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Figure 3: Alternant response of the shear stress [Eq. (20) with Egs. (21)—(24) (black)]
versus finite difference calculations of Eq. (8) (in color). Loops of dimensionless shear

stress, 7,, = AT, / n, , versus dimensionless shear rate, #/#° = coswt for Wi/De=1/10,

1/2,3/4,1, and A,/A,=1/27. Four subfigures are for De=0.1,1,5,10.
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Figure 4: Alternant response of the shear stress [Eq. (20) with Egs. (21)—(24) (black)]
versus finite difference calculations of Eq. (8) (in color). Loops of dimensionless shear

stress, 7,, = AT, / n, , versus dimensionless shear rate, #/#° = coswt for Wi/De=1/10,

1/2,3/4,1, and A,/4,=1/9. Four subfigures are for De=0.1,1,5,10.
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Figure 5: Startup shear stress response [Egs. (20) and (25) with Egs. (21)-(24) and Egs.
(26)—(29) (in black)] and finite difference calculations of Eq. (8) (in color). Loops of

. . - _ . . 0 _
dimensionless shear stress, 7, =7, /1, , versus dimensionless shear rate, ¥ [}’ = coswt

for Wi/De=1/10,1/2,3/4,1,5/4, and De=0.1,1 and for A,/1, =1/27 (top row) and
A, /A, =1/9 (bottom row).
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Figure 6: Alternant response of the exact solution [Eq. (20) with Egs. (21)—(24) (black)]
versus finite difference calculations of Eq. (8) (red). Loops of dimensionless shear stress,

fyx = ),pcyx / n, , versus dimensionless shear rate, ¢ / ¥° = coswt at De— 0. Three

subfigures are for A,/A, =0,1/27,1/9.
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Figure 7: Ewoldt grid of the alternant response [Eq. (20) with Egs. (21)—(24)] for
A/ =1/9.
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Figure 8: Measured (circles) and fitted (lines) n/n, versus A, . Left column is from the

multimode CJ [Eq. (36)]. Right column is finite difference calculation for the multimode
O8 [Eq. (35)]. The fitted model parameters for both models are summarized in Table III
and the RSS are summarized in Table IV.
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Figure 9: Measured (circles) and predicted (lines) 4,7, /1, versus #/¥° for @ =10rad/s

and ¥’ =10s™'. Using the best-fit parameters from steady shear experiment, left column

is from the multimode CJ [Eq. (37)], right column is finite difference calculation of the
multimode O8 [Eq. (38) with Eq. (33)] using the fitted model parameters in Table III.
RSS are summarized in Table IV.
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Figure 10: Measured (circles) and predicted (lines) 4,7, /1, versus #/¥° for

® =10rad/s and #° =100s™". Using the best-fit parameters from steady shear

experiment, left column is from the multimode CJ [Eq. (37)], right column is finite
difference calculation of the multimode O8 [Eq. (38) with Eq. (33)] using the fitted
model parameters in Table III. RSS are summarized in Table IV.
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Figure 11: Measured (circles) and predicted (lines) 4,7, /1, versus #/#° for @ =1rad/s

and }° =5s"'. Using the best-fit parameters from steady shear experiment, left column

is from the multimode CJ [Eq. (37)], right column is finite difference calculation of the
multimode O8 [Eq. (38) with Eq. (33)] using the fitted model parameters in Table III.
RSS are summarized in Table IV.
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This supplements [1,2] with the proof of the stress governing equation and our main
results. Section I of the Supplementary Material provides the detailed derivation of the
stress governing equation for both the Oldroyd 8-constant framework, Eq. (7), and its
special case, the corotational Jeffreys fluid, Eq. (8). Section II of the Supplementary
Material provides the detailed derivation of our main results, for the alternant part, Eq.
(20) [with Egs. (21)-(24)], and the transient part, Eq. (25) [with Egs. (26)-(29)].

I DERIVATION OF THE STRESS GOVERNING EQUATION

The shear rate expression for udLAOS is given by:
¥ =1"(1+cosot) (1)
and the Oldroyd 8-constant framework is given by:

T+7Ll£2—:+%,uo(tr'r)'!{—%,ul{'r-’!1+'!{-'r}+%vl('r:’!{)8
)

k.
=—770[’!{+127?—,LL2{‘!{"!{}+%V2(’!Y : AY)SJ
To derive the stress governing equation for this framework under udLAOS, we need the
following ingredients:

(010
A =Vv+(Vv) =#(1+coswt)) 1 0 0 (3)
00
[0 -1 0
w=Vv—(Vv) = (1+cosmt) 1 0 0 (4)
00 0
Pt = PP (1 + Cosa)t) (5)
T Ty 0
T= yx vy 0 (6)
0 0 1,
A= R (Y UL
ot Dt 2 ot
. ifyx 0 ) 27, To—T, O 7)
=l ¢, t, 0 +E)?°(1+cosa)t) T,-T, 2T, 0
0o 0 ¢ 0 0 0



{TA+4-7}=1"(1+coswt)

(T:4)d=2¢"(1+ cosa)t)Tyx

o4 _D4y 1
ot Dt

= —’wsinwt

o = O
S O =

1
[4-4)= [)!fo (1+ coscot)]2 8

1
(4:4)3=2[#°(1+ coswt)]{ 8

Substituting Egs. (3) through (13) into Eq. (2), we find:
0
0 [+
0

1
0
0

Tt T 0
2T, 0
0 0

o 1
+E{w-'!1—'!1-w}=a—:1+5{w"!{—’!f'w}

+ [)!0 (1+ coscot)]2

Ty T, 0 % tyx 0
A
T, 7, 0 |+4 ifw ifyy 0 +?)?yx
0 0 T, 0 0 T,
p 2T, 7,+7, 0 1
_jﬁw T,+7, 2T, 0 |+vt,7,.| 0
0 0 0 0
010 01
=—nt,| 1 0 0 |[+nAfesnet| 1 0
000 00
1 00 1 00
+1, uﬂ!;x 010 |- novzﬁx 010
000 0 01

from which we extract:
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o O =
o O O

(TXX + Ty]/ + TZZ )’}}yx [
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(14)



Mt 4T [ A —v, JF (T cosot)T,, =0, (A, + 1, —v, )[#° (1+cosot) | (15)
A, 7, + (A =y +v, ) E (L cosot)T,, = -1y (A, +v, )[#° (1+cosot) | (16)
Mt ==t v (1+cosot) T, —nov, [ #* (1+cosot) | (17)
Ak, = =3[ 2 — i+ ] (1+ cost)N, — [ty — 1, J#° (1+ cosot)N,

18
—[3u,—u, ¥ (1+coswt)_. -7, —n#° (1+coswt) + n A, o sin ot (18
Egs. (15) through (18) can be nondimensionalized to:
dt 1 Wi - Wi N
_rw__ - F _1 i — [ |— -0 |—=
= " Da L1+ 4, ul]De(1+c0sr)Nl [ &, ;Ll]De(1+c0s1)N2 .
—[%ﬁo—ﬁljm(1+cosr)fzz—%(1+cosr)+iZWisinr
e
dN, Wi 1 Wi’
o ZE(1+COS’L') —D—N 2), Do (1+cosr) (20)
dN Wi 1 - s\ Wi 2
i =—(1- ‘ul)D (1+cost)7,, ENZ—(/IZ—,LLZ)E(1+COST) (21)
at, _ - Wi -1 Wi’ 2
== De(1+COST)TW 5al= V2o (1+cos7) (22)

which can be rewritten into matrix form as in Eq. (7) of the main manuscript [1,2]. For
the special case of the corotational Jeffreys fluid, we set y,= 1, = p,=v, =v, =0 to find:

ar, 1. 1Wi - Wi S e
dry :——Deryx—ia(lﬂzosr)Nl—E(1+cosr)+)»2W1smr (23)
dN, Wi 1 - Wi 2

=2—(1+cost)7,, ——N, + 24 1+cost 24
dt De( cost) * De ! 2 De( cost) @)
dN, Wi 1 - s Wi 2

=——(1+ ——N,-4,—(1+ 25
o De( 0sT)7,, 5V~ h (1+cost) (25)
dez + L ,fzz — 0 (26)
dtr  De

By inspection of Egs. (24) and (25), we find Nl =-2N ,, as it should [6], and shear stress
response is independent of 7_ . Therefore, the relevant governing equation for stress
responses are:

i, 1. 1Wi _ Wi e
dry :_afw_ia(lJrcosr)Nl_E(1+COST)+)“2WISIDT (27)
dN, Wi 1 Wi’

=2—/|(1+cosT)T N 2), 1+cost 28
o De( coS ) D De ( COS ) ( )

which can be rewritten into matrix form as in Eq. (8) of the main manuscript [1,2].
Table I of [1,2] summarizes all dimensional variables and symbols, whereas Table II of
[1,2] gathers all dimensionless ones.



II EXACT SOLUTIONS

We derive the exact shear stress expression from the corotational Jeffreys fluid from
the governing equations for stresses, given by Egs. (27) and (28). We first derive the
homogeneous part in Subsection Ila, and then the particular part in Subsection IIb.

a Homogeneous Part

The homogeneous parts in Egs. (23) and (24) are [3]:

at,., 1. 1Wi .
—dyf[ :_aryx,h —Eﬁ(l-FCOST)NLh (29)
dN Wi _ 1 -

d;,h =25(1+COST)%M_ENM (30)
Solving these by following the method of [3] as described in Section 4. of [6], we find:
Tpen = %eDe [ie2De (C, —Cz)cos(‘lgv—;(‘L'+sinr)j—e2De (C, +C2)sin(‘g—;(r+smr)ﬂ (31)
N,,=ebe [ezDe (C,+G, )COS(M(T +sin T)) +ie?> (C, - Cz)sin(m(f + sinr)ﬂ (32)

' De De
For simplicity, we group the integration constants:
C,=ie™(C,-C,); C,=e™(C,+C,) (33)
Substituting Eq. (33) into Egs. (31) and (32), we find:
o= %eD_e [CS Cos(‘r/)v—;(r + sinr)] -C, sin(‘]/jv—el(r + sinf)ﬂ (34)
N,,=eP* [CB sin(‘tl)v—;(r +sinf)j+ C, cos(\[/)v—el(r + sinr)ﬂ (35)
Rewriting Egs. (34) and (35) into matrix form, we find:

T, C

= cp[ 3} (36)

N,, C,

in which the fundamental matrix is given by:
%exp(g—g)cos(%(r +sinf)) —%exp(lg—z)sin(%(f +sinr))
exp(g—z)sin(%(r+sinf)) exp(g—fs)cos(%(r+sinr))

which we will use to calculate the particular part of the stress responses. Eq. (36) is the
homogeneous response of udLAOS from the corotational Jeffreys.

b= (37)

b Particular Part

The particular responses can be calculated from (see Eq. (10) on p. 711 of [4]):



: (14 cost')+ 2, Wisint’
[f » =¢(T)Id)’1(r’) I38( :COST )+ 22 isint i (38)
N, | 21, WE (14 cost’)
To evaluate this, we must invert Eq. (37):
o 2exp( De)cos( (’L‘ + smr)) exp( De)sm( (T +sin ’L')) (39)
- —2exp(&)si ( (1+smr)) exp(ﬁ)cos(%(r+smr))
Substituting this into Eq. (38) and considering only the integrand, we find:
[0 (14 cost’)+ A, Wisin 7’ s —Wip WL A, WL+ A, (3, + 21, + 11, (a0)
22, %2 (14 cost’)’ Wil + T, — A, Wil + A, W2 (3], + 21, +11,)
where:
I, = J‘e’%e COS(M(T'+ sinr’))dr’ (41)
I,= JeDe sm( i(7’+sint ))dr’ (42)
= J.eDe cos T’ cos %(T +smr’))d7’ (43)
e% cosT’sin (L (7’+sin7’))dr’ (44)
J. b sint’ cos De‘ T’+sinr’))d7’ (45)
1%smr sin (L (7"+sint’))dr’ (46)
J. b COSZ’L’ sm( i(7’+sint ))dr’ (47)
L= jeDe cos27t’ cos W‘(T +sinT ))dr’ (48)

To evaluate the constant of integration, C, and C,, we substitute Eqgs. (37) and (40)
into Eq. (38) to get:
(8L, — 31, + A, WAL, + 2, W (31, + 21, + 11, ) )cos Wz +sin7)
rym] o (LW, + A, Wil — A, (31, + 21, + 11, ) )sin (7 +sinT) )

2(— ML, — L, + A, Wil + A, W5 (31, + 21, + 11, ))sin 2 +sin)

De “1 De 73 2 De

+2(WoT, + T, — 2, Wil + 4, W5 (31, + 21, +41, ) cos (7 +sin )

De “2 De “4 2 De

Combining Egs. (36) and (49) gives the complete compact solution:



7 geﬁCOSM(T+sin’L')—&eEsinm(f+sinr)
{ :l 2 De 2 De

. : " :
e . Wi . = Wi .
C,eP sin—(7 +sin7)+C,eP cos—(7+sin7)
De De

(~ ol 8, + 2, Wil + 4,5 (31, + 21, + 31, ))cos @i(7 +sin) | (50)
| (M- 4+ 2, Wil — A, WE (31, + 21, + 11, )Jsin 2 (7 +sin7)
+ePe

2(— ML, — W, + A, WLy + 2, W (31, + 21, +11,))sin 1 (z +sint)

+ (WL, + W, — 2, Wil + A, 5 (31, + 21, + 11, ) Jcos i ( +sin)

Subjecting this to the stress-free initial conditions:

oo
we find:

-Csl 3 _2(_%11,0 - %13,0 + 7‘2 WiI5,o + )"2 Vlg_i(%lzo + 214,0 + %17,0)) (52)
-C4 _2(‘1/3\]_212,0 +‘1/3V_;I4,0 - )v”z Wile,o + )T'z Vlg_g(%lw + 213,0 +%18,0))
where I, =1 | .
Substituting Eq. (52) into the shear stress component of Eq. (50):
Wi o V=Wl 1 )+, Wi(l, -1 -
De (v1 ‘21,0) De( 3 3,0) 2 ( 5 5,0) oDe COS%(T+Sin‘L')
_ +/12%(%(12_12,0)+2(14_14,0)4'%(17_17,0)) (53)
T.= .
" _%(12_120)_%(14_I4O)+}1’2Wi(16_160) il
) ' ’ eP sinW(7+sin7)
_/12 Vgle (%(11_11,0)+2(I3_13,0)+%(18_18,0)) i
where the alternant part can be extracted as follow:
7, = (—%11 —Wp 4 A, Wil + A, W (3, + 21, +%I7))e§ cos ¥i(7 +sin7) -

-7
(-, - T, + A, Wil — 2, WE (31, + 21, + 1) JeP* sin Wi(7 +sin )
and the transient part can be extracted as follow:

Wi Wi = . = WAZ 3 1 Wi .
. (—D—;ILO—D—;I&O-M,Z Wil + 4, % (5120+214,0+5170))COSD—;(T+smT)

fyx o, =—ePe 3 o ' ' (55)
' Wi Wi ; wit (3 1 iq Wi ;
+(_D_e112,0 - D_él4,o + 4, W116,O — A D_L(EILO + 213,0 + Els,o))st_el(T + SmT)

Eq. (53) is the compact form of the shear stress response in udLAOS.

We next evaluate the integrals I, -1, defined in Egs. (41) through (48). For these, we

need the following trigonometric identities (Eqgs. 4.3.16 and 4.3.17 of [5] and Egs. (117)
and (120) of [6]):



cos(W7+WsinT)=cos¥ircos(Lsin7)-sin ¥ rsin(WsinT)

sin(Wr +Wsint)=sin & 7cos(Wsin7)+cosLrsin(Wsin)

cos(Wsint)=J, + 22]2,( cos2kt
k=1

sin(Msin7)= 2i Joasin(2k—1)7

k=1

i I
Substltutmg Eq. (56) into Eq. (41) ylelds

I = J.eDe cosit’ cos(""1 sint )dr —JeDe sin 527’ sm(W1 sintT )d’L’

and then Egs. (58) and (59) into the result, we find:
L=],+ 22( Todiz = Toalis)

= I e CosW‘T dt’

, = IeDe cosiit’cos2krdt’

I,= IeDesmWW sin(2k—1)7’d7’

Evaluating these, and then substituting the results back into Eq. (61) yields:

I —DeeDTe Jocospit Wi sin{it
! 1+ Wi? 1+ Wi?

+Deeii +(2 — i) De],, sin(2k - W;)r+(2k+%)De]2ksin(2k+§)z

_]Zk cos(2k—¥i)t N ], cos(2k+ 1)t o ,cos(2k—1- 1)t . J o1 cos(2k—1+ W‘)
+(2k— W)’ De* 1+(2k+ W) De*  1+(2k—1- %) De*  1+(2k—1+ %) De

= 1+(2k- 1)’ De? 1+(2k+ 1)’ De?
_(21<—1—D—9)De]2,<_1 (2k—1—VDV—e‘)T+(2k—1+VDV—g)DeIZk_lsin(Zk—1+VDV—e‘)T
I 1+(2k-1- )’ De? 1+(2k-1+ )’ De?
]2k + ]2k
J, De $ 1+(2k— %)’ De*  1+(2k+ 1) De?
—| =2—5+De
1+ Wiz k=1 ]Zk 1 ]Zk—l

- +
1+(2k-1-%)De*  1+(2k-1+ 1) De?

Subtracting the transient part, I,  =lim_ I, gives:

(56)
(57)

(58)

(59)

(60)

(61)

(62)
(63)

(64)

(65)



Z[q&l cos 2k+Wl)T+1//1()sm(2k+%)7:}
T k=0

I, —ILO = DeePe
k=1

k=0 k=1

—De[i«bi”+i(¢f”+¢?>+¢£4>)}

where:

]Zk , _]Zk—l ,
1+(2k+ W) De* ) “(1+(2k-1-4) De? |

o =
]2k—1 , ]Zk
[ 1+(2k—-1+85) De” )" 1+(2k-41) De? ),

(2k+ 1) DeJ,, J [—(2k—1—¥;)De]zk1J

1+(2k+ %)’ De? 1+(2k—1- %)’ De?

(2k—1+VDV;)De]2k1J [ (2k— 1) DeJ,, }

(1+(2k-1+41) De? ) " 1+(2k- )" De?

i. 1,
Substltutmg Eq. (57) into Eq. (42) ylelds

’

I, —JeDe sin 27’ cos(W‘smT )dr +_[ De cosi 1’ sm(W‘smT )dr

and then Egs. (58) and (59) into the result, we find:
I=],0,,+ 22( Toss + il s)

I, = J-eD’e singi7’dt’

I,= J.etr;e sin{t 7’ cos2krdt’

I,,= jeDecosW‘r sin(2k—1)rdr’

Evaluating these, and then substituting the results back into Eq. (70) yields:

Z ¢1 COS(Zk 1- W‘)T+¢1 cos(2k - 1-|—W‘)r+¢1 cos(2k— W)z
+l//f)sm(2k 1- W‘)T+l//f)sm(2k 1+Wl)‘r+1‘u1 sin(2k— Wl)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)



I —Wi]ocosDeT+]031nW‘T ]
1+ Wi? 1+ Wi®

_(Zk— WDe],, cos(2k— 1)t B (2k+41)De]J,, cos(2k+ 1)t 1

1+(2k - ) De? 1+(2k+ 1)’ De?
I, = DecP* _(2k=1-!)De/,, , cos(2k—1- WI)T_(2’<—1+W1)D€IM1608(2k 1+4)7
,=Dee i 1+(2k—1- %)’ De? 1+(2k—1+ 1)’ De? -
+
pa _]2ksin(2k—D—e) . ]stm(2k+VDV—g)r

(k—m)ZDe2 1+(2k+m)2De2
]2klsm(2k 1- )r+]2k1sm(2k 1+ %)t

| 1+(2k Wiy De?  1+(2k—1+4) De? 1]
_( _ )De ]2k+ (2k+‘1/3%)De2]2k

, WiDeJ, i 1+(2k- 1)’ De?  1+(2k+ 1) De?
+
TTiwe & +(2k—1—ﬁ)De ]Zk_1+(2k—1+%)De2]2k_l
1+(2k-1-%)"De?  1+(2k—1+ %) De?
Subtracting the transient part, I

2o =lim 1), gives:

i[d)z cos(2k+W‘)T+y/§)sin(2k+%)r}

T k=0

L=l =Dee™) . o cos(2k—1- i) 7+ cos(2k -1+ )7 + ¢ cos(2k — Wi )
2| oy sin(2k 1 ) 4y sin(2k -1+ )y Vsin 2k )7

2

(75)

—D{icbﬁ” 30+ + ¢£4>)}

k=0 k=1
where:
_(2k+‘g_é)De]2k J (—(Zk—l—‘]gﬁ)De]zli
A\2 7 — ,
o) = 1+(2k+41) De? ) | 1+(2k—1- 1) De?

(76)
—(2k-1+W)DeJ,, , (2k—41)De],,
1+(2k -1+ 1) De? ) '| 1+(2k- 1)’ De?

]Zk , ]2k1 ,
o |12k ) De? ) 14(2k-1- 1) De? ),

(77)
Jait , —Jak
1+(2k=1+85) De” ) "( 1+(2k-41) De? ),

. I,

Substituting Eq. (56), into Eq. (43) yields:
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4 T
_ De ’ Wi 7 Wi o ’ ’_ De 7 ain Wi 7 o3 Wi o ’ ’
I, —J.e ©COST COSp. T cos(Dg smn7t )d’L’ _[e ©COoST SINp. T sm(Dg smt )dr

and then Egs. (58) and (59) into the result, we find:
I, = ]013,1 + 22(]2k13,2 - ]Zk—llB,S)
k=1

»
= | pDe ’coeWir’ A’
I, _Ie ¢ cost’cosyiT’dT

»
I,,= IeDe cost’cos1i 1’ cos2kt’dt’

I,= _[eDe cost’sin¥i7’sin(2k - 1)’ dt’

Evaluating these, and then substituting the results back into Eq. (79) yields:

| Jocos(1-Bi)r  Jycos(1+Hi) +(1—%)De]osin(1—%)r+(1+M)De]osin(1+w')r

T
X

1+(1-%)'De* 1+(1+4) De? 1+(1- %) De? 1+(1+ %) De?
__ Lo cos(Zk—%)r N Joea cos(2k+ wi )r Jore 1cos(2k 2—§)1 . Jore 1cos(2k—2+%)r . Jox cos(Zk—l—%)r |

+]2kcos(2kfl+%)‘r+]2kcos(2k+1—%)r+]2kcos(2k+1+%)r (2K - W)DeJZklsm(Zk—%)r
T+(2k-1+ %) De?  1+(2k+1- %) De? 1+ (2k+1+ 1) De? 1+(2k-%)'D

1+(2k- W) De*  1+(2k+4)'De*  1+(2k-2-%)'De*  1+(2k-2+ 1) De*  1+(2k—1- 1) De?

1+(2k+ 1) De? 1+(2k-2- ) De? 1+(2k=2+ ) De?

(2k+ W)DeJ,, , sin(2k+ %)z ~ (2k-2-W)De],,  sin(2k-2-¥)r . (2k—2+%)De]2H sin(2k—2+%i)7

(Zk 1-ﬂ)De]stm(2k 1—M)r (2k—1+4)De],, sin(2k - 1+W)1+(2k+1—%)De]stin(2k+1—%)r

1+(2k-1-%)'D
+(2k+1+%)De]2ksm( k+1+W)

1+(2k+1+ ) De?
Jo

1+(2k-1+ %) De? 1+(2k+1- ) De?

Jo

De

2

k=1

1+(1-2)'De*  1+(1+%) De?

2 z+ \2 2+ \2 2+ \2 2
o 1+(2k-1-%)Y De’ 1+(2k-1+1)" De’ 1+(2k+1-%) De* 1+(2k+1+%) De

+

]Zk ]Zk ]Zk ]2k

_ ]Zk 1 ]Zk 1 _ Izm + ]Zk—l
1+(2k— %)’ De? 1+(21<+W)De2 1+(2k—2- )" De*  1+(2k-2+ ) De?

Subtracting the transient part, I, ,=lim_ I, from Eq. (83) gives:

I,-1

70737
[ - ¢3 Cos(2k+1 W‘)T+¢3 cos(2k+1+"DV—ei)T
pars ()sin(2k+1+m)r

3

1y sin (2k+1- %) 7 4y

_Deeie _¢§3)COS(2k 2— Wl)z’+¢3 Cos(2k 2+W‘)‘L'+q)3 Cos(Zk 1- ﬂg)f

2 > +¢)§6)cos(2k 1+W‘)1'+¢3 cos(2k W‘)T+¢3 cos(2k+W‘)

+1//3 in(2k— 1+W‘)T+y/§)sm(2k W‘)T+1//§)sm(2k+w‘)

—%[i(a%” +07)+ (o) + 047+ 007 40! o) +¢§8))}

where:

k=0 k=1

k=1 +l//3 sm(Zk 2—- Wl)fﬂ/f3 sm(Zk 2+Wl)r+y/3 sm(2k—1—%)r

(78)

(79)

(80)
(81)

(82)

(83)

(84)
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k ]2k—1
(2k+1 i) [1+ 2k+1+Wl) DeZJ {1+(2k—2—VDVg)2De2J '
2 3

(i) = ]Zkl ]2k 85
S W (2k—2+ W) J [1+ 2k - 1 Wl) Dezl'[1+(2k—1+g;)2Dezl' )

]2k1 ]Zkl
1+(2k— 1) 1+(2k+ %)’ De?

(2k+1- 1 De]Zk 2k+1+y§;)De]2k ~(2k-2-W)DeJ, | |
1+(2k+1- 1) 1+(2k+1+ W)’ De? | | 1+(2k-2-w)'De? |

" (2k—2+%)De]2k_l (2k—1-41)De]J,, (2k—1+41)De]J,, (36)
1+(2k -2+ %) De? | | 1+(2k-1- W) De? ) "(1+(2k -1+ 1) De? |’
4 5

—(2k-4)De]J,, , (2k+%)DeJ,,
1+(2k— 1) De? ) "\ 1+(2k+ 1)’ De”

w. I,
Substltutmg Eq. (57) into Eq. (44) ylelds

I, —I oo cost’sin it cos(W1 sint )d’L’ +J. o cosT’cosii T’ sm(W1 sint )dr (87)
and then Egs. (58) and (59) into the result, we find:

I=T0,,+ 2:21( Toos * il s) (88)
I, = e‘;;e cost’sin{it’dr’ (89)
l,,= e‘;;e cost’sin{i 7’ cos2ktdt’ (90)
I,,= J.eD;’ cost’cos i 7’sin(2k—1)rd7’ (91)

Evaluating these, and then substituting back into Eq. (88) yields:
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[(1- %) DeJ, cos(1-

Bi)r (1+15i)De],cos(1+hi)7

Jysin(1- )7 . Josin(1+ W)z |

)
1+(1- %) De?  1+(1+ ) De?

1+( W) De? 1+(1+ %) De?
[(2k-1- W‘)DeIchos(Zk 1-%)7 (2k—1+%)Def, cos(2k-1+ W)z |
1+(2k-1- %)’ De? 1+(2k-1+ %)’ De?
+(2k+1—M)DeJchc>s(2k+1 Bi)7  (2k+1+41)De],, cos(2k+1+4i)7
1+(2k+1- %)’ De? 1+(2k+1+ %)’ De?
_ Jysin(2k=1-$i)7 . Joesin(2k=1+B) 7 J,,sin(2k+1- )7
; _ Dee 1+(2k-1- W) De* 1+(2k—1+ %) De’ 1+(2k+1- 1) De?
: 2 +i +]2ksm(2k+1+‘3’—e‘)r_(2k—M)De]2“cos( k—%)7
| 1+(2k+1+ %) De? 1+(2k- %) De?
_(2k+Bi)De],, , cos(2k+5i)t  (2k—2-{i)De],, , cos(2k—2- i)t
1+(2k+ %)’ De? 1+(2k—2- %)’ De?
_(2k=2+1i)De],, , cos(2k =2+ i)t + Josin(2k— i)z +]2H sin(2k+ i)t
1+(2k—2+ %)’ De? 1+(2k— %) De?  1+(2k+ 1) De’
IZk]sm(Zk 2— )T+]2k]sm(2k 2+W‘)T
Bl Tl (2k-2- W) De’ | 1+(2k—2+1) De’ ] ] (92)
(1-1)De’J, (1+1)De’ ],
2(1+(1 ) De?) 2(1+(1+ 1) De?)
_(2k=1-%)De? ], . (2k-1+8)De’ ], (2k+1-)De’ J,, . (2k+1+%)De’ ],
.| 21 (2k-1-1) Det) 21+ (2k-1+5) D) 2(1+ (2K +1-1) De?|  2(1+(2k+1+ 1) De?
+§; . (2k-W)De’J,,,  (2k+{)De’J,.,  (2k-2-%)De’J,,  (2k-2+{)De’J,,
2(1+(2k- 1) De?) 2(1+(2k+ 1) De?)  2(1+(2k-2- 1) De?)  2(1+(2k-2+ 1) De?)
Subtracting the transient part, I, ,=lim_, I,, from Eq. (92) gives:
- ¢£1)cos(2k+1 Wl)‘c+¢4 cos(2k+1+W)r ]
o]y sin(2k +1—- %) 7 +y P sin (2k+1+ )7
[l _ DeeP* _¢4 cos(2k-2- Wl)‘c+¢4 cos(2k - 2+Wl)1'+q)4 cos(2k-1-4i)r
P 2 RS +0") cos(2k —1+ %) 7 + ¢ cos(2k — %) 7 + ¢ cos(2k + i) 7 (93)
e IRV sm(2k 2— ) g 4yl sin (2k - 2+ )7 +y P sin (2k —1- W)
+1//4 in(2k - 1+W‘)7:+1//f1 sin(2k - W‘)T+W4)Sln(2k+W‘) |
De| ¢ -
—7[2(¢S) +97)+ 3 (o7 +ol" +o7 ol + o] +¢£8))}
k=0 k=1
where:
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(2k+1—M)De]2k

1+(2k+1-1)

)

—(2k+1+ %) De],,

—(2k-2-

Be)De

Wi)De]J,,

1+(2k+1+ 1) De?

1+(2k-2- %) De
—(2k—1+ %) De]J,,

1
5 ’
3

¢
1+(2k—2+ 1)’

1+ (2k-1- ) De?

i=1
—(2k—2+11) De]2k1 (2k-1-
" 1+(2k-1+ 1)’ De
5

—(2k-Wwi De]2k 1}

—(2k+ Wi De]zﬂJ
1+(2k— 1)

1+(2k+ 1) De?

]2k71

z}’
6

k
(1+ 2k+1+Wl) Dezl{l+(2k—2—

v. 1
Substltutmg Eq. (56) into Eq. (45) ylelds

I :_[ e sin7’cos {7’ cos(Wsin ') dt’ —J. o sin7’sin & ¢’sin (Wsint’)d7’

and then Egs. (58) and (59) into the result, we find:
I,=]0,+ 22( Tols s = ol ;)

I, = J.e‘ge sint’cosyit’dt’

I, = je‘;e sint’cos {7’ cos2kt’dt’

I,,= _[eDe sin7’sin ¥ ¢’sin (2k—1)7"d7’

Evaluating these, and then substituting back into Eq. (97) yields:

(94)

(95)

(96)

(97)

(98)

(99)

(100)
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__(1—"DV—;)De]0cos(1—‘[’,V—g)T_(1+‘]§V—;)De]0cos(1+‘g—g)f+ Jsin(1-$)z | Josin(1+3)7 |

1+(1- %)’ De? 1+(1+ %) De? 1+(1- %) De*  1+(1+ %) De?

(2k=1-Bi)De, cos(2k—1- )7 _(2k=1+}i)De], cos(2k—1+4)r
1+(2k-1- %)’ De? 1+(2k-1+ )’ De?

(2k+1-Pi)De],, cos(2k+1-1i)  (2k+1+}i)De],, cos(2k+1+ i)t
1+(2k+1- %)’ De? 1+(2k+1+ %)’ De?

Jysin(2k=1-%)7 ], sin(2k—1+ i)z . Jpesin(2k+1- %)z

_ Dee™ 1+(2k-1-%)De* 1+(2k-1+%)'De* 1+(2k+1- %) De?

’ 2 +i . J,esin(2k+1+%i)7 +(2k—VDV—;)De]2k71cos(2k—VD*’—g)r

= 1+(2k+1+4) De? 1+(2k- %)’ De?

_(2k+Bi)De,, , cos(2k+1i)7  (2k—2-4i)De],, , cos(2k—-2-Hi)z
1+(2k+ 1) De? 1+(2k-2- %)’ De?

(2k 2+ §i)De],, ,cos(2k =2+ BT ],y si (2k—%)r+]2k71sin(2k+%)r
1+(2k-2+ ) De? 1+(2k- %) De*  1+(2k+ ) De?

]Zklsm(Zk 2- 8T Jy,sin(2k-2+Bi)T

i 1+(2k 2-W)De?  1+(2k-2+ 1) De

(1_%)10 —+ (1+Wl)

—#) Det 1+(1

1+(1 1+(1+¥)'D

(101)

+Dez _ ( -1- %)IZI( _ (2k—1+\1§7i)]2k + (2k+1_%)]2k + (2k+1+ )]2k
2 5 1+(2k-1- %) De* 1+(2k-1+ %) De? 1+(2k+1-%) De? 1+(2k+1+ %)’ De?

+

k=11 _ ( m)]zm + (2k+Wl)]2kl + (2k 2- W‘)]Zkl _ (Zk 2+Wl)]2kl
1+(2k— 8’ De*  1+(2k+ W) De* 1+(2k—2- W) De?* 1+(2k-2+4) De’

Subtracting the transient part, I, ,=lim_ I, from Eq. (101) gives:

70757
o [0 cos(2k+1— 1)+ cos(2k+1+ 1) 7 ]
p o[+y/§)sin(2k+1—m)1+y/§ )s1n(2k+1+m)r]
Deebe _+¢§3)cos(2k 2— W‘)T+¢5 cos(2k— 2+W‘)T+¢5 cos(2k—1- W)t
T 2 > +¢§6)cos(2k 1+W‘)T+¢5 cos(2k W‘)’L’+¢5 cos(2k+W‘) (102)
|+ sin (2k — 2 ¥) 7+ Y sin (2k - 2+ W) 7 4y sin (2k —1- W) 7

f.) )sm(Zk W‘)T +l//( )s1n(2k+ W‘)

BT,

(
+1//5) in(2k— 1+W‘)T+1//
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—(2k+1-41) De]2k —(2k+1+4)De],, | [ -(2k-2-¥)De],, ,
1+(2k+1- )’ 1+(2k+1+ W) De? | | 1+(2k—2- i)' De?
A = (2k—2+45) De]2k1 (2k—1-4)De],, (2k—1+ %) De],, (103)
S 1+ (2k -2+ WY’ 1+ (2k—1-%1)'De* ) "\ 1+(2k—1+ 1) De®
(2k— Wi )De ]2k1 —(2k+¥i)De]J,, ,
1+(2k—4) 1+(2k + i)’ De?
k ]Zkl
1+ (2k+1 wi)® 1+(2k+1+ %) De? | " 1+(2k-2- 1) De? |,
W(i) = —Joia Jax , —a . (104)
> 1+ (2k -2+ WY 1+(2k-1- %) De? | | 1+(2k—1+ i)’ De?
5 6
]2k1 ]2k1
1+(2k— 1+(2k + 1) De? .

vi. I

Substltutmg Eq. (57) into Eq. (46) glves

I, = J-eDe sint’sin 527’ Cos(W1 smr d7: +I b sint’cos{2 7’ sm(W1 sint )dr (105)
and then Egs. (58) and (59) into the result, we find:

I=T,+ 22( Todos + o) (106)
I, = J.eD/e sint’sin{l7’dt’ (107)
I, = Je‘; sint’sin{ 7’ cos2kt’ dt’ (108)
I, = IeD; sint’cos¥i7’sin(2k - 1)’ dt’ (109)

Evaluating these, and then substituting back into Eq. (106) yields:
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De

Subtracting the transient part, I

T
_ DeePe

[ I Cos(l - %)T

Jocos(1+81) 7 (1-8i)De]ysin(1-$1)z  (1+41)De],sin(1+H1)7

1+(1- %) De? 1+(1+3%) De?

1+(1- i)' De? 1+(1+ %) De?
[ ], co8(2k—1-%)r ], cos(2k—1+¥)7r ], cos(2k+1-¥)r ], cos(2k+1+4i)7
C1+(2k—1-%)De’ 1+(2k—1+ 4 De’ 1+(2k+1-1)' De* 1+(2k+1+4) De?
_(2k=1- 1) De],, sin(2k— 1—‘“—)1’+(2k—l+%)De]2ksin(2k—1+%)f

1+(2k-1- )" De? 1+(2k-1+ %) De?
+(2k+1—%)De]2ksm(2k+l B)7  (2k+1+B)De],, sin(2k+1+81)7 ], cos(2k— i)z

1+(2k+1- 1) De? 1+(2k+1+ 1) De? 1+(2k— &)’ De?
_]M,lcos(zkw)r Joqcos(2k -2~ De)‘t+]2“c05(2k 2+8)7  (2k-$i)De],, ,sin(2k— )7

1+(2k+ 1) De*  1+(2k-2-1)'De’  1+(2k-2+1) De? 1+(2k— 1) De?

7(2k+§y;)De]2k,lsm(2k+g,v;)r (2k-2- W)De]2k15m(2k 2- W)r+(2k—2+VDV;)De]M,lsin(zk—ugg)r
1+(2k+ %)’ De? 1+(2k—2- 1Y De? 1+(2k—2+ )’ De?

]n

Jo

1+(1-

WYDe? 1+(1+ %) De?

]Zk ]2k ]Zk ]Zk

2

k=1

- - +
1+(2k-1-%)De? 1+(2k-1+ %) De* 1+(2k+1- %) De* 1+(2k+1+ %) De

]2/(71 + ]Zkfl _ ]Zkfl _ ]Zkfl
1+(2k- W)’ De?  1+(2k+ %) De’ 1+(2k-2-%)De? 1+(2k-2+%) De?

I

70767

, =lim from Eq. (110) gives:

= ¢£1)COS(2k+1 W‘)‘L’+¢6 cos(2k+1+1)7 |
k=0 +1//S)sin(2k+1—m)f+wé)sm(2k+1+m)1
[ _1 _DeeDie _¢£3)cos(2k 2— W‘)‘L’+¢6 Cos(Zk 2+WI)T+¢6 cos(2k 1- )
ool 2 RS +¢()cos(2k 1+W‘)T+¢6 cos(2k - W‘)1'+(/b6 cos(2k+ )7
pacf RV sm(Zk 2— )7 4y sin(2k - 2+ W) 7 +y sin (2k -1 Wiz
+l[/6 )sin ( 2k - 1+W‘)T+1//6 sm(2k W‘)T+y/( sm(2k+W‘) |
Del < o
DTS ) Sl 404000+
k=0 k=1
where:

Jox
1+(2k+1- %) De?

] 2k-1

_]Zk

]2k71

| 14(2k+1+41) De?

_]zk

1 1+(2k-2-
2

%)2 De?

L

1+(2k—2+ W) De?

_]2k—1

,\1+(2k-1- %) De?

_]Zk—l

1+ (2k-1+ W) De?

4

3

7

6

1+(2k— 1) De? ) " 1+(2k+1)° De”

8

(110)

(111)

(112)
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(2k+1-Y%i)DeJ,, —(2k+1+41)De],, (2k-2-W)De],, ,

1+(2k+1- %)’ De?

o _|[ (2k=2+%1)De],, —(2k-1-11)De],, (2k—1+W)De],,
1+(2k—2+ ) De? ) " 1+(2k-1- 1) De” | "( 1+(2k-1+ 1)’ De®

_(2 _%)Dejqu —(2k+%)De]2H
1+(2k— 1) De? ) '\ 1+(2k+ %) De?

vii. I,
Substltutmg Eq. (57) into Eq. (47) gives:
I,= J.eDe cos27’sin ¥ 7’ cos(sin t’)dr’ + IeDe c0s27’ cos ¥ 7’sin (Wsin t’)dt’

and then Egs. (58) and (59) into the result, we find:
I, = ]017,1 + 22(]2k17,2 + ]Zk—117,3)
k=1
I, = J.e‘?e cos2t’sin{lr’dt’
L,= J‘e‘?e cos2t’sin 37’ cos 2kt’ dt’
I,,= _[eDe cos27’ cos Wi r’sin(2k—1)7’d7’
Evaluating these, and then substituting into Eq. (115) yields:

_( —VD"—;)De]Ocos( —"D"—e‘)r_(2+g—e‘)De]0cos(2+"D"—e‘)r_ ]ﬂsin( —g’—e‘)‘r N ]Osin(2+g’—;)r
1+(2- 1) De? 1+(2+ ) De? 1+(2- 1) De?  1+(2+ ) De?

1+ (2k+1+ 25 De? ) ' 1+(2k -2 1)’ De?

[ (2k-2- 1) De ,, cos(2k—2— i)t _(2k=2+}1)De],, cos(2k-2+ i)z . (2k+2-%)De],, cos(2k+

7

~w)e |

_(2k+2+ 1) De, cos(2k+2+ )T Jysin(2k=2-H)7 | Jysin(2k=2+§)T [y sin(2k+2-

1+(2k-2- ) De? 1+(2k-2+ %) De? 1+(2k+2- %) De?

T2 < +]stin(2k+2+%)f7(2k—3—M)De]2klcos(2k - )t (2k=3+}i)De],, , cos(2k=3+ i)z
o 1+(2k+2+4) De? 1+(2k—3- %)’ De? 1+(2k-3+%) De?
_(2k+1-41)De],, , cos(2k+1-Hi)z (2k+1+gg)De]M_lcos(zk+1+W')r T, sin(2k—3 - Wi)7
1+(2k+1- 1) De? B 1+(2k+1+ 1) De? Tt (2k-3- ) De
+]2k_lsm(2k 3+W)T ]Zklsm(2k+l )r+]2k_lsin(2k+1+$)r
| 1+(2k-3+ 1) De? l+(2k+l Wy De?  1+(2k+1+ ) De?
_ (2_%)]0 + ( +Wl)]0
1+(2- )’ De*  1+(2+4) De

, De —(2k-2-8)J,, - (2k—2+ )], (2k+2- )u (2k+2+W')2k
2| 5| 1+(2k-2- B D" 1 (26 ﬂ) “Te(2k+2- ) Det 15 (2k+ 245 D
Ll Zk 3- De)]zk—l ( )Izm (2k+1 W')]Zkl (2k+1+ )

Izm
1+(2k—3—"D"—e‘)2De 1+(2k 3+W)De2 1+(2k+1 i) De? 1+(2k+1+W')

Subtracting the transient part, I, ,=lim_ I, from Eq. (119) gives:

7—0

_Deeé 1+(2k+2+ 1) De? 1+(2k—2- ) De? l+(2k 2+ W)’ De* 1+(2k+2- )De

(113)

(114)

(115)

(116)
(117)

(118)

(119)
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_i Cos(2k+2 W‘)T+¢7 cos(2k+2+ )7 ]
=] +ysin (2k + 2 - W) 7 4y sin(2k + 2+ W) g
I _1 :DeeDLe ¢7 Cos(2k 3- W‘)T+¢7 Cos(2k 3+W‘)T+¢7 cos(2k 2—- )
T 2 5 +q>(6)cos(2k—2+m)1'+(;)7 cos(2k+1- WI)T+¢7 cos(2k+1+ W)z
pucf IERVAS sm(Zk 3— )74y sin(2k -3+ %) 7 +y PV sin (2k— 2 - W) 7
i +w7 Jsin n(2k )T+1//7)s1n(2k+1—‘3’—e‘)f+l//§ sm(2k+1+‘g—(j)1_
Del < -
—;{2(@”+¢§2))+z(¢s>+¢§4>+¢;5>+¢§6>+¢;7>+¢§8>)}
k=0 k=1
where:
(2k+2-11)De]J,, —(2k+2+%)DeJ,, | | -(2k-3-Y%i)DeJ,, ,
1+(2k+2- WY De? | “(1+(2k+2+ ) De? | '| 1+(2k-3- W)’ De?
i=1 2

(p(i) —(2k—3+‘]/3"ei)De]2k1} [(Zk_ —%)Dekk

—(2k—2+Y1)De],,
1+(2k—3+ 1) De? ) ( 1+(2k—2- 1) De?

]5’(1+(2k—2+VD"g)2De2
—(2k+1+ ¥)De]J,, ,
1+(2k+1+ %) De?

—(2k+1-%)De]J,, ,
1+(2k+1-%)'De? )
7

R ] ( Ja } [ Jo J
1+(2k+2- ) De? | "\ 1+(2k+2+%) De? | "( 1+(2k—3- 1) De? ) *
v 1+(2k—];:-1Wi)2De2] ’[1+(2k—i2j“’i)2De2] ,[1+(2k—£2-|k-Wi)zDe2] '
De 4 De 5 De 6
\1+(2k+1-30) De? ) { 1+(2k+1+41) De? )

viii. Iy

Substltutmg Eq. (56) into Eq. (48) yields:
I, = J.eDe 0827’ cos {7’ cos(Wsint’)d7’ - IeDe c0s27’sin ¥ ¢’ sin (W sint’)d7’

and then Egs. (58) and (59) into the result, we find:
Iy= ]018,1 + 22(]2k18,2 - ]Zk—118,3)
k=1

»
I ePecos2t’cosyit’dr’

81~

»
I ePe cos2t’ cos{it’cos2kt’dt’

82—

(120)

(121)

(122)

(123)

(124)

(125)

(126)
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I, = _[eDe cos27’sin W 7’sin (2k—1)7"d7’ (127)

Evaluating these, and then substituting into Eq. (124) yields:

[ J,cos(2- %)z . Jycos(2+ %)z (Z—W—)De]osm(Z—ﬂ)r+(2+%)De]()sin(2+%)r

1+(2- %Y De? 1+(2+4) De? 1+(2- 1) De? 1+(2+ %) De?

__]2k71COS(2k—3—%)T+]2k71COS(2k 3+M)7 ]2kcos(2k 2-Wi)g +]2kcos(2k 2+ W)z ]
1+(2k-3-W)'De*  1+(2k-3+1) De? 1+(2k 2- %) De’  1+(2k—2+1) De

_]Zkflcos(2k+l—%)‘r+]2Hcos(2k+1+&) +]2kcos(2k+2—&) +]2kcos(2k+2+]§ve)r (128)
1+(2k+1- 1) De*  1+(2k+1+%) De?  1+(2k+2-4) De? 1+(2k+2+ 1) De?
Deeb (2k=3-#)De], sin(2k-3- )7 _(2k=3+)De], sin(2k-3+4)r

I Y 1+(2k-3- 1) De? 1+(2k—3+ 1) De?

p (2k 2-W)De],, sin(2k- Z—ﬂ)r+(2k—2+%)De]zksin(2k—2+&)r
1+(2k-2- )" De? 1+(2k-2+ %)’ De?
_(2k+1—g')DeIZk_lsm(Zk+1—%)r+(2k+1+ )De],, , sin(2k+1+%)r
1+(2k+1—M)ZDe 1+(2k+1+ W) De?
(2k+2 W)De]J,, sin(2k+2- %)t (2k+2+W)De]2ksm(2k+2+W)

| 1+(2k+2- )" De? 1+(2k+2+ %)’ De?

Jo _ Jo

1+(2-W)'De?  1+(2+ %) De?

+De o _ Jox _ Lo _ ok

2 RS 14(2k-2-W)De? 1+(2k—-2+%)'De* 1+(2k+2- 1) De? 1+(2k+2+41) De?
k=1 + ]Zkl ]Zkl + ]Zkfl _ ]Zkfl
1+(2k-3- 1 De? 1+(2k-3+ 1)’ De’  1+(2k+1- 1) De’ 1+(2k+1+ 3 ) De?

Subtracting the transient part, I, =lim_ I, from Eq. (128) gives:
- ¢g1)cos(2k+2 WI)T+¢8 cos(2k+2+W)t
= | +yVsin 2k +2 - W) 7 + P sin (2k + 2+ W) 7

T

18—18,0=De28De o 6Cos(2k 3—45) 749l cos(2k — 3+ ¥5) 749" cos(2k — 2 - W)
Ry +0*) cos(2k — 2+ Wi) 7+ 9" cos(2k +1—¥5) 7 +¢” cos(2k +1+ )7 (129)
k=1 +ll/8 Sln( -3- Wl)r+y/g)sm(2k 3+W1)T+l//é)sm(2k Z—M)
| [yl sin(2k -2+ ) T4y sin(2k+1- )T +y sin 2k +1+ )7 ||
Sl Bl b )
where:
Ja Jo —J ok
+(2k+2-%YDe? ) | 1+(2k+2+ %) De? | " 1+(2k-3- %) De? |’
o) = +(2k—]32k:VDV;)2De2 4' 1+(2k—£2iVDV;)2De2 5’ 1+(2k_£ikrv£)zDe2 6, (130)
o Joia
+(2k+1-4) De? ) “( 1+(2k+1+1) De? | |
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(2k+2-¥)De]J,, (2k+2+8)De],, —(2k-3-Y%i)DeJ,, , ]
1+(2k+2- 1) De? | "(1+(2k+2+ %) De? | | 1+(2k-3- W) De? |’
=1 2 3

o _|[ (2k=3+%1)De],, (2k—2-Y%)De]J,, (2k—2+ %) DeJ,, 131)
1+(2k-3+ %) De? ) | 1+(2k-2- 1)’ De? | | 1+(2k-2+ 1) De? ) ’
4 5 6

—(2k+1-¥)De]J,, , (2k+1+41)De]J,, ,
1+(2k+1-)'De? ) "{ 1+(2k+1+ %)’ De?
7 8

¢ Fourier Series for Shear Stress

This subsection details how to rewrite our exact solution for shear stress from the
corotational Jeffreys fluid into the Fourier series. Subsection I.a.i concerns the alternant
part of our exact solution, whereas Subsection L.a.ii concerns the transient part. The
complete solution, arrived at by adding the transient part to the alternance, explains the
udLAOQOS shear stress response before and after the alternant state has reach.

i. Alternant Part

Substituting I, -1, given in Egs. (66), (75), (84), (93), (102), (111), (120) and (129), into
Eq. (53), and then rearranging, we find:
fyx = fyx,l cos%(r + sinT) + fyx,Z sin%(r + sinT) (132)
where:
[ C cos(2k+ )7+ C1? cos(2k +1- W) 7+ Cl cos(2k +1+ )7 |
+CW cos(2k +2 - Wi) 7+ Cl) cos(2k + 2+ W)z
+5 sin (2k + )7 + S sin (2k +1— W)z + S sin (2k +1+ %)

[ +5}"sin(2k+2- 1) 7+ 5 sin 2k + 2+ )7

Tyx,l

k=0

| +C1" cos(2k—3~452) 7+ {7 cos(2k—3+451) 7+ CfY cos 2k~ 2~ )7 | a3
+C® cos(2k— 2+ W) 7+ C" cos(2k —1- W) 7+ C" cos(2k 1+ W)z
e, +C1 cos(2k - 1)+ " cos(2k + )+ ' cos(2k + 1- )7+ € cos(2k + 1+ B¢
ia1| +5"sin(2k =3~ 51) 7+ 5" sin 2k~ 3+ )7+ 5 sin (2k -2~ )7

0 sin (262 )+ 5 sin(2k 1 )¢+ sin( 2k + )

_+s}“> sin (2k — %) 7 4 8 sin (2k + %) 7 + S sin (2k +1- 2) 7+ 5 sin (2k +1+ ) 7

21



[ ClY cos(2k+ )7 +CP cos(2k+1- )7 +C5) cos(2k+1+4)7
+Cg4) COS(2k+2—%)T+C£5) cos(2k+2+%)r

S| 50 sin (2k+35)7 + 5 sin 2k +1- 15) 7 + S sin (2k-+1+ )7
| +61 sin (2k+2- 1) 7+ 50 sin(2k + 2+ )

| +C{ cos(2k ~3— )7 +CY cos( 2k~ 3+452) 7+ C cos(2k -2~ )
+C{) cos(2k— 2+ 1) 7+ CJ” cos(2k—1- ¥ )7+ CI'Y cos(2k -1+ 1) 7

| +5 sin (2k -3 - Wi) 7+ ) sin (2k — 3+ W) 7 + S sin (2k — 2— W)
+8)sin (2k — 2+ %) 7+ 50 sin (2k =1 - W) 7 + S\ sin (2k — 1+ Wi

~Wigl)+32,Wit{)) (-3 Wig)+2, Wi*{) +31, Dewigl!)
—1Wig®? + 2, Wi2\? + 1 1, De Wig{® ) (% 1, Wiz @1))4,(% L Wi2 ¢§2))5,

(
(
(
(~EWigl" + 2, Wi* (" +42, De Wil + 1 4, Wi* ¢ )
(
(
(
(

cl) = ’
(- WigP 34, Witg - Wigl) + 2, Witgl" + 42, DeWigl)
~Wig!? +2 2, Wi2g — 1 Wigl® + 2, Wi ¢\ + 1 1, De Wig* >)11
~Wig" +2 4, Wi2ol) 1 Wig!) + 1, Wi2¢{) + 1 1, DeWig! ))12
LWigl + 7, Witgl" +14, DeWigl”) (42, Wiel) (32, Wi*e!)
_ _Wll//l) 3), Wl ll/g )i: ,(_%Wiy/gl)_’_lz Wizwgl +%AZ DeWil[/él))Z,
LWiy )+ 4, Wity () +42, DeWiyl?) (42, Wi2l//§”)4f(li wity))
%XZWi2W7 ) (11 Wl ll/7)) /( 1W11//3 +l Wl W4 11 DeW1l//5 %EZWiZWS))S;
SY) =

AT WEYE Wiy« L, Wiy 1, Dewiy!)
1

1

Wi
Wiy 4 24, Wity S Wiy + 4, Wity + 3 4, DeWiy)
Wiyl +32, Wity — Wiyl + 24, Wiy + 12, Dewiyl) |

1

(
-
(
(-4 Wiyl + 2, Wityl? + 14, DeWiyl" + 47, Wity ") ,
(
(
(
(-

LWiyl)+ 2, Wity +32, DeWiyl) (12, Witwl) (42, Wityl)

15

| +607 sin (2k - 25) 7 + S0 sin (2K + ) 7+ S sin (2k +1 - W) 7 + S0 sin (2k +1+ )7

) (E Wi (-4 Wigl! + 2, Wi +4 4, DeWigl" + 4, Wit ¢l )

- +C(212) cos(2k - %)T + ng) cos(2k + %)T + cg“) cos(2k +1- %)T + CSS) cos(2k+1 + %)r

(134)

(135)

(136)
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(-32, Wit 1(1)‘Wi¢§1))1.1 (<7, Wi =4 Wig{" +4, DeWig(") ,

(<7, Wi~ Wigl? + 12, DeWigl? ) ,(~42, Wi*el!) ,(~14, Witel?) ,

(~44, wi? ;3))6,(—% Witg{") (-2, Wi* 6" =L Wig{" +1 7, DeWigl" -4 7, Wi*g{") ,
o (<7, Wi -1 Wig}! + 42, DeWig) ~ 42, Wi*g{") , (137)
o (~37, Wi - Wigl? - 1, Wiol? —  Wig{? +42, De Wig(? ) ,

(~37, Wio" - Wig{" - 1, Wi*gl" —t Wig(” +4, De Wig(" ) |,

(-3, Wig{¥ —Wigl? — 1, Wi ¢ - t Wi + 11, De Wig! )

(-7 Witol —4Wigl" +42, DeWigl") (-32,Wite(") (1A, Witel")

(—%ZZWizy/fl)—Wiy/?))i_ ( 2, Wity —1wiy!) + 11, De Wiy! ) , ]

(-2 Wity -1 Wiy P+ 14, DeWiyl?) (-1, Wity") (-12, Wity

(-3 2, Wityl)) (-1, Wityl) (-2, Wity ) s Wiy + 14, DeWiy ) -+ 4, Wity |
0 (—iZWiZn,/(“—lWiwfuli De Wiy~ 11, Wity!") , (138)
U (3 A Wiy - Wil - 4, Wity -1 Wiy )+ 14, Dewiy )

(~32, Wity - Wiyl - 2, Wity — s Wiy () + 11, DeWiy”)

(-3, Wity Wiy =2, Wity -t Wiy + 17, DeWiy,") |,

_(—iz Wity® — 1Wiy® 111 De Wiy )13 (-44, Wity )14 (44, Wity )15 _

in which ¢1(")—¢§") and wi")—wg") are defined at the end of Subsections I.a.i through La.viii.

To further process, we need the following trigonometric identities, arrived at by
substituting Eqgs. (58) and (59) into Eqgs. (56) and (57):

cos( (T+Smf))=IOCOSW‘T+22]2kCOSW‘TCOSZkT ZZIZklsm Wirsin(2k-1)7

i Lcos(2k+1)7+ 3 1 cos(2k— W) (139)
=0 k=1
i J s co8(2k - 7:+2]2k ,cos(2k—1+4i)7

k=1

o

sin(%(f+sin1)) Z sin(2k+%)r —Z]Zk sin(Zk—%)T
=0 = (140)

#3 Fasin(2k-1-4) e+ 3 sin 261+
k=1

In conjunction with Egs. (139) and (140), substltutmg Egs. (133) and (134) into Eq. (132),
we find:
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T, :a0+i[am+ﬁm+ym+6m]
m=1

where:

_ili(cf

j=1

) —S(zj))COS(Zk-i-2m+j)7+(c(2j) +507 Jeos(2k - 2m+ - 242 }

+(C +S )sm 2k+2m+])1+( Czf)+S£2j))sin(2k—2m+]'—2%)f

+
j=1

(€1 - 8 )cos(2k-+2m+ j— 6) 7 +(C + 81 |cos(2k - 2m+ j - 6 - 288 )7
+(C+ 5 sin (2K -+ 2m+ = 6)t-+(~C+ S )sin (2K - 2m+ - 6- 238 )7

+( cl

i (P —587)cos( 2k~ 2m+ )z +(CE + SE |cos(2k-+ 2m+ - 28)7
C 4 S )sin (2K~ 2+ )7 +(~CE +-50sin (2k+ 2m -+~ 238)7

(CI) - 87 )cos(2k—2m-+ j— 6) 7+ (C + 817 |cos(2k-+ 2m+ j - 6 - 284 )7
5| +(C)+ 5 )sin 2k 2m-+ j - 6) 7+ (~CP +5%7 )sin (2K + 2m + - 6 248) 7

2 [( )+ cos(2k—2m+ j+1) 7+ (~C) S(zzj))cos(2k+2m+j—1—2%)f]

z[

(~CP+ 87 )cos(2k—2m-+ j— 5) v +(~C = 8 |cos( 2k + 2m+ -7 - 284 )z
)-8 )sin (2k—2m+ j-5)z +(C) - S )sin (2K -+ 2m+ j -7 - 2887

O

j=4 [+(C(22“)

k=0 3 [(C”l +52/ ) )COS(2k 2m+j— 1)1+(C£2H)—ngj’l))cos(2k+2m+j—1+2"DV—ei)T

[(cf”) + 8 )cos(2k—2m-+ j=7) 7 +(CP Y =S |cos(2k-+ 2m+ j- 7+ 24

+S£2H))Sin(2k— 2m+j— 7)1‘ + (C(;H) +S£2i—1))sin(2k+ 2m+j—-7+ 2%)

k=0| 3 (szj'l)+ngj_l))cos(2k+2m+j—1)r+(Ci2H)—S(zj'l))cos(Zk—2m+j—1+2m)1
+
=1 +(—C£2H)+S§2H))sin(2k+2m+] 1)T+(C(2]1 +SZ’ ) )sm(Zk 2m+j— 1+2W‘)

J

(Cl 4+ 87 ) cos(2k -+ 2m+ j—7) 7 +(CP™) = SP7 | cos 2k — 2m + -7+ 24
j=4 +( C(z’1 +52] ! )sm(2k+2m+] 7)T+(C(2] l)+S£2j71))sir1(2k—2rrz+j—7+2¥,"—ei)

; 5 7| +(-CP) =5 Jsin (2k - 2m -+ j+1)7+(C = S Jsin (2k+ 2m + j-1- 217
2m-1
2 3 ( Cf]_l) ngi_l))cos(2k+2m+j—2)r+(—C£2H)+S£2/_l))cos(2k—2m+j+2§)

+(CP = 8 )sin (2k-+ 2m-+ j - 2) 7+ (~CF = P )sin (2K — 2m + j+ 244

+(—C(22]‘] +5) )sin(Zk—2m+j—1)r+(C§2H)+S{2H>)sin(2k+2m+j—1+2‘[’,V—g)1

)

]

—c —ngf'l))cos(2k+ 2m+]'—8)‘L'+(—C£2H) +S£2f']))cos(2k— 2m+j-6+24)
=S )sin (2k-+2m-+ j - 8) -+ (~C{ = SP7 Jsin (2k - 2m+ j - 6+ 284 )7

(141)

] (142)

} (143)

(144)

?
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+

i

j=3

]21—1D’a
+2 kz

j=4

_i[(dz” — 587 )cos(2k-+2m+ j=1)7+(CI)+ S )cos(2k—2m+ j+1- 244 ¢
7| +(CE + 8 )sin (2k-+ 2m+ j—1) 7 +(~CF7) + 8 Jsin (2k - 2m+ j+1- 2407
k=0 i{(c{“” +S£2j'l))cos(2k—2m+ i)t +(C§2"'l) —ngf'l))cos(2k+2m+j—2+2%)r
7| +(=C )+ 8 )sin (2k - 2m -+ )7 + (P + P )sin (2K -+ 2m + - 2+ 287
(CI =587 )cos(2k-+ 2m+ j=7)7 +(CP + 81 |cos(2k - 2m+ j—5- 24487
+(CP+ 8 )sin (2k+2m+ j=7)7 +(~CP + 5 Jsin (2k - 2m + j—5- 2487

{ Clz, ) 4 g2 1 cos(2k 2+ 6)1’+(C(2’ 1)_ngj-l))cos(2k+2m+j—8+2%)1
+

|

+ CZ]l +S (2j- 1 Sln(2k 2m+] 6)T+(C(22]*1)+S§2]71))Sln(2k+2m+]_8+2‘]:/)V_el)

J

(145)

where C1 ,C ) and S are defined in Eqgs. (135)-(138). Eq. (141) [with Egs. (142)-
(145)] (i.e. Eq. (20) [with Egs. (21)—(24)] of the main manuscript [1,2]) is the main result

of this section.

11. Transient Part

Substituting Egs. (139), (140) and I, ,-I,,, given in Egs. (66), (75), (84), (93), (102),
(111), (120) and (129), into Eq. (55), and then rearranging, we find:

3

fyx =—eP* (f;xﬂ + fyzx/o)
in which:
f;x,o = f;él,o + f;;cz,o + f;a’cs,o + f;fo
where:
oo © 5 o 15
f;;o = Z]M [qui) + ZZCﬁ )}Cos(2m+ W‘)T
J—— k=0 i1 k=1 i=6
oo © 5 15
2= ) (ZZCY) + ZZCY)]COS(Zm — i)z
S— k=0 i=1 k=1 i=6
oo © 5 ) o 15 . )
=B o[ ST+ S 30 eos(an-1-)s
m= =0 i=1 =1 i=6
oo © 5 o 15
f;;fo = z]m_l[ZZC l +2 Cil jcos(Zm 1+4)z
m=1 k=0 i=1 k=1 i=6
and:
f;x,o - Tyleo + fyzjo + T;XSO + Ty2x40
where
oo ~ 5 o 15
2=, (ZZCQ +y Cgl)jsin(ZnH Wi)g
m=0 k=0 i=1 k=1 i=6
oo © 5 o~ 15
fyzxzo = —Zfz,n (chzi) + 22C§’>j5m(2m— M)
m=1 k=0 i=1 k=1 i=6

(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)
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Th0 = Zfzm (iicl + De

Cg’ )sm(Zm 1- W‘)”L’ (155)

Nk
& 1M

m=1 k=0 i=1 k=1
V;fo Z]zm_l(ii iZC' )sm Zm 1+ W‘) (156)
m=1 k=0 i=1 k=1 i=6

Substituting Eqgs. (147) and (152) [with Egs. (148)-(151) and Egs. (153)—(156)] into Eq.
(146), we find:

fyx,O = _e_D_e ((XO,O + Z[am,o + ﬁm,O + ym,O + 6m,0 :I] (157)
m=1
where:
© 5 ~ 15
o =], (ZZCY) + ZZC@ ]cos(Zm +W)7
k:o i:51 k:l 1;6 (158)
+,. [ZZC;) +y Cgi)]sin(2m+‘,’3v—;)f
k=0 i=1 k=1 i=6
w© 5 ~ 15 )
B..=1,, (ZZCE’) +2 CE’)]COS(2m— %)T
k:o i:51 k:l i;é (159)
IQH,(ZZCS) +Z Cgi)jsin(Zm—VD"—g)f
k=0 i=1 k=1 i=6
w© 5 ~ 15
’J/mO = ]2m—1 ZZCEI)+Z CY)]COS(Zm—l—%)T
mk:OSizl mk:115i:6 (160)
+]2m_1(22c§> +> cgf>jsin(2m—1—g—;)r
k=0 i=1 k=1 i=6
© 5 = 15
= (ZZCY) + 2 Ci’)jcos(Zm— 1+ %)1
kz() 1':51 k:)l 1:56 (161)
+]2m_1(22c§'> +y Cgi)]sin(2m—1+%)r

in which CY and C(Zi) are defined in Egs. (135) and (137). Eq. (157) [with Egs. (158)-
(161)] (i.e. Eq. (25) [with Egs. (26)—(29)] of the main manuscript [1,2]) is the main result
of this section.
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