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Abstract: Proportional hazards model with the biomarker-treatment interaction plays an impor-
tant role in the survival analysis of the subset treatment effect. A threshold parameter for a contin-
uous biomarker variable defines the subset of patients who can benefit or lose from a certain new
treatment. In this paper, we focus on a continuous threshold effect using the rectified linear unit
(ReLU) and propose a gradient descent method to obtain the maximum likelihood estimation of
the regression coefficients and the threshold parameter simultaneously. Under certain regularity
conditions, we prove the consistency, asymptotic normality and provide a robust estimate of the
covariance matrix when the model is misspecified. To illustrate the finite sample properties of
the proposed methods, we simulate data to evaluate the empirical biases, the standard errors, and
the coverage probabilities for both the correctly specified models and misspecified models. The

proposed continuous threshold model is applied to a prostate cancer data with serum prostatic
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1. INTRODUCTION

In biomedical research, a threshold parameter (cut-point) is often used to iden-
tify a subset of patients who may benefit or lose more from the new treatment
than other patients based on certain biomarker measurement. Liu, Jiang & Chen
(2015) propose a local partial linear bootstrap test for the nonlinear treatment-
biomarker interaction for Cox proportional hazards model. When the null hy-
pothesis of a linear interaction is rejected, one strategy of dealing with the non-
linear interaction is through semi-parametric models with a specific interaction
form. Several methods based on biomarker threshold models have been devel-
oped. For example, Subtil & Rabilloud (2014) propose a Bayesian method to
estimate the optimal threshold of a quantitative biomarker for the diagnostic test.
They utilize the Bayesian method to estimate the threshold of a biomarker which
is not normally distributed but follows a Student-t distribution and a mixture of
Dirichlet processes. Spencer et al. (2016) create a design which can learn from

the biomarker and make adjustments on the threshold optimally using the com-
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bination of Bayesian prediction and the generalized linear model. This design
aims to figure out the subpopulation for which the treatment is effective and esti-
mate the threshold parameter. Biomarker threshold models by Chen, Jiang & Tu
(2014) and Fang et al. (2017) are widely used in identifying the optimal cut-off
point for a continuous biomarker, which is often dichotomized using an indica-
tor function. Li & Jin (2018) propose a two-stage procedure for simultaneously
detecting multiple thresholds in the accelerated failure time (AFT) model by the
indicator function. Chen, Li & Chong (2017) propose a method of using an indi-
cator covariate effect for the competing risks model.

Disadvantages of the dichotomization are information loss and a non-
differentiable likelihood function. Because the classical regularity conditions do
not hold for the discontinuous likelihood of a dichotomized threshold function,
it is a challenge to conduct statistical inference on such a model (Pons, 2003).
Furthermore, the derivative of an indicator function is either O or undefined, so a
smooth approximation to the indicator function is often required to maximize the
likelihood function (Seo & Linton, 2007; Lin et al. 2011; He, Lin & Tu, 2018).
In this paper, we investigate the biomarker threshold models for survival data
using the Rectified Linear Unit (ReLLU) function instead of the indicator func-
tion. A rectifier is defined by the positive part of its argument, which has the
advantages of having more biological plausibility and computational efficiency

for modelling the effects of biomarker variables than an indicator (Hahnloser et
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al. 2000). A rectifier can also optimally balance the linear or piece-wise linear
models by the cut-off point. One of the benefits of the ReLU function compared
to the indicator function is that we can quantitatively find the unit-increase effect
of the biomarker above the cut-off point, which could be biologically meaningful
in certain situations. The purpose of this paper is not to show the ReLLU function
is better than the indicator function, but to propose an alternative way to fit the
biomarker model in cases when the ReL U function is more appropriate.

In statistics, a rectifier linear unit is also known as a piece-wise linear function
or continuous threshold function. It is widely used in the literature, such as the
least square regression by Hinkley (1971) and Hansen (2017), and the logistic
regression models by Fong et al. (2016). Several researchers have also worked
on a smooth version of this function called bent cable regression (Chiu, Lock-
hart & Routledge, 2006). Using the rectifier biomarker effect results in a con-
tinuous and piece-wise differentiable likelithood function, therefore, a gradient
descent method can be used directly to obtain the maximum likelihood estimate
without any smooth approximation. Fong et al. (2016) propose two continuous
threshold logistic regression models with the change-point covariate and study
their asymptotic behaviours when the model is misspecified. Since the likelihood
function for the logistic model is well defined, asymptotic results from van der
Vaart (2000) can be applied to their situation directly. Jensen and Liitkebohmert

(2008) propose a Cox model with the ReLU function but with the main effect
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only. However, in this paper, we propose methods which can deal with the main
effects as well as two-way interaction effects.

When the covariate effect does not have a traditional linear combination form,
Prentice & Self (1983) prove the asymptotic results for survival data with the
Cox partial likelihood function and general relative risk form. However, in their
approach, the relative risk function is required to have a smooth second order
derivative. In our model, the gradient descent algorithm can be used to obtain the
maximum likelihood estimator of the continuous biomarker threshold model.
For the gradient descent algorithm, we make use of the results from the profile
likelihood method and the coxph function in R (R, 2020). Our method estimates
the threshold parameter and regression coefficients simultaneously. We further
study the asymptotic properties of the estimation of the proposed model under a
set of new regularity conditions. We demonstrate the limiting distribution (van
der Vaart, 2000) via a local approximation to the partial likelihood function (Luo
& Boyett, 1997) and the counting process formulation (Andersen & Gill, 1982).
When the model is misspecified, we develop the robust estimate for the threshold
parameter and regression coefficients and study their joint asymptotic distribu-

tion.

2. MODEL SPECIFICATION

Let 7; and C; be the failure time and censoring time for a patient ¢ in a study,

respectively. Define 6; = I(71; < C;) as an indicator of the patient’s status. Let
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Yi(t) =1 (Tl > t) be the at-risk status for subject i, where T, = min(7;, C;) is
the observed failure or censoring time. Let W; = (w1, ..., w;,)" be a ¢ x 1
biomarker covariate and Zy; = (2, - . - ,zpi)T be the (p x 1) vector for the rest
of covariates. Here we assume that the biomarker W; is a ¢-dimensional con-
tinuous variable with the probability density function fu (w) > 0 in the param-
eter space (aj,by) X (ag,be) X -+ X (ag,b,) € RI. It is not necessary to have
a threshold model if w; has a discrete distribution (e.g. a binary variable). Here
Z,, is either a time-dependent covariate (e.g. Zy;(t)) or a time-fixed covariate. To
simplify the notation, we omit the notation ¢ and simply use Z;;. We assume that
given covariates W; and Zy;, the censoring time C; and the failure time 7; are
independent. For i = 1,2,... n, (T;,C;, W, Z;) are independent, identically
distributed random variables.

For the covariate-biomarker interaction, let Zy;;, a (p; X 1) covariate vector,
be the subset of Z;; plus the intercept term that interacts with the biomarker
variable w;;, for j = 1,.. ., q. Each Z,;; can be either as simple as just having an
intercept term or containing all the covariates in Z;,. They are not necessarily the
same from one to another. Technically, we can choose the covariates that poten-
tially interact with w;; to be included in Zy;; for each j = 1,..., ¢ based on the
study objectives and the prior knowledge about the interactions. Model selection
techniques can also be used to identify the important interaction covariates. We

denote p* = (p; + - - - + p,) as the total number of interaction terms. To model
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the covariate biomarker interaction using a continuous threshold model, for any

threshold parameter a; < ¢; < b;, we define a ¢ x 1 vector

(Wi, c) = (W; — C)+ = {(wi — 01)+7 ey (wig — Cq)+}Ta

where ¢ = (cy, ..., ¢q) and (w;; — ¢;)* = max(w;; — ¢;,0) is a piece-wise lin-
ear function with the slope change from O to 1 at point ¢; € (a;,b;). This
function is also known as the Rectified Linear Unit (ReLLU) activation func-
tion in the field of artificial neural network and machine learning (Hahnloser,
2000). The covariate-biomarker interaction between Zy;; and w;; is given by
Zyij(wi; —¢;)T for j =1,...,q. Here the main effect of biomarker (w;; — ¢;)"
is expressed as the interaction between the intercept term and the biomarker vari-
able. Let Z; = {Z];, Z3;, (win — 1) ™, ..., Z3, (wig — cg) T} bea (p+p*) x 1
covariate vector and 3 = (a’,~47)T be the regression coefficient, where « is a
p x 1 coefficient for Zy; and where v = (v, ...,v])" is a p* x 1 coefficient
for interaction terms { Zy;;(w;; — ¢;) T }9_,, respectively.

To simplify the notation, we define the following p* x ¢ matrix

Z2i1 0p1><1 ---Op1><1

0p2X1 Z2i2 "'Op2><1
Zy; =

Opyx1 Opyx1 - -+ Zaig
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Then Z,; can be written as { Z%,, (Z;0(W;, ¢))T }. An alternative way to model
the multiple biomarkers W; is the single-index model (He, Lin & Tu, 2018; Car-
roll et al. 1997). With a ¢ x 1 parameter 17 and a single cut-point ¢, we model
©(W;,c) = (nTW; — ¢)*. For the single-index model to be identifiable, we
need a restriction on parameter 1) such as ||n||; = 1, or 7, = 1. With the in-
teraction between the p; x 1 covariate Zo;; and (n” W; — )™, the single-index
model is much simpler (with p 4 p; 4+ ¢ + 1 parameters) compared to the multi-
threshold models (with p + p* 4 ¢ parameters). We show later that the single-
index model can be incorporated into our methodological framework.

Let 8 = (B7,c")T € RP7°+9 (or @ = (a”, 4", n?,c)" € RPPitatl) for
the single-index model) denote the parameter vector to be estimated and 8 to
be the true value of 6. The counting process for survival time 7; is defined as
N;(t) = 0;1(T; < t). The intensity function of a counting process is defined as

A1) = lim P(N;(t + At) —Alt\fi(t) =1| %t—)’
o~

where H,_ is the history of the counting process and covariate process up to
but not including time ¢. The cumulative hazard function is defined as A(t; 0) =
fot A(t; ). Under the assumption of the Cox proportional hazards, we have the

following threshold model for two-way interaction:

A(t;0) = A(t)eP" Zei
(1

=X\ (t)eocTZuJr‘)’TZm‘sO(Wi,C)7
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where Ao (%) is the baseline hazards function and ¢ is a vector of unknown thresh-
old parameters. For example, we can consider a simple situation with interac-
tion between treatment z;; and biomarker w;, while adjusting for the other co-
variates (2o, ..., zpi). Let z;; be a treatment variable with 1 if patient ¢ is as-
signed to the treatment group and O if to the control group. Therefore, we have
Zyi = (210, -, 2p1) " and Zo; = (1, 21;)" (i.e. ¢* = 2 and ¢ = 1) and the regres-
sion parameter 3 = (a,” v7)T = (ay, ..., ap,71,72)" is a vector of the treat-
ment effect a4, the covariate effects (s, .. ., a,), the biomarker main effect
and the treatment-biomarker interaction effect v,, respectively.

For model (1), let (Tl, 0i, Wi, Zy;), 1 =1,2,... n, be the independent, iden-
tically distributed observed data during the study period 7} € (0, 7], where 7 is
the end of the study time. The set of individuals who are “at risk” for failure
at time ¢ is denoted as R(t) = {k : T}, > t}. The partial likelihood function is

defined as:

n T 0;
o) - exp(8 Ze) ,
6) E{ZkeR(ﬁ;) exp(BT Zer) 7 @)

and the corresponding log-likelihood is ¢,,(0) = log(L,,(€)). The profile like-
lihood method is often used to obtain the maximum likelihood estimate for a
threshold model with indicator function biomarker effect /(w;; > ¢;) because
the likelihood function is not continuous (Pons, 2003; Chen, Jiang & Tu, 2014).
The profile likelihood method may not be feasible when the dimension of the

biomarker variable is high. However, the utilization of ReLLU function guarantees
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the continuity of the likelihood function of the proposed model. The property of
continuity provides the possibility to find the maximum likelihood estimators of
the threshold parameter c and regression coefficient 3 simultaneously.

Here we propose a gradient descent method to estimate 6. We first initial-
ize the values for ¢ and 3, then the estimators are obtained when the gradients
converge. To obtain a faster convergence and more accurate estimators, we ini-
tialize 0 generated from the profile likelihood method with a refined line search
of c. In detail, we conduct a refined line search of the threshold which is within
the support of the biomarker in the dataset. For example, when ¢ = 1 with a
one-dimension biomarker variable, for each given ¢, we can obtain maximum
likelihood estimator Bc using the coxph function in the R survival package. The
maximum likelihood estimator of the threshold parameter can be estimated by ¢
which maximizes the profile log-likelihood function ¢,(c) = £, (£, ¢). The par-
tial derivative of /,,(6) with respect to ¢ is a step function and may not be 0
numerically for a given finite sample size n. We stop the gradient descent algo-
rithm when the gradient is small enough (on the order of O(n~1)). The variance-
covariance matrix for the estimated parameter from the gradient descent methods

can be calculated using the asymptotic results from Section 3.

3. ASYMPTOTIC RESULTS

The typical asymptotic distribution for a maximum likelihood estimate based on

a score function with Lipschitz continuity can be found in van der Vaart (2000).
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It shows that the estimator 0 has the following asymptotic normal distribution
n'2(6 — ;) ~ N0, VTV,

when the expected score £(0) = E(9¢/38) is differentiable at 6, and satisfies
the Lipschitz condition. Here V! is the inverse of the expected Hessian ma-
trix at @ = 0, and T is a function of the expected first order derivative with
T = ((6,)((6,). Fong et al. (2016) use this result to prove the asymptotic distri-
bution of logistic regression models with continuous threshold covariate effects.
However, the proof cannot be extended to the Cox proportional hazards model
directly because the partial likelihood function from each individual ¢ includes
contributions from other subjects who are still “at risk™ at time T,.

In this section, we prove the consistency and asymptotic normality of the
maximum likelihood estimate for continuous threshold functions in a Cox model.
Methods from Andersen (1982) and Pons (2003) are adopted to show the asymp-
totic consistency and normality of the maximum likelihood estimate. The main
proof is based on a Taylor-type expansion of the log likelihood function in
Lemma 3 below.

We denote some additional notations and regularity conditions for the proof

of the asymptotic results. The martingale in Andersen et al. (2012) is defined as

Milt) = Ny(t) — Au(t) = Ni(t) — /0 Yi(s) exp(B7 Zai) Mo (s)ds.
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To obtain the partial derivative of the linear predictor ;(0) = 37 Z,; with re-
spect to @, let Z;(0) = { ZL, —~{ Zon I (win > 1), ..., —L Zoigd (wig > cq)}T
be a (p+p*+q) vector with the first (p+ p*) entries as covariate Z;
and the (p+ p*+ 1)th to the (p+ p* + ¢)th entries as the partial deriva-
tive of 7;(@) with respect to ¢, which are well defined when c¢; # w;;
for j=1,...,q. This is different from the indicator function biomarker
model where the partial derivative with respect to c¢; is either O or
undefined, and here we are able to use the gradient descent method
without any smoothing approximation. Let I(W,; > c¢) = diag{I(W;; >
c1),...,[(Wiy; > ¢,)} be a ¢ x ¢ diagonal matrix, then we have Z;(0) =
(ZL,(Zo(W; — )N, (—" ZoL(W; > €))7} Since  —~yTZo, I(W; >
c) = 0ri(0)/0c, we have Z;(0) =0r;(0)/00. If the single-index model
(Wi, c) = (n*W; —c)* is used, we can define Z;(0) = 0r;(0)/00 =
{20, ZE(n™W, = )" AT 2 W I(TW; > ¢), =y Zoi ("W > )}
Let the notations Y (t), Z1, Z;, Z., Z(0),r(0), and T without the subscript
1 be the random variables that generate the corresponding observations. The fol-
lowing regularity conditions are similar to those by Pons (2003) to establish the

asymptotic results for Cox model with change points:

* Cl. There exists a 7 > 0 such that sup,¢(y ,j Ao(t) < oo and P(T' > 7) > 0.
® C2.Foreach j = 1,...,q and any given covariate Z;, the biomarker variable

W; has a continuous conditional density function fyw, z,, (-). Furthermore, for
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w; € v(cy;), a neighbourhood of ¢;, there exist positive numbers 0 < my <
my, such that m; < fw,|z,,(w;) < my, for all Z,;. The conditional density
function will be replaced by f,,ryz,, (-) for the single index model.

* C3.Foreach j =1,...,q, the regression coefficient «,; # 0 to ensure that the
threshold model is identifiable.

* C4. There exists a convex and bounded neighbourhood v(6,) of 8y, such that
~ # 0 forall @ € v(6y) and P(a” Z(0) = 0) = 1 if and only if a = 0 for vec-
tor @ with length (p + p* + ¢). That is, the elements of Z(8) are linearly inde-
pendent and E(Z(0)Z(0)7) is strictly positive definite.

* C5. There exists a convex and bounded neighbourhood of 8y, v(6y), such that

q 2
E Sup){(\|Z1||2+Z||Z2j||2)exp(ﬁTZc)} < 00.

961}(90 j:1

We derive the asymptotic results based on conditions C1-C5 above. It is easy to
check condition C4 as long as elements of covariate vector Z; are not linearly
dependent. Because v # 0 for 8 € v(6y), we have that elements of Z(0) defined
above are not linearly dependent. Here linearly dependent means that at least one
of the covariate can be expressed as a linear combination of the other covariates.
The same statement is also true for a single-index model.

For k =0,1,2,and t € [0, 7], let

k)te ZY ®k 7‘(9)’

DOL The Canadian Journal of Statistics/ La revue canadienne de statistique
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where £%° = 1, %! = x and £%? = ! for any column vector x. For the cor-

responding expected value of each S*)(¢; @) scaled by n, we let
s®)(t;0) = E{Y (t)Z(0)® e"®}, for k =0, 1,2,

where r(0) = 37Z,.. By condition Cl, we have s (t;8) >0 for all t ¢
[0,7] and @ € v(6,). We divide the vector s*)(t;0) into three components:
sg)(t; 0), s.(yl)(t; 0), and sg)(t; 0), which are the first p, the (p + 1)th to (p +
p*)th, and the (p + p* + 1)th to (p + p* + ¢)th elements of the vector, respec-
tively. For a single-index model, we have these three components to be the first
p, the (p + 1)th to (p + p1)th, and the (p + p; + 1)th to (p + p1 + g + 1)th ele-
ments of the vector, respectively. Let s(ﬁl)(t; 0) = (sg)(t; 0), sg,l)(t; 0)). We fur-

ther divide the matrix s(?)(¢; @) into the following blocks:

2) 2 (2

Sa,a Say Sa,e

2 )
5 ,C

sO(t:0) = |0 s s | =
2, o2

2 2) 2
S e SC,’Y SC,C

By the Glivenko-Cantellli theorem (Tucker, 1959), we have the uniform conver-

gence of S*)(t; 9) below.

Lemma 1. Fork =0,1,2, and 0 in a neighbourhood of v(6y),

sup sup
t€[0,7] 6€v(09)

ls(k) (t; 0) — s(k) (t; 0) ' ‘ — 0a.e.

n

The Canadian Journal of Statistics/ La revue canadienne de statistique DOL:
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We work on X,,(0) = 1/n{(,(0) — £,(6)} instead of ¢, (0) because maxi-

mizing /,,(€) with respect to 6 is equivalent to maximizing

©) (..

where 7;(0) — 1;(0y) is defined by

q
(@ — o) Zui+ Y {(vi(wi — )" = o (wig — co;) )" Zags ).
=1
The second term above will be replaced by (y(n'W; — )" — vo(n{ W; —
co)+)TZ2i1 in a single-index model. Using the method in Lemma 2 of Pons

(2003), we have that supgycg | X, (0) — X (0)| converges to zero uniformly in

probability as n — oo, where X (@) is defined as

X(0)=E UO Y(t) {r(@) — 1(8y) — log %} dA(t; eo)} .

When the proportional hazards model is correctly specified, dA(t;0) =
") dAy(t; @). In the appendix, we derive the first order partial derivatives of

X(0) and X,,(0) with respect to 6:

. T s (4
X(0)=0X(0)/060 = E U Y (t) {Z(O) - ﬁ} dA(t; 90)} :

| o fps 3)
X,.(0) = 0X,(0)/00 = n~" Z(s {21(0) - %} .

Theorem 1.  Under regularity conditions CI-C5, X (0) is a locally strictly
concave function within a neighbourhood of 0y. If 6y is unique and
SUDge,(y) X (8) < 00, for 6 that maximizes X,,(0), then 8 converges to 6y in

probability.

DOL: The Canadian Journal of Statistics/ La revue canadienne de statistique
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Proof.  In the appendix, we show that for any 6 in a small neighbourhood
of 8y, X () is a concave function of @ under the similar regularity conditions
of Andersen (1982). When the proportional hazards model is correctly specified,
it is obvious that the function X (0) is maximized at X (6,) = 0. Since X,,(6)
is a continuous function with respect to 6 and converges uniformly to X (),
for all @ that maximizes X,,(6), we have that X () > X (6,) — 0,(1) and that
0 converges to 6 in probability based on Theorem 5.7 of van der Vaart (2000).

To prove the asymptotic normality of n!/ 2(é — 6y), we notice that while
X,,(0) is a continuous function, it does not have a continuous partial deriva-
tive with respect to parameter c¢. However, we show below that X,,(0) has a
Taylor-type expansion similar to a differentiable function. Let fyy |z, (co) define
the ¢ x ¢ diagonal matrix of the conditional probability density function of w;
given Zy;, for j =1, ..., q, with proofs in the appendix, we have Lemma 2 and

Lemma 3.

Lemma 2. Under conditions C1-C3, for any 0 in a neighbourhood of 6, and
linear predictor r;(0) = B Z e, asn — oo, n™t Y " Yi(t)(ri(0) — 1:(6o)) can

be approximated by

n=' YL Vi) {(0 — 600)" Zi(60) + (v — 0)" (= Z2l (Wi > ¢o))(c — co)}

+%(C - CO)TE{Y(t)'YoTzszMQ(Co)}(C —¢p)
4)

The Canadian Journal of Statistics/ La revue canadienne de statistique DOIL:
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with a difference of 0,(||0 — 0y||?) term and S (t,0) — SO (t,0,) can be ap-

proximated by
1
(0 — 60)TSW(t,0,) + 50— 00)7{SP(t,00) + SP*(t,0,)}(8 — 8,) (5

with a difference of 0,(||0 — 0o||?) term, where S@*(t,0y) comes from the sec-
ond order terms in the approximation (4) and is defined in the appendix. Expres-

sion for S®*(t,0,) in a single-index model is also provided in the appendix.

Lemma 3. Forn — oo and V,, =V, +V, 5 defined below, the Taylor-type

expansion of X,,(0) is
. 1
X(6) = (6 — 60) X, (6o) + (6 — 0y) V(6 — 8)" + 0,(]10 — 60]*),
where

1
Vi === {S(T:,00)S(T;, 60) — SUUT;, 00) (T, 80)}/ST:, 0),

Opxp Opxp* Oqu

Viz = Oprxp Opexpr Vinziye 6)
T
qup ‘/n,Q,'y,c V;L,?,c,c

with
Vizme =17 5000 {Yilt) (= Zosl (W; > co)) — S50 (T3, 00)/SO(T;, 60) }

Vn,Q,c,c =nt ZZ i {E(t)’)’f)Z%fW\zgi(Co) - S«S,Zc*(ﬂ, 90)/5(0) (Tz‘, 90)} )

DOL The Canadian Journal of Statistics/ La revue canadienne de statistique



18 S. S. LIU AND B. E. CHEN Vol. xx, No. yy
where fW‘ 7,,(€Co) is a q X q diagonal matrix of the estimated conditional proba-
bility density of W given Z,; and Sﬂ(f?;*(t, 0,), S,(fg* (t,00) are the corresponding

block matrix of S®®*(t,0y) in (5).

Note here that the matrix V;, , reflects the second term of S®*(¢, 8) in Lemma
2. Similar results for V;, 5, , and V;, » ,, - can also be derived for the single-index

model.

Proof.  Since X,,(0) =1/n)_.¢; {ri(ﬂ) —1;(6y) — log %}, the result

of Lemma 3 follows Lemma 2 and the Taylor expansion of
L r—xy  (x— 1)’

T
log(—) = log(1 = - — 20)2).
og(10) = log(1 +T2) = T — o of(a — o))

T — 2o

Since the linear predictor 3" Z,; and function S (¢, ) are not continuously
differentiable with respect to ¢, we cannot use Taylor expansion directly to the
log likelihood function. However, with Lemma 3, X,,(0) admits a Taylor-type
expansion when 0 is close to 8y. The asymptotic variance-covariance matrix
of § depends on the Hessian matrix of X (@), which is twice differentiable. To

obtain the Hessian matrix, we define the following matrix,

v b [ /OTY 0 {5(2)(75; 9)3(0)(25; zg)(_t ;s;?)(;; 6) s (: 9>T} e 90>] |

We can partition matrix V; into blocks of V; g g, Vi g and V) . . the same way

as we partition s(?)(¢; @). With the details of derivations of V; and V5 in the
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appendix, finally we have matrix

V =X(0) |o—g,= Vi + V&,
where X (0) is the Hessian matrix of X (0) and V; has the same structure as
V.2 as in equation (6) with the sample mean replaced by expected value of
Vi4.c and V5 . .. By the law of large numbers and regularity condition C5, V,, ;
and V,, » converge to V; and V5 in probability, respectively. When the model is
correctly specified, by Theorem 1, X (0) is a strictly concave function within a

neighbourhood of 6. Therefore, V' is a non-singular matrix.

Theorem 2.  Under regularity conditions C1 — C5 and the same assumptions

in Theorem 1, let O be the true value of 0, then we have
n'2(6 — 6,) - N0, VTV
in distribution, where T' = {X(O)X(B)T} lo—6,-

The proof of Theorem 2 is similar to that in Theorem 5.23 of van der Vaart
(2000) and we provide the details in the appendix.

When the Cox proportional hazards model A(t; 8) = e"(®) Ay(t; 8) is correctly
specified, for 8 = 0, it is easy to show that Vo , . = Vo, =0and I' = -V
Therefore, the variance-covariance matrix 3 = I'"1. If the model is misspeci-

fied, we have 3 = VIT'V . The estimated information matrix I" is obtained
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by

oo R W7 H A A
%Z/o Yi(t){Zi(O)—W}{Zi(g)_w} e O diy (1),

0) SON(T;, 8)
where Ag(t) = 30, Iy Zyﬁngi(j; 577 is the Breslow’s estimator of the

baseline cumulative hazard function. The matrix V' is estimated by f/}l,l + \7;1,2
with the unknown parameter 6 replaced by the maximum likelihood estimate 6.
Following the same argument of Andersen and Gill (1982), it is straightforward
to show that \/n{Ay(t) — Ag(t)} converges weakly to a zero-mean Gaussian pro-

cess and is asymptotically independent with /7(6 — 6y).

4. SIMULATION STUDIES

In this section, we evaluate performances of the proposed model (1) using sim-
ulated datasets. Different sample sizes n from 200 to 1000 are considered. We
simulate the biomarker variable w; with a normal distribution with mean = 0.2
and standard deviation = 2.0. Subjects are randomly assigned to either the treat-
ment group (z1; = 1) or the control group (z1; = 0) with a Bernoulli distribution
and P(zy; = 1) = 0.5. The survival time 7; has an exponential distribution with

hazard function

h (t) — ho(t)eﬁlZli"l‘ﬁQ(wi_c)++63zli(wi_0)+

%

where the baseline hazard hy(t) = 0.5. For any given cut-point ¢, we have the

covariate vector Z;(c) = {zy;, (w; — €)™, z1;(w; — ¢)T}. Let C; be the random
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censoring time generated from a uniform distribution C; ~ U (0, 5), which gives
a censoring proportion of 30% to 40% in the simulated data. The simulated
dataset contains the censored survival time (7}, d;), treatment covariate z1; and
biomarker covariate w;.

When the model is correctly specified, we consider the following settings of
true values for 8. We let ¢ take values -1.0, -0.5, 0.5, 1.0, and 1.5. For 3, 5, = 0,
(5 takes values 0.6 and 0.8, and [ takes values -0.4, -0.2, and 0.3. To study the
robustness of the proposed model, we further fit model (1) with the simulated
data from h;(t) = ho(t)eZ:#, which contains a misspecified biomarker covariate
effect of w;. That is, for the covariate vector, Z} = {zy;, f(w;), z1:f (w;)}. One
of the misspecified biomarker effects is discussed by a shifted softplus function,

which is a continuous differentiable version of the ReLLU function:

f(w) =0.2log[1 4 exp{5(w + 0.5)}]. (7)

In each combination of these parameter settings, we replicate the simulation 600
times to evaluate the finite sample properties of 8 in the proposed model.

We first check the absolute empirical bias of ¢ versus sample size n when c=-
0.5, 51 = 0, B2 = 0.6, and B3 = —0.4 with 600 replications. The absolute empir-
ical biases are 0.082, 0.023, 0.022, 0.015, and 0.011 for sample sizes 200, 400,
600, 800, and 1000, respectively. It shows that when the sample size increases,
there is an overall decreasing trend, which is within the theoretical expectation

that using a larger sample size reduces the empirical bias of estimation. When
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the sample size reaches around 1000, the empirical bias becomes quite small and
it provides justification to use sample size 1000 in the simulation.

Table 1 gives the empirical bias and standard errors (se; and sesy) of the es-
timation by the proposed gradient descent method. Here, se; is the estimated
standard error based on the proposed model and ses is the empirical standard er-
ror based on the simulation. From the table, we observe these two standard errors
of Bs for each combination of parameters 6 are close to each other. For example,
when ¢ = —0.5, B3 = 0.6, and #3 = —0.4, se; and se; are 0.056 and 0.058 re-
spectively. Similar performances are observed for the other threshold parameters
51, B2 and c.

In terms of empirical bias, for the threshold parameter c, the biases are very
small in all settings we consider, which confirms the conclusion that ¢ is unbiased
and consistent. We also find the biases of 3 are small by the proposed method.
For example, even when the bias of ¢ is 0.021, which is the highest shown in
Table 1, the biases of 31 (0.003), 35 (0.016) and J35 (-0.008) remain very small.
This indicates that our proposed gradient descent method provides unbiased es-
timators of 3. Even when the model is misspecified as a model with the softplus
function, we still have low empirical biases of these estimated 3. The average
of ¢ in the misspecified model is around -0.5, which agrees with f(z3), with a
0.5 unit shifted to the left in the softplus function. This demonstrates that the

proposed method is robust to model misspecification.
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TABLE 1: Empirical biases, estimated standard error (se;) and empirical stan-

dard error (sey) of 6. These results are based on sample size n = 1000, 5, =0

with 600 replications.

B B2 B3 ¢

52 ,63 C 6T 81T BQT BST Sseq S€2 Seq S€2 Seq Seg Seq Se2
06 -04 -1 -3 9 5 20 121 121 42 45 50 52 244 269
06 -04 -05 7 2 8 -4 110 109 48 50 56 58 231 262
06 -04 05 9 0 9 -1 9 101 65 68 74 76 236 273
06 -04 1 -10 3 12 9 92 97 79 91 90 96 253 319
06 -04 15 -2 -2 16 -8 88 87 99 115 112 122 280 324
0.6 -0.2 -1 -12 4 7 -2 111 116 41 44 47 48 213 241
06 -02 -05 1 -2 4 1 103 105 46 48 52 51 203 231
06 -02 05 21 3 16 -8 93 90 62 65 68 68 205 219
06 -02 1 -1 -2 8 0 89 91 75 79 81 82 222 254
06 -02 15 5 -1 18 -5 87 88 93 103 100 110 244 289
06 03 -1 -6 -8 2 3 110 115 38 41 47 48 143 156
06 03 -05 -1 -4 3 2 103 107 42 45 52 54 136 155
06 03 05 -8 -1 1 3 93 94 54 57 67 68 138 156
06 03 1 2 -5 4 3 89 8 65 66 80 78 147 174
06 03 15 11 -6 10 6 86 8 80 83 99 98 161 174
0.8 -04 -1 -3 -4 3 -1 114 117 44 45 49 51 172 195
0.8 -04 -05 2 -2 7 -2 105 104 49 53 54 54 163 182
08 -04 05 -4 1 6 1 94 97 65 65 70 67 166 188
08 -04 1 10 3 13 -6 9 93 79 88 84 87 177 207
08 -04 15 1 0 13 2 87 86 97 108 103 111 196 223
08 -0.2 -1 -6 8 3 2 109 110 42 48 46 46 155 166
08 -02 -05 4 -7 3 2 102 103 47 49 51 50 147 152
08 -02 05 -3 4 6 -2 92 93 62 68 66 67 149 159

0.8 -0.2 1 2 0 9 1 89 90 74 81 79 86 158 173

08 -02 15 9 -1 16 -4 86 90 92 100 97 103 175 198
0.8 03 -1 0 -2 4 1 108 111 40 40 47 48 115 122
08 03 -05 -6 -5 3 0 102 98 44 44 52 49 109 116
08 03 05 0 1 5 3 92 92 57 58 67 66 110 121
08 03 1 3 1 11 -3 89 90 68 72 79 8 116 130
08 03 L5 4 -6 10 10 86 87 82 87 97 102 128 143

Mis ¢

06 -1.0 -514 0 2 9 134 149 47 51 89 97 217 269
0.6 -0.8 -501 -11 5 -7 129 140 48 54 74 82 239 297
06 -0.6 -509  -12 -1 1 121 128 49 52 64 66 248 288
08 -1.0 -516  -10 2 -2 128 136 52 55 75 79 182 214
0.8 -0.8 -511 -3 0 0 120 127 51 57 66 71 186 211
0.8 -0.6 -524 -2 -2 0 113 120 51 59 59 68 180 236

simulation results are multiplied by 103.

+ represents the empirical bias.
DOI:
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Table 2 summarizes the results of the coverage probabilities of the 95%
confidence intervals of @ and the probability of rejecting the null hypothesis
Hy : 83 = 0. Here, hypothesis testing is possible because we set 5 to be 0.6 or
0.8 in our simulation. Therefore, the regularity condition C3 (y = (3, 85)7 # 0)
holds. For the coverage probability of ¢, most of the settings have coverage prob-
abilities around the nominal level of 0.95 despite a few settings having the cov-
erage probabilities lower than 0.90. For example, when 5y = 0.6, 83 = —0.4,
and ¢ = 1.5, the coverage probability of c is 0.88. This may be because at this
value of ¢, most subjects do not have threshold-defined subset effect because
(w—c) <0.

The overall coverage probabilities of 3 are close to the nominal level of 0.95,
which indicates that the estimated standard deviations are appropriate. For the
testing of null hypothesis Hj : 83 = 0, most combinations of the true values un-
der an alternative hypothesis indicate that we have a high probability to reject the
null hypothesis. The proposed method shows that when the absolute value of 33
is small (e.g. 53 = —0.2) and c increases, the power to reject Hy : 53 = 0 drops
quickly. The reason is that when we increase the true value of ¢, the proportion
of 0 in the biomarker covariate (w — ¢) increases.

When the threshold model is misspecified as a softplus function (7), the cov-
erage probabilities for 3 are still around the 95% nominal level. The shifted value

of the softplus function -0.5 is included in all the confidence intervals of c. This
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implies the robust estimation of 8. The power of the test of the null hypothesis
testing 53 = 0 is 1.00 in all the settings.
We further evaluate the empirical bias and standard errors when an indicator

threshold model (Chen, Jiang & Tu, 2014),

h*(t) = hg (t)651Z1i+ﬂ21(wi>c)+ﬂ321i1(wi>C)

is misspecified as a continuous threshold model (Model 1) and a continuous
threshold model is misspecified as an indicator threshold model. The upper half
of Table 3 presents the simulation results in a misspecified model which simu-
lates the biomarker by indicator function but fits the model with ReLLU function.
As the results show, even though the standard errors are relatively small, the bi-
ases of Bg and Bg are quite large in all the settings. Since f3; is the coefficient of
the treatment, which is not restricted by indicator or ReLU functions, the biases
of Bl are small as expected. We utilize the R package bhm (Chen, 2020), which is
the realization of the indicator threshold model defined above. As the lower half
of Table 3 shows, we simulate the biomarker with ReLLU function but fit a naive
model in which an indicator function of the biomarker is exploited. We also find
the same phenomenon of very large biases and relatively low standard errors of
3. Based on the lower half of Table 3, we can conclude that if the biomarker
of the true data has a ReLU shape, then the model with indicator function fails.
Therefore, for a given dataset, whether one shall fit a biomarker threshold model

with an indicator function or a continuous threshold function depends on the
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TABLE 2: Empirical coverage probabilities for parameter 8, 95% confidence

interval of ¢ and power of test of 83 = 0. These results are based on sample size

n = 1000, 5, = 0 with 600 replications.

/82 63 C ¢ 95%0[(0) CP(C) Cp(ﬁl) C’P(ﬂz) Cp(ﬁg) POWGI‘(ﬁg)
06 -04 -1.0 -1.02 (-1.48,-0.53) 0.92 0.95 0.93 0.94 1.00
0.6 -04 -05 -0.53 (-0.95,-0.04) 0.92 0.95 0.95 0.95 1.00
06 -04 05 049 (0.05,0.97) 0.91 0.94 0.96 0.94 1.00
06 -04 10 099 (0.50, 1.49) 0.88 0.95 0.91 0.93 1.00
06 -04 15 147 (0.95,2.05) 0.88 0.96 0.91 0.94 0.98
06 -02 -1.0 -1.00 (-1.43,-0.60) 0.91 0.96 0.94 0.95 0.98
06 -02 -05 -048 (-0.90,-0.10) 0.92 0.96 0.95 0.95 0.97
06 -02 05 049 (0.12,0.92) 0.90 0.95 0.93 0.95 0.85
06 -02 10 098 (0.56, 1.43) 0.90 0.95 0.94 0.94 0.72
06 -02 15 148 (1.03, 1.98) 0.88 0.95 0.93 0.95 0.54
06 03 -1.0 -1.00 (-1.29,-0.73) 0.92 0.93 0.95 0.94 1.00
06 03 -05 -050 (-0.77,-0.24) 0.92 0.96 0.94 0.95 1.00
06 03 05 050 (0.22,0.76) 0.92 0.95 0.96 0.94 1.00
0.6 0.3 1.0 1.00 (0.71, 1.29) 0.94 0.95 0.95 0.95 0.97
0.6 03 1.5 150 (1.20, 1.83) 0.91 0.94 0.93 0.94 0.89
0.8 -04 -1.0 -1.00 (-1.34,-0.67) 0.93 0.97 0.95 0.95 1.00
0.8 -04 -05 -049 (-0.82,-0.18) 0.90 0.94 0.95 0.95 1.00
08 -04 05 050 (0.17, 0.82) 0.92 0.94 0.94 0.94 1.00
08 -04 10 1.00 (0.66, 1.36) 0.92 0.96 0.94 0.96 1.00
08 -04 15 149 (1.12, 1.89) 0.91 0.94 0.92 0.95 0.99
08 -02 -1.0 -1.00 (-1.31,-0.70) 0.92 0.94 0.94 0.94 0.99
0.8 -02 -0.5 -0.50 (-0.78,-0.21) 0.94 0.96 0.95 0.94 0.98
0.8 -02 05 049 (0.21, 0.79) 0.93 0.96 0.93 0.95 0.88
08 -02 1.0 099 (0.69, 1.31) 0.91 0.95 0.92 0.95 0.73
08 -02 15 150 (1.17, 1.85) 0.90 0.95 0.94 0.95 0.57
08 03 -1.0 -1.00 (-1.22,-0.78) 0.94 0.94 0.96 0.94 1.00
0.8 03 -05 -050 (-0.72,-0.29) 0.93 0.96 0.95 0.96 1.00
0.8 03 05 050 (0.28,0.71) 0.93 0.95 0.95 0.96 1.00
0.8 03 1.0 1.00 (0.78, 1.23) 0.94 0.95 0.94 0.95 0.97
0.8 0.3 1.5 149 (1.25,1.75) 0.91 0.93 0.93 0.95 0.89
Misspecified

0.6 -1.0 - -0.51 (-0.94,-0.07) - 0.93 0.93 0.93 1.00
0.6 -0.8 - -0.50 (-0.99,-0.03) - 0.95 0.93 0.94 1.00
0.6 -0.6 - -0.51 (-1.03,-0.03) - 0.93 0.91 0.93 1.00
0.8 -1.0 - -0.52 (-0.87,-0.15) - 0.94 0.93 0.93 1.00
0.8 -0.8 - -0.51 (-0.88,-0.15) - 0.92 0.95 0.94 1.00
0.8 -0.6 - -0.52 (-0.89,-0.18) - 0.94 0.94 0.95 1.00
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TABLE 3: Biases of é, standard error of ,3 and 95% confidence interval of ¢ in
the misspecified and naive models. These results are based on sample size n =

1000, B; = 0 with 600 replications.

B Bs ¢ & B B By ¢ 95%CI(c) SE(B) SE(B2) SE(Bs)

Indicator biomarker, ReLU model fitting

0.6 -02 -1.0 -329 -0.5 -50.4 172  -429.2 (-1016.0, 157.6) 25.1 3.0 4.1
0.6 -02 -0.5 -310 2.0 -48.6 164  -359.8 (-825.8,106.3) 22.7 3.1 42
06 03 -1.0 -354 -1.5 -50.4 -25.3  -454.1 (-938.5,30.2) 26.0 2.8 3.8
0.6 03 -05 -303 -3.7 -49.0 -243  -3529  (-697.6,-8.2) 21.6 2.9 4.0
0.8 -0.2 -1.0 -355 0.7 -67.2 169  -455.0 (-900.4,-9.4) 232 2.8 39
0.8 -02 -05 -307 22 -647 162  -357.0 (-697.0,-16.9) 20.1 3.0 4.0
08 03 -1.0 -355 -1.1 -67.4 -255  -454.6 (-857.6,-51.6) 243 2.8 3.8
0.8 03 -05 -308 -3.6 -653 -244  -358.4 (-608.8, -108.1) 194 29 4.0
ReLU biomarker, indicator model fitting

0.6 -0.2 -1.0 189.9 -69.3 150.9 -27.6 89.9 (83.1,97.1) 8.9 10.3 13.9
0.6 -0.2 -0.5 166.3 -66.6 145.5 -26.4 116.3  (108.5, 124.6) 8.7 10.8 14.5
0.6 0.3 -1.0 182.2 -49.6 141.2 31.0 82.2 (77.5, 87.7) 8.9 10.1 135
0.6 0.3 -0.5 161.3 -52.1 1369 28.2 111.3  (105.6,117.2) 8.5 10.5 14.1
0.8 -0.2 -1.0 186.0 -88.4 185.5 -22.7 86.0 (80.7,91.9) 8.8 104 13.6
0.8 -0.2 -0.5 164.1 -85.9 1794 -21.8 114.1  (108.1, 120.5) 8.5 10.7 14.1
0.8 0.3 -1.0 177.2 -71.0 173.8 25.0 77.2 (73.0, 81.9) 8.8 10.3 134
0.8 0.3 -0.5 156.8 -73.1 169.8 22.1 106.8 (1024, 111.6) 8.5 10.6 13.9

simulation results are multiplied by 102.

+ represents the empirical bias.

functional form of the biomarker effect, which shall be explored carefully.

5. APPLICATION

We use a prostate cancer clinical trial conducted by the second Veterans Admin-
stration Cooperative Urologic Research Group (Byar & Corle, 1977; Andrews

& Herzberg, 1985) to demonstrate the proposed continuous threshold model. In
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this trial, there is a total of n = 505 patients with prostate cancer, in which 128
patients were randomly assigned to receive a placebo (z;; = 0) and 377 patients
to receive a diethylstilbestrol treatment (z1; = 1). The primary outcome for this
trial is overall survival, which measures the time from randomization to the time
of death from any causes. At the end of the study, 355 out of the 505 patients
died and the other 150 patients (30%) were censored. Patients’ statuses repre-
sent that patient 7 has an event (§; = 1) or that patient ¢ is censored (J; = 0).
Serum prostatic acid phosphatase (AP) is a predictive biomarker (Byar & Corle,
1977, Jiang et al., 2007) with values range from 1 to 5960 units. We observe that
the distribution of AP is skewed and apply a log-transformation to scale down
the large tails. The transformed logAP ranges from O to 8.69 units with median
1.95 units and interquartile range from 1.61 to 3.37 units. Gutman, Sproul &
Gutman (1936) observe that serum prostatic acid phosphatase activity is signif-
icantly higher in prostate cancer patients. The primary interest is to identify the
threshold and investigate how the AP biomarker is related to the prostate cancer
patients’ mortality.

For Table 4, (31, 32 and (3 are the coefficients of rectified biomarker, treat-
ment, and the interaction of treatment and rectified biomarker, respectively. The
results of Table 4 indicate that there is a significant subset treatment effect
with the p-value for interaction = 0.005. The parameter 3 is estimated to be

-0.256, with 95% CI [-0.434, -0.078] for the transformed AP biomarker. The
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estimated threshold parameter ¢ is 1.857 (95% CI = [0.513, 3.201]) based on
the log-transformation on the biomarker AP. In its original scale, we have AP =
exp(1.857) = 6.405 (95% CI = [1.670, 24.557]) as the cut-off (threshold effect).
The hazard ratio of treatment is estimated to be HR = exp(/3;) = 1.06 (95% CI:
0.78 to 1.44) for patients with AP less than 6.405. For patients with AP value
greater than 6.405, the hazard ratio of death (diethylstilbestrol versus placebo)
was decreased by (1 — exp(Bg)) x 100% = 22.6% (95% CI: 7.5% to 35.2%),
with each unit increase in the log AP value.

Figure 1 plots the estimated survival curves for four different subgroups by
the Kaplan-Meier method. For the AP biomarker values below 6.405, which in-
cludes about 43% of the patients, the survival function of patients with diethyl-
stilbestrol is similar to those with placebo (Hazard ratio (HR) = 1.09, 95% CI =
[0.76, 1.55], p-value = 0.65). While for biomarker values above 6.405, the treat-
ment benefit depends on the AP value and the hazard ratio is a function of AP:
HR = exp{0.056 — 0.256 x (log(AP) — 1.857)}. On average, for AP > 6.405,
which includes about 57% of the patients, the survival function of patients with
diethylstilbestrol is significantly higher than those with a placebo (HR = 0.73,
95% CI = [0.53, 0.99], p-value = 0.045), which indicates patients benefit more
from the treatment of diethylstilbestrol than a placebo for the large AP biomarker

values.
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FIGURE 1: Estimated survival curves for subgroups. The dark dash and dark
solid lines show the survival functions for patients with treatment of placebo and
diethylstilbestrol (DES) when AP is greater than 6.405, respectively. The light
dash and light solid lines show the survival functions for patients with treatment

of placebo and diethylstilbestrol when AP is less than 6.405, respectively.

To assess the validity of the fitted model, we consider the Cox-Snell residuals
and the Martingale residuals. For the Cox-Snell residual plot, the residuals are
expected to equal the estimated cumulative hazard for each observation. As Fig-
ure 2 shows, there is an overall linear relation between the estimated cumulative

hazards and the residuals, which indicates an excellent overall fitness of the pro-
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TABLE 4: Summary table for model parameter 8 by gradient descent.

Parameter Estimate SE Z value 95% C.1. p-value
B1: (log AP —¢)* 0.351 0.088 4.003 0.179 0.523 < 0.0001
[ : treatment 0.056 0.157 0.359 -0.251 0.363 0.720
Bs : treatmentx (log AP — ¢)* -0.256  0.091 -2.817 -0.434 -0.078 0.005
c : threshold 1.857 0.686 2708 0.513 3.201 -

posed model. For the martingale residuals, the residuals are expected to have zero
mean and range between —oo and 1. In large samples, the martingale residuals
should be approximately uncorrelated. Figure 2 illustrates that the residuals have
mean 0 with all values below 1 and that there are no obvious patterns. Therefore,
the martingale residuals plot also indicates a good model fit.

Moreover, we compare different models by calculating the probability of con-
cordance between the linear predictors and the censored survival time. For the
model with the ReLU threshold effect, we have the concordance probability =
0.57, while for models with indicator function as threshold effect and linear func-
tion without threshold effect, the concordance probabilities are 0.54 and 0.55, re-
spectively. It is reasonable to choose the proposed continuous threshold model,
which gives the highest concordance probability among these three models.

Finally, the indicator threshold model suggests that for AP < 54.05, which
includes 81.8% of the patients, there is no treatment benefit (the hazard ratio =
0.96, 95% CI: [0.74, 1.25]). For patients with AP > 54.05, which includes 18.2%

of the patients, the hazard ratio for the treatment is 0.39 with 95% CI: [0.21,
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0.71]. It may be unethical to treat one patient with AP = 54.06 (HR = 0.39) but
not to treat the other patient with AP = 54.05 (HR = 0.96) because the difference
of the AP value between these two patients is just 0.01. However, in a continuous
threshold model, we do not have to face such a problem. For a patient with AP =
54.05, the HR = 0.61261, and for a patient with AP = 54.06, the HR = 0.61258,
therefore, both patients benefit from the drug. For patients with biomarker value
around the cut-point of a continuous threshold model, we understand that the
benefit is small. In this case, the patients will be recommended to receive the

treatment for the potential benefit if the drug is tolerable with little side effect.

6. DISCUSSION

In this paper, we derive the exact mathematical form of the asymptotic distri-
bution under certain regularity conditions for both correctly specified and mis-
specified multivariable biomarker threshold models when the likelihood func-
tion is not continuously differentiable. Our proposed continuous threshold model
gives guidance on personalized treatment when there is a subset effect in the
biomarker. Our model can be expressed as the Cox hinge and segmented models
as Fong et al. (2016) do in the logistic model. The proof of asymptotic results
provides theoretical justification for the use of deep learning method in Cox
proportional hazards model for survival data (Katzman et al., 2018). We have
made the source code of the proposed method available as part of the biomarker

threshold models R package bhm (https://CRAN.R-project.org/package=bhm
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FIGURE 2: Cox-Snell residuals plot and Martingale residuals plot of the fitted

model.

and https://github.com/statapps/bhm).

We use the shifted softplus function in the misspecified model in numeri-
cal simulations. The softplus function, defined as f(z) = log(1 + exp(x)), is a
similar function to the ReLLU function, and is popular in deep learning as an

activation function. Moreover, the derivative of the softplus function is f'(z) =

e.Z‘

_ 1
eT+1 T 1+e—®?

1.e., the logistic function. Thus, the properties of this continuously
differentiable function in the proportional hazards model may be investigated for

further study. However, the softplus function has no advantage of sparsity in
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high-dimensional model and requires exponential evaluations, which is compu-
tationally expensive. In the future, we may study the trade-off between these
functions to achieve continuous differentiation and computational efficiency.
The regularity conditions require the existence of a change point ¢ and a non-
zero regression coefficient ~ for the ReLU function. It is of interest to test the
hypothesis that either ¢ does not exist or v = 0. Since the model is not identifi-

able under this null hypothesis, this will be an interesting future research topic.
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APPENDIX

Derivation of the first order derivative.  The partial derivative of X (0) with

respect to 3 is

9X(8) (t;

T t;0
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where s(ﬂl)(t; 0) are the first (p + p*) elements of s(!)(¢; @). To obtain the partial

derivative of X (0) with respect to ¢, we rewrite
BY (07 Zo(W ~ 0"} = E(Y (0" 22 | (w ) vz (w)itw).

We then have the following partial derivative

OE{Y (t)(v" Z)(W —¢)*}
Jdc

= —E{Y(O)( Z)I(W > )}
which is a continuous function of ¢. Furthermore, because

E {e"TZZ(W_C)+} = E/ fwiz,(w)dw + E {/ evTZﬂw_C)fWIZJw)dw} 7

we have

050 (t; 0)

o = —E{Y()( Z)e” EIW > o)} = 50 (1:6),

where sg)(t; 0) are the last g elements of sV (¢; @). Therefore, X () is continu-

ously differentiable with respect to c,

i s (t;
/0 Y(t) {_fyTZQI(W >c)— ﬁ} dA(t; 90)] .

)

Overall, the first order partial derivatives of X (0) and X, (@) with respective to

0 are derived as Equations (3). [

Derivation of the Hessian matrix.  For the partition of V; in the main text,

it is obvious that % = Vi is the first (p + p*) X (p + p*) matrix of V.
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Denote the partial derivative of %" (t; @) with respect to 7y as s7, .(¢; ), then

st (t:0) = —E{Y (1) Z:l(W > ¢) (7" Zo(W — ¢)Te"@ 1)}
= s$0(t:0) — E{Y(1)Z,I(W > ¢)e" )} .

The second order partial derivative of X (0) with respect to -y and ¢ is —6;%3) =
T * (¢ (1) (1)
W s e eBO) se (£:0)sy (1:0) .
b /o Yo { 2l W >0 =g T somep [ AER]

which can be written as Vi . + V2 5., Wwhere V) , . is defined as a block of V;

and Vo, . =

5[ ["vio{zrw > o - ETOZIZ O 4y g,

Denote the partial derivative of s&" (¢; ) with respect to c as s7, .(t; 0), then

S5o(t:0) = E[Y ()Y Zo { fw(z,(€) + ¥ ZoI(W > ¢)} " @]
= st (t;0) + E {Y(t)’YTZ2fW|ZQ(C)€T(G)} .

We have that the second order partial derivative with respect to ¢ is

0°X(6) ’ .60 DR\ .
e —F /0 Y(t) {7TZ2fW|Z2<C)_S(O)(t; 5) " 00 dA(t;60) | ,

which can be written as Vi . + V2 ¢, Wwhere V) . . is defined as a block of V;

and Vo .. =
i E(Y ()v" Z>fw|z,(c)e"®)
T . 2 .
p| [y {o* 2wz Lalws (6]
Finally, we have V' = X (0) |9—g,= Vi + V&. |

Proof of Theorem 1. The strict concaveness of X (8) with respect to 8 within

a local neighbourhood of 8, can be proved by showing that the negative Hessian
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matrix is strictly positive definite. When the model is correctly specified, it is
obvious that V, = 0, therefore it is sufficient to show that —V/ is strictly positive

definite.

Denote Z(0) = zg; gz; = E{g {(Q(Zt)(z.)(i,:(; '} then we have

5@ (;0)s) (5:0)—sV) (5:0)sD (0)T _ E{Y()Z()Z(0)Te"®} S in\ ST
(s (;0))? E{Y (t)er @)} — Z(0)Z(0)

_ E{Y($)(Z(6)-Z(6))(Z(6)-Z(6))"e"(®)}
E{Y (t)e"®}

= E{w(Z(6) - Z(0))(Z(6) — Z(6))"}
—V(0),

where V/(0) is the weighted covariance and therefore positive definite with

weight w = % By condition C4, for any vector a # 0, P(a’ Z(0) #

0) = 1, so V(@) must be strictly positive definite, which implies —V is strictly

positive definite.

Proof of Lemma 2.  For each 1 < i < n, we have r;(0) — r;(6) =

(@ — )" Zyi + 7" Zoi(W,; — &) — ) Zai(W; — co)*
= (@ =)' Zii+ (v =) Zoi(Wi — co)" — vy ZoiL(W; > ¢9)(c — )
+70 Zoi{ I(W; > ¢o)(c — eo) + 7" Zoi{ (W, — )" — (W; — o)}
= (0 — 60)" Zi(60) + v ZoAL(W; > o) (c — co) + (W; — ¢)" — (Wi — co)¥)}

+(v" = %) Za{ (Wi — )" — (Wi —co)"}.
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Foreachof j =1, ..., ¢, by simple algebra, we can rewrite (w;; — ¢;)" — (w;; —

coj) T as
—I(wij > coj)(¢; — o) + (¢ — wi {L(wij > coj) — I(wi; > ¢5)}
Therefore, the difference between (7;(8) — ;(8y)) and (8 — 0y)* Z;(8,) is
—(v = 70" Z2:I(W; > ¢o)(c — ¢o)

Yo Zai(c — w ) {I(W; > ¢o) — [(W; > ¢)}
+(v = 70)" Zai(e — w) {I(W; > o) — [(W; > ¢)}.
Since I(w;; > co;) — I(w;; > ¢;) is non-zero only when min(c;, coj) < w;; <

max(c;, ¢o;), the third term above is of the order O,(||v — vol| X ||c — ¢of| x

lle = col]) = 0,(]|@ — Bo||?). By the law of large numbers, we have that

%ZYé(t)ZQij(Cj — wig){I(wi; > o) — I(wij > ¢;)}

2 ¢ — wij L(wi; > coj) — I(wij > ¢;)

1 n
= D Yilt) Zoij(c; — coy)
=1

Cj — COj Cj — C()j

converges in probability to
1 2 2
5 (€ — o) BY (1) Zaj fuy122, (o) } + 0p(lej — co),

where Z; is the random variable that generates the independent identical dis-
tributed observations Z,;;. Taking the average summation, the difference of ap-

proximation (4) is of the same order as a 0,(||@ — 6y||*) term. The approximation
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of SO (t,0) — SO (¢, 0y) can be obtained by applying the Taylor expansion of
i Ty Ty 1
eri(0) _ ori(60) — ori(60) {(T’z’(e) = 1i(60)) + 5 (r:(6) — 7’@'(90))2} +0,(]10 — 6o][).

The additional matrix for the second order term in (5) is defined by .S (2)x (t,00) =

1 n Opxp Opxp* Oqu
n ZYQ(t) Op=xp Op xpr —Zyi I (W; > ¢g) | x e"i(00)
= Ognp —(Zaid (W; > co))” 7gz2ifW|Z2¢(c0)

For a single-index model, using similar method, we can derive the approximation

(5) with the matrix in the above formula replaced by

Opo OpXm Oqu OpXI

Op, xp Opy xp1 Zyy W (ni W, > c) —ZoinI(mg Wi > ¢)
qup ng;lj(ngm > CO) 7gZ2ilmmTfngW|Zgi1 (CO) _nggl’yofngW|Zgi1 (CO)
O1xp —Z%;J(WOT"Vi > ¢) —'YoTZzil"Vinngwwgil(Co) ’7()TZ2i1fngW|zm(Co)

2 consistent, let

Proof of Theorem 2.  For any random sequence 6 that is n'/
a = n'/? (49~ — 6y). Since V,, converges to V' in probability, together with Lemma

3, we have
- . 1
nX,(0) = a"n'?X,(6,) + 5aTva + 0,(1).

Both the maximum likelihood estimate § and 8 = 6, — V' X,,(8,) are n'/

consistent, hence

nX,(0) = a"n'2X,(0;) + 1aTVa + 0,(1),
nX,(0) = —1{n'2X,(00)}"V"{n"2X,(80)} + 0,(1).
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Because § maximizes X,,(8), with a difference of an o0,(1) term, we have
an'?X,(6,) + % 0" Va4 %{nl/QXn(Oo)}TV1{n1/2Xn(90)} + 0,(1) > 0.
Completing the square gives

S VX (00)) V(v X (80) +0,(1) 2 0.

By regularity conditions C3-C4 and Theorem 1, —V is strictly positive-definite,

the quadratic form must converge to 0 in probability. Hence we have
n'2(0 — 6y) = —V"n'/2X,(0y) + 0,(1).

Theorem 2 follows the Martingale central limit theorem of

: — [7 SU(T;, )
12X (0.) = n~1/2 E / Y, 7z 2 Tl g

which follows a normal distribution with mean 0 and variance-covariance matrix

Y=VvIrv-1. |
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