ 3

1( ) sin 2k +1− Wi
De( )τ +ψ 3

2( ) sin 2k +1+ Wi
De( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=0

∞

∑

+

φ3
3( ) cos 2k − 2− Wi

De( )τ +φ3
4( ) cos 2k − 2+ Wi

De( )τ +φ3
5( ) cos 2k −1− Wi

De( )τ
+φ3

6( ) cos 2k −1+ Wi
De( )τ +φ3

7( ) cos 2k − Wi
De( )τ +φ3

8( ) cos 2k + Wi
De( )τ

+ψ 3
3( ) sin 2k − 2− Wi

De( )τ +ψ 3
4( ) sin 2k − 2+ Wi

De( )τ +ψ 3
5( ) sin 2k −1− Wi

De( )τ
+ψ 3

6( ) sin 2k −1+ Wi
De( )τ +ψ 3

7( ) sin 2k − Wi
De( )τ +ψ 3

8( ) sin 2k + Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

φ3
1( ) +φ3

2( )( )
k=0

∞

∑ + φ3
3( ) +φ3

4( ) +φ3
5( ) +φ3

6( ) +φ3
7( ) +φ3

8( )( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (84) 

where: 
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φ3
i( ) ≡

J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (85) 

  

ψ 3
i( ) ≡

2k +1− Wi
De( )De J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, 2k +1+ Wi
De( )De J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − 2k − 2− Wi
De( )De J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

2k − 2+ Wi
De( )De J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, 2k −1− Wi
De( )De J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, 2k −1+ Wi
De( )De J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− 2k − Wi
De( )De J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, 2k + Wi
De( )De J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (86) 

 
iv.   I4  

Substituting Eq. (57) into Eq. (44) yields: 

  I4 = e
′τ

De cos ′τ sin Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ + e
′τ

De cos ′τ cos Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (87) 
and then Eqs. (58) and (59) into the result, we find: 

  
I4 = J0I4 ,1 + 2 J2kI4 ,2 + J2k−1I4 ,3( )

k=1

∞

∑  (88) 

  I4 ,1 ≡ e
′τ

De cos ′τ sin Wi
De ′τ d ′τ∫  (89) 

  I4 ,2 ≡ e
′τ

De cos ′τ sin Wi
De ′τ cos2kτ d ′τ∫  (90) 

  I4 ,3 ≡ e
′τ

De cos ′τ cos Wi
De ′τ sin 2k −1( )τ d ′τ∫  (91) 

Evaluating these, and then substituting back into Eq. (88) yields: 
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I4 =
Dee

τ
De

2

1− Wi
De( )De J0 cos 1− Wi

De( )τ
1+ 1− Wi

De( )2
De2

−
1+ Wi

De( )De J0 cos 1+ Wi
De( )τ

1+ 1+ Wi
De( )2

De2
−

J0 sin 1− Wi
De( )τ

1+ 1− Wi
De( )2

De2
+

J0 sin 1+ Wi
De( )τ

1+ 1+ Wi
De( )2

De2

+

2k −1− Wi
De( )De J2k cos 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

−
2k −1+ Wi

De( )De J2k cos 2k −1+ Wi
De( )τ

1+ 2k −1+ Wi
De( )2

De2

+
2k +1− Wi

De( )De J2k cos 2k +1− Wi
De( )τ

1+ 2k +1− Wi
De( )2

De2
−

2k +1+ Wi
De( )De J2k cos 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

−
J2k sin 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

+
J2k sin 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

−
J2k sin 2k +1− Wi

De( )τ
1+ 2k +1− Wi

De( )2
De2

+
J2k sin 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

−
2k − Wi

De( )De J2k−1 cos 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2

−
2k + Wi

De( )De J2k−1 cos 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2
−

2k − 2− Wi
De( )De J2k−1 cos 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

−
2k − 2+ Wi

De( )De J2k−1 cos 2k − 2+ Wi
De( )τ

1+ 2k − 2+ Wi
De( )2

De2
+

J2k−1 sin 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2
+

J2k−1 sin 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2

+
J2k−1 sin 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
J2k−1 sin 2k − 2+ Wi

De( )τ
1+ 2k − 2+ Wi

De( )2
De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

−
1− Wi

De( )De2 J0

2 1+ 1− Wi
De( )2

De2( ) +
1+ Wi

De( )De2 J0

2 1+ 1+ Wi
De( )2

De2( )

+

−
2k −1− Wi

De( )De2 J2k

2 1+ 2k −1− Wi
De( )2

De2( ) +
2k −1+ Wi

De( )De2 J2k

2 1+ 2k −1+ Wi
De( )2

De2( ) −
2k +1− Wi

De( )De2 J2k

2 1+ 2k +1− Wi
De( )2

De2( ) +
2k +1+ Wi

De( )De2 J2k

2 1+ 2k +1+ Wi
De( )2

De2( )
+

2k − Wi
De( )De2 J2k−1

2 1+ 2k − Wi
De( )2

De2( ) +
2k + Wi

De( )De2 J2k−1

2 1+ 2k + Wi
De( )2

De2( ) +
2k − 2− Wi

De( )De2 J2k−1

2 1+ 2k − 2− Wi
De( )2

De2( ) +
2k − 2+ Wi

De( )De2 J2k−1

2 1+ 2k − 2+ Wi
De( )2

De2( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

 (92) 

Subtracting the transient part,   I4 ,0 ≡ limτ→0 I4 , from Eq. (92) gives: 

  

I4 − I4 ,0 =
Dee

τ
De

2

φ4
1( ) cos 2k +1− Wi

De( )τ +φ4
2( ) cos 2k +1+ Wi

De( )τ
+ψ 4

1( ) sin 2k +1− Wi
De( )τ +ψ 4

2( ) sin 2k +1+ Wi
De( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=0

∞

∑

+

φ4
3( ) cos 2k − 2− Wi

De( )τ +φ4
4( ) cos 2k − 2+ Wi

De( )τ +φ4
5( ) cos 2k −1− Wi

De( )τ
+φ4

6( ) cos 2k −1+ Wi
De( )τ +φ4

7( ) cos 2k − Wi
De( )τ +φ4

8( ) cos 2k + Wi
De( )τ

+ψ 4
3( ) sin 2k − 2− Wi

De( )τ +ψ 4
4( ) sin 2k − 2+ Wi

De( )τ +ψ 4
5( ) sin 2k −1− Wi

De( )τ
+ψ 4

6( ) sin 2k −1+ Wi
De( )τ +ψ 4

7( ) sin 2k − Wi
De( )τ +ψ 4

8( ) sin 2k + Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

φ4
1( ) +φ4

2( )( )
k=0

∞

∑ + φ4
3( ) +φ4

4( ) +φ4
5( ) +φ4

6( ) +φ4
7( ) +φ4

8( )( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (93) 

where: 
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φ4
i( ) ≡

2k +1− Wi
De( )De J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − 2k +1+ Wi
De( )De J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − 2k − 2− Wi
De( )De J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

− 2k − 2+ Wi
De( )De J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, 2k −1− Wi
De( )De J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, − 2k −1+ Wi
De( )De J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− 2k − Wi
De( )De J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, − 2k + Wi
De( )De J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (94) 

  

ψ 4
i( ) ≡

− J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, − J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (95) 

 
v.   I5  

Substituting Eq. (56) into Eq. (45) yields: 

  I5 = e
′τ

De sin ′τ cos Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ − e
′τ

De sin ′τ sin Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (96) 
and then Eqs. (58) and (59) into the result, we find: 

  
I5 = J0I5,1 + 2 J2kI5,2 − J2k−1I5,3( )

k=1

∞

∑  (97) 

  I5,1 ≡ e
′τ

De sin ′τ cos Wi
De ′τ d ′τ∫  (98) 

  I5,2 ≡ e
′τ

De sin ′τ cos Wi
De ′τ cos2k ′τ d ′τ∫  (99) 

  I5,3 ≡ e
′τ

De sin ′τ sin Wi
De ′τ sin 2k −1( ) ′τ d ′τ∫  (100) 

Evaluating these, and then substituting back into Eq. (97) yields: 
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I5 =
Dee

τ
De

2

−
1− Wi

De( )De J0 cos 1− Wi
De( )τ

1+ 1− Wi
De( )2

De2
−

1+ Wi
De( )De J0 cos 1+ Wi

De( )τ
1+ 1+ Wi

De( )2
De2

+
J0 sin 1− Wi

De( )τ
1+ 1− Wi

De( )2
De2

+
J0 sin 1+ Wi

De( )τ
1+ 1+ Wi

De( )2
De2

+

2k −1− Wi
De( )De J2k cos 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

+
2k −1+ Wi

De( )De J2k cos 2k −1+ Wi
De( )τ

1+ 2k −1+ Wi
De( )2

De2

−
2k +1− Wi

De( )De J2k cos 2k +1− Wi
De( )τ

1+ 2k +1− Wi
De( )2

De2
−

2k +1+ Wi
De( )De J2k cos 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

−
J2k sin 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

−
J2k sin 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

+
J2k sin 2k +1− Wi

De( )τ
1+ 2k +1− Wi

De( )2
De2

+
J2k sin 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

+
2k − Wi

De( )De J2k−1 cos 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2

−
2k + Wi

De( )De J2k−1 cos 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2
−

2k − 2− Wi
De( )De J2k−1 cos 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
2k − 2+ Wi

De( )De J2k−1 cos 2k − 2+ Wi
De( )τ

1+ 2k − 2+ Wi
De( )2

De2
−

J2k−1 sin 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2
+

J2k−1 sin 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2

+
J2k−1 sin 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

−
J2k−1 sin 2k − 2+ Wi

De( )τ
1+ 2k − 2+ Wi

De( )2
De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

+ De2

2

1− Wi
De( ) J0

1+ 1− Wi
De( )2

De2
+

1+ Wi
De( ) J0

1+ 1+ Wi
De( )2

De2

+

−
2k −1− Wi

De( ) J2k

1+ 2k −1− Wi
De( )2

De2
−

2k −1+ Wi
De( ) J2k

1+ 2k −1+ Wi
De( )2

De2
+

2k +1− Wi
De( ) J2k

1+ 2k +1− Wi
De( )2

De2
+

2k +1+ Wi
De( ) J2k

1+ 2k +1+ Wi
De( )2

De2

−
2k − Wi

De( ) J2k−1

1+ 2k − Wi
De( )2

De2
+

2k + Wi
De( ) J2k−1

1+ 2k + Wi
De( )2

De2
+

2k − 2− Wi
De( ) J2k−1

1+ 2k − 2− Wi
De( )2

De2
−

2k − 2+ Wi
De( ) J2k−1

1+ 2k − 2+ Wi
De( )2

De2

⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎫

⎬

⎪
⎪

⎭

⎪
⎪

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (101) 

Subtracting the transient part,   I5,0 ≡ limτ→0 I5 , from Eq. (101) gives: 

  

I5 − I5,0 =
Dee

τ
De

2

φ5
1( ) cos 2k +1− Wi

De( )τ +φ5
2( ) cos 2k +1+ Wi

De( )τ
+ψ 5

1( ) sin 2k +1− Wi
De( )τ +ψ 5

2( ) sin 2k +1+ Wi
De( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=0

∞

∑

+

+φ5
3( ) cos 2k − 2− Wi

De( )τ +φ5
4( ) cos 2k − 2+ Wi

De( )τ +φ5
5( ) cos 2k −1− Wi

De( )τ
+φ5

6( ) cos 2k −1+ Wi
De( )τ +φ5

7( ) cos 2k − Wi
De( )τ +φ5

8( ) cos 2k + Wi
De( )τ

+ψ 5
3( ) sin 2k − 2− Wi

De( )τ +ψ 5
4( ) sin 2k − 2+ Wi

De( )τ +ψ 5
5( ) sin 2k −1− Wi

De( )τ
+ψ 5

6( ) sin 2k −1+ Wi
De( )τ +ψ 5

7( ) sin 2k − Wi
De( )τ +ψ 5

8( ) sin 2k + Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

φ5
1( ) +φ5

2( )( )
k=0

∞

∑ + φ5
3( ) +φ5

4( ) +φ5
5( ) +φ5

6( ) +φ5
7( ) +φ5

8( )( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (102) 

where: 
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φ5
i( ) ≡

− 2k +1− Wi
De( )De J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − 2k +1+ Wi
De( )De J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − 2k − 2− Wi
De( )De J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

2k − 2+ Wi
De( )De J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, 2k −1− Wi
De( )De J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, 2k −1+ Wi
De( )De J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

2k − Wi
De( )De J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, − 2k + Wi
De( )De J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (103) 

  

ψ 5
i( ) ≡

J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

− J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, − J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, − J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (104) 

 
vi.   I6  

Substituting Eq. (57) into Eq. (46) gives: 

  I6 = e
′τ

De sin ′τ sin Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ + e
′τ

De sin ′τ cos Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (105) 
and then Eqs. (58) and (59) into the result, we find: 

  
I6 = J0I6,1 + 2 J2kI6,2 + J2k−1I6,3( )

k=1

∞

∑  (106) 

  I6,1 ≡ e
′τ

De sin ′τ sin Wi
De ′τ d ′τ∫  (107) 

  I6,2 ≡ e
′τ

De sin ′τ sin Wi
De ′τ cos2k ′τ d ′τ∫  (108) 

  I6,3 ≡ e
′τ

De sin ′τ cos Wi
De ′τ sin 2k −1( ) ′τ d ′τ∫  (109) 

Evaluating these, and then substituting back into Eq. (106) yields: 
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I6 =
Dee

τ
De

2

J0 cos 1− Wi
De( )τ

1+ 1− Wi
De( )2

De2
−

J0 cos 1+ Wi
De( )τ

1+ 1+ Wi
De( )2

De2
+

1− Wi
De( )De J0 sin 1− Wi

De( )τ
1+ 1− Wi

De( )2
De2

−
1+ Wi

De( )De J0 sin 1+ Wi
De( )τ

1+ 1+ Wi
De( )2

De2

+

−
J2k cos 2k −1− Wi

De( )τ
1+ 2k −1− Wi

De( )2
De2

+
J2k cos 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

+
J2k cos 2k +1− Wi

De( )τ
1+ 2k +1− Wi

De( )2
De2

−
J2k cos 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

−
2k −1− Wi

De( )De J2k sin 2k −1− Wi
De( )τ

1+ 2k −1− Wi
De( )2

De2
+

2k −1+ Wi
De( )De J2k sin 2k −1+ Wi

De( )τ
1+ 2k −1+ Wi

De( )2
De2

+
2k +1− Wi

De( )De J2k sin 2k +1− Wi
De( )τ

1+ 2k +1− Wi
De( )2

De2
−

2k +1+ Wi
De( )De J2k sin 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

−
J2k−1 cos 2k − Wi

De( )τ
1+ 2k − Wi

De( )2
De2

−
J2k−1 cos 2k + Wi

De( )τ
1+ 2k + Wi

De( )2
De2

+
J2k−1 cos 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
J2k−1 cos 2k − 2+ Wi

De( )τ
1+ 2k − 2+ Wi

De( )2
De2

−
2k − Wi

De( )De J2k−1 sin 2k − Wi
De( )τ

1+ 2k − Wi
De( )2

De2

−
2k + Wi

De( )De J2k−1 sin 2k + Wi
De( )τ

1+ 2k + Wi
De( )2

De2
+

2k − 2− Wi
De( )De J2k−1 sin 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
2k − 2+ Wi

De( )De J2k−1 sin 2k − 2+ Wi
De( )τ

1+ 2k − 2+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

+ De
2

−
J0

1+ 1− Wi
De( )2

De2
+

J0

1+ 1+ Wi
De( )2

De2

+

J2k

1+ 2k −1− Wi
De( )2

De2
−

J2k

1+ 2k −1+ Wi
De( )2

De2
−

J2k

1+ 2k +1− Wi
De( )2

De2
+

J2k

1+ 2k +1+ Wi
De( )2

De2

+
J2k−1

1+ 2k − Wi
De( )2

De2
+

J2k−1

1+ 2k + Wi
De( )2

De2
−

J2k−1

1+ 2k − 2− Wi
De( )2

De2
−

J2k−1

1+ 2k − 2+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (110) 

Subtracting the transient part,   I6,0 ≡ limτ→0 I6 , from Eq. (110) gives: 

  

I6 − I6,0 =
Dee

τ
De

2

φ6
1( ) cos 2k +1− Wi

De( )τ +φ6
2( ) cos 2k +1+ Wi

De( )τ
+ψ 6

1( ) sin 2k +1− Wi
De( )τ +ψ 6

2( ) sin 2k +1+ Wi
De( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=0

∞

∑

+

φ6
3( ) cos 2k − 2− Wi

De( )τ +φ6
4( ) cos 2k − 2+ Wi

De( )τ +φ6
5( ) cos 2k −1− Wi

De( )τ
+φ6

6( ) cos 2k −1+ Wi
De( )τ +φ6

7( ) cos 2k − Wi
De( )τ +φ6

8( ) cos 2k + Wi
De( )τ

+ψ 6
3( ) sin 2k − 2− Wi

De( )τ +ψ 6
4( ) sin 2k − 2+ Wi

De( )τ +ψ 6
5( ) sin 2k −1− Wi

De( )τ
+ψ 6

6( ) sin 2k −1+ Wi
De( )τ +ψ 6

7( ) sin 2k − Wi
De( )τ +ψ 6

8( ) sin 2k + Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

φ6
1( ) +φ6

2( )( )
k=0

∞

∑ + φ6
3( ) +φ6

4( ) +φ6
5( ) +φ6

6( ) +φ6
7( ) +φ6

8( )( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (111) 

where: 

  

φ6
i( ) =

J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, − J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, − J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (112) 
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ψ 6
i( ) =

2k +1− Wi
De( )De J2k

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − 2k +1+ Wi
De( )De J2k

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, 2k − 2− Wi
De( )De J2k−1

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

2k − 2+ Wi
De( )De J2k−1

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, − 2k −1− Wi
De( )De J2k

1+ 2k −1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, 2k −1+ Wi
De( )De J2k

1+ 2k −1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− 2k − Wi
De( )De J2k−1

1+ 2k − Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, − 2k + Wi
De( )De J2k−1

1+ 2k + Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (113) 

 
vii.   I7  

Substituting Eq. (57) into Eq. (47) gives: 

  I7 = e
′τ

De cos2 ′τ sin Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ + e
′τ

De cos2 ′τ cos Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (114) 
and then Eqs. (58) and (59) into the result, we find: 

  
I7 = J0I7 ,1 + 2 J2kI7 ,2 + J2k−1I7 ,3( )

k=1

∞

∑  (115) 

  I7 ,1 ≡ e
′τ

De cos2 ′τ sin Wi
De ′τ d ′τ∫  (116) 

  I7 ,2 ≡ e
′τ

De cos2 ′τ sin Wi
De ′τ cos2k ′τ d ′τ∫  (117) 

  I7 ,3 ≡ e
′τ

De cos2 ′τ cos Wi
De ′τ sin 2k −1( ) ′τ d ′τ∫  (118) 

Evaluating these, and then substituting into Eq. (115) yields: 

  

I7 =
Dee

τ
De

2

2− Wi
De( )De J0 cos 2− Wi

De( )τ
1+ 2− Wi

De( )2
De2

−
2+ Wi

De( )De J0 cos 2+ Wi
De( )τ

1+ 2+ Wi
De( )2

De2
−

J0 sin 2− Wi
De( )τ

1+ 2− Wi
De( )2

De2
+

J0 sin 2+ Wi
De( )τ

1+ 2+ Wi
De( )2

De2

+

2k − 2− Wi
De( )De J2k cos 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

−
2k − 2+ Wi

De( )De J2k cos 2k − 2+ Wi
De( )τ

1+ 2k − 2+ Wi
De( )2

De2
+

2k + 2− Wi
De( )De J2k cos 2k + 2− Wi

De( )τ
1+ 2k + 2− Wi

De( )2
De2

−
2k + 2+ Wi

De( )De J2k cos 2k + 2+ Wi
De( )τ

1+ 2k + 2+ Wi
De( )2

De2
−

J2k sin 2k − 2− Wi
De( )τ

1+ 2k − 2− Wi
De( )2

De2
+

J2k sin 2k − 2+ Wi
De( )τ

1+ 2k − 2+ Wi
De( )2

De2
−

J2k sin 2k + 2− Wi
De( )τ

1+ 2k + 2− Wi
De( )2

De2

+
J2k sin 2k + 2+ Wi

De( )τ
1+ 2k + 2+ Wi

De( )2
De2

−
2k − 3− Wi

De( )De J2k−1 cos 2k − 3− Wi
De( )τ

1+ 2k − 3− Wi
De( )2

De2
−

2k − 3+ Wi
De( )De J2k−1 cos 2k − 3+ Wi

De( )τ
1+ 2k − 3+ Wi

De( )2
De2

−
2k +1− Wi

De( )De J2k−1 cos 2k +1− Wi
De( )τ

1+ 2k +1− Wi
De( )2

De2
−

2k +1+ Wi
De( )De J2k−1 cos 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

+
J2k−1 sin 2k − 3− Wi

De( )τ
1+ 2k − 3− Wi

De( )2
De2

+
J2k−1 sin 2k − 3+ Wi

De( )τ
1+ 2k − 3+ Wi

De( )2
De2

+
J2k−1 sin 2k +1− Wi

De( )τ
1+ 2k +1− Wi

De( )2
De2

+
J2k−1 sin 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

+ De
2

−
2− Wi

De( ) J0

1+ 2− Wi
De( )2

De2
+

2+ Wi
De( ) J0

1+ 2+ Wi
De( )2

De2

+

− 2k − 2− Wi
De( ) J2k

1+ 2k − 2− Wi
De( )2

De2
+

2k − 2+ Wi
De( ) J2k

1+ 2k − 2+ Wi
De( )2

De2
−

2k + 2− Wi
De( ) J2k

1+ 2k + 2− Wi
De( )2

De2
+

2k + 2+ Wi
De( ) J2k

1+ 2k + 2+ Wi
De( )2

De2

+
2k − 3− Wi

De( ) J2k−1

1+ 2k − 3− Wi
De( )2

De2
+

2k − 3+ Wi
De( ) J2k−1

1+ 2k − 3+ Wi
De( )2

De2
+

2k +1− Wi
De( ) J2k−1

1+ 2k +1− Wi
De( )2

De2
+

2k +1+ Wi
De( ) J2k−1

1+ 2k +1+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (119) 

Subtracting the transient part,   I7 ,0 ≡ limτ→0 I7 , from Eq. (119) gives: 
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I7 − I7 ,0 =
Dee

τ
De

2

φ7
1( ) cos 2k + 2− Wi

De( )τ +φ7
2( ) cos 2k + 2+ Wi

De( )τ
+ψ 7

1( ) sin 2k + 2− Wi
De( )τ +ψ 7

2( ) sin 2k + 2+ Wi
De( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=0

∞

∑

+

φ7
3( ) cos 2k − 3− Wi

De( )τ +φ7
4( ) cos 2k − 3+ Wi

De( )τ +φ7
5( ) cos 2k − 2− Wi

De( )τ
+φ7

6( ) cos 2k − 2+ Wi
De( )τ +φ7

7( ) cos 2k +1− Wi
De( )τ +φ7

8( ) cos 2k +1+ Wi
De( )τ

+ψ 7
3( ) sin 2k − 3− Wi

De( )τ +ψ 7
4( ) sin 2k − 3+ Wi

De( )τ +ψ 7
5( ) sin 2k − 2− Wi

De( )τ
+ψ 7

6( ) sin 2k − 2+ Wi
De( )τ +ψ 7

7( ) sin 2k +1− Wi
De( )τ +ψ 7

8( ) sin 2k +1+ Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

φ7
1( ) +φ7

2( )( )
k=0

∞

∑ + φ7
3( ) +φ7

4( ) +φ7
5( ) +φ7

6( ) +φ7
7( ) +φ7

8( )( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (120) 

where: 

  

φ7
i( ) ≡

2k + 2− Wi
De( )De J2k

1+ 2k + 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, − 2k + 2+ Wi
De( )De J2k

1+ 2k + 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − 2k − 3− Wi
De( )De J2k−1

1+ 2k − 3− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

− 2k − 3+ Wi
De( )De J2k−1

1+ 2k − 3+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, 2k − 2− Wi
De( )De J2k

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, − 2k − 2+ Wi
De( )De J2k

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− 2k +1− Wi
De( )De J2k−1

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, − 2k +1+ Wi
De( )De J2k−1

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (121) 

  

ψ 7
i( ) =

−
J2k

1+ 2k + 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, J2k

1+ 2k + 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, J2k−1

1+ 2k − 3− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

J2k−1

1+ 2k − 3+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, −
J2k

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, J2k

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

J2k−1

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, J2k−1

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (122) 

 
viii.   I8  

Substituting Eq. (56) into Eq. (48) yields: 

  I8 = e
′τ

De cos2 ′τ cos Wi
De ′τ cos Wi

De sin ′τ( )d ′τ∫ − e
′τ

De cos2 ′τ sin Wi
De ′τ sin Wi

De sin ′τ( )d ′τ∫  (123) 
and then Eqs. (58) and (59) into the result, we find: 

  
I8 = J0I8,1 + 2 J2kI8,2 − J2k−1I8,3( )

k=1

∞

∑  (124) 

  I8,1 ≡ e
′τ

De cos2 ′τ cos Wi
De ′τ d ′τ∫  (125) 

  I8,2 ≡ e
′τ

De cos2 ′τ cos Wi
De ′τ cos2k ′τ d ′τ∫  (126) 
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  I8,3 ≡ e
′τ

De cos2 ′τ sin Wi
De ′τ sin 2k −1( ) ′τ d ′τ∫  (127) 

Evaluating these, and then substituting into Eq. (124) yields: 

  

I8 =
Dee

τ
De

2

J0 cos 2− Wi
De( )τ

1+ 2− Wi
De( )2

De2
+

J0 cos 2+ Wi
De( )τ

1+ 2+ Wi
De( )2

De2
+

2− Wi
De( )De J0 sin 2− Wi

De( )τ
1+ 2− Wi

De( )2
De2

+
2+ Wi

De( )De J0 sin 2+ Wi
De( )τ

1+ 2+ Wi
De( )2

De2

+

−
J2k−1 cos 2k − 3− Wi

De( )τ
1+ 2k − 3− Wi

De( )2
De2

+
J2k−1 cos 2k − 3+ Wi

De( )τ
1+ 2k − 3+ Wi

De( )2
De2

+
J2k cos 2k − 2− Wi

De( )τ
1+ 2k − 2− Wi

De( )2
De2

+
J2k cos 2k − 2+ Wi

De( )τ
1+ 2k − 2+ Wi

De( )2
De2

−
J2k−1 cos 2k +1− Wi

De( )τ
1+ 2k +1− Wi

De( )2
De2

+
J2k−1 cos 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

+
J2k cos 2k + 2− Wi

De( )τ
1+ 2k + 2− Wi

De( )2
De2

+
J2k cos 2k + 2+ Wi

De( )τ
1+ 2k + 2+ Wi

De( )2
De2

−
2k − 3− Wi

De( )De J2k−1 sin 2k − 3− Wi
De( )τ

1+ 2k − 3− Wi
De( )2

De2
+

2k − 3+ Wi
De( )De J2k−1 sin 2k − 3+ Wi

De( )τ
1+ 2k − 3+ Wi

De( )2
De2

+
2k − 2− Wi

De( )De J2k sin 2k − 2− Wi
De( )τ

1+ 2k − 2− Wi
De( )2

De2
+

2k − 2+ Wi
De( )De J2k sin 2k − 2+ Wi

De( )τ
1+ 2k − 2+ Wi

De( )2
De2

−
2k +1− Wi

De( )De J2k−1 sin 2k +1− Wi
De( )τ

1+ 2k +1− Wi
De( )2

De2
+

2k +1+ Wi
De( )De J2k−1 sin 2k +1+ Wi

De( )τ
1+ 2k +1+ Wi

De( )2
De2

+
2k + 2− Wi

De( )De J2k sin 2k + 2− Wi
De( )τ

1+ 2k + 2− Wi
De( )2

De2
+

2k + 2+ Wi
De( )De J2k sin 2k + 2+ Wi

De( )τ
1+ 2k + 2+ Wi

De( )2
De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

+ De
2

−
J0

1+ 2− Wi
De( )2

De2
−

J0

1+ 2+ Wi
De( )2

De2

+

−
J2k

1+ 2k − 2− Wi
De( )2

De2
−

J2k

1+ 2k − 2+ Wi
De( )2

De2
−

J2k

1+ 2k + 2− Wi
De( )2

De2
−

J2k

1+ 2k + 2+ Wi
De( )2

De2

+
J2k−1

1+ 2k − 3− Wi
De( )2

De2
−

J2k−1

1+ 2k − 3+ Wi
De( )2

De2
+

J2k−1

1+ 2k +1− Wi
De( )2

De2
−

J2k−1

1+ 2k +1+ Wi
De( )2

De2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (128) 

Subtracting the transient part,   I8,0 ≡ limτ→0 I8 , from Eq. (128) gives: 

  

I8 − I8,0 =
Dee

τ
De

2

φ8
1( ) cos 2k + 2− Wi

De( )τ +φ8
2( ) cos 2k + 2+ Wi

De( )τ
+ψ 8

1( ) sin 2k + 2− Wi
De( )τ +ψ 8

2( ) sin 2k + 2+ Wi
De( )τ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=0

∞

∑

+

φ8
3( ) cos 2k − 3− Wi

De( )τ +φ8
4( ) cos 2k − 3+ Wi

De( )τ +φ8
5( ) cos 2k − 2− Wi

De( )τ
+φ8

6( ) cos 2k − 2+ Wi
De( )τ +φ8

7( ) cos 2k +1− Wi
De( )τ +φ8

8( ) cos 2k +1+ Wi
De( )τ

+ψ 8
3( ) sin 2k − 3− Wi

De( )τ +ψ 8
4( ) sin 2k − 3+ Wi

De( )τ +ψ 8
5( ) sin 2k − 2− Wi

De( )τ
+ψ 8

6( ) sin 2k − 2+ Wi
De( )τ +ψ 8

7( ) sin 2k +1− Wi
De( )τ +ψ 8

8( ) sin 2k +1+ Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

− De
2

φ8
1( ) +φ8

2( )( )
k=0

∞

∑ + φ8
3( ) +φ8

4( ) +φ8
5( ) +φ8

6( ) +φ8
7( ) +φ8

8( )( )
k=1

∞

∑⎡

⎣
⎢

⎤

⎦
⎥

 (129) 

where: 

  

φ8
i( ) ≡

J2k

1+ 2k + 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, J2k

1+ 2k + 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − J2k−1

1+ 2k − 3− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

J2k−1

1+ 2k − 3+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, J2k

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, J2k

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− J2k−1

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, J2k−1

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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ψ 8
i( ) ≡

2k + 2− Wi
De( )De J2k

1+ 2k + 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

i=1

, 2k + 2+ Wi
De( )De J2k

1+ 2k + 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

2

, − 2k − 3− Wi
De( )De J2k−1

1+ 2k − 3− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

3

,

2k − 3+ Wi
De( )De J2k−1

1+ 2k − 3+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

4

, 2k − 2− Wi
De( )De J2k

1+ 2k − 2− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

5

, 2k − 2+ Wi
De( )De J2k

1+ 2k − 2+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

6

,

− 2k +1− Wi
De( )De J2k−1

1+ 2k +1− Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

7

, 2k +1+ Wi
De( )De J2k−1

1+ 2k +1+ Wi
De( )2 De2

⎛

⎝
⎜

⎞

⎠
⎟

8

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (131) 

 
c Fourier Series for Shear Stress 

This subsection details how to rewrite our exact solution for shear stress from the 
corotational Jeffreys fluid into the Fourier series.  Subsection I.a.i concerns the alternant 
part of our exact solution, whereas Subsection I.a.ii concerns the transient part.  The 
complete solution, arrived at by adding the transient part to the alternance, explains the 
udLAOS shear stress response before and after the alternant state has reach. 

 
i. Alternant Part 

Substituting   I1 –  I8 , given in Eqs. (66), (75), (84), (93), (102), (111), (120) and (129), into 
Eq. (53), and then rearranging, we find: 

   
⌣τ yx =

⌣τ yx ,1 cos Wi
De τ + sinτ( ) + ⌣τ yx ,2 sin Wi

De τ + sinτ( )  (132) 
where: 

   

⌣τ yx ,1 ≡

C1
1( ) cos 2k + Wi

De( )τ +C1
2( ) cos 2k +1− Wi

De( )τ +C1
3( ) cos 2k +1+ Wi

De( )τ
+C1

4( ) cos 2k + 2− Wi
De( )τ +C1

5( ) cos 2k + 2+ Wi
De( )τ

+S1
1( ) sin 2k + Wi

De( )τ +S1
2( ) sin 2k +1− Wi

De( )τ +S1
3( ) sin 2k +1+ Wi

De( )τ
+S1

4( ) sin 2k + 2− Wi
De( )τ +S1

5( ) sin 2k + 2+ Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=0

∞

∑

+

+C1
6( ) cos 2k − 3− Wi

De( )τ +C1
7( ) cos 2k − 3+ Wi

De( )τ +C1
8( ) cos 2k − 2− Wi

De( )τ
+C1

9( ) cos 2k − 2+ Wi
De( )τ +C1

10( ) cos 2k −1− Wi
De( )τ +C1

11( ) cos 2k −1+ Wi
De( )τ

+C1
12( ) cos 2k − Wi

De( )τ +C1
13( ) cos 2k + Wi

De( )τ +C1
14( ) cos 2k +1− Wi

De( )τ +C1
15( ) cos 2k +1+ Wi

De( )τ
+S1

6( ) sin 2k − 3− Wi
De( )τ +S1

7( ) sin 2k − 3+ Wi
De( )τ +S1

8( ) sin 2k − 2− Wi
De( )τ

+S1
9( ) sin 2k − 2+ Wi

De( )τ +S1
10( ) sin 2k −1− Wi

De( )τ +S1
11( ) sin 2k −1+ Wi

De( )τ
+S1

12( ) sin 2k − Wi
De( )τ +S1

13( ) sin 2k + Wi
De( )τ +S1

14( ) sin 2k +1− Wi
De( )τ +S1

15( ) sin 2k +1+ Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑
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⌣τ yx ,2 ≡

C2
1( ) cos 2k + Wi

De( )τ +C2
2( ) cos 2k +1− Wi

De( )τ +C2
3( ) cos 2k +1+ Wi

De( )τ
+C2

4( ) cos 2k + 2− Wi
De( )τ +C2

5( ) cos 2k + 2+ Wi
De( )τ

+S2
1( ) sin 2k + Wi

De( )τ +S2
2( ) sin 2k +1− Wi

De( )τ +S2
3( ) sin 2k +1+ Wi

De( )τ
+S2

4( ) sin 2k + 2− Wi
De( )τ +S2

5( ) sin 2k + 2+ Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

k=0

∞

∑

+

+C2
6( ) cos 2k − 3− Wi

De( )τ +C2
7( ) cos 2k − 3+ Wi

De( )τ +C2
8( ) cos 2k − 2− Wi

De( )τ
+C2

9( ) cos 2k − 2+ Wi
De( )τ +C2

10( ) cos 2k −1− Wi
De( )τ +C2

11( ) cos 2k −1+ Wi
De( )τ

+C2
12( ) cos 2k − Wi

De( )τ +C2
13( ) cos 2k + Wi

De( )τ +C2
14( ) cos 2k +1− Wi

De( )τ +C2
15( ) cos 2k +1+ Wi

De( )τ
+S2

6( ) sin 2k − 3− Wi
De( )τ +S2

7( ) sin 2k − 3+ Wi
De( )τ +S2

8( ) sin 2k − 2− Wi
De( )τ

+S2
9( ) sin 2k − 2+ Wi

De( )τ +S2
10( ) sin 2k −1− Wi

De( )τ +S2
11( ) sin 2k −1+ Wi

De( )τ
+S2

12( ) sin 2k − Wi
De( )τ +S2

13( ) sin 2k + Wi
De( )τ +S2

14( ) sin 2k +1− Wi
De( )τ +S2

15( ) sin 2k +1+ Wi
De( )τ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑
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where: 

   

C1
i( ) ≡

−Wiφ1
1( ) + 3

2

⌣
λ2 Wi2φ2

1( )( )
i=1

, − 1
2 Wiφ3

1( ) +
⌣
λ2 Wi2φ4

1( ) + 1
2

⌣
λ2 DeWiφ5

1( )( )
2

− 1
2 Wiφ3

2( ) +
⌣
λ2 Wi2φ4

2( ) + 1
2

⌣
λ2 DeWiφ5

2( )( )
3
, 1

4

⌣
λ2 Wi2φ7

1( )( )
4

, 1
4

⌣
λ2 Wi2φ7

2( )( )
5
,

1
4

⌣
λ2 Wi2φ7

3( )( )
6
, 1

4

⌣
λ2 Wi2φ7

4( )( )
7

, − 1
2 Wiφ3

3( ) +
⌣
λ2 Wi2φ4

3( ) + 1
2

⌣
λ2 DeWiφ5

3( ) + 1
4

⌣
λ2 Wi2φ7

5( )( )
8

− 1
2 Wiφ3

4( ) +
⌣
λ2 Wi2φ4

4( ) + 1
2

⌣
λ2 DeWiφ5

4( ) + 1
4

⌣
λ2 Wi2φ7

6( )( )
9

−Wiφ1
2( ) + 3

2

⌣
λ2 Wi2φ2

2( ) − 1
2 Wiφ3

5( ) +
⌣
λ2 Wi2φ4

5( ) + 1
2

⌣
λ2 DeWiφ5

5( )( )
10

−Wiφ1
3( ) + 3

2

⌣
λ2 Wi2φ2

3( ) − 1
2 Wiφ3

6( ) +
⌣
λ2 Wi2φ4

6( ) + 1
2

⌣
λ2 DeWiφ5

6( )( )
11

−Wiφ1
4( ) + 3

2

⌣
λ2 Wi2φ2

4( ) − 1
2 Wiφ3

7( ) +
⌣
λ2 Wi2φ4

7( ) + 1
2

⌣
λ2 DeWiφ5

7( )( )
12

− 1
2 Wiφ3

8( ) +
⌣
λ2 Wi2φ4

8( ) + 1
2

⌣
λ2 DeWiφ5

8( )( )
13

, 1
4

⌣
λ2 Wi2φ7

7( )( )
14

, 1
4

⌣
λ2 Wi2φ7

8( )( )
15

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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S1
i( ) ≡

−Wiψ 1
1( ) + 3

2

⌣
λ2 Wi2ψ 2

1( )( )
i=1

, − 1
2 Wiψ 3

1( ) +
⌣
λ2 Wi2ψ 4

1( ) + 1
2

⌣
λ2 DeWiψ 5

1( )( )
2
,

− 1
2 Wiψ 3

2( ) +
⌣
λ2 Wi2ψ 4

2( ) + 1
2

⌣
λ2 DeWiψ 5

2( )( )
3
, 1

4

⌣
λ2 Wi2ψ 7

1( )( )
4

, 1
4

⌣
λ2 Wi2ψ 7

2( )( )
5
,

1
4

⌣
λ2 Wi2ψ 7

3( )( )
6
, 1

4

⌣
λ2 Wi2ψ 7

4( )( )
7

, − 1
2 Wiψ 3

3( ) +
⌣
λ2 Wi2ψ 4

3( ) + 1
2

⌣
λ2 DeWiψ 5

3( ) + 1
4

⌣
λ2 Wi2ψ 7

5( )( )
8
,

− 1
2 Wiψ 3

4( ) +
⌣
λ2 Wi2ψ 4

4( ) + 1
2

⌣
λ2 DeWiψ 5

4( ) + 1
4

⌣
λ2 Wi2ψ 7

6( )( )
9
,

−Wiψ 1
2( ) + 3

2

⌣
λ2 Wi2ψ 2

2( ) − 1
2 Wiψ 3

5( ) +
⌣
λ2 Wi2ψ 4

5( ) + 1
2

⌣
λ2 DeWiψ 5

5( )( )
10

,

−Wiψ 1
3( ) + 3

2

⌣
λ2 Wi2ψ 2

3( ) − 1
2 Wiψ 3

6( ) +
⌣
λ2 Wi2ψ 4

6( ) + 1
2

⌣
λ2 DeWiψ 5

6( )( )
11

,

−Wiψ 1
4( ) + 3

2

⌣
λ2 Wi2ψ 2

4( ) − 1
2 Wiψ 3

7( ) +
⌣
λ2 Wi2ψ 4

7( ) + 1
2

⌣
λ2 DeWiψ 5

7( )( )
12

,

− 1
2 Wiψ 3

8( ) +
⌣
λ2 Wi2ψ 4

8( ) + 1
2

⌣
λ2 DeWiψ 5

8( )( )
13

, 1
4

⌣
λ2 Wi2ψ 7

7( )( )
14

, 1
4

⌣
λ2 Wi2ψ 7

8( )( )
15

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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C2
i( ) ≡

− 3
2

⌣
λ2 Wi2φ1

1( ) − Wiφ2
1( )( )

i=1
, −
⌣
λ2 Wi2φ3

1( ) − 1
2 Wiφ4

1( ) + 1
2

⌣
λ2 DeWiφ6

1( )( )
2
,

−
⌣
λ2 Wi2φ3

2( ) − 1
2 Wiφ4

2( ) + 1
2

⌣
λ2 DeWiφ6

2( )( )
3
, − 1

4

⌣
λ2 Wi2φ8

1( )( )
4

, − 1
4

⌣
λ2 Wi2φ8

2( )( )
5
,

− 1
4

⌣
λ2 Wi2φ8

3( )( )
6
, − 1

4

⌣
λ2 Wi2φ8

4( )( )
7

, −
⌣
λ2 Wi2φ3

3( ) − 1
2 Wiφ4

3( ) + 1
2

⌣
λ2 DeWiφ6

3( ) − 1
4

⌣
λ2 Wi2φ8

5( )( )
8
,

−
⌣
λ2 Wi2φ3

4( ) − 1
2 Wiφ4

4( ) + 1
2

⌣
λ2 DeWiφ6

4( ) − 1
4

⌣
λ2 Wi2φ8

6( )( )
9
,

− 3
2

⌣
λ2 Wi2φ1

2( ) − Wiφ2
2( ) −
⌣
λ2 Wi2φ3

5( ) − 1
2 Wiφ4

5( ) + 1
2

⌣
λ2 DeWiφ6

5( )( )
10

,

− 3
2

⌣
λ2 Wi2φ1

3( ) − Wiφ2
3( ) −
⌣
λ2 Wi2φ3

6( ) − 1
2 Wiφ4

6( ) + 1
2

⌣
λ2 DeWiφ6

6( )( )
11

,

− 3
2

⌣
λ2 Wi2φ1

4( ) − Wiφ2
4( ) −
⌣
λ2 Wi2φ3

7( ) − 1
2 Wiφ4

7( ) + 1
2

⌣
λ2 DeWiφ6

7( )( )
12

,

−
⌣
λ2 Wi2φ3

8( ) − 1
2 Wiφ4

8( ) + 1
2

⌣
λ2 DeWiφ6

8( )( )
13

, − 1
4

⌣
λ2 Wi2φ8

7( )( )
14

, − 1
4

⌣
λ2 Wi2φ8

8( )( )
15

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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S2
i( ) ≡

− 3
2

⌣
λ2 Wi2ψ 1

1( ) − Wiψ 2
1( )( )

i=1
, −
⌣
λ2 Wi2ψ 3

1( ) − 1
2 Wiψ 4

1( ) + 1
2

⌣
λ2 DeWiψ 6

1( )( )
2

,

−
⌣
λ2 Wi2ψ 3

2( ) − 1
2 Wiψ 4

2( ) + 1
2

⌣
λ2 DeWiψ 6

2( )( )
3

, − 1
4

⌣
λ2 Wi2ψ 8

1( )( )
4

, − 1
4

⌣
λ2 Wi2ψ 8

2( )( )
5

,

− 1
4

⌣
λ2 Wi2ψ 8

3( )( )
6

, − 1
4

⌣
λ2 Wi2ψ 8

4( )( )
7

, −
⌣
λ2 Wi2ψ 3

3( ) − 1
2 Wiψ 4

3( ) + 1
2

⌣
λ2 DeWiψ 6

3( ) − 1
4

⌣
λ2 Wi2ψ 8

5( )( )
8

,

−
⌣
λ2 Wi2ψ 3

4( ) − 1
2 Wiψ 4

4( ) + 1
2

⌣
λ2 DeWiψ 6

4( ) − 1
4

⌣
λ2 Wi2ψ 8

6( )( )
9

,

− 3
2

⌣
λ2 Wi2ψ 1

2( ) − Wiψ 2
2( ) −
⌣
λ2 Wi2ψ 3

5( ) − 1
2 Wiψ 4

5( ) + 1
2

⌣
λ2 DeWiψ 6

5( )( )
10

,

− 3
2

⌣
λ2 Wi2ψ 1

3( ) − Wiψ 2
3( ) −
⌣
λ2 Wi2ψ 3

6( ) − 1
2 Wiψ 4

6( ) + 1
2

⌣
λ2 DeWiψ 6

6( )( )
11

,

− 3
2

⌣
λ2 Wi2ψ 1

4( ) − Wiψ 2
4( ) −
⌣
λ2 Wi2ψ 3

7( ) − 1
2 Wiψ 4

7( ) + 1
2

⌣
λ2 DeWiψ 6

7( )( )
12

,

−
⌣
λ2 Wi2ψ 3

8( ) − 1
2 Wiψ 4

8( ) + 1
2

⌣
λ2 DeWiψ 6

8( )( )
13

, − 1
4

⌣
λ2 Wi2ψ 8

7( )( )
14

, − 1
4

⌣
λ2 Wi2ψ 8

8( )( )
15

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (138) 

in which   φ1
i( ) –  φ8

i( )  and   ψ 1
i( ) –  ψ 8

i( )  are defined at the end of Subsections I.a.i through I.a.viii. 
To further process, we need the following trigonometric identities, arrived at by 

substituting Eqs. (58) and (59) into Eqs. (56) and (57): 

  

cos Wi
De τ + sinτ( )( ) = J0 cos Wi

De τ + 2 J2k cos Wi
De τ cos2kτ

k=1

∞

∑ − 2 J2k−1 sin Wi
De τ sin 2k −1( )τ

k=1

∞

∑

= J2k cos 2k + Wi
De( )τ

k=0

∞

∑ + J2k cos 2k − Wi
De( )τ

k=1

∞

∑

− J2k−1 cos 2k −1− Wi
De( )τ

k=1

∞

∑ + J2k−1 cos 2k −1+ Wi
De( )τ

k=1

∞

∑

 (139) 

  

sin Wi
De τ + sinτ( )( ) = J2k sin 2k + Wi

De( )τ
k=0

∞

∑ − J2k sin 2k − Wi
De( )τ

k=1

∞

∑

+ J2k−1 sin 2k −1− Wi
De( )τ

k=1

∞

∑ + J2k−1 sin 2k −1+ Wi
De( )τ

k=1

∞

∑
 (140) 

In conjunction with Eqs. (139) and (140), substituting Eqs. (133) and (134) into Eq. (132), 
we find: 
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⌣τ yx =α0 + αm + βm + γ m +δm⎡⎣ ⎤⎦

m=1

∞

∑  (141) 

where: 

  

αm ≡
J2m

2

C1
2 j( ) −S2

2 j( )( )cos 2k + 2m+ j( )τ + C1
2 j( ) +S2

2 j( )( )cos 2k − 2m+ j − 2 Wi
De( )τ

+ C2
2 j( ) +S1

2 j( )( )sin 2k + 2m+ j( )τ + −C2
2 j( ) +S1

2 j( )( )sin 2k − 2m+ j − 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

2

∑

+
C1

2 j−1( ) +S2
2 j−1( )( )cos 2k − 2m+ j −1( )τ + C1

2 j−1( ) −S2
2 j−1( )( )cos 2k + 2m+ j −1+ 2 Wi

De( )τ
+ −C2

2 j−1( ) +S1
2 j−1( )( )sin 2k − 2m+ j −1( )τ + C2

2 j−1( ) +S1
2 j−1( )( )sin 2k + 2m+ j −1+ 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

3

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=0

∞

∑

+
J2m

2

C1
2 j( ) −S2

2 j( )( )cos 2k + 2m+ j − 6( )τ + C1
2 j( ) +S2

2 j( )( )cos 2k − 2m+ j − 6− 2 Wi
De( )τ

+ C2
2 j( ) +S1

2 j( )( )sin 2k + 2m+ j − 6( )τ + −C2
2 j( ) +S1

2 j( )( )sin 2k − 2m+ j − 6− 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=3

7

∑

+
C1

2 j−1( ) +S2
2 j−1( )( )cos 2k − 2m+ j − 7( )τ + C1

2 j−1( ) −S2
2 j−1( )( )cos 2k + 2m+ j − 7 + 2 Wi

De( )τ
+ −C2

2 j−1( ) +S1
2 j−1( )( )sin 2k − 2m+ j − 7( )τ + C2

2 j−1( ) +S1
2 j−1( )( )sin 2k + 2m+ j − 7 + 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=4

8

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

 (142) 

  

βm ≡
J2m

2

C1
2 j( ) −S2

2 j( )( )cos 2k − 2m+ j( )τ + C1
2 j( ) +S2

2 j( )( )cos 2k + 2m+ j − 2 Wi
De( )τ

+ C2
2 j( ) +S1

2 j( )( )sin 2k − 2m+ j( )τ + −C2
2 j( ) +S1

2 j( )( )sin 2k + 2m+ j − 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

2

∑

+
C1

2 j−1( ) +S2
2 j−1( )( )cos 2k + 2m+ j −1( )τ + C1

2 j−1( ) −S2
2 j−1( )( )cos 2k − 2m+ j −1+ 2 Wi

De( )τ
+ −C2

2 j−1( ) +S1
2 j−1( )( )sin 2k + 2m+ j −1( )τ + C2

2 j−1( ) +S1
2 j−1( )( )sin 2k − 2m+ j −1+ 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

3

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=0

∞

∑

+
J2m

2

C1
2 j( ) −S2

2 j( )( )cos 2k − 2m+ j − 6( )τ + C1
2 j( ) +S2

2 j( )( )cos 2k + 2m+ j − 6− 2 Wi
De( )τ

+ C2
2 j( ) +S1

2 j( )( )sin 2k − 2m+ j − 6( )τ + −C2
2 j( ) +S1

2 j( )( )sin 2k + 2m+ j − 6− 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=3

7

∑

+
C1

2 j−1( ) +S2
2 j−1( )( )cos 2k + 2m+ j − 7( )τ + C1

2 j−1( ) −S2
2 j−1( )( )cos 2k − 2m+ j − 7 + 2 Wi

De( )τ
+ −C2

2 j−1( ) +S1
2 j−1( )( )sin 2k + 2m+ j − 7( )τ + C2

2 j−1( ) +S1
2 j−1( )( )sin 2k − 2m+ j − 7 + 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=4

8

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

 (143) 

  

γ m ≡
J2m−1

2

−C1
2 j( ) +S2

2 j( )( )cos 2k − 2m+ j +1( )τ + −C1
2 j( ) −S2

2 j( )( )cos 2k + 2m+ j −1− 2 Wi
De( )τ

+ −C2
2 j( ) −S1

2 j( )( )sin 2k − 2m+ j +1( )τ + C2
2 j( ) −S1

2 j( )( )sin 2k + 2m+ j −1− 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

2

∑

+
−C1

2 j−1( ) −S2
2 j−1( )( )cos 2k + 2m+ j − 2( )τ + −C1

2 j−1( ) +S2
2 j−1( )( )cos 2k − 2m+ j + 2 Wi

De( )τ
+ C2

2 j−1( ) −S1
2 j−1( )( )sin 2k + 2m+ j − 2( )τ + −C2

2 j−1( ) −S1
2 j−1( )( )sin 2k − 2m+ j + 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

3

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=0

∞

∑

+
J2m−1

2

−C1
2 j( ) +S2

2 j( )( )cos 2k − 2m+ j − 5( )τ + −C1
2 j( ) −S2

2 j( )( )cos 2k + 2m+ j − 7 − 2 Wi
De( )τ

+ −C2
2 j( ) −S1

2 j( )( )sin 2k − 2m+ j − 5( )τ + C2
2 j( ) −S1

2 j( )( )sin 2k + 2m+ j − 7 − 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=3

7

∑

+
−C1

2 j−1( ) −S2
2 j−1( )( )cos 2k + 2m+ j − 8( )τ + −C1

2 j−1( ) +S2
2 j−1( )( )cos 2k − 2m+ j − 6+ 2 Wi

De( )τ
+ C2

2 j−1( ) −S1
2 j−1( )( )sin 2k + 2m+ j − 8( )τ + −C2

2 j−1( ) −S1
2 j−1( )( )sin 2k − 2m+ j − 6+ 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=4

8

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

 (144) 
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δm ≡
J2m−1

2

C1
2 j( ) −S2

2 j( )( )cos 2k + 2m+ j −1( )τ + C1
2 j( ) +S2

2 j( )( )cos 2k − 2m+ j +1− 2 Wi
De( )τ

+ C2
2 j( ) +S1

2 j( )( )sin 2k + 2m+ j −1( )τ + −C2
2 j( ) +S1

2 j( )( )sin 2k − 2m+ j +1− 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

2

∑

+
C1

2 j−1( ) +S2
2 j−1( )( )cos 2k − 2m+ j( )τ + C1

2 j−1( ) −S2
2 j−1( )( )cos 2k + 2m+ j − 2+ 2 Wi

De( )τ
+ −C2

2 j−1( ) +S1
2 j−1( )( )sin 2k − 2m+ j( )τ + C2

2 j−1( ) +S1
2 j−1( )( )sin 2k + 2m+ j − 2+ 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=1

3

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=0

∞

∑

+
J2m−1

2

C1
2 j( ) −S2

2 j( )( )cos 2k + 2m+ j − 7( )τ + C1
2 j( ) +S2

2 j( )( )cos 2k − 2m+ j − 5− 2 Wi
De( )τ

+ C2
2 j( ) +S1

2 j( )( )sin 2k + 2m+ j − 7( )τ + −C2
2 j( ) +S1

2 j( )( )sin 2k − 2m+ j − 5− 2 Wi
De( )τ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=3

7

∑

+
C1

2 j−1( ) +S2
2 j−1( )( )cos 2k − 2m+ j − 6( )τ + C1

2 j−1( ) −S2
2 j−1( )( )cos 2k + 2m+ j − 8+ 2 Wi

De( )τ
+ −C2

2 j−1( ) +S1
2 j−1( )( )sin 2k − 2m+ j − 6( )τ + C2

2 j−1( ) +S1
2 j−1( )( )sin 2k + 2m+ j − 8+ 2 Wi

De( )τ
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥j=4

8

∑

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

k=1

∞

∑

 (145) 

where   C1
i( ) ,  C2

i( ) ,  S1
i( )  and   S2

i( )  are defined in Eqs. (135)–(138).  Eq. (141) [with Eqs. (142)–
(145)] (i.e. Eq. (20) [with Eqs. (21)–(24)] of the main manuscript [1,2]) is the main result 
of this section. 
 

ii. Transient Part 
Substituting Eqs. (139), (140) and   I1,0 –  I8,0 , given in Eqs. (66), (75), (84), (93), (102), 

(111), (120) and (129), into Eq. (55), and then rearranging, we find: 

   
⌣τ yx = −e

−τ
De ⌣τ yx ,0

1 + ⌣τ yx ,0
2( )  (146) 

in which: 

   
⌣τ yx ,0

1 = ⌣τ yx ,0
1,1 + ⌣τ yx ,0

1,2 + ⌣τ yx ,0
1,3 + ⌣τ yx ,0

1,4  (147) 
where: 

   

⌣τ yx ,0
1,1 ≡ J2m C1

i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m+ Wi
De( )τ

m=0

∞

∑  (148) 

   

⌣τ yx ,0
1,2 ≡ J2m C1

i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m− Wi
De( )τ

m=1

∞

∑  (149) 

   

⌣τ yx ,0
1,3 ≡ − J2m−1 C1

i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m−1− Wi
De( )τ

m=1

∞

∑  (150) 

   

⌣τ yx ,0
1,4 = J2m−1 C1

i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m−1+ Wi
De( )τ

m=1

∞

∑  (151) 

and: 

   
⌣τ yx ,0

2 = ⌣τ yx ,0
2,1 + ⌣τ yx ,0

2,2 + ⌣τ yx ,0
2,3 + ⌣τ yx ,0

2,4  (152) 
where: 

   

⌣τ yx ,0
2,1 ≡ J2m C2

i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m+ Wi
De( )τ

m=0

∞

∑  (153) 

   

⌣τ yx ,0
2,2 ≡ − J2m C2

i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m− Wi
De( )τ

m=1

∞

∑  (154) 
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⌣τ yx ,0
2,3 ≡ J2m−1 C2

i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m−1− Wi
De( )τ

m=1

∞

∑  (155) 

   

⌣τ yx ,0
2,4 ≡ J2m−1 C2

i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m−1+ Wi
De( )τ

m=1

∞

∑  (156) 

Substituting Eqs. (147) and (152) [with Eqs. (148)–(151) and Eqs. (153)–(156)] into Eq. 
(146), we find: 

   

⌣τ yx ,0 = −e
−τ
De α0,0 + αm ,0 + βm ,0 + γ m ,0 +δm ,0⎡⎣ ⎤⎦

m=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

 (157) 

where: 

  

αm ,0 ≡ J2m C1
i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m+ Wi
De( )τ

+ J2m C2
i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m+ Wi
De( )τ

 (158) 

  

βm ,0 ≡ J2m C1
i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m− Wi
De( )τ

− J2m C2
i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m− Wi
De( )τ

 (159) 

  

γ m ,0 ≡ − J2m−1 C1
i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m−1− Wi
De( )τ

+ J2m−1 C2
i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m−1− Wi
De( )τ

 (160) 

  

δm ,0 ≡ J2m−1 C1
i( )

i=1

5

∑
k=0

∞

∑ + C1
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

cos 2m−1+ Wi
De( )τ

+ J2m−1 C2
i( )

i=1

5

∑
k=0

∞

∑ + C2
i( )

i=6

15

∑
k=1

∞

∑⎛
⎝⎜

⎞
⎠⎟

sin 2m−1+ Wi
De( )τ

 (161) 

in which   C1
i( )  and   C2

i( )  are defined in Eqs. (135) and (137).  Eq. (157) [with Eqs. (158)–
(161)] (i.e. Eq. (25) [with Eqs. (26)–(29)] of the main manuscript [1,2]) is the main result 
of this section. 
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