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Abstract

There have been many studies on several models of limited nondeterministic finite

automata (NFAs), including studies on tree width, branching, guessing, and ambi-

guity of NFAs. However, the study of limited alternating finite automata (AFAs), a

generalization of NFAs that allows for alternation between existential and universal

states, is fairly new in the literature. Drawing inspiration from limited NFAs, re-

cent studies have introduced maximal and optimal existential and universal widths

of AFAs, designed to quantify the amount of existential and universal power used by

an AFA.

In this thesis, I explore the relation between limited optimal existential and uni-

versal width AFAs, limited maximal existential and universal width AFAs, NFAs,

universal finite automata (UFAs), and deterministic finite automata (DFAs). More

specifically, the study focuses on the state complexity of those models and the way

they relate to each other. I show improved upper bounds for converting limited ex-

istential and/or universal width AFAs into NFAs, UFAs, and DFAs, largely using

improved variations of subset construction. I also establish lower bounds for the

size of NFAs, UFAs, and DFAs simulating limited existential and/or universal width

AFAs. Although the upper and lower bounds provided are not the same, they are

reasonably close.
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We see that although existential and universal width are not as symmetric as

initially perceived, restricting both existential and universal maximal widths does

enable us to circumvent some of those symmetry issues. Lastly, I explore relations

between the measure of existential width of NFAs and the classical measures of tree

width, branching, and guessing of NFAs.
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Chapter 1

Introduction

1.1 Motivation and Literature Review

In theoretical computer science, the difference between classical computability theory

and complexity theory is commonly understood. Computability theory asks questions

around which problems can be solved by a computational model, classically Turing

machines. Formally, such a problem is said to be decidable by a Turing machine. On

the other hand, complexity theory asks questions about which problems can solved

within certain restrictions, most commonly space and/or time, by a Turing Machine.

The utility of those studies is fairly obvious as the Turing machine model is the most

commonly used to represent modern computational capabilities.

1.1.1 What is State Complexity?

The same distinction between computability and complexity can be made on the

level of finite automata, although the distinction between the two is far less obvious.

Informally, a finite automaton essentially models a computer that has only a constant

amount of writable memory. It is fairly straightforward to understand what it means
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for a problem to be decidable by a finite automaton, a problem is decidable by a finite

automaton if it can be solved by a finite automaton. However, it is more complicated

to understand the study of complexity theory on the level of finite automata as any

finite automaton does not use space and runs in linear time. Instead, the complexity

of finite automata often studies the state complexity of the machine [5, 14, 19, 21].

That is to say, problems are gathered in classes quantifying the number of states it

takes to solve a problem. There are also other measures that are less studied such as

transition function [10, 46] and alphabet size, but those measures are not of interest

in this study and are generally rarely studied.

Still, it is not exactly clear what studying the size of automata exactly entails.

After all, given a problem, or a language, L, any automaton that solves, or recognizes,

L has a constant number of states. For this reason, we study language families. For

example, consider a language family {L1, L2, . . . Ln, . . .}, where Ln is simply the reg-

ular expression an for n ∈ N. Any deterministic finite automaton (DFA) recognizing

Ln clearly requires n states to count the number of a’s in the input. The proof for

this statement is fairly simple, but we do not go over it in the introduction. Formally,

we say that any DFA recognizing Ln requires n states.

Nevertheless, it may not seem obvious to the reader why we study the state

complexity of automata at all, as finite automata rarely seem to be useful in real

world scenarios. Of course, finite automata are useful in conceptualizing real world

problems and have direct applications in automata based programming [38], design

of object oriented software [11], and software specification [47]. However, there are

other reasons for studying the state complexity of finite automata.
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1.1.2 Why State Complexity?

State complexity is often used to simplify or distill certain aspects of classical com-

plexity theory down to their very core. Let us, for example, consider the biggest

and most important problem in complexity theory, P
?
= NP, introduced in the early

70s [9, 37]. I am sure the reader is aware of the infamous P
?
= NP problem and its

ramifications, but I give a brief reminder of the problem for the purpose of relating

our problems to the reader. In plain terms, P is the class problems solved by a Tur-

ing machine that runs in at most polynomial time while NP is the class of problems

whose solutions can be verified in polynomial time. Alternatively and perhaps less

intuitively, NP could be defined the class problems which can solved by a nonde-

terministic Turing machine. In loose terms, a nondeterministic Turing machine is a

Turing machine that has the ability to duplicate itself infinitely, accepting the input

if any duplicate of the machine accepts it.

Distilling P
?
= NP

As the problem has proven to be stubbornly difficult, theoretical computer scien-

tists have tried distilling certain aspects of the problem in hope of making a partial

breakthrough that may lead to better intuitive understanding and thus bigger results

down the line. For example, consider the problem L
?
= NL [40, 44], which compares a

deterministic and non-deterministic Turing machine with at most logarithmic space.

The purpose of studying L
?
= NL is to simplify the time and space complexity aspects

of P
?
= NP to allow further focus on comparisons between determinism and nonde-

terminism, which seem to be at the crux of P
?
= NP. However, the problem L

?
= NL

also proves to be stubbornly difficult and remains open.
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A further simplification exists at the automata theory level, introduced by Sakoda

and Siper in 1978 [43]. The problem asks the question of whether deterministic and

nondeterministic polynomial sized two-way automata solve the same set of problems.

In simpler terms, the problem explores the P
?
= NP for Turing machines that do not

have any memory, which incidentally makes them two-way automata. This further

distills the problem to purely pit determinism and nondeterminism against each other.

Unfortunately, even this problem remains unsolved.

1.1.3 Literature Review: Alternation

Alternation in Complexity Theory

As this thesis largely studies properties of alternating finite automata (AFAs), it is

only natural to understand the origin of alternation. Alternation was introduced in

1976 independently by Chandra and Stockmeyer [7] and Kozen [33], and later com-

bined in 1981 [6]. Alternation gives machines the ability to switch between existential

(nondeterministic) and universal powers. In intuitive terms, universal powers are in-

verse to existential powers. Following our previous example of duplicating machines,

a machine with universal powers is able duplicate itself infinitely into many machines,

but accepts the input if all branches accept. A machine with both existential and

universal powers is able to alternate between those two modes, giving it far more

power.

Alternation is one of two ways used to model one of most important ideas in

complexity theory, the polynomial time hierarchy (PH) [40, 44], a generalization of

the class NP. As the other model uses the idea of oracles and is more intuitive to

the reader, I first describe PH using oracles. The hierarchy is defined inductively,
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with the first level being the class NP. The second level, NPNP is defined as the set of

problems solvable by a polynomial time nondeterministic Turing machine with access

to a black box oracle that can solve any NP -hard problem. The third level is the

set of problems solvable by a polynomial time nondeterministic Turing machine with

access to an oracle solve any NPNP-hard problems... and so it goes on infinitely.

We can also define PH using alternation [2]. The first level retains the same

definition, the class NP. The second level, NPNP, is defined as the set of problems

solvable by a polynomial time nondeterministic Turing machine with one alternation.

The third level adds the ability to alternate two times, and so on. It is not obvious

why those two definitions of PH are equivalent, but we do not need to understand

the reasoning for the purposes of this study. It is not known whether PH is strict.

That is to say, it is not known whether any two levels in PH are equivalent. However,

it is has been shown that if any two levels were equivalent, then all levels above them

would also collapse down to the lower level of the two [2].

Alternation in Automata Theory

Alternating finite automata (AFAs) were introduced in the same work that introduced

alternating Turing machines in 1981 [6]. However, the model originally discussed was

a slightly different model of automata allowing for logical gates representation of

states, which differs from our model as our model only allows for AND and OR

gates. They also showed that the upper bound for simulating an AFA of size n with

an NFA is 2n. The same result does hold for the model of AFAs used in this thesis.

Moreover, in symmetric fashion, the upper bound for simulating an AFA of size n

with an automaton that has exclusively universal powers is 2n. In our research, we
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improve both of those two bounds for more specific scenarios.

Parallels to PH do exist on simplified automata level, although defining them is

not as straightforward. As automata are not able to write, defining how oracle finite

automata would work requires far more work. However, defining a polynomial size

hierarchy using alternation is far easier, as adding alternation powers to automata is

very ’plug and play’. Unlike PH, the polynomial size alternating two-way automata

hierarchy, 2A has been shown to be strict [12], showcasing that we could learn more

about alternation by simplifying it to the level of automata. Furthermore, a poly-

nomial size alternating one-way automata hierarchy, 1A, has also been shown to be

strict and even has an equivalent definition that uses oracles [1, 27].

1.1.4 Literature Review: Limiting NFAs

Nondeterministic finite automata (NFAs) are one of the most popular classically

studied computation model in automata theory and state complexity. NFAs with

limited nondeterminism were first introduced in 1971 [32] but have since been studied

meticulously in numerous studies, as showcased in two survey studies [14, 19]. We go

over some of those studies and results in a very brief manner. In this study, we use the

terms nondeterministic and existential interchangeably. The term nondeterministic

was originally used to mean the inverse of deterministic [41] before the addition of

alternation [6]. However, the introduction of alternation makes both universal and

existential to mean the inverse of deterministic. In general, studies centered around

NFAs and DFAs will only use the term nondeterministic while studies centered around

alternation will favour the terms existential and universal.
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Ambiguity

Introduced in 1971 by Book et al. [4] and more systematically studied in Ravikumar

and Ibarra [42], ambiguity is the first measure used to limit the powers of NFAs.

An ambiguous NFA has multiple accepting branches while an unambiguous machine

has exactly one accepting branch for each accepting computation. The degree of

ambiguity is used to describe the total number of accepting computations on any input

for an NFA. It has been shown that verifying the equivalence of finitely ambiguous

NFAs can be done in polynomial time [45, 48].

Moreover, it has been shown that classifying the level of ambiguity of an NFA

into finitely ambiguous, strictly polynomially ambiguous, or strictly exponentially

ambiguous can be done in polynomial time [20, 48]. However, finding the exact quan-

tity of ambiguity of NFA has been shown to be P-SPACE complete [24]. Lastly, it has

been shown that the lower bound for simulating any unambiguous finite automaton

of size n using a DFA is 2n − 1 [34, 35]. Still, ambiguity does not limit the amount

of nondeterminism used in an NFA, but rather the number of accepting computa-

tions. For this reason, it is not as relevant to this research as methods of limiting

nondeterminism.

Limiting Nondeterminism

There are multiple ways of studying limited nondeterminism in NFAs. The first and

most obvious studies NFAs with limited tree size. Consider an NFA A and an input

w, the amount of nondeterminism of A on w is the tree width of the computation

tree of A on w, denoted as twA(w) [14, 15, 23, 39]. Goldstine et al. [14] also formalize

other aspects such as the guessing and branching of an NFA. The guessing of A
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is used to quantify the total number of times A made nondeterministic ’guesses’ in

one specific computation branch, while the branching measures the total number of

resulting branches in the computation. The guessing and branching of A on w can

both be defined optimally or maximally, depending on whether we consider the most

optimal or least optimal computation of A on w. Hromkovic et al. [23] would go on

to prove that the tree width of an NFA is either bounded by a constant, or between

linear and polynomial in m, or otherwise in 2Θ(m), where m is the size of the input

[19].

1.1.5 Literature Review: Limiting AFAs

As AFAs have far more complicated definitions of acceptance, defining limited width

measures also become more complicated. For this reason, for an AFA A, we consider

width measures on witness partial computation trees. Essentially, for A to accept

an input w, the computation tree of A on w must contain a partial tree that can

sufficiently witness the acceptance of w by A. In our study, we use the terminology

pruned computation trees. As defining this process is fairly dense, we do not go into

it here, leaving it for chapter 2.

Drawing large inspiration from measures of nondeterminism on NFAs, recent stud-

ies have considered similar limitations on AFAs [17, 31]. In those studies, two main

ideas are introduced, the optimal existential and universal widths of AFAs, designed

with the idea of quantifying the number of existential and universal guesses taken by

an AFA. The optimal existential width roughly measures the number of existential

guesses made in an accepting witness partial computation tree, including existential
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branches that are not followed in the partial tree. Meanwhile, the optimal univer-

sal width roughly quantifies the total number of branches required in an accepting

witness partial computation tree. Furthermore, the studies also introduce maximal

existential and universal width measures. The maximal existential width roughly

measures the number of existential guesses made in any witness partial computation

tree, regardless of whether it is accepting or not. Similarly, the maximal universal

width roughly quantifies the total number of branches required in any witness partial

computation tree.

1.2 Research Outline

Our main goal in this study was to perform a state complexity comparison between

AFAs with limited existential and/or universal width and other other classical models

such as NFAs, universal finite automata (UFAs), and DFAs. We also seek to compare

those new limitations to older limitations such as tree width, branching, and guess-

ing of NFAs. A large portion of the study’s results is published in the Theoretical

Computer Science [49] journal. In that paper, we publish most of our results com-

paring the state complexity NFAs and UFAs to AFAs with limited existential and/or

universal width.

In chapter 3, we explore relations between AFAs with limited optimal and maximal

universal width to NFAs, DFAs, and unary DFAs. First, we find improved upper and

lower bounds for converting limited universal width AFAs to NFAs. For the upper

bound, we create an NFA that is able to simulate limited universal width AFAs by

using an improved subset construction that relies on the new limitations. We then

show that there exists an AFA A with limited universal width u such that any NFA
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recognizing the language of A requires at least 2u states. Although the upper and

lower bounds we provide are not exactly the same, they are reasonably close. We

are able to obtain results as corollaries for DFAs by using subset construction on the

resulting NFAs. We further improve those results for unary DFAs using ideas from

[8]. Lastly, similar ideas are used to prove upper and lower bounds for comparing

limited universal width UFAs to DFAs.

Initially, we had expected that universal and existential width would be largely

symmetrical notions. However, universal width proved to be the far simpler of the

two, which is why we discuss it first. The universal width counts the total number

leaves in a witness partial computation tree, while the existential width counts the

total number of existential guesses not taken in a witness partial computation tree.

This creates difficulties when we try to find symmetric proofs and constructions, as

the existential width does not accurately represent the total number of existential

branches on the way to accepting the input.

In chapter 4, we explore relations between AFAs with limited optimal and maximal

existential width to UFAs and DFAs. Unfortunately, due to difficulties mentioned

above, we are not able to provide improved bounds for simulating limited optimal

existential width AFAs with UFAs. Nonetheless, we are able to provide improved

bounds for simulating limited maximal existential width AFAs with UFAs. We also do

provide a lower bound, showing that there exists an AFA A with maximal existential

width e such that any UFA recognizing the language of A has at least 2e/2− 1 states.

We also present relations between the tree width, branching, and existential width

of NFAs. Lastly, we show that NFAs with limited optimal existential width can be

converted into NFAs with limited maximal existential width with a small trade-off in
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size.

In Chapter 5, we compare AFAs with both limited optimal existential and uni-

versal width to AFAs with limited maximal existential and universal width and show

that any AFA with limited optimal widths can be simulated by an AFA with limited

maximal widths with some blow up in the state size. Lastly, we are able to obtain

results for DFAs by using subset construction on previously constructed machines.

Part of our results have already been published in M. Zakzok, K. Salomaa [49].

The overall contributions of this thesis include:

• Developing the U-fooling set technique, used to provide lower bounds for the

size of UFAs.

• In Chapter 3, we focus on comparing limited universal width AFAs and UFAs to

other models. Specifically, we provide the following bounds for the size blowup

in the following conversions:

(i) Upper and lower bounds for converting limited optimal and maximal uni-

versal width AFAs to NFAs and DFAs.

(ii) Upper and lower bounds for converting limited optimal and maximal uni-

versal width UFAs to DFAs.

(iii) Improved upper bounds for converting limited optimal universal width

unary UFAs to DFAs.

• In Chapter 4, we shift our focus to comparing limited existential width AFAs

and NFAs to other models. We provide the following bounds for the size blowup

in the following conversions:
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(i) Upper and lower bounds for converting limited maximal existential width

AFAs to NFAs and DFAs.

(ii) Upper and lower bounds for converting limited optimal and maximal ex-

istential width NFAs to DFAs.

(iii) Upper bounds for converting limited optimal existential width NFAs to

limited maximal existential width NFAs.

• We also provide direct comparisons between the existential width of NFAs to

the classical measures of tree width, branching, and guessing.

• In Chapter 5, we show an upper bound for the size blowup of converting a

limited combined width AFA to a limited maximal existential and universal

width AFA.

• Moreover, we show an upper bound for the size blowup of converting limited

optimal universal width AFAs to maximal universal width AFAs.

• Lastly, we show an upper bound for the size blowup of converting limited opti-

mal existential and universal width AFAs to DFAs.
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Chapter 2

Preliminaries

To properly define our problems and their solutions, we must first mathematically

define alternating finite automata, shorthanded to AFAs. Although I assume the

reader is somewhat familiar with finite automata and basic graph theory, we start by

defining the more basic definitions. Σ is defined as a finite alphabet made up of a set

of symbols b ∈ Σ. Σ∗ is set of all strings that can be constructed out of symbols in Σ.

2.1 Deterministic and Nondeterministic Finite Automata

To better understand alternating finite automata, we must first define nondeter-

ministic finite automata. A nondeterministic finite automaton (NFA) is a 5-tuple,

A = (Q,Σ, δ, q0, F ) where Q is the finite set of states, Σ is the input alphabet,

δ : Q×Σ → 2Q is the transition function, q0 ∈ Q is the initial state, and F ⊆ Q is the

set of final states. A deterministic finite automaton (DFA) is a restricted NFA such

that for all q ∈ Q and b ∈ Σ, |δ(q, a)| ≤ 1. In simpler terms, a DFA is an NFA where

all transitions are of size at most 1. In the next section, we introduce the concept of

unary DFAs, a further restricted version.

For the sake of simplicity, we allow the overloading of the transition function δ
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over strings. For all q ∈ Q, b ∈ Σ, w ∈ Σ∗, the overloaded transition is defined

inductively as

δ(q, bw) =
⋃

q′∈δ(q,b)

δ(q′, w).

We denote the language of A as L(A). A string w ∈ Σ∗ is in L(A) if δ(q0, w)∩F ̸= ∅.

In other words, a string w is in L(A) if A, starting from the start state q0 and reading

w, reaches any final state.

We also define L(A) in an alternative method using computation trees. While this

method is not as mathematically succinct, it is helps us visualise the computation of

NFAs. The computation tree of A on w starting from state q, denoted as TA,q,w, is

a tree structure where the nodes are labeled by state-symbol pair or the fail symbol

⊥. For an empty string w, TA,q,w is simply a singular node labeled (q, ϵ). Otherwise,

for all q ∈ Q and b ∈ Σ, if δ(q, b) is not empty, then TA,q,bw′ has the root node (q, b),

whose children are all trees TA,q′,w′ where q′ ∈ δ(q, b). Lastly, if δ(q, b) = ∅, then

TA,q,bw′ is a singular node labeled (q, b) with one child labeled ⊥.

A computation tree TA,q,w is said to be accepting if any of its leaves is labeled by

pair a (qf , ϵ), where qf ∈ F . The computation tree of an NFA A on input w is TA,q0,w.

Lastly, A accepts input w if TA,q0,w is accepting. This definition is simply a direct

visualisation of the previous definition of acceptance. Notice that finding a singular

series of consecutive nodes from the root of TA,q0,w down to an accepting leaf (qf , ϵ)

proves that A accepts w. This singular branch is called a witness of A’s acceptance

of w.

The tree width of A on w is the total number of leaves in the tree TA,q0,w. As

mentioned previously there are numerous studies [18, 22, 29, 36] on the tree width

of NFAs or similar properties. This is particularly important as my thesis is focused
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on an expanded notion of width to alternating finite automata. We later define tree

width more formally.

In certain scenarios, we are able to improve some of our results if we further restrict

our model. In this thesis, one such case arises when proving bounds for DFAs, where

the bounds could be improved when considering a restricted unary DFA. A DFA A

is unary if the alphabet of A has only one symbol. Unary DFAs have some unique

desirable properties, shown in [8], that make them particularly interesting. A unary

DFA A is always compromised of two sections, the cycle and the tail:

• The cycle is the portion of A that loops between the same states of A. As the

size of the input grows, A must return to a previously visited state, from which

the cycle starts. In cases where A does not have a cycle, L(A) can only include

constant length strings.

• The tail is portion of A that leads up to the state that starts the cycle.

2.2 Measures of Nondeterminism

As we are interested in comparing our new measures of existentiality to already ex-

isting measures of existentiality, we give clear definitions for the already existing

measures of branching, guessing, and tree width [14, 19] of NFAs. Note that tree

width is also defined as ’leaf size’ [23]. First, we define the simplest notion, tree

width.

Definition 2.2.1. The tree width of an NFA A on a string w, denoted as twA(w) is

number of leaves in the computation tree of A on w. The tree width of A, denoted as

tw(A) is the supremum of all twA(w), for all w in Σ∗, where Σ is the alphabet of A.
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To define the guessing of an NFA A, we must first define the branching of A. The

branching is a measure designed to quantify the amount of nondeterminism used by

A on a specific branch. The guessing is meant to quantify the branching of A in bits

of information.

Definition 2.2.2. Consider an NFA A = (Q,Σ, δ, q0, F ). The branching of a tran-

sition of δ(q, b) is its size |δ(q, b)|. Consider the computation of A on a string w =

b0b1...bm. The branching of a a singular computation C = {(q0, b0), (q1, b1)..., (qm, bm)}

of A on w, such that q0 is the start state and qi+1 ∈ δ(qi, bi), is the multiplication of

the branchings of all δ(qi, bi), denoted by βA,w(C). The branching of A on a string

w, denoted as βA(w), is the supremum of all βA,w(C). Finally, the branching of A,

denoted as β(A), is the supremum of all βA(w), for all w in Σ∗.

Definition 2.2.3. The guessing of A, denoted by γ(A), is simply log2(β(A)) and

represents the branching of A in bits of information.

2.3 Alternating Finite Automata

We are now able to expand our definition to alternating finite automata. We use

the model of alternating finite automata that does not use logical gates, but has

only existential and universal states, introduced in [6] and used by [12, 13, 25, 30].

Our definitions are directly influenced by [17], as my thesis expands on their results.

An alternating finite automaton (AFA) is a 5-tuple, A = (Q,Σ, δ, q0, F ) where Q =

Qe ∪ Qu is the finite set of states, Qe is the set of existential states, Qu is the set

of universal states, (Qe ∩ Qu = ∅), Σ is the input alphabet, δ : Q × Σ → 2Q is the

transition function, q0 ∈ Q is the initial state, and F ⊆ Q is the set of final states.
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Figure 2.1: AFA A recognizing the language {11}.

We denote the language of A as L(A) and the size of A refers to number of states in

Q, often denoted by |Q|.

I introduce the following notation for simplicity and consistency. If A reads symbol

b while in state g ∈ Qe, we say that A guesses states δ(g, b). On the other hand, if

A reads symbol b while in state s ∈ Qu, we say that A selects states δ(s, b). We

often use q or p to refer to states that are broadly in Q but could be in Qe or Qu. A

transition δ(s, b) is truly universal if |δ(s, b)| > 1. Conversely, A transition δ(g, b) is

truly existential if |δ(g, b)| > 1.

Example 2.3.1. This example provides a very simple AFA that is easy to follow

for the reader. The AFA A depicted in Figure 2.1 has existential states g0 and g1,

universal states s0 and s1, and is defined over the alphabet {0, 1}. A recognizes the

language 11∗1∩10∗1, which essentially only contains the string ′11′. Notice that states

s0 and g1 are respectively truly universal and existential, while states s1 and g0 are

not truly universal or existential.
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Again, notice that an AFA can be seen as a generalization of an NFA, with uni-

versal states being the only addition. An AFA is considered an NFA if Qu is empty.

Conversely, an AFA is a universal finite automaton (UFA) if Qe is empty.

Defining acceptance conditions for AFAs is far more complicated than NFAs as

our definition must be inductive. A accepts the empty string ϵ starting from state q

if q ∈ F . A accepts a string bw starting from state q if either:

• q ∈ Qe and there exists p ∈ δ(q, b) such that A accepts w starting from p, or

• q ∈ Qu and for all p ∈ δ(q, b), A accepts w starting from p.

Again, we give a computation tree definition of acceptance that better visualises

the computation of A. The computation tree of an AFA A is defined identically to

the computation trees of NFAs shown previously. However, the acceptance of the

computation tree is defined inductively. The computation tree TA,q,ϵ is accepting if

q ∈ F . A computation tree TA,q,bw is said to be accepting if either

• q ∈ Qe and there exists p ∈ δ(q, b) such that TA,p,w is accepting, or

• q ∈ Qu and for all p ∈ δ(q, b), TA,p,w is accepting.

The AFA A accepts input w if TA,q0,w is an accepting computation tree. Notice that

unlike computation trees of NFAs, finding a series of consecutive nodes from the root

of TA,q0,w to an accepting leaf (q, ϵ) does not prove that A accepts w. Instead, proving

that A accepts w is more complicated and requires finding a partial computation tree,

as elaborated below.

Example 2.3.2. Consider the language Divisible(m1,m2) defined over the unary al-

phabet {1} for any two natural numbersm1 andm2. A string w is in Divisible(m1,m2)
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if the length of w is divisible by either m1 or m2. Let P (m) be the set of prime factors

of any natural number m. We can devise an AFA A solving Divisible(m1,m2) using

3 + |P (m1)|+ |P (m2)| states.

A starts from an existential state and guesses whether the size of the input is

divisible by m1 or m2. Then, the branch that guessed that |w| is divisible by m1

universally selects to check that all prime factors of m1 divide |w|. Similarly, the

branch that guessed that |w| is divisible by m2 universally selects to check that all

prime factors of m2 divide |w|.

Figure 3.1 shows an example of an AFA A recognizing Divisible(14, 15) with a

total of 20 states. Note that state g0 is truly existential, states s1 and s2 are truly

universal, and the rest of the states are deterministic and thus they can be existential

or universal. An NFA recognizing Divisible(14, 15) would need 30 states and a DFA

would need 210 states.

2.4 Existential and Universal Width of AFAs

Building on computation trees of AFAs, we seek to define existential and universal

width measures, which are designed to quantify the amount of universal and existen-

tial power used in computations of an AFA.

First, we must define the process of pruning a computation tree. A pruning of a

tree TA,q,w is defined inductively. If q ∈ F and w is an empty string, the only pruning

of TA,q,w is the tree itself. For the rest of the cases, we break down w into bw′. If

δ(q, b) = ∅, then the only pruning of the tree TA,q,bw′ is the tree itself. Otherwise, if q

is existential and there exists a state q′ ∈ δ(q, b), a pruning of TA,q,bw′ has a root node

(q, b) that has a pruning of TA,q′,w′ as a child as well as |δ(q, b)| − 1 children nodes
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Figure 2.2: AFA A recognizing the language Divisible(14, 15).
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labeled as cut by the symbol ψ. Notice that there are |δ(q, b)| ways to prune the

children of (q, b), depending on which node you chose not to cut. In the case where

q is universal, TA,q,bw′ has a root node (q, b) whose children are a pruning of TA,q′,w′

for each node q′ ∈ δ(q, b). A pruning is accepting if all its leaf nodes are accepting

or labeled ψ. A pruning is said to be rejecting if it is not accepting. Notice that

an accepting pruning of TA,q0,w is actually a witness of A’s acceptance of w. This

witness tree is what I referred to in chapter 1 as a witness partial computation tree.

The set of all prunings of a tree T is ✂(T ) and the set of accepting prunings is

✂acc(T ) . The existential width of a pruning T p of TA,q,w is the number of leaves

labeled by ψ and the universal width of A is the number of the rest of the leaves.

We extend those definitions to the computation of A on w. The existential width

of the computation of A on w, ew(A,w), is the minimum existential width of any

accepting pruning in ✂(TA,q0,w). Respectively, the universal width of A on w, denoted

as uw(A,w) is the minimum universal width of any accepting pruning in ✂(TA,q0,w).

We further extend the definitions of existential and universal width for an AFA A.

The existential width of A, ew(A), is the supremum of all ew(A,w) for w ∈ L(A).

Respectively, the universal width of A, uw(A), is the supremum uw(A,w) for all

w ∈ L(A).

In a very similar manner, we also define the maximal existential and universal

width of A. The maximal existential width of A on input w, ewmax(A,w), is maximum

existential width of any pruning of TA,q0,w and the maximum universal width of A

on w, uwmax(A,w), is the maximum universal width of any pruning of TA,q0,w. The

maximum existential width of A, ewmax(A), is the supremum ewmax(A,w) for all

w ∈ Σ∗. Respectively, the maximum universal width of A, uwmax(A), is the supremum
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uwmax(A,w) for all w ∈ Σ∗.

Example 2.4.1. In Figure 2.3, we show an example of a pruned computation tree.

Universal nodes of the tree are uncoloured, existential nodes are coloured in, accepting

nodes have a bold outline, and cut nodes are labelled by Ψ. The pruning is accepting,

has existential width of 1 and universal width of 3.

Figure 2.3: Pruned computation tree of an AFA

Lastly, we define the combined width of an AFA A on an input w, cw(A,w).

Intuitively, the combined width is a rough measure of the combined existential and

universal width of the ’best’ accepting pruned tree.

cw(A,w) ≤ (r, s) iff (∃T p ∈ ✂acc(TA,q0,w)) such that ew(T p) ≤ r and uw(T p) ≤ s.

Here “≤” refers to the componentwise partial ordering of pairs of integers. Note that

cw(A,w) does not have a particular value because the ordering of pairs of integers

is not total. Note that a pruned tree that minimizes existential width does not need
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to minimize universal width and vice versa. Hence, the conditions ew(A,w) = r and

uw(A,w) = s do not imply cw(A,w) ≤ (r, s), see Example 2.4.2. On the other hand,

maximal width refers to all possible computation trees, and if ewmax(A,w) ≤ r and

uwmax(A,w) ≤ s, then any pruned computation tree of A on w has existential width

at most r and universal width at most s. A similar implication does not hold for the

optimal width measures and if we want to limit both values simultaneously we use

combined width.

Example 2.4.2. The AFA A depicted in Figure 2.4 has existential states e1, e2, e3,

and universal states u1, u2. Any accepted string has an accepting pruned tree with

existential width 1 and another accepting pruned tree with universal width 1, that

is, ew(A) = uw(A) = 1. However, cw(A, ab) ̸≤ (1, 1) and, more generally, cw(A) is

not upper bounded by (r, s) for any r, s ∈ N.

e1

e2 e3

u1 u2

a

a

b b

b

b

b

b

Figure 2.4: AFA A recognizing ab∗

2.5 Fooling Sets

In this research, we often use the extended fooling set technique, introduced in [3], to

prove lower bounds for NFAs. We borrow our definition directly from [16]. Given a
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language L, an extended fooling set S is a set of string tuples {(x1, y1), . . . , (xn, yn)}

such that any string xiyi ∈ L but for all j ̸= i, either xiyj /∈ L or xjyi /∈ L.

Lemma 2.5.1. A language L cannot be recognized by an NFA with less than n states

if there exists an extended fooling set for L of size n. A set S of n tuples (xi, yi) is a

fooling set if:

(i) xiyi ∈ L for 1 ≤ i ≤ n.

(ii) xiyj /∈ L or xjyi /∈ L for 1 ≤ i ̸= j ≤ n.

As we also seek to prove lower bounds for universal finite automata (UFAs), we

introduce a novel, though simple, symmetric technique, U-fooling sets.

Definition 2.5.1. Let L ⊆ Σ∗ be a regular language and suppose there exists a set of

pairs S = {(xi, yi) | 1 ≤ i ≤ n} such that:

(i) xiyi /∈ L for 1 ≤ i ≤ n,

(ii) xiyj ∈ L or xjyi ∈ L for 1 ≤ i ̸= j ≤ n,

then S is a U-fooling for the language L.

Theorem 2.5.1. If a language L has U-fooling set of cardinality n, then any UFA

recognizing L has at least n states.

Proof. Let U = (Q, σ, δ, q0, F ) be any UFA accepting the language L and let S =

{(x1, y1), . . . (xn, yn)} be a U-fooling set for L. Since xiyi /∈ L, there is a state qi in

Q such that qi ∈ δ(q0, xi) and δ(qi, yi) does not accept. Assume a fixed choice qi, we

prove that qi ̸= qj for some i ̸= j. For the sake of contradiction, assume qi = qj for

some i ̸= j. Then, the UFA must reject both xiyj and xjyi. This contradicts our

U-fooling set statement.
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Lastly, note that any U-fooling set for a language L is also a fooling set for Σ∗−L

and vice versa. To better understand this, notice that any string that is in a language

L is, by definition, not in Σ∗ − L. Because of this, any element (xi, yi) that is in a

fooling set for L is in the language L. However, (xi, yi) is not in Σ∗ − L.
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Chapter 3

Limited Universal Width Alternating Finite

Automata

We begin by exploring comparisons between limited universal width AFAs and various

other models. First, we provide upper and lower bounds for comparing the state size

of limited optimal and maximal universal width AFAs to NFAs. We then give better

bounds for comparing limited universal width AFAs to DFAs and further improve

those bounds for the special case of unary DFAs.

3.1 Finite Universal Width AFAs and NFAs

We find upper and lower bounds for comparing limited universal width AFAs to

NFAs by using the classical techniques of subset construction and fooling sets. The

upper bound constructions are fairly straightforward, although familiarity with subset

construction will greatly aid the reader’s understanding.

Recall from chapter 1 that any AFA A of size n can be simulated by an NFA B of

size 2n [6]. As this idea is extremely important to this research, we provide our own

construction for the NFA B.
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Proposition 3.1.1. Any language L recognized by an AFA A with n states is recog-

nized by a NFA B with 2n states.

Proof. Let A = (Q,Σ, δ, q0, F ) be an AFA recognizing L(A). We construct a NFA B

simulating A as follows:

• State set P of B consists of all non-empty subsets of Q of size at most n.

• Start state of B is the state {q0}.

• Final states of B are P ∩ 2F . In other words, states that are subsets of F are

final.

• The transition function γ ofB for a symbol b ∈ Σ and a state p = {r1, . . . , rm, s1, . . . , sk} ∈

P , where for i = 1, . . . ,m, ri ∈ Qe and for j = 1, . . . , k, sj ∈ Qu, consists of all

sets

{x1, . . . , xm} ∪
k⋃

j=1

δ(sj, b)

where xi ∈ δ(ri, b) for i = 1, . . . ,m, and δ(sj, b) ̸= ∅ for j = 1, . . . , k.

The NFA B recognizes L(A) using at most
∑n

i=1

(
n
i

)
= 2n states.

Example 3.1.1. We showcase an example of the construction shown above in Propo-

sition 3.1.1. Consider the AFA A shown in Figure 3.1, where states s0 and s1 are

universal while state g0 is existential. Figure 3.2 shows a constructed NFA B using

the proof of Proposition 3.1.1. Notice that since states {g0, s0} and {g0, s0, s1} are

not reachable from the start state {s0}, we omit them from the graph.

The essence of the construction of B is to use subset construction to simulate

the universal states of A, while using B’s own existential powers to simulate A’s
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Figure 3.1: An AFA A.
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Figure 3.2: An NFA B recognizing L(A).

existential states. Moreover, we are able to extend this result to DFAs using classical

subset construction on B to produce a DFA C.

Proposition 3.1.2. Any language L recognized by an AFA A with n states is recog-

nized by a DFA C with 22
n
states.

Proof. Given any AFA A, we produce an NFA B recognizing L(A) using the above

construction. Afterwards, we are able to produce a DFA C also recognizing L(A)

using classical subset construction on B.
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Notice that this number is already extremely large for any n = 10 and thus

providing any improvement, no matter how marginal, would make a large difference

in the upper bound. Armed with our understanding of the already existing upper

bounds for comparing state complexity of AFAs to NFAs and DFAs, we are ready

to compare the state complexity of AFAs with limited universal width to NFAs and

DFAs.

3.1.1 Upper Bounds

As shown above, the best known bound for simulating an AFA A with NFA B uses

subset construction on the set of universal states to simulate universal selections while

relying on its own existential powers to simulate existential guesses. We show that

an AFA with limited optimal universal width can be simulated with slightly better

bounds using an improved subset construction.

Theorem 3.1.1. Any language L recognized by an AFA A with n states and uw(A) =

u < n can be recognized by an NFA B with
∑u

i=1

(
n
i

)
states.

Proof. We construct an NFA B that recognizes L(A). Let A = (Q,Σ, δ, q0, F ) be an

AFA recognizing L(A). Let size of A be expressed by n = |Q| and let uw(A) = u < n.

We construct an NFA B simulating A as follows:

• State set P of B consists of all non-empty subsets of Q of size at most u.

• Start state of B is the state {q0}.

• Final states of B are P ∩ 2F . In other words, states that are subsets of F are

final.
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• The transition function γ ofB for a symbol b ∈ Σ and a state p = {r1, . . . , rm, s1, . . . , sk} ∈

P , where for i = 1, . . . ,m, ri ∈ Qe and for j = 1, . . . , k, sj ∈ Qu, consists of all

sets

{x1, . . . , xm} ∪
k⋃

j=1

δ(sj, b)

where xi ∈ δ(ri, b) for i = 1, . . . ,m, and δ(sj, b) ̸= ∅ for j = 1, . . . , k such that

the cardinality of
⋃k

j=1 δ(sj, b) is at most u−m.

Intuitively, the constructed NFA B ’remembers’ the universal selections of A by

simulating at most u universal branches followed by A while the existential guesses

of A are simulated using non-deterministic branching powers of B by following only

one of the existential decisions taken by A. Since uw(A) = u, B does not need to

simulate more than u universal branches of A as there must exist an accepting pruned

computation tree with at most u many universal branches.

This construction only yields better results than ’normal’ subset construction, in

which we do not consider universal width, if u < n. In which case, the constructed

NFA B has the state size
∑u

i=1

(
n
i

)
. Notice that as u approaches n, this number

becomes closer to the original bound of 2n presented in Proposition 3.1.1. However,

if u significantly smaller, the bound could be much better than the previous best

bound. Similar bounds to this one are presented later on in the thesis and they follow

a similar pattern.

We can construct a DFA recognizing L(B), equivalently L(A), by performing

classic subset construction on B to obtain a DFA C. The resulting DFA C has size

2|B|.
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Corollary 3.1.1. Any language L recognized by an AFA A with n states and uw(A) =

u < n can be recognized by a DFA C with at most 2
∑u

i=1 (
n
i) many states.

Again, those bounds are highly dependent on the values of u and n. This bound

gets closer to the bound presented in Proposition 3.1.2 as u approaches n.

We can also obtain an similar bounds if we consider uwmax(A), the maximal uni-

versal width of A, using a very similar construction with a small added improvement.

The proof for this bound requires the following Lemma and follows a similar technique

to proofs shown in [39].

Lemma 3.1.1. Consider an AFA A = (Q,Σ, δ, q0, F ) where uwmax(A) is finite. If a

pruned computation tree T p of A has at least two leaves, q0 cannot label any leaf of

T p.

Proof. For the sake of contradiction, suppose there exists an AFA A where uwmax(A)

is finite, a pruned computation tree T p of A on a string w has at least two leaves,

and at least one leaf is labelled q0. As the computation of A on w reaches the state

q0 at the end of w, the string w can be pumped infinitely and uwmax(A,w
i) ≥ i ∗ c,

where c is a constant greater than 1 and wi is string formed by concatenating w to

itself i times. Thus, uwmax(A) cannot be finite.

By using Lemma 3.1.1 and the construction used for Theorem 3.1.1, we obtain

an improved bound for simulating AFAs with limited maximal universal width using

NFAs.

Corollary 3.1.2. Any language L recognized by an AFA A with n states and uwmax(A) =

u < n can be recognized by an NFA B with 1 +
∑u

i=1

(
n−1
i

)
states.
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Furthermore, similar to Corollary 3.1.1, we can obtain a construction of a DFA C

recognizing L(B), equivalently L(A), by applying classic subset construction on the

constructed NFA B to obtain C. The constructed DFA C has 2|B| states.

Corollary 3.1.3. Any language L recognized by an AFA A with n states and uwmax(A) =

u < n can be recognized by a DFA C with at most 21+
∑u

i=1 (
n−1
i ) many states.

These improvements only provide very marginal gains compared to the bounds

presented in Theorem 3.1.1 and Corollary 3.1.1.

3.1.2 Lower Bounds

As we have established upper bounds for comparing finite universal width AFAs to

NFAs, we seek to create lower bounds that are as close as possible to our upper

bounds. As is commonly done in complexity theory, we produce our lower bounds by

constructing languages that are provably hard for NFAs but easy for limited universal

width AFAs. In our research, we were able to produce those lower bounds for AFAs

with limited maximal universal width and consequently the same bounds hold for

AFAs with limited optimal universal width. We show multiple examples, of varying

strength. The first language, UniConh
1 , is defined as follows:

• A symbol b of the alphabet Σ is defined as b =
⋃h

i=1 i× {0, 1, ..., h}.

• A string w = b1, b2, ..., b|w| ∈ UniConh
1 if for each bv+1 = {(1, i1), (2, i2), ..., (h, ih)}

and bv = {(1, j1), (2, j2), ..., (h, jh)}, for each tuple ( , jm) ∈ bv, there exists a

tuple (jm, in ̸= 0) ∈ bv+1. Note that in this case, jm cannot be 0 because of

alphabet limitations as there cannot be tuples of the form (0, ).
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In essence, a string in Σ∗ represents a graph of nodes. Each symbol represents two

h length columns of nodes and the edges between them. However, the alphabet only

allows for each node on the left column to connect to at most one node on the right

column. A connection (j, 0) means that node j on the left column does not have

an edge connecting it to any node on the right column. A string w is in UniConh
1

if all edges connected to the leftmost column have a path reaching the rightmost

column in the graph represented by w. This problem, which may seem contrived,

is inspired by the liveliness problem introduced in [26]. Essentially, strings in the

language represent computation graphs of a UFA with some restrictions.

Example 3.1.2. Figure 3.3, taken from Kapoutsis [27], shows a visualisation of the

liveliness problem. The problem is fairly similar to UniConh
1 , except that it allows

for nodes on the left column to connect to any number of nodes on the right column

and asks whether there exists any path to the rightmost column in the input.

Figure 3.3: Visualising liveliness for h = 5 and a string of length 3.

UniConh
1 is solved by an AFA A, where the size of A is h and uwmax(A) = h. The

solution is rather simple and only requires universal powers. A universally selects

all the edges on the first symbol in the string, and each branch from thereon verifies

that it can reach the rightmost column by remembering the last reached node in the

previous symbol. A branch remembering a node j rejects if reads a symbol including
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the tuples (j, 0) as that signifies that it reached a dead end.

Theorem 3.1.2. Any NFA solving UniConh
1 has at least 2h many states.

Proof. We employ the extended fooling sets technique introduced in chapter 2 by

constructing a set S of 2h pairs (xi, yi):

• Both xi and yi each consist of only one symbol.

• Let xi = {(1, k1), (2, k2)..., (h, kh)} and let Zi be the i-th subset of {1, ..., h} in

some enumeration of the subsets of {1, ..., h}. Then, Zi =
⋃h

m=1{km} | km ̸= 0.

• Let yi = {(1, l1), (2, l2)..., (h, lh)}. For each tuple (l, ln) ∈ yi, ln = 1 if l ∈ Zi,

otherwise ln = 0.

In simpler terms, the left column in the symbol xi connect only to the node’s right

column of xi that are in subset Zi. The left column of the symbol yi connects all

elements in Zi to the right column of yi. We show that S is a fooling set for UniConh
1 .

For each (xi, yi) and (xj, yj) such that 1 ≤ i ̸= j ≤ 2h:

(i) xiyi is obviously ∈ UniConh
1 , as for any tuple ( , km ̸= 0) ∈ xi, there exists a

tuple (km, 1) ∈ yi.

(ii) xiyj /∈ UniConh
1 or xjyi /∈ UniConh

1 . Let xi = {(1, k1), (2, k2)..., (h, kh)} and

xj = {(1, g1), (2, g2)..., (h, gh)}. There are three possible cases:

(a) The union of all km such that km ̸= 0 is a subset of the union of all gl such

that gl ̸= 0. In this case, xjyi /∈ UniConh
1 .

(b) In the symmetric case, The union of all gl such that gl ̸= 0 is a subset of

the union of all km such that km ̸= 0. In this case, xiyj /∈ UniConh
1 .
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(c) If neither cases are true, then both xiyj and xjyi are not in UniConh
1 .

Our proof above has few weak points, the alphabet of UniConh
1 is exponentially

large in terms of h and the strings of our fooling set S are only of length 2. To this

end, we seek to define languages over a constant sized alphabet Σ, with Σ usually

including symbols 1 and 0. We define the following terms to more concisely discuss

languages with an alphabet including the symbol 1.

Definition 3.1.1. Consider an alphabet Σ where 1 ∈ Σ. Let x be a string in Σ∗.

A 1-substring of x is a substring of x that consists only of 1’s. A 1-slice of x is a

maximal 1-substring of x. In other words, it is a 1-substring that is surrounded by

non 1 symbols. The set S(x) ⊆ N is the set of integers consisting of lengths of 1-slices

in x.

The terminology described above is used frequently throughout the thesis to sim-

plify definitions of languages. The first language constructed using those definitions

is SubSeth, defined over the alphabet {0, 1,#}. A string w is in SubSeth if:

• w is of the form x#y, where x and y do not contain the symbol #.

• There are at most h many 1-slices in x.

• S(x) is a subset of S(y).

In essence, a string w is in SubSeth if the set represented in binary by x is a subset

of the set represented by y. SubSeth is designed to be difficult for NFAs but easy for

AFAs. We can construct an AFA A recognizing SubSeth as follows:
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(i) A uses h+ 1 states to check that prefix before # has at most h 1-slices.

(ii) At the start of each 1-slice, computation branches universally and the new

branch counts the length of the 1-slice. The counting uses h states X1, ..., Xh.

If length of the 1-slice exceeds h, A moves into the accepting state, which moves

to the end of the input and accepts.

(iii) After the end of the 1-slice, A moves from state Xi to state Yi, and Yi travels

until the marker #.

(iv) At marker #, state Yi becomes Zi.

(v) Zi travels to the right and, nondeterministically, at start of some 1-slice starts

counting down by moving into a stateWi and employing a set of statesW1, ...,Wh

to count down. Note that the nondeterministic transition from Zi to Wi needs

to be done on the symbol preceding the 1-slice.

A recognizes SubSeth using 5h + 1 states. The maximal universal width of A is

uwmax(A) = h+ 1.

Theorem 3.1.3. Any NFA solving SubSeth requires at least 2h many states.

Proof. Again, we use the extended fooling sets technique. We construct a set S of

pairs (xi,#xi), where 0 ≤ i < 2h. The string xi is any string such that S(xi) is the

i−th enumerated subset of the set {1, 2, ...h}.

Quite clearly, all strings xi#xi are in SubSet
h. To show that S is a fooling set, we

show that for all i ̸= j, 0 ≤ i, j < 2h, either xi#xj /∈ SubSeth or xj#xi /∈ SubSeth.

There are two possible cases:

(i) S(xi) contains an element not in S(xj). In this case, xi#xj is /∈ SubSeth.
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(ii) S(xj) contains an element not in S(xi). Now, xj#xi is /∈ SubSeth.

Thus, S is a fooling set for SubSeth and any NFA solving SubSeth requires at least

2h states.

While this result directly translates to DFAs, much stronger bounds are obtainable

for DFAs.

3.2 Finite Universal Width UFAs and DFAs

We find upper and lower bounds for comparing limited universal width UFAs to

DFAs, mostly by employing similar techniques and ideas to section 3.1. Again, the

upper bound constructions use a specialized version of subset construction while the

lower bounds rely on fooling sets.

3.2.1 Upper Bounds

To understand the interaction between finite universal width AFAs and DFAs, we

seek to highlight universal aspects of AFAs while minimizing existential powers. For

this reason, we compare finite universal width UFAs, the simplest version of limited

universal width AFAs. First, we show an upper bound for simulating limited optimal

universal width AFAs with DFAs.

Theorem 3.2.1. Any language L recognized by an UFA A with n states and uw(A) =

u < n can be recognized by a DFA B with
∑u

i=1

(
n
i

)
states.

Proof. We construct a DFA B that recognizes L. Let A = (Q,Σ, δ, q0, F ) be an UFA

recognizing L(A). Let size of A be expressed by n = |Q| and let uw(A) = u < n. We

construct an DFA B simulating A as follows:
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• State set P of B consists of all non-empty subsets of Q of size at most u.

• Start state of B is the state {q0}.

• Final states of B are states that consist exclusively of final states in Q

• The transition function γ(p, b) of B for a state p = {q1, . . . qm} ∈ P and a

symbol b ∈ Σ is ∪m
1 δ(qi, b), where the cardinality of ∪m

1 δ(qi, b) is at most u.

Intuitively, the constructed DFA B ’remembers’ the universal decisions of A by sim-

ulating at most u universal branches followed by A. Since uw(A) = u, B does not

need to simulate more than u universal branches of A as there must exist an ac-

cepting computation tree with at most u many universal branches. Essentially, this

construction is an improved subset construction.

We can also obtain similar bounds if we consider uwmax(A), the maximal universal

width of A, using the similar construction with a small added improvement, similar

to improvements discussed in Theorem 3.1.2. In this construction, we exclude the

start state of A from all states P of B, with the exception of the start state {q0} of

A. The proof is nearly identical to the one shown for in Theorem 3.1.2.

Theorem 3.2.2. Any language L recognized by an UFA A with n states and uwmax(A) =

u < n can be recognized by an DFA B with 1 +
∑u

i=1

(
n−1
i

)
states.

Improved Bound for Unary UFAs

We are able to further improve the results of Theorem 3.2.1 if we consider only

UFA’s with a unary alphabet by borrowing ideas from [8]. Consider a UFA A =

(Q, {1}, δ, q0, F ) with n states and uw(A) = h. Since the alphabet is unary and A
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operates identically on all inputs, with only the size of the input changing the com-

putation, we are able to provide more details about the operations of A. When using

the subset construction described in Theorem 3.2.1 to construct a DFA simulating

A, we create a unary DFA B = (P, {1}, γ, p0, PF ) with a tail followed by a cycle,

as described in Section 2.1. Using this information, we are able to obtain a tighter

bound for the size of B.

As discussed in the chapter 2, any unary DFA must be comprised of two sections,

the tail and the cycle. More specifically, the cycle portion of B cannot include any

truly universal decision, as uw(A) is finite, all truly universal decisions of A must be

taken in the tail. Let the portion of the tail of B that simulates all truly universal

decisions of A be p0, p1, . . . , pk−1, where pk−1 makes the last truly universal decision.

We call this portion the expanding tail of B and the rest of the tail the shrinking

tail of B. Note that no state in the expanding tail can repeat or appear at any later

point, as that would create a cycle.

We are able to obtain more specialized bounds for each portion of B. By definition,

the expanding tail has k states. Furthermore, as the shrinking tail cannot include

any state visited in the expanding tail, it has at most
∑h

i=t

(
n−k
i

)
states, where t is

the number of branches of A being simulated by B after the end of the shrinking

tail. Lastly, notice the cycle can only include states of size t as no truly universal

decisions can be performed anymore. Specifically, B simulates t separate cycles Ci,

where 1 ≤ i ≤, t of A that cannot collapse to a lower number of loops. This is

because collapsing the total number of cycles cannot be re-expanded as no truly

universal decisions exist in the cycle. Thus, the size of the cycle is at most the

multiplication of sizes of all Ci,
∏t

i=1 |Ci|. Finally, we are able to obtain the full size
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of B, k +
∑h

i=t

(
n−k
i

)
+
∏t

i=1 |Ci|.

Theorem 3.2.3. Any unary language L recognized by an UFA A with n states and

uw(A) = u < n can be recognized by an DFA B with k+
∑h

i=t

(
n−k
i

)
+
∏t

i=1 |Ci| states,

where k is the length of the expanding tail, t cardinality of states in the cycle, and Ci

is one of cycles of A simulated in the cycle portion B.

Note that this argument also holds for the weaker case where the uwmax(A) = h,

as that would imply that uw(A) = h.

3.2.2 Lower Bounds

To prove a lower bound for DFAs recognizing languages recognized by UFAs, we

construct a language easy for UFAs but difficult for both NFAs and DFAs. Similar to

SubSeth, this language relies heavily on the idea of 1-slices. SubSetHardh is defined

over the alphabet {0, 1,#}. A string w ∈ SubSetHardh if:

• w is of the form x#y, where x and y do not contain the symbol #.

• S(x) ⊂ S(y).

Notice that SubSetHardh is similar to SubSeth but with one relaxation. Namely,

we remove the constraint on the number of 1-slices in x. We construct a UFA A

recognizing SubSetHardh as follows:

• From the start state, A initially universally splits into states {s00, s01, ...s0h}.

• Each state s0i verifies that i ∈ S(x) using a set of states {s1i , s2i , ...sii} to count

up and states {s0, s1, ...sh} to remember whether i ∈ S(x). If i /∈ S(x), then

any state sji accepts by moving into an accepting state that simply moves to

the end of the input and accepts.
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• After reading #, each state si moves into a state q0i .

• Each state q0i verifies that i ∈ S(y) using a set of states {q1i , q2i , ...qii} to count

up. If a 1-slice of length i is found, the state qii moves into a special accepting

state qaccept. Otherwise, any state qji , for 0 < j < i, returns to state q0i if it sees

a 0, essentially restarting the process of looking for a 1-slice of length i.

The UFA A recognizes SubSetHardh using h2 +4h+2 states and uwmax(A) = h.

It is clear to see that any DFA solving SubSetHardh requires at least 2h states, as it

would need to remember the subset of h present in S(x). We prove this by proving a

stronger statement that any NFA solving SubSetHardh has at least 2h states.

Theorem 3.2.4. Any NFA recognizing SubSetHardh requires at least 2h states.

Proof. We construct a fooling set s = {(x1,#x1), . . . (x2h ,#x2h)} for SubSetHardh.

Let Z1, . . . Z2h be an enumeration of all subsets of {1, . . . , h}. We define xi, where

1 ≤ i ≤ 2h, as any string over {0, 1}∗ such that S(xi) = Zi.

It is clear to see that s fulfils the first statement of the fooling set as any string

xi#xi is in SubSetHardh because S(xi) = S(xi). As for the second statement, for

any i, j such that 1 ≤ i ̸= j ≤ 2h, the strings xi and #xj fall into one two cases:

(i) S(xi)− S(xj) is non-empty. In this case, (xj,#xi) is not in SubSetHard
h.

(ii) S(xj)− S(xi) is non-empty. In this case, (xi,#xj) is not in SubSetHard
h.

Corollary 3.2.1. Any DFA recognizing SubSetHardh requires at least 2h states.
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Chapter 4

Limited Existential Width Alternating Finite

Automata

Similar to chapter 3, we explore the relations between limited existential width AFAs

and a few other models. We begin by showing that finding bounds for limited optimal

existential width AFAs is significantly harder than finding bounds of optimal universal

width AFAs. We then show that finding bounds for limited maximum existential

width AFAs is significantly easier.

4.1 Finite Existential Width AFAs and NFAs

Again, recall from chapter 1 that any AFA A of size n can be simulated by an UFA

B of size 2n [6]. Similar to chapter 3, we provide our own construction for the UFA

B to better understand the current state complexity comparisons.

Proposition 4.1.1. Any language L recognized by an AFA A with n states is recog-

nized by a UFA B with 2n states.

Proof. Let A = (Q,Σ, δ, q0, F ) be an AFA recognizing L(A). We construct a UFA B

simulating A as follows:
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• State set P of B consists of all non-empty subsets of Q of size at most n.

• Start state of B is the state {q0}.

• A state p ∈ P is final if p∩F ̸= ∅. In other words, a state p is final if it includes

any state in F .

• The transition function γ of B for a symbol b ∈ Σ and a state p, such that

p = {g1, . . . , gm, s1, . . . , sk} ∈ P , for i = 1, . . . ,m, gi ∈ Qe, and for j = 1, . . . , k,

sj ∈ Qu, consists of all states

k⋃
i=1

δ(gi, b) ∪ {x1, . . . , xm}

where xj ∈ δ(sj, b) for j = 1, . . . ,m.

The UFA B recognizes L(A) using at most
∑n

i=1

(
n
i

)
= 2n states.

The essence of the construction of B is to use subset construction to simulate

the existential states of A, while using B’s own universal powers to simulate A’s

universal states. Lastly, recall from Proposition 3.1.2 that any AFA A of size n can

be simulated by a DFA C of size 22
n
. Now that we have awareness of the upper

bounds for comparing state complexity of general AFAs to UFAs and DFAs, we are

ready to compare the state complexity of AFAs with limited existential width to

UFAs and DFAs.

4.1.1 Differences Between Existential and Universal Width

Naturally, we seek to find bounds symmetric to the ones presented in chapter 3. First,

we seek to establish an upper bound for the size of a UFA simulating a finite optimal
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existential width AFA. Unfortunately, due to quite a few hurdles, we are unable to

provide bounds anywhere close to the ones presented for limited optimal universal

with AFAs.

The most notable of the differences comes from the way universal width and

existential width are counted. Consider a pruning T p of TA,q0,w. While the universal

width of T p counts the total number leaves in T p, the existential width essentially

counts the number of branches not explored by T p, labeled by the ψ symbol. In

essence, the universal width counts the number total number of branches in T p, while

the existential width counts the total number of unexplored branches, marked by ψ.

This causes some difficulties when trying to mirror the simulation constructions

given in chapter 3 as we are not able to create constructions that simulate a singular

pruning T p in each branch. Meanwhile, the machine B constructed in the proof of

Theorem 3.1.1 is able to essentially simulate one pruning T p per branch. This is only

possible because the universal width of a pruning T p accounts for all of the properly

universal power used in that pruning. However, the construction of T p cuts all but

one existential node every time an existential guess is taken, making the existential

width of T p a less indicative metric for the total amount of existential power used in

the computation.

This makes us unable to achieve symmetrical bounds to the round bounds provided

in chapter 3. However, we provide a workaround for bounds on AFAs with limited

maximal existential width.

Theorem 4.1.1. Any AFA A with n states and ewmax(A) = e takes at most k
e

k−1 ex-

istential guesses in any computation tree, where k is the maximum number existential

choices taken by A in a single step.
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Proof. Consider a pruning Tp of TA,q0,w of A on a string w. Since the existential

width of any pruning of A is at most e, we know that the number of non-leaf ’truly’

existential nodes in Tp is at most e. This because every such node must have at

least two children, one of which will be labeled by ψ, and thus each such node must

contribute at least one ψ to the existential width of Tp.

Since all such nodes must be ancestors of each other in a specific ordering, we can

conclude that the number of truly existential decisions of A on w in a singular branch

is at most e. Assuming the worst case scenario where A always makes k guesses every

time an existential guess is taken, we are able to limit the total amount of existential

guesses to k
e

k−1 .

In certain scenarios, we may simplify the math by slotting k to be 2, as things

would get needlessly messy without providing extra insight. In such cases, the exis-

tential width of our hypothetical pruning T p would be 2e.

4.1.2 Upper Bounds

We provide an upper bound for simulating an AFA with limited maximal existential

width using a UFA. This construction relies on the limit placed on the total number

of existential branches in Theorem 4.1.1.

Theorem 4.1.2. Any language L recognized by an AFA A with n states and ewmax(A) =

e can be recognized by a UFA B with
∑k

e
k−1

i=1

(
n
i

)
states, where k is the maximum num-

ber existential choices taken by A in a single step and k
e

k−1 < n.

Proof. Let A = (Q,Σ, δ, q0, F ) be an AFA recognizing L(A). We construct a UFA B

simulating A as follows:
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• State set P of B consists of all non-empty subsets of Q of size at most k
e

k−1 .

• Start state of B is the state {q0}.

• A state p ∈ P is final if p∩F ̸= ∅. In other words, a state p is final if it includes

any state in F .

• The transition function γ of B for a symbol b ∈ Σ and a state p, such that

p = {g1, . . . , gm, s1, . . . , sk} ∈ P , for i = 1, . . . ,m, gi ∈ Qe, and for j = 1, . . . , k,

sj ∈ Qu, consists of all states

k⋃
i=1

δ(gi, b) ∪ {x1, . . . , xm}

where xj ∈ δ(sj, b) for j = 1, . . . ,m such that the size of
⋃k

i=1 δ(gi, b) is at most

k
e

k−1 − m. We are able to have this constraint as the maximum number of

branches in the computation tree of A is k
e

k−1 as shown by Theorem 4.1.1.

The constructed UFA B recognizes L(A) using
∑k

e
k−1

i=1

(
n
i

)
states. Similar to results

in Chapter 3, this bound depends on the values of e and n, and approaches the bounds

shown in Proposition 4.1.1 as k
e

k−1 approaches n. However, since k
e

k−1 approaches n

exponentially quickly, this bound is less strong than the upper bounds presented in

the Chapter 3. Intuitively, the UFA B ’memorizes’ all the existential decisions taken

by A by using states representing subsets of the states of A up to size k
e

k−1 while

simulating the universal decisions of A using B’s own universal powers.

Using a similar technique as the one used in proof of Theorem 3.1.2, we can obtain

an improved bound if we consider that starting state should not repeat.
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Lemma 4.1.1. Consider an AFA A = (Q,Σ, δ, q0, F ) where ewmax(A) is finite. Then

for any q ∈ Qe and b ∈ Σ, where δ(q, b) = {p1, . . . , pm},m ≥ 2 the start state q0 cannot

be reachable from any of the states p1, . . . , pm.

Proof. If q0 is reachable from some pi, i ∈ {1, . . . ,m}, then by repeating t times,

t ∈ N, the cycle that goes from q0 to q, reading b to pi, and then reaches again q0, we

can get a pruned computation tree with existential width at least t.

By using Lemma 4.1.1 and the construction used for Theorem 4.1.2, we obtain an

improved bound for simulating AFAs with limited maximal existential width using

UFAs. States of the constructed UFA B do not need to contain subsets of the state

set of A of cardinality at least two that contain the start state q0.

Corollary 4.1.1. Any language L recognized by an AFA A with n states and ewmax(A) =

e can be recognized by a UFA B with 1+
∑k

e
k−1

i=1

(
n−1
i

)
states, where k is the maximum

number existential choices taken by A in a single step and k
e

k−1 < n− 1.

It may not seem obvious to the reader why the construction used does not work

if we use it on an AFA with limited optimal existential width. For this, we show an

example of a hypothetical AFA A such that ew(A) = e, but the construction shown

for Theorem 4.1.2 would not be sufficient to simulate A. Consider a computation

of A on a string w such that w ∈ L(A) such that A initially makes an existential

guess into two branches. One branch then proceed to accept without making many

more guesses, but the second branch makes an indefinitely large number of guesses.

The UFA B would not be able to distinguish between the two branches as it has

no prior knowledge about which branch is the ’successful’ one. This would result in

B rejecting w as soon as the number of existential states that need to be simulated

exceeds k
e

k−1 .
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Similar to methods used in Corollary 3.1.1, we can simply use subset construction

on the UFA B created in the proof of Corollary 4.1.1 to construct a DFA simulating

an AFA A with limited maximal existential width.

Corollary 4.1.2. Any language L recognized by an AFA A with n states and ewmax(A) =

e can be recognized by a DFA of size 21+
∑k

e
k−1

i=1 (n−1
i ), where k is the maximum number

existential choices taken by A in a single step and k
e

k−1 < n.

4.1.3 Lower Bounds

We prove lower bounds for AFAs with limited existential width using U-fooling sets.

Similar to the previous chapter, we provide multiple examples, one with a large

alphabet and one with a constant size alphabet. The first language, ExConh
2 , is

defined over the alphabet Σ =
⋃h

i=1 i × {0, 1, ..., h} × {0, 1, ..., h}. A string w =

b1, b2, ..., b|w| ∈ ExConh
2 if:

• The length of w is at most log(h).

• The first symbol, b1, is of the form {(1, , ), (2, 0, 0), . . . (i, 0, 0), . . . (h, 0, 0)}.

Essentially, all tuples in b1 that are not (1, , ) must have a 0 in the second and

third slot.

• For each

bv = {(1, j1, j′1), (2, j2, j′2), ..., (h, jh, j′h)} and

bv+1 = {(1, i1, i′1), (2, i2, i′2), ..., (h, ih, i′h)}

either there exists a tuple ( , jm, ) ∈ bv and a tuple (jm, in, i
′
n) ∈ bv+1 such that

in ̸= 0 or i′n ̸= 0 or there exists a tuple ( , , j′m) ∈ bv and a tuple (j′m, in, i
′
n) ∈

bv+1 such that in ̸= 0 or i′n ̸= 0.
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The language ExConh
2 is very similar to UniConh

1 described for Theorem 3.1.2.

Each symbol represents two h length columns of nodes and edges between them.

In UniConh
1 , only one edge was allowed from each node on the left column but

in ExConh
2 , we allow for two edges from each node on the left column. Also, the

connectivity in the graph represented is existential, meaning that we only need to

check that there exists a path to the rightmost column. Again, such examples are

inspired from the liveliness problem discussed in [26].

ExConh
2 is solved by an AFA A of size h log(h) and ewmax(A) = log(h). The

solution is simple and only requires existential powers, A checks for paths using at

most h states to remember the nodes reached so far while also maintaining a counter

to ensure that the input does not exceed length log(h).

Theorem 4.1.3. Any UFA solving ExConh
2 uses at least

(
h

h/2

)
states.

Proof. We employ the U-fooling sets technique introduced in chapter 2 by construct-

ing a set S of
(

h
h/2

)
pairs (xi, yi). For each pair xi = b1, b2, ..., blog(h)−1 and yi = blog(h):

• xi is a string where exactly h/2 of the nodes on the rightmost column are

reachable such that no other string xj ̸= xi reaches the same set of nodes on the

rightmost column. Note that since there are exactly
(

h
h/2

)
tuples in the fooling

set, this implies that each subset of nodes of size h/2 is reached by exactly one

xi.

• yi is a single symbol blog(h) such that all the nodes in the left column of blog(h)

that are not reached by xi are connected to a node right column.

We show that S is a U-fooling set for ExConh
2 . For each (xi, yi) and (xj, yj) such that

1 ≤ i ̸= j ≤
(

h
h/2

)
:
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(i) xiyi is obviously not in ExConh
2 as no node on the rightmost column of xi is

connected to by yi.

(ii) xiyj is in ExCon
h
2 . As xi reaches a unique set of nodes in its rightmost column

that no other xj reaches, there must be an overlap of at least one node reached

by xi that yj connects to, and thus xiyj is in ExConh
2 . A similar argument

could be shown to show that xjyi is in ExCon
h
2 , but that is redundant.

We introduce another language with a small alphabet to prove the a similar lower

bound. The language largely relies on the concept of 1-slices introduced in Defini-

tion 3.1.1. We introduce a language ExPairh over the alphabet Σ = {0, 1}. A string

is in ExPairh, where h is a power of 2, if:

• The string is of the form uw, where |u| = log(h
2
).

• There exists any two 1-slices x, y in w such that

– the length of x and y is not more than h,

– the length of x is not the same as the length of y,

– and |x| ≡ |y| mod h
2
.

ExPairh can be solved by an AFA A that initially guesses all possible 1-slice

modular sizes and then verifies their existence using universal powers. A operates as

follows:

• At the startA existentially branches into two states g{0,1,...h
4
−1} and g{h

4
,h
4
+1,...h

2
−1}.

Similarly, each of those in turn existentially branches into states that include
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half of the subset included by their predecessors and so on until we reach states

{g0, g1, ...gh
2
−1} . This also counts the length of u, with each branch rejecting if

the input ends before the branching is finished. We refer to this process as slow

binary branching.

• Each state gi universally branches into two states s0i and s0
i+h

2

.

• State s0i searches for a 1-slice and uses a set of states {s0i , s1i , ...sii} to determin-

istically count the number of 1’s currently seen in a 1-slice. If number of 1’s in

the 1-slice is exactly i, A accepts by moving into an accept state. Otherwise A

moves into a state si.

• State si reads the rest of the 1-slice and returns to s0i once a 0 is read.

A recognizes ExPairh using 7h
2
+
∑h

i=1 i =
h2

2
+4h states and ewmax(A) = log(h

2
)−1.

Lemma 4.1.2. Any UFA solving ExPairh requires at least 2h/2 − 1 states.

Proof. DenoteM = 2h/2−1 and let Z1, ...ZM be an enumeration of non-empty subsets

of {1, . . . , h
2
}. We construct a U-fooling set T of M pairs (xi, yi):

• xi starts with prefix of 0’s of length log(h) and S(xi) = Zi.

• S(yi) is a subset of {h/2 + 1, ..., h} defined as S(yi) = {r + h/2 | 1 ≤ r ≤

h/2, r ̸∈ Zi}

We show that T is a U-fooling set for ExPairh. We use the definition of S(x)

shown earlier in Definition 3.1.1. The set T fulfills statement i of the U-fooling set

described in definition 2.5.1 as for all k ∈ S(xi), no l ∈ S(yi) such that k ≡ l mod h
2

exists. Similar to our proofs earlier, T also fulfills statement ii of the U-fooling set as

it falls into one of two cases:
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(i) S(xi)−S(xj) ̸= ∅. In this case, there exists a k ∈ S(xi) and l ∈ S(yj) such that

k ≡ l mod h
2
and thus xiyj ∈ ExPairh.

(ii) S(xj) − S(xi) ̸= ∅. Symmetrically to case 1, there exists a k ∈ S(xj) and

l ∈ S(yi) such that k ≡ l mod h
2
and thus xjyi ∈ ExPairh.

We can further improve our results by considering a unary language. Let k ∈ N

and letmi > k, i = 1, . . . , 2k be integers that are all pairwise relatively prime. A string

w is in the language NoAllDivisor(m1, . . . ,m2k) if the length of w is not divisible by

all mt. NoAllDivisor(m1, . . . ,m2k) can be solved by an AFA A operating as follows:

• Similar to the construction just above, A uses binary branching to gradually

split into 2k states gk1 , g
k
2 . . . g

k
2k

by taking only binary existential decisions.

• From here on, each gkt starts a loop through states g1t , . . . g
k
t , . . . g

mt
t that deter-

ministically checks whether the input is divisible by mt, rejecting if the input

ends while in state gmt
t and accepting otherwise.

A is an AFA, and more specifically an NFA, recognizingNoAllDivisor(m1, . . . ,m2k)

using
∑2k

t=1mt + 2k − 1 states and ewmax(A) = k.

Lemma 4.1.3. Any UFA solving NoAllDivisor(m1, . . . ,m2k) requires at least M =∏2k

t=1mt states.

Proof. We construct a U-fooling set T of M pairs (xi, yi) where |xi| = i and |yi| =

M − |xi|. The first statement of the U-fooling set is trivially true |xiyi| = M and

thus xiyi /∈ NoAllDivisor(m1, . . . ,m2k) as |xiyi| is divisible by all mt. The second
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statement of the fooling set falls into one of two cases. For any two pairs (xi, yi)

and (xj, yj), where i ̸= j, either |xiyj| < M or |xjyi| < M . If |xiyj| < M then

|xiyj| ∈ NoAllDivisor(m1, . . . ,m2k) as all strings of length less than M cannot be

divisible by all mt as all mt are relatively prime and M is the least common multiple

of all mt. The same reasoning applies for the case where |xjyi| < M .

4.2 Finite Existential Width NFAs and DFAs

In this section, we show bounds for comparing limited existential width NFAs to

DFAs. We show upper and lower bounds, relying mostly on ideas presented in the

previous section.

4.2.1 Upper Bounds

First, we compare DFAs to NFAs with limited maximal existential width. Using the

construction shown for Theorem 4.1.2 applied on an NFA A with maximal existential

width e, the resulting UFA is a DFA, giving us the following bound.

Corollary 4.2.1. Any language L recognized by an NFA A with n states and ewmax(A) =

e can be recognized by a DFA B with
∑k

e
k−1

i=1

(
n
i

)
states, where k is the maximum num-

ber existential choices taken by A in a single step and k
e

k−1 < n.

Furthermore, we are also able to improve the bound by using Lemma 4.1.1, es-

sentially using the construction of Corollary 4.1.1 on an NFA with limited maximal

existential width.

Corollary 4.2.2. Any language L recognized by a NFA A with n states and ewmax(A) =

e can be recognized by a DFA B with 1+
∑k

e
k−1

i=1

(
n−1
i

)
states, where k is the maximum

number existential choices taken by A in a single step and k
e

k−1 < n.



4.2. FINITE EXISTENTIAL WIDTH NFAS AND DFAS 54

Moreover, we are able to obtain similar results for the case where the A is only

limited by the optimal existential width. However, as this requires a bit more details

about NFAs with limited optimal existential width, we showcase this proof in the

next section in Theorem 4.3.1.

4.2.2 Lower Bounds

To prove a lower bound for DFAs recognizing languages recognized by NFAs, we

construct a language that is easy for NFAs but difficult for UFAs and DFAs. Again,

we use the definitions of 1-slices and S(x) from Definition 3.1.1. ExElemh is defined

over the alphabet {0, 1,#}. A string w is in ExElemh, where h is a power of 2, if:

• w is of the form px#y, where x and y do not contain the symbol # and p is

sequence of 0’s of length log(h).

• S(x) ∩ S(y) is non-empty.

We construct an NFA A recognizing ExElemh by first existentially guessing all

possible sizes of 1-slices in x and then deterministically checking that any of them

exist in y. A operates as follows:

• From the start state, A existentially splits into states {g00, g01, ...g0h} over the p

portion of the input using the same gradual binary splitting technique shown

for Theorem 4.1.2 by using h intermediary states. This part contributes h + 1

states to the size of A.

• Each state g0i verifies that i ∈ S(x) using a set of states {g1i , g2i , ...gii} to count

up and states {g0, g1, ...gh} to remember whether i ∈ S(x). If i /∈ S(x), then
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any state gji halts and rejects. This part contributes h +
∑h

i=1 i = h + h2+h
2

states to the size of A.

• After reading #, each state gi moves into a state q0i .

• Each state q0i verifies that i ∈ S(y) using a set of states {q1i , q2i , ...qii} to count

up. If a 1-slice of length i is found, the state qii moves into a special accepting

state qaccept. Otherwise, any state qji , for 0 < j < i, returns to state q0i if it sees

a 0, essentially restarting the process of looking for a 1-slice of length i. This

part contributes 1 + h+
∑h

i=1 i = 1 + h+ h2+h
2

states to the size of A.

The NFA A recognizes ExElemh using h2 + 4h + 2 states and ewmax(A) = log(h).

We first show that any UFA solving ExElemh requires at least 2h states using the

U-fooling set technique shown in Definition 2.5.1.

Theorem 4.2.1. Any UFA solving ExElemh requires at least 2h states.

Proof. We construct a U-fooling set T = {(px1,#y1), . . . (px2h ,#y2h)} for ExElemh.

Let Z1, . . . Z2h be an enumeration of all subsets of {1, . . . , h} and let i be an integer

such that 1 ≤ i ≤ 2h. We define p, xi, yi as follows:

• p is a string 0’s of length log(h).

• xi is a string over {0, 1}∗ such that S(xi) = Zi.

• yi is a string over {0, 1}∗ such that S(yi) = {r | 1 ≤ r ≤ 2h, r /∈ Zi}.

It is clear to see that T fulfils the first statement of the U-fooling set as any string

pxi#yi is not in ExElem
h as S(xi) ∩ S(yi) = ∅. To prove the second statement, we

look at any two pairs (pxi,#yi), (pxj,#yj) where 1 ≤ i ̸= j ≤ 2h. The pairs of string
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fulfill the statements of the second statement of the U-fooling set by falling into one

two cases:

(i) S(xi)−S(xj) is non-empty. In this case, (xi,#yj) is in ExElem
h as the element

that is in S(xi) but not in S(xj) must also be in S(yj).

(ii) S(xj)−S(xi) is non-empty. In this case, (xj,#yi) is in ExElem
h as the element

that is in S(xj) but not in S(xi) must also be in S(yi).

As a DFA is a limitation of a UFA, the same bound then directly applies to DFAs.

Corollary 4.2.3. Any DFA recognizing ExElemh requires at least 2h states.

4.3 Properties of NFAs with Limited Existential Width

In this section, we compare NFAs with limited existential width to NFAs restricted

in different ways. For all the NFAs discussed below, all properly non-deterministic

transitions make only two choices. This is for the sake of simplicity, although similar

results can possibly be shown in cases where the NFAs have larger transitions. We

use the concept of branching of NFAs defined in [15] and see it how it compares to

our definitions of existential width.

First, we compare how the branching of NFA compares to the optimal existential

width of the NFA. This is fairly straightforward and largely relies on the argument at

the beginning of chapter 4. Recall that the branching and guessing of A are defined in

Definition 2.2.2 and Definition 2.2.3 respectively. Note that since our NFA can only

make binary existential choices, the math is much simpler. However, generalizing
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these results to all NFAs is easily possible, but would have needlessly complicated

proofs. In this case, the branching of an NFA A, β(A), could be thought of as 2 to

the power of the number of existential choices taken in a singular branch, since each

choice makes at most 2 existential branches.

Lemma 4.3.1. For any NFA A, ew(A) ≤ k if and only if the branching of A, β(A),

is at most 2k.

Proof. As all properly nondeterministic transitions of A have two choices, the exis-

tential width of A is the same as the guessing of A. β(A) is by definition 2 to the

power the guessing of A, and thus β(A) ≤ 2k.

We are able to make similar statements about the tree width of an NFA A, as

defined in Definition 2.2.1, using more or less the same argument.

Lemma 4.3.2. For any NFA A, if ewmax(A) ≤ k then the tree width of A, tw(A), is

at most 2k.

Proof. The maximal tw(A), given that ewmax(A) ≤ k, is achieved when the compu-

tation tree of A on some input w is a perfect binary tree. In this case, ewmax(A) = k

and tw(A) = 2k.

However, when we try to prove the converse statement, we find some difficulties.

Although it may seem true, proving the following statement seems to be substantially

more difficult.

Claim 4.3.1. There exists an NFA A, where tw(A) ≤ m, but no NFA B of the same

size exists such that L(A) = L(B) and ewmax(B) ≤ log(m).
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Although we are unable to prove the claim above, due to difficulty in proving

state bounds of NFAs with particular existential width, we showcase a language that

intuitively expresses why the statement is likely true. Consider the language

EitherDivisor(m,n, k) = [((am)∗ + (an)∗)b]2
k−1,

we can construct an NFA A recognizing EitherDivisor(m,n, k) such that the size of

A is 2k(m + n), tw(A) = 2k + 1, and ewmax(A) = 2k. Note that this is not the case

for any m and n, but rather the ’worst case’ scenario where m and n are relatively

prime. A operates by existentially guessing whether each section of a’s is divisible by

m or n, while keeping track of a counter for the number of a sections seen.

Intuitively, it does not seem possible to construct an NFA B of size 2k(m + n)

that recognizes EitherDivisor(m,n, k) and ewmax(B) = k but we are unable to prove

this statement.

Similarly, we can also compare NFAs with limited existential width to NFAs with

limited maximum existential width. It may seem obvious that an NFA A with limited

existential width is less restricted than an NFA B with limited maximum existential

with. However, proving such a statement is also difficult.

Claim 4.3.2. There exists an NFA A of size n and ew(A) = k such that no NFA B

of size n and ewmax(B) = k recognizes L(A).

It is probably very difficult to prove the claim above. Moreover, it even seems

difficult to find a candidate NFA A with ew(A) = k such that L(A) would not appear

to have an equivalent NFA of the same size with maximum existential width k.

However, when extending the model to AFAs, we are able to provide a concrete
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example of a AFA A with ew(A) = k such that it does not seem possible to recognize

L(A) with a machine B of the same size where ewmax(B) = k. Consider the language

EitherDivisor(m,n, k) discussed previously. We can construct an AFA A recognizing

EitherDivisor(m,n, k) where the size of A is 2k + m + n + 2, ew(A) = 2k, and

uw(A) = 2. Again, we are observing the worst case scenario where m and n are

relatively prime as smaller AFA’s do exist in when m and n are not relatively prime.

The AFA A operates by universally branching at the beginning, with one branch

checking that there are 2k a segments, while the other branch checks that the length

of each a segment is divisible by m or n. It seems difficult to construct an AFA B of

the same size recognizing EitherDivisor(m,n, k) such that ewmax(B) = 2k.

However, we are able to provide an upper bound for the trade off between optimal

existential width, maximal existential width, and size of NFA’s. Our construction is

inspired by results and techniques used in [28] and relies on counting the number of

existential choices in a singular branch to make sure that that the maximal existential

width is limited.

Theorem 4.3.1. Any language L recognized by an NFA A of size n and ew(A) = e

can be recognized by an NFA B of size e× n and ewmax(B) = e.

Proof. Given an NFA A = (Q,Σ, δ, q0, F ) recognizing L(A), we construct an NFA

B recognizing L(A) by simulating A. The state set P of B is the set of tuples

{1, 2, . . . , e}×Q, with the start state being (1, q0) and the final states being all states

( , q) in P such that q ∈ F . The transition function γ of B is defined over two cases:

(i) γ((i, q), b) = (i+ 1)× δ(q, b) for i ∈ {1, 2, . . . , e− 1} and q ∈ Q.

(ii) γ((e, q), b) = (e, δ(q, b)) if the size of δ(q, b) is one and is undefined otherwise,

halting and rejecting.
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Since for ew(A) = e, then for every w ∈ L(A) there must exist an accepting computa-

tion with existential width at most e. Intuitively, B counts the number of existential

decisions taken and rejects if the computation makes more than e existential deci-

sions. The NFA B has size e× n and takes at most e properly existential decisions,

making ewmax(B) = e.

This result helps us find an upper bound for simulating NFAs with limited exis-

tential width using DFAs. Given an NFA A such that ew(A) = e, we simply apply

the construction above to obtain an NFA B such that ewmax(B) = e, we then can

apply the construction from Theorem 4.2.1 on B to obtain the DFA C.

Corollary 4.3.1. Any language L recognized by a NFA A with n states and ew(A) = e

can be recognized by a DFA C with
∑k

e
k−1

i=1

(
e.n
i

)
states, where k is the maximum number

existential choices taken by A in a single step and k
e

k−1 < e.n.
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Chapter 5

Limited Existential and Universal Width

Alternating Finite Automata

Here, we study AFAs with limited combined width as well as AFAs with separately

limited existential and universal width and show that those are two very different

notions. For the following arguments, we assume that all AFAs make only binary

existential and universal decisions, although similar bounds can be produced for AFAs

that make at most k-ary decisions.

5.1 Limited Combined Width AFAs

If the combined width of a given AFA A is known to be bounded by a pair of integers

(r, s), we can construct an equivalent AFA B with finite maximal existential width

where the number of states of B is the number of states of A multiplied by a function

of r and s. For readability the below Proposition 5.1.1 is stated for a binary AFA

that in each transition has at most two choices. More formally, A = (Q,Σ, δ, q0, F )

is a binary AFA if for all q ∈ Q and b ∈ Σ, |δ(q, b)| ≤ 2. The same construction idea

works for any AFA but the notations become more complicated.
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The proof of the next lemma is obvious and is omitted.

Lemma 5.1.1. Let A be a binary AFA and consider a pruned tree T p of A and a

path z from the root of T p to a leaf.

(i) If the path z includes t properly existential transitions, then ew(T p) ≥ t.

(ii) If the path z includes t properly universal transitions, then uw(T p) ≥ t+ 1.

Proposition 5.1.1. Let A = (Q,Σ, δ, q0, F ) be a binary AFA with n states where

cw(A) ≤ (r, s), r, s ∈ N. Then the language L(A) has a binary AFA B with (r+1)·s·n

states where ewmax(B) = r · 2s−1 and uwmax(B) = 2s−1.

Proof. The AFA B simulates the computation of A and, on each branch, counts the

number of properly existential and properly universal transitions encountered up to

that point. Since cw(A) ≤ (r, s), each input accepted by A must have an accepting

pruned tree with existential width r and universal width s, and we know that the

computation can be terminated when, according to Lemma 5.1.1, one these values

has been exceeded.

More formally, B = (P,Σ, γ, (q0, 0, 0), FB), where P = Pe ∪ Pu,

Pe = (Qe × {0, . . . , r} × {0, . . . , s− 1}), Pu = (Qu × {0, . . . , r} × {0, . . . , s− 1})

and FB = (F ×{0, . . . , r}×{0, . . . , s−1}). The transitions of γ are defined as follows.

Consider q ∈ Q, b ∈ Σ and 0 ≤ i ≤ r, 0 ≤ j ≤ s− 1. If δ(q, b) = {q1, q2} we define:



5.1. LIMITED COMBINED WIDTH AFAS 63

(i) Assuming q ∈ Qe,

γ((q, i, j), b) =


{(q1, i+ 1, j), (q2, i+ 1, j)} if i+ 1 ≤ r;

∅, otherwise.

(ii) Assuming q ∈ Qu,

γ((q, i, j), b) =


{(q1, i, j + 1), (q2, i, j + 1)} if j + 1 ≤ s− 1;

∅, otherwise.

If δ(q, b) = {q1}, γ((q, i, j), b) = {(q1, i, j)} and if δ(q, b) = ∅, γ((q, i, j), b) = ∅.

The first component of the state of B directly simulates a computation of A, and

the transition is existential/universal depending on the type of the transition of A.

Clearly L(B) ⊆ L(A). The second component of the state counts the number of

properly existential transitions encountered on the path, the third component counts

the number of properly universal transitions encountered and, according to (i) and

(ii), the computation fails if the number of properly existential transitions exceeds r or

the number of properly universal transitions exceeds s−1. Since for any w ∈ L(A), A

has an accepting pruned tree T p ∈ ✂acc(A, q0, w) where ew(T
p) ≤ r and uw(T p) ≤ s,

by Lemma 5.1.1, B accepts all strings accepted by A.

The rules (ii) enforce that any path from the root to a leaf in a computation tree of

B can have at most s− 1 properly universal transitions and hence uwmax(B) ≤ 2s−1.

The rules (i) guarantee that one path in a computation tree of B can perform at most

r prunings and, together with the bound on the maximal universal width of B, this

implies that ewmax(B) ≤ r · 2s−1.
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As illustrated in Example 2.4.2, the assumption cw(A) ≤ (r, s) is a stronger

condition than assuming the bound separately for existential and universal width of

A and the construction of Proposition 5.1.1 would not work assuming only ew(A) ≤ r

and uw(A) ≤ s.

5.2 Limited Universal Width AFAs

Although we are not able to simulate AFAs with separately limited existential and

universal widths, we are able to create bounds for simulating AFAs with limited

optimal universal width by using a technique similar that used in Theorem 4.3.1.

Given an AFA A of size n such that uw(A) = u and A only makes binary decisions,

we construct an AFA B that directly simulates A but also counts the number of

universal decisions taken so far, rejecting if the number of decisions exceeds u. Since

the number of universal decisions taken by B in any branch is at most u, the maximal

universal width B is limited by 2u−1. Essentially, the construction is identical to the

one used in Proposition 5.1.1 with the existential counters removed.

Corollary 5.2.1. For any AFA A = (Q,Σ, δ, q0, F ) with n states uw(A) = u, L(A)

can be recognized by an AFA B with u · n states and uwmax(B) ≤ 2u−1

However, the construction does not work if A has only limited existential width.

In this scenario, it is possible that A has many universal decisions leading to a very

large unbounded number of branches, each of which is then able to make existential

choices, making the maximal existential width unbounded even with our construction.

This is not the case for Corollary 5.2.1 as, by definition, only one of the existential

choices contributes to the universal width each time an existential decision is made

because the rest of the branches are pruned.
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5.3 Separately Limited Widths

Lastly, we are able to obtain bounds for DFAs simulating AFAs with limited separate

existential and universal width in a fairly simple manner. Again, we assume the AFA

only makes binary existential and universal choices.

Lemma 5.3.1. For any AFA A = (Q,Σ, δ, q0, F ) with n states, ew(A) = e, and

uw(A) = u, L(A) can be recognized by a DFA C with
∑2e

i=1

(∑u
j=1 (

n
j)

i

)
states.

Proof. First, we use the construction in Theorem 3.1.1 to construct an NFA of B of

size
∑u

j=1

(
n
j

)
states and ew(B) = e. Then, using the result in Corollary 4.3.1 on B,

we are able to create a DFA C of size
∑2e

i=1

(∑u
j=1 (

e.n
j )

i

)
.

The value of this bound heavily depends on the values of e, u, and n. While it

may look intimidating, this bound provides significant improvements over the bound

presented in Proposition 3.1.2 in cases where 2e and u are significantly smaller than

n.
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Chapter 6

Summary and Conclusion

In this study, we extensively studied the relation between the state complexity of

limited universal and/or existential width AFAs to various other models. First, in

Chapter 3, we showed fairly close upper and lower bounds for comparing the state

complexity of limited optimal and maximal universal width AFAs to NFAs and DFAs.

We also showed close upper and lower bounds for comparing limited optimal and

maximal universal width UFAs to DFAs.

Second, in Chapter 4, we showed rough upper and lower bounds for comparing the

state complexity of limited maximal existential width AFAs to NFAs and DFAs. We

also established upper and lower bounds for comparing limited optimal and maximal

existential width NFAs to DFAs. Although the bounds were not as ’clean’ as the

bounds shown in Chapter 3, the upper and lower bounds are still valuable as they are

fairly close to each other. We also went on to study how our measures of optimal and

maximal existential width of NFAs compare to the already existing classic measures

of tree width, branching, and guessing of NFAs.

Lastly, in Chapter 5, we compared the state complexity of AFAs with limited

optimal existential and universal width to AFAs with limited maximal existential
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and universal width. We also compared the state complexity of limited optimal

universal width AFAs to limited maximal universal width AFAs. Lastly, we showed

an improved construction for DFAs simulating AFAs with limited optimal existential

and universal width. Part of the results shown in this thesis have been published in

[49].

6.1 Conclusions

We had come into this study with the expectation that universal and existential width

are fairly symmetrical notions. However, during the course of the study, we have found

that universal and existential width to be less similar than initially expected. While

the universal width accurately measured the amount of universal powers used in a

pruning of a computation tree of an AFA, or a partial witness computation tree as we

refer to it in the introduction, the existential width was not as accurate in measuring

the existential power used in the pruning.

Instead, the existential width seemed to surprisingly have more similarity to the

already existing measures of branching and guessing than initially expected. For this

reason, the bounds comparing limited existential width AFAs to UFAs and DFAs

were much higher than the bounds comparing limited universal width AFAs to NFAs

and DFAs.

6.2 Future Work

Our work leaves a number of problems still open, a few of which are described in

section 4.3. As illustrated in Claim 4.3.1, we still do not know whether an NFA

A with tree width at most m exists such that no NFA B exists where B has the
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same as size of A, ewmax(B) is at most log(m), and B recognizes L(A). Intuitively,

this claim seems to be true as we do not expect the maximal existential width to

have such a strong relation with tree width. However, showing this claim is very

difficult because proving statements for nondeterministic automata of a specific size

is extremely difficult.

Another interesting open problem is showcased in Claim 4.3.2. The problem is

rather straight-forward and simply asks whether limited optimal existential width

NFAs of size n recognize the same set of languages as limited maximal existential

width NFAs of size n. Of course, intuitively, this seems to be nearly impossible

as the maximal restriction is much stronger than the optimal restriction. Rather

surprisingly, coming up with an example of an NFA A of size n and ew(A) = e such

that no NFA B of size n and ewmax(A) = e proves to be difficult.

Lastly, we still do not know whether simulating a limited optimal existential AFA

A of size n with an NFA can be done in a better way than classical subset construction.

As classical subset construction yields a size blow up of 2n for the NFA, we expect

that something can be done to improve the bound with the optimal existential width

limitation. Unfortunately, such an improvement has eluded us for this study, but

could perhaps be possible in future studies.
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