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Abstract

Traditionally, source coding (data compression) and channel coding (error protection) are
performed separately and sequentially, resulting in what we call a tandem (separate) coding
system. In practical implementations, however, tandem coding might involve a large delay
and a high coding/decoding complexity, since one needs to remove the redundancy in the
source coding part and then insert certain redundancy in the channel coding part. On
the other hand, joint source-channel coding (JSCC), which coordinates source and channel
coding or combines them into a single step, may offer substantial improvements over the
tandem coding approach.

This thesis deals with the fundamental Shannon-theoretic limits for a variety of commu-
nication systems via JSCC. More specifically, we investigate the reliability function (which
is the largest rate at which the coding probability of error vanishes exponentially with in-
creasing blocklength) for JSCC for the following discrete-time communication systems: (i)
discrete memoryless systems; (ii) discrete memoryless systems with perfect channel feed-
back; (iii) discrete memoryless systems with source side information; (iv) discrete systems
with Markovian memory; (v) continuous-valued (particularly Gaussian) memoryless sys-
tems; (vi) discrete asymmetric 2-user source-channel systems.

For the above systems, we establish upper and lower bounds for the JSCC reliability
function and we analytically compute these bounds. The conditions for which the upper
and lower bounds coincide are also provided. We show that the conditions are satisfied
for a large class of source-channel systems, and hence exactly determine the reliability

function. We next provide a systematic comparison between the JSCC reliability function
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and the tandem coding reliability function (the reliability function resulting from separate
source and channel coding). We show that the JSCC reliability function is substantially
larger than the tandem coding reliability function for most cases. In particular, the JSCC
reliability function is close to twice as large as the tandem coding reliability function for
many source-channel pairs. This exponent gain provides a theoretical underpinning and
justification for JSCC design as opposed to the widely used tandem coding method, since
JSCC will yield a faster exponential rate of decay for the system error probability and thus
provides substantial reductions in complexity and coding/decoding delay for real-world

communication systems.
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Chapter 1

Introduction

Traditionally, source and channel coding have been treated separately, resulting in what we
call a tandem (or separate) coding system. This is because Shannon in 1948 [83] showed
that separate source and channel coding incurs no loss of optimality (in terms of reliable
transmissibility) provided that the coding blocklength goes to infinity. In practical imple-
mentations, however, there is a price to pay in delay and complexity, for extremely long
blocklength. To begin, we note that joint source-channel coding (JSCC) might be expected
to offer improvements for the combination of a source with significant redundancy and a
channel with significant noise, since, for such a system, tandem coding would involve source
coding to remove redundancy and then channel coding to insert redundancy. It is a natural
conjecture that this is not the most efficient approach (even if the blocklength is allowed to

grow without bound). Indeed, Shannon [83] made this point as follows:

-+ However, any redundancy in the source will usually help if it is utilized at the
recetving point. In particular, if the source already has a certain redundancy and
no attempt is made to eliminate it in matching to the channel, this redundancy
will help combat noise. For example, in a noiseless telegraph channel one could
save about 50% in time by proper encoding of the messages. This is not done
and most of the redundancy of English remains in the channel symbols. This

has the advantage, however, of allowing considerable noise in the channel. A

1



Chapter 1. Introduction 2

sizable fraction of the letters can be received incorrectly and still reconstructed
by the context. In fact this is probably not a bad approximation to the ideal in

many cases - - -

The study of JSCC dates back to as early as the 1960’s. Over the years, many works have
introduced JSCC techniques and illustrated (analytically or numerically) their benefits (in
terms of both performance improvement and increased robustness to variations in channel
noise) over tandem coding for given source and channel conditions and fixed complexity
and/or delay constraints. In JSCC systems, the designs of the source and channel codes
are either well coordinated or combined into a single step. Examples of (both constructive

and theoretical) previous lossless and lossy JSCC investigations include:

1. coding theorems on JSCC and separation principle [24], [36], [42], [46], [49], [50], [95];

2. source codes that are robust against channel errors such as optimal (or sub-optimal)
quantizer design for noisy channels [5], [13], [39], [40], [45], [61], [62], [64], [68], [74],
[89], [90], [93];

3. channel codes that exploit the source’s natural redundancy (if no source coding is

applied) or its residual redundancy (if source coding is applied) [4], [47], [67], [81], [114];

4. zero-redundancy channel codes with optimized codeword assignment for the transmis-

sion of source encoder indices over noisy channels (e.g., [39], [99]);

5. unequal error protection source and channel codes where the rates of the source and
channel codes are adjusted to provide various levels of protection to the source data

depending on its level of importance and the channel conditions (e.g., [51], [71]);

6. uncoded source-channel matching where the source is uncoded, directly matched to

the channel and optimally decoded (e.g., [3], [44], [87], [98]).

The above references are far from exhaustive as the field of JSCC has been quite active,

particularly over the last 20 years.
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In order to learn more about the performance of the best codes as a function of block-
length, much research has focused on the reliability function for source or channel coding
(see, e.g., [19], [32], [42], [57], [66], [97]). Throughout the thesis, the reliability function
refers to either the error exponent of (asymptotically) lossless coding or the excess dis-
tortion exponent of lossy coding. Roughly speaking, the error exponent (respectively, the
excess distortion exponent) F is a number with the property that the probability of de-
coding error (respectively, the probability of exceeding a prescribed distortion level) of a
good code is approximately 27" for codes of large blocklength n. Thus the error exponent
(respectively, the excess distortion exponent) can be used to estimate the trade-off between
probability of error (respectively, probability of excess distortion) and blocklength; in such
way, we can use the reliability function as a tool to compare the performance of tandem
coding and JSCC. While jointly coding the source and channel offers no advantages over
tandem coding in terms of reliable transmissibility of the source over the channel (i.e., for
the case of memoryless systems as well as the wider class of information stable [49] single-
user systems), it is possible that the same error performance can be achieved for smaller
blocklengths via optimal JSCC coding.

The JSCC reliability function has only been partially studied in the past. The first
quantitative result on the JSCC reliability function for communication systems consisting
of a discrete source and a discrete channel was a lower bound on the (lossless) JSCC error
exponent derived in 1964 by Gallager [42, pp. 534-535]. This result also indicates that
JSCC can lead to a larger exponent than the tandem coding exponent, the exponent result-
ing from separately performing and concatenating optimal source and channel coding. In
1980, Csiszar [30] established a lower bound (based on the random-coding channel error ex-
ponent) and an upper bound (in terms of source and channel error exponents) for the JSCC
error exponent for a discrete memoryless source (DMS) and a discrete memoryless channel
(DMC). He pointed out that the bounds are tight for a large class of DMS-DMC pairs,
hence determining the JSCC error exponent exactly. He extended this work in 1982 [31] to
obtain a new expurgated lower bound (based on the expurgated channel exponent) for the

above system under some conditions, and to deal with lossy coding relative to a distortion
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threshold.

In practical applications, however, not just DMS-DMC systems are treated. As most
real-world data sources (e.g., multimedia sources) and communication channels (e.g., wire-
less channels) exhibit statistical dependency or memory, it is of natural interest to study the
JSCC reliability function for systems with memory, since the determination of the reliability
function (or its bounds), particularly in terms of computable parametric expressions, may
lead to the identification of important information-theoretic design criteria for the construc-
tion of powerful JSCC techniques that fully exploit the source-channel memory. In addition,
since there are a lot of real-world communication systems dealing with the compression and
transmission of analog signals instead of digital data, it is natural and important to study
the JSCC reliability function for the transmission of a continuous alphabet source over a
channel with continuous input/output alphabets. For instance, it is of interest to know
the best performance (e.g., excess distortion probability) that a source-channel code can
achieve if a stationary memoryless Gaussian source is coded and transmitted through an
additive white Gaussian noise channel. On the other hand, with the rapid development
of wired and wireless communication networks, increasing attentions are drawn to JSCC
for multi-terminal source-channel systems. Therefore, it is of interest to study the JSCC
reliability function for multi-terminal systems.

Following Csiszér’s work, we study the JSCC reliability function in the thesis for various
single-user source-channel systems and the asymmetric 2-user source-channel system. To
explore the potential advantages of JSCC over traditional tandem coding, we next provide
a systematic comparison between the JSCC reliability function and the tandem coding
reliability function. We demonstrate that JSCC substantially outperforms tandem coding

in terms of reliability function for most source-channel systems.

1.1 General Overview

The structure of the thesis is shown in Fig. 1.1. Each arrow “—” represents a logic flow

from chapter to chapter. Chapters 2 is a review chapter for the known results on the source
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and channel reliability functions. Chapters 3 and 4 provide technical background for the
thesis. Chapter 3 is used for establishing upper and lower bounds for the JSCC reliability
function, and Chapter 4 plays a central role for the analysis of these bounds. Chapters 5,
6, 7, and 8 deal with the JSCC reliability functions for single-user (point-to-point) systems.
More specifically, we study analytical computation of Csiszar’s lower and upper bounds for
the JSCC reliability function for discrete memoryless systems in Chapter 5. Chapter 6 is
an extension of Chapter 5, where the JSCC reliability functions for discrete memoryless
systems with feedback and source side information are investigated. In Chapters 7 and
8, we establish and analyze lower and upper bounds for the JSCC reliability functions
for discrete systems with Markovian memory and memoryless systems with continuous
alphabets, respectively. Chapter 9 deals with the reliability function for multi-terminal
systems consisting of two correlated sources and an asymmetric 2-user channel. In Chapter
10, we study the benefits of JSCC over tandem coding in terms of the reliability function for
the single-user systems treated in Chapters 5—8 and a class of multi-user systems consisting
of two correlated sources and an asymmetric multiple-access channel addressed in Chapter 9.

Chapter 11 is the conclusion chapter.

1.2 Chapter By Chapter Overview

In Chapter 2, we review the basic material regarding the source and channel reliability
functions. The topics covered in Chapter 2 are: source error exponent and source ex-
cess distortion exponent for memoryless sources, channel error exponent with or without
an input cost constraint, random-coding exponent, expurgated exponent, sphere-packing
exponent, and the important bounds for the channel error exponent. In particular, we sep-
arately discuss the source excess distortion exponent under a squared-error distortion for
the memoryless Gaussian source (MGS) and the channel error exponent with a quadratic
power input constraint for the memoryless channel with additive Gaussian noise (which we
refer to as the memoryless Gaussian channel, MGC).

Chapter 3 contains the background on the method of types which will be used to establish
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Chapter 1
Introduction
Fr - = - - - - - - — — — - — — — = — — — — — — — — — A
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| |
| |

Conjugate Functions Markovian Memory Results on Types
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JSCC vs Continuous- Multi-Terminal
Tandem Coding Alphabet Systems Systems
Lo g
Chapter 11
Conclusion

Figure 1.1: Organization of the thesis.

upper and lower bounds for the JSCC reliability function in later chapters. We first go over
the basic definitions and properties of discrete types, joint types and conditional types as
well as the corresponding type classes (type sets). We then develop a generalized joint type

packing lemma. Two continuous type classes, the Gaussian-type class and the Laplacian-
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type class are introduced. Finally, we present type covering lemmas for the discrete type
set, the Gaussian-type class, and the Laplacian-type class.

In Chapter 4, we introduce conjugate functions (which are also called convex/concave
Fenchel transforms, or convex/concave Fenchel-Legendre transforms in the literature) and
the Fenchel duality theorem (which will be used widely in later chapters to obtain equivalent
(dual) forms for the JSCC reliability function). We apply these conjugacy properties on
the source and channel reliability functions, and we show that the source/channel reliability
functions and the corresponding source/channel functions are actually related by pairs of
Fenchel transforms.

In Chapter 5, we examine the computation of Csiszar’s lower and upper bounds for
the JSCC error exponent of a communication system consisting of a DMS and a DMC by
using the results obtained in Chapter 4. For Csiszar’s JSCC random-coding bound and
JSCC sphere-packing bound, we provide equivalent expressions for these bounds which can
be readily computed for arbitrary source-channel pairs via Arimoto’s algorithm. We derive
sufficient and necessary conditions for which the bounds coincide. These conditions are
satisfied by a large class of DMS-DMC pairs, and hence determine the exponent exactly.
When the channel’s distribution satisfies a symmetry property, the bounds admit closed-
form parametric expressions. We also treat Csiszar’s JSCC expurgated bound by using a
similar approach, and we derive a sufficient and necessary condition for which the expur-
gated bound is strictly larger than the JSCC random-coding bound. We then examine this
condition to DMS’s and equidistant channels. Finally, we study the computation of the
JSCC excess distortion exponent under the Hamming distortion measure.

One may ask whether the reliability of transmission of an information source over a
communication channel can be enhanced by feedback of the channel output or side infor-
mation related to the source. In Chapter 6, we study the JSCC error exponent for discrete
memoryless systems with perfect (noiseless and instantaneous) channel output feedback
and source side information (SI) at decoder, respectively. It is seen that feedback does not
affect the reliable transmission region of a DMS over a DMC, i.e., the JSCC theorem is the

same when there is feedback. Nevertheless, we show that feedback can enlarge the JSCC
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error exponent. In particular, we establish upper and lower bounds for the JSCC error
exponent with feedback. A sufficient condition for which the exponent is determined ex-
actly is presented for binary input channels with a symmetric distribution (in the Gallager
sense). By numerically comparing this lower bound with the upper bound for the JSCC
error exponent without feedback, it is demonstrated that the JSCC error exponent can be
obviously increased in the presence of feedback. For the system with source SI at decoder,
we employ the method of types to establish a lower bound for the JSCC error exponent. As
a consequence, a JSCC theorem on the reliable transmissibility of the source over the chan-
nel is obtained. For binary sources and symmetric channels, we derive a sufficient condition
for which the SI at the decoder can strictly improve the JSCC error exponent. Numerical
results show that the availability of the SI at decoder can enlarge the region for reliable
transmissibility and increase the JSCC error exponent for a wide class of source-channel
parameters.

In Chapter 7, we investigate the JSCC error exponent for reliably transmitting a discrete
stationary ergodic Markov (SEM) source over a discrete channel with additive SEM noise
(which is referred to as the SEM channel). We first establish a sphere-packing type upper
bound for the JSCC error exponent in terms of the Rényi entropy rates of the source
and noise processes. We next investigate the analytical computation of the exponent by
comparing our bound with Gallager’s lower bound when the latter one is specialized to
the SEM source-channel system. We also note that both bounds can be represented in
Csiszar’s form, as the minimum of the sum of the source and channel error exponents. It is
seen that the JSCC error exponent can be exactly determined by the two bounds for a large
class of SEM source-channel pairs. As for the discrete memoryless case, a conceptual upper
bound for the JSCC error exponent in terms of SEM source and channel error exponents
is established by using Markov types. This upper bound might not be computable, but
it is useful for the comparison of the JSCC error exponent with the tandem coding error
exponent, which is addressed in Chapter 10.

Chapter 8 deals with the JSCC excess distortion exponent for memoryless communica-

tion systems with continuous alphabets. We first establish upper and lower bounds for the
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JSCC excess distortion exponent for systems consisting of an MGS under the squared-error
distortion fidelity criterion and an MGC with a quadratic power constraint at the channel
input. A sufficient and necessary condition for which the two bounds coincide is provided,
thus exactly determining the exponent. This condition is observed to hold for a wide range
of source-channel parameters. The extension for the bounds to transmitting memoryless
Laplacian sources over the MGC under the magnitude-error distortion is next carried out.
We also establish a lower bound for the JSCC excess distortion exponent for a certain class
of continuous source-channel pairs when the distortion measure is a metric.

In Chapter 9, we study the exponential behavior of the probabilities of error for cer-
tain multi-terminal systems. We consider transmitting two discrete memoryless correlated
sources (CS), consisting of a common and a private source, over a discrete memoryless
multi-terminal channel with two transmitters and two receivers. At the transmitter side,
the common source is observed by both encoders but the private source can only be accessed
by one encoder. At the receiver side, both decoders need to reconstruct the common source,
but only one decoder needs to reconstruct the private source. We hence refer to this system
by the asymmetric 2-user source-channel system. We derive a universally achievable JSCC
error exponent pair for the 2-user system by using the method of types. We next investigate
the largest convergence rate of asymptotic exponential decay of the system (overall) prob-
ability of erroneous transmission, i.e., the system JSCC error exponent. We obtain lower
and upper bounds for the exponent. As a consequence, we establish the JSCC theorem
with single letter characterization and we show that the separation principle holds for the
asymmetric 2-user scenario. We next specialize our results to systems consisting of two
discrete memoryless CS and an asymmetric multiple-access channel (AMAC), and systems
consisting of two discrete memoryless CS and an asymmetric broadcast channel (ABC).
Finally, we evaluate the upper and lower bounds for the system JSCC error exponent for
the CS-AMAC system when the channel admits some symmetric distribution. It is shown
that the upper and lower bounds coincide for many binary CS-AMAC pairs.

The advantage of JSCC over traditional tandem coding in terms of the reliability func-

tion is explored in Chapter 10. We first derive a formula for the tandem coding error
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exponent, which applies if the source and channel are separately coded, for arbitrary dis-
crete systems. We then use our results to provide a systematic comparison between the
JSCC error exponent and the tandem error exponent for discrete memoryless systems and
discrete systems with Markovian memory (SEM systems). It is shown that the JSCC ex-
ponent can at most double the tandem coding exponent. We establish conditions for which
the JSCC exponent is strictly larger than the tandem error exponent. Numerical examples
indicate that the JSCC exponent substantially outperforms the tandem coding exponent
(particularly, the JSCC exponent is close to twice of the tandem coding exponent) for a
large class of DMS-DMC pairs and SEM source-channel pairs. This gain translates into a
power saving larger than 2 dB for a binary source transmitted over additive white Gaussian
noise channels and Rayleigh fading channels with finite output quantization. As an exten-
sion, we show that our formula for tandem exponent remains valid for discrete memoryless
systems with channel output feedback and source SI, and the joint exponent is superior to
the corresponding tandem exponent for many cases. We also establish a formula for the
tandem coding excess distortion exponent for Gaussian systems with squared-error distor-
tion measure. By numerically comparing the lower bound of the joint exponent and the
upper bound of the tandem exponent, it is observed that, as for the discrete systems, JSCC
considerably outperforms tandem coding for many MGS-MGC pairs. For the asymmetric
2-user coding scenario studied in Chapter 9, we derive a formula for the tandem coding
error exponent as for the point-to-point systems. Numerical examples show that for a large
class of systems consisting of two correlated sources and an asymmetric multiple-access
channel with additive noise, the JSCC error exponent, as for the point-to-point systems,
considerably outperforms the corresponding tandem coding error exponent.

Chapter 11 provides a summary of the thesis contributions and contains directions for

future research.



Chapter 2

Preliminaries: Source and Channel

Reliability Functions

This chapter contains basic material on source and channel coding. Fundamental informa-
tion quantities such as entropy and mutual information, and source and channel reliability
functions will be introduced.

In Section 2.1, we first give an overview for the notation and conventions which will
be used throughout the thesis. We introduce the source error exponent and source excess
distortion exponent in Section 2.2. We then address the channel error exponent (with and
without input cost constraints) together with different types of lower and upper bounds in
Section 2.3. As a special case, the excess distortion exponent for the memoryless Gaussian
source (MGS) and the error exponent for the memoryless Gaussian channel (MGC, namely,
a continuous channel with additive memoryless Gaussian noise) is separately treated in

Section 2.4. We finally draw a conclusion in Section 2.5.

2.1 Notation and Conventions

For any finite alphabet X, the set of all probability distributions (probability mass functions

(pmf)) on X is denoted by P(X); for any finite alphabets X', ), the set of all conditional

distributions Vy|x is denoted by P(Y|X’). For any alphabet X and k € N, let the Cartesian
11
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product of k& X’s be denoted by X*. To simplify notation, P(X x Y x X x ) can also be
denoted by P(X? x Y?).

For finite alphabets X, ), Z with joint distribution Pxyz € P(X x )Y x Z), for simplicity
we employ Px, Pxy, Pyzx, etc, to denote the corresponding marginal and conditional
probabilities induced by Pxyz unless otherwise indicated. Conversely, Px Py 7 x denotes a
joint (product) distribution on X x Y x Z with marginal distribution Px and conditional
distribution Py zx.

Given distributions Px and Wy |x, let P)((n) and W}(,@( be their n-dimensional product
distributions; in other words, P)((") (x) =[[;~; Px(z;) and W}(,T;((y]x) = T2, Wy x (wil i),
where x £ (z1,-++,2,) € X" andy = (y1,---,yn) € V" Note that P)(?) (W}(,@() is
different from Pxn (Wyn‘ xn ), where the later denotes a generic probability distribution on
X" (conditional distribution on X" x Y™).

For any finite set X, the size of X is denoted by |X|. The expectation of the random
variable (RV) X under the distribution Px is denoted by Ep, (X) or E(X) if Px is clear
from the context. For a given set A, A° denotes the complement of A. Given a matrix
(vector) A, A! denotes its transposition.

When we say that the probability of some events, say Pr(A), is taken under a pmf
or a probability density function (pdf) Px» on X", this can be interpreted as Pr(A) =
> xn Pxn(x)1{A} or Pr(A) = [, Pxn(x)1{A}dx, respectively, where 1{-} is the indicator
function. By convention, we define throughout the thesis 0log, 0 = 0, logy 0 = —o0, 5 =

+o00 for > 0, and inf{z : © € 0} = 400 unless otherwise indicated, where () denotes the

empty set.

2.2 Source Reliability Function

Let Qg be a (stationary) memoryless source with finite alphabet S and a generic pmf Qg €
P(S). The probability distribution of a k-length source sequence s £ (s1, s, ..., 5;) € S¥ is
given by Qg (s) = Q4 () = [T, @s(s:):
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2.2.1 Error Exponent for DMSs

Given a discrete memoryless source (DMS) @g, the entropy of the source is given by (e.g.,
[29])
Hqye(S) == Qs(s)1ogy Qs(s).

seS

We will simply write the entropy as H(S) if Qg is clear from the context.

sec Sk i€ {1,2,.., My} sesk

Psk

fsk

Figure 2.1: Memoryless source coding system.
A (k, My) block source code for a DMS Qg is a pair of mappings (see Fig. 2.1):
for: S — {1,2, ..., My}

and

wsk 1 11,2, ..., M} — Sk,

The code rate is defined by

1
R, = % logy My, bits/source symbol.

The probability of erroneously reconstructing the source via the (k, M) block source code

(fsks@sk) is given by

PRQs B2 > QP (2.1)
S:S#Spsk(fsk(s))

We refer to Ps(f ) by the probability of error for coding the source Qg.
Shannon’s lossless source coding theorem [32, 83] states that for a DMS Qg, only
Hg(S) + ¢ (¢ > 0) bits per source symbol are needed to encode the source with arbi-

)

trarily small probability of error Ps(f , provided that the blocklength k of encoded source

symbols is allowed to be sufficiently large. The (asymptotically) lossless source coding error
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exponent was developed to determine the asymptotics of the smallest possible probability

of incorrect decoding as a function of the coding rate.

Definition 2.1 For any R > 0, the source error exponent e(R,Qg) of the DMS Qg is
defined as the supremum of the set of all numbers e for which there exists a sequence of

(k, M}) block codes (fsk, psk) with

e < l1m1nf 7z 10g2 *)(Qg, Ry (2.2)
and
R > limsup Ry. (2.3)
k—o0

For probability distributions Ps,Qgs € P(S), denote the Kullback-Leibler divergence

(relative entropy) between Ps and Qg by (e.g., [29])

D(Ps || Qs) =Y Ps(s) Ls(s)

s€eS S(S)
It has been shown in [32,63] by a combinatorial approach (the method of types) that the

source error exponent for a DMS Qg is equal to

minpg. g, (s)>r D(Ps || Qs) if 0 < R <log, S|,

e(R,Qs) = (2.4)

00 if R > log, |S|,
and the above exponent is shown to be universally achievable [32], i.e., (2.4) can be achieved
by a sequence of source codes (fsk, psi) constructed without any knowledge of the source
distribution Q)g. Immediately, it can be verified that e(R, Qg) is zero for 0 < R < Hg(95),
and is strictly increasing, convex and hence continuous in R for Hgy(S) < R < log, |S].

Thus, a precise formula for e(R, Qg) is given by

0 if 0 < R < Hgy(S),
e(R,@s) = minpg.p, 5=k D(Ps | Qs) if Hos(S) < R <log,|S|, (2.5)
00 if R > log, |S].

Furthermore, it has been shown in [19] that e(R, Qgs) given by (2.5) involves an equivalent

parametric form

e(R,Qs) = iglg[pR — Es(p, Qs)], (2.6)
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(2.7)

where
1
Ey(p,Qs) £ (1+p)logy Y Qs(s)™7
seS

is called Gallager’s source function, as the parametric form of e(R, Qg) was first obtained

by Gallager [42] (see also [57]).
2.2.2 Excess Distortion Exponent for Memoryless Sources

Sk x SF is defined as i
d®)(s,s') & Z d(s;, s%)
i=1

Let d : § x§ — [0,00) be a single-letter distortion function. The distortion measure on
for any s £ (s1,...,5;) € S¥,8' £ (5], ..., s;,) € S¥. For RV’s X and Y admitting a joint pmf

i

Pxy (z,y)

Pxy € P(X x Y), the mutual information between X and Y is given by (e.g., [29])
(@) Py (y)

Ipyy (X5Y) = Z Pxy (z,y) logy Py
(z,y)€X XY

The mutual information will be simply written as I(X;Y) if Pxy is clear from the context.

Given a distortion threshold A > 0, the rate-distortion function for the DMS Qg is
(2.8)

given by (e.g., [15])
R(Qg,A) = inf Ioep .9
(@s.4) ! SI\SI]Eil(S,S’)SA s S/‘S(S’ ),

where the infimum is taken over all the conditional distributions Pgg € P(S|S) subject to

Ed(S,S") < A.
A (k, My) block source code for a DMS Qg is a pair of mappings (see Fig. 2.1):

fsk : Sk I {1727 )Mk}

and
osk : {1,2, ..., M} — Sk.

The code rate is defined by
sl :
Ry = —logy My, bits/source symbol.
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The probability of exceeding a given distortion threshold A > 0 for the code (fsk, sk, A)
is given by

PL(Qs, i) & > Q5’6 29
5:d(F) (3,055 (for(s)))>A

Note that if Qg is a pdf on the continuous alphabet S C R, then the summation is replaced
by a proper integration, i.e.,

Pék)(Qs,Rk) £ / ng)(s)ds. (2.10)
S:d(k)(svﬂosk(fsk(s)))>A

We call PXC)(QS, Ry,) the probability of excess distortion for coding the source Qg.

The lossy source coding theorem (e.g., [42]) for a memoryless source Qg states that
only R(Qs,A) + ¢ (¢ > 0) bits per source symbol are needed to reproduce the source
within a distortion threshold A with arbitrarily small probability of exceeding the distortion
threshold A, i.e., Pék)(Qs,Rk) asymptotically vanishes with the coding blocklength. The
source coding excess distortion exponent describes the asymptotic behavior of the smallest

possible probability of excess distortion as a function of the coding rate.

Definition 2.2 For any R > 0 and A > 0, the excess distortion exponent ea(R,Qg) of
the source (Jg is defined as the supremum of the set of all numbers e for which there exists

a sequence of (k, My) block codes (fsk, psk, A) with

1
e < liminf ~Z logsy PXC)(QS, Ry)

k—o0

and

R > limsup Ry.

k—o0
It has been shown in [54,55,108] that the excess distortion exponent for some particular

sources can be expressed in Marton’s form [66]. In other words,

R = F(R A) £ inf D(P. 2.11
ea(R,Qs) (R,Qs,A) porC Aok (Ps || Qs), (2.11)

holds for the following cases:

1. DMS’s with arbitrary distortion measures [66];
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2. Memoryless Gaussian sources (MGS’s) with squared-error distortion measure [54];

3. (Stationary) memoryless sources whose alphabets are complete metric spaces with
a metric distortion measure d(-,-) under the condition that there exists an element

S € S with Eexp[td(s, s,)] < oo for all t € (—o0, +00) [55].

Note that if Pg and Qg are pdf’s on the continuous alphabet S C R such that Pg is
absolutely continuous [53, p. 21] with respect to Qg (denoted by Ps < Qg), then the
Kullback-Leibler divergence D(Pgs || Qs) should be interpreted as

D(Ps || Qs) = /SPS(S) log, gi—((z))ds-

Note also that Cases 2 is not included by Case 3. First, the squared-error distortion is
not a metric; second, the condition with respect to the metric and the source distribution
does not hold for MGS’s with squared-error distortion measure. It follows by definition
that the function F(R,Qg,A) should be an increasing function of R, however, unlike the
source error exponent e(R,Qgs), F(R,Qg,A) is not necessarily convex or even continuous
in R [2,32,66]. In fact, F(R,Qg,A) is an increasing function of R with at most countably
many discontinuities. We do not have a parametric form for F/(R,Qg,A) in general. When
Qs is an MGS with a squared-error distortion measure, the explicit analytical form of

F(R,Qs,A) will be given in Section 2.4.

2.3 Channel Reliability Function

Let Wy |x be a memoryless channel with input and output alphabets & and ) and prob-
ability transition distribution Wy x. If the channel has a continuous output alphabet ),
we only consider continuous channels for which a conditional pdf exists. The conditional
pmf (pdf) of receiving y = (y1,¥2,...,yn) € Y™ at the channel output given that the code-
word x £ (21,22,...,2,) € X" is transmitted is given by Wyn yn (y|x) = W) (yx) =

Y|X
[T Wy x (yils).
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2.3.1 Error Exponent for DMCs

Given a discrete memoryless channel (DMC) Wy |x, the channel capacity is given by (e.g.,

[29])
C(Wyx) = pluax, Ipywy x (X3 Y).
ie{1,2,.., M} F x e X" Wy yey'| e {1,2,..., M}

Figure 2.2: Memoryless channel coding system.

An (n, M) block channel code for a DMC Wy x is a pair of mappings (see Fig. 2.2):
ni {1,200, My} — X"

and
Yen Y —{1,2,...., M, }.

The code rate is defined as
R, = — 10g2 M,, bits/channel use.

The (average) probability and the maximum probability of decoding error for the (fen, ©en)

code are respectively given by

P Wy, Rn) & — Z Z W (7] Fen(3) (2.12)
i=1 j=1,j#iy:pen(y)=3
and
My,
P ceWyix, Ra) 2 max >~ >~ W (vl fen(0)). (2.13)

1<i<My,
J=Lj#iy:0cn(y)=j

We refer to Pe(c" ) by the probability of error and to Py(,fc?x,ec by the maximum probability of
€rror.
By Shannon’s channel coding theorem [29,83], block codes with arbitrarily small prob-

ability of block decoding error exist at any code rate smaller than the channel capacity
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C(Wy|x). Like the source exponent, the channel error exponent is a quantity that de-
scribes the relation between the rate of convergence or decay for the probability of error

and the code rate (specifically for rates less than channel capacity).

Definition 2.3 For any R > 0, the channel error exponent E(R, Wy|x) of the channel
Wy |x is defined as the supremum of the set of all numbers E for which there exists a

sequence of (n, M) block codes (fep, @en) With

1
E < liminf — = logy, P (Wy x, Ry)
n

n—oo

and

R <liminf R,.

n—00

We remark that, by the definition of channel error exponent and an “expurgated code-
book” argument, we can show that the probability of error Pe(c" ) and the maximal probability
of error PT(,ZZ)LQC for channel coding lead to the same channel error exponent [85, p. 416].
Thus, an equivalent definition for the channel error exponent follows if Pe(c" )(Wy| x, Rp) is
replaced by PT%)L@C(Wﬂ x, Rp) in the above.

Like channel capacity C(Wy x), E(R, Wy|x) is a quantity that depends on the channel
characteristics. By definition, E(R, Wy|x) is a non-increasing function in R < C'(Wy|x)
and is zero for R > C(Wy|x), but unlike the source exponent, the error exponent of a DMC
is not known for all R. The most familiar bounds to F(R, Wy x) are the random-coding and
expurgated lower bounds due to Fano (1961) and Gallager (1965), and the sphere-packing
and straight-line upper bounds due to Shannon-Gallager-Berlerkamp (1967) (see [32,42,57]).

We next summarize the random-coding exponent, the expurgated exponent, sphere-packing

exponent, and their corresponding channel functions.

2.3.2 Random-Coding Exponent

For a given DMC Wy |x € P(Y|X) and any R > 0, define the random-coding exponent for
Wy |x by

E.(R, Wy|X) £ Pxnel%)((é\?) E.(R, PX,Wy|X) (2.14)
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where

+
E,(R, Px,Wyx) 2 i D(Vyix | Wy x|Px) + | XY —R( (215
(R.Px W) 2 min DV [ Wyl )+ [Tevas i (67) = B[] (215
where |z|" = max{0,z} and

Vyx (y|x)

D(Vyix || Wyix|Px) = Z Px (z)Vyx (y|r) log, W

(z,y)eX XY
is the Kullback-Leibler divergence between conditional distributions Vyx € P(Y|X) and
Wy x € P(Y|X) conditional on distribution Px € P(X).

It has been shown that E,.(R, Px, Wy x) has the following parametric form (e.g., [32])

ET(R’ Px, WY|X) = Oglggl[EO(% Px, WY|X) - pR]7 (2'16)
where
1 1+p
Eo(p, Px, Wy |x) £ ~logy ) (Z Px<w>W;;';<y|:c>> . p20 (2.17)
yeY \zeX

Thus, the random-coding exponent can also be written by

E(R,Wyx) = 0<3§1[Eo(ﬂ7 Wy|x) — pRl, (2.18)
where
Eo(p, Wy|x) = P Eo(p, Px, Wy|x) (2.19)

is called Gallager’s channel function.

2.3.3 Expurgated Exponent

For a given DMC Wy x € P(Y|X), define a (not necessarily finite-valued) distortion mea-

sure on X x X by

dwy x (z,T) £ —log, Z \/WY\X(yfﬂf)WwX(yﬁ)’
yey

which is called the Bhattacharya distance between two channel input symbols z and Z in

X. For any R > 0, define the expurgated exponent for Wy |x by

E..(R, Wy|X) S Pxnel%)((/’\f) E..(R, Px, Wy|X) (2.20)
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where
Eer(R, Px, Wy |x) 2 min [EdWY‘X(X,f() +Io (X:X)-R|. (221
xx:@x=Qx=Px
I(X;X)<R

It has been shown that Ee.(R, Px, Wy x) admits the following parametric form (e.g.,

[32])
Eer(R, Px,Wy|x) = Slilf[ E.(p, Px,Wy|x) — pR] (2.22)
p>
where
1/p
Eq(p, Px, Wy|x) = —plog, Z Z Px (z)Px (%) Z \/WY|X(?J‘95)WY\X(y’53) ;
TEX TEX yey
(2.23)

p > 1. Thus, the expurgated exponent can also be written by

FEe:(R, WY\X)—SQP[ Ey(p, Wy |x) — pR] (2.24)
p>
where
E.(p, W = E.(p, Px, Wy x). 2.25
(0, Wy |x) plnax. (p, Px, Wy |x) (2.25)

2.3.4 Sphere-Packing Exponent

For a given DMC Wy x € P(Y|X) and any R > 0, define the sphere-packing exponent for

Wy |x by
(R, W, = Eg (R, Px, W 2.26
Esp(R, Wy |x) pluax, »(R, Px, Wy x) (2.26)
where
Eo(R, Px, Wy |x) £ min D(Vyix || Wy x| Px). 9.27
p(R, Px, Wy x) Vot ()< Wix | Wy x|Px) (2.27)

Esp(R, Px,Wy|x) has a similar parametric form as E,.(R, Px, Wy x) (e.g., [32])
Eg(R, Px,Wy|x) = Izlgg[Eo(P, Px,Wy|x) — pR], (2.28)
and hence Ey)(R, Wy |x) can be rewritten by
Fapl(R, Wy ) = maxl o, Wy ) — PP, (229

where E,(p, Px, Wy |x) is defined by (2.17) and E,(p, Wy |x) is Gallager’s channel function
given by (2.19).
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2.3.5 Straight-Line Bound and Relations Between Exponents

First of all, E.(R, Wy|x) and E;(R,Wy|x) provide lower bounds for the channel error
exponent, which are known as the random-coding lower bound and the expurgated lower
bound, respectively, and Eg,(R, Wy x), known as the sphere-packing upper bound, is an

upper bound to the channel error exponent, i.e.,
maX{ET(R, WYIX)a Ee:c(Ra WY\X)} < E(R, WY|X) < Esp(Ra WY\X)-

We point out that the sphere-packing bound Eg, (R, Wy x) is loose for small rates (as R | 0).
In fact, it is shown in [85] that when R approaches 0, the expurgated bound becomes tight,
ie.,

lim E(R, Wy x) = Eor(0, Wy ).
V) (R, Wy|x) (0, Wy x)

Of course this bound is nontrivial only if Ee,(0, Wy |x) < co. Furthermore, the straight line
connecting the point (0, Eez (0, Wy |x)) provided that Ee.(0, Wy|x) < oo and any point on
the sphere-packing exponent (R, E,(R, Wy |x)) is an upper bound to E(R, Wy x). Thus,
let [ be a straight-line passing (0, Ees (0, Wy |x)) which is tangent on Eg,(R, Wy x) at R,

then the exponent

l if 0 < R < Ry,
Eq(R, Wy|x) = (2.30)
Egp(R,Wy|x) if R> R

gives the smallest upper bound. By definition Fg (R, Wy |x) is also a decreasing convex

function of R and we call Eq (R, Wy|x) the straight-line upper bound to E(R, Wy|x).
The functions E,.(R, Px, Wy|x) and Eg, (R, Px, Wy|x) are equal if the maximizing p < 1

in (2.28) or equivalently, if R > Re.(Px, Wy|x), where R..(Px,Wy)x) is the critical rate

of the channel Wy x under distribution Py, defined by

OFE,(p, Px, W
Rer(Px, Wy |x) £ (o, P, Wy x) - (2.31)
ap p:l

For all Py, E.(R, Px,Wy|x) and Eg,(R, Px, Wy|x) vanish for all R > IpXWY‘X(X; Y).

Consequently, their maxima over Py, E.(R,Wy|x) and Eg (R, Wy|x), vanish for R >
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C(Wy|x) and are equal on some interval [R..(Wy|x),C(Wy |x)] where R..(Wy|x) is the

critical rate of the channel and is defined by
Rer(Wy|x) £ inf{R : E.(R, Wy x) = Eg(R, Wy x)}. (2.32)

Furthermore, it is known that Eg,(R, Wy|x) meets E,.(R, Wy|x) on its supporting line of
slope —1 [32, p. 171], which means that E,.(R, WY‘X) is a straight line with slope —1 for
R < Rer(Wy|x) and hence

ET(R, WY|X) = EO(L WY\X) - R, R < RCT(WY|X)- (2-33)

For all Px, the function E.,(R, Px, Wy |x) is a decreasing convex curve with a straight-
line section of slope —1 for R > Re.(Px, Wy |x), and Eex (R, Px, Wy |x) > Er(R, Px, Wy|x)
for R < Rex(Px,Wy|x), where Re.(Px, Wy x) is the “expurgated” rate of the channel

Wy x under distribution Py, defined by

8Ex(p7 Px, WY\X)
dp

Reo(Px, Wy |x) £ (2.34)

p=1
Since the above are satisfied for all Px, we then obtain the following relation between the
two lower bounds: E,.(R, Wy |x) < Eex(R, Wy|x) for R < Rey(Wy|x) and E.(R, Wy x) >

Eexz(R, Wy |x) otherwise, where
Rex(Wy‘X) = mf{R : ET(R, Wy‘X) = Eem(R, Wy|X)} (235)

is the expurgated rate of the channel.

Furthermore, it is known that E.(R, Wy |x) and E,.(R, Wy x) meet their supporting
line of slope —1 (according to the fact that E,(1, Wy |x) = E.(1, Wy x)) [42, p. 154]. This
geometric relation implies that Re.(Wy|x) < Rer(Wy x) and B (R, Wy |x) = Eex (R, Wy |x)

is a straight line in the region [Re.(Wy|x), Rer(Wy|x)]-

2.3.6 Error Exponent for Continuous Channels with Cost Constraints

We assume in this section that the memoryless channel Wy |x has continuous alphabets

X =Y C R, and Wyx is a valid conditional pdf. Given an input cost function g : X —
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[0, 00) such that g(z) = 0 if and only if x = 0, and a constraint £ > 0, the channel capacity

of the continuous memoryless channel Wy |x is given by

CWyx,&) = sup  Ipewy (X3Y). (2.36)
Px:Eg(X)<E
ie{1,2,..., M} 1€ FE|XEAT Wy Y€ 1o e {1,2,..., M}

Figure 2.3: Memoryless channel coding system with cost constraint.
An (n, M,,) block channel code for a continuous memoryless channel Wy |x with an input

cost constraint £ is a pair of mappings (see Fig. 2.3):
ni{1,2,. ., M} — X"

and

Gen Y —{1,2,...., M, },

where f., is subject to an (arithmetic average) cost constraint:

1 n
fon € FE 28 fon - - E g(zj) <& forall x= fe,(i), ie{l,2,....,M,}
Jj=1

The code rate (measured in nats) is defined as
R, 2l ln M,, nats/channel use.

The (average) probability and the maximum probability of decoding error for the (fepn, Yen, E)

code are respectively given by

M, My,
P Wy, R €) 2 Z > WO 3l fnidy. (237
My, i=1 j=1,j#i Yien(y)=J
and
M,
Prnee Wi, Bns £) 2 max > / | WY (Y Fen())dy (2:38)
j=1,j#i Yipen(y)=j
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Definition 2.4 For any R > 0, the channel error exponent E(R, Wy |x, ) of the channel
Wy |x is defined as the supremum of the set of all numbers E for which there exists a

sequence of (n, M,) block codes (fepn, en,E) with

E <liminf —% log, Pe(g)(WY|X7 R, €E)

n—oo
and

R <liminf R,,.

n—00
As in the channel coding case without cost constraint, the probability of error Pe(c" )
and the maximal probability of error PT(rL?LeC yield the same channel error exponent (cf.
[85, p. 416]). Thus, an equivalent definition for the channel error exponent follows if
Pe(?)(Wyp(, R,, &) is replaced by me,ec(Wy‘X, R,, &) in the above.

For the general continuous memoryless channel with an input cost constraint, only a

lower bound for E(R, Wy |x, &) due to Gallager ( [41], [42, Section 7.3]) is known, which we

refer to as Gallager’s random-coding lower bound for the channel error exponent E(R, Wy |x, £),

E(R,Wy|x,€) = E-(R,Wy|x,&) & Oglggl[Eo(P, Wy x,E) — pR, (2.39)
where
Eo(W,E,p) = sup max Fo(p,r, W, Px) (2.40)

Px:Eg(X)<&,Eg(X)3<oo T20
is Gallager’s constrained channel function with

1+p

E,(p,r, Px,Wy|x, &) 2 —111/ [/ PX(x)er(g(x)_g)WY|X(y\$)?1”dx dy,  (241)
x

y
where the supremum in (2.40) is taken over all pdfs Px(x) defined on X" subject to Eg(X) <

£ and Eg(X)? < oco. The constraints are satisfied, for example, when Px is Gaussian
distribution with mean 0 variance £ and g(x) = x?. The integrals should be replaced
with summations if Wy |x is a memoryless channel with discrete alphabets under a cost
constraint. Note that in general we do not have an explicit formula for this bound, because
it is not known whether the supremum in (2.40) is achievable or not, and under what
distribution it is achieved. In particular, when Wy x is the memoryless Gaussian channel

(MGC) with a power cost constraint (g(x) = x2), we have an upper bound for E(R, Wy |x,€)

due to Shannon [84]. We will discuss that bound in detail in the next section.
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2.4 Reliability Functions for MGSs and MGCs

For the sake of convenience, all the logarithms and exponentials used in the section (for
Gaussian systems) are in natural base. Consider an MGS with alphabet S = R, mean zero,

variance 0%, and pdf

1 52
QS(S) = CXPY —5 3 (> s € ‘97
,/27TJ% 205

denoted by Qg ~ N (0, 0%), and an MGC Wy | x with common input, output, and additive
noise alphabets X = Y = Z = R and described by Y; = X; + Z;, where Y;, X; and Z;
are the channel’s output, input and noise symbols at time 7. We assume that X; and Z;
are independent of each other. The noise admits a zero-mean J%-variance Gaussian pdf,
denoted by Pz ~ N (0, O’%) and thus the transition pdf of the channel is given by

52
exp{—ﬂ}, z=y—x € Z.

Wy x (ylz) = Pz(z) =
2770%

We assume the squared-error distortion measure for the source given by d(s,s’) = (s —

s")? for any s, s’ € R and extended for k-tuples as

k
> (si— si)?
i=1

d(k)(s, s') =

| =

for any s,s’ € R*.
Let S =8’ C R and let Pgg be a pdf on continuous alphabet S x S’. Then the mutual

information between RV’s S and S’ is given by (e.g., [29])

Pgg /
IPSS/(S§ S/) = / PSS/(S,S/) In 55 (S’S) dsds/,

SxS’ Ps(s)Psr(s')
or simply written as I(S;S’) if Psg is clear from the context.

Given a distortion threshold A > 0, the rate-distortion function for MGS Qg is given
by (e.g., [42])

, ln§ 0<A<o?,
R(Qs,A) = inf I(S;8) =

(2.42)
P/ g:Ed(S,8") <A

S N

2
o <A
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When 0 < A < 0%, the infimum of (2.42) is achieved by a conditional Gaussian pdf [97]

/ Ug—A 2
* / 1 (8 B O'.%‘ 8)
PS’|S(S ’8) = ﬁexp —W s (243)
27T 52 O'S
95

and hence the marginal pdf of s’ under P*,‘ 5(s]s) is given by

1 s
Pg (s /QS Ps'|s s'|s)ds = om0l — A) T 0Xp {—m} . (2.44)
When Jg < A, trivially, R(Qg,A) can be achieved by setting s’ = 0 and the resulting
marginal distribution of S’ is an identity function.
The excess distortion exponent ea (R, Qg) for the MGS under the squared-error distor-
tion measure admits an explicit formula [54]: for the MGS Qg ~ N(0,0%) and any R > 0,
the excess distortion exponent ea (R, Qg) is determined exactly by F(R,Qg,A) defined in

(2.11), which admits the following parametric form

%<A_§_1n§_§—1> if R> R(Qs,A),

F(R,Qs,A) = 75 (2.45)

0 otherwise,

where 8 = 2%, Note that the function F(R,(Qg,A) might have a jump at R = 0 by
definition. This is not good since we later need to deal with the source exponent as a
convex and continuous function on [0,00). Since ea (R, Qg) is not meaningful at R = 0, we

define a new function F(R,Qg,A) by
F(R,Qs,A) £ F(R,Qs,A) (2.46)
for R > 0, and

L (AQ ~n4 —1) if R(Qs,A) =0,
0 if R(Qs,A) >0,

FG(07 Qs, A) = E%F(Rv Qs, A) = (247)

Consequently, F;(R,Qgs,A) is convex strictly increasing in R € [0,00) and we still have
ean(R, Ps) = Fg(R,Qs,A) for any R > 0. In the sequel, we will refer to Fg(R,Qs,A) as

the MGS exponent.
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Given an input cost function g(x) = 22 (power cost constraint) and a constraint £ > 0,
the channel capacity of MGC Wy x is given by
1
CWyx,€)= sup I(X;Y)=-In(1+SNR), (2.48)
Px:EX2<E 2

where SNR £ £ /0% is the signal-to-noise ratio. It is known that the supremum in (2.48) is

achieved by the Gaussian distribution [29,42]

Pi(z) = — exp{_g}, (2.49)

and the corresponding channel output has the pdf

S SRS SR A
Py(y) = e ol p{ 2(5+0%)}. (2.50)

As mentioned before, the error exponent for the MGC E(R, Wy x, &) is only partially
known. In the last fifty years, the error exponent for the MGC was actively studied and
several lower and upper bounds were established (see, e.g., [12,42,84]). The most familiar
upper bound is obtained by Shannon [84], called the sphere-packing upper bound for the
MGC and given by

SNR

Faolf Wi 8) = S5 ““*“‘”\/”ﬁg_n]

1 SNR(3 — 1) 48
+§ln{ﬁ—7 %er_l”’ (2.51)

2
where 3 = 2, R < C(Wy\x,€). Note that Egs,(R, Wy |x,&) has the following important

>

properties.!

Lemma 2.1 Ez (R, Wy |x,&) is conver strictly decreasing in R < C(Wy|x,E) and vanishes

for R > C(Wy x,&). Furthermore, Eg(R, Wy |x,E) — o0 as R | 0.

'The properties of Esp(R, Wy x, &) were described in Gallager [42, Chapter 7] without a proof.
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Proof: Since E,(R, Wy |x, &) is a differentiable function for R > 0, we have

OEop(R, Wy|x, )
OR
B [-SNRf3? — 4SNRS + SNR? + (SNR + 2) V]
W [28 + SNR3 — SNR — U]
[-SNR?3 — 4SNRS + SNR? + U (SNR + 2)] (28 + SNRS — SNR + ¥)

430
_ 2SNR? — 2SNR?f — 8SNRf + (43 — 2SNR) U
N AR
B SNR 43

R

where 3 = €2/ and

U = /(SNRS — SNR + 43)SNR(S — 1).

SNR 443
1_W<1+\/1+W> <0

R< % In(1 + SNR) = C(Wyx. &),

Now solving

yields

Particularly, we have

. aEsp(Rv WY\X?‘S’) 8Esp(R7 WY|X7£)
lim =0 and m = —o0.

I
R—C(Wy | x,E) OR 1%10 OR

Hence, Eg,(R, Wy |x, ) is a strictly decreasing function in R € (0, C(Wy|x, £)] with a slope

ranging from —oo to 0.

It follows from (2.52) that for R € (0,C(Wy x, )],

0?Egp(R, Wy x, &
p( vix:€) _ SNR . 46
OR? g SNR(G —1)
2
+— ——>0. (2.53)
SNR (ﬁ—1)21/1+m
This demonstrates the (strict) convexity of Egy(R, Wy |x,&). [

For the lower bound, we specialize Gallager’s random-coding lower bound (2.39) (note

that the logarithm and exponential here are in natural base) for the MGC Wy x as follows:
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choosing the channel input distribution Px (x) as the Gaussian distribution Py (z) given in
(2.49), and replacing g(z) by our square cost function z? yield the following lower bound

for Eo(Wy |x, &, p)

Eo(Wyx,E,p) > EO(WY|X7€7p) 2 I}}fgiEO(WY\Xagapy 7, Px)

1
= max {7‘(1 +p)&+ 3 In(1—-2r&)+ gln 1—-2r€+ (2.54)

0<r<1/2€

At
(2.55)

We hereby call EO(WY‘ x,&,p) Gallager’s Gaussian-input channel function. Note also that
Eop(R, Wy |x,E) = I}}gg[—pR + Eo(Wy|x, €, p)],

and the inner function is concave in p. Thus, the random-coding lower bound E,.(R, Wy x, € )

can be further lower bounded by [42, pp. 339-340]

ET(R7 WY\X?‘S’) = 0H<13X [_pR + EO(WY\ngvp)]
<p<1

p
Esp(Ra WY\X; 5)7

1—7+—S§R+%ln(7——81\;R>—I—%IHW—R

0<R< RCT(WY|X)7

where

and

is the critical rate of the MGC (obtained by solving for the R where the straight-line of
slope —1 is tangent to Ei(R, Wy x,£)). It is easy to show that Ei(R, Wy|x,&) is convex
strictly decreasing in 0 < R < C(Wy x, &) with a straight-line section of slope —1 for R <
Rer(Wyx)- It has to be pointed out [42] that E;(R, Wy x, &) is not the real random-coding

bound (as given in (2.39)) for R < R..(Wy|x), but it admits a computable parametric form
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and it coincides with the upper bound Ey,(R, Wy |x, ) for R > R..(Wy|x). Thus, we will
refer to E;j(R, Wy|x,€) as the Gaussian input random-coding exponent, and the channel

coding error exponent E(R, Wy|x,€) is determined for high rates (R > Re,(Wy|x)).?

2.5 Concluding Remarks

In this chapter, we presented the basic material on the source and channel coding reliability
functions for memoryless systems that will be widely used in the thesis. In the fifty-year
development of Shannon theory, the source reliability function has been exactly determined
for DMS’s (in both lossless and lossy coding cases), MGS’s with the squared-error distortion,
and certain memoryless sources with a metric distortion measure under some finiteness
constraints, while the channel error exponent for DMC’s and MGC’s is only known for high
rates. In Chapter 7 we derive a sphere-packing type upper bound for the error exponent
for discrete additive channels with Markovian memory, and in Chapter 8, we determine
the source excess distortion exponent for memoryless Laplacian sources with magnitude
distortion measure.

We note that the the source error exponent for DMS can be expressed in two forms:
the constrained divergence form (2.4) and the parametric form in terms of Gallager’s source
function (2.6). The random-coding exponent and the sphere-packing exponent can also be
expressed in a form in terms of Gallager’s channel function and alternately in a constrained
divergence form. In Chapter 4, we re-examine these exponents, and a conjugacy relation

between these exponents and the corresponding source/channel functions will be illustrated.

*In the recent work of [14], the lower bound E;(R, Wy|x,&) is improved and is shown to be tight in a
interval slightly below the critical rate, i.e., it is shown that the error exponent of the MGC is determined

by E;(R, Wy |x,&) for rates R > Ry and Ri can be less than R.,(Wy|x).



Chapter 3

Background and Fundamental
Results on the Method of Types

This chapter provides a technical background which will be used to establish upper and lower
bounds for the JSCC reliability function (error exponent and excess distortion exponent)
in later chapters.

It is well known that the method of types is a very useful tool in information theory,
particularly in Shannon theory, hypothesis testing and large deviation theory (e.g., [32,33]).
For a DMS Qg € P(S), the type-P class of k-length sequences s £ (sys5---s;) € SF is
the set of sequences that have single-symbol empirical distribution equal to P. Thus, by
partitioning all sequences in S¥ into type classes where the number of distinct classes grows
sub-exponentially with k, the probability of a particular event (the probability of error,
say) can be obtained by summing the probabilities of its intersections with the various type
classes which decay exponentially as the sequence length k approaches infinity [32].

In Section 3.1, we go through the concept of types, joint types, and conditional types
as well as the corresponding type classes for (memoryless) sequences with finite alphabets.
For simplicity, we refer to these type classes of discrete sequences as discrete type classes.
In Section 3.2, we develop a joint type packing lemma for a (2-dimensional) joint type

setting which will be used (in Chapter 9) to establish a lower bound for the JSCC reliability

32
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function. The counterparts of the discrete type class in R* are next investigated in Section
3.3. We first introduce the notion of a Gaussian-type class proposed in [6]. We also propose
a Laplacian-type class. The properties of the two continuous type classes are discussed. In
Section 3.4, we introduce another fundamental lemma on the method of types, the type
covering lemma, for the discrete type class, Gaussian-type class and Laplacian-type class,

respectively. We finally conclude in Section 3.5.

3.1 Types, Joint Types, and Conditional Types

The following notation and conventions are adopted from [30,32]. The type of an n-length

sequence x € X" is the empirical probability distribution Py € P(X) defined by
Al
Px(a) = —N(a|x), aecdk,
n

where N (a|x) is the number of occurrences of a in x. Let P,(X) C P(X) be the collection
of all types of sequences in X". For any Px € P,(X), the set of all x € X" with type Px
is denoted by Tp,, or simply by Tx if Px is understood. We also call Tp, or Tx a type
class.

Similarly, the joint type of n-length sequences x € X™ and y € V" is the empirical joint

probability distribution Py, € P(X x V) defined by
Al
PXY(av b) = EN(C% b|X7Y)7 ((1, b) ceX x).

Let Pp(X x Y) C P(X x )) be the collection of all joint types of sequences in X™ x Y™,
The set of all x € X" and y € V" with joint type Pxy € Pp(X x ) is denoted by Tp,, ,
or simply by Txy.

The conditional type of y € V" given x € Tp, is the empirical conditional probability

distribution Py|x € P(Y|X) defined by

N(a,blx,y)

Py|x(b|a) = N(a|x) )

whenever N (a|x) > 0; otherwise (if N (a|x) = 0) define Py«(bla) =0, (a,b) € X x V.
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Let P, (Y|Px) be the collection of all conditional distributions V4, x which are condi-
tional types of y € " given an x € Tp,. For any conditional type Vy|x € Pn(Y|Px), the
set of all y € Y" for a given x € Tp, satisfying Pyx = Vy|x is denoted by TVY‘X(X), or
simply by Ty|x (x), which is also called a conditional type class (V-shell) with respect to x.

Note that for a given joint type Pxy € Pp(X x V), for any x € Tp,, ']I‘pY‘X(x) ={y:

(x,y) € Tpy, }. Note also that
In addition, we denote

PaIX) 2 ) PaVIPx) S POIY).
Px €Pn(X)
To distinguish between different distributions (or types) defined on the same alphabet,
we use sub-subscripts, say, i, j, in Px;, Px,y;, Tx,y;, and so on. For example, Tx,y; is the
type class of the joint type Py,y; € Pn(X x V). The following facts will be frequently used

throughout the thesis.

Lemma 3.1 [32]
(a) [Pu(X)] < (n+ DX P (VX)) < (n+1)PIXI,
(b) For any Px,Qx € Pn(X), we have
(n+ 1)—‘X‘2nHPX(X) S |Tpx| é 2"HPX(X)’
QY (z) = 27 PPxIQO+HE Ol 4 g e T,
and hence

(¢) For any x € Tpy, y € Ty (x) and Wy x, Vy|x € Pu(V|Px), we have

(n + 1) ey 0 <y () < 9 )

)
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and hence

(n + 1)71¥IVIg=nD(Vyx Wy xIPx) < Wf/&(Tvy\X(m)lw) < 97DV x Wy xIPx)

Proof: (a) is trivial. For (b), we only need to prove the bounds for |Tp,|. For Px € P,(X),
and an n-length sequence x € Tp,, by the definition of type,
P(n H PX N(alx) _ — 9—nHpy (X).
acX

Since each sequence in Tp, are equiprobable, the size of the type class is
[Ty | = P (Tpy )2 (),
The upper bound for |Tp, | is obvious since P&") (Tpy) < 1. If we can show
P (Tpy) > PY(T5,) (3.1)

for any Px € P,(X) which implies that T Py has the largest probability among the |P,,(X)]
types, then by (a),

Py (Tpy) > > (n+1)71¥

1
[Pa(X)] =

and thus the lower bound for |Tp,| is proved. Now we show (3.1). For any Px € Pu(X),

the probability of the type class T Py under the distribution Py is given by

P(N( ‘Tp ‘ P nPX(a — PX nPX(a
o™ = g 11

It follows that

()
Px (Tp, -1 Hoex(nPx(@)! p, a(Pra)-Px (@),
PY(Tpy) ) acx Haea (n PX(@))!

Applying the inequality n!/m! < n"~™ yields

(") (1 p
w < [ nrPx(@=Px(@) — pn(Sacx Pxt@)=Socx Px(@) _ 1,
Px acX

(c) is proved similarly as (b). [
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3.2 A Joint Type Packing Lemma

We generalize Csiszar’s type packing lemma [30, Theorem 5] from a (1-dimensional) single-
letter type setting to a (2-dimensional) joint type setting. This packing lemma will play
a key role in deriving an exponentially achievable upper bound for the probability of erro-
neous transmission for the DMC in Proposition 6.1 and the asymmetric 2-user channel in

Proposition 9.1.

Lemma 3.2 (Joint Type Packing Lemma) Given finite sets A and B, a sequence of pos-
itive integers {my}, and a sequence of positive integers {m!,} associated with every i =
1,2,...,my, for arbitrary (not necessarily distinct) types Pa, € Pp(A) and conditional types
Pp.|a; € Pn(B|Pa,), and positive integers N; and M;j, i = 1,2,...,m, and j = j(i) =

1,2,...,m}, with

% logy N; < Hp, (4) -6, (3.2)
and
%mgQ Myj < Hpy py 14, (BIA) =3, (3.3)
where
= % [!AP\B\Q logs(n + 1) + logy m,, + logQ(mZax mi,) + logy 12| ,
there exist m,, disjoint subsets
Q; = {al(j)}:; CTa, 2 Tp,
such that
Ty, () ()] < N2 7w 440~9] (3.4)

for every i, k,p and Vaa € Py(A|A), with the exception of the case when both i = k and

Vara is the conditional distribution such that Vaa(a'la) is 1 if o’ = a and 0 otherwise;

furthermore, for every 'u,,(f) € Q; and every i, there exist ml, disjoint subsets

i i iy | Mid
s(af)) = {(a). b5}
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such that b,(,{[)l € ']I‘Bj‘Ai(api)) = TPBj‘Ai(U';E)i)) and

Ny
i . —n|Ip, » V.n (A,B;A’,B")—¢
TVA’B’\AB(GI(J)’ bg,t)z) ﬂ U le(al()/)) < NpMy2 [ Pa;B;Varp'|AB L (3.5)
p'=1
)50 A | | 9 (al) |20 1,V BB 1)0)
TVA/B/‘AB(G’I(JZ)7 b](JJ,()j) m U Qil(ap/ ) < lez iy ATBIAB 5 (36)
p'=1

for any i,3,k,l,p,q and Vypap € Pn(A x B|A x B), with the exception of the case when
both i =k, j =1 and Vypap is the conditional distribution such that Vapap(a',b']a,b)

is 1 if (a’',b') = (a,b) and 0 otherwise.

Figure 3.1: A graphical illustration of the (2-dimensional) joint type packing lemma. There
exist disjoint subsets €2;;’s with bounded cardinalities in the “2-dimensional” space A" x B"
such that for any (a,b) € Q;; (say, (a,b) € €1,1), the conditional type class TVA’B’\AB (a,b)
is “almost disjoint” with these subsets (2 ;’s, provided that V4 p/ 4p is not the conditional

distribution such that Va4 prap(a’,b'la,b) = 1 if (a’,b") = (a,b) and 0 otherwise.
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We remark that the assertion of (3.4) is Csiszar’s type packing lemma [30, Theorem 5]
for a single-letter type setting. Roughly and intuitively, if (a,b) is a pair of transmitted
codewords, then the possible sequences decoded as (a,b) can be seen as elements in the
“sphere” Ty, /4B (a,b) “centered” at (a,b) for some V4 p/4p. The packing lemma states
that there exist disjoint sets Qx; = Ug": 1 le(agf)) with bounded cardinalities such that the

size of the intersection between the sphere Ty, , , (a,b) for every (a,b) € Q;; and every

|AB
set (i is “exponentially small” compared with the size of each y;; see Fig. 3.1. So the
packing lemma can be used to prove the existence of good codes that have an exponentially
small probability of error.

Note also that the above extended packing lemma is analogous to, but different from
the one introduced by Korner and Sgarro [60], which is used to prove a lower bound for

the asymmetric broadcast channel coding exponent. Lemma 3.2 here is used for the JSCC

problem.

Proof of Lemma 3.2: Although the result (3.4) of Lemma 3.2 was already shown in [30],
we include its proof here since we need to show that (3.4) holds simultaneously with (3.5)
and (3.6). We employ a random selection argument as used in [30]. For each i = 1,2, ..., m,,,
we randomly generate a set of 2N; sequences (according to a uniform distribution) from
the type class T4, = Tp,,, C & {agi),ag),...,ag}w} C Tg,, ie., each al(,i) is randomly
drawn from the type class T 4, with probability 1/|T4,|, p = 1,2, ...,2N;. Each sets has 2}V;
elements rather than IV; because an expurgate operation will be performed later. Also, we

denote the set C¥ = C;/ {al(,i)}.

Now for each ¢ with associated j = j(i) = 1,2,...,m/_,

we randomly generate 4N;M;;

sequences (according to a uniform distribution)
{bgjl)7 b§]2)7 Tt bg{%M” ? bé]l)7 bé]; ot bé],%M”’ B bé]]\)/'iJ’ bé{f\)fiQ’ ot béﬁ\)fi,QMij }
such that the set

6y 2 {(ob) (o 5) o (a0, )

(a9 %) (5", b) .. (a5, BT, )
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(a5, D5, 1) + (850 DI 2) - (A% BER oar, ) | € T, = Ty o,

In other words, each bgg is drawn from Tp; 4, (a;g,i)) with probability 1/ "]I' B;|A; <a1(,i)> ‘,
q = 1,2,...,M;;, and hence each pair (a,(f),b,(,j[)1> is drawn from Ty4,p; with probability
1/ "]I‘A BJ| Furthermore, we denote the set Cpq £ Ci;/ { (ap , )>} For any 1 < i,k < my,
1<57< mm and 1 <[ < m,m, define

Vi 2 {VA’A € Pu(AlPA) Y Pa(@)Varaa'la) = PAk(a')}
acA

and

Vijk = {VA’B/\AB € Pn (A X B|Pas,) :

Z PAiBj ((1, b)VA’B’|AB(a/7 b,|a7 b) = PAkBl (ala b,) } .
(a,b)eAxB

Based on the above set-up, the following inequalities hold.
1. For any (i,7) # (k,l) and any Vg jap € Vij ki,

E‘TVA’B’\AB < ap ’bgq) ﬂckl‘
E‘ {(p/, 7): ( (’f),b;”q) €Ty pas <a1<j>7bg31)}‘
= avangpe (o 0) € T (o8758)))

(1) ()
‘TVA’B"AB <ap ) bpvq)
T 4,8,

IN

= 4N My

where the above expectation and probability are taken over the uniform distribution

® .0 Va 1
P D opl) ) 2
o < P ) T a5

V 1<k<my,, 1<I<my,, 1<p <N, 1<¢ <My, (38)

and (3.7) follows from the basic facts (Lemma 3.1) that

i nHp o (A’,B"|A,B)
o (80 15| 22710

p’pq
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and that

Ta,p| = (n+1

)_‘AHB‘ZanAkBl (A",B)

40

9

noting that the marginal distribution of Pa,p,Vapjap for RV’s (A', B') is Pa, B,

2. For any (i,7) =

E ‘TVA’B’\AB ( b(]

% pq) ﬂcpq

(k1) and any Vapap € Vijij, likewise,

(AlvBl;AvB)

9

4j(n + 1)MIBIg~ MPA B Varpr B

(3.9)

where the expectation is taken over the uniform distribution ID\” defined by (3.8).

3. For any i and j # [, and any Vap/ap € Vij,i, similarly we have

’ bgq) ﬂ Ci

E ‘TVA’B’\AB ( v

Using the identity

[PAiBjVAB’\AB (A, Bl; A, B)

and assumption (3.2)

< 4AN;M;(n + 1)|A||B|2 MPy B Vap B

(A,B';A,B)

= HPAZ- (A) + [PAiBjVAB’\AB (B/7 B’A)

1
- logy Ni < Hp, (A4) =4,

we obtain another bound

I gt I’
E‘TVA/B/\AB ( 3 b(] )ﬂCl‘ < 4Ml(n+ 1)‘A“B‘2 " Fa, Bj Varp'|aB ’

(B';B|A) (3.10)

where the expectation is taken over the uniform distribution Pi,l-

4. For any 7 and j = [, and any Vg ap € Viji, likewise,

(1) p)

P’Pq

E ‘TVA’B’\AB (

Y18 | < Ay (n -+ )HAIBI T asm, Va2,

(B';B|A) (3.11)

where the expectation is taken over the uniform distribution ]3”

5. For any i # k and any Vy/ 14 € Vi,

E[Tv,,, (af’) (|

IN

IN

El{v ey e, (o)}
2N,Pr {aﬁ” eTv,,, (a}ﬁ)}

Tvy,, (a)

T Ay
2N (n + 1)_|A|2_"IPA1~"A’\A(A,;A),

2N},

(3.12)
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where the above expectation and probability are taken over the uniform distribution

Bo(a®) ém, V 1<k<m, 1<p <N, (3.13)
k

and (3.12) follows from the basic facts (Lemma 3.1) that

and that
[Tay| = (0 + D",
noting that the marginal distribution of Py, V44 for the RV A’ is Py, .
1 | k
6. For any ¢ = k and any V4 € Vi, likewise,

E ‘TVA/\A <a1(>i)> mcf‘ < 2Ng(n + 1)_"4‘2_MPA1'VA"A(AI;A)a

(3.14)
where the expectation is taken over the uniform distribution P; defined in (3.13).
Note also if Varpriap & Vijm

TVA’B’\AB <a1(?i)’ b%%) ﬂckl‘ =0,

and if VA’B’\AB ¢ Vijij

TVA/B’\AB (ag), bl(7{21> mclqu

Therefore, it follows from (3.7) and (3.9) that for any Vy pap € Pn(A x BlA x B),

‘TVA’B’\AB (ap 7qu) nc
AN; M

E ‘TVA’B’\AB (ag 7b§)]q) ﬂckl‘
4N My,

(k,D)#(i,5)

A’ B";A,B
< (maxml,) (n + 1)MAIBI ™" P4, Vs ant !
7

(3.15)

Taking the sum over all Vg pap € Pn(A x B|A x B), and using the fact (Lemma 3.1)
Pu(A x BlA x B)| < (n+ 1)A”B

and |A|%|B|? + |A||B| < 2|A]?|B|?, we obtain

ESY < (n+ 1)2‘A‘2|B|2mn(max my,)
7
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where

(1>

Z o™PaiBVarpr an (4',B%A,B)
VA/B/‘ABG,PH(AXB‘AXB)
‘TVA’B’\AB (aéz)7 bl(?j,f)1> ﬂ Cé‘njq
AN, M;, *

Pq

‘TVA’B’\AB (ag 7b;£z]q) ﬂCkl‘

2 AN M,
(k) A(i.5) S

Immediately, normalizing by 4N;M;; and taking the sum over 1 < i < m,, 1 <j < m/,,

X

1<p<N;,1<¢g< Mij yields

2N; 2M;;

ZZleM Z Z SpE<(n+1) 2lA121B%, (mlaxm 2. (3.16)

=1 j=1

Similarly, it follows from (3.10) and (3.11) that

Mmn zn 2]le

2N;
Pq 2|A|2 |l§’|2 7 \2 2|A|2 |B|2 9
224]\71\4 pz:l ; K < (n+1) (mlaxmm) < (n+1) (maxm n)’s
i=1j

(3.17)

where

1>

K"

oM Pa;B;Varpian (B;B|4)
ij

VA/B/‘AB€P7L(A><B|A><B)

TVA’B’\AB <a1(’i)’bg‘)1> mcz_q ‘TVA’B’\AB (ag ’ pq) ﬂsz

X b
AM,; ; AM;,

and it follows from (3.12) and (3.14) that

2N; 2M;;
ZZ AT D o M ot D e, < (o 1A e
i=1 j=1 p 1 ¢g=1 !
(3.18)

where Lf]q is actually independent of j and ¢ and is given by

Z 9P Vara(A34)
VA/‘AEPn (AlA)

‘TVA/\A gj‘\(l;i)) ﬂczp n Z ‘TVA/\A g?\i)) nck‘

ki
Summing (3.16) (3.17) and (3.18) together, we obtain

(1>

pq  _ p
= L

2N; 2M;;

EZZ 4NM Z Z (Spq i qu) < 3(n + 1) ] (maxmf,)”. - (3.19)

=1 j=1
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Therefore, there exists at least a selection of these sets {C; bt and {Czy }z 7171;7]1 " such

that
1,7L N 2M1]
35" g 2o 0 (S K 1) <l P o,
gt 4NM i = A i

which implies that for all i = 1,2,...,m,, and j = 1,2,...,m/, the following is satisfied

2N; 2M;;
Z Z (s 4+ K20+ L) < 3(n + 12478 2 (max )2 (3.20)

7

4NM

We next proceed the proof with an expurgation argument. Without loss of generality, we

assume
oM, 2M;;
gla 1q 1q §2a 2q 2q
2M ( TR L) < 2M ( TR L) <
1 2MU
2Ni.q 2Niq 2Niq
< I 3 (Sij + KNy L ) ,
q=1
then we must have, for every 1 < p < N;,
1 2M’L’j
LS s K12 < 6+ )P, )
[ —

Similarly, suppose for each p = 1,2,..., N;,

S+ KP4+ P < SPR o KPP L << PN g ey
the above implies that for each p = 1,2, ..., N; and each ¢ = 1,2, ..., M;;,
SPU 4+ KP4+ L2 < 12(n + 1)2AFBF (maxxmf, ). (3.21)

We now let for i = 1,2,....,mp, p = 1,2,,,.,N;, Q; = {agl),ag), ag\i,)} C G, or £

M;
z/{ } C Cp and for j = 1,2,....,m},, ¢ = 1,2,..., M;;, let Q;;(a (Z)) {( ® bg()l)} J1

such that
258 Utald) = {(0-58). (a052) . (0000, ).

(a0,680) (a5, 32) o (a5, ).

(2.6, (80 5) o (a0, ) } <
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and denote also Qf £ Q;;/ { (ap ,bg()l)} C CAf 7. Immediately, it follows from (3.21) that

for every i = 1,2,...,mp, j = 1,2, .. k=1,2,...my, 1 =1,2,...,m), ., p=12.,N;

zn’

q=1,2,...,M;;, and every Vypiap € Pn(A X BJA x B) and Vy/ 4 € Pn(AlA)

‘TVA’B'\AB S\i\;klz’ q) N < 9" :IPAZ-BJ- VA/BWAB(A"B';A’B)_‘;L (k1) # (i,7)3.22)

T G ) LA L) I IR (3.23)
N M, - 7 |

‘TVA/B/‘AB (a;é ,bz(zjq) M P :IPAz.ijA/BqAB(B’;B‘A)“s]7 I+, (3.24)

il

TV s (a5, 050) N QLY < g Ty, Va0 (B 5814) 0] (3.25)
M, - ’ |

Ty (jf) N Q% < 2—n[IpAiVA,‘A(A’;A)—6]7 ki, (3.26)

TV,ya (]a\;(z)) ney . 2—n[IPAiVA,‘A(A,§A)_6]7 (3.27)

where

2
5= ~ [[A]2\6\2 logy(n + 1) + logy my, + logy(max ml,) + logy 12| .

Now we proved the existence of the sets {2; and €);; with elements selected uniformly from
each T4, and Ta,p; satisfying the inequalities (3.22)(3.27) for any Vy/ 4 and Varprap. It
remains to show that these sets are disjoint and have distinct elements provided assumptions
(3.2) and (3.3). Indeed, since (3.26) and (3.27) hold for every Vaia € Pn(AJA), they of
course hold when V4 is a conditional distribution such that V*,| 4(d'la) is 1if o’ = a and

0 otherwise. It then follows from (3.2)
Al|A

1
Elog2Ni<HPAi(A) 6_[PAV/ (A/;A)—5

that ‘TVX’\A (al(f)> ﬂQk‘ = Hal(f)}ﬂQk‘ < 1 or equivalently, {al(f)}ﬂQk‘ = 0, which

means any elements in 2; does not belong to Q; for ¢ # k, i.e., {; and € are disjoint.

Likewise, using assumption (3.2) in (3.27), we see that

Ty (o) N2 = [{a?} Moz =0
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which means that €2; has N; disjoint elements. Similarly, setting V4/p/|4p be the conditional
distribution such that V7, 5, apld,b'a,b) is 1if o’ = a, b’ = b and 0 otherwise, and using
(3.3)
logy My < Hp, p,y , (BIA) ~ 6,

we see that for any a;g,i) € Q, Qij(a;g,i))’s are disjoint and the elements in Qij(a;g,i)) are all
distinct, i.e., ]Q,-j(al(f))] = M;; for every al¥) € Q;. Finally, when V4114 is not the conditional
distribution such that Va/4(a'la) is 1 if o’ = a and 0 otherwise, we can write (3.26) and
(3.27) in the same way as (3.4), and when V4 g/ 4p is not the conditional distribution such
that Vapap(a’,b'|a,b) is 1if o’ = a, V' = b and 0 otherwise, we can write (3.22)(3.23) as

(3.5), and write (3.24)-(3.25) as (3.6), since
‘TVA,‘A (a](f)) m ar

‘TVA’B’\AB (ag), bgt)l) m ij{l

‘TVA’B’\AB (ag), bgt)l) ﬂ ij‘?

)

- ‘TVA'\A <az(9i)> Rl
_ ‘TVA,B,‘AB (ag% b;{g) N

_ ‘TVA,B,‘AB (ag% b;{g) N

)

3.3 Type Classes for Sequences with Continuous Alphabets

Partitioning the sequence space into disjoint type classes (type sets) and analyzing the prob-
ability of a particular event for each single type class is the essential idea of the method
of types. The type and type class defined in the sense of a common composition of single-
symbol frequencies, however, cannot be implemented to sequences with a continuous al-
phabet. In order to apply the method of types to sequences in a continuous space, say
the k-dimensional Euclidean space, we need to find a counterpart to the type classes which
partition the whole space R¥, while keeping an exponentially small probability with respect

to k.
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3.3.1 Gaussian-Type Classes

In [6, Sec. VI. A], a continuous-alphabet analog to the method of types was studied for
the MGS by introducing the notion of Gaussian-type classes. Given o2 > 0 and € € (0, 0?),
the Gaussian-type class, denoted by T¢(c?), is the set of all k-length sequences s € R¥ such
that

|s's — ko?| < ke, (3.28)

where t is the transpose operation. A typical 2-dimensional Gaussian-type class with 02 = 5
and € = 1 is a ring and is shown in Fig. 3.2 (a). Based on a sequence of (appropriate)
positive parameters {02}, say 07 = 5 and 07 = 02 | + 2 for i > 2, the Euclidean space
R” say k = 2, can be partitioned using the sequence of rings given by (3.28) together with
the disc {s : s's < ke}; see Fig. 3.2 (b). Like the discrete type classes, the size (which is
volume here) of a particular Gaussian-type class grows exponentially with the dimension
k, and the probability of each type class defined by (3.28) under a zero-mean Gaussian

distribution decays exponentially in k; see the following lemma.

@ (b)

(o] [e]
S1 S1

Figure 3.2: (a) A typical Gaussian-type class with k = 2, 02 = 5, € = 1; (b) R? is partitioned

by a sequence of Gaussian-type classes.
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Lemma 3.3 [6] Let Vol{A} = Jscads be the volume of set A. For any % >¢> 0, we

have

264 1-57k/2
<1‘%> [2”‘?%6 } < Vol{T*(5%)} < [2me(@® + €)]*/*. (3.29)
€

Furthermore, let Qs ~ N(0,0%) be a Gaussian distribution with mean zero and variance

0%. Then

< _ %) exp {—k: (D(@s I Qs) + CO(E))}

< QY (1(33)

< exp{—k(D@s ]| @s) + ()} (3.30)
where @s «~ N(0, 8%), . .
D(Qs || Qs) = % <Z—§ - 1nz—§ - > (3.31)

is the Kullback-Leibler divergence between the two Gaussian distributions @S and Qg,

1 € €
Co(e) = = <— + ,\—) )
2 U% U%

and

Remark 3.1 Since the exponentially vanishing probability Q(Sk) (T(6%)) does not hold in

general, the Gaussian-type class can only be applied to MGS’s.

Proof: Consider an auxiliary zero-mean Gaussian distribution with variance 3% + €. Then

the upper bound of Vol {T¢(5?)} follows from

t

1 > / ! ke_2(3§+e>ds
{s:|sts—ka\s\§ke}|: 271'(/0\%—1—6)]

_ k((BE+e)

1 552 1o
ke 2(05+6) ds

v

/{s;|sts_kaggke} [

2 (5% + e)]
1 ~
T [2re(d2 + )]’f/zVOl{TE(U%)}'
e O'S €
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To lower bound the volume, consider an auxiliary MGS Qg «~ A/ (0,5%) with k-tuple distri-

bution
~ 1 — s
Q(k)(s) _ e 20%
° [2752] "/
Based on @g, we can bound the probability
1 _ StS
QY (T(%)) = / e ids
o ( ) {s:’sts—k&\s‘gke} [271'/0129]]6/2
1 G )
< / ¢ 2% ds
{s:’sts—k&%‘gke} [271'/0\%]
k/2
1

o~ =2
271'0"%6 75

On the other hand, we can upper bound

~ . ~ 1 R
R GCO I (EN

~4
20

< PR

(3.33)

> <)
~2

where the inequality follows from the Chebychev inequality by noting that E[s?] = 7.
Plugging (3.33) into (3.32) yields the left inequality in (3.29). Similarly, (3.30) follows from

t

1 _s’s

oY (@) - | . — T
(s:[sts—ka%|<ke} [ /27”%}
k(6% —e)
1 _ S
/ 7]96 20% ds
{s:\sts—k&\g\gke}{ 271_02}
Y s
KGR0 [ mo  \qk/2
< ¢ 293 [6(057;6)] (3.34)
I5
and
t
k) (e~ 1 “202
Q(s)(T(O’%)) = / ~ re *7sds
{S:|sts—ko%‘§k€} |: /271'0"%]
1 _k(a§+e)
> / —c 2% ds
{s:|sts—ko%|<ke} { /27”%]
k(E%+e) ~4 ~9 c 1k/2
-—55— 2 1—=
> o <1_L§> [_ T] (3.35)
ke og



3.3. Type Classes for Sequences with Continuous Alphabets 49

where (3.34) and (3.35) follow from (3.29). [ |

3.3.2 Laplacian-Type Classes

Of course, in addition to (3.28), there are other ways to partition the whole Euclidean space
R*. For given a > 0 and 0 < € < «, we define a Laplacian-type class T¢(«) by the set of all

k-vectors s € R¥ such that ‘Zle lsi| — k‘oz‘ < ke, i.e.,

T(a) £ {s :

k
Z|SZ| — ka
i=1

A typical shape of a 2-dimensional Laplacian-type class with a« = 5 and € = 1 is shown in

< k:e} . (3.36)

Fig. 3.3 (a). Based on a sequence of (appropriate) positive parameters {a;}5°,, say oy =5
and a; = a1 + 2 for i > 2, the Euclidean space R¥, say k = 2, can be partitioned using
the sequence of T¢(«) together with the rhombus {s : Zle |si| < ke}; see Fig. 3.3 (b). We
can bound the volume of the Laplacian-type class as for the Gaussian-type class. It turns
out that the probability of a Laplacian-type class vanishes exponentially under a zero-mean
Laplacian distribution. Thus, analogously to the Gaussian-type class, the Laplacian-type

class can be used to deal with memoryless Laplacian sources (MLSs).

Lemma 3.4 For any a > € > 0, we have

{1 - %2} (2ael—§)k < Vol T(@)} < [2e(@ + )]*. (3.37)

Furthermore, let Qg ~ L(0,«) be a Laplacian distribution with mean zero and first moment

a (or variance 2a® equivalently). Then

[1 B ii} exp {4 (D(@Qs || Qs) +Gole) ) }

< QY (T@)
< exp{—k (D(@s || Qs) + () | (3.39)
where
D(Qs || Qs) = g - 1ng -1 (3.39)
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@ S ®

Figure 3.3: (a) A typical Laplacian-type class with k = 2, @ = 5, ¢ = 1; (b) R? is partitioned

by a sequence of Laplacian-type classes.

1s the Kullback-Leibler divergence between the two Laplaxian distributions @5 and Qg,

~ € €
Cole) = o + =,
and
Gole) = —2 “In (1 + é) .
The proof is similar to the last one and is omitted. |

3.4 Type Covering Lemmas for Discrete and Continuous Type

Classes

When we transmit an information source over a noisy or noiseless channel with a fidelity
criterion, we usually expect that the resulting distortion between the original source se-
quence and the recovered sequence is less than some distortion threshold, say A, with a
high probability. To design a code with a small probability of exceeding the distortion A,

we can employ the “A-admissible” quantization approach proposed by Berger [15]. Specifi-
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cally, we first perform vector quantization on each source sequence with quantization error
less than A, then we transmit these quantized discrete sequences (i.e., quantization cells)
and estimate them at the receiver losslessly. The coding scheme will be described in detail
in Chapter 8, where we apply it to obtain an upper bound for the probability of excess
distortion.

In this section, we address the following quantization problem: how many codewords
are needed to ensure that for every source sequence, say s in S¥, there exists a codeword
c with distortion less than A? In other words, from a geometric point of view, how many
k-dimensional balls of size A do we need to at least entirely cover the whole source space
S¥? When S is a finite alphabet, this problem is tackled in [15] by the method of types (also
cf. [32]). Recalling that the source space S¥ can be partitioned by a polynomial number of
different type classes (with respect to k), the following type covering lemma states that, for
each particular type, exponential number of A-size balls (with respect to k) are required to

cover the type class (see Fig. 3.4).

Lemma 3.5 (Covering Lemma for Discrete Type Classes [15,32]) Given pu > 0, for
each sufficiently large k depending only on the distortion measure d(-,-) and p, for every

type class there exists a set Cpy C SF of size
ICps| < exp{k[R(Ps,A) + u]}
such that every sequence s € Tp, is contained, for some cpg € Cpg, in the ball of size A
B(epg, A) & {s d®) (s, cpg) < A} ,
where R(Ps, A) is the rate-distortion function of the DMS Psg.

When § = R, we have similar results for the Gaussian-type and Laplacian-type classes.
The type covering lemma for Gaussian-type classes is proved in [6]. We only give the proof

for the type covering lemma for Laplacian-type classes.
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Figure 3.4: A graphical illustration of the type covering lemma. We need at least

~ exp{kR(Ps,A)} k-dimensional balls of size A to entirely cover the type class Tp;.

Lemma 3.6 (Covering Lemma for Gaussian-Type Classes [6]) Given 0% > A and

w >0, for sufficiently small € and for sufficiently large k, there exists a set C C RF of size

with

IC| < exp{k[R(Ps,A) + (3(€)] + p}
Cs(e)zéln = +2e+21In

[ A
(\/Z_E)2_€A<1+4\/%> 1+6<1+4 70%—A>

such that every sequence s € TE(U%) s contained, for some ¢ € C, in the ball of size A

k
D (si—e)? < A} :
=1

where R(Ps, A) is the rate-distortion function of MGS Ps ~ N(0,0%).

e

B(e,A) = {s:
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Lemma 3.7 (Covering Lemma for Laplacian-Type Classes) Given o > A and pu >
0, for sufficiently small ¢ and for sufficiently large k, there exists a set C C RF of size
€ < exp{k[R(Ps, A) + Ca(€)] + i} with

2ce

a—A+6>+(a—A+e)(A—e)

Cs(e) =In AA_ - +1n <1 +

such that every sequence in T¢(c) is contained, for some ¢ € C, in the ball (cube)

k
B(e,A) 2 {s: %Zm—m §A}

i=1

of size A, where R(Pg,A) is the rate distortion function of Laplacian source Ps «~ L(0, ).

Proof: Before we proceed with the proof, we introduce a “shifted” Laplacian-type class.

§k‘e}.

Clearly, T¢(a|s*) is a shifted set generated from T¢(«) and by Lemma 3.4

Given a sequence s* = (s - - s}), denote

k
Z|si—s;k|—k‘oz

1=1

T¢(als*) £ {s :

Vol{T(a|s*)} = Vol{T(a)} > [1 - ]j‘—;] <2ael_§>k

We start by assuming that o > A since when a < A the type class T¢(«) is covered by
the ball B(0,A) for € sufficiently small (e < A — ), i.e., for & < A and for e < A — « there
exists a code with size |C| = 1 that covers T¢(«).

Construct a grid X (8) of all vectors in the Euclidean space RF whose components are
integer multiples of § for some small 0 < § < A (we set § = € in the following) and
consider the k-dimensional balls of size ¢, centered at the grid points. Now we randomly
(independently) choose M vectors ¢V, ..., c™) in the set T¢ (o — (A — §)) according to the
uniform pdf P(c) £ 1/Vol {T¢(a — (A — 6))}, where £ £ [1 +(1- HV] e and

«

exp {K[R(Ps, )+ Ga(e)] + 5 } < M < exp {k[R(P5, &) +Gale)] + 11} (3.40)

Define the set U(A) by

k
U(A) = seTf(a)ﬂX(é): Z\sj—cy)\>A—5, foralli=1,2,...,. M
j=1
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Clearly, U(A) is a set of all grid points in set T¢(«) which are not covered by the codewords
in C £ {cW,...,c™M} of size M within distortion threshold A — §. Now if we can show
that Ep|U(A)| < 1, where the expectation is taken under the uniform distribution P(c),
then there must exist a code for which U(A) is empty. For such code C, U(A) is covered
by the union of cubes B (c(i),A — 5), i = 1,2,...., M, which then implies that, T¢(«) is
entirely covered by the union of cubes B (c(i), A). According to the above random selection
assumption,

M
Ep|U(A)| = Ep 1
se€Te(a) N X (8) i=1

Z|8j—c§i)|>A—5

i=1

| =

k
- ¥ H1— c(i):%2|sj—c§i)|§A—5 . (341
=1

se€T<¢(a) N X (8)

Now for each s € T¢(«), we consider the auxiliary set T¢ <D L (1- §)2 s) where

DE2A-§<a. Itisseenthat’]l“ﬁ(D—’%2

(1- %)2s> C T¢(a — D) since

k<1—§>2(a+e)+k<D—D§>+k‘e=k‘(a—D+£)

and

k<yl§2@_q—k@wff)—mzua—D—&

« «

and similarly it can be readily checked that for any s € T¢(«)

D? D\? 1 0
T™({D—-—|(1-—— — <D
( « < oz) S> l{:z:: <

Since the codewords are distributed uniformly in T¢(a — D), applying Lemma 3.4 and

recalling that § = € we have

Vol {re (D2 |(1-2)*s)}

k
Z:: | sDbp 2 Vol {T¢(a — D)}

V

wlw

> exp {—k‘ [ln% + 54(6)} + o(k‘)} , (3.42)

where
€ fa
a— D> T Dla-D)

&@=—mA_€+mQ+ _ G

A
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and o(k) = In [1 — D_k?;/a]. Substituting (3.42) into (3.41) yields

Ep|U(A)]

IN

() (VX @) [1 —exp { & [m & + &a(e)] + o)} Y (343)

< [%} ' exp {—M exp {—k: [ln % + 44(6)] + O(k:)}} , (3.44)

where (3.43) holds since each codeword is independently selected and (3.44) follows from
the inequality (1 —z) < e~M? and the fact that the number of balls in T¢(c) is bounded
by the ratio between the volumes of T¢(«) and of a ball §¥. From (3.44) we note that
for sufficiently small ¢ (e < D — D?/a), § = ¢, and any given p > 0, there exists a set
of codewords with size M of exponential order exp{k[In(a/A) + (4(€)] + pu} (see (3.40))
such that |U(A)| = 0 as k goes to infinity, which means that there exists a code of such

exponential size covering T¢(«) within distortion A for sufficiently large k. |

3.5 Concluding Remarks

In this chapter we established some necessary background on the method of types. We
reviewed the properties of classical discrete types and type classes, and we introduced
two continuous type classes: the Gaussian-type class and the Laplacian type class. The
important feature of the Gaussian-type class (Laplacian-type class) is that the volume
of each type class is exponentially large, while the probability of each type class under
a Gaussian (Laplacian) product distribution is exponentially small. A generalized joint
type packing lemma was developed, which will be used to upper bound the probability of
error for coding DMS’s over DMC’s and 2-user asymmetric channels in Chapters 6 and 9,
respectively. We also summarized different versions of type covering lemmas, which will be
used to bound the size of a quantization codebook in a “A-admissible” coding scheme in
Chapter 8. We remark that except for the packing lemma and the covering lemma, the
method of types will be frequently used throughout Chapters 6-9. Markov types will be

further discussed in Chapter 7.



Chapter 4

Conjugate Functions: Fenchel

Transforms

In this chapter, we introduce conjugate convex/concave functions and study their applica-
tions to source and channel reliability functions. An important duality result, called Fenchel
duality theorem, is presented.

In Sections 4.1, we introduce conjugate convex/concave functions (which are also called
convex/concave Fenchel transforms, or convex/concave Fenchel-Legendre transforms in the
literature) and we present the Fenchel duality theorem regarding the optimization of the
sum of two convex (not necessarily differentiable) functions, which will be widely used in
the following chapters. In Section 4.2, we recast the source and channel reliability functions
introduced in Chapter 2 and derive their conjugate functions. Several pairs of Fenchel

transforms are revealed. We finally state concluding remarks in Section 4.3.

4.1 Conjugate Functions and Fenchel Duality Theorem

For any function f defined on F' C R, define its convex Fenchel transform (conjugate
function, Legendre transform 4.1) f* by
f(y) & suplzy — f(2)]
zeF
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and let F™ be the set {y : f*(y) < oo}. It is easy to see from its definition that f* is a
convex function on F*. Moreover, if f is convex and continuous, then (f*)* = f. More
generally, f** < f and f** is the convex hull of f, i.e. the largest convex function that is
bounded above by f [79, Section 3], [17, Section 7.1].

Similarly, for any function g defined on G C R, define its concave Fenchel transform g,
by

9+(y) = inf [zy — g(x)]

and let G, be the set {y : g«(y) > —oo}. It is easy to see from its definition that g, is a
concave function on G,. Moreover, if g is concave and continuous, then (g.), = g. More
generally, g.x > g and g, is the concave hull of g, i.e. the smallest concave function that is

bounded below by g.

Fenchel Duality Theorem [65, p. 201] Assume that f and g are, respectively, convex
and concave functions on the non-empty intervals F' and G in R and assume that F NG

has interior points. Suppose further that pu = infyepna|f(x) — g(x)] is finite. Then

p=_nf [fz)—g@)]= max [g.()-Ff W) (4.1)

where the maximum on the right is achieved by some yo € F* N Gy. If the infimum on the

left is achieved by some xog € F'N G, then

max[zyo — f(x)] = zoyo — f(2o) (4.2)
and
ggg[l’yo — g()] = zoyo — g(0). (4.3)

The Fenchel duality theorem will be widely used in the thesis to obtain dual (equivalent)
forms of the lower and upper bounds for the JSCC reliability function. As will become more
clear in the next chapter, Fenchel duality plays an important role in studying the JSCC
reliability function. First, it facilitates the computation of the JSCC reliability function;
second, it is a tool to evaluate the tightness of the bounds and to establish the lower/upper

bound for the JSCC reliability function.
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We remark that all the concepts and results can be easily extended to vector functions

(on subsets of R¥).

4.2 Applications: Source and Channel Reliability Functions

Revisited

In this section we revisit the source and channel reliability functions and theirs bounds
presented in Chapter 2. The conjugacy between the source and channel reliability functions

and the corresponding source and channel functions are studied.

Lemma 4.1 The source function Es(p, Qg) defined by (2.7) is a strictly convex function of
p if Qs is not a uniform distribution; otherwise Es(p,Qg) is a linear function of p. Thus,
the DMS error exponent e(R,Qs) given in (2.4) and Es(p,Qs) are a pair of convex Fenchel

transforms, i.e.,

G(R, QS) = (Es(py QS))*v R e [HQS(S)710g2 |S|]

and

Es(pv QS) = (E(R, QS))*v pE [07+OO)

Proof: Since FE4(p,Qg) is differentiable in p, it can be easily verified that the second
derivative is nonnegative, and strictly positive if Qg is not the uniform distribution (also
see (5.3) and Lemma 5.1). It then follows from the parametric form of the source error

exponent (2.6) that e(R,Qg) and Es(p, Qs) are a pair of Fenchel transforms. [

The relation between Gallager’s channel function E,(p, Wy |x) and the random-coding
and sphere-packing bounds is more complicated. First of all, recall that for each Px € P(S),
E.(R, Px,Wy|x) as defined in (2.15) is a convex non-increasing function for all R, and is
a linear function of R with slope —1 for R < R (Px, Wy x) [42, p. 143 |. It will be
convenient to regard this linear function as defining E.(R, Px, Wy x) for all negative R.
The random-coding bound E,.(R, Wy |x), which is the maximum of this family of convex

functions, is a convex strictly decreasing function of R for R < C’(Wy| x), and is a linear
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function of R with slope —1 for all R below the critical rate R.,(Wy/|x). For R > C(Wy x),
E.(R,Wy|x) = 0. Since E,(R,Wy|x) is convex, then —FE,(R, Wy x) is concave. Let

T,(p, Wy|x) be the concave transform of —FE,.(R, Wy |x), i.e.,

Tr(p, Wy x) £ }%%%[PR + Er (R, Wy|x)]. (4.4)
It follows from the properties of E,.(R, Wy x) noted above that T,.(p, Wy |x) = —oc for

p <0and p > 1 and that T;.(p, Wy |x) is finite for p € [0,1].

Lemma 4.2 The function T.(p, Wy |x) defined by (4.4) is the concave hull on the inter-
val [0,1] of the channel function Ey(p, Wy |x) defined in (2.19). Thus, E,(p, Wy x) <
T (p, Wy|x) for 0 < p < 1.

Proof: We form the concave transform of E,(R, Wy|x) on the interval [0, 1] to get

(Eolp, Wy x)), = (PR — Eo(p, Wy|x)] = — sup [E,(p, Wy|x) — pR].

inf
O<p=l 0<p<1

Now use, in succession, (2.19), (2.16), and (2.18) to get

(Eo(p, Wy x)), = —OiuglngiX[Eo(me,an)—pR]
SPS

= —max sup [E,(p, Px,Wy|x) — pR]
Px 0<p<1

= —max E.(R, Px, Wy|x)
Px

= _E’I‘(R7 WY|X)'

Since T} (p, Wy|x) is the concave transform of the concave function, —E,.(R, Wy x), we have

that

(=E(R,Wy|x)), =T (p,Wy|x) andso (Eo(p, Wy|x)),, = T(p, Wy|x).
Hence, T.(p, Wy |x) is the concave hull on [0, 1] of E,(p, R). [

Similarly to the above, recall that E,(R, Wy |x), defined in (2.26) is convex, zero for
R > C(Wy|x), positive for R < C(Wy|x), and finite if R > Roo(Wy|x) [32,42], where

R (Wy|x) is given by
Eo(p7 WY|X)

Roo(Wyx) 2 Jim =0 (4.5)
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A computable expression for R (Wy|x) is given in [42, p. 158]. The normal situation is
Roo(Wyx) = 0. (As shown by Gallager, R (Wy|x) = 0 unless each channel output symbol
is unreachable from at least one input. In the latter case, Roo(Wy|x) > 0.) We now let

Tsp(p, Wy|x) be the concave transform of the concave function —E,(R, Wy x), i.e.,

A .
Top(p, Wy x) = Rw(W}}‘I}l{f;<R<OO[PR + Esp(R, Wy x)]- (4.6)

It follows that Ts,(p, Wy |x) = —oo for p < 0 and that 0 < Ts,(p, Wy |x) < oo for p > 0.

Lemma 4.3 The function Ts,(p, Wy |x) defined by (4.6) is the concave hull on [0,00) of
the channel function E,(p, Wy |x) defined in (2.19).

Proof: We now form the concave transform of F,(p, Wy|x) on the interval [0, c0) to get

(Eo(p,Wyx)), = Juf[pR — Eo(p, Wy x)] = — sup [Eo(p, Wy |x) — pR].
<p<oo 0<p<oo

Now use (2.19), (2.28), and (2.29) to get

(Bolp, Wy x)), = - e ngiX[Eo(p,Px,me)—pR]
<p<oo

= —max sup [Eo(p,Px,Wy\X)_PR]
Px 0<p<oo

= —max ESP(R, Px, Wy|x)
Px

= _Esp(R7 WY|X)'

As in the previous proof, (Eo(p, Wy|X))** = Tsp(p, Wy|x). Hence, Ts,(p, Wy x) is the
concave hull on [0, 00) of E,(p, R). [

Observation 4.1 Note that the function E,(p, Px, Wy|x) is concave in p for each Px [42,
p. 142]. Hence, if the maximizing Px in (2.19) is independent of p, Ey(p, Wy |x) is concave
and thus T;.(p, Wy |x) and Ty,(p, Wy |x) are equal to Eo(p, Wy |x). This situation holds if
the channel is symmetric in the sense of Gallager [42, p. 94] (also see Example 5.3.3). For
this case, the maximizing distribution is the uniform distribution Px(z) = 1/|X]| for all
r € X. However, there are channels for which E,(p, Wy |x) is not concave. One example

of such a channel is provided by Gallager [42, Fig. 5.6.5]. For this particular (6-ary input,
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4-ary output) channel, we plot F,(p, Wy|x) against p in Fig. 4.1. It is noted that the
derivative of E,(p, Wy|x) has a positive jump increase at around p = 0.51 (see [42, Fig.
5.6.5]), and its concave hull T}.(p, Wy |x) is strictly larger than F,(p, Wy |x) in the interval
p € (0.41,0.62).

0.46 - 4

0.39
0.44

0.385

042| 0.38
0.375

041 037}

0.38

© Tr(p'Wle)

0.34

— EO(PVWle) i

0.32

Tr(p'WY|x)>Eo(p’WY|x)—'
p=0.41 p=0.62
0.3 -
0‘.4 0.;5 O‘.5 O.“55 0‘.6
P

Figure 4.1: Example of a 6-ary input, 4-ary output DMC (see [42, Fig. 5.6.5]) for which

Eo(p, Wy|x) is not concave.

We next prove another two pairs of Fenchel transforms for the memoryless Gaussian
system, which will be used in Chapter 8.

Given p > 0, for the continuous memoryless source Qg, S = R, define source function

E(Qs, A, p) = S;P[PR(PS, A) — D(Ps || Qs)], (4.7)

where the supremum is taken over all the probability distributions Pg’s defined on S such
that R(Ps,A) and D(Ps || Qg) are well-defined and finite. We remark that (4.7) is equal to

the guessing exponent for MGS’s [6] under the squared-error distortion measure and admits
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an explicit form

2

E(Qs, A, p) = max {0, % [pln "A—S +(1+p)In(1+p) — p] } . (4.8)

Lemma 4.4 E(Qg, A, p) and the MGS exponent Fg(R,Qg,A) defined by (2.46) and (2.47)

are a pair of convex Fenchel transforms p > 0 and R > 0, i.e.,
E(QS7A7I()):FG(R7QS7A)* fOT CZUPZO

and

FG(R7Q57A):E(QS7AHO)* for all R > 0.

Proof: By definition,

FG(Rv Q57 A)* = sup [pR - F(R7 QS7 A)] = sup f(R)

R>0 R>R(Qs,A)

where
1 /A2l Ae2lt
f(R) =pR 5( O_% —In 0% —1)

Since

Jf(R) Ae?F

VY _

it is seen that f(R) is concave and

1 2(1 1 2
sup  F(R)=f (—mw) 1 {pm@ (14 p) (4 p) —p] >0
R>R(Qs,A) 2 A 2 A

if U% <1+ p, and f(R) is concave decreasing with
S

2
sup  f(R) = sup f(R) = £(0) =0 >} [pln"A—S (1t p)In(l+p) p]
R>R(Qs,A) R>0

if ;A; > 1+4p, which implies that F(Qg, A, p) is the convex Fenchel transform of Fg(R, Qg, A),
S
ie.,

2
Fo(R,Qs, A) = B(Qs, A, p) = max {o, ! [pln %S (Lt )1+ ) - p} } |

Finally, F(R, Qg,A) is also the convex Fenchel transform of E(Qg, A, p) since Fg(R,Qg, A)

is convex. [ |
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Lemma 4.5 The negative MGC sphere-packing exponent —Eg,(R, Wy x,E) given in (2.51)
and the Gaussian input Gaussian-input channel function Eo(Wy‘ x,&,p) given in (2.54) are

a pair of concave Fenchel transforms for p >0 and R > 0, i.e.,
—Eop(R, Wy |x,E) = Eo(Wy|x,E,p)x  for all R >0
and
Eo(Wyx,€,p) = (—Esp(R, Wy x,€))s  forall p>0.

Proof: Note that

Eyp(R,W,E) = max|—pR + Eo(W, &, p)] = — inf[pR — Eo(W, &, p)],
p=0 p=0

which implies that —E,, (R, W, ) is the concave transform of Eo(W, &, p) on
{R: —Eg(R,W,E) > —c0} =RT.
Thus, the transform

(_Esp(Ra W, €)) [PR+ Esp(R,VV,E)]

« = inf

ReR+
is the concave hull of Eg(W,E,p) in p € [0,00). We next show (—Eop(R,W,E))y =
E'O(I/V, &, p) by definition. Now if we set

0
@[PR + ESP(R7 W,&)] =0,

we have (refer to Lemma 2.1)

453 28
\/1+ SNRG—T ~ sxR( A b (4.9)

where 3 = e2®. Substituting (4.9) back into (—Es,(R, W, €)). and using (2.51) yield

(B RW.E). = [pln + (1= 51+ p)+ KR +1n (5= )L (a10)

where 3* is determined by (4.9), which can be equivalently written by

1+p .
9+ g e T 5= (4.11)
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subject to 8 > SNR/(1+ p) according to (4.10). In this range the left-hand side of (4.11) is
decreasing in 3 and ranges from +o00 to the negative number —(1 + p), which means there
is a unique [* satisfying (4.11). Solving the function (4.11) for the stationary point 5* we

1 /. SNR 4SNRp
S e RIS
p 2< L > +\/ (1 +p+SNR)?

obtain

(4.12)

On the other hand, we can replace

SNR
=1 2wE+
B "CTTY,

in the expression of E'O(W E,p) given by (2.54) and obtain

Eo(W,E,p) = pIn 3+ (1 —73)(1 4 p) +SNR +1In <B—SN—R>}

SNR SNR 2 1+p

<ﬁ<1+
Maximizing the above over 3 (see [42, p. 339] for details), we see that E,(W,&, p) has the
same parametric form as (4.10), which implies

(—Eop(R, W, &), = Eo(W,E, p),

and hence E (W, &, p) is the concave transform of —Eq,(R,W,E). [

Lemma 4.6 The negative Gaussian input random-coding exponent —Ei (R, Wy x, &) given
in (2.56) and EO(WY‘X,E,/)) are a pair of concave Fenchel transforms for 0 < p <1 and
R >0, i.e.,

~Ei(R, Wy x,€) = Eo(Wyx,E,p)x  for all R >0

and
EQ(Wy|X,5,p) = (—ET(R,Wyp(,g))* fOT’ allO§p§ 1.
Proof: Recall that by Gallager [42, Chapter 7]
E{(R,W.€) = max [-pR + Ey(W.€,p)] = — inf [pR — Eg(W.€,p)],
0<p< 0<p<1

which means that —F4(R, W, &) is the concave transform of Eo(W, &, p) on

(R:—E{(R,W,E) > —o0} = R
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Thus, the transform

(—E+(R, W, £)) [0R + Ei (R, W,£)]

« = inf
ReR+

is the concave hull of Eg(W, &, p) in p € [0,1]. Lemma 4.5 implies that Eo(W, &, p) is concave

in [0, 00). Thus we have (—E;(R,W,&)), = Eo(W, &, p) for all p € [0,1]. [

We close this section by summarizing these Fenchel transform pairs in the following

table.

System | Conjugacy | Source/Channel Exponents | Source/Channel Functions
DMS Convex e(R,Qs) Es(p,Qs)

MGS Convex Fg(R,Qs,A) E(Qs,A,p)

DMC Concave —E.(R, Wy x) T (p, Wy |x)

DMC Concave —Egp(R, Wy |x) Tsp(ps Wy x)

MGC Concave —E{(R,W,E) EO(WY‘X,S,p)
MGC Concave —Egp(R, Wy |x) Eo(Wy\X, E,p)

Table 4.1: Useful Fenchel transform pairs.

4.3 Concluding Remarks

In this chapter, we introduced one-dimensional conjugate convex and concave functions and
the Fenchel duality theorem. Note that similar results can be easily carried out for vector
functions; readers may refer to [17], [65], [79]. Consequently, we applied these properties
of conjugacy to the source and channel reliability functions introduced in Chapter 2. The

Fenchel transforms of these functions are summarized in Table 4.1.



Chapter 5

JSCC Reliability Function for

Discrete Memoryless Systems

In this chapter, we study the JSCC reliability function for discrete memoryless systems. In
particular, we investigate the computation of Csiszar’s bounds for the JSCC error exponent,
Ej, of a communication system consisting of a DMS (Q)g and a DMC Wy x.

We first formally describe the system and define the JSCC error exponent in Section 5.1.
In Section 5.2, we investigate the analytical computation of Csiszar’s random-coding lower
bound and sphere-packing upper bound for the JSCC error exponent. By applying the
Fenchel duality theorem introduced in the last chapter, we provide equivalent expressions
for these bounds which involve a maximization over a non-negative parameter of the differ-
ence between the concave hull of Gallager’s channel function and Gallager’s source function;
hence, they can be readily computed for arbitrary source-channel pairs by applying Ari-
moto’s algorithm [9]. When the channel’s distribution is symmetric, our bounds admit
closed-form parametric expressions.

In Section 5.3, we provide formulas of the rates for which the bounds are attained and
establish explicit computable sufficient and necessary conditions in terms of Qg and Wy |x
under which the upper and lower bounds coincide; in this case, F; can be determined

exactly. A byproduct of our results is the observation that Csiszar’s JSCC random-coding

66
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lower bound can be larger than Gallager’s earlier lower bound obtained in [42]. Using a
similar approach, we obtain in Section 5.4 the equivalent expression of Csiszar’s expurgated
lower bound [31] and establish the condition when the random-coding lower bound can
be improved by the expurgated bound. As an example, we give closed-form parametric
expressions of the improved lower bound and the corresponding condition for DMSs and
equidistant DMCs.

In Section 5.5, we partially address the computation of Csiszar’s lower and upper bounds
for the (lossy) JSCC excess distortion exponent with distortion threshold A, E?. Under
the case of the Hamming distortion measure, and for a binary DMS and an arbitrary DMC,
we express the bounds for E? and the rates for which the bounds are attained as in the

lossless case. Finally, we state our conclusions in Section 5.6.

5.1 Definitions and System Description

5.1.1 JSCC System and JSCC Error Exponent

We consider throughout this chapter a communication system consisting of a DMS Qg
with finite alphabet S and distribution Qg, and a DMC Wy x with finite input alphabet
X, finite output alphabet ), and transition probability Wy |x. Without loss of generality
we assume that Qg(s) > 0 for each s € S. Also, if the source distribution is uniform,
optimal (lossless) JSCC amounts to optimal channel coding which is already well-studied.
Therefore, we assume throughout this chapter that Qg is not the uniform distribution on

S except in Section 5.5 where we deal with JSCC under a fidelity criterion.

sed8™ xe X" yeyr ses™

Wy |x ©n

fn

Figure 5.1: JSCC system consisting of a DMS and a DMC.

A joint source-channel (JSC) code with blocklength n and transmission rate 7 > 0
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(measured in source symbols/channel use) is a pair of mappings
fn: 8T — X"

and
On Yt — 8™
That is, blocks s = (81,82, ..., Srpn) of source symbols of length 7n are encoded as blocks
X 2 (21,72,...,2,) = fn(s) of symbols from X of length n, transmitted, received as blocks
y = (y1,¥2, ..., yn) of symbols from ) of length n and decoded as blocks of source symbols
©n(y) of length 7n; see Fig. 5.1. The probability of erroneously decoding the block is
PMQs, Wy, 2 Y QT (lfals)). (5.1)
{(:3):on(y)#s}
Definition 5.1 The JSCC error exponent E;(Qs, Wy|x,7) is defined as the supremum
of the set of all numbers E for which there exists a sequence of JSC codes (fy, ¢n) with

transmission rate 7 and blocklength n such that

1
E <liminf ——log, Pe(n)(st WY|X7 7).
n

When there is no possibility of confusion, E;(Qs, Wy |x,7) will be written as E;. We know
from the JSCC theorem (e.g., [29, p. 218], [42]) that E; can be positive if and only if
THQS(S) < C’(I/VYLX)-

5.1.2 Tilted Distributions

We associate with the source distribution Qg a family of tilted distributions Q(Sp) defined
by
1
Qéﬂ (8)
I
ZSIES Q;rp (8,)

Lemma 5.1 [32, p. 44] The entropy HQ(p)(S) is a strictly increasing function of p except
S

QY (s) 2 . seS,  p=0. (5.2)

in the case that Qs(s) = 1/|S| for all s € S . Moreover, for Hg,(S) < R < log,|S|,

the equation HQ

R =log, |S| and define HQ

»(S) = R is satisfied by a unique value p* (where we define p* = oo if
S
o (5) = logy |S])-
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The proof that H Q) (S) is increasing follows easily from differentiation with respect to p and
a use of the Cauchy-Schwarz inequality. The remainder of the proof follows from the facts
that HQg’)(S) = Hgy(5), lim,_o HQgp)(S) = log, |S| and that HQ(S,))(S) is a continuous
function of p.
It is easily seen that
~ OEs(p,Qs)

Hng(S) = o, (5.3)

where E;(p, Q) is defined by (2.7). From this we see that for R > Hg,(S) the supremum

in (2.6) is achieved at p*.

5.2 Csiszar’s Random-Coding and Sphere-Packing Bounds

In [30], Csiszar establishes a lower and an upper bound for the JSCC error exponent E; in
terms of the source and channel error exponents. Given a DMS (g, a DMC Wy |x, and the
transmission rate 7 (source symbol/channel use), he proved that the JSCC error exponent
in definition 5.1 satisfies
E; . (Qs, W 7)< Ej(Qs, W- T) < inf Te EQ + E(R, Wy x)
L \WSH, WYX > Lgds, Wy | X, > THQS(S)SRSTlogZ S| ., S y VVY X )|
(5.4)
where e(R,Qg) is the source error exponent, E(R, Wy x) is the channel error exponent,

and

EJT(QS7 WY|X7 T) - THQS(S)I%]I%I%T log, ‘S‘ |:T€ < - ) QS + ET’(Ra WY‘X) (55)

is called Csiszér’s source-channel random-coding lower bound since it contains E;. (R, Wy|x)
in its expression. It is shown that if the zero-error capacity! of the channel Wy |x is positive,
ie., if E(R, Wy |x) = oo for some R positive, then the upper bound given by (5.4) is tight.
The proof of the upper bound in (5.4) follows from a simple type counting argument. We will
recast the proof in Observation 6.1. The lower bound is proved by employing a generalized
minimum mutual information decoding rule. We will recast the proof for E ;,.(Qs, Wy |x, T)

in Observation 6.2.

'The zero-error capacity Co(Wy|x) is defined by Co(Wy |x) = sup{R : E(R, Wy |x) = oo}
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Note that the channel error exponent is only partially known, and hence the upper
bound in (5.4), although looking elegant, is uncomputable in general. We then further
upper bound it by replacing the channel error exponent E(R, Wy x) by the sphere-packing

upper bound, i.e.,

R _
B (Qs. W < inf - E(R. Wy )| < Bron(Qg, Wyix,
7(Qs, Wy |x,7) < THQS(S)%%STIOgQ s [Tﬁ (T ,Qs> + E(R, YX)} < Eyop(Qs, Wy x,7T)
where
Tyor(Qs, Wy iy, ) 2 inf e (2,05 ) + By (R Wyix) (5.6)
Jsp\'SH VWY |X> - THQS(S)SRSTIOgQ S| 7_7 S sp » VWYX .

is called Csiszar’s source-channel sphere-packing upper bound. In the following we address
the computation of the lower and upper bounds £, (Qs, Wy |x, 7) and E s (Qs, Wy |x, T).
Applying Fenchel duality theorem, these bounds E ;, and E Jsp can be expressed in a

form more adapted to calculation as follows.

Theorem 5.1 Let THo4(S) < C(Wy|x) and let Tlogy |S| > Reo(Wy|x). Then

E;(Qs, Wy x,7T) = 0H<1;E(1[T7‘(p7 Wy |x) — T7Es(p, Qs)] (5.7)
and
Erp(Qs, Wy |x,7) = Ogigéo[Tsp(Pa Wy x) — TEs(p, Qs)] (5.8)

where T, (p, Wy |x) and Ts(p, Wy |x) are the concave hulls of E,(p, Wy |x) on [0,1] and
[0,00) defined in (4.4) and (4.6), respectively, and Ry is defined in (4.5). If the mawi-
mizing Px in (2.19) is independent of p, T;(p, Wy|x) and Tsy(p, Wy |x) can be replaced by

Eo(p7 WY|X)'
Remark 5.1 When THQS(S) 2 C(Wy‘X), Ejr(Q57 Wy‘X,T) = EJSP(QS, Wy‘X,T) = O

Observation 5.1 According to Lemma 4.2, E,(p, Wy|x) < T;(p, Wy|x). Thus the lower

bound £, (Qs, Wy |x, 7) can be replaced by the possibly looser lower bound

(ax, [Eo(p, Wy|x) — TEs(p, Qs)]- (5.9)
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This is the lower bound implied by Gallager’s work [42, p. 535]. As noted earlier, if the
maximizing Py in (2.19) is independent of p (e.g., for symmetric channels, see Section 5.3.3),

the two lower bounds are identical.

Proof of Theorem 5.1: We first apply Fenchel’s Duality Theorem (4.1) to the lower
bound E ;. (Qs, Wy |x,t). From Lemma 4.1, (2.6), and (2.5), Te(R/T,Qs) is convex on
(—o0,7log|S|] and has convex transform 7E;(p,Qg) on the set [0,00). Also, from the
discussion preceding Lemma 4.2, —E,.(R, Wy|x) is concave on R and has concave transform

T, (p, Wy|x) which is bounded on [0, 1]. Thus, by Fenchel’s Duality Theorem,

. R
_nglélelogz s [Te <;, QS) + Er(R, WY|X)] = Olélg%(l[Tr(Pa Wy|x) — TEs(p,Qs)]. (5.10)

Now the convex function Te(R/7,Qs) + E.(R, Wy |x) is non-increasing for R < 7Hg4(S)
since 7e(R/7,Qg) = 0 in this region. This implies that the infimum on the left side of
(5.10) can be restricted to the interval THg,(S) < R < 7log,|S|. Since this is now the
infimum of a continuous function on a finite interval this will be a minimum. Hence, (5.7)
is an equivalent representation of E ;. (Qs, Wy x,T).

Similarly, for the upper bound, recall from the discussion preceding Lemma 4.3 that
—Egp(R, Wy |x) is concave and finite for R > Roo(Wy|x) and has a concave transform

Tsp(p, Wy |x ), which is finite on 0 < p < co. Thus, by Fenchel’s Duality Theorem,

[Te <§’ QS) + Egp(R, Wyx)| = o?,i’éo[Tsp(m Wyix) = 7Es(p, @s)]-
(5.11)

inf
Roo (Wy | x)<R<T log, |S|

The assumption Reo(Wy|x) < 7logy|S| ensures that the infimum on the left of (5.11)
is taken over a set with interior points. If Ro(Wy|x) < 7Hgq4(S), the infimum can be
replaced by a minimum on the interval 7Hg,(S) < R < 7log, |S| by the same argument
as for the lower bound. If Ro(Wy|x) > THgg(S), we no longer form the infimum of a
continuous function, but it can still be shown that there is a minimum point which lies in

the interval THg,(S) < R < tlog,|S|. Hence, (5.11) is an equivalent representation of

Esp(Qs, Wy x, 7). u
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Observation 5.2 The parametric form of the lower and upper bounds (5.7) and (5.8)
indeed facilitates the computation of Csiszar’s bounds. In order to compute the bounds
for general non-symmetric channels (when 7Hgy(S) < C(Wy|x) and 7logy |S| > Ruo),
one could employ Arimoto’s algorithm [9] to find the maximizing distribution and thus
Eo(p, Wy x). We then can immediately obtain the concave hulls T;.(p, Wy |x) and Ts,(p, Wy |x)
numerically (e.g., using Matlab) and thus the maxima of T.(p, Wy |x) — 7Es(p,Qs) and
Tsp(p, Wy|x) — TEs(p,Qs). This significantly reduces the computation complexity since
to compute (5.5) and (5.6), we need to first compute E,(R, Wy |x) and Eg(R, Wy x) for
each R, which requires almost the same complexity as above, and then we need to find the
minima by searching over all R’s. For symmetric channels, (5.7) and (5.8) are analytically

solved; see Section 5.3.3.

2 T T T T T T
—=4A— Csiszar's sphere-packing bound, q=0.1, 1=0.75
—%— Csiszar's random-coding bound, g=0.1, 1=0.75| |
A -+ Csiszar's sphere—-packing bound, q=0.1, 1=1
* - Csiszar's random-coding bound, g=0.1, t=1
—A— - Csiszar's sphere—packing bound, g=0.1, 1=1.25
—%— - Csiszar’'s random-coding bound, g=0.1, 1=1.25
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Figure 5.2: Csiszar’s random-coding and sphere-packing bounds for the system of Exam-

ple 5.1.
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Example 5.1 Consider a communication system with a binary DMS with distribution

Qs ={q,1 — q} and a DMC with |X| = 6, || = 4, and transition probability matrix

1—18e 6e 6e 6e
6e 1—18e 6e 6e
6e 6e 1—18¢ 6e 1
Wy|x = ; 0<e< |z
6e 6e 6e 1—18¢
05—¢ 05—c¢ € €
€ € 05—¢ 05—¢

We then compute Csiszar’s random-coding and sphere-packing bounds, £ ;,(Qs, Wy x, T)
and Ejs,(Qs, Wy x, 7). For fixed Qs and transmission rate 7, we plot these bounds in terms
of ¢ in Fig. 5.2. Our numerical results show that E; could be determined exactly for a
large class of (g, €, 7) triplets: when source Qs = {0.1,0.9} and rate 7 = 0.75, E; is
exactly known for £ > 0.0025; when Qg = {0.1,0.9} and 7 = 1, E; is known for € > 0.002;
and when Qg = {0.2,0.8} and 7 = 1.25, E is known for € > 0.001. Since for this chan-
nel E,(p, Wy|x) might not be concave (e.g., when ¢ = 0.01, Wy x reduces to the DMC
discussed in Observation 4.1 at the end of Section 4.2), our results indicate that Csiszar’s
lower bound is slightly but strictly larger (by ~ 0.0001) than Gallager’s lower bound (5.9)

for ¢ = 0.1, 7 = 1, and ¢ around 0.02. This is illustrated in Fig. 5.3.

5.3 Tightness of the Upper and Lower Bounds

One important objective in investigating the bounds for the JSCC error exponent Ej is
to ascertain when the bounds E;,(Qs, Wy |x,7) and E j,(Qs, Wy |x,T) are tight so that
the exact value of E; is obtained. According to Csiszar’s result (5.4), we note that if
the minimum in the expressions of E ;,(Qs, Wy|x,T) or Es(Qs, Wy |x,T) is attained for
a rate (strictly) larger than the critical rate Re.(Wy|x), then the two bounds coincide
and thus Fj is determined exactly. This raises the following question: how can we check

whether the minimum in E,,.(Qs, Wy|x,7) or EJSP(QS,W)/‘X,T) is attained for a rate
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1=1, g=0.1, when Csiszar’s bound > Gallager’s bound

0.041 T 70.0392
0.0391
R
0.0388
0.04
0.0386 |
0.0384
W §osel 0.0382}
S
‘9 0.0381
S
% 0.0378}
o 0038f 0.0376|
m . . . . . .
CT) 0.0194 0.0195 0.0196 0.0197 0.0198 0.0199
3
—1 0.037F B
0.036 - —%—— Csiszar's random-coding bound ]
—©©— Gallager’s lower bound
0.035 ; ; .
0.019 0.0195 0.02 0.0205 0.021 0.0215

Figure 5.3: Csiszar’s random-coding bound vs Gallager’s lower bound for the system of

Example 5.1.

larger than R..(Wy|x)? One may indeed wonder if there exist explicit conditions for which
E;(Qs, Wy|x,T) = EJSP(QS,Wy|X,T). The answer is affirmative; furthermore, we can
verify whether the two bounds are tight in two ways: one is to compare 7H Qg)(S) with
Rer(Wy|x), and the other is to compare the minimizer of E j4,(Qs, Wy |x,7) in (5.8), p*

say, with 1.

5.3.1 A Sufficient and Necessary Condition

Before we present these conditions, we first define the following quantities which achieve
the bounds E,(Qs, Wy|x,7) and Ejs,(Qs, Wy|x,7) under the assumptions 7Hgy(S) <
C(Wy|x) and 7logy [S]| > Roo(Wy|x):

R
R, = i — E.(R,W , 5.12
S o (5) S R<r log IS [Te (T ’ QS) B YX)} (5.12)
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— A . R
m = ) Es ) ) 1
R rgTHQS(S)?}%Iiﬂ% s [Te (T Qs | + Esp(R, Wy|x) (5.13)
pr = arg Jnax [T:-(p, Wy x) — TEs(p, Qs)], (5.14)
<p<1
p* £ arg max [Ts(p, Wy x) — TEs(p, Qs))- (5.15)

0<p<0
Since the functions between brackets to be minimized (or maximized) in (5.12)-(5.15) are

*

strictly convex (or concave) functions of R (or p), R,,, Rm, p* and p* are well-defined and

unique. We then have the following relations.

Lemma 5.2 Let THgq(S) < C(Wy|x) and let Tlogy [S| > Roo(Wy|x). Then:
(a) p* and p* are positive and finite.
(8) Fon = 7H 51 (5).
S
(C) Em = THQ(p*)(S) pr* < 1,‘ Em > THQ(l)(S) ’lfp* =1.
P ¢ P

Proof: We first prove (a). Since T(p, Wy |x) is the concave hull of E,(p, Wy|x), we have

the following relation

. Tsp(p, WY|X) . Eolp, WY|X)
lim ——~>>lim——F—2

= C (W
lim 5 2 lim 5 (Wyx)
where the last equality follows from [8, Lemma 2]. Since lim,|o Es(p, Qs)/p = H(Qs) by

(5.3) and Lemma 5.1, we have

i Tsp(pa WY\X) —TES(/), Qs)
1m >

pl0 p

C(Wyx) — THQs(S) > 0.

Note that the right-derivative of Ty, (p, Wy|x) (at p = 0) must exist due to its concavity [80,
pp. 113-114], and hence lim, o Tsy(p, Wy |x)/p exists. Next we denote ¢ = 7logy [S| —

Reo(Wy|x) > 0. Tt follows from the definition of Ts,(p, Wy |x) that
- Tsp(ps Wy |x) P(Roc(Wy|x) +€/2) + Esp(Roc(Wy|x) + /2, Wy x)

p—00 p p—00 p
= Roo(Wy|x) +¢/2

< lim

because of the finiteness of Eg,(R, Wy |x) for R > Roo(Wy|x). This together with

Es(p,
lim 7(”[)625) — log, |S|

p—00
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implies

T Tsp(p; WY|X) —TEs(p,Qs)
1m <
p—00 p

ROO(WY‘X) + 6/2 — 710g2 |S| < 0.

Since Ty (p, Wy |x) — TE4(p,Qg) is 0 and has a positive right slope at p = 0 and is negative
for p sufficiently large, by the strict concavity of Ts,(p, Wy |x) — 7Es(p, Qs), the maximum
in (5.15) must be achieved by a positive finite p*. The positivity of p* can be shown in the
same way and p* is finite by its definition.

We next prove (b). If we now regard 7e(R/7,Qs) as f*(y) and 7Eq(p,Qs) as f(x) (by

noting that f** = f), then according to (4.2) in Fenchel’s Duality Theorem,

max [pﬁm - TES(p, QS)] = ﬁ*ﬁm - TEs(ﬁ*7 QS)
0<p<oo

Setting the derivative of pR,, —TEs(p, @s) equal to 0, we can solve for the stationary point?
p*, which gives R,, = THQ@*) (S).
S

For the lower bound, using a similar argument, we obtain the relation

Olgggl[pﬁm —TEy(p,Qs)] = p*R,, — TEs(p*, Qs).

Recalling that the function between the brackets to be maximized is strictly concave, if
the above maximum is achieved by p* € (0,1), then we can solve for the stationary point
as above and obtain R, = THQ(SE*)(S). If the maximum is achieved at p* = 1, then the
stationary point is beyond (at least equal to) 1, and hence R, > 7H Q(Sl)(S). Thus (c)
follows. |

In order to summarize the explicit conditions for the calculation of E; it is convenient

to define a critical rate for the source by

7y aEs(py QS)

RY(Qs) & =20

= Hyo (5), (5.16)
p=1

recalling that Q(Sl)(s) =VQs(5)/(Xyes VQs(s)), s €S.

Theorem 5.2 Let THgy(S) < C(Wyx) and let Tlogy |S| > Reo(Wy|x). Then

2The stationary points of a differentiable function f(x) are the solutions of f'(x) = 0.
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o TRY(Qs) > Rey(Wy(x) <= p* <1 <= 7R (Qs) > Ry = R, > Rer(Wy(x). In
this case,

EJ(QSu WY‘XaT) = Tsp(ﬁ*7 WY‘X) - TES(ﬁ*u QS)

o TRY(Qs) < Rey(Wy|x) <= 7" > 1 <= Re(Wy|x) > Ron > Ry, = TR (Qs). In

this case,
Eo(1, Wy x) —TEs(1,Qs) < Ej(Qs, Wy |x,7) < Tep(p", Wy|x) — TES(P", Qs).

Remark 5.2 Under the condition TRS)(QS) > Rer(Wyx), p* = 1 is possible. However,
if TRg“;)(Qs) = Re(Wy|x), then we definitely have p* = 1 and TRgf«)(Qs) =Rn=R, =
RCT(WY\X)'

Remark 5.3 It can be shown that Ty, (1, Wy |x) = Eo(1, Wy|x) and thus when p* = 1, the

JSCC error exponent is determined by
E;(Qs, Wy|x,t) = Eo(1, Wy|x) — TEs(1,Qs).

Corollary 5.1 Let THgg(S) < C(Wy|x) and let Tlogy|S| > Reo(Wy|x). Then p* =
min{1,7*} and R,, = THQ(E*)(S).
S

The proof of Theorem 5.2 and Corollary 5.1 is deferred to the next subsection.

Corollary 5.2 If R,, > Rer(Wy|x) or B > Rep(Wy(x), then TRS)(Qs) > R,, = R

v

Rer(Wyx), and the other equivalent conditions in Theorem 5.2 hold.

Proof: If R,, > R.(Wyx) or Ry > Re(Wy|x), then R, = R,, by Lemma 5.4.

TRgi)(Qs) > R, immediately follows from Corollary 5.1. [ |

Remark 5.4 Corollary 5.2 states that if R,, > Re.(Wy/|x) or Ry, > Rer(Wy | x), then Ej
is determined exactly. Note that when R,, = Rer(Wy|x ), the upper and lower bounds of £

may not be tight. In that case R,, < Re(Wy|x) = Ry, is possible. The relation between

R,, and R,, is summarized in Lemma 5.4.
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We point out that, in both the computation and analysis aspects, the above conditions
play an important role in verifying whether F; can be determined exactly or not. For
the class of symmetric DMCs, we can use the conditions TRS)(QS) > Re(Wyx) and
TRS) (Qs) < Rer(Wy|x) to derive explicit formulas for E, see Section 5.3.3. In Section 10.2,
we apply Theorem 5.2 to establish the conditions for which the JSCC exponent is larger than
the tandem coding exponent. Note that when TRgi)(Qs) < Rer(Wy|x), the source-channel

random-coding bound admits a simple expression

Er(QSa WY|X7t) = EO(17 WY|X) - TES(L QS) (517)

Consequently, we have the following statement.

Corollary 5.3 If TRgi)(Qs) < Rer(Wyx), then Csiszdr’s random-coding bound and Gal-

lager’s lower bound (5.9) are identical.

Proof: Recall Gallager’s lower bound to E; given by (5.9)

Jnax [Eo(p, Wy |x) = tEs(p, Qs)] 2 Eo(1, Wy|x) — tEs(1, Qs)-
<p<1

Since in general Gallager’s lower bound cannot be larger than Csiszar’s random-coding

bound, they must be equal when TRS)(QS) < Rer(Wyx). [

5.3.2 Proof of Theorem 5.2 and Corollary 5.1

Theorem 5.2 is shown by a left- and right- derivatives argument combined with the results of
Lemma 5.2. Let s;(R) and s,(R) be the left and right slopes (or left- and right- derivatives)
of Esp(R,Wy|x) at each R > Roo(Wy|x). Let r(R) and 7.(R) be the left and right
slopes of E.(R,Wy|x) at each R > 0. Let p(R) be the slope of Te(R/7,Qs) for any
R e [THg(5),7logy |S]]. It is easy to verify that these slopes have the following properties
(cf. [19], [42], [80]):

(a) si(R) and s,(R) exist for every R > Roo(Wy/|x) and are nondecreasing in R.

(b) r(R) and r,(R) exist for every R > 0 and are nondecreasing in R.
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(c) si(R) < 5:(R) < —1for R < Rer(Wy|x), =1 < 51(R) < 5.(R) <0 for Re,(Wyx) <
R < C(Wyx), and s;(R) = s,(R) = 0 for R > C(Wy|x). si(Rer(Wy|x)) < —1 <
sr(Rer(Wyx)) and 5(C(Wy|x)) <0 = s.(C(Wy|x))-

(d) m(R) = r-(R) = —1 for R < Re;(Wy|x), m(R) = si(R) for R > Re.(Wy|x), and
rr(R) = sp(R) for R = Rey(Wy x). 1i(Rer(Wy|x)) = =1 < 1o (Rer(Wyx))-

(e) p(R) is a strictly increasing function of R and is determined by R = tH (Q(Sp (R))> for
THq(S) < R < 1logy |S|. Specifically, p(THgg(S)) = 0 and p(7log, |S]) = oo.

(f) p* = p(R,,), where p* and R,, are defined in (5.13) and (5.15), respectively.

Proof of (a)—(f): (a) and (b) follows from the convexity of Eg,(R,Wy|x) for R >
Reo(Wy|x) and E,.(R, Wy x) for R > 0, see [80, pp. 113-114]. Recalling that E,.(R, Wy |x)
involves a straight-line section with slope —1 for R € [0, Re.(Wy |x)] and E.(R, Wy |x) =
Esp(R, Wy x) only for R > R..(Wy|x), where they both are equal to 0 for R > C(Wyx),
we obtain (c) and (d) from (a) and (b). From (2.5) and (5.3), we know that Te(R/7,Qgs) =
tD (Qgp*) I QS) for THg4(S) < R < 7log, |S|, where p* is the unique root of THQgp)(S) =

R. Also, it is easy to verify [19] that such p* is exactly the slope of Te(R/7,Qg) at R, i.e.,

87—6(R/7—7 QS) o x
ok "

Thus (e) follows. Recalling also that in Lemma 5.2 we have shown the relation R, =

TH Q") (S), since there is unique p satisfying this equation, we obtain (f). |
S

Based on the above setup, the following lemma illustrates the geometric conditions for

which E;,(Qs, Wy x,7) and Ej4,(Qs, Wy |x,T) are attained.

Lemma 5.3 Let THg,(S) < C(Wy|x) and let Roo(Wy|x) < 7logy [S|. The minimum in
(5.6) is attained at R, if and only if —s;(R,,) > p(Rm) > —s,(Ry), and the minimum in

(5.5) is attained at R, if and only if —r;(R,,) > p(R,,) = —7r(R,,)-

Proof:

1. Forward part: We only show the case for the upper bound E s, (Qs, Wy x,T), since
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the case for the lower bound can be shown in a similar manner. We first show that a
rate Ry € [THqg(5), log, |S|] satisfying —s;(R1) > p(R1) > —s,(R1) must achieve the

minimum in E Jsp(@s, Wy x, 7). Define functions

f (R) A ESP(R7 WY‘X) lf R S Rl,
1 =
Eop(R1, Wy x) — BRI (R Ry if R> R,
and
o1 (R) 2 e (£,Q5) if R<R,
1 =

Te (& S) + \P(Rl)\;|sl(R1)|(R_R1) if R> Ry

Since —s;(R1) > p(R1) implies s;(R1) < —([s:(R1)[ + [p(R1)[)/2 and p(R1) < (|p(R1)] +
|si(R1)])/2, we claim that fi(R) and g;(R) are both convex functions and hence their sum

is convex,

TE (ngS)_‘_ES (R7WYX) if RSRM
fi(R) + g1(R) = ’ |
re (B,Qs) + Egp(R1, Wyx) if R> Ry

Since the convex function f;(R) + g1(R) is constant for R > Ry (noting that the convexity

is strict in the interval [THgg(S), R1]), we may write

) R Ry

Similarly, using the relation p(R;) > —s,(R1) we can construct convex functions

fa2(R) 2 Eop(R, WY\X) if R> Ry,
Esp(Rly WY|X) + M(R - Rl) if R < Rl-
and
O (%,@s) if R>R,
Te (%, s) + 7P(R1)38T(R1) (R—Ry) if R<Ry,

and use them to show that the minimum

|:T€ <§, QS) + Esp(R, WY\X)

min
R1<R<7log, |S|
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is attained at Ry. Thus, Ry is the minimizer of E ;¢ (Qs, Wy |x,T), i-e.,

. R Ry
_ ES R7 W — ] ES R ,W .
THQs(S)Iﬁnll%nSTlo@ |S| |:Te <7_ ' QS) * ;D( Y|X):| e < T QS) * p( ! Y‘X)

2. Converse part: We assume R,, € (Roo(Wy|x),Tlogs |S|) achieves the minimum in
(5.6) but p(R,;,) < —s.(Rm). Note that p(7logy |S|) = oo > —s,(71og, |S|) provided that
Tlogy |S| > Reo(Wyx). Now let Ry be the smallest rate in [Roo (Wy|x), T log, |S|] satisfying
p(R1) > —s.(R1). According to our assumption together with (a) and (e), R1 > Ry,.

However, using our previous method, we can construct two convex functions f;(R) and

g1(R) associated with Ry to show

) R Ry

This is clearly contradicted with the assumption that the minimum is attained at R,,, a
rate smaller than R, since there is a unique minimum due to the strict convexity. Thus,

at R, we must have p(R,,) > —s,(Ry,). Consequently, we can show in a similar manner

that p(Rm) < _Sl(Rm)' u

The following facts immediately follow from Lemma 5.3.

Lemma 5.4 We have the following relations between R,, and R,

(1). If R, > Re(Wyx) or R,, > Re(Wyx), then R, = R, > Rer(Wy|x) and
Esp(Qs, Wit) = E ;. (Qs, W, t).

(2). If Ry = Rer(Wy|x), then R,,, < Rer(Wy x).

(3). R > R,,.

Proof: We first show (1). If R, > Rcr(Wy|X), then we have

R R, —
i - Es ) = — E; ms )
Rer(Wy )R logy S| [Te (T’QS> + Bl WY'X)] Te( T QS) + Beplfm Wy1x0)

which means that

i [7'6 <§, Qs) + E.(R, WY|X)] =Te <R7m7 Qs) + Er(Rm, Wy x).

min
RCT-(Wy‘X)SRSTlOgQ |S|
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Since the minimum of the convex function Te (g, Qs) + E.(R,Wy|x) of R is achieved by

R, > Rer(Wyx), we must have

R R, _
THQs(S)SRSTIOgQ |S] T T

ie, R, = Rp. On the other hand, if R,, > R.(Wy|x), then we have

R,, R,
€ <_77QS> + ET(Ema WY‘X) = € <_77QS> + ESp(EmJWY‘X)

= THQS(S)?}%I%TIng S| [Te <§7QS> B (R, WYX)} 7
but by definition we have
e (E—m, QS) + Er (R, Wy x) = min [Te <E7 QS) + Er(R, WYX)}
T THq 4 (S)<R<rtlog, S| T
<

[Te (?,Qs) + Eqp(R, Wyx)} .

min
THQ 4 (S)<R<7log, |S|

It then follows from the above two inequalities that R, = R,,.

IN

(Br.0s) + BB W) < o Ri0s) + BRIV

IN

€ <§7 QS) + Esp(R7 WY|X)

for all R > 0, which means that R,, = R,,,.

We next show (b). If Ry, = Re(Wy|x), then by Lemma 5.3 and (d), p(Rer(Wy|x)) >
=87 (Rer(Wy x)) = —7r(Rer(Wy x)). Using Lemma 5.3 again we obtain (2). To show (3),
we only need to show the case when R,, < RCT(Wy| x)- According to Lemma 5.3 together
with (c) and (d), we see p(R,,) > 1 and p(R,,) = 1. It follows from (e) that R,, > R,,.

|

This lemma emphasizes that when the JSCC error exponent upper bound is achieved
at a rate equal to the channel critical rate R.-(Wy |x), the lower bound could be achieved
at a rate smaller than R (Wy|x).

In the sequel we shall use properties (¢)-(f), and Lemmas 5.2, 5.3 and 5.4 to prove

Theorem 5.2. To show A <= B <= C, we only need to show: A = B (Forward) and
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B=—C=A

of the Upper and Lower Bounds

(Converse).

1. Converse Part. We start from

and

=

=

or

—

and

pr<1
p(Rm) <1
R < TRE(Q5)
sp(Rpy) > —1
R > Rer(Wyx)
TR (Qs) > R,y = R > Ree(Wy )

TRS) (QS) > Rm = RCT(WY|X) > R,

(by (£))

(by (e))

(by Lemma 5.3)
(by (c))

(by Lemma 5.4 (1))

(by Lemma 5.4 (2))
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(5.18)
(5.19)
(5.20)

(5.21)

where (9.56) and (5.21) are explained as follows. We first claim p* < 1, because p* = 1

would yield R,, > TRS)(QS) by Lemma 5.2 (3), which is contradicted with (9.54) and

(9.55). Since now p* < 1, from Lemma 5.3 and (d) we know R,, > R.(Wyx). Thus

in (9.55) we must have R,, = R.-(Wy|x) and consequently (9.54) and (9.55) can both be

summarized by (5.21). Meanwhile, p* = 7" follows by Lemma 5.2. If now

and

—

or

and

(by (f))

(by (e))

(by Lemma 5.3)
(by (c))

(by Lemma 5.4 (1))

(by Lemma 5.4 (2))

(5.22)
(5.23)
(5.24)

(5.25)
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where (5.24) and (5.25) are explained as follows. We first claim that p* = 1. If p* < 1,
then by Lemma 5.2 (3) we have R,, < TRgi)(QS). In (5.22), we see R, = TRgi)(Qs),
contradicted. In (5.23), it is still impossible that R, < TRS)(QS) = Rer(Wy|x), because
in that case we have p(R,,) < p(TRﬁi)(QS)) = 1 by (e), which violates Lemma 5.3 since
R, < Re(Wy|x) implies p(R,,) = 1. Thus we must have p* = 1 and (5.24) follows.
According to Lemma 5.2 (3) again, p* = 1 implies R,, > TRgi)(Qs). Hence in (5.23) we
must have R,, = TRS)(QS). (5.22) and (5.23) can both be summarized by (5.25). Next if

pr>1
— p(Rm) > 1 (by (f))
—  Rn>7RYQs)  (by (o)) (5.26)
and s1(Rm) < —1 (by Lemma 5.3)
— Ry < Ro(Wyx) (by (c))
— R, <Rpy < Ro(Wy|x) (by Lemma 5.4 (1) and (3))
— R, < Re(Wyx) (5.27)
= n(R,)=-1=r(R,) (by(d)
— p(R,) =1 (by Lemma 5.3)
—  R,=7RY@Qs)  (by () (5.28)
— pr=1 (by Lemma 5.2 (3))
and R, >R, (by (5.26) and (5.28)).

To see (5.27), we let R, = Ry, = Re(Wy|x). Then using (d) and Lemma 5.3 yields

p(R,,) < 1, which is contradicted with the assumption p(R,,) = p(R;,) > 1. To show the

last step, we assume p* < 1, then Lemma 5.2 (3) ensures R,, = THQ(E*)(S) < TRS)(QS),
- s

which is contradicted with the last second step.

2. Forward Part. First recall that p(TRg,)(QS)) = 1 by (e). Now if TRgi)(Qs) >
Re(Wy|x), then Ry, cannot be strictly larger than TRg»)(QS) because in that case p(R,,) >
p(TRgi)(Qs)) = 1, —s;(R») < 1 by (c), which violates Lemma 5.3. It then follows
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R, < TRgf«)(Qs) and hence p* < 1 by (e). Conversely, if TRS;)(QS) < Rer(Wy|x), then R,
cannot be less than (or equal to) TRgf)(QS) because in that case p(R,,) < p(TRﬁf)(QS)) =
—8.(Rm) > 1 by (c), which violates Lemma 5.3. It then follows R, > TRgi)(Qs) and hence
p* > 1 by (e).

Finally, we should note that when 7R% (Qg) < Rer(Wyx), or p* > 1, the lower bound
is achieved by R,, = 7RY(Qg) < Rer(Wyx) and p* = 1. Thus

EJT(QS7WY‘X7T) = T€ <%_—m7QS> +ET(Em7WY|X)
= [B*Em - TES(B*a QS)] + [EO(L WY\X) - B*Em]

= Eo(l,Wyp() _TES(17QS)'

Meanwhile, Corollary 5.1 immediately follows by the above argument. |

5.3.3 DMS and Symmetric DMC

Consider a DMS Qg and a symmetric> DMC Wy x with rate 7, where the channel transition
matrix Wy x can be partitioned along its columns into sub-matrices Wy x 1, Wy |x2, ** -,
Wy x,s, such that in each Wy|y,; with size |X] x |))], each row is a permutation of each
other row and each column is a permutation of each other column. Denote the transition
probabilities in any column of sub-matrix Wy x;, ¢ = 1,2,--- s, by {pil,pig,...,pi‘;(‘}.
Then both E,(p, Wy |x) and the channel capacity are achieved by the uniform distribution
Px =1/|X| and have the form

1+p
s ‘X‘ 1
Eo(p, Wy|x) = (1+ p)log |X| —log ¢ > |V Zplﬂ’ (5.29)
i=1
and
|X|

C(Wy|x) = log | X[ — x| 2 Z Vil me P(O) x),

3Here symmetry is defined in the Gallager sense [42, p. 94]; it is a generalization of the standard notion

of symmetry [29] (which corresponds to s = 1 above).
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where the tilted distribution Pi(a), a > 0, for each i = 1,2,--- s, is defined on Zy £

1
1fa

PG 2 T jeta.

(2
X o
(el
Since now FEy(p, Wy |x) is a concave and differentiable function of p, the bounds E ;. and
E jsp can be analytically obtained. If

|X|
,X‘Zm pr H o (Ix) + mHgs (S) < logy || (5.30)

and

S i (S vP5)” o (1)
s i (E8, vm5)”

then the source-channel exponent is positive and is exactly determined by

+ THQ(U(S) > log, |X|, (5.31)
S

E;(Qs, Wy|x,T)

s Xl i 7(14+p%)
= (1+p)loglx| —log{ | Vil | S pi7” (Z Q”” ) :
(5.32)
where p* is the unique root of the equation
)
S (S8 057 ) Hyn (0
+7H (p)(S) = 10g2 |X| (533)

1\ 1+p
s (el )
In the case when (5.30) does not hold, which means 7Hg4(S) > C(Wy x), E; is zero. When
(5.30) holds but (5.31) does not hold, the right-hand side of (5.32) becomes the upper bound
Ejsp(Qs, Wy |x,7) and meanwhile, ; is lower bounded by E, (1, Wy |x)—7E4(1,Qs), where
Eo(p, Wy |x) is given by (5.29).

Example 5.2 Now we apply the conditions (5.30) and (5.31) to a communication system
with a binary source with distribution {¢q,1 — ¢}, a binary symmetric channel (BSC) with

crossover probability € and transmission rates 7 =0.5, 0.75, 1, and 1.25. Note that

R (Wy|x) =1 <\[ ﬁfm)
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=0.5 1=0.75
0.5 0.5
0.4 0.4
0.3 0.3
- A - A
0.2 0.2
0.1 B 0.1 LB
0 oM
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
C ¢ C €
=1 1=1.25
0.5 0.5
0.4 0.4
0.3 0.3
- A > A
0.2 0.2
0.1 B 0.1 B
S k

0 01 02, 03 04 05 /Qo 01 02,03 04 05
€ C €

Figure 5.4: The regions for the (e, ¢) pairs in the binary DMS {q, 1—¢} and BSC (&) system of
Example 5.2 for different transmission rates 7. Note that E; = 0 on the boundary between
Regions A and B; Ej is exactly determined on the boundary between Regions B and C.
In Region A, E; = 0. In Region B, E; is positive and known exactly. In Region C, E; is

positive and can be bounded above and below.

and

R@@@:m( Ve )

W ES
where hy(+) is binary entropy function. In Fig. 5.4, we partition the set of possible points
for the (e, q) pairs into three regions: A, B and C. If (e,q) € B, where conditions (5.30)
and (5.31) hold, ie., THqo4(S) < C(Wy|x) and TRg,)(QS) > Re(Wy|x), then the corre-
sponding F; is positive and exactly known. Furthermore, if (¢,q) € C, then E; is bounded
above (below, respectively) by the right-hand side of (5.32) (E,(1, Wy |x) — 7Es(1,Qs),
respectively). When (e,q) € A, where THqo (S) > C(Wy|x), E; is zero, and the error

probability of this communication system converges to 1 for n sufficiently large. So we are
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only interested in the cases when (e,q) € BUC.

5.4 Csiszar’s Expurgated Bound

5.4.1 Equivalent Expression

In [31], Csiszar extended his work and obtained another lower bound to E; for a class
of source-channel pairs: for a DMS and a DMC with zero-error capacity equal to 0, if

Eex(R, Wy |x) = maxp, ep(x) Fez (R, Px, Wy|x) is attained for a Px not depending on R,

then
Ej(Qs, Wy|x,T) 2 E o (Qs, Wy|x,T) (5.34)
where
@ Wy 2 i e (R.08) + Burv| 69
THq 4 (S)<R<rlog, |S| T

is called Csiszar’s source-channel expurgated lower bound since it contains Ee, (R, Wy x) in
its expression. We then use Fenchel’s Duality Theorem to derive an equivalent expression

of EJem‘
Theorem 5.3 For a DMS and a DMC with zero-error capacity equal to 0, if

Eew(R7 WY|X) = p Hel%}(()() FEex (R7 Px, WY|X)
X

1s attained for a Px not depending on R, then
E ;e (Qs, Wy|x,t) = Sl;lif[Em(Pa Wy |x) — TEs(p, Qs)]- (5.36)
p>
Proof: Recall that E.(p, Px,Wy|x) is concave in p on the interval G = [I,+o00) [42,
pp. 153-154]. Note that

_EBIE(Rv PX7WY\X) £ _Sup[Ew(p7 PX7 WY\X) - pR] =

peC: peG

is the concave transform of E.(p, Px,Wy|x) on R € G* = {R : —Ee:(R, Px,Wy|x) >

—o0} = [0,400) for DMCs with zero-error capacity equal to 0. Also recall that 7Es(p, Qs)
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is strictly convex in p on the interval F' = [0, +00). Its convex transform

suplpR — 7E, (p, Q)] = re (5, Qs>
pEF T

is a function of R on F* = {R : 7e(R/7,Qs) < 400} = (—00,7logy |S|]. Fenchel duality

theorem states that

inf [TEs(p,Qs) — Ex(p, Px, Wy|x)] = max {—Eex(R, Px, Wy |x) —Te <§,QS>}

peFNG ReF*NG*
or
. R
SUP[Ex(Pa PX7WY‘X) - TES(p7 QS)] = min TE _7QS +E€SL‘(R7 PX7WY|X) .
p>1 0<R<Tlog, |S| T

We can now maximize over Py and get the two equivalent lower bounds:

Sup[Ex(p7 WY|X) - TEs(py QS)]
p>1

R
= i ) Ee:c R? P 7W
IIIB?(X0<REIII§g2 S| [Te <T QS) " ( * YlX)]

—
S
=

R
= 1 - E@CE R? P 7W
0<R£71'111(}g2 S| [Te <T ’ QS) + H}Dix ( X YlX)]

—
=
=

|:T€ <§7 QS) + Eex(R, Wy|X)]

min
THqg (S)<R<tlog, |S|
= EJ@{L‘(QS?WY‘X7T)7
where (a) follows by assumption that the maximizing Px does not depend on R and (b)
holds since the convex function 7e(R/7,Qs) + Eez(R, Wy |x) is either infinity or strictly

decreasing for R < THg4(S). |

In the following lemma we note that the supremum in (5.36) can be replaced by a

maximum, and the relation between the maximizer p and its dual minimizer R, is given.

Lemma 5.5 For DMC with zero-error capacity equal to 0, the function E(p, Wy|X) —

TEs(p,Qs) has a global maximum at a finite p > 1. Let

p, = arg max[Fx (p, Wy|x) = 7Es(p; Qs)] (5.37)
and
R, =ar min Te B Qs | + Eex(R, Wy |x) (5.38)
Llem — gTHQS(S)SRSTlogZ S| T S ex\4L, VWYX )| - :
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Then Ry = 7H 6, (S) if p, > 1; Ry < TR (Qs) if p, = 1.
S

Remark 5.5 Since the function between brackets to be optimized in (5.37) (or (5.38)) is

strictly concave (or convex), p and R, are well-defined and unique.

Proof: We first show that p, is finite. Recall that for any Py, Gallager’s source function

Es(p,Qs) given in (2.7) and E,(p; Px, Wy |x) given in (2.25) at p = 1 reduce to

2
Ey(1,Qs) = log, <Z \/Qs(8)>

seS
and )
Ey(1; Px, Wy|x) = —10g2z <Z Px (x) PYX(Z/|33)> :

yeY \zeX

2

Using Jensen’s inequality [29] on the convex function 2%, we obtain

By(1,Qs) < logy > (Qs(s)Qs(s)™!) = log, ||

seS

with equality if and only if Qg is uniform, and

E,(1; Px,Wy|x) > —logy > > Px(z)Wyx(ylz) = 0.
yeY xeX

Therefore,
B, (1, Wy |x) — 7E5(1,Qs) > —logy [S]|

because of the nonuniform source assumption. On the other hand, because the zero-error

Ea(pWyx) _

capacity is 0 we know that lim,_. 0 (from [42, p. 155]) and hence

Ey(p, Wy |x) — TEs(p, Qs)

< —7log, [S].
p—00 p

Clearly, since the concave function E.(p, Wy|x) — 7Es(p, Qs) is finite (bounded below) at
p =1, and approaches to —oo as p — o0, there exists a global maximum at a finite P, We
next show the relation between P, and R,,,. Following the proof of Theorem 5.3, let f*(y)
be re(R/7,Qs) and let f(z) be Es(p,Qs). Fenchel’s Duality Theorem (4.2) says that p_

and R,,, should satisfy

max[pR,,, — TEs(p,Qs)| =

o1 x :cm _TES(p7 QS)
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If p, > 1 then p, is the stationary point of the concave function pR,,,, — TEs(p,Qg), and
hence

R. =1TH S).
Llpm T Qgﬁm)( )

Otherwise (if P, = 1), which means that the stationary point is less than or equal to 1,

Analogously to Theorem 5.2, we have the following explicit conditions regarding the

expurgated lower bound to the JSCC exponent.

Theorem 5.4 For the expurgated lower bound in Theorem 5.3, the following conditions are

equivalent.

o TR (Qs) < Res(Wyx) < p, > 1 == RS (Qs) < Ry < Reo(Wy|x). Thus,
E;(Qs, Wy|x,t) = Ex(p,, Wy|x) — TEs(p,, Qs)-
o TRS*)(QS) > Rew(WY|X) — P, = l<—= R, = TRgf“) (QS) > Rem(WY\X)- Thus,

Ej(Qs, Wy |x,t) > Ex(1, Wy |x) — TEs(1,Qs).

The proof of Theorem 5.4 is similar to that of Theorem 5.2 and is hence omitted. We
next use Theorems 5.2 and 5.4 to compare Csiszar’s random-coding and expurgated lower

bounds.

5.4.2 Random-coding Lower Bound vs Expurgated Lower Bound

Of clear interest is the case when the expurgated bound improves upon the random-coding

bound.

Corollary 5.4 The source-channel random-coding bound is improved by the expurgated
bound (i.e., E;. < Ej..) if and only if TRgi)(Qs) < Rex(Wy|x), where Re,(Wy|x) is
defined in (2.835).
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Proof: When TRg“;)(Qs) < Rex(Wy|x), we must have that TRgi)(Qs) < Rer(Wyx), since
Rex(Wy|x) is never larger than R..(Wy|x). It follows from Theorem 5.2 that the random-
coding lower bound is attained at R, = TRgi)(QS). By Theorem 5.4 the expurgated lower
bound is attained at Re,(Wy|x) > Ry, > TRgf«)(Qs). On account of Lemma 5.5, this must

happen if R, = THQ(EQ)(S) with p > 1. Thus, R, > R,,, and
S

R,
EJT(Q»S’WY\XaT) = ET(Em7WY|X)+Te <_—7QS>

T

R
< ET(Exmv WY|X) +Te <_mm7QS>

T

IN

R:L‘m
Eex(ﬁxmawy‘X) + Te <_ 7QS>

B
= EJew(Q»S’ WY|X7 7—)‘

In this case, the source-channel expurgated lower bound is tighter than the random-coding
lower bound. We then show that E; (Qs, Wy|x,7) > E .. (Qs, Wy |x, ) if TRgi)(Qs) >
Rex(Wy | x).

When Rem(Wy‘ x) < TRgf«)(Qs) < Rcr(Wy| x), it follows from Theorems 5.2 and 5.4 that

E ;. (Qs,Wyx,7) = Eo(1,Wy|x) —7Es(1,Qs)
= Ew(17WY|X)_TEs(17QS)

= EJ@:(;(Q57 WY|X7 T)7

where the second equality follows from the fact that, for any Px, Gallager’s channel func-
tions E,(1, Px, Wy |x) and E.(1, Px,Wy |x) are equal [42], and hence their maxima are
equal. In this case, the source-channel random-coding lower bound is identical to the ex-
purgated lower bound.

When TRgf«)(Qs) > Rer(Wy|x), we must have TRg“;)(Qs) > Rex(Wy|x). Then the
expurgated lower bound is attained at R, = TRgi)(Qs) by Theorem 5.4. On account

of Theorems 5.2 and Corollary 5.1, the random-coding lower bound is attained at R, =
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THQ(B*)(S) > Re(Wyx) with p* < 1. Consequently,
¢ P

E; . (Qs,Wy|x,T) = (Rm=WY|X)+Te< 7Qs>

v

Fer(R,, WYX)+Te< ,Qs>

7QS>

In this case, the source-channel random-coding lower bound is tighter than or equal to the

v

ew(Rmmv WY\X) +7e <

- Eje;p(QS7 WY|X7 T)'

expurgated lower bound. |

5.4.3 DMS and Equidistant DMC

A DMC Wy |x is called equidistant if there exists a number 3 > 0 such that for all pairs of

inputs x # T,

S Wy () Wy (913) =

Note that equidistant DMCs have 0 zero-error capacity, and every DMC with binary input
alphabet is equidistant. It is shown in [57] that for an equidistant channel, E,(p, Wy |x) is
achieved in the range p > 1 by a uniform input distribution Px(z) = 1/|X|. Therefore, we

can write E,(p, Wy|x) as

Xl—1 1 1

Ey(p, Wy|x) = —plog, <‘ B m) for p=1

|X]
Now we apply Theorems 5.3 and 5.4 to DMS Qg and equidistant DMC Wy, x with

transmission rate 7. We then see that if

(5.39)

X 1 1
THQ(l)(S) + log, <| | ) < M
5

o l pr——
the expurgated JSCC lower bound is tighter than the random-coding lower bound and is
given by

|X]—1

L 1
EJ(Q37WY‘X7t) > _Bx 10g2 ( ’X‘ ﬁﬁx + ‘X’) (1 +p 10g2ZQl+p S ; (540)
sES
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where p, s the unique root of the equation

X —1 1
7ﬂp+_
| X

1
1 > _p'prlog, B
= _

5 1
b7+ =

THQ(p)(S) + log, <
S

Figure 5.5: The regions for the (a,q) pairs in the binary DMS {¢,1 — ¢} and BEC («)
system of Example 5.3 with 7 = 1. Note that E; = 0 on the boundary between Regions A
and B; F; is determined on the boundary between Regions B and C;; The random-coding

bound and expurgated bound to E; are equal on the boundary between Regions C; and

C,.

Example 5.3 Consider a communication system with a binary source with distribution
{q,1—q}, a binary erasure channel (BEC) with erasure probability o and transmission rate
7 = 1 (similar results hold for other cases, as in the last example). Using the conditions
(5.30), (5.31) in Section 5.3.3, and together with (5.39), we present in Fig. 5.5 the set
of (e, q) points, partitioned into four regions. If the pair («,q) is located in Region B,
then the system Ej is positive and exactly known. If (a,q) € C = C; U Cy, then upper

and lower bounds for E; are known. Here, Region Cy consists of the values of (a,q) for
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which the source-channel expurgated lower bound given in (5.40) is tighter than the source-
channel random-coding lower bound. Finally, when («,q) € A, E;(Qs, Wy |x,7) = 0. In
Fig. 5.6, we plot the random-coding and expurgated lower bounds for different source and
BEC pairs. We observe that when the source distribution is Qs={0.1,0.9} (respectively
Qs={0.2,0.8}), the expurgated lower bound for E is tighter than the random-coding lower
bound if a < 0.0297 (respectively if o < 0.0102).

0.35
0.31 b
L~
©
n 0.25F b
2 For q=0.1, Exp—LB>RC-LB whea<0.0297
3
m
2 oz2r For q=0.2, Exp-LB>RC-LB when<0.0102 1
3
oo —6o—=0.1, Exp-LB
0151 *= =@ _ g _ —*—0=0.1, RC-LB ||
—e Y
—-0--0g=0.2, Exp-LB
—%- 0=0.2, RC-LB
01 Il Il Il Il Il
0 0.005 0.01 0.015 0.02 0.025 0.03

a

Figure 5.6: Improvement due to the expurgated lower bound for the binary DMS («, ¢) and
BEC (a) system of Example 5.3 with 7 = 1. Exp-LB and RC-LB stand for the expurgated

and random-coding lower bounds, respectively.
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5.5 JSCC Excess Distortion Exponent with Hamming Dis-

tortion Measure

Since in this section we study the (lossy) JSCC excess distortion exponent with a criterion
fidelity, we allow the source distribution Qg to be uniform. Given a distortion measure d(-, -)
on § x 8, a JSC code (fn, n, A, 7) with blocklength n and transmission rate 7 > 0 for a

mn-length DMS Qg € P(S) and a DMC Wy x € P(Y|X) with a threshold A of tolerated

distortion is a pair of mappings (see Fig. 5.1)
fo: S™ ., xn

and
On yn —, 8™,
The probability of failing to decode the JSC code ( f,,, ¢n, A, 7) within a prescribed distortion

level A > 0 is called the probability of excess distortion and defined by
P(”) W- L (n) W(”)
A (QSv Y\XvT) Z QS (S) Y|X(y|fn(s))
{(s,y):d™™) (s,0m (y))>A}
Definition 5.2 The JSCC excess distortion exponent E?(QS,WY‘ x,A,7) is defined as

the supremum of the set of all numbers E2 for which there exists a sequence of JSC codes

(fny©n, A, 7) with blocklength n and transmission rate 7 such that

1 n
E” <liminf —= log Pé )(Qs, Wy x, 7).
n

n—oo

When there is no possibility of confusion, E?(QS, Wy x,t) will often be written E?. In [31],
Csiszar proved that for a DMS Q¢ and a DMC Wy x, the JSCC error exponent under

distortion threshold A satisfies
—=A
E%T’(QSu WY‘X; T) S E?(QS7 WY‘Xa Aa T) S EJgp(QS7 WY|X7 T)7 (541)
where

. R
E?T(QS? WY|X7 T) = }121;% |:TF <;7 QS7 A) + ET(R7 WY|X):| (542)
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and
=A . R
EJsp(QS7WY|X7T) = JI%I;fO |:TF <?7QS)A> +Esp(R7 WY\X) : (543)

In the above, F(R,Qg,A) is defined by (2.11) and is the true value of the DMS excess
distortion exponent ea (R, Ps), and E,.(R, Wy |x) and Eg,(R, Wy |x) are the random-coding
and sphere-packing bounds to the channel error exponent. Likewise, if the infimum in (5.42)
or (5.43) is attained for a rate larger than the channel critical rate, then the lower and upper
bounds coincide (cf. Lemma 5.4), and we can determine F$ exactly. Of course, the two
bounds are nontrivial if and only if TR(Qs, A) < C(Wy|x) by the lossy JSCC theorem.
By definition F(R,Qg,A) is a nondecreasing, but not necessarily convex or even con-
tinuous in R (cf. Section 2.2.2). Therefore, it is hard to analytically compute the JSCC
exponent E? in general. In this section we only address the computation of E? for a binary

DMS and an arbitrary DMC under the Hamming distortion measure dg(-,-), given by

1, if s#35,
dr(s,s) = (5.44)
0, ifs=5.

We first need to derive a parametric form of F(R,Qg,A). Define
A A 1 1
Eg(p,Qs) = (14 p)log (q”P + (1= Q)””) — phy(A). (5.45)

Lemma 5.6 For binary DMS Qs £ {q,1 — ¢} (¢ < 1/2) under the Hamming distortion
measure (5.44) and distortion threshold A such that A < 1/2, the function F'(R,Qg,A)

given by (2.11) is equivalent to

+00, R>1-— hb(A),
F(R,Qs:8) =\ supys,[pR —TEM (p,Qs)], R(Qs,A) < R<1-hy(4),  (5.46)
0’ R< R(QSv A))

where the rate-distortion function R(Qg, A) = hy(q) —hp(A) and pg = 0 if ¢ > A; otherwise

R(Qs,A) =0 and py is the unique root of equation H(Q(Sp)) = hyp(A) such that pg > 0.
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Proof: Recall that the rate-distortion function R(Qg, A) for a binary DMS Qg = {¢,1—q}

under the Hamming distortion measure is given by (e.g., [29])

hy(q) — hy(A), 0< A <gq,
RN RIORTTS g o
0, A > q.

Clearly, F(R,Qg,A) = 0 for R < 0 since the infimum in (2.11) is attained at Ps = Qs.
Similarly, since R(Ps, A) <1 — hy(A) for all Ps, F(R,Qg,A) = oo for R > 1— hy(A). For

the remainder of the proof, we assume 0 < R < 1 — hy(A).

(1)Case of 0 < A < q. For R < R(Qs,A) = hy(q) — hp(A), we have

F(R A) = inf D(P. = D(P =0.
(R,Qs,A) por Aok (Ps || Qs) (Ps || Qs) o,

For hy(q) — hp(A) < R <1 — hy(A), we have

F(R A) = inf D(P.
(R,Qs,A) R (Ps || Qs)

= . min D(PS H QS) (548)
Ps={p,1-p}:R(Ps,A)=R

= min D(Ps || Qs)

pihy(p)—ho(A)=R
= e(R+m(A),Qs),  for H(Qs) < R+ hy(A) <log|S| (5.49)

= iglg[p(R + hy(A)) — Es(p)] (5.50)
= igg[pR = (Es(p) — pho(A))]-

Here (5.48) follows from the facts that the continuous function 6(p) = plog 17; +(1—p)log %
is increasing for p > ¢ and R(Ps,A) given in (5.56) is continuous and increasing in p for
A <p< i In(549), we note that H(Qg) = hy(q) and that log|S| = 1 as the source
is binary. (5.50) follows by the well known parametric form of source exponent function

introduced by Blahut [19] and noting that R’ £ R + hy(A) € [H(Qs),log |S]].

(2) Case of A > q. For 0 < R <1 — hy(A), similarly as (5.49), we have

F(Ra Qs, A) = G(R/, QS) = Sup[pR/ - Es(p)]7
pEA
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where R' = R + hyp(A) such that H(Qg) < hp(A) < R’ <1 =1log|S| and

A::{ﬁJWH&&w]

0, fMMgHs%

p=p*
= {oma) <R =HEQY) <1}

= {p":1po < p" < oo}, (5.51)

where pg is the unique root of equation H (Q(Sp)) = hp(A) and pg > 0. Here (5.51) follows
from the monotone property of H (Q(Sp )). Therefore, we write
F(R,Qs,A) = sup[pR — (Es(p) — phy(2))]
p>po

In fact, it can be shown that pg is the right slope of F(R,Qgs,A) at R = R(Qs,A). |

Define the binary divergence by

D(A | q)éAlog%—l—(l—A)logll_A. (5.52)

Theorem 5.5 Given a binary DMS (¢ < 1/2) and a DMC Wy x under the Hamming
distortion measure and distortion threshold A (A < 1/2), the JSCC exponent satisfies the

following.

1) Lower Bound: If 0 < A < \/q/(\/q+ 1 —q), then py < 1 and

EXNQs, Wy |x,7) = max [T,.(p, Wy|x) — TES(p, Qs)], (5.53)
po<p<1

Otherwise, if A > \/q/(/a+ 1 —q), then

ER(Qs, Wy|x,7) = TD(A || ) + Eo(1, Wyx)- (5.54)
2) Upper Bound:
—A
E,(Qs, Wy |x,T) = sup [Top(p, Wy x) — TES (p, Qs)]- (5.55)
P>po

Proof: It can be easily verified that F(R, Qg,A) is continuous and convex in R € (—oo,1—

hp(A)] if ¢ > A and F(R,Qs,A) is continuous and convex in R € (0,1 — hp(A)] and has a
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jump at R = R(Qs,A) =0 if ¢ < A. In either case, F(R,Qg,A) has a right-slope py at
R = 0, where pq is defined in Lemma 5.6.

It follows from a geometric argument (as in Lemma 5.3) regarding the right- and left-
slopes that if pg > 1, or equivalently, if A > \/q/(\/qd+ V1 —q), E2(Qs, Wy x,7) in (5.42)
is achieved at R | 07, and

. R
EXNQs, Wyx,7) = }%11151 [TF (?7Q57A> + E.(R, WY|X)]

= lim |7 inf D(P + Ep(1, Wh —R
A [ PR Ay B (Ps || Qs) + Eo(1, Wy x)

= 7D(A || q) + Eo(1, Wy x).

Otherwise, if py < 1, E2(Qs, Wy |x,7) in (5.42) is achieved at R > 0. In this case, we
define

- F(R,Qg,A), R >0,
F(R,Qs,A) = (. Q5. 2) (5.56)
lileoF(R,Qs,A), R=0.

Clearly, replacing F(R,Qg,A) by ﬁ(R, QRs,A) in E?T(QS,WYD(,T) does not affect the

lower bound. In fact, we can rewrite

~ (R
E% W = inf F(= A+ E.(R,W- .
E7,.(Qs, Wy|x,T) ocret i) [T <T’QS’ > + By ( Y|X)]

For the upper bound, noting that pq is finite, we always can write

=A . ~(R
EJsp(Q57WY\X77—) £ OSRglln—fhb(A) |:TF <;7Q57A> +Esp(R7 WY|X):| >

since the above infimum can never be achieved at R = 0 by a simple right- (left-) slope
argument (cf. Lemma 5.3). Now F(R,Qg,A) is convex and continuous in [0,1 — hy(A)].
It follows by Lemma 5.6 that F (R,Qs,A) and E2(p,Qg) are a pair of convex Fenchel
transforms, i.e.,

F(R,Qs,A) = (E2(p,Qs))", Re[0,1—hy(A)]

and

EsA(p7 QS) = (ﬁ(Rv QS)A))*, R e [p07+00).
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Adopting the approach of Section 5.2, we can apply Fenchel duality theorem to E?,,(Qs, Wy x,T)

for the case pg < 1, ie., 0 < A < /q/(\/4+V1—q), and E?sp(Qs,Wy‘X,T) and obtain
equivalent computable bounds (5.53) and (5.55). [

Remark 5.6

1) As in the lossless case, if 7(hy(q) — hp(A)) = C(Wy x), then Ef(QS,Wy‘X,T) =
—A —=A
Eop(Qs, Wy x,7) = 0. If Roo(Wy|x) > 7(1 — hy(A)), then £, (Qs, Wy|x,T) = +00.

2) In the special case where the binary source is uniform, i.e., ¢ = 1/2, Theorem 5.5

reduces to

max [—pT(l — hp(A)) + T (p, Wy\x)] < E?(QS, Wy x,T)

0<p<l
sup [—pT(1 — hy(A)) + Top(p, Wy x)] -
p>

IN

This is clearly equivalent to
E, ((1 = hy(A)), Wy|x) < EF(Qs, Wy x,7) < Egp (7(1 — hy(A)), Wy x)  (5.57)

by the definition of 7;. and Tf,. In other words, Ef is bounded by the channel random-
coding and sphere-packing bounds at rate 7(1—hy(A)). I 7(1—hp(A)) > Rer(Wyx),

then E? is exactly determined.

3) When the source is nonuniform, E2(p, Qs) = Es(p, Qs) — prhy(A) is strictly concave

in p. In this case, the maximizer
7~ £ arg sup [Ty, (p, Wy |x) — TES (p, Qs)]
P pPo

is strictly larger than pg if 7(hy(q) — he(A)) < C(Wy|x) and Reo(Wyx) < 7(1 —
hy(A)). Particularly, 7 < oo if Roo(Wy|x) < t(1 — hy(A)). As counterparts of
Lemma 5.2 and Corollary 5.1, it can be shown that the upper bound ESAP(QS, Wy |x, T)
in (5.43) is attained at Eﬁ = HQ@A)(S) — hy(A) and the lower bound in (5.42) is
attained at RS = HQ(BA)(S) - hb(SA), where p® = min{p®,1}. Consequently, other

S
similar results to the lossless case regarding these optimizers can be obtained.
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Figure 5.7: The regions for the (g, ¢) pairs in the binary DMS {¢, 1 —¢} and BSC (¢) system
of Example 5.4 with Hamming distortion for different values of the distortion threshold A
with £ = 1. Note that E§ = 0 on the boundary between Regions A and B, and E? > 0is

determined on the boundary between Regions B and C;.

Example 5.4 For a binary DMS {¢,1 — ¢} (¢ < 0.5) and a BSC (¢) under transmission
rate t = 1, we compute the JSCC error exponent under the Hamming distortion measure
with distortion threshold A (A < %) In Fig. 5.7, if the pair (g, q) is located in Region B,
then the corresponding JSCC exponent can be determined exactly (the lower and upper
bounds are equal). If (g,q) is located in Region Cy, then E? is bounded by (5.53) and
(5.55). If (e,q) is located in Region Cs, then E5 is bounded by (5.54) and (5.55). When
(e,q) € A, E§ is zero, and the error probability of this communication system converges to

1 for n sufficiently large. So we are only interested in the cases when (¢,q) € BU Cy U Ca.
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Fig. 5.8 shows the JSCC error exponent lower bound of the binary DMS {¢,1 — ¢}
(¢ < 0.5) and BSC (¢) pairs under different distortion thresholds. We fix the BSC parameter
e = 0.2, and vary ¢ from 0 to 0.5. In Fig. 5.8, Segment 1 is determined by (5.54), and
Segments 2 and 3 are determined by (5.53). Furthermore, the lower bound coincides with

the upper bound (5.55) in Segment 3; i.e., the JSCC exponent is exactly determined in

Segment 3.
3.5
3F J
A=0, E =E_is determined
2.5F FUA J 1
@b if qJ1[0.0001,0.0481]
S _ .
e 2; A=0.1, If is determined ]
3 F if q[1[0.0209,0.2129]
o0 -
o Ll5E £=0.2, I':f is determined 1
z 5 Lower Bound if q[0.0955,0.5]
= r Section 1
1k A=0.3, I':? is determined b
- Lower Boun .
Section 2 if C|D[O.2854,0.5]
0.5 i

0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 5.8: Fix ¢ = 0.2. The JSCC excess ditortion exponent lower bound of the binary
DMS {q¢,1 — q} (¢ < 0.5) and BSC () pairs under Hamming distortion with 7 = 1. For
A =0, E? is determined if ¢ € [0.0001,0.0481], which is the same as the random-coding
lower bound for the lossless JSCC error exponent. For A = 0.1, E? is determined if
g € [0.0209,0.2129]. For A = 0.2, E2 is determined if ¢ € [0.0955,0.5]. For A = 0.3, B3 is
determined if ¢ € [0.2854,0.5].
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5.6 Conclusion

In this chapter, we established equivalent parametric representations of Csiszar’s lower and
upper bounds, E;,, E ., and E Jsp, for the JSCC exponent F; of a communication system
with a DMS and a DMC. As a result, the computation of the bounds for E; is facilitated for
arbitrary DMS-DMC pairs. Furthermore, the bounds enjoy closed-form expressions when
the channel is symmetric (in the Gallager sense). Notice that Csiszar’s random-coding
lower bound for E; is in general larger than Gallager’s lower bound; they are identical
if the channel is symmetric. We obtained explicit sufficient and necessary conditions for
E;. = E s and E,, > E;,. Finally, we partially investigated the computation of Csiszar’s
lower and upper bounds for the lossy JSCC exponent for binary sources and DMCs under
the Hamming distortion measure, and obtained equivalent representations for these bounds

using the same approach as for the lossless JSCC exponent.



Chapter 6

JSCC Error Exponent with

Feedback /Source Side Information

In this chapter we discuss the JSCC error exponent with feedback or source side information
(SI). The question we aim to answer, is whether output feedback or source SI can strictly
increase the JSCC error exponent.

In Section 6.1, we consider the discrete memoryless JSCC system with perfect (noiseless
and instantaneous) causal feedback. We obtain an upper and a lower bound for the JSCC
error exponent with feedback Ej ;. The upper bound follows directly from the definition
of the exponent and the corresponding channel error exponent with feedback by using
Csiszar’s approach based on the method of types. More specifically, we actually show
that Csiszar’s JSCC sphere packing upper bound E j.,(Qs, Wy |x,7) given by (5.6) is still
valid for the feedback case, i.e., Ej s < Ejsp. We next establish a Gallager-type lower
bound for Ej sy, expressed in terms of source and channel functions (see (5.9)), using an
iterative coding scheme proposed by Zigangirov [115]. We then examine this lower bound
for channels with binary input alphabet and a symmetric distribution (in the Gallager
sense). A sufficient condition for which Ej; s, is determined exactly by its lower and upper
bound is provided. In Section 6.2, we investigate the situation for which the JSCC error

exponent with feedback can be strictly larger than the exponent when there is no feedback.

105
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By numerically comparing the lower bound for £ ¢, and the upper bound of E;, the JSCC
error exponent without feedback, we present a few examples to show that Ej p, could be
considerably larger than E;.

We next extend the JSCC problem by considering the availability of SI on the trans-
mitted source at the decoder. We establish an (achievable) lower bound for the JSCC error
exponent. The lower bound follows from a two-stage encoding two-stage decoding scheme
which combines the approaches of Csiszar [30] and Oohama and Han [73] and is based on
the method of types. In particular, at the decoding side, we employ a generalized maximum
mutual information decoder followed by a minimum conditional entropy decoder.

Furthermore, in Section 6.5, we analytically compare the lower bound for the exponent
with source SI at the decoder, E*?ID , with F g, the sphere-packing upper bound for the
exponent without SI. We derive a sufficient condition for which the source SI at the decoder
can strictly enlarge the JSCC error exponent for a system consisting of a binary source and
a symmetric channel. The sufficient and necessary condition for which the source can be
reliably transmitted over the channel, i.e., the JSCC theorem, is also formulated in Section
6.4. It is seen that the source-channel separation principle holds. Finally, a conclusion is

drawn in Section 6.6.

6.1 Systems with Feedback

Before we deal with the JSCC feedback system, we first introduce the channel coding

problem with feedback and review some results on the channel error exponent with feedback.

6.1.1 Literature Review: Channel Coding with Perfect Feedback

Given a message set M, = {1,2,..., M, } and a DMC Wy x € P(Y|X) with finite input
alphabet X and finite output alphabet ), a causal channel code with block length n and

perfect (noiseless and instantaneous) output feedback (see Fig. 6.1) consists a set of encoder-

mappings { f.,}I'_;, where

fc,r:Manr_l_’Xa 1<r<n,
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and one decoder-mapping

eM, n rEX . € e M,
m (3 | Wy | SY m

Yr—1 € y

Figure 6.1: Causal channel coding system with perfect feedback.

Let the transmitted message m be uniformly and independently drawn from the message
set M,,. The rate of the channel code ({fer}r—;, ¢cn) is defined by

R oA logy M,
" n

bits/channel use.

Let the corresponding n-length codeword be x = (z1,x9,...,2,) € X™ and the received
codeword be y = (y1,%2,.--,Yn) € V™. Then the probability of receiving y, (1 < r < n)
at the r-th instant under the conditions that the message m is transmitted, that the input

codeword is x1, x2, ...z, and that y1,yo, ..., y-—1 has been previously accepted is given by
Pr(Y, =y Y1 = y1, Yo = 92, ..., Vo1 = yr1,m) = Wy x (3| 20).
For the sake of convenience, we denote the r-th component of the codeword

x?” - fC,T’(y17y27 "'JyT’—17m)

by fer(m). Therefore, the probability that a sequence y is received conditional on that the
message m has been transmitted is given by
n
Py g.(y|m) = H WY\X(yr‘fcr(m))7
r=1

and the probability of error for the channel code ({f.r}I'_;, ¢cn) With rate R, is given by

M,
n I
PR (B Wyix) =37 > D, Pnglylm). (6.1)
" m=1yipen(y)#m
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Definition 6.1 For any R > 0, the channel error exponent Ey,(R, Wy x) with perfect
feedback is defined as the supremum of all numbers . for which there exists a sequence of

channel codes ({fc,}r'_1, ¥en) with

1 n
E, < liminf —— log, P (R, Wy x).

n—oo
and

R <liminf R,,.

Lower and upper bounds for the (fixed-length) channel coding error exponent with
feedback have been studied in [11,22,37,88,115]. Sheverdyaev [88] proved that the sphere-
packing upper bound for the DMC without feedback is also valid in the feedback case, i.e.,
for R > 0, Eyp(R, Wy |x) < Egp(R,Wy|x). On the other hand, Zigangirov [115] proposed
a coding scheme based on a set of likelihood functions and obtained a lower bound for the
error exponent for the BSC with feedback. His lower bound was extended by D’yachkov [37]
for K-ary symmetric channels with feedback and the bound for the BSC was later improved
for small rates by Burnashev [22]. These works show that at least for the DMC with binary
input, the error exponent for channel coding with feedback is determined exactly by the
sphere-packing bound in the interval R > R rp(Wy|x) for some R, py(Wy |x) strictly less
than the critical rate R..(Wy|x) for the channel. Furthermore, it is shown in [37] that at
zero rate, the channel error exponent with feedback strictly outperforms the one without
feedback for both the K-ary symmetric DMC and the DMC with binary input, whenever

the zero-error capacity of the channel is equal to zero.

6.1.2 JSCC System with Perfect Feedback

We now extend the channel coding with feedback to a JSCC setup. Consider the following
causal JSCC system with perfect feedback (see Fig. 6.2). Given a DMS {Qgs : S} with
alphabet S, a DMC {Wyx : & — Y} with finite input alphabet X and finite output
alphabet ), and the transmission rate 7 (source symbol/channel use), a causal JSC code

with block length n with perfect feedback consists a set of encoder-mappings { f, }I_; where

fr:STMx YTl X, 1<r<n,
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and one decoder-mapping

sc 8™ s5c 8™

T
{fr}?:l - WY|X Ir Pn

Yr—1

Figure 6.2: Causal JSCC system with perfect feedback.

Let the transmitted source message be s € 8™, the corresponding n-length codeword be
x € X" and the received codeword be y € Y". Then similarly to the channel coding system,
the probability of receiving y, (1 < r < n) at the r-th instant under the conditions that the
message s is transmitted, that the input codeword is z1,zs, ...z, and that yi,ys, ..., yr_1

has been previously accepted is given by
Pr(Y, =y Y1 =y1,Y2=y2,.... Yrr1 = 41, 5" = 8) = Wy x (yr|7r)-
For the sake of convenience, we denote the r-th component of the codeword

LTy = f?‘(yh Y25 -5 Yr—1, S)
by fr(s). The probability that a sequence y is received conditional on that the source s has
been transmitted is given by

Pwn p(yls) 2 T] Wy ix (wrl £-(s)),

r=1

and the probability of error for the JSC code ({f}1—,¥n) is given by
P Qs Wy, 7) = Y Qsmn(s)Pun s(yls). (6.2)
{(s,y):on(y)#s}
Definition 6.2 The JSCC error exponent E;f,(Qs, Wy |x,7) with perfect feedback is de-
fined as the supremum of all numbers F for which there exists a sequence of JSC codes
({/fr 121, on) with
1 n
F <liminf — logs Pe(fg(Qg, Wy|X, 7).

n—oo
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When there is no possibility of confusion, Ejz(Qs, Wy |x,7) will be written as Ej .

In the following we shall derive an upper bound and a lower bound for Ej,.

6.1.3 Upper Bound for JSCC Error Exponent with Feedback

First of all, we can upper bound E;z(Qs, Wy|x,7) in the same way as Csiszéar’s did for
the JSCC upper bound (5.4) without feedback by using a simple type-partitioning (or type

counting) argument.
Theorem 6.1 Given Qg, Wy |x, and 7 > 0 with perfect feedback,

R
) W- < inf — Ernp(R, W 6.3
71(Qs Wy x,7) < o (5) 052 1og, 18] [Tﬁ (T,Qs> + Epp(R, Wy x)| (6.3)

where e(R,Qs) is the source error exponent, and Ep(R, Wy |x) is the channel error expo-

nent with feedback defined by Definition 6.1.

Proof: Due to (2.5), we first write

R
inf = Ep(R, W
THQs(S)é%STlogQ |S| |:T€ (7’ ’ QS) + fb( ) YX):|

= inf [rD(P Epy(THpg (S), W :
il [TD(Ps|Qs) + Epb(rHps (S), Wy x)]

We assume that the above is finite (the upper bound is trivial if it is infinity) and the
infimum actually becomes a minimum. Let the minimum be achieved by distribution Pg €
P(S), then there must exist a sequence of types {133 € PM(S)}ZO_” such that Pg — Pg
uniformly.! )

Next rewrite the probability of error given in (6.2) as a sum of probabilities of types

and lower bound it by

PR@QsWyix,m) = > QY (Tr)Pepy(Tps) = Q5 (Tp ) Pps(Tp,)  (6.4)
Ps€Prn(S)

1The sequence {135 S Pm(S)} here denotes a sequence for n = no, 2n0, 3N, ..., where n, is the

n=ne

smallest integer such that 7n is also an integer.
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where

Pefb(']rﬁs) = T%’ Z Z PW",f(Y|S)

| Psl seTp, yion(y)#s
Note that P, fb(']I'A ) can be interpreted as the probability of error of an n-block channel code
({ferfr=1, Pen) with message set M,, = Tp . for the channel Wy x, since all the sequences
s € Tp, are equiprobable. Now setting Ry, = 1log, ITs | by the definition of the channel

error exponent with feedback and Lemma 3.1,

1
lim inf —— 10g2 Pepp(Tp,) < E <hm inf R, WY‘X> E(rHp, (S8), Wy x) (6.5)

n—oo n—oo

for any sequence of JSC codes ({fr}7_,¢n). According to Lemma 3.1 again, we know that
for any Pg € Prn(S)

1 (rn) 5 1
_ ) < il
— logy Qg (']I‘PS) < D(Ps||Qg) + |S|7-n logs(1 4+ 7n)

which implies

11msup——log2QS '(Tp,) < 7D(Ps]|Qs)- (6.6)

n—o0o

It then follows from (6.4), (6.5), and (6.6) that

11m1nf——log2 efb(QS7WY|X7 T)

n—oo

1
< liminf ——logQQS ( PS)——IOgQPefb(TPs)

n—oo

< hmsup——longS ( )—i—hmmf——loggPefb(T )

n—o00 n—00

< 7D(FPs||Qs) + Epp(THp: (S), Wy |x).

Since the above bound holds for any sequence of JSC codes, we complete the proof of

Theorem 6.1. [ |

Observation 6.1 As we mentioned before, we can see from the proof that this approach
to prove the JSCC upper bound, based on a type counting argument, can be adapted to
other discrete JSCC systems. Indeed, as long as we can partition the source space via a
polynomial number of type classes, and we can rewrite the averaged probability of error for

each type class as a channel coding probability error, then we can obtain a similar conceptual
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bound expressed in terms of the sum of source and channel error exponents. Note that this
conceptual bound cannot currently be computed as the channel error exponent is not yet
fully known for all coding rates, but it directly implies that any upper bound for the channel

error exponent yields a corresponding upper bound for the JSCC error exponent.

Since Epp(R, Wy |x) < Egp(R, Wy|x) due to Sheverdyaev [88], the following bound is

obvious.
Corollary 6.1 Given Qg, Wy x, and 7 > 0 with perfect feedback,

Erp(Qs, Wy |x,7) < Ejsp(Qs, Wy x, ) (6.7)

where EJSP(QS,Wy|X,T) is Csiszdr’s source-channel sphere-packing upper bound given by

(5.6).

By definition, the error exponent for systems with feedback must be larger than the
one without feedback; otherwise we just ignore the feedback information and then we can
achieve the same performance as the one without feedback. Thus, a trivial lower bound for

Ejp(Qs, Wy|x, ) follows

EJfb(QSu WY|X7 T) Z EJ(QSu WY‘Xa T) 2 maX{EJT(QS7 WY|X7 T)7 EJew(Q5’7 WY|X7 T)}7
(6.9)

and consequently the following condition follows from the results of Chapter 5.

Corollary 6.2 If TRS)(QS) > Rey(Wyx), then feedback cannot improve the JSCC relia-
bility function, i.e.,

Ejpn(Qs, Wy x,7) = Ej(Qs, Wy|x,T).

6.1.4 Lower Bound for JSCC Error Exponent with Feedback

In the sequel, we are hence interested in the case when TRgf«)(Qs) < Rer(Wyx)- A Gallager-
type lower bound will be derived by modifying the approach in [115] (also see [22,37]) for

the channel coding exponent bound with feedback.
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We first introduce the coding scheme. Let Py (z) be an arbitrary distribution on X with
Px(z) > 0 for any z € X, and let B = [byy]x|x|y| be an arbitrary |X| x [J| matrix with
nonnegative components and nonzero columns (B will be specified in the proof of Theorem
6.2). For each transmission instant » = 1,2, ...,n, we consider a set of likelihood functions

T, (s) for each source message s € 87" such that
ZTT(S) =1 and 7,(s)>0.

Thus each T, = {T(s)} can be regarded as a probability distribution. The initial distribu-
tion 77, and the iterative algorithm between T, and T,.;1 will be specified below.

When 7 = 1, let the initial distribution 77 be the tilted distribution (see Section 5.1.2)
of the source distribution 77 = Q(S)‘T)n defined on &™, where A > 0 is arbitrary and will
be optimized later. Note that this is different with the coding scheme in [115] for channel
coding with feedback, where T} is set to be a uniform distribution, i.e., T} = 1/M,, where
M, is the size of the message set. Now both the encoder and the decoder know 77, and
they would employ the same algorithm to calculate the next likelihood function for each s.

We assume at the r-th transmission instant, the encoder and decoder have T;..

Encoding rule. Denote M = |S|™ and K = |X| with X = {z(1 2 2K} Be-
fore each transmission and based on T, the encoder distributes all the M possible source
messages into K groups in the following way. The encoder orders the likelihood func-
tions and the distribution Px decreasingly, say, T,(s1) > T.(s2) > -+ > T,(sp) and
Px(zM) > Px(z®) > ... > Px (). For the first K source messages, we assign s; to
group (i1, assign s9 to group Go,..., and finally, we assign sx to group G . This procedure
is to make each group nonempty. For the source messages si1 up to sz, we successively
assign each source message to a group G according to the following rule:

. . se@; T,(s)
IS Gk T Py (a®)
With the grouping completed, if the transmitted source message s € (G;, then transmit

the channel symbol z(¥),
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Iterative algorithm. For both the encoder and the decoder, after transmitting x, at the

r-th instant, assume the channel output is ¥,. The encoder and the decoder calculate the

next likelihood function 7,11 (-) for each s using T, and y, in the following way:

_ bx(s)yr. T, (S)
Zs bm(s)yr Tr (S)

where z(s) = 2z if s € Gy, i = 1,2,..., K. Note that the decoder also makes the grouping

TT’+1(S)

to obtain the same G;’s. Clearly, T,1(s) is also a probability distribution.

Decoding rule. After the n-th transmission, the decoder would make a decision to say
which source message was transmitted. Based on the likelihood functions and the last
received symbol y,, the decoder computes 7,41 and output the source message s with the
largest likelihood function

s =arg max Thta(s).

We next show that under the above coding and decoding procedure, the following bound

is achievable.

Theorem 6.2 Given Qg, Wy |x, and 7 > 0 with perfect feedback,

Eypn(Qs, Wyix,m) = sup | Ef(p, Wy jx) = 7Ex(p, Q)] (6.9)
p=

where

fb _ : : fb
B3 (p, Wy | x) maxmaxmin - omin E°(p, Wy |x, 1, Px , a, q)

where the minimum is taken over the probability distribution q on X (i.e., > v q(x) =1,

q(x) > 0) such that q(a) < Px(a) and

1+p—p 1 P
Ef’(p.W, i, Px,a,q) = —logy > Wy " (yla) [Z q(x)Wy ¥ (ylw)] :
yey zeX

Proof: According to the decoding rule, an error occurs if 7;,+1(s) is not the largest when

s is the transmitted source message. Clearly, an upper bound follows

PM™(Qs, Wy|x,T) = Z Qs (s)Pr (T,+1(s) is not the largest|s is transmitted)

< 3 Qsm(s)Pr (Tn+1(s) < %

s is transmitted) .
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Let )
Qgrn(s) THX
e D) Fesmem
L=Ti(s) | Q@™
5. Qsrn(s) THA
and

V. &

Trit1(s) 1-T.(s)

We may write, for any p > 0,

Pe(n)(QSyWY|X7T)

< Z Qs (s)Pr <
Z Qs (s)Pr (

< Y Qs E

—~
S
N

IN

1=Ta(s) Ti(s) ’

P
<Z Qs (S/)“1A> Z Qg (s) TR

Tn-l—l(s)

— <1
1_Tn+1(s) B

S is transmitted)

n

[Tvir=vw

r=1

ITv
r=1

S is transmitted)

S is transmitted]

v

r=1

r=1,2,..n.
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s is transmitted] , (6.10)

where (a) follows from Markov’s inequality. At this point we need to borrow an important

result from [37]. It has been shown in [37] that for arbitrary channel input distribution P,

E ﬁV;P

r=1

where

H(p7B7PX7WY|X) :Iglea%(H(p7B7PX7WY|X7a)

is independent of s with

H(p7B¢PX7WY|X7a

s is transmitted] < H(p, B, Px,Wy|x)",

)= S Wl [
ey

q:q(a)<Px(a »

ZmGX q(x)bxy P

where the maximum is taken over the probability distribution q on & (i.e., > .y q(z) =1,

q(x) > 0) such that g(a) < Px(a). Now setting by, = Wy|X(yix)ﬁ for an arbitrary p > 0,

and noting that the distribution Px is arbitrary, we obtain

E

r=1

v

. ) b
S is transmitted] < 9B (P Wyx),

(6.11)
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On the other hand, by noting that the source is a DMS with Qg (s) = [[7"; Qs(si),

we have

P
<Z Qsm<s'>1%> (Z Qsm<s>%”> = f™,

where

p
F) = (Z %(s)lﬁﬁ’) (Z Qs<s>1+3> L A0

To obtain a good upper bound on the probability of error, we need to optimize the parameter

A for fixed p. It is not hard to check that

2
—af(/\) =0 and 0 f(z/\) > 0.
oX a2, ON |2,
Thus
1 e
i < B = 28:(r.Q), 12
min £(A) < (Zg: Qs(s) P) (6.12)
In the above, we write “<” instead of “=" because we do not know whether A = p is a

global minimum point. Finally, substituting (6.11) and (6.12) into (6.10) and maximizing

the exponent over all p > 0 yields the desired lower bound (6.9). [

Remark 6.1 Unlike )\ in the proof, we are not able to find the best u for a fixed p (especially
for p > 1) for general DMC’s.

The lower bound (6.9) has a similar parametric form as Gallager’s lower bound for JSCC

error exponent without feedback (5.9), i.e.,

01;13%(1 [Eo(p, WY|X) - TES (p7 QS)]7

and we have shown that, Gallager’s lower bound is equal to Csiszar’s lower bound E j,. if
the channel function FE,(p, Wy|x) is achieved by a distribution Px independent of p. In

fact, we have the following relation.

Corollary 6.3 For DMC with binary input alphabet X = {0,1}, the lower bound given in

(6.9) is at least as large as Gallager’s random-coding lower bound without feedback.
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Proof: We first restrict the range of p by
sup [E;fb(p, Wy x) — TEs(p, Qs)} > max [ngb(p, Wy x) — 7Es(p, Qs)| -
p>0 0<p<1

It then suffices to show Egb(p, Wy x) = Eo(p, Wy x) for any given p € [0,1]. When

0 < p <1, the function )
[Z g(w )W;{; <y|x’>]
x'eX
is a concave function of q and the constraints > ¢(z) = 1 and g(a) < Px(a) will be

achieved with equality. Thus,

p
max  max ZWY&“ (y|a) [Z q(z )W;g‘g(y]a:)]

aceX a)<P
q:q(a)<Px(a) rex

P
= max Wy‘l;(“ (yla) ZPX W;TX" (ylz)| .
aE{Ol}yy

TeEX

Next we set 1 = p and choose Py (P%(a) > 0) such that

P
> Py(x) W;‘gg yya;] =>

TEX yey

1+p
> Pl W;r)z y\x)]

TEX

> Wl

yey

for every a € X. We know from [42, Theorem 5.6.5] that such P¥ must achieve the maximum

of Ey(p, Wy|x). Thus

E , W > min  min Egb WWou=p,Px =P%,a,q) = E,(p, W .
*(p, Wy x) D eaR, (p, W, = p,Px = Px,a,q) (p, Wy x)

However, it is difficult to evaluate the bound (6.9) for general DMC’s, and we do not
know if the lower bound can improve Gallager’s bound in general, since when p > 1, it

turns out that

bory 1”

ZWY\X ylz) [Zx €x q(z")by y]
yey ba Y

is a convex function of q, and the maximum would be achieved at some boundary points.

When Wy |x is a K-ary symmetric channel? and a DMC with binary input, an analytic

formula for EJ b(p, Wy x) is given in [37].

2In this case Wy x is determined by only two parameters, i.e., the elements on the diagonal of the K x K

transition matrix are the same, and the other elements are the same.
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To be simple, we next use the results of [37] to specialize the lower bound given in (6.9)
for binary input channels with symmetric distribution (in the Gallager sense, cf. Section
5.3.3), and derive a sufficient condition in terms of information rates for which Ejyy, is
determined exactly. Let the DMC have binary input alphabet X = {0,1}. For x > 0 define

functions

_1 _z_
go(z) = Z Wy x (y]0) = Wy x (y[1) T+=
yey

and
_z _1
gi(z) = Z Wy x (y[1) = Wy x (y[0) T+=.
yey
It has been shown in [37] that for such channel
El*(p,Wy|x) = Eo(p, Wy|x) (6.13)
for p < p* where p* = min{py, p2} and p; > 1 (i = 1,2) is the unique root of
—logy gi (p) = Eo(p, Wy |x)-

Otherwise (if p > p* and hence p > 1),

. 1 1
Egb(p7 WY|X) = _10g2 min maX{fl(pnuvo)an(pnuao)’fl (,0,,&, 5) 1 (,0,,&, 5)}

p=p—1
(6.14)
where

__P_ 1 _1 P

filpd) 2> Wy (l0) T [Warx (510) g + Wy () 7 (1 = )]
yey

__P_ _1 _1 P

falpg) 2 D Wyx(yl)' ™ [WY|X(ZI|1)H“Q+WY|X(ZJ|0)1+“(1_Q)}

yeY
Theorem 6.3 Let |X| =2, THq4(S) < C(Wyx), andlogs [S| > Reo(Wy x). If Eo(p, Wy |x)

is achieved by a Px independent of p, then

Erpn(Qs, Wy |x,7) = Esp(Qs, Wy|x,T), (6.15)
for the source-channel pairs satisfying

THQ<Sp*>(S) > Rer, is(Wyx), (6.16)
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where Q(Sp*) is the tilted distribution with respect to p* and Re, so(Wy|x) = E(p*, Wy |x) is

a number strictly less than the critical rate Re,(Wy|x)-

Remark 6.2 For symmetric channels (in the Gallager sense) F,(p, Wy |x) is achieved by
uniform input distributions and hence it is differentiable with respect to p (cf. Section

5.3.3).

Proof of Theorem 6.3: The proof is straightforward since if (6.16) holds then E 5, given
in the parametric form (5.8) would be achieved by a p < p* by noting that T, (p, Wy |x) =
Eo(p, Wy x) is differentiable, and hence Egb(p, Wy x) = Eo(p, Wy x) by (6.13) and (6.15)
follows. [

0.3 A

o (EJ‘beS determined)

0.05
o L L L L
o 0.002 0.004 0.006 0.008

€

(E, 12 E~0)

Figure 6.3: The regions for the (g,¢) pairs in the binary DMS {q,1 — ¢} and BSC (¢)
system of Example 6.1 with 7 = 0.5. Ej s is exactly determined in Region A (including the
boundary). Furthermore, in Region B (including the boundary with A), Ejp = E; > 0;
in Region C (including the boundary with B), E; s, = E; = 0. Note that in Region D, E;

is not exactly determined.

Example 6.1 Now we apply the conditions (6.16) to a communication system with a binary

source with distribution {¢q,1 — ¢} (¢ < 0.5), a BSC with crossover probability € (¢ < 0.5)
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and transmission rates 7 = 0.5. For such channel
go(x) = q1(z) = 51%1‘(1 - E)li;w + EHLI(l — a)l%z

Fig. 6.3 (left) shows that the JSCC error exponent with feedback Ej , is determined ex-
actly by the sphere-packing upper bound E Jsp(Qs, Wy|x, ) in Region A (including the
boundary). Comparing with Region B in Fig. 6.3 (right), where E; is determined by
E Jsp(Qs, Wy|x,7), A is much bigger than B U C. In other words, the sphere-packing
upper bound determines the JSCC error exponent with feedback for many source-channel

pairs in Region D, where E; is not determined there.

6.2 Feedback Can Increase the JSCC Error Exponent

For discrete memoryless source-channel systems, feedback does not improve the region for
reliable transmissibility (i.e., we have the same JSCC theorem for systems with feedback),
but it might improve the reliability function. In the last section we studied the lower
and upper bounds for the JSCC error exponent with perfect feedback E; f;,, and the most
important result is that we obtain a nontrivial Gallager-type lower bound which can be
easily computed when the channel has binary input alphabet and a symmetric distribution.
Consequently, we can compare it with the upper bound of E; and study the situation when
Ej b can be strictly larger than E;.

From Fig. 6.3, we note that when E; is determined £ s, is equal to E; in Regions B
and C, and E; s, > E; is possible only if the source-channel pairs are in Region D. In that
case, the lower and upper bounds E ;,(Qg, Wy |x,T) and Esp(Qs, Wy |x,T) are not equal,

and more specifically, the upper bound

EJSp(QSuwy‘XaT) - |:t6 <§7QS> +E8p(R7 WYX):|

inf
THQ4(S)<R<Tlog, |S|
would be achieved by some R < R..(Wy|x). Considering that the sphere-packing channel

exponent Fg,(R, Wy x) is a loose bound for low rates and that

R
E %% < inf — E(R, W,
J(QSv Y\XvT) = THQS(S)éDRST]-Og2 S| |:T€ (7_7@5) + ( ) YX):| )
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we replace Eg,(R, Wy |x) by the straight-line bound Eg (R, Wy |x), which leads to a tighter
upper bound for E;
E;(Qs, Wy|x,7) < Ejst(Qs, Wy |x,7) = inf [7'6 <§,Qs> + Est(R, Wy x)| -
THg 4 (S)<R<7 log, |S| T
(6.17)
In the following we will analytically compute the new upper bound E ;4 (Qs, Wy |x,T) and
numerically compare it with the lower bound given of Theorem 6.2 for binary input channels
with symmetric distribution.
Since for channels with symmetric distribution Eg,(R, Wy x) is differentiable with re-
spect to R, the supporting line of Egq,(R, Wy |x) at every R > 0 is tangent to Eg,(R, Wy |x)

and we have an analytical form for its slope. We know that the supporting line of —FE;, at

Ry is given by (cf. [17, Section 7.1])
—Esp(Ry, Wy |x) = prRi — (—Esp(Ry, Wy x))« = pi B2 — Eo(p1, Wy |x)

with slope p;, where the second equality holds since F,(p;, Wy |x) is concave. This means

that

Sglg[pRz — Eo(p, Wy x)] = piRi — Eo(p1, Wy | x)
p>

and hence E,(p;, Wy |x) = Ry as Eo(p, Wy|x) is differentiable.
On the other hand, for binary input channels (which are equidistant channels, see Section

5.4.3), Eer(0, Wy |x) is achieved by uniform input distribution and by [42, p. 156]

1
Eey (0, Wy |x) = — Z Zlogz Z \/WY|X(ZJ|$1)WY\X(Z/|!E2) < 00.
r1,19€X yey

We can express the straight-line exponent analytically by

Eez‘(ou WY|X) - le if 0 < R < Rl7

Est(R, WY\X) = (618)
Esp(R7 WY|X) it R > Rla
where p; is the unique solution of
1
Eo(pr, Wy1x) == Y 7108 > \/WY\X(y|$1)WY|X(ZJ|$2) : (6.19)

T1,22€X yey
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and Ry = E,(p;, Wy|x). By the Fenchel duality theorem, it can be shown in a similar

manner as Theorem 5.1 that

Ejst(Qs, Wy |x,7) = max [E,(p, Wy |x) — TEs(p, Qs)]. (6.20)
0<p<py

We then compare the lower bound of E;z, with the new upper bound Es(Qs, Wy |x, T)

in the following example.

Example 6.2 Let the source be a binary source with distribution {¢,1 — ¢} (¢ < 0.5),
and let the channel be a BSC with crossover probability € (¢ < 0.5). We choose small
transmission rates 7 = 0.25 and 0.4 here since we want to make the infimum of (6.17)
achieved by small R so that the lower bound of Ej; s, given by Theorem 6.2 is able to
outperform the upper bound of F; computed from (6.20). Indeed, as seen from Fig. 6.4,
when 7 = 0.25, the lower bound of Ej s, is obviously larger than the upper bound of E;
for ¢ = 0.1 and 0.2 and small e’s. When 7 = 0.4, the lower bound of Ej  still has slight
advantage over the upper bound of E; for ¢ < 0.001. Thus we have demonstrated that

feedback can improve the JSCC reliability function for some discrete memoryless systems.

Remark 6.3 It is known [37], [115] that for certain DMC’s (e.g. BSC’s) the channel error
exponent with feedback is strictly larger than the one without feedback for rates in an
interval below the channel critical rate. Our results coincide with the previous results since
the upper and lower bounds for the JSCC reliability function reduces to the channel error

exponent bounds if the source distribution is uniform.

6.3 Systems with Source Side Information at the Decoder

6.3.1 System Description

We consider in this section a communication system consisting of two correlated DMSs
Qs € P(S x L) with finite alphabet & x £ and joint distribution Qgr, and a DMC

Wy x € P(Y|X) with finite input alphabet X', finite output alphabet ), and transition
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Figure 6.4: Feedback can enlarge the JSCC error exponent for different (e, q) pairs in the

binary DMS {¢,1 — ¢} and BSC (¢) system of Example 6.2.

probability distribution Wy x. We need to transmit the source Qg over the channel Wy x

with side information @, available at the decoder only.

The system is depicted in Fig. 6.5. The source message pair (s, 1) of length 7n is drawn

in an independent and identically distributed (i.i.d.)

manner from a joint distribution

Qsr € P(S x L). We need to transmit the source message s over the DMC Wy x via JSCC

block codes of length n and transmission rate 7. The source message 1, viewed as a noisy

observation of s, contains the source SI and helps the decoder reconstruct s.

A JSC code of block length n and transmission rate 7 > 0 for the system with SI at the
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seS™ x € X" yey ses™

(n)
fn Wy|X Pn

le L™

Figure 6.5: JSCC system with source SI.

decoder is a pair of mappings, (fn,¥n), where
fn: 8T — X"
is the encoder, and
T;Z)n . yn < LT, 8T
is the decoder (see Fig. 6.5). The probability of error is given by
PIPQsr, Wy, 2 Y. QEPE) Y WAWIMGE). (6:21)
(s,)eSTx LT y:en(y,D)#s

Definition 6.3 Given Qgr, Wy |x and 7 > 0, the JSCC error exponent E§1D(Q3L, Wy x,T)
is defined as supremum of the set of all numbers F for which there exists a sequence of JSC

codes (fn,¢n) with blocklength n and transmission rate 7 such that

E < liminf —% logy P2IP(QsL, Wy x, 7). (6.22)

e,n
n—00

6.3.2 A Lower Bound

For the joint distribution of the sources QQsr, we can look at the conditional distribution
Qris € P(L|S) as a dummy channel between Qs and Q. For any Ps € P(S) and any

R < Hpy(S5), we define an exponent for the dummy channel Qg by

er(R7 QL\Sa PS) =S ET(HPS(S) - R, QL|Sa PS)

B n s [PF Ps) +|R—H SIL)[*|. 6.23
PLS%ID]%LS)[ (PrslQuslPs) +| Ps Py s (SIL)| (6.23)
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Recall that E,.(R, Wy ;) is a strictly decreasing function of R and vanishes at the channel
capacity of Wy |x. Accordingly, er(R,Q LIS Pg) is a strictly increasing function of R and is

zero if and only if R < Hpyq, 5(S|L). Let

) R
Bsr(Ps,Qus. Wyix) & | max (S)mm{EAR,WYX),TeT <;,QLS,PS)}. (6.24)

For x € A", y € )", since the joint type Pxy can also be represented as distribu-
tions of dummy RV’s, we define the empirical mutual information and conditional entropy
respectively by

I(x;y) £ Ip, (X;Y)

and

H(xly) £ Hp, (X|Y).

To establish a lower bound for E§I P(Qsy, Wy x,7), we need the following auxiliary result.

Proposition 6.1 [30, Theorem 5] Given finite sets X and Y, a sequence of positive integers
{mn,} with

- 10g2 my — 07
n

for & > 0, n = n(6,|X|,|Y]) sufficiently large, arbitrary (not necessarily distinct) types

Px, € P,(X), and positive integers N;, i = 1,2, ..., my, with
Al
R, = 510g2 N; < HPXi(X) —5,

N N;
there exist m,, disjoint subsets €); = {:r,[(f)} . C Tp,. for every i, and a mapping 90%0) :
p= %

Y — Q, where Q & U, i, such that the probability of erroneous transmission of an x € §)

using 4,0%0) is bounded for Wy |x as

S W (i) < 2 )~ (6.25)

vl (y)#e

if € §; for every 1.
Proof: The proof is based on the type packing lemma (here we only need (3.4) of Lemma
3.2, which is Csiszar’s type packing lemma [30, Theorem 5| for a single-letter type setting)

and a generalized maximum mutual information decoding rule.
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In the sequel of the proof, we look at X as the RV A in Lemma 3.2. For the {m,} and
Px, given in Proposition 6.1, according to the first part of Lemma 3.2, there exist pairwise
disjoint subsets ; satisfying (3.4) for every 1 <i < m,, 1 <p < N;, Vxix € Pp(X|X),
with the exception of the case that i = k and Vx/|x is the conditional distribution such that
Vxrx(2'|z) is 1 if 2’ = x and 0 otherwise. We shall show that for such €;, there exists a
mapping 4,0%0) such that (6.25) is satisfied.

For any x € Q and y € Y", let
a(x;y) = I(x;y) - R;,
where R; = %logg N; if x € Q;. Define gpglo) YY" — Q by

PV (y) £ argmax a(x;y).
xeN

Using the decoder 90%0), we can upper bound the probability of error (assuming that x € €;

is sent through the channel) as follows

POe) = ({00 ) # x}|x)

< >k (TVY‘X(X) N{y: ) #x} ( x). (6.26)

Vy|x €Pn (V| Px,)

Using the identity (Lemma 3.1) that for any x € Q; C Tp, andy € T, (x)

Vy|x

i g ]

we obtain

> Wx(vr& (TvY‘X(X) N {y 0O (y) #£ x}‘ x)

Vy|x €Pn (Y| Px,)

[ D (Pl Wy x| Px, )+ (¥1X)

Px,Vy|x

= [T, O {y: ¢ ) £x}|2

Le

Thus we only need to upper bound ‘Tﬁy‘x(x)ﬂé". If we fix a k = 1,2,...,m,, then

& is the set of all y such that there exist some x' € Q, (x,%x’,y) admits a joint type
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Pyxty € Pp(X x X x )) and

I(x';y) — R, > I(x;y) — Rs. (6.27)
Note that (6.27) can be represented as for dummy R.V.’s X € X, X' € X, and Y € Y, the

following holds under the joint distribution Pxxry = Pyxry,

Ip,, (X';Y) = R, > Ipg, (X;Y) — Ry,

where Pxy and Pxy are the corresponding marginal distributions induced by Pxx/y.

Thus, ’]T‘A,Y‘X(x) (€ can be written as a union of subsets

'E?Y‘X(x)ﬂﬁ = Un U Fr(x, Pxx1y)

(6.28)
k=1 Py x1y €Cr(x)

where

Px = Px,;, Px/ = Px,

Pxxry Pyix = Voix,
Cr(x) = | |

EP(X2xY):  Ip, (X;Y)— Ry

> Ipe, (X3Y) - Ry

where Py, Pxs and Py|x, etc, are the corresponding marginal and conditional distributions
induced from Px x/y, and

3 X (X7X/7Y) € I’]I‘XX’Y
Fr(x, Pxxy) £y

such that x' € Q

where Txxy £ Tp, ., - Clearly, given any k, and Pxxy,

x,x,y) € Txxry
| Fr(x, Pxxry)| < ( )

(x',y) :
x' eQp, x #£x

, (X,X/) € Txx
X

X | Ty xx (x,%')]
x eQp, xX #£x

IN

N2 o C6XD=0] | gne, L (VXX (6.29)
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where the last inequality follows from Lemma 3.2 (3.4). Meanwhile, when x € ;, the
following simple bound also holds

Y1X)

H ~
| F(x, Pxxry)| < [Ty x(x)] < 2Py 10 = 2" P Prix (6.30)

since for each Tx xy € Cx(x), we have Px = Px,, Py|x = VY‘X and hence Pxy = Pk, ‘7Y\X-

Now substituting the following inequality
Hpg o (YIX, X)) = Ip, (X X)
— Hpy o (X, XY) — Hpy(X) — Hpy, (X')
= Hp(X,Y)+Hp, . (U, X'|X,Y)- Hp (X) - Hp,,(X')
= Hpyg, (Y|X) = Ipg,, (X X,Y)
< Hpy, (YIX) = Ip,, (X}Y)

(Y|X) - Ip,, (X'Y) (6.31)

Px Vy|x

into (6.29), combining with (6.30) together, we obtain

i |
‘fk(x, PXX’Y)‘ < 2”{HPX1-\7Y‘X(Y‘X)—’IPX/Y(X ;Y) Rk’ i| (632)
Again recall that for Pxxy € Ci(x), Pxy = Px, Vy x, and note that
IPX'Y(X,; Y) = Ry = Ipy, (X;Y) — Ri.
This implies when Py xy € Ci(x)
n
| Fr(x, Pxxry)| < 5 [HPX@"?YXMX)_ Lo, Py o XY )= }
and hence
‘T‘A/Y\x(x) mg‘ < my(n+ 1)
n
S e I } (6.33)

since by Lemma 3.1

CL(x)] < [Pu(X2 x V)| < (n+ )XY,
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Finally, we complete the proof by plugging (6.33) into (6.26) and by noting that | P, ()| Px;)|

is also a polynomial function of n by Lemma 3.1. |

Theorem 6.4 Given Qsr, Wy|x and 7 > 0, when the SI Qr, is available only at the

decoder, the JSCC' error exponent satisfies

[7D(Ps|Qs) + E; (Ps, Wy|x)] ,
(6.34)

EF"P(QsL, Wy x,7) = E5"P(QsL, Wy |x,7) £  min
PseP(S)

where

E;(Ps, Wy|x) = max { E.(THpy(S), Wy|x), Esr(Ps, Qris, Wy|x) } -

Remark 6.4 Note that if sources Q¢ and @Qp are independent, i.e., Qs = QsQr, then

the lower bound (6.34) reduces to (5.5) as expected.

Proof:

Step 1: Outline of Proof

We employ a two-stage encoding two-stage decoding rule by combining the approaches

of [30] and [73] to show the existence of JSC codes (fy, ¢n) such that for any § > 0,
PoIP(Qsr, Wy|x, 1) < 9-n[E5"P Qs Wy x.:7) -]

for n = n(d,|X|,|Y|) sufficiently large. In the first stage coding, there are two coding

schemes for the encoder to choose based on the type Ps of the source word s.

(a) If THp,(S) > R;, then encode s using a unique index in {1,2,3, .., f2"§ﬂ} ,where
E,- achieves the error exponent Eg; for the fixed type Fs, i.e., the cross point of the

channel coding error exponent and the source coding error exponent with source SI.

(b) If THp,(S) = R;, then map each s to an index in a one-to-one manner.

In the second stage coding, we employ Csiszar’s JSCC scheme [30].
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Step 2: First Stage Encoding

Set m,, = |P,(S)|. Note that m,, here is polynomial of n and hence %logQ my — 0. For
each type Ps, € Pin(S), i = 1,2,...,my, let N; £ {1,2,...,N;} where N; = [2"§i] and R;
achieves Egy(Ps,,Qr|s, Wy|x) defined in (6.24), i.e., R; is the intersection of E, (R, Wy x)

and Te, (%, Qrs> Psi) in the domain [0, THp,, (9)] if any; in that case

~ R;
Es1(Ps;,Qris, Wy|x) = Er(Ri, Wy|x) = Te, (7, Qs P&-) > Er(THp, (5), Wy|x),
(6.35)
where the last inequality holds since E,.(R, Wy|x) is a decreasing function of R. By defini-

tion, we thus obtain that
Ey(Ps;, Wy |x) = Esi(Ps;, Qris: Wy |x)- (6.36)

If there is no intersection between E,.(R, Wy x) and Te, (2, Qr|s; Psi) in the domain R <

THp, (5), the maximum in (6.24) would be achieved by R; = THpg (S). In that case
EX(Ps;, Wy|x) = E(THps (S), Wyjy) = Esi(Ps;, Qris, Wy|x)- (6.37)

Lemma 6.1 [32, p. 264, Problem 5], [43] If R; < THpSi(S), then there exists a pair of

mappings ﬁ(Lll) 27 Py, — N; and {552 N x LT — Tpsi such that for § > 0,

S aas <ol (Feunr)) (6.38)

L|S
A (1 0)1) 7o

if s € Tg, for n sufficiently large.

Proof: Let s € 7g, be the transmitted source message. Write

DR DR SEND SRR AU E EH GHOR FAIE

1L (T 6)0) #s Pris€Pn(L]Ps; ) 1€Tpy 5 (5)

n,t

(6.39)
(1)

TLZ

To show the existence of mappings ( f i ® ) satisfying (6.38), we consider a family of

mapping pairs ( fr(m ) @;2) as follows. fr(L Z) TpS — N is a random binning function that

maps each s € ’Tpsi to an index w € N; with probability 1/Nj;. gom- N X LT — T Ps, is
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a minimum conditional entropy decoder which searches all the source sequences s € Tpg
7

such that the empirical conditional entropy H (s|l) is minimized,

gpgig(w, 1) =arg min H(s|1).

SETPSi fr(:z (s)=w

We then bound the above probability averaged over all possible pairs (

n,’ (pn,i

E oo Qs
o) (131 ()0)

= Y ¥ QpamE[{dl(rle) £sf].

PL‘SEIPn(»C‘PSi) IETPL\S(S)

f(l) (1))

where the expectation is taken with respect to the distribution Py (w) = 1/N;, w € N;. Let

Ag be the event that source messages s and 1 were transmitted. According to the minimum

conditional entropy decoding rule

B[ {oll (100000) 5]

- m({a§e7@3¢sammmmH@mgfﬂwyﬁW@:f@@gp%)

7 n,t

< 3 Pr({s)s) = 1))} 40.5)

8€Ts, 84, HEI)<H(s|1)

5€Ts,8#s,H(S|1)<H (s|l) w=1
e N;

s€Ts, 8#s,H(s|))<H (s|1)

{se€7g, : H(s|]l) < H(s|1)}|
- N; '

)=
|
=
=
@
1
S
|
T
kﬁ
@)
I
S

It follows from the method of types (cf. Lemma 3.1) that

{s € Ts, : H(s[l) < H(s[1)}|
- U BeTs: (.1 €Try,)
Psp€Prn(SXL):Hpg, (SIL)<H(s|1)
< Z oTnHpg, (S|L)
Psp€Prn(SXL):Hpg, (S|L)<H(s|1)
< (rn+ 1)SlelgrnE

(6.40)

(6.41)
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Plugging (6.41) into (6.40), and noting that the expectation should be no greater than 1,

we obtain
E[ {90533 (fm( ), )7&5}} < (n + 1)ISIIElg=mnlRi/t=HSDI*

Also, by Lemma 3.1,

Q) (T, o(0)]s) < 2P Fslusita.

Thus

E > Qfdas)

il (11 ().0)

< (mn +1)2\5\\g|2—mmian‘s[D(PL‘S||QL‘S|Psi>+|Ri/t—HpsipL‘S(smﬁ]'

This implies that there exists a pair of mappings (f( i) o, )) such that for any s € 7g, the

N2

upper bound (6.38) holds. |

mn
We next define the first encoding function f}zl) = { g } . : 8™ — Uit N; as follows.
For every i = 1,2, ...,m,, and the choice of N,

o if R, =TH Ps, (S), then fflll) : Tpg, — N; maps each s € Tpg, to a unique index w € N;,

since |TPSZ-| < QnHPSi (S)

o if Ry < 7Hpg (5), then let [ = {1,

Note that the decoding function 93(1)

i corresponding to each of the above cases will be

used in the decoding stage.

Step 3: Second Stage Encoding

For the index set A; = {1,2, ..., N;} with R; £ %logQ N; (note that R; — R;asn — 00), let
P% € Pp(X) be a type? that maximizes the exponent E,(R;, Wy |x) = Er(Ri, Wy |x, Px,)

for each i = 1,2,...,;m;,. Assume (without loss of generality) that R; < Hpy (X) — ¢ is

3Note that the maximizer can be approximated (with arbitrarily high accuracy) by a type.
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!/

satisfied for ¢« = 1,2,...,m/,

(where m!, < m,). Then for the m! types Pg.’s, according
to Proposition 6.1, there exist disjoint sets §2; € Tp;(i with |Q;| = N;, ¢ = 1,2,...,m/, and
a mapping cpslo) such that (9.15) holds. Now for each i = 1,2,...,m,,, define the second

encoding function fr(?) = { fﬁ) }ninl U N — X™ as follows.

o Ifi <ml, ie,if R; < Hp; (X)— ¢ is satisfied for such 4, then f,fi) maps each w € N

to a unique codeword x € §2;.

o If i > my, ie., if R; > Hpy (X) — 4 holds for such i, then let fyfl.)(w) =0¢c A" for

n’

every w € N; (assume without loss of generality that 0 ¢ ), and an error is declared.

Step 4: First Stage Decoding

Based upon received n-length sequence y at the channel output, we first employ 4,0%0) Y —

Q) to estimate the codeword x. According to Proposition 6.1, there exist such function 90%0)
such that if the transmitted index x € Q;, i = 1,2,...,m/,, then the probability of error is

bounded by

S Wk ) < [ (v 5, ) 0] _ gl (i) ],
yioh (v)#x
If the transmitted codeword x ¢ €, then the probability of error is bounded by 1. We then
use 4,0%0) to define the decoding function cpg) : Y — U N; as follows. Let 4,0%0) (y)=x¢€

Q;, then the decoder gpg) outputs the index w € N; such that fyfi) (W) = X.

Step 5: Second Stage Decoding

Let w € N; be the output of 9022). Define the decoding function 9553) = {951(112}?;73 U NG x

LT — 8™ as follows.

o If R = THPSi(S), then 6212 N X LT — Tpsl_ outputs the unique s such that
7(1)

n,t

S~

(s) = @.

1
n, 7

o If R, < TH ps, (), then set @ﬁ}ﬂ = 93( 2, where @511) is the minimum conditional entropy

decoder corresponding to ﬁ(le) used in the first stage decoding.
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Step 6: Analysis of the Probability of Error
Let fu(s) £ fn (f(l (s)) and @, (y,1) = (ﬁ%l)(gpg) (¥),1). Rewrite the probability of error
(6.21) as

PIPQsr Wy, ) = > Y QM) Y QUdals) > Wk (ylfa(s)-

Ps, €Pn(S) s€Tpg, leLm™ yien(y,)#s
(6.42)

In the following we bound
2 3 QU)X Wyl fa(e)1 {enly,1) #5)
IEET’!L yeyn

assuming that the transmitted source messages is s € 7p, . There are two cases to consider.
k2

Case 1: If R; = THp (5), then

=3 Qias) > Wi P {e@ ) Awf = > WGP W),

leLrn yey® i (v)#w

(6.43)
where w = f}f)(s). If f,s2) (w) € Q (Le., Ry < Hpy (X) — ), it follows from Step 3 that

> W;(/Tx(y!f )(w)) < 2B (BiWyx) =]

yiol (y)FAw

for n sufficiently large. If j}(?) (w) & Q (i.e,, R > Hpy (X) — d), the above bound trivially
holds since R; > Hpy (X) — ¢ yields

By (Ri, Wy|x) = Er (Ri, Wy|x, P%,) < Ipg wy x(X:Y) = Ri|" < 0. (6.44)
Above all, we can bound for n sufficiently large,

P(s) < 2B (BiWy x)=3] < g=n[Br(Ri Wy x)=26] _ g—n[B} (Ps; Wy|x) 2] (6.45)

if s € Tg,, where the second inequality holds since R; = % log, [2"§i] can be arbitrarily close

to R; as n goes to infinity, and the last equality follows from (6.35)—(6.37).
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Case 2: If R; < THp (5), then

< > QURas) Y Wi (I (w)

IEETTL yeyn

[ll{so,(f)(.V)#w}+1l{90$?)(>7)=w} {80 (PP >,1) #s|
< > W@ {e@ ) £wh+ > QYU {EY (w.1) # s}

yeyn leLm™

where w = %1 (s). Asin Case 1, for any s € 7g,, we can bound, for §' = — %,

> WGP @) {p) £} < 2B
yeyn
é 2—n[Er(§i,Wy‘X)—25/]
_ 12—n[E:(PSi,Wy‘X)—26]
2
for n sufficiently large, where the last equality follows from (6.35) and (6.36). On the other
hand, it follows from Lemma 6.1, (6.35), and (6.36) that, for 6" =§ — L.,

Z QL\S { (w 1) # s} _m{er (@’QL\&PS) _5”} - %Q—n[E;*(Psi,WY‘X)—%]

leL™

for n sufficiently large. Therefore, we can also bound
P(s) < 2_"[E:(Psz"WY\X)_26] (6.46)
for n sufficiently large. Substituting (6.45) and (6.46) into (6.42) we obtain

PoIP(QsL, Wy x,t) < Z Z Q(m Er (Ps;;Wyx)=2d] (6.47)

Pg, €Pn(S) SETPS’L

for n sufficiently large. Since [P, (S)| < (7n+ 1)I5], Q(m (Tps,) < 97 D(P5;11Q5)  we obtain

that for such JSC codes

PSIP(Qgy, Wy x, 1) < 27" {minpser) [TP(PsIQs) B2 (Ps, Wy )] -20}

for n sufficiently large. [ |
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Observation 6.2 Note that the above proof generalize the one of Csiszar’s [30, Theorem
3] for the JSCC lower bound E ;,(Qs, Wy x,7) given in (5.5). In Csiszdr’s proof, R; in the
second-stage encoding is simply chosen to be 7H Ps, (S), and there is no first-stage encoding
and second-stage decoding. Thus Theorem 6.4 applies to the JSCC system without any
SI. In fact, if the source SI is independent of the transmitted source, i.e., if we can write
QsL(s,1) = Qs(s)QL(l) for any s € S and | € L, then e.(R,Qp s, Ps) is zero identically.
and hence Es;(Ps,Qris, Wy|x) = Er(Hpg(S), Wy|x). It then follows that

ES™P(Qsp, Wy x,7) = min_ [rD(Ps||Qs) + Er(Hpy(S), Wy x)]
PseP(S)

= m}%n [76 <§,Qs> + E.(R, Wy|x)] =LE,;.(Qs, Wy|x,T).

One may ask what happens if the source SI Q); is available at both the encoder and
decoder; do we have a lower and/or upper bound for the JSCC system? The answer is yes.
In fact, when @)y, is available at both the encoder and decoder, the encoding function f, is
a mapping

fn ST LT Xn7

and the probability of error is given by

PSIEP(Qgp Wypx,m) & Y QUM (s,1) > Wy|X(y\fn(s ).  (6.48)

(s,)eSTx LT yien(y,D)#s

We can write

PgiED(QSLn WY|X7 T) - Z Qi") PgiED(QSLn WY|X7 T, l)

leL™
where
PSP (Qor, Wy, D) = D QGPGI) D Wk (ylfals,1)
se8™ yipn(y,1)#s

can be interpreted as the JSCC conditional probability of error given the SI'1 (cf. Section
5.1). Now simply applying the results of Chapter 5 and using a type counting argument as

in the proof of Theorem 6.1, it is easy to show that the error exponent is lower bounded by

%in[rD(PSLHQSL) + Er(THpg, (S|L), Wy|x)]
SL
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and upper bounded by

1131;£ [TD(Ps||Qsr) + Esp(THpg, (S|L), Wy x)],

where the bounds coincide if the minimum (or infimum) is achieved by some Psy, such that
THp,, (S|L) is greater than the critical rate of the DMC, hence determining the exponent
exactly. So the case when source SI is available at both the encoder and decoder can be
viewed as an easy consequence of the results of Chapter 5 and is of less interest in this
chapter. Finally, note that we do not yet know whether the availability of the source SI at
the encoder would yield a strictly larger JSCC error exponent. To answer this question, we
may need to establish an upper bound for E;I D. this may be considered in future research.
Another interesting problem for future research is whether the lower bound £ 51 D still holds
if the random-coding channel exponent E,.(7Hpy(S), Wy |x) is replaced by the expurgated

channel exponent Ee,(THpy(S), Wy|x)-

6.4 JSCC Theorem for Systems with Source Side Informa-
tion

By examining the sufficient condition for the positivity of the lower bound E}ql D we obtain
a sufficient condition for which the source Qg can be reliably transmitted over the channel.
We also can prove a necessary condition using Fano’s inequality [29], and thus complete the

JSCC theorem.

Theorem 6.5 [86/ (JSCC Theorem with source SI) Given Qsr, Wy|x and 7 > 0, when

SI Qy, is available either at only the decoder, we have the following conditions.

(a) The source Qg can be transmitted over the channel Wy x with an arbitrarily small
probability of error if t Hg g, (S|L) < C(Wy|x ), where C(Wy|x) is the channel capacity
of WY\X

(b) Conversely, if the source Qg can be transmitted over the channel Wy x with an

arbitrarily small probability of error, then tHq, (S|L) < C(Wyx).
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We point out that the JSCC theorem for systems with source SI available at decoder
was initially obtained in [86], and a lossy version JSCC theorem was established in [87]. It
was further extended to JSCC systems allowing a Gel’fand-Pinsker channel (rather than a
DMC) in [69], whose state is known to the encoder. We still give a proof here for the sake
of completeness.

Proof of Theorem 6.5:

Forward Part: Since E,.(7Hpg(S), Wy ) is positive if and only if 7Hpg (S) < C(Wy|x), and
Es1(Ps, Qrjs, Wy|u) is positive if and only if Hpyq, s(S|L) < C(Wy|x) by definition, it
immediately follows that E7(Ps, Wy|x) is positive if and only if Hpyq, s (S|L) < C(Wy x)
since Hpgq, s(S|L) < Hpg(S). Now if ES5TP given by (6.34) is achieved by a Pg not equal
to Qg, EﬁID must be positive. If EﬁID is achieved by a Ps = @Qg, and additionally if
THqg, (S|L) < C(Wy|x), then ESID = E(Qs,Wy|x) > 0. Above all, we see that the
lower bound E5'P given by (6.34) is positive if 7Hg, (S|L) < C(Wy|x). The forward part
follows.

Converse Part: Set k = tn. Fano’s inequality gives
H(S*|LF,Y™) < PP log, [S*| + H(PJEP) £ ne,.
Clearly, PG%D — 0 implies that &, — 0 (as n — c0). It then follows that

kH(S|L) = H(S*L")

= I(S* Y™ LF) + H(S*|LF,v™)

A
INE

I(X™ Y™ LF) 4 ne,

—
=

= Y IXMYILE YT 4 ey,

=1
= Y [HY|LF YT - HY|ILF, YL X)) + ney
=1

QS - B + e

i=1

= ZI(XZ-;YZ-) +ney
i=1

< nC(Wy|x) + nep,
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where (a) follows from Fano’s inequality and the data processing inequality [29] since S* —
X" — Y™ form a Markov chain, in (b) Y~! £ (Y7, ..., Y;_1), and (c) holds since conditioning
reduces entropy and Y; is only dependent on X; since the channel is memoryless. The proof

of the converse part is completed by letting PE%D — 0. |

Observation 6.3 (Separation Principle Holds) It is readily verified that the condition
tHgs, (S|L) < C(Wy|x) can be achieved by separate source coding with SI and chan-
nel coding. Therefore, separation of source and channel coding is optimal from the point of

view of reliable transmissibility with source SI.

Remark 6.5 Note that the same JSCC theorem holds for the JSCC system when source
SI is available at both the encoder and decoder, and the separation principle also holds for

this case.

6.5 Source Side Information Can Increase the JSCC Error

Exponent

We next observe that the SI does not only enlarge the achievable region for transmission
(see Theorem 6.5 and recall that Hgg, (S|L) < Hge(S)), but also improves the reliability
of transmission. Obviously, if the sources Q sy, and the channel Wy x satisfy 7Hgg, (S|L) <

C(Wy|x) < THq(S), then we have

EF"P(Qse, Wy x,7) = E5"P(QsL, Wy x,7) > 0 = E;(Qsz, Wy|x, 7).

Recalling that we also have an upper bound for E; given by (5.6), thus, we can study
the benefits of E§1D over E; by comparing the lower bound E?ID(QSL, Wy x, ) with the
upper bound Ejs,(Qsr, Wy |x,T).

Given a nonuniform DMS Qg, a DMC Wy x and 7 > 0 such that 7Hg4(S) < C(Wy x),
we recall from Theorem 5.2 that FJSP(QSL,Wy|X,T) = E;.(QsL, Wy x,7) if and only if
p" <1, where

p" = arg omax [Top(p, Wy x) = 7Es(p, Qs)] (6.49)
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Furthermore, the upper and lower bound would be achieved by R,, = R, = R,, =
THQgp*) (S) < C(WY\X)> i.e.,
EJ(QSa WY‘Xa T) - EJ(QSa WY‘Xa T) - Tsp(ﬁ*7 WY‘X) - TES(ﬁ*a QS)

= Te (%,QS> + Esp(Bm, Wy |x) > 0. (6.50)
This means that the minimums in
Ejsp(Qs, Wy |x,7) = H;LH[TD(PS”QS) + Esp(TH(Ps), Wy|x)]
and
E;.(Qs,Wy|x,T) = H]gisn[TD(PsHQs) + Ey(TH(Ps), Wy |x)]

would be uniquely achieved by P& = Qgﬁ*).
Assume that for Pg satistying 7Hpy(S) = R, Esi(Ps, Qrjs, Wy|x) in (6.24) is achieved

by an R* < THpy(S) = R,,, then we must have
E;(Ps,Wy|x) = Es1(Ps,Qrjs, Wy |x) = E(R*, Wy|x) > E-(Rim, Wy|x)
since E,.(R, Wy |x) is strictly decreasing at R,,. This yields

i D(P, E*(Hpy(S), W
Ps:THg;,l(I}S’):Rm [T (SHQS)+ r( PS( )7 Y|X)]

i D(P. E,(rHp.(S),
> [PDPSIQS) + B (5). Wy )
> min[rD(Fs[|Qs) + Er(THps(S), Wy x)]
S
= EJ(QSa WY‘XaT) = EJ(QSa WY‘XaT) = EJ(QS7WY|X7T)' (651)

Now we claim that if 5* < 1 and (6.24) is achieved by an R* < 7Hpy(S) = Ry, then

ES"™P(Qs, Wy x,7) > Ej(Qs, Wy |x,T).
Indeed, if Eﬁl D given in (6.34) is achieved by a Pg such that 7H 135(5) # R, then by
definition of E;(Ps, Wy |x),
EF"P(Qs, Wyix,t) = 7D(Ps|Qs) + E.(rHp (S), Wy x)
> TD(QE1Qs) + Er(rHgpn (5). Wy(x)

= E;(Qs,Wy|x,t) = Ejsp(Qs, Wy|x,7) = E;(Qs, Wy|x,T).
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Otherwise ifTngs(S) = Ry, then (6.51) ensures that E?D(QS, Wy x,t) > E5(Qs, Wy |x,t).
In order to guarantee that (6.24) is achieved by an R* < THp,(S) = R,,, noting that E, is
decreasing in R and that e, is increasing in R, we only need that there exists an intersection

between E, and e,, i.e., we need the condition

E.(R,,, W < i ~(Hp(S), , Ps). 6.52
( Y\X) PS:THIPEI(%):RmTe( Py )QL\S ) ( )

Since

R, o
E; (Qs,Wy|x,T) =Te <Ta QS> + B (R, Wy x) = TD(QEo,p 1Qs) + Er(Rum, Wy |x)s

and
er(Hpg(S), Qris, Ps) = Er(0, Ps, Qris) = Eo(1, Ps,Qrs),

where E,(1, Ps,Qps) is given in (2.19), we may write (6.52) by

Top(p*, Wy |x) — TEs(P", Qs) +7rD(QY)Qs) < min tEo(1, Ps,Qrs)-

This together with p* < 1 yields a sufficient condition for which Ej]qj D'~ E;. In general, we
need to first compute E,(p*, Wy |x) and take a concave hull to obtain Tsp(P", Wy |x), and
we need to minimize E,(1, Ps,Q|s) over Ps, but if the source is binary and the channel is

symmetric, the above condition can be further simplified and easily verified.

Corollary 6.4 Let Qs = {q,1 — q} (¢ <0.5) be a binary DMS, and Wy x be symmetric
such that THg4(S) < C(Wyx). If p* <1 and

Eo(p", Wy (x) — TEs(5*,Qs) < TE,(1,Q7",Qp15) — 7D(QY7|1Qs),

then E§1D > Ej, where p* achieves the mazimum of E,(p, Wy |x) —7Es(p,Qs) and is given

by (5.33).

Example 6.3 Let the transmitted source Qg be a binary DMS with distribution Qg =
{¢,1 —q} (¢ < 0.5), and let the channel Wy x be a binary symmetric channel (BSC)

with crossover probability e € (0,0.5). The source @, is a noisy version of Qg described
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by L =S@®N mod?2 (L =N = {0,1}) with noise distribution Py(N = 1) = 0.05,
Le., the SI is transmitted through a dummy BSC Qg with crossover probability 0.05.
Set the transmission rate ¢ = 0.75. Fig. 6.6 shows the regions of the binary source and
the BSC parameters, i.e., (g,q) pairs, for which the source can be reliably transmitted
over the channel and Ej?lD can be strictly larger than E; by Lemma 6.4. Region A
(including the boundary with B) is the region where THg, (S|L) > C(Wy|x), i.e., where
both E;I D and E; are zero. Region B (including the boundary with C) is the region where
THqg, (S|L) < C(Wyx) < THQ4(S), i-e., where E; is zero, but ESIP s positive. Region
C (not including the boundary with D) is the region where both Ej?[ D and E; are positive,
but the condition given in Lemma 6.4 holds, i.e., E§1D > FEj; > 0. In Region D, both
exponents E§I D and Ej are positive, and the condition in Lemma 6.4 is not satisfied. Note
that Lemma 6.4 only gives a sufficient condition which can be easily verified. This condition
is however not necessary for having E?I D> Ej; this is illustrated in Fig. 6.7, where we
note that E5'P > E; for some (e, q) € D.

We plot in Fig. 6.7 the lower bound E§1D given in (6.34), the sphere-packing upper
bound E s, given in (5.6), and the random-coding lower bound E;, given in (5.5) for the
above DMS(q)-BSC(¢g) system with ¢ = 0.1. The plots show that EﬁID is strictly larger
than E; for ¢ > 0.0045, and E?ID coincides with £ ; for ¢ < 0.002. We note that when
the channel has large noise (¢ > 0.01), the SI can substantially improve the error exponent.
Furthermore, E; is zero for € > 0.175, but EﬁID is still positive until € = 0.29. Thus with

the SI Q1 at the decoder, E?I D> E; holds for a large class of source-channel conditions.

6.6 Conclusion

In Chapter 5 we mainly focused on the analytical computation of lower and upper bounds
for the JSCC error exponent, while in this chapter we dealt with more on the bounding
technique.

For the system with feedback, we established a conceptual upper bound for Ej s, by

using a simple type counting argument. We will employ the same approach to other discrete
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Figure 6.6: Side information at the decoder can enlarge the source-channel parameters for

reliable transmissibility for the binary DMS(¢)-BSC(e) system of Example 6.3, 7 = 0.75.

systems (in Chapters 7 and 9). The lower bound for E;  is obtained by slightly modifying
Zigangirov’s iterative coding scheme. Although this bound is hard to compute in general, we
showed that it is at least as good as Gallager’s lower bound for E; for binary input channels,
and that it does coincide with the upper bound E Jsp for much more source-channel pairs
than Gallager’s bound. Using this lower bound, we numerically illustrated that feedback
can strictly increase the JSCC error exponent for channels with binary input alphabet and
a symmetric distribution.

For the system with source SI at decoder, an achievable lower bound for the JSCC
error exponent is obtained by using the method of types. The proofs generalize the one
of Csiszar’s for the random-coding lower bound E;,.. In particular, to prove the lower
bound, we combined the maximum mutual information decoder of [30] and the minimum
conditional entropy decoder of [73]. Consequently, JSCC theorem for system with source

SI is formulated. Finally, we compared the lower bound E}ql D with the upper bound E Jsps
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Figure 6.7: SI at the decoder can increase the JSCC error exponent for the binary DMS(q)—
BSC(e) system of Example 6.3, ¢ = 0.1, 7 = 0.75.

and a sufficient condition for which E;ID > FE is given for binary DMSs and symmetric
DMCs. Numerical results show that SI (at the decoder) not only enlarges the region of
the source-channel parameters for which reliable transmissibility is possible, but it can also
provide a noticeable increase in the JSCC error exponent for a large class of source-channel

pairs.



Chapter 7

JSCC Error Exponent for Discrete

Systems with Markovian Memory

In this chapter, we investigate the JSCC error exponent, Ey, for a discrete communication
system with Markovian memory. Specifically, we establish a (computable) upper bound
for Ej for transmitting a stationary ergodic (irreducible) Markov (SEM) source Qg over
a channel Wy x with additive SEM noise Pz (for the sake of brevity, we hereafter refer
to this channel as the SEM channel Wy x). Note that Markov sources are widely used to
model realistic data sources, and binary SEM channels can approximate well binary input
hard-decision demodulated fading channels with memory (e.g., see [75], [100], [101]).

Section 7.1 contains JSCC system description and preliminaries on the information
rates for systems with memory. In Section 7.2, we prove a strong converse JSCC theorem
for systems consisting of an ergodic discrete source and a discrete channel with modulo-
additive ergodic noise. We then introduce the notion of artificial (or auxiliary) Markov
sources adopted from [94] in Section 7.3. Some interesting results involving Markov sources
and their artificial counterparts are presented.

In Section 7.4, we deal with the main results regarding the upper and lower bounds for
the JSCC error exponent E; for SEM source-channel pairs. We first derive a computable

sphere-packing type upper bound for E;. The proof of the bound, following the standard

145
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lower bounding technique for the average probability of error, is based on the judicious
construction from the original SEM source-channel pair (Qs, Wy x) of an artificial Markov

)

source Q(Sa*) and an artificial channel Vyx with additive Markov noise f’(za , where o* is a
parameter to be optimized, such that the stationarity and ergodicity properties are retained
by Q(Sa*) and f’(za*). The proof then employs the strong converse JSCC Theorem for ergodic
sources and channels with ergodic additive noise and the fact that the normalized log-
likelihood ratio between n-tuples of two SEM sources asymptotically converges (as n — oo)
to their Kullback-Leibler divergence rate. As by-products, we obtain upper bounds for the
error exponent for SEM sources and SEM channels.

We next examine Gallager’s lower bound for E; (which is valid for arbitrary source-
channel pairs with memory), when specialized to the SEM source-channel system. By
comparing our upper bound with Gallager’s lower bound, we provide the condition under
which they coincide, hence exactly determining E ;. We note that this condition holds for
a large class of SEM source-channel pairs. Using the Fenchel duality theorem, we provide
equivalent representations for these bounds. We show that our upper bound (respectively
Gallager’s lower bound) to Ej, can also be represented by the minimum of the sum of
SEM source error exponent and the upper (respectively lower) bound of SEM channel error
exponent. In this regard, our result is a natural extension of Csiszar’s bounds from the case
of memoryless systems to the case of SEM systems.

We next introduce Markov types and employ the method of types to prove another
upper bound for the JSCC error exponent in terms of the SEM source exponent and the
SEM channel exponent. This upper bound may not be computable, but we will use it as a
tool to compare the JSCC error exponent with tandem coding error exponent in Chapter
10. In Section 7.5, we briefly remark the extension of our results to SEM systems with

arbitrary Markovian orders. Finally, a conclusion is drawn in Section 7.6.
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7.1 System Description and Definitions

7.1.1 System

We consider a communication system with transmission rate 7 (source symbols/channel
use) consisting of a discrete source with finite alphabet S described by the sequence of Tn-
dimensional distributions Qg £ {Qg € P(S™)}>_,, and a discrete channel described by
the sequence of n-dimensional transition distributions Wy|z = {Wynixn € PQMA™) 02,
with common input and output alphabets X =Y = {0,1,...,B — 1}.

A JSC code with blocklength n and transmission rate 7 is a pair of mappings:
fn L 8T L,

and

On Yy —s 8™,

In this chapter, we confine our attention to discrete channels with (modulo B) additive

; see Fig. 7.1. The channels

noise of n-dimensional distribution Pz £ {Pzn € P(Z2")}5%;

are described by
Yi = XZ‘ ® Zi (mod B),

where Y;, X; and Z; are the channel’s output, input and noise symbols at time i, and

Z; € Z=40,1,...,B — 1} is independent of X;, 1 =1,2,...,n.

z € Z"

seS™ x e X" yey? ses™

fn O ©n

Figure 7.1: JSCC system for discrete sources and discrete channels with additive noise.

Denote the transmitted source message by s € S™", the corresponding n-length codeword

by fu(s) = x = (z1,22,...,2,) € X" and the received codeword at the channel output by
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y 2 (y1,Y2, ..., yn) € Y™ Then the probability of receiving y under the conditions that the

message s is transmitted (i.e., the input codeword is f,,(s) = x) is given by
Pr(Y" =y|S™ =s) = Wyn|xa(y|fn(s)) = Wyn|xn(y|x) = Wyn|xn(y © x|x) = Pzn(2),

where the last equality follows by the independence of input codeword x and the additive
noise z = y © x, noting that © is modulo-B subtraction here. The decoding operation ¢, is
the rule decoding on a set of non-intersecting sets of output words Ag such that | J, As = V™.
If y € Ay, then we conclude that the source message s’ has been transmitted. If the source
message s has been transmitted, the conditional error probability in decoding is given by
Pr({y:y€A}s) 2 Y Wynxa(ylfals)),
Y:y€AS
and the probability of error of the code (f, ¢n) is
PI(Qs, Wype, 1) = Y Qsm(8)Wynxn(ylfuls)). (7.1)
(s,y):y€AS
Definition 7.1 The JSCC error exponent E J(Qs,Wy|X,T) for source Qg and channel

Wy x is defined as the supremum of the set of all numbers E for which there exists a

sequence of JSC codes (fn, pn) with transmission rate 7 blocklength n such that

FE <liminf —l log, Pe(n)(st WY\X7 7).
n

n—oo

When there is no possibility of confusion, £;(Qs, Wy|x,7) will be written as E;. A
lower bound for Ej for arbitrary discrete source-channel pairs with memory was already
obtained by Gallager [42, Problem 5.16]. In Section 7.4, we will establish a computable

upper bound for E; and compare it with Gallager’s bound.

7.1.2 Information Rates

For a discrete source Qg, its (limsup) entropy rate is defined by

_ ‘ 1
Hqg(S) £ hgisip EHst (S%),
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where Hg , (S ¥) is the Shannon entropy of Qgx. Hqg(S) admits an operational meaning (in
the sense of the lossless fixed length source coding theorem) if Qg is information stable [49].

The source Rényi entropy rate of order a (v > 0) is defined by

(@) (Sk)

sk

—(a . 1
HEQ;(S) = hgisip EH

where

@ (ckya L «
Hg (S92 ——logy > Quu(s)",
s€Sk:Q gk (s)>0

is the Rényi entropy of QQgx, and the special case of & = 1 should be interpreted as

(1)
Hst

1
Sky £ 1i
( ) a1—>H?i1—Oé

logy D Qsx(s)" = Hg,(5").

SESkZst (S)>0

The channel capacity for any discrete (information stable [49], [96]) channel Wy x is given

by

.1 n.yn
C(Wy|x) = lim inf — sup IanWYn‘X,L(X ;Y.

=00 N pyn
For discrete channels with finite-input finite-output alphabets, the supremum is achievable
and can be replaced by maximum. If the channel Wy x is an additive noise channel with
noise process Pw, then

U(Wyp() = 10g2 B — ﬁpz (Z),

where Hp,(Z) is the noise entropy rate.

7.2 A Strong Converse JSCC Theorem

We first prove a strong converse JSC coding theorem for ergodic sources and channels with
additive ergodic noise; no Markov assumption for either the source or the channel is needed

for this result. We will employ it to prove an upper bound for Ej.

Theorem 7.1 (Strong converse JSCC Theorem) For a source Qs and a channel Wyx

with additive noise Pz such that Qs and Py are ergodic processes, if

U(Wy‘x) = 10g2 B — HPZ (Z) < TFQ(S),
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then

lim Pe (QSaWY\X7 ) =L
n—00

Proof: Assume C(Wyx) = THqg(S) —¢ (¢ > 0). We first recall the fact that for addi-
tive channels the channel capacity E(WY‘X) is achieved by the uniform input distribution
Pxn (x) £ 1/B". Furthermore, this uniform input distribution yields a uniform distribution

at the ouput

PYn Z PXn Wyn Xn (y‘X)
xXeEX™

B
Define for some § (0 < § < ¢)

A\s = {y : logy WY”\X”(}’U”(S))QSTn(S) <

Since

PM(Qs, Wyx,7)=1— Y Qgm(s)Wynxn(ylfn(s)), (7.2)

(8,¥):y€EAs

we need to show that

Pr({(s,y):y €4 = D Qsro(s)Wynxn(ylfuls))

(s,y):y€As

vanishes as n goes to infinity. Note that

Pr({(s,y):y € As}) <Pr ({(s,y) 1y € Ag ﬁgs}) + Pr ({(s,y) 1y € Xg}) .

For the first sum, we have

Pr ({(Svy) ry € AS})
= T X Wennelolfalo)

yeAsﬂAs

< ZQSm Z g}gml on(C(Wyx)—mHag ($)+9)
yEA ﬂA

< (OWy)=rTlag(9)40) $ §™ Py (y)

S y€As
= g9, (7.3)
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For the second sum, we have

o)y e i)

) <{ 3! WY”‘X”({W(S))QST"(S) — (C(Wyx) —THqg(5)) > 5}>
Pyn(y)
: <{ 1 52 Wynxn(;g:((S;)Qsm(S) - (6(WY\X) - TFQS(S)) > 5})
_ ({ '——logz Wy o (51£2(5)) — 2 oz Qsen(s)
~Tp,(2) - THas(5)| > 3}
< ({ ——10g2 Qs (s) = ﬁQS(S)‘ > %})

#2r ({5305 |- 210w Wy 611, (6) - ey (2)] > 5 })

= Pr ({S: ‘—%logz Qsmn(s) —FQS(S)‘ > %})
4 Pr ({z : '—%logz Pyn(2) —FPZ(Z)‘ > g}) (7.4)

where the above probabilities are taken under the joint distribution Qg (8)Wyn xn (y|fn(s)),
and (7.4) follows from an exchange of RV z = y © f,(s) and the fact that Pzn(z) =
Wy xn(y|fn(s)). It follows from the well known Shannon-McMillan-Breiman Theorem for
ergodic processes [18] that the above probabilities converge to 0 as n goes to infinity. On

account of (7.3), (7.4) and (7.2), the proof is complete. [

7.3 Markov Sources and Artificial Markov Sources

Without loss of generality, we consider first-order Markov sources since any L-th order
Markov source can be converted to a first-order Markov source by L-step blocking it (see
Section 7.5). For the sake of convenience (since we will apply the following results to
both the SEM source and the SEM channel), we use, throughout this section, Py =
{Pyn € P(U™)}22, to denote a first-order SEM source with finite alphabet U £ {1,2, ..., M},
initial distribution

pi 2 Pr{U; =i}, iclU
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and transition distribution
Dij £ Pr{Uk-i-l = ]|Uk = Z}7 Za] € Z/[7
so that the n-tuple probability is given by

Pyn(i™) & Pr{Uj =i1,...,U, =in}

= Di1Pivio " Din_rins Ulsensin EU.

Denote the transition matrix by P £ [Dijlavrx i, we then set, for any 0 < o <1,

Pa) = [p5] s

which is nonnegative and irreducible M x M matrix (here we define 0° = 0). The Perron-
Frobenius Theorem [82] asserts that the matrix P(«) possesses a maximal positive eigen-

value A, (Py) with positive (right) eigenvector v(a) = (vi(a), ..., var ()" such that

Zvi(a) =1.

o0

As in [94], we define the artificial Markov source f’{? ) A {15[(]? € P(Z/I")} with respect

n=1

to the original source Py such that the transition matrix is P(a) £ [Dij ()] arx s, where

)& 5 ey i

It can be easily verified that y pij(a) = 1. We emphasize that the artificial source retains

the stochastic characteristics (irreducibility) of the original source because p;;(a) = 0 if and

only if p;; = 0, and clearly, for all n, the nth marginal of f’g ) is absolutely continuous with

respect to the nth marginal of Py. The entropy rate of the artificial Markov process is

hence given by

Ff’g") (S) = — Z Z Wi(a)ﬁij (a) 10g2 ﬁij(a)7
(]

where m(a) £ (n(a)y,m(a)2,...,m(a)ar) is the stationary distribution of the stochastic

matrix P(a). We call the artificial Markov source with initial distribution 7(a) the ar-

tificial SEM source. It is known [94, Lemmas 2.1-2.4] that ﬁf)(a)(S) is a continuous
U
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and non-increasing function of a € [0,1]. In particular, Hzw)(S) = logy Ao(Pu) and
U
Hf,(l)(S) = Hp_(S). The following lemma illustrates the relation between Hx)(S) and
u u Py

the entropy of the DMS with uniform distribution (ﬁ, . %)

Lemma 7.1 Ff,(o) (S) <logy M with equality if and only if P > [0]prxns, i.e., pij > 0 for
18)

alli,5 € U.

Proof: Let A be the M x M matrix with all components equal to 1, i.e., A 2 [1]arxas-

Clearly, u £ [ﬁ, ey ﬁ] is the unique normalized positive eigenvector (Perron vector) of A

with associated positive eigenvalue M; thus when P > [0]prxar, No(Pu) = M. We next

show by contradiction that A\g(Py) < M if there are zero components in matrix P. We

assume that there exist some p;; = 0 and A\g(Py) > M. Then
M(Py)u > Mu = Au = Av(0),
where the last equality holds since u and v(0) are both normalized vectors. We thus have
(A= P(0))v(0) < Xo(Pu)(u —v(0)).

Now summing all the components of the vectors on both sides, we obtain
> aiv;(0) <0,
Z"j

where a;; is the (4,7)th component of the matrix A — P(0) such that a;; = 0 if p;; > 0
and a;; = 1 if p;; = 0. This contradicts with the fact that all v;(0)’s are positive and
thus A\o(Py) < M if Py has zero components. We also conclude that P > [0]asxas is the

sufficient and necessary condition for \o(Py) = M. |

The following properties regarding the artificial SEM source are important in deriving
the (computable) upper and lower bounds for the JSCC exponent of SEM source-channel

pairs.

Lemma 7.2 Let {U;}2, be an SEM source under Py and f’%) (0 < a<1), then

B(a) n
1 Py (U™) 1—a— 1
=1 U — H=(a _— «(Pu),
n 082 Py (U™) « P{I)(S) o 082 Aa(Pu)
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pla)

almost surely under PU" as n — oo.

Proof: Since {U;}?2, is SEM source under Py and f’%‘ ), it follows by the Ergodic Theo-
rem [18] that the normalized log-likelihood ratio between Py and 15%)‘ ) converges to their

Kullback-Leibler divergence rate almost surely, i.e.,

B (U")

5(a)

a)

almost surely under lgl(Jn as n — 00, where
5() T )
D(Py’|[Py) = lim —D(FPp. ||[Pyn).
n—oo N
Note that for any n we can write

%D(ﬁ((ﬁ)HPUn) = Hpe (U") - —ZP (i) logy Pyn (i), " = (i1 - - in) € U™
(7.6)
Recalling that Py is described by the initial stationary distribution 7 = {7y, m2,...,7as}
and transition matrix P = [p;;]arxar, and that f’% ) is described by the initial stationary
distribution 7(a) = (7(a)1,7(a)s, ..., m(@) ) and transition matrix P(a) £ [Dij ()] arx

given by (7.5), we have

S>@) rn o . p?wz B 'p?'lnflin Vi, (OZ)

Pyn (i) ()i, vi, (a)

7.7
Aa(Pu)t mlvy, () )
for all " € U. Consequently, using (7.6) and (7.7), we have
l-al— 1n-1
—D(Fyi | Pyn) = n f,gx)(s) - - logy Aa(Pu)

11 ™, i (@)
LN By i) log, [ — P ) 7.8
no p (Zlvz ) 082 <7T(a)ilvin(a)> ( )

11,in

Taking the limit on both sides of (7.8), and noting that the last term approaches 0 since

5 gy ()

21 in Zlvln (Oé) ot
9
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where 7, m(a), and v(a) are all positive for SEM sources (according to the Perron-Frobenius

Theorem [82]). We hence obtain

l-—a— 1
Hf,((}x) (S) — a 10g2 )\a(PU)

DEPY|Py) =

Lemma 7.3 [77], [94] For an SEM source Py and any p > 0, we have

(L)
pHp 7" (S) = (14 p)logo X 1 (Pu),

1
T+p

and

0
(5) = 8_p(1 +p)logy A L (Pu).

piri)
Lemma 7.3 follows directly from [77, Lemma 1] and [94, Lemma 2.3]. Note that there
is a slight error in the expression of H(«) in [94, Lemma 2.3], where a factor « is missing

in the second term of the right-hand side of (2.11).

7.4 Upper and Lower Bounds

7.4.1 A Sphere-Packing Type Upper Bound

We first establish a sphere-packing type upper bound for £; for SEM source-channel pairs
(Qs, Wy|x). Before we proceed, we define the following function for an SEM source-channel
pair:

Fip) £ plogy B = (1 )logy | X7y (QsA 1 (P, 0> 0. 7.9)

Lemma 7.4 F(p) has the following properties:

(a) F(0) =0 and

0

flp) = a—pF(p) = logy, B — <Tﬁé(l}rp)(5) +H 1 (Z)> (7.10)

18 continuous non-increasing in p.
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(b) F(p) is concave in p; hence every local mazimum (stationary point) of F(-) is the

global mazimum.

(¢) sup,so F(p) is positive if and only if THqg(S) < C(Wy|x); otherwise sup,so F(p) =
0.

(d) sup,>q F(p) is finite if \j(Qs)Ao(Pz) > B and infinite if A\j(Qs)o(Pw) < B.

Remark 7.1 If A\j(Qs)Ao(Pz) > B, then sup > F(p) = lim,— F(p), no matter whether

the limit is finite or not.

Proof: We start from (a). F(0) = O since the largest eigenvalue for any stochastic ma-

trix is 1. (7.10) follows from Lemma 7.3. f(p) is continuous non-increasing function since

H 1 (S)and H_ 1 ,(Z) are both continuous nondecreasing functions. (b) follows im-
Si+_p PZ1+_p

mediately from (a). (c) follows from the concavity of F'(p) and the facts that F'(0) = 0 and

that f(0) = C(Wy|x) — 7Hqg(S). (d) follows from the concavity of F(p) and the facts

that F(0) = 0 and that lim, .o f(p) = logy B — logy[A\j(Qs) o (Pz)]. |

Theorem 7.2 For an SEM source Qs and a discrete channel Wy x with additive SEM
noise Pz such that THqg(S) < C(Wyx) and \j(Qs) o(Pz) > B, the JSCC error expo-

nent Ej(Qs, Wyx,T) satisfies

E;(Qs, Wyx,7) < max F(p). (7.11)

Remark 7.2 We point out that the condition A\j(Qs)Ao(Pz) > B holds for most cases
of interest. First note that the eigenvalues A\o(Qs) and A\g(Pz) are no less than 1. By
Lemma 7.1, we have that \o(Pz) = B if the noise transition matrix Py has positive
entries (i.e., P > [0]pxp); in that case, the condition A\j(Qs) o(Pz) > B is satisfied if
Aj(Qs) > 1 (i.e., if the source transition matrix @ is not a deterministic matrix). In fact,
when Aj(Qs)Mo(Pz) < B, max,>o F(p) = +oo by Lemma 7.4 (d), and hence it gives a
trivial upper bound for E;. When A\j(Qs)Xo(Pz) = B, we do not have an upper bound for
Ej.
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Remark 7.3 Using the first identity of Lemma 7.3, the upper bound can be equivalently

represented as

1 (1
E(Qs, Wyx,7) < max {p [1og2 B HIP(S) - Hi;zﬂ’)(Z)} }
p=0

) (i1,

where Fg?” (S) and Hpjp )(Z ) are the Rényi entropy rates of Qg and Py, respectively.
Meanwhile, the upper bound (7.11) holds for any one of the following source-channel pairs:
DMS @ and SEM channel Wy x, SEM source Qg and additive DMC W, and DMS source
Q) and additive DMC Wy x, all with finite alphabets. For example, when the source is
DMS with distribution q £ {q1, q2, ..., g } such that ¢; > 0 for all i = 1,2, ..., M, the source

could be regarded as an SEM source Qg with transition matrix

qg Q92 - 4M
qa q2 - 4M
Q=
| @ 42 o 4qM |

and initial distribution q. It is easy to verify that for such a @, the eigenvalue A 1 (Q)

T+

reduces to A 2 (Qs) =>; qi1 /tp , which agrees with the results for memoryless systems
+

given Chapter 5. Thus, the above bound is a sphere-packing type upper bound for E; for

SEM source-channel systems.

Proof of Theorem 7.2: Under the assumption
THqs(S) < C(Wyx) and A\j(Qs)ro(Pz) > B,

it follows from Lemma 7.4 that f(0) > 0 and lim, .~ f(p) < 0. Since f(p) is continuous and
non-increasing, there must exist some p, € (0,400) such that f(p,) +¢& = 0, where ¢ > 0
is small enough. For the SEM source Qg, we introduce an artificial SEM source Q(Sa") (as
described in Section 7.3) such that o, = 1/(1 4 p,) € (0,1). For the SEM channel Wy x,
we introduce an artificial additive channel Vy|x for which the corresponding SEM noise is

Bl
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Based on the construction of the artificial SEM source-channel pair (Q(Sa"),VwX), we

define for some d; (d; > 0) the set
~ ' Wyn xn(¥]fn(8)) Qs (s)
As - y: 10g2 ~(ao)
VY"\X"(Y’fn( ))ern (s)
2> —n <1 ;ao (logy B +¢) — a— logy [A7, (Qs)a, (Pz)] + 51) } ;

where we set Ag = () for those s such that Wy xn(¥|fn(8))Q@sm(s) = 0 for some y € Y".

We then have a lower bound for the average probability of error

PM(Qs, Wyx,7) > ZQST" > Wynixn(ylfals)

yEASNAs

(logy B+e)— .1 1ogy [A7,, (Qs) A (P2)] +61 )

_ 1l—ao
2 n(*a

Y

Yo QS ) Vanxn (y1£a(s)), (7.12)

(s.y):y€ASNAs

where the last sum can be lower bounded as follows

S QS Vi xe (ylfa(s))

(s,y):yEACﬂA

> 3 QGO lfa(9) = Y QS Varnxn (1 £a(s)- (7.13)

(s,y):yEAS (s,y):yeAg
We point out that the first sum in the right-hand side of (7.13) is exactly the error probability
of the JSC system consisting of the artificial SEM source Q(Sa”) and the artificial SEM

channel Vyx. Since by definition f(p,) < 0, which implies

TH (S) > 10g2 B — ﬁf)(zao)(Z) = U(Vy‘x),

Q(ao)

then applying the strong converse JSCC Theorem (Theorem 7.1) to Qsa") and Vyx, the
first sum in the right-hand side of (7.13) converges to 1 as n goes to infinity. We next show

that the second term in the right-hand side of (7.13)

Pr({sy)ived})= Y QEIEVinxn31fals))

(s,y):yE€Ag
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vanishes asymptotically.

Pr( (s,y): yeAc}>
_ ({ Loy  Wyoixn01Fu(s) Qs (5)
- (5,y)

1—

VW (y1fa ()@ (5)
+ (£ 08 B+2) — L ogs [N, Qs (Pa)] ) <01} )
{ 0y ¢ | L1og, rmi (F1/u(8)Qsm (s)
1—

IN

( " vynmyrfn( $))Q5r (s)
+ < o %(logy B +¢) — —log2 A ;O(QS))‘%(PZ)]>‘ > 51})

Qo (Ofo
{ ‘logzpm Lo Qe

Pro(a) 1 5 Qgon(s)

1 —a,— 1
- [P (g0 (9) - o omrau(@s))

(67
1—a,— 1
+ Hﬁ(zao)(Z) - PN 10g2 )‘ao(PZ):| ‘ > 61}) (7'14)
(o)
1 QL)) [1-ap— 1 5
< D - 50 (8) — — logy Aa —
< Pr <{s — log, Qo (3) ~ HQ(S 0 (S) ~ logy A\a, (Qs) || > 5
H(n)
1 P, Z 1— 0= 1
+Pr | ¢z :|—logy i, %) - = Hz00)(Z) — —logy Ao, (Pz) || > u ,
n (n) « P « 2
PW ( ) o Z o

(7.15)

where the probabilities are taken under the joint distribution Qv(soi‘;)(s)Vy” xn (Y] fn(s)),
and (7.14) follows from the facts that Pzn(z) = Wyun xn(y[fa(s)) and that ﬁé‘fj’)(z) =
Vi xn(y|fn(s)) for z =y © fa(s).

Applying Lemma 7.2, the above probabilities converge to 0 as n — co.! On account of

(8.15), (7.13) and (7.15) and noting that € and 0 are arbitrary, we obtain

1 1-—
lim inf - logs P™ (Qgrn, Wyn|xn,T) <

n—~o0

O 1 -
logy B — o logy [A], (Qs)Aa, (Pz)] -

o
Finally, replacing a, by 1/(1 + p,) in the above right-hand side terms and taking the

maximum over p, complete the proof. |

LConvergence almost surely implies convergence in probability.
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7.4.2 Gallager’s Lower Bound for Systems with Memory

In Observation 5.1, we showed that Gallager’s JSCC lower bound [42, Problem 5.16] may
not as good as Csiszar’s source-channel random-coding lower bound. However, Gallager’s
lower bound is more powerful in the sense that it applies for discrete source and channel
pairs with arbitrary memory, i.e., for a discrete source Qg and a discrete channel Wy x

with transmission rate 7, we have

E;(Qs,Wyx,7) > magl[ E,(p,Qs) — TEs(p, Wy |x)]

in which

E,(p, Qs) 2 limsup &

TN—00

2 10g, 3" Qsm(s) ™7 (7.16)

SGS"
is Gallager’s source function for the discrete source Qg with arbitrary memory, and

1
Eo(p, Wy|x) £ lim inf max E (p, Pxn) (7.17)

n—oo
with

1+p
E,(p, Pxn) £ —log, Z (Z Pxn (x)Wyn xn (y|x) ”p)

yeEY" \XEX"

is Gallager’s channel function for the discrete channel Wy x with arbitrary memory.

We next specialize Gallager’s lower bound for SEM source-channel pairs by using Lemma
7.3. We recall when the channel is symmetric (in the Gallager sense, see Section 5.3.3), which
directly applies to channels with additive noise, the maximum in (7.17) is achieved by the
uniform distribution: Pxn(x) = 1/|X|" for all x € X™. Thus for our (modulo B) additive

noise channels, E,(p) reduces to

Eo(p,Qs) — 7Es(p, Wy x) = plogy B — limsup ( ( > Pyn(z 1+P> . (7.18)

n—oo
VASYAL

It immediately follows by Lemma 7.3 that for our SEM source-channel pair,

)

(1 . ()
Eo(p,Qs) — 7Es(p, Wy|x) = plogy B — pTHq " (S) — pHp, " (Z) = F(p).  (7.19)

That is, the SEM source-channel function we defined in (7.9) is exactly the same as the
difference of Gallager’s channel and source function. In light of Theorem 7.2, we obtain the

following regarding the computation of E ;.
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Theorem 7.3 For an SEM source Qs and an SEM channel Wy |x with noise Pz such
that THqQg(S) < C(Wyx) and M\j(Qs) o(Pz) > B, E;(Qs, Wy|x,7) is positive and
determined ezxactly by E;(Qs, Wy x,7) = F(p*) if p* < 1, where p* is the smallest positive

number satisfying the equation f(p*) = 0. Otherwise (if p* > 1), the following bounds hold:

log, B — 2log, {AE(QS)A (Pz)| < E;(Qs, Wyx,7) < F(p*).

1
2

Remark 7.4 If THqq(S) + Hp,(Z) > logy B, then E;(Qs, Wyx,7) = 0.

Remark 7.5 According to Lemma 7.4 (c¢) and (d), there must exist a positive and finite
p* provided that THqg(S) < C(Wyx) and Aj(Qs)Xo(Pz) > B. Using Lemma 7.4 (a),

such p* can be numerically determined.

The proof of Theorem 7.3 directly follows from Theorem 7.2, the comparison of Gal-

lager’s lower bound, and Lemma 7.4.

Example 7.1 We consider a system consisting of a binary SEM source Qg and a binary
SEM channel Wy x with transmission rate ¢ = 1, both with symmetric transition matrices

given by

g l—gq p l-p
Q e and PZ == 9
l—q ¢ IL—p p
such that 0 < p,q < 1. The upper and lower bounds for £;(Qs, Wy/x, ) are plotted as a
function of parameters p and g in Fig. 7.2. It is observed that for this source-channel pair,

the bounds are tight for a large class of (p, q) pairs. Only when p or ¢ is extremely close to

0 or 1, is E; not exactly known.

7.4.3 Error Exponents for SEM Sources and SEM Channels

In this section we investigate two special cases of Theorem 7.2. One special case is that when
the SEM channel is a noiseless channel, and the other is that when the SEM source is uniform
source. In the first case, the upper bound for E; reduces to an upper bound for the SEM

source error exponent, and in the second case, Theorem 7.2 reduces to an upper bound to the



7.4. Upper and Lower Bounds 162
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Figure 7.2: The lower and upper bounds of E; for the binary SEM source and the binary
SEM channel of Example 7.1 with 7 = 1.

SEM channel error exponent. Note that the SEM source error exponent has been studied
n [72] and [94], and our results coincide with their results. The upper bound for the channel
error exponent for SEM channels, however, has not been addressed before. We next need
to extend the definition of the DMS error exponent for SEM sources; to be more general,
we define the error exponent for arbitrarily discrete sources Qg = {Qgm € P(S™)}

T™n=1"

A (k, M}) block source code for a discrete source Qg, which is defined the same as the

block source code for a DMS, is a pair of mappings

fsk: : Sk I {1727 >Mk}

and

Psk * {1727 >Mk} - Sk
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The code rate is defined by

1

A
Rk—k

logy My, bits/source symbol.

The probability of erroneously reconstructing the source via the (k, M) block source code
(fsks @sk) s given by

PPQs. R 2 > Quls). (7.20)
S:@sk(fsk(s))7és

Definition 7.2 For any R > 0, the source error exponent e(R, Qg) of the discrete source
Qs is defined as the supremum of the set of all numbers e for which there exists a sequence

of (k, My) block codes (fsk, psk) with

e < liminf 1 log Ps(f)(Qs, Ry) (7.21)
n—oo n
and
R > limsup Ry,. (7.22)
k—o0

The following by-product result regarding the error exponent for SEM sources immedi-

ately follow from Theorem 7.2.

Corollary 7.1 [94] For any rate 0 < R < logy \o(Qs), the source error exponent e(R, Qs)

for an SEM source Qg satisfies

E(R, QS) < E(R7 QS)v (723)
where
e(R,Qs) £ sup[Rp — (1+ p)log, A 1_(Qs)]. (7.24)
p> p

In particular, e(R,Qg) =0 for 0 < R < Hqg(S).

Note that log, M\o(Qs) = log, |S| when the source reduces to a DMS (with alphabet S).
This upper bound is exactly the same as the one given by Vasek [94]. In fact, he shows that
e(R,Qs) is the real source error exponent (also see [25]) for all R > 0. We point out that
€(R,Qs) can be equivalently expressed in terms of a constrained minimum of Kullback-
Leibler divergence [72], as the error exponent for DMS (2.4); also see (7.34) in the Section
7.4.5.
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Similarly, before we specialize our bound to SEM channel error exponent, we first define
the channel error exponent for an arbitrary discrete channel Wz = {Wyn xn € P(A" —
.

An (n, M) block channel code for a discrete channel Wy x, which is defined the same

as the block code for a DMC, is a pair of mappings
fen :{1,2,..., My} — &

and

Gen Y —{1,2,..., M, }.

The code rate is defined as
al .
R, = - logy M,, bits/channel use.

The (average) probability of decoding error for the (fe,, @en) code is given by

My My

PO Wy B) 223 S S Wanxa (51fen)) (7.25)

" =1 =15 yipen(y) =]
Definition 7.3 For any R > 0, the channel error exponent E(R, Wy x) of the discrete
channel Wy/x is defined as the supremum of the set of all numbers E for which there exists

a sequence of (n, M,,) block codes (fen, pen) With

1
E < liminf -~ In P{" (Wyx, Ry)
n

n—oo

and

R <liminf R,.

n—oo
The following by-product results regarding the error exponent for SEM channels imme-

diately follow from Theorem 7.2.

Corollary 7.2 For any rate logy (B/A(Pz)) < R < +o0o, the channel error exponent
E(R,Wyx) for an SEM channel Wy x with additive noise Pz satisfies
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where

Egp(R, Wy x) £ sup {p(log2 B—R)—(1+p)log, /\L(Pz)} . (7.27)
p>0 1+p

In particular, E(R, Wyx) =0 for U(WWX) < R < +4o0.

When the SEM channel reduces to an additive noise DMC, log, (B/Ao(Pz)) = Reo. Note
that the usual case (when the transition matrix is positive) is that logy (B/Ao(Pz)) = 0 (see
Lemma 7.1). It can be shown that Eg,(R, Wyx) is positive, non-increasing and convex,
and hence strictly decreasing in R. Comparing with Gallager’s random-coding lower bound

for E(R, Wy x) [42, Theorem 5.6.1] (when specialized for SEM channels) given by

Er(R, Wypx) £ mas {p(log B~ B) — (14 p)logs A 1 (Pz) } (7.28)

1
p<1 T+p
and applying the results of Section 7.3, we note that the upper and lower bounds are tight
if R > Rer(Wyx), where
Rcr £ 10g2 B — F~(%)(Z)
PZ

is the critical rate of the SEM channel. Thus, the channel error exponent for SEM channel

is determined exactly for R > R..(Wyx).
Example 7.2 Consider a binary SEM channel Wy x with noise process
PZ — {PZTL c P(Zn)}zozl

whose transition matrix is given by

e+(1—-e)(1-p) (I—e)p
PZ: ’
(1-g)1-p) e+(1-ep

where 0 < € < 1 is the noise correlation coefficient and 0 < p < 1. It is easy to see that the
stationary distribution of the noise process is m = [1 —p, p]. Note also that the SEM channel
reduces to a (memoryless) BSC with crossover probability p when we choose ¢ = 0. In Fig.
7.3, we plot the upper and lower bounds for the SEM channel error exponent (7.27) and
(7.28) for p = 0.01 and € = 0.5, and for p = 0.01 and ¢ = 0.9. We also plot the upper and

lower bounds for the BSC error exponent with crossover probability p = 0.01 for comparison.
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It is seen that for the SEM channel with parameters p = 0.01 and ¢ = 0.5, the channel
exponent is determined exactly between R..(Wyx) = 0.39 and C(Wyx) = 0.95; for the
SEM channel with parameters p = 0.01 and high correlation € = 0.9, the channel exponent
is determined exactly between R..(Wy|x) = 0.57 and C(Wy/x) = 0.98; while for the BSC
with p = 0.01, the channel exponent is determined exactly between R..(Wy x) = 0.55 and
C (Wy‘ x) = 0.92. For rates close to capacity, since the channel capacity of the SEM channel
is generally larger than the capacity of BSC, the corresponding channel error exponent of
SEM channel is larger; this is the case for example, when 0.75 < R < 0.95, for the SEM
channel exponent with p = 0.01 and € = 0.5. However, for middle rates, when R is between
0.2 and 0.75, the BSC error exponent beats the SEM channel error exponent with p = 0.01
and ¢ = 0.5 (since the lower bound of the BSC error exponent is above the upper bound
of the SEM channel exponent). In Fig. 7.4, we plot the upper and lower bounds for the
SEM error exponent vs the noise correlation coefficient e. When p = 0.01 and R = 0.4,
we see that the upper and lower bounds coincide for € € [0.27,0.65], and hence exactly
determine the exponent E(R, Wy|x). When p = 0.01 and R = 0.5, the SEM channel error
exponent is determined for € € [0.05,0.83]. When p = 0.01 and R = 0.5, the SEM channel
error exponent is determined for € € [0,0.93]. This example demonstrates that the channel
noise memory does not necessarily increase the channel error exponent and the critical
rate (as seen in Figs. 7.3 and 7.4). However, we also stress that since in general the SEM
capacity is larger than the capacity of the BSC with the same parameter p, there might be a
considerable gain of error exponent at a rate below the SEM capacity. For instance, we plot
the upper and lower bounds for the SEM channel error exponent for p = 0.1 and ¢ = 0.8,
and the BSC error exponent with crossover probability p = 0.1. As shown in Fig. 7.5, in
this case, the capacity of the SEM channel (C(Wyx) = 0.79) is noticeably larger than
the capacity of the BSC (C(Wy|x) = 0.52). Thus, as expected, the SEM error exponent
considerably outperforms the BSC error exponent for a wide range of rates below the SEM

capacity.
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Figure 7.3: The upper and lower bounds for the channel error exponents of Example 7.2 in

terms of rates R for p = 0.01.

7.4.4 Equivalent Bounds

One may next ask if the lower and upper bounds for the SEM source-channel pair enjoy

a form that is similar to Csiszar’s bounds for DMS-DMC pairs, E;,.(Qs, WY‘X,T) given

by (5.5) and E s,(Qs, Wy |x,7) given by (5.6), which are expressed as the minimum of the

sum of the source error exponent and the lower /upper bound of the channel error exponent.

The answer is indeed affirmative, as given in the following theorem.

Theorem 7.4 Let THqg(S) < C(Wyx) and Nj(Qs)Xo(Pz) > B. The following equiva-
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Figure 7.4: The upper and lower bounds for the channel error exponents of Example 7.2 in

terms of €.

lent representations hold

R
max F' = min Te | —, + Es) (R, W ,(7.29
P ) = B0 Pa) e r o 00(8)) { (T QS> ol YX)] (7:29)
R
F(p) = i = E.(R,W . 7.30
0<pal () 0< R<rlogs(20(Qs)) [Te <T’QS> B YX)] (7:30)

where F(p) is defined in (7.9), e(R, Qs) = €(R, Qs) is given in Corollary 7.1, Eg;(R, Wy|x)
and E.(R, Wy x) are given in Corollary 7.2 and (7.28).

Remark 7.6 The assumption \j(Qs)M\o(Pz) > B ensures that the right-hand side of (7.29)

is finite and the minimum is attained by some R € (logy(B/Ao(Pz)), 71ogs A\o(Qs)).

Theorem 7.4 is proved in a similar manner as Theorem 5.1 based on Fenchel dual-

ity theorem. Note that here the equivalent expressions for these bounds can also be
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Figure 7.5: The upper and lower bounds for the channel error exponents of Example 7.2 in

terms of rates R for p = 0.1.

proved via the technique of Lagrange multipliers, since the functions logy A /(14,)(Qs) and
logy A1 /(14)(Pz) are differentiable functions of p and their derivatives admit closed-form
expressions (recall Lemma 7.3). When the source Qg and channel Wy x are discrete mem-
oryless, the right-hand side of (7.29) and (7.30) reduce to Csiszar’s lower and upper bounds
E ;. (Qs, Wy|x,7) and E j5(Qs, Wy|x, 7).

We point out that the parametric expressions of these bounds (the left-hand side of
(7.29) and (7.30)) facilitate the computation of E;, while the bounds in Csiszar’s form (the
right-hand side of (7.29) and (7.30)) are instrumental for the comparison of JSC and tandem

coding exponents.
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7.4.5 Markov Types and A Conceptual Upper Bound

Recall that Csiszar originally establishes the upper bound for E; for a DMS-DMC pair

(Qs, Wy|x) by the exact source and channel exponents e(R,Qs) and E(R, Wy |x),

Ej(Qs,Wyx,7) < min [Te <§7 QS) + E(R, WY|X)] (7.31)

and Csiszér’s source-channel sphere-packing bound E Jsp is obtained by replacing the chan-
nel error exponent E(R, Wy |x) by its sphere-packing upper bound Ey,(R, Wy x). In Section

6.1.3, we proved that the JSCC error exponent with feedback can be upper bounded by

Eimp(Qs, Wyx,T) < min [TE (? Qs> + Epp(R, Wyx)} (7.32)

where Epy(R, Wy |x) is the channel error exponent for a DMC with feedback. We also
pointed out in Observation 6.1 that this kind of conceptual upper bound, expressed in
terms of source and channel error exponent, holds for many discrete systems, as long as we
can partition the source space by polynomial numbers of type classes, and we can rewrite
the averaged probability of error for each type class as a channel coding probability error.
Now for the SEM source-channel pairs, this is still true, i.e., E; is upper bounded by the
minimum of the sum of the SEM source exponent e(R, Qg) and the SEM channel exponent
E(R, Wyx).

In the following we prove this conceptual bound for SEM system by introducing Markov
types. Like (7.31) and (7.32), the bound in terms of (R, Qs) and E(R, Wy/x), though
tighter than the sphere-packing type bound (7.29), is not computable in general, since the
behavior of the SEM channel error exponent F (R, Wy/|x) is unknown for rates smaller than
the critical rate R..(Wy/x). In Chapter 10, we shall use this bound to prove that the JSCC
error exponent can at most double the tandem coding exponent.

We first set up some notations and basic facts regarding Markov types adopted from [34]
and [72]. Given a source sequence s = (s1,52,...,5;) € S¥ (|S| = M), let k;;(s) be the

number of transitions from ¢ € S to j € S in s with the cyclic convention that s; follows

|:kij(S):| MxM

Sk. We denote the matrix
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by ®*)(s) and call it the Markov type (empirical matrix) of s, where >ijkij(s) =k and
it is easily seen that ) ; kij =>" j kj; for all i. In other words, the (k-length) sequence s of
type P (which is an M x M matrix) has the empirical matrix ®*)(s) which is equal to P.
The set of all types of k-length sequences will be denoted by £. Next we introduce a class

of matrices that includes & for all k£ as a dense subset. Let

52 P:P:[pij]MxM’Zpijzl’ and pijzo, Zpij:iji forallz'
2 J j

Note that & — £ as kK — oo in the sense that for any P € &, there exists a sequence of
{®®)} € &, such that ®*) — P uniformly.

For P € £ and any M x M transition (stochastic) matrix @ = [g;j]mxm (such that
> @ij = 1 for all i), define

é Z Dij IOg

JU

be the conditional entropy of P and

pzy
(P Q)= pijlog—=—
Z ! dij Z Pij

be the conditional divergence of P over Q. Let P € & be a Markov type, and let
Tp = {s e Sh: aM(s) = P}
be a Markov type class. We define
Mp(i,j) = {s = (s1,89,....,8,) €ETp:51 =4,5, =7j}.

Clearly, Mp(i, j) partitions the entire type class Tp over (i,7) € S x S, and all sequences

in Mp(i,j) are equiprobable under Q g« ().

Lemma 7.5 [34] Let Qg be a first-order finite-alphabet irreducible Markov source with
transition matrix @ = [gij]mxnm and arbitrary initial distribution q > 0. Let o £ min; g;.
Then we have the following bounds.

(1) For any i,j € S and P € &, such that Mp(i, j) # 0, [Mp(i, §)| > k=M (k+1) M 2kHe(P)
(2) Qe (Tp) = kM (k4 1)~M a2~ kDPIQ),
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Remark 7.7 Remark that in [34], the authors assume both irreducibility and aperiodicity
for the Markov source Qg and also derive an upper bound for the probability of type classes
Qgx(Tp). Here we only need the lower bound above for Qgx(Tp); thus the aperiodicity

assumption is not required.

Note also that M and « are quantities independent of k, and that for SEM sources, the

stationary distribution (which is the initial distribution) is unique and positive.

Theorem 7.5 For an SEM source Qs and a discrete channel Wy x with additive SEM
noise Pw such that THqg(S) < C(Wyx), the JSCC error exponent E;(Qs, Wy/x,T)
satisfies

. R
E;(Qs, Wyx,7) < inf [Te <—, QS> + E(RawYX):| (7.33)
THag (S)<R<rlogy Ao (Qs) T

Proof: We know from [34] that the source error exponent for the SEM source admits the

following divergence form

e (?,Qs> = min D.(P| Q)= min D.(P | Q), (7.34)

P€&:H.(Tp)>R/t  Pe&:H.(Tp)=R/t

which is an equivalent representation of (R, Qg) given in Corollary 7.1 (see [72]), where

the second equality of (7.34) follows from the strict monotonicity of e(R, Qg) in the interval

[Hqg(5),logy M\o(Qs)]. Thus, we can write

R
o lnf |:T€ <_7QS> +E(R7WYX):|
THqg (S)<R<7log, Mo(Qs) T

= Iijréf(’g [TD.(P || Q)+ E (TH.(P), Wyx)] - (7.35)

We assume that the above is finite (the upper bound is trivial if it is infinity) and the

infimum actually becomes a minimum. Let the minimum be achieved by a matrix (joint

e}

distribution) P* € &, then there must exist a sequence of Markov types {ﬁs € 5m}

n=ne

such that P — P* uniformly. Next rewrite the probability of error given in (7.1) as a sum
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of probabilities of types and lower bound it by

P (Qs, Wyx,7)

= Z Z Qs (s) Z Wy xn(y]fn(s))

Pe&rnseTp yEAS

> Y Qsm(s) > Wynxn(ylfals)

SETﬁ yEAE

- 3 Y. Qsei(s) D Wynpxa(ylfals)

(1,J) €S X S: M p (1,5)#D sEM 5 (i,5) yEeAg

= 2. D, Qsm(e)

(1)) ESXS:Mp(i,5)#0 \s'€EMp(i.5)

QS"”( ) Z Wyn|X7l y‘fn( ))

sEM(4,5) ZS/EM (@.9) QS g yeAc

= > Y. Qsm(s)Pe(Mp(i )

(1,1)ES X S:M 5 (1,§)#0 s €M 5 (i)

> > > Qsm(s) . ,)GSX?}\I}A@ 10 P,(Mp(i,§))
(1,J)ESXS:M p(1,5)#£0 s’ €M 5 (4,5) 2] M (4,5

= @s(Tp min Po(Mp(i, ), 7.36
QS ( P) (i,j)ESXS:M}g(i,j);ﬁ@ ( p( .7)) ( )

where

PAMBN 2 ——— 33 Wy (y1fu(s)).

M5, g)l s€Mp(irj) YEAS
We note that P.(Mp(i,j)) is actually the (average) probability of error of the n-block
channel code (fn,p,) with message set (source) Mp(i,j) and channel Wy x. Now set-
ting R, (4,7) = %logg |Mp(i,7)|, by the definition of the channel error exponent for SEM

channels (Definition 7.3) and Lemma 7.5

liminf—%logg P.(Mp(i,j)) < E <hm1nfR (7,7), Wy|X> E (THc(ﬁ),Wyp()

n—00 n—oo

for any sequence of JSC codes (fn,n) and for any (i,j) € S x S such that Mp(4,5) # 0.

It then follows from (7.36) and Lemma 7.5 again that

lim inf —— log2 P (Qs, Wy x,7)

n—oo

1 . .
< lﬂgf [——logQ Qs (Tp) — EIng ('j)engl}B( ('j);ﬁ@Pe(Mﬁ(Z"]))]
i, Mp(i,
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1 1
< i ——1 (T 5) + lim inf — =1 i P.(M5(i,j
< limsup = logy Qsmn(Tp) +Hminf = logy o omin g FeMp(0.9))

TD(P* || Q) + E (THo(P*), Wy x) -

IN

Since the above bound holds for any sequence of JSC codes, we complete the proof of

Theorem 7.5. [ |

7.5 Systems with Arbitrary Markovian Orders

Suppose that the SEM source {U;}5°; with alphabet ¢/ has a Markovian order Ky > 1.

Define process {5;}°°; obtained by K-step blocking the Markov source, i.e.,
Sn = (Una Un+17 ooy Un—i—Ks—l)-
Then
Pr(Sp = jnlSn—1 = jn-1, 51 = j1) = Pr(Sp = ju|Sn-1 = jn-1);  J1s-esjn € S =U

and the source Qg = {Qgn € P(S")}2, is a first order SEM source with [U/|¥s states.
Therefore, all the results in this paper can be readily extended to SEM systems with arbi-
trary order by converting the K -th order SEM source to a first order SEM source of larger
alphabet. Also, if the additive SEM noise Pz of the channel has Markovian order K. > 1,
we can similarly convert it to a first order SEM noise with expanded alphabet. In Section
10.3 we will compare the JSCC error exponent with the tandem coding error exponent for
a Markovian system consisting of an SEM source (of order Ky = 1) and the queue based

channel (QBC) [101] with memory K. = 2 (see Example 10.4).

7.6 Conclusion

In this chapter, we established a computable upper bound for the JSCC error exponent
E; for SEM source-channel systems. As special cases, the upper bound to E; leads to an
upper bound for the SEM source (channel) error exponent. We next examined Gallager’s

lower bound for E; for the Markovian systems. The lower/upper bound can be expressed
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in terms of a maximum of the difference source and channel functions, and equivalently,
can be expressed in terms of the minimum of the sum of the SEM source error exponent
and the lower /upper bound of the SEM channel exponent. It was shown that E; can be
exactly determined by the two bounds for a large class of SEM source-channel pairs. We
next established a conceptual upper bound for E; in terms of SEM source and channel error
exponents by introducing Markov types. This upper bound will be applied in Chapter 10

to compare the JSCC error exponent with the tandem coding error exponent.



Chapter 8

JSCC Excess Distortion Exponent
for Memoryless

Continuous-Alphabet Systems

In this chapter, we address the JSCC excess distortion exponent for a communication system
consisting of a (stationary continuous) memoryless source Qg with a distortion measure
and a (stationary continuous) memoryless channel Wy x with an input cost constraint.
Specifically, we first focus on the memoryless Gaussian system and then extend our results
to other continuous source-channel pairs such as the Laplacian-source Gaussian-channel
pair, and a certain class of source-channel pairs when the distortion is a metric.

We first define the JSCC excess distortion exponent and formulate our problem in
Section 8.1. In Section 8.2, we establish upper and lower bounds for the JSCC excess
distortion exponent for Gaussian systems. For a Gaussian communication system consist-
ing of an MGS Qs with the squared-error distortion and an MGC Wy x with additive
noise Pz and the power input constraint, we show that the JSCC excess distortion ex-
ponent E?’S(Qg, Wy |x,7T) with transmission rate 7, under a distortion threshold A and
power constraint £, is upper bounded by the minimum of the sum of the MGS exponent

TFo(R/7,Qg,A) defined in (2.46) and (2.47) and the sphere-packing upper bound of the

176
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Gaussian channel error exponent Eg,(R, Wy |x,&) given by (2.51). The proof of the up-
per bound relies on a strong converse JSCC theorem and the judicious construction of an
auxiliary MGS and an auxiliary MGC to lower bound the probability of excess distortion.
We also establish a lower bound for E?’S(QS, Wy |x, 7). As a matter of fact, we derive
the lower bound for MGSs and general continuous memoryless channels with an input cost
constraint. To prove the lower bound, we employ a concatenated “quantization — lossless
JSCC” scheme as in [7], use the type covering lemma for Gaussian-type classes (Lemma
3.6), and then bound the probability of error for the lossless JSCC part, which involves
a memoryless source with a countably infinite alphabet and the memoryless continuous
channel, by using a modified version of Gallager’s random-coding bound for the JSCC er-
ror exponent for DMS-DMC pairs [42, Problem 5.16] (the modification is made to allow
for input cost constrained channels with countably-infinite input alphabets and continuous
output alphabets). This lower bound is expressed by the maximum of the difference of
Gallager’s constrained-input channel function Eo(Wy x, &, p) given in (2.40) and the source
function 7E(Qs, A, p) given in (4.7). Note that when the channel is an MGC with an input
power constraint, a computable but somewhat looser lower bound is obtained by replac-
ing Eo(Wy|x, &, p) by Gallager’s Gaussian-input channel function EO(WY‘ x,&,p) given by
(2.54). Also we remind that the source function E(Qg, A, p) for the MGS is equal to the
guessing exponent [6] and admits an explicit analytic form (4.8).

As in our previous chapters for discrete systems (Chapters 5 and 7), we derive equiva-
lent expressions for the lower and upper bounds by applying Fenchel duality theorem. We
show that the upper bound, though proved in the form of a minimum of the sum of source
and channel exponents, can also be represented as a (dual) maximum of the difference of
Gallager’s channel function E(](Wyl x,&,p) and the source function 7E(Qgs, A, p). Analo-
gously, the lower bound, which is established in Gallager’s form, can also be represented in
Csiszar’s form, as the minimum of the sum of the source exponent and the lower bound of
the channel exponent. In this regard, our upper and lower bounds are natural extension
of Csiszar’s upper and lower bounds from the case of (finite alphabet) discrete memoryless

systems to the case of memoryless Gaussian systems. We then compare the upper and lower
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bounds using their equivalent forms and derive explicit analytical conditions for which the
two bounds coincide.

We next observe that upper and lower bounds for Ef’g can also be proved for memoryless
Laplacian sources (MLSs) under the magnitude-error distortion measure. In Section 8.3,
using a similar approach, we establish upper and lower bounds for the JSCC excess distortion
exponent for the lossy transmission of MLSs over MGCs.

In Section 8.4, we considerably modify our approach in light of the result of [55] to prove
a lower bound for some continuous source-channel pairs when the distortion is a metric. We
show that the lower bound for MGSs and continuous memoryless channels, expressed by
the maximum of the difference of source and channel functions, still holds for a continuous
source-channel pair if there exists an element s, € R with Eexp[td(s,s,)] < oo for all
t € (—o00,4+00), where the expectation is taken over the source distribution defined on R
(see Theorem 8.7). Although the condition does not hold for both MGSs with the squared-
error distortion and MLSs with the magnitude-error distortion, it holds for generalized
MGSs with parameters («, o) under the distortion d(z,y) = |x — y|P, p < a, and p < 1.

Finally, we draw a conclusion in Section 8.5.

8.1 Definitions and System Description

8.1.1 Notation

Since only continuous systems are treated in this chapter, we assume that the source and
channel alphabets are all real space, i.e., S = X =Y C R. The source distribution Qg is
a valid pdf on §, and the channel transition distribution Wy |x is a valid conditional pdf
on X x ). We next introduce some new notation for this chapter. o(n) serves as a generic
notation for a vanishing quantity with respect to n such that lim,_,. o(n)/n = 0. {(e€) serves

as a generic notation for a vanishing quantity with respect to € such that lim._o((e) = 0.
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©n

secS™ x € A" ey s5e8™
fn€FE Wy |x yey

Figure 8.1: JSCC system consisting of a memoryless source and a memoryless channel with

continuous alphabets.

8.1.2 JSCC System and JSCC Excess Distortion Exponent

Given a source distribution measure d(-,-) : § x § — [0,00) and a channel input function
g(:) : X = [0,00), a JSC code (fn,pn,A,E,T) with blocklength n and transmission rate 7
(source symbols/channel use) for the memoryless source g, and the memoryless channel

Wy x with input cost constraint £ is a pair of mappings (see Fig. 8.1):
fn: S™ ., x"

and

(pn . yn N 87'77/7
where f,, € FE, and
1 n
£ P = ) <E forall x= : 1

Fs {fn - ;g(w,) <& forall x=f,(s) (8.1)
Here s € S is the transmitted source message and x = f,(s) € X™ is the corresponding
n-length codeword. The conditional pdf of receiving y € V™ at the channel output given
that the message s is transmitted is given by

W;(/T;((ﬂfn(s)) = H Wy x (yils)-
i=1

The probability of failing to decode the JSC code (fn, ¢n,A,E, ) within a prescribed dis-
tortion level A > 0 is called the probability of excess distortion and defined by

PO Qs Wy, €102 [ QT (s) / W (y1£a(s))dyds.
s y:d™) (s,0n (¥))>A
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Definition 8.1 The JSCC excess distortion exponent E?’g(QS,WH x,7) for the above
memoryless source ()g and memoryless channel Wy x is defined as the supremum of the set
of all numbers F for which there exists a sequence of source-channel codes (f,, pn, A, E,T)

with blocklength n such that

F < liminf — > In P (Qs, Wy x, €, ).
n

n—oo
When there is no possibility of confusion, throughout the sequel the JSCC excess dis-

tortion exponent £;(Qs, Wy |x, A, &, 7) will be written as Ef’g.

8.2 JSCC Excess Distortion Exponent for (Gaussian Systems

We now focus on the communication system consisting of an MGS and an MGC (S = X =
Y = R) with squared-error distortion measure and input power constraint. We establish an
upper and a lower bound for the JSCC excess distortion exponent for the Gaussian system

in Sections 8.2.2 and 8.2.4. The bounds will be evaluated in Section 8.2.5,

8.2.1 A Strong Converse (Lossy) JSCC Theorem

We first derive a strong converse JSCC theorem under the probability of excess distortion
criterion for the Gaussian system. We use later this result to obtain an upper bound for

the excess distortion exponent E?’g.

Theorem 8.1 (Strong Converse JSCC Theorem) For an MGS Qs and an MGC Wy |x, if
TR(Qs,A) > C(Wy x,E), then

lim Py (Qs, Wy |x,E,7) = 1
for any sequence of JSC codes (fn,on, A, E,T).

Proof: Assume that C(Wy|x,€) = TR(Qs,A) — ¢, where ¢ is a positive number. For some

d (0 <6 <e) define

3 WA P (paly))
=&Y
Py (y)P s/\g((@ﬂ()’)ﬂs)

<n(C(Wyx,E) —TR(Qs,A) +6) ¢,
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where P*f;,@ and P*(T") are the 7n—dimensional product distributions corresponding to

n)

Pg, g and Pg, given in (2.43) and (2.44) respectively, and P*g, is the n—dimensional product

distribution corresponding to Py given in (2.50). Recalling that

PL Qs Wyix, £,7) = 1= Pr ({d™ (s, 0u(y)) < A}) (8.2)

where the probability is with respect to the joint distribution Q(T" (- )Wg&(\), it suffices
to show that the probability Pr ({d(m (s,on(y)) < A}) approaches 0 asymptotically for

any sequence of JSC codes (fp, pn, A, E, 7). We decompose it as follows

Pr({d™ (s.0u(y)) < A})
- pr({dm (s, on(y)) gA}ﬂﬁ) +Pr({d<m> (5, on(y)) gA}ﬂZC). (8.3)

For the first probability in (8.3), we can bound it by using the property of set A

Pr ({d<m> (s, on(y)) < A}ﬂA)

QY™ ()WY (v fu(s))dsdy

/{(S,Y)wi(’") (sipn(y))<A}NA

e (CWy | x.8)~TR(Qs,4)+5)

IN

/{(S,Y)=d“") (Svson(y <A} ﬂ K

(e ()]s )dsdy
P* ™) ( n(

y))
—n(e— P y ™ *(Tn
< e 6)/ %/ Q" ()P Gra(en(y)ls)ds dy
yr P (on(y)) Js:dm (s.e(y) <A

<P (on(y))

QY™ (s)

< e—n(a—é) / P*gf) (y)dy

= ), (8.4)

It remains to bound the second probability in (8.3). Using the expressions of the pdf’s, we

have

n PP (enly)

(n) *(Tn)
1. Wy xlfn(s) P g (enly)) T T
In — X 5 — CWyx, &)+ = — =2
s) 2n(€+o03) 2noy,

7d" (pn(y),s)  sTs

- TR(@s,A)+ 2A " 2002
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Hence,
Pr({d™ (s, 0n(y)) < A} A°)
T T
- P d(q—n) " <A y'y . VA A
3 <{ (8, pnly)) < } ﬂ {271(5 +0%2) 2nos
Lrd™ (en(y).s) ST52 S5
2A 2nog
T T T
cop Yy __#a T s
2n(E+o03) 2noy, 2 2nog
T 5 T T 25
e e e I [ e IE T (e
n(€ +o3) 3 noy, 3 og 3
(8.5)
It suffices to show
T
: y'y 20
lim Pr{ ———~—-1>—] =0 8.6
v <n(5 + O'%) 3 ) ’ (8.6)
T 20
lim Pr <—%+1<——> —0, (8.7)
n—00 noy, 3
and
T 2
lim Pr (—S—i tr< ——5> = 0. (8.8)
n—oo nO’S 3

Clearly, (8.7) and (8.8) follow by the weak law of large numbers (WLLN), noting that s and

z are memoryless sequences. To derive (8.6), we write, as in the proof of [70, Lemma 4])

T
pr(_Y Y
n(€ +o%)

n

T
Pr(u—i-
n

<

<

T
Pr<ﬂ+

oy > g(£+a%)> +Pr<

2
3

T oxT 2

zz XZ—(5+J§)>—5(5+0§)>
n 3
oxT 28

X Z—a%>§(5+a%)>

T
2x 2 > g(ﬁ—l-a%)),

(8.9)

where the first inequality follows from the power constraint (8.1), the first probability in

(8.9) converges to zero as n — oo by the WLLN and the second probability in (8.9) converges

to zero as n — oo by the WLLN, the fact the z’s have zero mean, and the independence of

x and z. Thus, (8.6), (8.7) and (8.8) yield

T

VA 1 T

T S° s

lim Pr
n—oo

vy
2n(€+0%)  2no%

(8.10)

>5>:0.

2 2na§
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On account of (8.4), (8.10) and (8.2), we complete the proof. |

Note that the above theorem also holds for a slightly wider class of MGCs with scaled
inputs, described by Y; = bX; + Z; (X; and Z; are independent from each other), and with

transition pdf
1 _ y=bx)?

2
e 20‘Z

Wy x(ylz) = Pz(y — bx) = ;
| 1/27‘(’0’%

where b is a nonzero constant. We next apply this result to prove the upper bound of E?’g.

It follows from Theorem 8.1 that the JSCC excess distortion exponent is 0 if the source
rate-distortion function is larger than the channel capacity, i.e., TR(Qs,A) > C(Wy|x,E).
We thus confine our attention to the case of TR(Qs,A) < C(Wy|x,&) in the following

theorem.

8.2.2 The Upper Bound

Theorem 8.2 For an MGS Qs and an MGC Wy x with TR(Qs,A) < C(Wy|x,&), the

JSCC excess distortion exponent satisfies

—=AE
ES%(Qs, Wyx,7) < E7 (Qs, Wy |x,7), (8.11)

where

—=AE R
EJsp(QS7WY|X7T) é ) |:TFG <?7QS7A> + Esp(R7 WY‘Xag) ’

(8.12)

min

where (R,Qs,A) is the MGS exponent given in (2.46) and (2.47) and Eq(R, Wy |x,E) is

the sphere-packing bound of the channel error exponent for an MGC Wy |x given in (2.51).

Proof: For any sufficiently small ¢ > 0, fix an R € [TR(Qs,A) + &, C(Wy x,&)]. Define
an auxiliary MGS for this R with alphabet & = R and distribution @5 ~ N(0, 5%), where

5% 2 Ae?f/7 50 that the rate-distortion function of @g is given by

~ 1 52
R(Qs,A) = §lnmax{%,1} = ?
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Also, it can be easily verified that the Kullback-Leibler divergence between the auxiliary

MGS @g and the original source (Jg is

_ 2 7
D@s11Qs) =5 (% -m T -1) = e (F.05.8).

Next we define for R’ & R—35 > 0 an auxiliary MGC with scaled inputs Wy‘ x associated

with the original MGC Wy x with the alphabets X = ) = R and transition pdf

1 _ (y+az)?

25
/o, _~2
2mo7,

e Z
where the parameter a is uniquely determined by ' (8’ = e2R,) and SNR as follows

WY\x(y!w) =

, ~SNR(F — 1) — \/SNR2(§ — 1)2 + 4SNRF/(§' — 1)
a= <0, (8.13)
2SNR G’
and
2
~9 a“&
oy = o1 (8.14)
It can be verified that the capacity of the MGC W is given by
—~ 1 25 ,
CWyix, €)= sup I(X;Y)=-Iln(1+ =) =R,
Px:EX2<E 2 o2

where the supremum is achieved by the Gaussian distribution Px = Pj given in (2.49).

For some ¢ > 0, define the set

~ QST (3 f(s)) R
A= (s <n(7Fs(=,Qs,A) + Esp(R, Wy x,E) + 6
) T W (v 17l ( G<T ’ > Wi d) >

Consequently, we can use A to lower bound the probability of excess distortion of any

sequence of JSC codes (fn, on, A, E,T),

Pén) (Q57 WY|X7 &, T)

> Q" ()WY (v]fu(s))dsdy

/{(s,y):d('r") (8:0n(¥))>A) }OA\
> e—n(TFc(% ,stA)‘FESP(R/vWY\X 75‘)4—5)

Sy & OTEO sy, (519



8.2. JSCC Excess Distortion Exponent for Gaussian Systems 185

and the last integration can be decomposed as
/ Q5T (v (o)) dsdly
{(3):d ™™ (s,0n(y))>A) }nA

>

/ Q5™ W (vl (s))dsdly
(5,3):dT) (s, (¥))>A)

~ [ Q5P S (v (s)dsdy

= PéN) (@Sv WY\Xv &, 7—) —Pr (A\C) ) (816)

where the probabilities are with respect to the joint distribution @g”)()W%(u) Note
that the first term in the right-hand side of (8.16) is exactly the probability of excess
distortion for the joint source-channel system consisting of the auxiliary MGS @5 and the

auxiliary MGC Wy| x with transmission 7, and, according to our setting, with
TR(Qs,A) = R> R = C(Wy|x,E).

Thus, this quantity converges to 1 as n goes to infinity according to the strong converse
JSCC theorem. It remains to show that the second term in the right-hand side of (8.16)

vanishes asymptotically. Note that

~(n)
Pr <A\C) < Pr <L an?i)(s) > Fg (E,QS,A> + i)
™ QST” (s) T T

0
> Eg(R, Wy x,E) + 5| (8.17)

It follows by the WLLN that as n — oo,

%) [, 9e] . (.00a)  nrioh
QS’”)(S) Qs an(s) G T’QS’ m Prob.,

which implies that

A(Tn)
lim Pr 1 IHM > Fg <§,Q5,A> + Kl =0. (8.18)
n—oo ™ Q(ST”) (s) T 27

For the second term of (8.17), setting z = y + ax, we can write

1 1 W;(/T}((YIX) 1 [l 02 7'z n z'z  2(a+1)x'z n (a+ 1)2xTx]
ey L T 5 |2 T =2 7 2 2 :
n W}@B{(ﬂx) 2| 05, noy noy noy noy,
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On the other hand, recalling that a is given in (8.13) and &7 is given in (8.14), and noting
that

ﬁ N SNR(B/ -1+ 20" + \/SNR2(ﬂ’ — 1)2 + 4SNRA/(B — 1)

O% a Qﬁ/2

45"
26 [SNR(' — 1) 426" — \/SNR2(ﬁ/ —1)2 + 4SNRSB/ (8 — 1)]
2

a5 ’
20+ SNR(3 — 1) [1 = \/1+ gy |

/
where 3 = e?®' | we see that

2 2

Loz %% @t
2 a% oy oy

SNR
44

+% In {ﬁ’ — LR(? —1

/ / 46’
B+1)— (B —1)\/1+W]

]
\/1+SNR(5’—1) _1”’

which is exactly the sphere-packing bound Eg,(R/, Wy x,&). Therefore, it suffices to show
that

7 (n) ~ ~
T 15 5 :
Pr 11n7‘(“7‘§ >%[U—§—lna—§+(a—:1)5—1}+g
n WY‘X(y]x) 0z 0z 0z
T T 2 /T
_ pr {<i2 B %) <ﬂ _,&%> B 2(a+12)x z N (a—|—21) <x X _5> - 5}
o5, 0y n nos, o, n

converges to 0 as n goes to infinity. This is true (as before) since the above probability is

less than
1 1 T 2 1)xT
pr[(_z_ﬂ (u_a;)_wm} (8.19)
O'Z O’Z n

no
by the power constraint (8.1), and z7z/n — 6% and x'z/n — 0 in probability 1. This
yields

7 (n) -
Wy 'k (vx) 2
lim Pr llnL < 1 {

~2 2
2 <3 "_g_ln”_ngMg—l]Jrg —0. (8.20)
Wy|x(3"x) 9z

n—oo n

On account of (8.15), (8.16), (8.18) and (8.20), we obtain

1 n
lim inf —— In P{Y(Qs, Wy x,&,7) < 7Fg (?,QS,A> + E, (R - g,Wy|X,5) + 6.
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Since the above inequality holds for any rate R in the region [TR(Qs,A) + ¢, C(Wy|x,E)]

and 0 and € can be arbitrarily small, we obtain that

1
liminf ——In PU(Qs, Wyx, €,7)

n—oo

R
= ! Fo(=,Qs,A) + Eg(R Wy x,6)|. (821
- TR(Q&A)SHIIQ?C(WY‘Xf) [T G <T’QS’ ) + Egp( vix:€) (8.21)

Since the MGS exponent 7Fg(R/T,Qg,A) is convex increasing for R > 7R(Qg,A) and
the sphere-packing bound Es,(R, Wy x, ) is convex decreasing in R < C'(Wy|x, &), their
sum is also convex and there exists a global minimum in the interval [T R(Qs, A), C(Wy x, E)]
for the upper bound given in (8.11). For R € [TR(Qs,A), C(Wy|x,&)], setting

OF¢ (% Qs A) + aESP(R7 WY|X7 (“:)
OR OR

=0,

which gives (cf. Lemma 2.1)

57 SNR 43
DR~ 25 <1+\/1+7SNR(6_1)>, (8.22)

where SDR £ ¢%/A is called the source-to-distortion ratio (i.e., the source variance to

distortion threshold ratio), and § = €21t Thus, the minimum of the upper bound is achieved

by the R which is the (unique) root of (8.22).

8.2.3 Gallager’s Lower Bound for Lossless JSCC Error Exponent

In this section, we modify Gallager’s upper bound for the error probability of JSCC for
discrete memoryless systems, so that it is applicable to a JSCC system consisting of a DMS
and a continuous memoryless channel with cost constraint £. In the next section we shall
apply this auxiliary bound to a system consisting of an MGS and a memoryless channel.
A JSC code (fn, 3p) [107] for a DMS Pg and a continuous MC with transition pdf Wy x
is a pair of mappings fn :C — X" and @, : Y" — C, where C C S§™. That is, each
source message s € C with pmf Po(s) is encoded as blocks x = fy(s) of symbols from X of

length n, transmitted, received as blocks y of symbols from )Y of length n and decoded as
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source symbol @, (y) € 8. Denote the codebook for the codewords be B £ {x = f(s)}. The
probability of decoding error is
P (P, Wy x) = P (Pe, Wy x,8) 2 3 Pe / T ) 13 () # )y
scC
We next recast Gallager’s random-coding bound for the JSCC probability of error [42,

Problem 5.16] for DMS’s and continuous MC’s and we show the following bound.

Proposition 8.1 For each n > 1, given pdf Px» defined on X C R", there exists a
sequence of JSC codes (fn, ©n) such that for any 0 < p < 1 the probability of error is upper
bounded by

1+p n) 1 14+p
PM(Po, W) < | Pols) 1+p] /y o [ /X Eanxn( Wy lx (ylx)™7dx|  dx. (8.23)

seC

Proof: The bound is shown analogously to [42, Problem 5.16] based on a random-coding
argument. Consider the following random encoder: for each source message s, we indepen-
dently generate a codeword x", which are R™-valued vectors, according to pdf Pxn». So
the codebook Pr(B) is generated with pdf Pr(B) = [[¢cp Px»(X). Consider a maximum
a-posteriori probability (MAP) decoder, which, given y, chooses the source message s that
maximizes Pc(S)WX(/TB( (y|fn(s)) In the following, we will bound the averaged probability

of error over all possible codebooks B, under the MAP decoding rule by

P (Pe,W,B) = /PY(B)Pe(")(PaWYbB)dB
B

R 1+p
S| [ [ | PeGowi x| i
yeyn xeXxn

seC
(8.24)

IN

Then from (8.24) we can conclude that, there must exist a sequence of JSC codes (fn, ©n)
such that (8.23) is valid.
It remains to show (8.24). Given source message s € C, codeword x = fn(s), and

received y, define the event for an s’ # s by

Ey : ( )VV(

e X)) = Po(s)Wil (v1x),
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where x' = f,,(s’). Thus, when message s € C is sent, an error can occur only if Ey occurs

for some s’ # s. This yields the following upper bound
P

Pr({@n(y) #s}ls,x,y) <Pr| |J B | <D Pr(Bs) < |> Pr(by) (8.25)
s'#s s'#s s'#s

for any p € [0,1]. On the other hand, since the codebook B is generated according to a pdf
Pr(B) = [[ep Pxn(x'), by the definition of Ey, we have

Pr(Es) = [ Pr(B)1{Po(s Wk (vIx) = Po(s)Wii (vIx) | 4B

S

= [ PG {ReW (vI)) = R (vl dx

x'exn

S PXn (X/)

dx. (8.26)
weB Po(s)Wy/x (v1x)

Plugging (8.26) into (8.25), we obtain

@(PCHVV,B) - / ZPC / YIX (y[x) Pr ({¢n(y) # s}t|s,x,y) dB

seC

1+p
/ {/ Pxn(x )W}(,|X(y]x)1+r>dx dx.
yeyn xexn

Z Pa(s) 1<1H>

seC

Next, we need a small modification of (8.23) for the DMS P¢ and the MC Wy x to
incorporate the channel input cost constraint. Let Py be an arbitrary pdf of the channel
input on X satisfying Eg(X) < € and Eg(X)? < oo (these restrictions are made to make
the term [e;"] i (8.27) grow sub-exponentially with respect to n) and let P*( ") be the
corresponding n-dimensional pdf on sequences of n channel inputs, i.e., the product pdf
of P%. We then adopt the technique of Gallager [42, Chapter 7], by setting Pxn»(x) =
I{_1<I>(X)P*g?) (x), where

1 ifnE —n < S0, gla) < né,

d(x) =
0 otherwise,

in which 1 > 0 is arbitrary, and k = [, P*g?) (x)®(x)dx is a normalizing constant. Thus,

Pxn is a valid probability density that satisfies the constraint (8.1). We thus have, for any
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r >0,

Pxn(x) < R—leTﬂp*g?) (x)eT[Z?:1 g9(zi)—né]

Substituting the above into (8.23) for the memoryless channel Wy,x, changing the
summation to integration, and denoting the probability of error under constraint £ by

Pe(n)(Q57 WY\Xv 5)7 we have

1+p
rn 1+p
PV (Fe Wy ) < |5 ZP(;(s)Flp]

seC

1+p
o / [ / P*g?)(x)er[zi_lg(mi)—ne]wﬁ(fn;((y\x)rlpdx} dy.  (8.27)
yeyn xXeX"

We remark that [%] e grows with n as nT2)/2 and does not affect the exponential
dependence of the bound on n [41], [42, pp. 326-333]. Thus, applying the upper bound for
the DMS Pc and the memoryless channel W with cost constraint (8.1), and noting that
P% is an arbitrary pdf satisfying Eg(X) < £ and Eg(X)? < oo, we obtain

Pe(n) (PC7 WY|X7 5) < exp {_nolila%l |:EO(WY|X7 &, p) - Egn) (p7 PC)] + O(n)} ) (828)

<p<

where E,(Wy|x,E,p) is the Gallager’s constraint channel function given by (2.40), o(n)
has the form ¢ Inn + ¢o for some constants ¢; and ¢y, and Eﬁ"’ (p,Qg) is Gallager’s source

function

B (p, Pe) 2 11
n

3 Pc(s)l—ip] .
8.2.4 The Lower Bound

Theorem 8.3 For an MGS Qs and a continuous memoryless channel Wy x with a cost

constraint £ at the channel input, the JSCC excess distortion exponent satisfies
AE AE
EJ (QS)WY|X7T) > ERC (QS?WY|X77—)7 (829)

where

Bét (Qs, Wyix,7) £ mmax [Bo(Wyix, £,p) = 7E(Qs, A, p)], (8.30)
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where Eo(Wy|x, &, p) is Gallager’s constrained channel function given by (2.40) and E(Qs, A, p)
is the source function for the MGS Qs given by (4.8). Furthermore, if Wy x is an MGC,

we have
E§7€(QS7 Wy |x,7) 2 E?;S(QS, Wy |x,T), (8.31)
where
E3(Qs, W,t) 2 Og%[ﬁo(wm, £,p) —tE(Qs, A, p)], (8.32)

where EO(Wy|X,E,p) is Gallager’s Gaussian-input channel function given by (2.54).

Proof: Fix 7 > 0. In the sequel we let k¥ = 7n and assume that k (and hence n) is sufficiently

large. For a given € € (0, A) small enough, we construct a sequence of Gaussian-type classes

T; £ T¢(02(i)) by 02(i) = A+ (2i — 1)¢, i = 1,2,---. That is,

T, 2 {s:|s"s—k(A+ (2i—1)e)| < ke}

= {s:k(A+(2i—2)) <sTs<k(A+2)}, i=12--. (8.33)

Also, we define the set Tg 2 {s : s”s < kA} such that all these type classes (T, Ty, ---)
together with T partition the whole space R*. For this special set Ty, we shall use the
trivial bound Q(Sk) (Tp) < 1 and by definition T is covered by the ball B(0,A); thus, we
say that Ty satisfies the type covering lemma (Lemma 3.6) in the sense that there exists a
set C £ {0} of size |C| = 1 < exp{k[R(Qg,A)]} such that every s € Ty is covered by the
the ball of size A, where we let Qg ~ A (0,A) and hence R(Qg, A) = 0.

Based on the above setup, we claim that, first, by Lemma 3.28, for all i = 1,2,---, the
probability of T; under the k-dimensional Gaussian pdf ng), denoted by ng) (T;), decays
exponentially at the rate of D(Qg) | Qs) + Ci(e) in k, where Qg) is a zero-mean Gaussian
source with variance 02(i) = A + (2i — 1)¢, and

Q@) =—— - (1+5) =G (8:34)
o5
is a vanishing term independent of i. Second, the type covering lemma is applicable for all

T;, i = 1,2,---. Note that when o2(i) > A, (2(€) in the type covering lemma (Lemma 3.6)
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can be bounded by

Gle) < Gle) 2 3 n

A
VAo st 2¢ + 21n[1 + € + 4v/A¢] (8.35)
— € — J€

and is also independent of 7. In the sequel, we will denote, without loss of generality, that
all these vanishing terms 1 (¢) and Ca(e) by C(e).

We next employ a concatenated “quantization — lossless JSCC” scheme [7] to show the
existence of a sequence of JSC codes for the source-channel pair (Qg, W) such that its

probability of excess distortion is upper bounded by
eXp[—’I’LERC(QS, WY\Xv Av &, 7—) + O(?’L)]

for n sufficiently large.

First Stage Coding: A-admissible Quantization.

It follows from the above setup and the type covering lemma (Lemma 3.6) that for each T;
(i =1,2,---), there exists a code C; = {c} with codebook size |C;| < exp{k‘[R(Qg), A) +
C(€)] + o(k)} that covers T;. Recall that we also have, trivially, that a code Cy = {0} with
|Co| = 1 which covers Ty. Therefore, we can employ a A-admissible quantizer via the sets
C;yi1=0,1,2, ... as follows:

00
fA,k : Rk — U C;
=0

such that for every s € R*, the output of fa,k with respect to s has a distortion less than

A. We denote the DMS at the output of fa x by P with alphabet |J;2,C; and pmf
Pc®) = / QW(s)yds, v cPec, i=01,2,..
SETi:fAyk(S):C(i)

Second Stage Coding and Decoding: Lossless JSCC with Power Constraint £.

For the DMS P and the continuous memoryless channel Wy |y, a pair of (asymptotically)
lossless JSC code

ﬁl:GCi—>X" and an:y"—>©ci
=0 i=0
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is applied, where the encoder is subject to a cost constraint &, i.e., fn € .7-"5 . Note that the
decoder @,, creates an approximation ¢ = ¢, (y) of ¢ based upon the sequence y received
at the channel output. According to a modified version of Gallager’s JSCC random-coding
bound (derived in the last section), there exists a sequence of lossless JSC codes (fn, ©n,E)

with bounded probability of error

Pe(n)(vaY\Xag) 2 Pr(e#c)

— (@)
- Z P(c )/y:%(y)#() Y\X(

U?ioci
_ _ pn)
< eXp{ n fmax [EO(WY\X,&p) EJ (p, P)] +0(71)},

Fale®)) dy

where

EO(WY‘X757P) = sup maXEO(p7T7M/7PX)
Px:Eg(X)<€ 720

™ (p

is Gallager’s constrained channel function given in (2.40) and E; P) is Gallager’s source

function here given by
1
EM(p,P) = —Ln Z G
1=0 ¢(®eg;
Probability of Excess Distortion.
According to the A-admissible quantization rule, if the distortion between the source mes-

sage s and the reproduced sequence € is larger than A, then we must have ¢ # ¢®. This

implies that

PX@)(QS, Wy x,€,7)
= Pr (d(k) (c,s) > A)
< Pr (E # c(i)>

< o {on o [E(Wyiw, €)= B0 (6. )] + ol }. (5.36)
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Next we bound E{" (p, P) in terms of Qg for k (also n) sufficiently large and when e goes

to zero (when N goes to infinity). Rewrite

B P) = w33 [yl ™

1=0 ceC;
1+p k) i D)y ——
- —tm ZQ< (T) ™7 3 P (c)T7
=0 ceC;
< L iy Wm) s 3 P et
> 2 n S i Sk
i=1 ceC;
where
Qs (TZ)
is the normalized probability over T; for each ¢ = 0,1,.... By Jensen’s inequality and the

type covering lemma, the sum over each C; can be bounded by

i i)\ = £
> PR <167 < exp { T RS 8) + ¢a) + o<k>}
for k sufficiently large and e sufficiently small (IV sufficiently large). Recalling that

QY(T)) < exp{—K[D(@QY || Qs) + ()]},

we have

B (p,P) < {1 + Z exp [ - (PR@.2) = DQY 1) +¢()) + o<k>] }

(8.37)
for k sufficiently large and e sufficiently small (N sufficiently large). Recall that Pg) denotes
the Gaussian source with mean zero and variance o2(i) = A + (2i — 1)e. Consequently,
using the fact [6] that if the exponential rate of each term, as a function of 7, is of the form
U; =In(Ai+ B) — Ci, where A, B, and C are positive reals, then the term with the largest

exponent dominates the exponential behavior of the summation, i.e.,

lim — ln {1 + Zexp k(In(Ai+ B) — Ci) + O(k:)]} = 1%135[111(14@' + B) —Ci], (8.38)

k—oo k
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we obtain
Jlim B (p, P) < Tmax[pR(QY). A) ~ D(QY || @s) + (o). (8.39)
Note also that the sequence {pR(Q(Si), A) — D(Qg) I QS)}T1 is non-increasing after some
finite 4, which means the maximum of (8.39) is achieved for some finite 0(). Letting € go
to zero, it follows by the continuity of R(Q(Si), A) and D(Qg) | Qs) as functions of o2(i)
that
lim sup [pR(QY, &) = D(QS || @s) +¢(e)]

“0o2(i)

= max[pR(Qs,A) — D(Qs || Qs)] (8.40)

where the maximum in (8.40) is taken over all the MGS Qg with mean zero and variance

02 > A. Therefore, we have

2
lim EM(p, P) < {0, 5 [panA—S + (14 p)In(1+p) - p] } =7E(Qs.A,p).  (841)

Finally, on account of (8.36) and (8.41), we may claim that, there exists a sequence of JSC
codes (fn, n, A, E,t), where f, = fn o far and ¢, = @y, such that for n sufficiently large,
Pén) (QS7 WY|X7 &, T) < exp {—TL 0123<1 [EO(WY|X7 &, p) - TE(QS7 A, p)] + O(TL)} )
by which we establish the lower bound E ;,.(Qs, Wy |x, A, £, 7) given in (8.30). Furthermore,
when Wy x is an MGC, the bound (8.31) holds trivially since E'O(WY‘X,g,p) is a lower
bound of E,(Wy|x,&,p). [

8.2.5 Tightness of the Upper and Lower Bounds

Applying Fenchel duality theorem in Chapter 4 to our source and channel functions E(Qg, A, p)
and E()(Wyl x,&,p) with respect to their Fenchel transforms in Lemmas 4.4, 4.5 and 4.6,

we obtain the following equivalent bounds.
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Theorem 8.4 Let TR(Qs,A) < C(Wy x,E). Then

—AE ~
EJsp(QS7I/V7t) = ogi)io[Eo(WY‘X’g’p) _TE(QS7A7/))]
. R
= I}?é% |:7_FG <?7 QS7 A) + Esp(R7 WY|X7 g):| ) (842)
B (@Qs,Wit) = max [Eo(Wy\x,£.p) — TE(Qs. 5. )]
. R

The proof of the theorem follows in a similar manner as Theorem 5.1. We next provide

. e B 7AY .
a necessary and sufficient condition under which E Js’g = Eﬁjg for the MGS-MGC pair.

Theorem 8.5 Let TR(Qs,A) < C(Wy|x,E). The upper and lower bounds for E?’g given

in Theorem 8.2 and (8.31) of Theorem 8.3 are equal if and only if

2(2SDR)"
T > . .
2(2SDR)" — 25DR) =1 2 SNR (8.44)

Remark 8.1 For 7R(Qs,A) > C(Wy|x,E), BT (Qs, Wy x,7) = 0.
Proof: By comparing (8.42) and (8.43) we observe that the two bounds are identical if

and only if the minimum of (8.42) (or (8.43)) is achieved at a rate no less than the channel

critical rate, i.e.,

Ry, > RCT’(WYIX) =5In

1
2
where Ry, is the solution of (8.22). Let
1
» BT  SNR 4
2 el 5 I § I <A
1(B) = SBR ~ 25 ( +¢ * SNR(ﬁ—l)) :

which is a strictly increasing function of R (refer to (2.53)), where 3 = 2%, In order to

ensure that the root of f(R), Ry, is no less than R..(Wy x), we only need f(Re(Wy|x)) <
0. This reduces to the condition (8.44). [

In Fig. 8.2, we partition the SDR-SNR plane into three parts for transmission rate
7=0.5,1, 1.5 and 2: in Region A (including the boundary between A and B) TR(Qg,A) >
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Figure 8.2: MGS-MGC source-channel pair: the regions for SNR and SDR pairs (both in

dB) for different 7. In Region A (including the boundary between A and B) E?’g

=0; in
Region B (including the boundary between B and C), Ef’g is determined exactly; and in

region C, Ef’g > 0 is bounded by (8.11) and (8.31).

C(Wy|x,€) and Ef’g = 0; in Region B (including the boundary between B and C),
Fi’i = Eﬁjg and hence E?’g is determined exactly; and in Region C, E; > 0 is bounded
by Eﬁ;ﬁ and E?f. Fig. 8.3 shows the two bounds E?s’i and Eﬁlg for different SDR-SNR
pairs and transmission rate 7 = 1. We observe from the two figures that the two bounds

coincide for a large class SDR-SNR pairs.
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2.5

Upper bound

-------- Lower bound

15F

Bounds for the JSCC exponent

4 6 8 10 14 16 18 20

12
SNR (dB)
Figure 8.3: MGS-MGC source-channel pair: the upper and lower bounds for E?’g with

T=1.

8.3 Laplacian Sources with the Magnitude-Error Distortion

over MGCs

In image coding applications, the Laplacian distribution is well known to provide a good
model to approximate the statistics of transform coefficients such as discrete cosine and
wavelet transform coefficients [78,91]. Thus, it is of interest to study the theoretical per-
formance for the lossy transmission of MLSs, say, over an MGC.

Consider an MLS Qg with alphabet S = R, mean zero, variance 2o, and pdf

Qs(s) = %exp{—ﬂ}, seS,

a

denoted by Qg « L£(0,a). Note that for Qg «~ L£(0,a), E|s| = a. We assume that the

distortion measure is the magnitude-error distortion given by d(s,s') = |s — &'| for any
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s,s' € R. The pdf for k-tuple source symbols is hence given by

k k
Qs (s) = [i} exp{—Liij ’Si’}, s s

and the distortion for any s,s’ € R¥ is hence given by
(k) / 1 /
d\¥(s,s") = EZ]si—si].
i

For Qg v £(0,a), the differential entropy!' and the rate-distortion function (under the

magnitude-error distortion measure) are respectively given by
Hg(S) =1+ In(2c)

and

R(Qs,A) = max {O,In %} .

Recall that the Kullback-Leibler divergence between two MLS @5 «w L(0,@) and Qg
L(0, ) is equal to
— 1.

—1In

D(Qs || Qs) =

LI
I

The Laplacian sources enjoys the follows properties.

Lemma 8.1 Let Ps be an arbitrary pdf on S = R such that Epg|s| = o < co. Consider

two MLS Qg «~ L(0,a) and Qg — L(0,&). Then
(a) Hpg(S) < Hgy(S) with equality if and only if Ps = Qg;
(b)) D(Ps || Qs) = D(Qs || Qs) with equality if and only if Ps = Qs;

(¢) R(Ps,A) < R(Qgs,A) for any A > 0 with equality if Ps = Qs (‘only if " holds when
A<a).

'The differential entropy of a source with alphabet S C R and a pdf Qs is defined by (e.g., [29])

Hgs(S) = — [5 Qs(s)log, Qs(s)ds.
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Proof: (a) follows from

0< D(Ps || Qs) — —HpS(S)—/PS(s)InQS(s)ds
= Hp(8)+ (1+In(20)

= —Hp,(S)+ Hgs(S). (8.45)
From the above we note that Ep,|s| < oo also implies that Pg < Qg. Similarly, we write

D(Ps | Os) = —Hpy (S) + / Py(s)In Os(s)ds

and
D(Qs || Gs) = ~Hos(8) + [ Qs(s)nQs(s)ds.
Noting that [ Ps(s)InQs(s)ds = [ Qs(s)InQs(s)ds, (b) immediately follows from (a).

Next we prove (c). Without loss of generality, we assume Pg has mean zero. Recalling that

R(Ps,A) = inf 1(S;8"),
Pgr s E|S'—S|<A

where S and S” are RV’s in R. So for arbitrary conditional density P(S’|S) satisfying the

constraint, we have R(Pg,A) < I(S;5"). We first assume a > A, and consider the test

channel

/ AN?
S’ = 1—5 S + sgn(S)|W|,

where sgn(S) is equal to 1 if S > 0 and is equal to —1 if S < 0, W is a dummy Laplacian
RV with mean 0 and E|W| = (1 — A/a)A, and S is independent of W. We thus have

AN 2
E|S| = E <1_E> S + sgn(S)|W|

A 2
- <1_E> E|S| + E|[W|

(-2 (-2)s

= a-—A, (8.46)
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and

E|S'— 5| =

Now for the choice of S’, we have

R(P57A)

Il IN

—
N

N
~

—
w
=

—
INE

E

AN 2
<1 — E) S+ sgn(S)|W| — S‘

A A
= (2 - E) E|S| — E|W|‘

(0]

S (-3)s
(0] (0] e}

A,

1(5;5")

H(S') — H(S'|S)

H(S') — H(sgn(5)|W]]S)
H(S") = H(|W||S) — In[sgn(S5)|
H(S") — H(|W])

H(S') = H(W)

In[2e(a — A)] — In[2e(1 — A/a)A]

In —
HA,
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(8.47)

where the mutual information and entropies are taken under the joint distribution PsPg|g,

(1) holds since the differential entropy is invariant under translation, (2) holds since S is

independent of W, (3) holds since Laplace distribution is symmetric, and (4) follows from

the (a), noting that the equality in (4) is achieved if and only if Pg « £(0, «).

For A > «, let S’ satisfy Pr(S’=0) =1 and S’ L S. Then E|S — §'| < E|S|+ E|S'| =

a < A. For this choice of S, R(Ps,A) < I(S;S5") = 0 implies that R(Pg, A) = 0.

Due to the striking similarity between the Laplacian source and the Gaussian source,

the results in this above (especially regarding the bounds for E;(Qg, W, A,E,t)) can be

easily extended to a system composed by an MLS under the magnitude-error distortion

measure and an MGC.
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We remark that to employ the two-stage coding scheme as in the proof of Theorem 8.3
to derive a lower bound for transmitting the MLS over the MGC with magnitude distortion
measure, we need to employ the type covering lemma (Lemma 3.7) for Laplacian-type
classes.

For an MLS Qg ~ £(0,«) and distortion threshold A, we define the MLS exponent

function
FL (R, Qs A) A A 1 if R>Ing, 5.48)
L s &S, = .
0 otherwise.
if @ > A; otherwise (if a < A), let
FL (R, Qs A) A _mefA 1 if R>0, 5.49)
L s &S, = .
% —In % —1 otherwise.

Consequently, by using Lemma 3.7, similar versions of Theorems 8.2 and 8.3 can be

deduced by replacing the MGS by an MLS and we obtain the following results.
Theorem 8.6 For the MLS Qg and the MGC Wy x with transmission rate T,

EJ(QSvWA7g7T) < %1;18 TFL <§7QS,A> +Esp(R7 WYng):|

and

EJ(QS,W/,A,(S,T) > %1;18 TFL <57Q57A> +EJ[(R7 WY|X7£):| )
>0 | T

where Eg,(R, Wy |x,E) and Er(R, Wy |x,E) are given by (2.51) and (2.56) respectively.

It can be easily shown (by setting the channel to be a noiseless channel) that F7.(R, Qs, A)

(R > 0) determines the lossy source excess distortion exponent for the MLS, i.e,
ea(R, Ps) = FL(R,Qs,A),

for any R > 0. Meanwhile, like the MGS exponent with squared-error distortion, we can
show that the MLS excess distortion exponent with magnitude-error distortion can also be

expressed in Marton’s form, as shown in the following lemma.
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Lemma 8.2 For the MLS Qg ~ L(0,«) and distortion threshold A,

Fr(R A) = inf D(P R>0 8.50
L( 7QS7 ) Psép(S):lg(Ps,A)>R ( S ” QS)7 ) ( )

where the infimum is taken over all distribution Pg defined on R.

Proof: We only need to consider the pdf Pg defined on R with Ps <« Qg and R(Ps,A) > R.
Suppose the expectation E|s| under Pg is equal to . According to Lemma 8.1, the Laplacian
pdf Q% « £(0,7) satisfies D(Q% || Qs) < D(Ps || Qs) and R(Q%,A) > R(Ps,A) > R.

Therefore,

Ps:R(g;,A)ZR ( s H QS) ngﬁ(o,y;S%(Qg,A)zR (QS H QS)

‘YE* _111% —1 for R> R(Qs,A),
0 otherwise,

where v* is determined by R = In(v*/A). This is exactly the exponent F1(R,Qg,A) given
by (8.48). [

8.4 Memoryless Systems with a Metric Source Distortion

In this section we consider the transmission of a class of continuous memoryless sources

with alphabet & = R over continuous memoryless channels when the source distortion

function is a metric such that for s,s' € S (1) d(s,s’) > 0 with equality if and only if
/

s =485 (2) d(s,s') = d(¢,s); (3) the triangle inequality holds, i.e., for any si,s9,s3 € S,

d(s1,82) + d(s2,53) > d(s1,53). We still assume that for any s,s’ € S*,
1 k
(k) A o
d\"¥(s,s') = : ;:1 d(si, s;)-

Theorem 8.7 For the continuous memoryless source Qg with a distortion being a metric
and the continuous memoryless channel Wy | x with a cost constraint £ at the channel input,
if there exists an element s, € R with Eexp[td(s, so)] < co for allt € (—o0, +00), the JSCC

excess distortion exponent satisfies

E§78(QS7 WY\Xv 7—) > OH<1;E(1[E0(WY\X7 g, p) - TE(QS7 A) ,0)], (851)



8.4. Memoryless Systems with a Metric Source Distortion 204

where Eo(Wy|x, &, p) is Gallager’s constrained channel function given by (2.40) and E(Qs, A, p)

is the source function for Qs given by (4.7). Furthermore, if Wy |x is an MGC, we have
E§75(QS7 WY\Xv 7—) > OH<1;E(1[E0(WY\X7 g, p) - TE(QS7 A) ,0)], (852)

where EO(WY‘X,é’,p) is Gallager’s Gaussian-input channel function given by (2.54).

Observation 8.1 Although Theorem 8.7 does not apply to MGSs under the squared-error
distortion (which is not a metric) and MLSs under the magnitude-error distortion (which
does not satisfy the finiteness condition), it applies to MGSs under the magnitude-error
distortion, and more generally, it applies to generalized MGSs with parameters («, o) under
the distortion function d(s, s’) £ |s — §'|P for any s,s’ € R, whenever 0 < p < 1 and p < o

see the following example.

Example 8.1 The Gaussian and Laplacian distributions belong to the class of generalized
Gaussian distributions, which are widely used in image coding applications. It is well known
that the distribution of image subband coefficients is well approximated by the generalized
Gaussian distribution [26,91]. A generalized MGS Qg with parameters («, o) has alphabet

S = R, mean zero, variance o2, and pdf

Qs(6) = ST exp (~(n(a. s}, s s,

where I'(+) is the Gamma function and

(1>

(e, o)

(i) a0

Note that the pdf reduces to the Gaussian and Laplacian pdf’s for « = 2 and 1, respectively.
When 0 < p < 1, the distortion d(s,s') = |s — s'|P is a metric. If we choose s, = 0, then

E exp|[Td(s, s,)] would have the form

+oo +00
Eexpltd(s, s,)] = / AeBlslP(Is|*7P+Ct) g4 — 2/ Ae—BlsIP(s|*7P+C1) g

0o 0

where A > 0, B > 0, and C are independent of s. Clearly, the above integral is finite for

any C't > 0. If Ct < 0, and « > p is provided, the integral can be bounded by

—+o0 xT —+o0
/ A~ BIsPUsio 700 g / Ae~BOHs gg / Ae~BIsl° g
0 0 T
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which is also finite, where x > 0 satisfies x* P + Ct = 0.

For general continuous memoryless sources, unfortunately, we do not have counterparts
to the type class and the type covering results of Lemmas 3.6 and 3.7 (for MGSs and MLSs,
respectively). Hence, to establish the lower bound for the JSCC excess distortion exponent,
we need to modify the proof of Theorem 8.3. We will use a different approach based on the
technique introduced in [55] and the type covering lemma (Lemma 3.5) for finite alphabet

DMS’s.

Proof of Theorem 8.7:

Since the lower bound (8.52) immediately follows from (8.51), we only show the existence
of a sequence of JSC codes for the source-channel pair (Qg, W) such that its probability of

excess distortion is upper bounded by

exp { = g [Ea(Wy . €.9) — 1@ 8. )] + o) }

for n sufficiently large. We shall employ a concatenated “scalar discretization - vector
quantization - lossless JSCC” scheme as shown in Fig. 8.4. Throughout the proof, we let

k = 1n, where t > 0 is finite, and set 0 <e < Aand 0 < § < A —e.

First Stage Coding: ¢-Neighborhood Scalar Quantization

As in [55], we approximate the continuous memoryless source Qg by a DMS ]55 with count-
ably infinite alphabet S via an e-neighborhood scalar quantization scheme. In particular,
for any given 0 < ¢ < A, there exists a countable set S = {si,1 = 1,2,...} € R with
corresponding mutually disjoint subsets S; C {s € R : d(s;,s) < €}, i = 1,2, ..., such that
U2, Si = R. Specifically, the subsets {S;} partition R; for example, a specific partition
could be §; = {s € R:d(s1,s) < €} and

Si={seR:d(s;,s) <e and d(sj,s)>e foranyj<i}

for i > 2. Consequently, we can employ a scalar quantizer f. : S — S to discretize the

original memoryless source Qg, such that fc(s) = s; if s € S;. Therefore, the first stage
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| Quantization Part

|
o~ AN |
se Sk se Sk se Sk

— L4 fer [ fa—e—sk !
| |
| cpg € Cp. |
_ - — — e ] S — |
r- - - - - - - - - - - — — — — — - — — /i
| Lossless JSCC Part !
| |

c Cp. n xn
CGUPS: Pn vey W XCE) foeFE :
| |
_ - — — ]

Figure 8.4: “Quantization plus lossless JSCC” scheme.

coding can be described as a mapping:
fek: Sk, Sk

where fcr(s) = (fe(s1), fe(s2), ..., fe(sk)). We denote the source obtained at the output of

fer by ]3§ with alphabet S and pmf

ﬁg(sl) = Qs(s)ds, s;€ S.
SES;

Lemma 8.3 For any ¢ >0 and p >0, (Pg,A + e,p) < E(Qs, A, p).

Proof: The proof is similar to the one of [55, Proposition 3|, where the authors show
that the rate-reliability function of the original source is bounded by that of its discretized

version. Note that
E(Ps, A, p) = Sg)lp[ﬂR(Qs, A) = D(Qs || Ps)]
S

where the supremum is taken over all the distributions @Qg’s defined on & = R such that

R(Qs,A) and D(Qs || Ps) are well-defined and finite, and similarly,

E(Ps,A+ep) = uplpR(Q3 5 +6) = D@5 | Pyl
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where the supremum is taken over all the pmf’s @g’s defined on S such that R(@ 5 A+e)
and D(@g I lgg) are finite. Now for any given Q gon S which is absolutely continuous with
respect to ﬁg, let p; = 155(8 =s;) and ¢; = @g(s =8;), 1 = 1,2,.... We then construct a
pdf Qg on R by

PS(S)q—’L‘,, se€S;, pi#0 1=1,2,..,
QS(S) — DPi
0, s€S;, pi=0, i=12..

It has been shown in the proof of [56, Proposition 3] that for such Qg
D(Qs || Ps) = D(Qz || P5) and  R(Qg A +e) < R(Qs,A).
Since the above holds for all @g, it then follows that

wplpR(Qs. A) ~ D(Qs || Ps)) > sup[pR(Qg, A +¢) — D(Qz || P)l-
S Qg

Second Stage Coding: Truncating Source Alphabet

We next truncate the alphabet S to obtain a finite-alphabet source. Without loss of gener-

ality, assuming that S = {s1, 82, ...} such that

Pg(s1) > Pg(sa) > Pg(ss) > -+,

then for M sufficiently large, we take S be the set of the first M elements, i.e., S =

{s1,s2,...,8m}. For s € S = {s1, s2, ...} define function

s ifse §,
fru(s) =

s1 otherwise.

Then the second stage coding is a mapping:
fM,k : "vak — §k
where fari(s) = (fa(s1), far(s2), ..., far(sk)). We denote the finite-alphabet DMS at the

output of fas by ﬁg with alphabet S and pmf

Pg(s)= Y. Pisi) seS.
$i€S:far(si)=s
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If we let M go to infinity, ]3§ — ]Sg, i.e., the statistics of ]3§ approaches that of ]3§

Furthermore, we have the following results.

Lemma 8.4 Foranyd >0andp >0, E <ﬁ§, A+ 6, p) < E(ﬁg, A, p) for M large enough.

The proof of this lemma is similar to that of Lemma 8.3 and is omitted; readers may

also refer to [55].

Lemma 8.5 [55, Lemma 1] For any 0 such that

Ed [f6(8)7fM(fE(8))] << sup{d [f5(3)7fM(fe(S))] RS R},

if there exists an element s, € R with Eexpltd(s, s,)] < oo for allt € (—o0,+00), then

Jim 0 P d® (7 4(s), sl fea()] > 6 = r(M)

such that r(M) — oo as M — oo, where the expectations are taken under Pg, and the

probability is taken under ng).

Remark 8.2 Note also that Ed [f(s), far(fe(s))] — 0 as M — oo. Equivalently, Lemma

8.5 states that for any 0 < 6 < sup{d[fc(s), far(fe(s))] : s € R} and r > 0,

Jim 2 inPr{d® [7(5), fars(fex(®)] > 5} > r

for M sufficiently large.

Third Stage Coding: (A — ¢ — §)-Admissible Quantization

Consider transmitting the DMS ﬁg over the continuous memoryless channel Wy, y. Since
]3§ has a finite alphabet {s1, s2, ..., sps}, we now can employ a similar method as used in the
proof of Theorem 8.3. Now we partition the k-dimensional source space Sk by a sequence
of type classes {Tp§ 1 Pg e Pk(g)}

Let § be a number satisfying 0 < 0 < sup{d [fe(s), far(fe(s))] : s € R}. Setting “A” in

the type covering lemma (Lemma 3.5) to be A—e—¢ , we can employ a (A—e—d)-admissible
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quantizer via the sets C Py as follows:

FA—esp:SF — U Cp,

P5ePy(S)
such that for every s € §k, the output of fa_c_s5x with respect to s has a distortion less
that A—e—¢ and each |Cp,| is bounded by exp{k[R(Pg, A—e—§)+p]} for sufficiently large
k. We denote the finite DMS at the output of fa_c_sx by P with alphabet UP§ePk(§) Cp§
and pmf

P(cp.) = > Pg.(s),  cp, €Cp,, PgePi(S).

s€Tpg:fa-c-sk(s)=cpg
Fourth Stage Coding and Decoding: Lossless JSCC with Cost Constraint £

For the DMS P and the continuous memoryless channel Wy x, a pair of (asymptotically)

lossless JSC code

fn : U Cp§ — X" and On Y — U CP§

PzeP(S) PseP(S)

is applied, where the encoder is subject to a cost constraint &, i.e., f, € F¢. Note that
the decoder ¢, creates an approximation ¢ = ¢,(y) of Cp, based on the sequence y.
According to a modified version of Gallager’s JSCC random-coding bound (which is derived
in Appendix 8.2.3), there exists a sequence of lossless JSC codes (ﬁl, ©n,E) with bounded

probability of error

PM(P, Wy x,E) £ Pr(C#cp,)
< exp {—n Lax, [EO(WY\Xv‘Svp) — EM(p, P)] + 0(71)} :
Analysis of the Probability of Excess Distortion
For the sake of simplicity, let (see Fig. 8.4)
s = fex(s)

fuk(s) € Trg

w)
I
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cp, = fa—e—sk(8)
x = falepy)
c = only)
Since
d®(s,¢) < d®(s,3) + d¥(5,8) + d¥(3,¢) < e+ d¥(5,8) + d) (8, ),
we have

Pr(d®(s,e) > A)

< Pr(d®5,8) +d®(58,¢) > A—e)
< Pr (de) (3,8) +d¥(5,¢) > A —¢,dP(3,3) < 5) + Pr(d® (5,3) > ¢)
<

Pr <d(k) (5.6) > A—e—0) +Pr(dVE,3) = o),

where the probabilities are taken under the joint distribution ng)()W}(f&H) According
to the (A — e — §)-admissible quantization rule, d*)(8,¢) > A — ¢ — § implies that cp, # c,

therefore, we can further bound

Pr(d®) (s,@) > A)
< Pr(cp, #¢) +Pr(d¥(s,8) > 0)

< e {on g [E0Fy i, €00) = B, P)] + o] b+ Pra®6.9) 2 0
<p<
for k sufficiently large. It follows from Lemma 8.5 (also see the remark after it) that

lim —%lnPr(d(k)('sv,’s\) >0) — 00

k—o0

as M — oo. When we take the sum of two exponential functions that both converge to 0,
the one with a smaller convergence rate would dominate the exponential behavior of the
sum. Therefore, for sufficiently large M which only depends on 4, noting that k = mn, we

have

lim inf ! InPr(d®(s,¢) > A) > liminf max [EO(WYLX"SHO) —EM™(p,P)|. (853)

n— o0 n n—oo 0<p<1
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Consequently, it can be shown by using the method of types (in a similar manner as the

proof of Theorem 8.3) that for M sufficiently large

lim EM(p, P) < TE(ﬁg, A —e—0,p).

n—oo

~

Using Lemmas 8.4 and 8.3 successively, we can approximate E(Pg, A — ¢ — 4, p) by

lim B (p,P) < TE(ﬁg, A —e—20,p)

n—oo

< 1E(Qs, A —2¢ —26,p). (8.54)

Finally, substituting (8.54) back into (8.53), and letting e — 0 and § — 0, we complete the

proof of Theorem 8.7. [ |

8.5 Conclusion

In this chapter, we investigated the JSCC excess distortion exponent E?’g for memory-
less communication systems with continuous alphabets. For the Gaussian system with the
squared-error source distortion measure and a power channel input constraint, we derived
upper and lower bounds for the excess distortion exponent. The bounds extend the ear-
lier results for discrete systems (Chapters 5 and 7) in such a way that the lower/upper
bound can be expressed in terms of the sum of source and channel exponents. They can
also be expressed in equivalent parametric forms as differences of source and channel func-
tions. We then extended these bounds to Laplacian-Gaussian source-channel pairs with
the magnitude-error distortion. By employing a different technique, we established a lower
bound (of similar parametric form) for E?’g for a class of memoryless source-channel pairs
under a metric distortion measure and some finiteness condition. For the Gaussian system,
a sufficient and necessary condition for which the two bounds of E?’g coincide was provided.
It was observed that the two bounds coincide for lots of source-channel parameters, thus

exactly determining Ef’g.



Chapter 9

Multi-Terminal Systems:
Asymmetric 2-User Discrete

Memoryless Systems

In the previous chapters, we investigated the JSCC reliability function for discrete and
continuous single-user systems. It is of natural interest to study the JSCC error exponent
for multi-terminal source-channel systems.

In this chapter, we address the asymmetric 2-user source-channel coding system de-
picted in Fig. 9.1. Two discrete memoryless correlated source messages (s,1) € 8™ x L™"
drawn from a joint distribution Qg7 € S x L, consisting of a common source message s
and a private source message 1 of length 7n, are transmitted over a discrete memoryless
asymmetric communication channel described by Wy zjrx € P(Y x 2 |U x X) with block
codes of length n, where 7 > 0 (measured in source symbol/channel use) is the overall
transmission rate. The common source can be accessed by both encoders, but the private
source can only be observed by one encoder (say, Encoder 1). In this set-up, the goal is to
send the common information to both receivers, and send the private information to only
one receiver (say, Decoder 1).

It is worthwhile to point out that the asymmetric 2-user system can be specialized to

212
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1€ £ | Encoder 1| x € X" y € V" | Decoder 1| (8/,1) € 8™ x L™
Jn() en(-)
™ (n)
sEs Wy ziux
Encoder 2| u e U" z € Z" | Decoder 2 s" e S™
gn () Yn()

Figure 9.1: Transmitting two CS over the asymmetric 2-user communication channel.
the following two classical asymmetric multi-terminal scenarios.

(a) The CS-AMAC system: If we remove Decoder 2 from Fig. 9.1, and let |Z| = 1, then
the channel reduces to a multiple-access channel Wy |y, and the coding problem
reduces to transmitting two correlated sources (CS) over an asymmetric multiple-

access channel (AMAC) with one receiver.

(b) The CS-ABC system: If we remove Encoder 2 from Fig. 9.1, and let |/| = 1, then
the channel reduces to a broadcast channel Wy z|x, and the coding problem reduces
to transmitting two CS over an asymmetric broadcast channel (ABC) with one trans-

mitter.

The sufficient and necessary condition for the reliable transmission of CS over the AMAC
— i.e., the JSCC theorem for the CS-AMAC system — has been derived with single letter
characterization in [20]. For the CS-ABC system, neither the sufficient nor the necessary
condition is known to the best of our knowledge. In this chapter, we study a refined version
of the JSCC theorem for the general asymmetric 2-user system (depicted in Fig. 9.1), by
investigating the achievable JSCC error exponent pair (for two receivers) as well as the
system JSCC error exponent, i.e., the largest convergence rate of asymptotic exponential
decay of the system (overall) probability of erroneous transmission. We also apply our
results to the CS-AMAS and CS-ABC systems.

At this point we pause to mention some related works in the literature on the multi-
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terminal JSCC of CS. The JSCC theorem for transmitting two CS over a (symmetric)
multiple access channel (each encoder can only access one source) has been studied in
[1, 28, 35,56, 58, 76], and the JSCC theorem for transmitting two CS over a (symmetric)
broadcast channel (each decoder needs to reconstruct one source) has been addressed in
[27,48]. These works focus on the case when the overall transmission rate 7 is 1 and
establish some sufficient and/or necessary conditions for which the sources can be reliably
transmitted over the channel. However, for both (symmetric) systems, no matter whether
the transmission rate 7 is 1 or not, the tight sufficient and necessary condition (JSCC
theorem) with single-letter characterization is still unknown.

In Section 9.1 we formally describe the 2-user source-channel system and define achiev-
able error exponents and the system JSCC error exponent. The idea of superposition
encoding for the 2-user asymmetric system is next introduced in Section 9.2.

By employing the joint type packing lemma and generalized maximum mutual infor-
mation decoders, we establish in Section 9.3 achievable exponential upper bounds for the
probabilities of erroneous transmission over an augmented 2-user channel Wy z/pyx for a
given triple of n-length sequences (t, u, x); see Proposition 9.1. Here, the augmented chan-
nel Wy 77y x is induced from the original 2-user channel Wy 7y x by adding an auxiliary
random variable (RV) T such that 7', (UX), and (Y Z), form a Markov chain in this or-
der. We introduce the RV T because we will employ superposition encoding which maps
a source message pair (s,1) to a codeword triplet (t,u,x), where t is the auxiliary super-
position codeword. For the asymmetric 2-user system, since one of the encoders has full
access to both sources, it knows the output of the other encoder. By properly designing the
two (superposition) encoders, we apply Proposition 9.1 to establish a universally achievable
error exponent pair for the two receivers (namely, the pair of exponents can be achieved
by a sequence of source-channel codes independently of the statistics of the source and the
channel); this generalizes Kérner and Sgarro’s exponent pair for ABC coding (with uni-
formly distributed message sets) [59]. We also employ Proposition 9.1 to establish a lower
bound for the system JSCC error exponent.

Note that one consequence of our results is a sufficient condition (forward part) for
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the JSCC theorem. In Section 9.4, we use Fano’s inequality to prove a necessary condition
(converse part) which coincides with the sufficient condition, and hence completes the JSCC
theorem. In Section 9.5 we demonstrate that the separation principle holds for the 2-user
system, i.e., there exists a separate source and channel coding system which can achieve
optimality from the point of view of reliable transmissibility.

Using an approach analogous to Theorem 6.1 in Chapter 6 and Theorem 7.5 in Chapter
7, we also obtain an upper bound for the system JSCC error exponent in Section 9.6.
As applications, we then specialize these results to the CS-AMAC and CS-ABC systems
in Section 9.7. The computation of the lower and upper bounds for the system JSCC
error exponent is partially studied for the CS-AMAC system when the channel admits a

symmetric conditional distribution. Finally, we state our conclusions in Section 9.9.

9.1 System Description

Let Wy zjux € P(Y x Z|U x X) be a 2-user discrete memoryless channel with finite input
alphabet U x X, finite output alphabet ) x Z, and a transition distribution Wy 77 x (y, 2|u, 7)
such that the n-tuple transition probability is

n

W;(jlz)\UX(y,Zm, X) = HWYZ|UX(yia zilui, i),

i=1
where w c U,z € X,y €V, 2 € Z, 02 (uy,....,u,) €U, X = (z1,....,,2,) € X", y =
(Y1y 0y Yn) € Y™, and z 2 (21, ..., 2,) € Z". Denote the marginal transition distributions of
Wy zjux at its Y-output (respectively Z-output) by Wy yx =5, Wy zlux (respectively

« are denoted by W

Wz ux =>>" Wy ziux). The marginal distributions of w YIUX

YZ|U

and ngg] > respectively.
Consider two discrete memoryless CS with a generic joint distribution Qg7 defined on

the finite alphabet S x £ such that the k-tuple joint distribution is
. k
QW) (s.1) =[] Qs (s, 1),
i=1

where (s,1) € S x £, and (s,1) £ ((s1,11), ..., (s8,1;)) € S* x LF. For each pair of source

messages (s,1) drawn from the above joint distribution, we need to transmit the common
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message s over the channel Wy 77 x to Receivers Y and Z and transmit the private message
1 only to Receiver Y.

A JSC code with block length n and positive transmission rate 7 (source sumbol/channel
use) for transmitting Qs through Wy zyx is a quadruple of mappings, (fn;gn,@n,¥n),
where

fn:STn X LT X"

and

Gn S™ ., Yy

are called encoders, and

On yn 8™ [T

and

wn L Zh_, 8T

are referred to as Y-decoder and Z-decoder, respectively; see Fig. 9.1.

The probabilities of Y- and Z-error are given by

PE Q1. Wy zux.7) 2 Pr({gn(Y™) # (S, L))

ZQ(T" S W (ylux) (9-1)

Yipn(y)#£(s,))

and

PY)(Qs1, Wy zjpx, 7) 2 Pr({un(2") # S7}) = Z Qi) Y Wil c(zlux)
Zz: wn Z);ﬁs

(9.2)
where x 2 f,(s,1) and u = g,(s) are the corresponding codewords of the source message
pair (s,1) and the source message s, and y and z are the received codewords at the Receivers
Y and Z, respectively. Since we will study the exponential behavior of these probabilities
using the method of types, it might be a better way to rewrite the probabilities of Y- and
Z- error as a sum of probabilities of types

PP Qs Wyzpx:m) = Y. Q5P (Ts1)Pe(Tsp),  i=Y.Z,  (93)
Ps1,€Prn(SXL)
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where Tgy, £ Tpy,, and

Pyo(Tsy) = Z S (ylux) (9.4)

(S DeTsr y:on(y)#(s,))
and

Pz.(Tsr) =

>y WéTUX z|u, x). (9.5)

[Tsc| SL’ (s,)ET s, z:tn (2)%s

We say that the JSCC error exponent pair (Eqy, E4z) is achievable with respect to 7 > 0
if there exists a sequence of JSC codes (fn, gn,¥n,¥n) with transmission rate 7 such that

the probabilities of Y-error and Z-error are simultaneously bounded by
Pz(en)(QSLa Wy ziux,7) < o Pai=d iy 7 (9.6)

for n sufficiently large and any § > 0. As the point-to-point system, we denote the system

(overall) probability of error by

P Qs Wy zjux,7) 2 Pr({pn(Y™) # (ST, L)} U{en(2") # S™"}) (9.7)
where (S7", L™) are drawn according to Q(m .

Definition 9.1 Given CS Qgsg, 2-user discrete memoryless channel Wy zyx and trans-
mission rate 7 > 0, the system JSCC error exponent E;(Qsr, Wy zjux,7) is defined as
supremum of the set of all numbers E for which there exists a sequence of JSC codes

(fny 9ns Pn, ¥pn) with blocklength n and transmission rate 7 such that

E< hmmf——log2 PINQsL, Wy zjux,T)- (9.8)

n—oo

Since the system probability of error must be larger than P}(,T;) and Pg;) defined by (9.1)

and (9.2), and is also upper bounded by the sum of the two, it follows that for any sequence

of JSC codes (fn, gns Pn, ¥n)

1 n n
liminf —— log2 P( (Qsr, Wy zux,7) = liminf - logy max <P3(/ ) Pég) . (9.9)

e’
n—oo n—oo
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Satellite

Clouds
codewords

Figure 9.2: Relation between clouds and satellite codewords in superposition coding.

9.2 Superposition Encoding for Asymmetric 2-User Chan-

nels

Given an asymmetric 2-user channel Wy 7|7 x, at the encoder side, we can artificially aug-
ment the channel input alphabet by introducing an auxiliary (arbitrary and finite) alphabet
7, and then look at the channel as a discrete memoryless channel Wy zi7px = Wy zjux

with marginal distributions Wy 7y x and Wz iy x such that

Wy zirux (y, 2|t u, ©) = Wy z1ux (y, 2|u, x)

forany t € T, u € U, x € X, y € Y and z € Z. In other words, we introduce a
dummy RV T € 7 such that T, (U, X), and (Y, Z) form a Markov chain in this order, i.e.,
T—-(UX)— (Y, Z).

The idea of superposition coding is described as follows. The encoder g, first maps the
source message s to a pair of n-length sequences (t,u) € 7" x U™ with a fixed type, say

Pry, and then sends the codeword u over the channel. The encoder f,, first maps each pair
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(s,1) to a triple of sequences (t,u,x) € 7" x U™ x X" such that x € Try v (t,u), then f,
sends the codeword x over the channel. In other words, f, maps (s,1) to the same (t,u) as
gn such that (t,u,x) has a joint type Pry Px|rv-

Since Wﬁ(/nZ)|TUX(y= z|t, u, x) is equal to W}(,%UX(y, z|u, x) and is independent of t, trans-
mitting the codewords (u,x) through the channel Wy z;;x can be viewed as transmitting
the codewords (t,u,x) over the augmented channel Wy z |7y x. Here, the common outputs
of g, and f,, (t,u)’s, are called auxiliary cloud centers according to the traditional super-
position coding notion [16], which convey the information of the common message s, and
the codewords x’s corresponding to the same (t,u) are called satellite codewords of (t,u),
which contain both the common and private information. At the decoding stage, Receiver
Z only needs to figure out which cloud (t,u) was transmitted, and Receiver Y needs to
estimate not only the cloud but also the satellite codeword x; see Fig. 9.2. We next employ
superposition encoding to derive the achievable error exponent pair and the lower bound of

system JSCC error exponent.

9.3 Universal Achievable Exponent Pair and a Lower Bound

for EJ

Given arbitrary and finite alphabet 7, for any joint distribution Pryx € P(7 x U x X)
and every Ry > 0, Ry > 0, define
Ey(Ry, Ry, Wy rux, Prux) £ min [D(VY|TUX | Wy ru x| Prux)

Wrux

9

+
i ([Torg i o (10 X0Y) = (1 4 )|

+
IPTUXVY\TUX (X;Y|T,U0) - Rz‘ >] )

(9.10)

and

Ez(R1, Ro, Wy rux, Prux)

+
é min D(VZ|TUX ” WZ|TUX‘PTUX) + IPTUXVZ\TUX (T, U, Z) - Rl‘ :| , (911)

Vzirux
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where |z|t = max(0, z), and the outer minimum in (9.10) (respectively (9.11)) is taken over
all conditional distributions on P(Y|7 x U x X) (respectively P(Z|7 xU x X)). Note that
FEz only depends on Rj, but as will be seen, it is convenient to write Ez as a function of
R; and Ry. It immediately follows by definition that Ey (R, Ra, Wy rux, Pru x) is zero if

and only if at least one of the following is satisfied

Ri+ Ry, > (T, U,X;Y), (9.12)

IPTUX Wy rux

Ry > Ippytwy oy (XGY[T,0), (9.13)
and Ez(Ri1, R2, Wz rux, Prux) is zero if and only if
Ry > IPTUXWZ\TUX (T,U; Z). (9.14)

Using Lemma 3.2 and employing generalized maximum mutual information decoders at the

two receivers, we can prove the following auxiliary bounds.

Proposition 9.1 Given finite sets T, U, X, Y, Z, a sequence of positive integers {my},

and a sequence of positive integers {m/, } associated with every i =1,2,...,m, with
1 /
—logymy, — 0 and —logy maxm,,, — 0,
n n )

for any & > 0, n sufficiently large, arbitrary (not necessarily distinct) types Pry), €
Pu(T x U) and conditional types Px,rvy, € Pn(X|Pry),), and positive integers N; and

M;j, i =1,2,...,my and j = j(i) = 1,2,...,m,

m

with R; < HP(TU)i(T’ U) — 6 and Rij <

HP(TU)iPXj\(TU)i(X’T7 U) -9, w]izfre R, & %logz N; and R;j = %logz M;;, there exist my,
disjoint subsets 2; = {(t, u)g)} 21 C Tirovy, m/,. disjoint subsets

p:

i i v\ | Mid

() = { (6w af)) |

with :B;E,]?] € Tx; vy (¢, u);g,i)) for every (t, u),(,i) € Q; and every i, and a pair of map-

pings (decoding functions) 4,0%0) V" — Q and 1/17(10) : Z" — Q, where Q = Uij 5, where

Qi = U;V:il Q45((¢, u),(,i)), such that the probabilities of erroneous transmission of a triplet
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(t,u,x) € Q over the augmented channel Wy 7y x using decoders (cpﬁf”,z/;,(?)) are simulta-

neously bounded by

P)(/? (t7 u, :B) £ Z Wy(/T%“Ux(yM u, :I:)
von (W)#((tw),2)
< 2—n[Ey (RiyRiijY\TUX7P(TU)iPXj\(TU)i)_(s] (9.15)

and

(1>

Pé’é) (t, u, x) Z Wg&)ﬂU ¥ (2|t, u, x)

20 (2)=((t,u) &) such that (tu)'#(tw)

< 2—n [EZ (Ri,Rij,WZ\TUX7P(TU)iPXj‘(TU)i) _5] (916)

if ((t,w),x) € Qy; for every i, j.

Proof: We apply the packing lemma (Lemma 3.2) and a generalized maximum mutual
information decoding rule. In the sequel of the proof, we look at TU (respectively X)
as the RV A (respectively B) in Lemma 3.2. For the {m,}, {mi,}, Prv),, Px,|1v);
given in Proposition 9.1, according to Lemma 3.2, there exist pairwise disjoint subsets €2;
and Qij((t,u),(,i)) satisfying (3.4), (3.5), and (3.6) for every 1 < ¢ < my, 1 < j < m/_,
1 <p <Ny, Virwyro € Pu(T xUIT xU), and Viguy xirox € Pa(T xU x X|T xU x X),
with the exception of the two cases that ¢ = k and V() |rp is the conditional distribution
such that Vipgy oo ((t,w)'[(t,u)) is 1if (¢,u)" = (t,u) and 0 otherwise, and that i = k, j = [
and V(ryy x/rux is the conditional distribution such that Viryy x/irux ((t,u)', 2'|t, u, x) is
Lif (t,u) = (t,u), 2’ = x and 0 otherwise. Let
N;
Q= J (6w and Q=[]
p=1 ij
We shall show that for such €);;, there exists a pair of mappings (cp,(qo),l/}g))) such that (9.15)
and (9.16) are satisfied.
We first show that there exists a Y-decoder 90%0) such that (9.15) holds. For any

((t,u),x) € Qand y € V", let

a((t,u),x;y) = I((t,u),x;y) — (Ri + Rij),
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where R; = Llog, N; and R;; = 1 logy, M;; if ((t,u),x) € ;. Define Y-decoder cpslo) :
Y — Q by
) £ ar max «a((t,u),x;y).
en’ (¥) R ((t,u),x;y)
Using the decoder 90%0), we can upper bound the probability of error (assuming that ((t,u),x) €

€2;; is sent through the channel) as follows

PE (4 w),%) = W ({5 603) # (6w, 30 | (8,0, %)

< 2. W o (Toy s (6030 {y 600 # (8,0). )}

Vy|rux €PnVIP(rv), x;)

t,u,x)
(9.17)

For any particular Vy |y x, since

{v: ) # (t.w),%)}
= {y: o) = (6w x) (ew) £ (6w U {y e = (60).x).x #x},

ég1 é(5‘2

we can upper bound

W (Toy o (0000 Ny 60) £ (60,0} £,0,%)

= 2 Wyl (Yt u,%) + > W vt

yETVY\TUX (tw.x)N& YETOY‘TUX ((t,u),x) N &2
(9.18)
According to Lemma 3.1 when ((t,u),x) € Q;; C T(rp),x, and y € TVY\TUX((t7 u),x),
we have the following identity
—n|D VY\TUX”WY\TUX“D(TU)iX» +Hp 9, (Y|T,U,X)
Wy lrox (716 w),x) = 2 g V003, | (9.19)

((t,u),x)ﬂé’l‘ and ‘TA ((t,u),x)ﬂﬁg‘.

This means that we only need to bound "]TA
Vy| W rvyx

TUX

Upper Bound on "]I'A ((t,u),x)ﬂé’l‘.

Wy rux
If we fixak=1,2,..,my, and al=1,2,..,m},, then & is the set of all y such that there

exist some ((t,u),x') € Qx, (t,u) # (t,u), ((t,u),x, (t,u)’,x',y) admits a joint type



9.3. Universal Achievable Exponent Pair and a Lower Bound for E; 223
Pt wx(tuyxty € Pn(T xU x X x T xU x X xY) and
I((t,w), x";y) = (Bp, + Rir) > I((t, ), x3y) — (R; + Rij). (9:20)

Note that (9.20) can be represented as for dummy R.V.’s (TU) € TxU, X € X, (TU) € T x

U, X' € X, and Y € Y, the following holds under the joint distribution Pruyx vy xy =

P wyx(t,u)/x’y
IP(TU)/X/y((T7 U)la X/; Y) - (Rk + Rkl) > IPTUXY((T7 U)a X; Y) - (RZ + Rij)v

where Pryyxry and Pryxy are the corresponding marginal distributions induced by

Pruyxruyxry- Thus, TVY\TUX((t’ u),x) (&1 can be written as a union of subsets

Mn m;cn
Tf/},‘(TU)X((tau),X) ﬂgl = U U U Fra((t,0),x, Py x(ruy x'y)
k=1 1=1 P(TU)X(TU)’X’YEC'IVJ((t7u)7x)
(9.21)
where
Ck,l((tv u),x)
(
Pruyx = Peux = Prv)x;
Pruvyx vy xry Pruyxr = Pruyx,,  Priroyx = ‘7Y\(TU)X7

(1>

€ Pn(72 x U? x X?% x V): IP(TU)’X’Y((T’ U)/,X/;Y) — (Rk + Ryp)

2 IP(TU)XY((T7 U),XS Y) - (Ri + Rij)

where Pty x, Pruyx: and Py|ru)x, etc, are the corresponding marginal and conditional

distributions induced by Fi7y)x(rvyxy, and

Fra((6,0), x, Poroyx (ruy xvv')
3 ((kw)',x)  ((tua).x, (ta),xy) € Tirv)x vy xy
such that ((t,u),x") € Qp,  (t,u) # (t,u)
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where T(TU)X(TU)’X’Y = TP(TU)X(TU)’X’Y' Clearly, given any k, l, and P(TU)X(TU)’X’Y7

| Froa (6, 0), %, Poronyx (roy xoy )|
((t,u),x, (t,w), %", y) € Tiroyx vy xy

((t,u)',x') € lea (tvu), 7£ (tvu)

< (t,u),x,y):

((t,0),x, (t,u),x") € T(rv)x(Tv)yx”
((t7 U_)/,X/) S le, (t7 U_)/ 7& (t7u)
X | Ty rv)x oy x (£, 1), %, (t,u),x)|
(TV).X3(T.U) X' =]

= ((t,u),x) :

nHp Y|(T,0),X,(T,U),X")

< NkMkﬂ_n[IP(TU)X(TU)’X’( (TU)X (TU)Y XY

X 2

(9.22)

where the last inequality follows from Lemma 3.2. Meanwhile, when ((t,u),x) € Q;;, the

following simple bound also holds

IN

| Frea (6, 0), %, Peronyx(roy xvy) | Ty rv)x (£, 0),%)|

< 9Py (VITU)X)

_ o R i VD (9.23)

since fOI' each ’]I‘(TU)X(TU)’X’Y S CkJ((t,u),X), we have P(TU)X = P((TU))@Xj? PY‘(TU)X =

Vy‘(TU) x and hence Piryyxy = Pruy), XJJA/YKTU) x. Now substituting the following in-

equality (cf. (6.31))

(Y|(T,U),X,(T,U), X" T,U),X;(T,U), X"

- IP(TU)X(TU)’X’ ((

(T,0),X";(T,U),X,Y)

HP(TU)X(TU)’X’Y

Hppwy (YI(T,U), X)

- IP(TU)X(TU)’X’Y

< HP(TU)XY Y|(T,U),X) (T, U)/,X/;Y) (9.24)

B IP(TU)’X’Y

into (9.22), combining with (9.23) together, we obtain

| Froa (8, 0), %, Perony x oy xoy )|

YI(@U).X)=1p

+
ooy (LU XY)=~(RetRia)| }

n|H >
9 [ Py x; Vv (Tu) x

(9.25)
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Again recall that for P(TU)X(TU)’X’Y S Ckl((t, U),X), P(TU)XY = P((TU))in VY\(TU)X? and

note that
IP(TU)’X’Y((T’ U)/’ X’; Y)— (Rk + Ry) > IP(TU)XY((T’ U),X;Y)— (R + Rij).
This implies when Piry)x vy xy € Cra((t,u),x)

| Frea (6, 0), %, Py x oy xiy)|
+

H . Y(T,U),X)— |1 . T,U),X:Y)—(Ri+Ry,;
< 2"{ Py, x, Vi x K 1T ’P«TU))inVY\(TU)X(( U)XV )~ (it Fg)

= )

and hence

((t,u),x) mgl‘ <my, <mlax m;n> (n+ 1)‘7X“\2\X\2D’|

‘ ?Y\(TU)X

YT U), (T,U),X5Y)—(Ri+Rij))

q (9.26)

n|H - X)—|(I -
%9 { Pruy x;Vyi(Tu)x ) ’( Pruyy x;Vyi(Tu)x

since by Lemma 3.1

1Cra((t,1), %) < |PalT? x U x X% x V)| < (n+ 1) TUFIREDL

Upper Bound on ‘Tﬁy‘(TU)X((t,u),x) ﬂé’g‘.
If we fix an ¢ = 1,2,...,my, and an | = 1,2,...,m/,, then & is the set of all y such that

there exist some ((t,u),x’) € Qu, X' # x, ((t,u),x,x’,y) admits a joint type Py uyxx'y €

Po(T xU x X x X x)Y) and
I((t,u),x;y) — (Ri + Ry) > I((t,u),x;y) — (Ri + Ryj). (9.27)

Using the identity
I(T,U), X;Y) = 1(T,U;Y) + I[(X; Y|T,U),

on both sides of (9.27) we see it is equivalent to

I(xX;y|t,u) — Ry > I(x;ylt,u) — R;;. (9.28)
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Note that (9.28) can be represented as for dummy R.V.’s (TU) € T xU, X € X, X' € X,

and Y € Y, the following holds under the joint distribution Py xxy = Pt u)xx’y:

TPy (X3 YT,U) = Rt > Iy o (X3 Y|T,U) = Ry,

where Pryyxy and Fry)xy are the corresponding marginal distributions induced by

Pruyxxry- Thus, T‘/}Y\(TU)X ((t,u),x) [ &2 can be written as a union of subsets
TVY\(TU)X((t’u)’X)ﬂg2 = U U ﬂ((t,u),x, P(TU)XX’Y) (929)

1=1 Pipyyx xry €C1((6,0),%)
where
Paruvyx = Peux = Poruy, x;

Proyxxy Pruvyxr = Pruy,x,,  Priavyx = VY|TUX

EPH(TXUXX2 Xy) : IP(TU)X’Y(X/;Y‘T’U)_R”

Cl((t’ u)v X) =

2 IP(TU)XY(X; Y|T7 U) - RZ]

\ J

where Piri)x, Piruyx: and Py|ryyx, ete, are the corresponding marginal and conditional

distributions induced by Piry)x x1y, and

2]y 3 ((t,u),x)  ((t,u),x,x",y) € Tiroyxxry

Fi((t,w),x, Proyxxry)
such that ((t,u),x') € Qy, x #x

where T(rpyxxy = ']I'p(TU)XX,Y. Using a similar counting argument, and applying Lemma

3.2, we can bound, for any [ = 1,2,...,m}, and Pruoyxxy € G((t,u),x),

| Fi((t,u), %, Prroyx xvy)|
+

Y|(T,U),X)— |1 (X5Y|T7U)_Rij

H - -
< o | Aoy Priaux P(rvy), X; Wy |(10)x

and finally, we obtain,

((t,u)ax)ﬂ&‘ < (mzaxm;n> (n+ 1)ITUlXPY

‘ Vy|(ru)x

Y|(T.U),X)- |1 (X§Y‘T7U)_Rij

n|H > >
%9 { Puroy) x; Vv iro)x Puruy); x; VY (TU) X

1 (9.30)
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since |C;((t,u),x)| < (n+ 1) TxUIXPY]

Now using (9.19) together with (9.26) and (9.30), we obtain

> Wiy x (71((8,0),%) € Qi) < m, (m?Xm§n> (n 4 1)/ T
((tu)x)NA

T~
ye Yy |rux
+

-n {D (VY\TUX Wy v x |P(TU)Z~X]»>+ IP(TU)Z-X R (T\U,X5Y)—(Ri+Rij)
%2 j : (9.31)

and

S W Gl w0 € 2) < (muc, ) (o4 T
((tu)x)N B

€T
Y Vy |l rux
+

-n |:D (‘7Y\TUX Wy rux |P(TU)Z~X]»)+ (XY |T,U)—- Ry

I ~
Piruy; x;Vyitux

x2 (9.32)

Substituting (9.31) and (9.32) back into (9.18) and (9.17) successively, noting that

Pn(VIPzu),x;)]

is polynomial in n by Lemma 3.1, we obtain that, for any § > 0, there exists a Y-decoder

cpslo) such that, given ((t,u),x) € Q;;, the probability of Y-error is bounded by

P (6, 0), x) < 27" [ (R Wiz Pron P o )~ (9.33)

for sufficiently large n.
Similarly, we can design a decoder for Receiver Z as follows. For any ((t,u),x) € Q and
z € Z", let

B((t,n),x;2) = B((t,u);z) = I((t,u);z) — R;,
where R; = Llog, N; if (t,u) € Q;. Note that 8((t,u),x;z) is independent of x. Let
0= Yo ;. The Z-decoder wﬁlo) : Z" — Q is defined by

O)(z) = ar max t.,u),x;z
() = arg max  5((6,u),x;2)

= ((t,u),x’) such that (tu)' = arg Max ¢ 4y B((t,u);z),

x’ is arbitrary.
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It can be shown in a similar manner by using (3.4) in Lemma 3.2 that, under the decoder

7(10)7 the probability of the Z-error is bounded by

Pg;) ((t,u),x) < oM [Ez (Ri,Rz‘j Wz irux vP(TU)iPXj\(TU)Z-) —5] (9.34)

for sufficiently large n. Finally, we remark that Lemma 3.2 ensures that there exist mappings

(gpﬁ?), ﬁlo)) such that (9.34) holds simultaneously with (9.33). [

Proposition 9.1 is an auxiliary result for the channel coding problem for the 2-user
asymmetric channel. To apply it to our 2-user source-channel system, we need to design
encoders which can map a pair of correlated source messages to a particular (t,u,x) with
a joint type, so that the total probabilities of error still vanish exponentially. We hence can

establish the following bounds.

Theorem 9.1 Given an arbitrary and finite alphabet T, for any Pryx € P(T xU x X),

the following exponent pair is universally achievable,

Eyv(Qs, Wy zimux; Prux,7)

L 1]131;n TD(Psz, || Qst) +EY(THP(S),THP(L‘S),Wy‘TUx,ﬁTUX) . (9.35)
L
and

E;7(Qsr, Wy zirux, Prux,7)

£ min |D(Psr || Qsi) + Ez(tHp(S), THp(L|S), Wyirux, Prox)| . (9.36)
SL

where Wy ryx and Wz pyx are marginal distributions of Wy ziryx, which is the aug-
mented conditional distribution from Wy zyx. Furthermore, given Qsr, Wy zjux, and 7,

the system JSCC error exponent satisfies
Ej(Qst, Wy zjux,T) 2 IE;? [7D(Pst || Qse) + E-(THp(S), THp(L|S), Wy zux)]  (9-37)
where

E.(Ry, Ry, Wy z1x) £ sup max E,(R1, Re, Wy zi7vx, Prux), (9.38)
TUX
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where the supremum is taken over all finite alphabets T, and the maximum is taken over

all the joint distributions on P(T x U x X) and E,(Ry1, Re, Wy zirux, Prux) is given by

min { By (R1, Ry, Wy rux, Prux), Ez(Ry, Ry, Wy rux, Prux) }
where Ey and Ez are given by (9.10) and (9.11), respectively.

We remark that (9.35) and (9.36) can be achieved by a sequence of codes without the

knowledge of Qsr, and Wy zyx, but the lower bound (9.37) is achieved by a sequence of
codes that needs to know the statistics of the channel.
Proof of Theorem 9.1: We first prove the achievable error exponent pair (9.35) and
(9.36). We need to show that, for any given Prux € P(T xU x X) and § > 0, there exists a
sequence of JSC codes such that both the probabilities of decoding error are upper bounded
by

P;EZ)(QSLa Wyz|UX7 7)< 2_"[EJk(QSL7WYZ\TUXJBTUXJ—)_‘S}7 k=Y, Z,

where Ejy and Ejz are given by (9.35) and (9.36).

To apply Proposition 9.1, set m, £ |P,,(S)|. For each type Ps, € Pr,(S), i =
1,2,...,my, denote N; be the cardinalities of these type classes, N; = |Tg,|, and set m}, =
|Prn(L|Ps;)|. For each conditional type Pr s, € Prun(L|Ps;), j = 1,2,...,m},, denote M;;
be the cardinalities of these type classes, M;; = |T L,|s;(8)| where s is an arbitrary sequence
in Tg,. Note that |Tyg,(s)| is constant for all s € Tg,. R; and R;; are respectively given
by % logy N; and % logy M;;.

Now no matter whether the given lgTU x belongs to P, (7 x U x X) or not, we always
can find a sequence of joint types {Pryx € Pn(7 x U x X)}.7, such that Pryx — ﬁTU X
uniformly! as n — oo. Thus, we can choose, by the continuity of Ey(R;, Rij, Wiirux, ]STU X)

/

with respect to ﬁTUX, for each i = 1,2,...,my,, and j = j(i) = 1,2,...,m}_, the joint type

) m?

Pry),x; = Prux such that the following are satisfied

Ew(Ri, Rij, Wyrvx, Prux) — Ex(Ri, Rij, Wyrux, Prux)| < =, k=Y, Z

NGRS

"We say that a sequence of distributions {Px, € P(X)}$2; uniformly converges to Px € P(X) if the

variational distance between Px, and Px converges to zero as n — oo.
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for n sufficiently large. Since the type Pryx can also be regarded as a joint distribution,

let Piryy, = Pru € Pu(7T x U) be the marginal distribution on 7" x U induced by Pryx

and let Py (rv), = Pxjrv € Pn(X|Pru) be the corresponding conditional distribution, i.e.,
Pxru(x[t,u) = Pryx(t,u,x)/Pry(t,u) for any (t,u,x) € Tryx.
Without loss of generality, we assume, for the choice of N;, M;;, Pry),, and Px,|rvy,,

the following conditions are satisfied for ¢ = 1,2,...,my, j = 1,2,...,m},,

)
R; < Hpy, (T,U) - 7 i=1,2,...,my (9.39)
and
) ) ~ . ~
R;; < HP(TU)Z-XJ- (X|T,U) — 7 i=1,2,...,my, j=740)=12..,my, (9.40)

where m, < m, and m}, < m). Then according to Proposition 9.1, there exist pairwise
disjoint subsets Q;; € T(ry),x; with Q| = NiMyj, i = 1,2,...,my, j = 1,2,...,m},, and
a pair of mappings (@510)71/17(10)), such that the probabilities of erroneous transmission of a

((t,u),x) € Q; are simultaneously bounded for the channel Wy 70y x as

P}(,ne)(t,u,x) < 2_n[EY(RiyRiijY\TUva(TU)in)_6/4]

< 2—n[EY(Ri,Rij7WY\TUX7ﬁTUX)_6/2} (9.41)

and
Pén) (t, u, X) < 9" [Ez (RiyRij Wazirux vP(TU)l-Xj> —5/4]
e <

< 2—n[EZ(Ri,Rij7WZ\TUXfTUX)—(S/?}_ (9.42)

For the N;, Mi;, Prry),, and Px,ry), violating (9.39) or (9.40) (i.e., for ¢ > m, or
Jj >mi,), (9.41) and (9.42) trivially hold for arbitrary choice of disjoint subsets €;; since
Ey (R,-, Rijs Wy rux» P, Xj> or Ey (R,-, Rijs Warux» Paoy, Xj> would be less than 6/4.
In fact, the functions Fy and E; are trivially bounded by the following linear functions of

R; and R;; with slope —1,

Ey (Rz’, R;;, WY\TUX7P(TU)1-XJ-> < min {IP(TU)Z.XjWy‘TUX(Ty U X;Y)—R; — Ryj,

(X;Y|T,U0) - Rij} (9.43)

IP(TU)in Wy rux
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and
Ez (Ri, Rij, Wzirux, P(TU)in> < Py x,Waprox (T, U3 Z) = Ri. (9.44)
If
1) 0
Ri 2 HP(TU),L- (T7 U) - Z 2 '[P(TU),L-XJ-WZ\TUX (T7 U7 Z) - Z?

then by (9.44) EZ (Ri, Rija WZ\TUX7P(TU)Z-XJ-> < g Similarly, if

)
Rij > HP(TU)Z-XJ- (X|T,0) - 1

then by (943) EY (RZ, Rij7 WY\TUXa P(TU)Z-XJ-> < g
Therefore, we may construct the JSC code (fn, gn,¥n,¥n) for CS Qsr, and the 2-user

channel Wy 77 x as follows.

Encoder gy: For the message s € Tg, such that i > m,, let g,(s) = 0 € U™. Denote
Q= (U; €. For the s € Tg, such that i < my, let gg) : 8™ — Q be a bijection that maps

each s € Tg, to the corresponding (t,u) € €;, by noting that |Q;| = |Tg,| = N;. Finally, let

gn(s) be the second component u of gg)(s).

Encoder f,: For the message pair (s,1) € Tg,z, such that i > m, or j > m’ . let

fn(s,1) = 0 € X" For the (s,1) € Tg,r,; such that i < M, and j < mj,, noting that
: 1

Ti,i5.8) = 1Qu(en(e)l = My if s € Ts,, let fi(s,) : Tryis,(5) — Qujlon(s)) be a

bijection such that fr(Ll)(s,l) = ( g)(s),x) € Q;;. Let fy(s,1) be the third component x of

i (s1).
Clearly, the JSC encoders (fn,gn), although working independently, they map each

/

(s,1) € Ts,1, to a unique pair (u,x) when i <M, and j < mj,, and to (-,0) otherwise (in

this case an error is declared).

Y-Decoder ¢,,: The Y —decoder is defined by

L) (1) if 3 (s,1) € 8™ x L™ such that f,sl)(s’,l’) = 90,(10)(3/),

en(y)
(0,0) Otherwise.
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Z-Decoder i, : The Z—decoder is defined by

s’ if3 s € 8" such that gg)(s’) are equal to
Yn(z) & the first two components of 1/17(10) (z),

0 Otherwise.

For such JSC code (fy, gn, ¢n, ¥n), the probabilities of Y-error and Z-error are bounded
by

P)(,Z) (s,1) < 9—nlBy (Ri,Rij,Wy|rvx,Prux)—6/2] if (s,1) € Ts,z, (9.45)
and
PYY(s,1) < 2Bz (BiRey Waprox Prux)=0/2 g (s1) € Ty, (9.46)

Substituting (9.45) and (9.46) into (9.3) and using the fact (Lemma 3.1) ng)(TSL) <

2-nTD(PsLlQsL) | we obtain, for n sufficiently large,

P}SZ)(QSLa Wy zux,7)

< ZQ n[rD(Ps,L; |QsL)+Ey (Ri,Rij, Wy |rux,Prux)—6/2]

< Z o—n[rD(PsL|lQsL)+Ey (THp(S)—o1(n)/n,mHp(L|S)—o02(n)/n,Wy | rvx,Prux)—0/2]
Psr,
Z o—n[rD(Psp||QsL)+Ey (tHp(S),mHp(L|S),Wy | rvx,Prux ) =] (9.47)

IN

Psy,

and

Pé?(QSL, Wy zux,7)

< ZQ n[rD(Ps;,L; 1QsL)+Ez(Ri,Ri; Wz rvx,Prux)—6/2]

< Z 9—n n[rD(Pspl|QsL)+Ez(THp(S)—o1(n)/n,mHp(L|S)—02(n)/n,Wz rux,Prux)—6/2]
Psr,

< Z 9- TD(PSL||QSL)+EZ(THP(S)JHP(L‘SLWZ\TUX71~DTUX)—5]’ (9.48)
Psr,

where 01(n) = |S|logy(tn + 1) and o02(n) = [S]|L|logy(7n + 1). Finally, the bounds (9.35)
and (9.36) follow from (9.47) and (9.48), and the fact that the cardinality of set of joint

types Prn(S x L) is upper bounded by (7n + 1)SI1£l,
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To prove the lower bound (9.37), we slightly modify the above approach by choosing

Pruyx; = P(*TU),L- X, which achieves the maximum and the supremum of E,.(R;, Rij, Wy 711 x)

in (9.38) for every R; and Ry;, ¢ = 1,2,...,my, j = 1,2,...,m}, . Then the probabilities of

Y-error and Z-error in (9.45) and (9.46) are bounded by

P}(/n)(s l) < 2—’ﬂ[EY(Ri,Rij,Wy‘TUx,ﬁ(*TU)in)—5/2}

e

< 9B (Ri,Rij, Wy 710 x)=9/2] if (s,1) € T,z (9.49)
and
ng(s,l) < 2_nEZ<Ri’Rij’WZ‘TUX’13%Uin>_6/2]
< 9 nlEN(RiRij Wy 710x)=0/2] if (s,1) € Ts, 1, (9.50)

for n sufficiently large. The rest of the proof is similar to the proofs of (9.35) and (9.36).
|

9.4 JSCC Theorem for the Asymmetric 2-User System

By examining the positivity of the lower bound to E;, we obtain a sufficient condition for
reliable transmissibility for the asymmetric 2-user system. For the sake of completeness, we
also prove a converse by using Fano’s inequality, and hence establish the JSCC theorem for
this system. Given Wy 7| x, define
R(Wyzux) £ U U RWy zirvx, Prux) (9.51)
T:|T|<|U|| X|+2 Prox €P(T xUx X)

where

Ri+Ry < I(T,U,X;Y)=1(U,X;Y)

L

R(Wyzirux, Prux) (B1,Re): Ry < I(T,U; Z) ;
Ry < I(X;Y|T,U)
where the mutual informations are taken under the joint distribution Pryxyz = PruxWy zjux-

It can be shown that R(Wyzyx) is convex and denote E(WYZWX) be the closure of

R(Wy zjux)-



9.4. JSCC Theorem for the Asymmetric 2-User System 234

Theorem 9.2 (JSCC Theorem) Given Qsr, Wy zjux and 7 > 0, the following statements
hold.

(1) The sources Qs can be transmitted over the channel Wy iy x with probability of error
P -0 asn — oo if (THg(S), THo(L|S)) € R(Wy zjrx);

(2) Conversely, if the sources Qsy, can be transmitted over the channel Wy 7\ x with an arbi-

trarily small probability of error P asn — oo, then (THq(S), THo(L|S)) € R(Wy zjux)-

Proof:

Forward Part (1): It follows from (9.12)-(9.14) that E.(Ri, Ro, Wy zrux, Prux) > 0 if
and only if (R, R2) € R(Wy zjrux, Prux). It then follows that E.(R1, Re, Wy zjrx) > 0
if (R1,R2) € R(Wyzjyx). According to Theorem 9.1 and the definition of the sys-

)

tem JSCC error exponent, Pe(" — 0 if the lower bound (9.37) is positive, which needs

E.(tHp(S), THp(L|S), Wy zjrx) > 0. This means P™ = 0 if the pair
(TH@(S), THg(L|S)) € R(Wy zjux)-

Converse Part (2): The proof follows from a similar manner as the converse part of [38,
Theorem 1] for a broadcast channel. For the sake of completeness, we also provide a
full proof here since we deal with a 2-user channel. First, we remark that (as shown

in [38, Theorem 2]) the region R(Wy zrux, Prux) can be equivalently rewritten by

Ri+ R < I(U, X;Y)
RWyzirux, Prux) =  (R1,R2) : Ry < I(T,U; Z)
Ri+ Re < I(X:Y|T,U) + I(T,U; Z)

It suffices to show that, for any € > 0, if
max {Py?(quWYZ\XUaT%Pgé)(QSLWYZ\UXJ)} <ée—0

as n goes to infinity, then there exists a RV T satisfying T — (U, X) — (Y, Z2), i.e., the

joint distribution Pryxyz can be factorized as PrPyxrWy zjux, such that

(THq(S), THQ(L]S)) € R(Wy zjux, Prux)
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with < replaced by <, i.e.,

THo(S,L) < min{I(U,X;Y),I(X;Y|T,U)+I(T,U; Z)},

THo(S) < I(T,U;Z).

Fix k = mn. Fano’s inequality gives

H(S*, LFY™) < P log, |S* x £+ H (PB(;;)) 2 nern,

IA

H(S*z") < P log,|SF| + H (pgg) 2 neoy,

235

(9.52)

(9.53)

where S¥ £ (S}, S, ---,S,); similar definitions apply for the other tuples. It follows from

(9.52)-(9.53) that

kH(S,L) = H(L*|S*)+ H(S*)

= I(LF;Y™S%) + H(L*|S*, Y™) + I(S%; 2™) + H(S*|Z™)

IN

i=1
n
Z |:I(Lk7Y;|Sk,YZ_1,ZH_1) —|—I(ZZ+17Y;|S]€,YZ_1)

i=1

IN

+1(S*, 2 Y=t 7)) — I(YL 2| S* 2 | 4 n(ern + ean),

S HEFY;ISH Y + 1(S% Z| 27 )] + H(S®, LFY™) + neay

where Y= = (Y1,Ys,...,Y;_1) and Z & (Z;11, Ziyo, ..., Z,). Substituting the identity

[32, Lemma 7]
n n
Z I(Z2+1, }/Z|Sk’ Yi—l) — Z I(YZ_17 ZZ|Sk, Zi-l—l)
i=1 =1
into the above, and setting T; = (S*, Y~ Zi*1) for 1 < i < n yields
n
RH(S,L) < 3 [HEMYAIT) + (T35 2)] + nlern + e2n)

1=1
n

—
S
=

i=1
n

—
INS

i=1
n

—~
o
~

1=1

Z {I(Lk; Yi|Ti, Ui) + 1(T5, Ui Zz)} + n(€1n + €2n)
DX YiT3, U) + I(T3, Usi Z3)) + nlern + e2n)

= Z (X3 Yi| Ty, Us) + I(Th, Uis Zi)] + nlern + €2n),

(9.54)
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where (a) holds since U; is a deterministic function of S¥ and hence of T}, (b) follows from
the data processing inequality, and (c) holds since Y; is only determined by U; and X; due to
the memoryless property of the channel. On the other hand, kH (S, L) can also be bounded
by
EH(S,L) = H(S* L")

= I(S*, LF Y™ + H(S* LFy™)

< I(X™U™Y™) + new,

— En:l(Ui,Xi; Y;) + nep. (9.55)

i=1
Likewise, it follows from (9.53) that

kH(S) = H(S")
= I(S*z™) + H(S*Zz")

= > I(S5z:|Z) + H(S* 2
i=1

Z [(Sk, ZH_l; ZZ) + neay
=1

IN

> ISR YT 2 U Z) + nean
i=1

IN

n
= Y I(T3,Ui; Zi) + nean. (9.56)
i=1
Note also that T; — (U;, X;) — (Y5, Z;) for all 1 < i < n. According to (9.54), (9.55),

and (9.56), and recalling that k = 7n, it is easy to show (e.g., see [32]) that there exists an
auxiliary RV T with Pryxyz = PrPyxirWy zjux such that
TH(S, L) < min{lp,y,, (U, X;Y), Ipryyy (X YT, U) + Ippy iy, (T, U3 Z)}
TH(S) < Ippyxy,(T'U; 2),
which is equivalent to
TH(S,L) < Ipyxy, (U, X5Y),
TH(S) < Ippyxy,(T'U; 2),

TH(L|S) < X;Y|T,U).

IPTUXYZ(
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Finally, by using the Carathéodory theorem (cf. [32, p. 311]) we can show that there exists

a RV T with |T] < [U||X| + 1 such that Pruxyz = PaPyx Wy zux and

(IPUXYZ(U7 X;Y), Ipryxyz (1,U; 2), Ipryxyz (X;Y|T,U))

= (IPUXYZ(U7X;Y)7[PfUXYZ(T7 U; Z),IprXYZ(X;Y\T, 0)).
This completes the proof of the converse part. |

9.5 Separation Principle for the Asymmetric 2-User System

It can be verified that the condition (1Hg(S),7Hq(L|S)) € R(Wyzux) of Theorem 9.2
can be achieved by separate source and channel coding. The separate coding system of rate
7 (source symbol/channel symbol) (we refer to it as the tandem coding system) is depicted

in Figs. 9.3 and 9.4

Encoder f,

le L™ | Source ie{1,2,..., M} Channel | xe&x”
Encoder fsn Encoder fer, |

|
Source j€e{1,2,..., M} |
|

Encoder gsn
s € S‘rn L == == - - - __ _ _ — — — = = = .
r— - - - - - - - — — — — — — 1
| Source je{1,2,.., M} Channel l ueu”
—_—»
| Encoder gsn Encoder gcn |
Lo J
Encoder g,

Figure 9.3: Tandem source-channel coding system - encoders.

The encoder f, is composed of two source encoders fg, : L™ — {1,2,...,M;} and
gsn : ST — {1,2,..., Ms} with private coding rate El = % logg M; and common coding
rate Ry 2 % logy My and a channel encoder {1,2,..., M;} x {1,2,..., M} — X™. Similarly,

the encoder g, is composed of a source encoder gs, : S™ — {1,2,..., My} with common

coding rate §8 and a channel encoder g, : {1,2,..., M} — U".
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Decoder ¢,
- - - — — — P U -
| (Wf(]),ﬂ'g(l)) S {1727"'7MS} |
yeyr Channel x{1,2,..., M} Source (s',1Ye 8™ x L™
Decoder e Decoder psp,
= _ — — _— _— _— _ _ —
- - - - - - — — — — — - — — — 7
zezZ" ! Channel | m,(5) € {1,2,..., M,} Source b e s
Decoder cn, Decoder sn,
L — — — — L =m——— gl
Decoder 9,

Figure 9.4: Tandem source-channel coding system - decoders.

At the receiver side, the decoder ¢, is composed of a channel decoder ., : Y" —
{1,2,..., M;} x {1,2,..., Mg}, and a source decoder wg, : {1,2,....M;} x {1,2,..., My} —
S™ x L™ which outputs the approximation of the source messages s’ and 1'. Similarly,
the decoder v, is composed of a channel decoder v, : 2" — {1,2,..., My}, and a source
decoder g, : {1,2,..., My} — 8™

To show that the condition (1 Hg(S),THq(L|S)) € R(Wyzrx) can be achieved by the
above tandem system, we need to apply the following 2-user source and channel coding
theorems (we only state the forward parts of the theorems). Note that both of these
theorems are special case of Theorem 9.2.

Let (fsn, sns ©sn, ¥sn) be a sequence of source codes for CS Qgz, with common source
rate R\S and private source rate El as defined above. The probability of the overall 2-user

source coding error is given by

PRy, Bi, Qs1) 2 Pr ({2un(gn(S™): Fan (L)) # (ST L} H{Won(gon(57™) # 57})

(9.57)

Then by the 2-user source coding theorem, there exists a sequence of source codes

(fsns Gsns Psns Ysn) With rates ﬁs and ﬁl such that Pe(?)(ﬁs, ﬁl, Qsr) — 0 as n — oo if the

rates satisfy R, > Hg(S) and R, > Hqg(L|S), ie., (Rs, R;) lies in the upper-right infinite
rectangle with vertex given by the point (Hg(S), Ho(L|S)).

We next state the forward part of channel coding theorem for the asymmetric 2-user

channel. Let the (common and private) message pair (j,¢) be uniformly drawn from
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the finite set My x M;, where M, £ {1,2,.., M} and M; = {1,2,...,M;}, and let
(fens Gens Pens Yen) be an asymmetric 2-user channel code with block length n and com-
mon and private message sets My and M;. Let R, £ %logz M, and R; & %log2 M; be

the common and private rates of the channel code, respectively. The average probability of

error for asymmetric 2-user channel coding is given by

P (R Riy Wy zjx) 2 Pr ({oen(Y™) # (1 D {0en(27) £ 7}, (9.58)

where (J, I) are uniformly drawn from Mg x M;. The maximum probability for error of

asymmetric 2-user channel coding is given by

P e(Bs, Ri, Wy 70 x)

ec,max

& max Pr({ea(Y") £ (LD (2" £ TY T =51 =i), (959)

(j,i)EMS x M,

Then there exists a sequence of channel codes (fen, Gens Pen, Yen) such that Pe(? ) (Rs, Ry, Wy Z|U X)
goes to 0 as n — oo if (Rs, R) € R(Wy zyx). Furthermore, it can be readily shown by a
standard expurgation argument [29, p. 204] that Pe(Zflm(Rs, R, Wy ziyx) — 0 as n — oo

if (Rs, 1) € RWyzjux).

Now by (9.7), the overall probability of error for the tandem system is given by

P 2 Pr ({pun [pen (V)] # (57, L) H J{tbon [en (2] # 57}

By the union bound, it is easy to see that Pe(n) is upper bounded by

PO < Pr({ean(gan(S™) fan (L) # (5™ L)} U en(0an(5™) # 5773
+ Pr({een(Y™) # (0an(S™), fn( LN U Wen(27) # gen(5™)})

= PO(RR,Qsp)+ Y. Prige(S™) =j, fan(L™") =)
(G)EMsx M,

Pr({pan (™) # (LD en(2") # Y T = .1 = 1)
PEY(Ry, Ri, Qsr) + PL hae (TR, TR, Wy 20 x)

IN

)

where Pe(c" max(Tﬁs, Tﬁl, Wy zjvx) is the maximum channel coding probability of error with

common rate Tﬁs and private rate Tﬁl. Clearly, by combining the 2-user source coding
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theorem and the asymmetric 2-user channel coding theorem, if (THg(S),7Hg(L|S)) €
R(Wy zux ), then there exist a sequence of source codes (fsn, gsns Psn, Psn) and a sequence
of channel codes (fen, gens Pens Yen) such that the overall tandem system probability of error
Pe(") — 0 as n — oo. Therefore, separation of source and channel coding is optimal from

the point of view of reliable transmissibility.

9.6 An Upper Bound for Ej;

We know that Csiszar also established an upper bound for the JSCC error exponent for
the point-to-point discrete memoryless source-channel system in terms of the source and
channel error exponents by a simple type counting argument. He shows that the JSCC
error exponent is always less than the infimum of the sum of the source and channel error
exponent, even though the channel error exponent is only partially known for high rates.
This conceptual bound cannot currently be computed as the channel error exponent is not
yet fully known for all achievable coding rates, but it directly implies that any upper bound
for the channel error exponent yields a corresponding upper bound for the JSCC error
exponent. For the asymmetric 2-user channel, a similar bound can be shown.

As a special case of the JSCC system, let the (common and private) message pair (j,1)
be uniformly drawn from the finite set M, x M;, where M, = {1,2,.... M} and M; =
{1,2,..., M;}. An asymmetric 2-user channel code with block length n for transmitting
the uniform message set is a quadruple of mappings, (fen, Gens Pens Yen), Where fe, + My X
M; — X" and gen : Mg — U™ are the channel encoders, and ., : V" — M, x M; and
Yen : 2™ — M, are respectively the Y-decoder and Z-decoder. Let Ry £ %logQ M, and
R; £ Llog, M; be the common and private rates of the code, respectively. The probabilities

n

of Y- and Z-error of the channel coding are respectively given by

n n 71 i
PYO(Ro, Ri, Wyyiux) 2 Pr({pen(Y") # (J,1)}) = 2R1+Rz > > Wl(/\;f(y’u’x)
Ms XMy yipen(y)#(4:1)
(9.60)



9.6. An Upper Bound for Ejy 241

and

n n 1 n
Pée)c(R& Rl7 WYZ\UX) £ Pr({wcn(z ) 7& J}) = W Z Z Wé&(z\u,x)
M x M, z:cn (2)7#J
(9.61)
where x £ f.,(j,4) and u £ g.,(j). Similarly, the probability of the overall asymmetric

2-user channel coding error is given by

Pe(cn)(R87Rla WYZ|UX) 2 Pr ({Spcn(Yn) 7& (J7 I)} U {wcn(zn) 7& J}) ’ (962)

where (J, I) are uniformly drawn from M, x M;.

Definition 9.2 The asymmetric 2-user channel coding error exponent E(Ry, R, Wy zjyx),
for any R; > 0 and Ry > 0, is defined by the supremum of the set of all numbers E, for which
there exists a sequence of asymmetric channel codes (fen, gen, Pen, Yen) With blocklength n,

the common rate no less than Rq, and the private rate no less than Ry, such that

1
E, < liminf ——log, P"(Ry, Ry, Wy z0x)- (9.63)

n—oo

Clearly, for any sequence of channel codes (fen, Gens Pens Yen), Pe(n)(Rl,Rg,Wyz‘UX)
must be larger than P}(,T;) (R1, Ro, Wy yx) and ng) (R1, Ro, Wz x)) but less than the sum

of the two, so we have

1
lim inf - logy P (R, Ry, Wy ziux)

n—oo

o 1 n n
= lim 1nf—ﬁ log, max <P3(/ )(Rl,Rg, Wy|UX),Pée)(R1,R2, WZ\UX)) . (9.64)

n—oo €
Our upper bound for the system JSCC error exponent is stated as follows.
Theorem 9.3 Given Qsr, Wyzjux, and 7, the system JSCC' error exponent satisfies
Ej(QsL, Wyzjux,T) < }an [TD(Pst || Qsi) + E(rHp(S), THp(L|S), Wy z1yx)] »  (9.65)
SL

where E(-, -, Wy Ao x) 18 the corresponding channel coding error exponent for the asymmetric

2-user channel.



9.6. An Upper Bound for Ejy 242
Proof: First, we write from (9.3) that

p 0% > (Tn) (T4 ) Py (T =Y. Z 9.66
e (QsL, YZ|UX=T)_PSL€I7I>1:1}(<SX£)QSL (Ts)Pie(Tsz) i=Y,Z, (9.66)

where Py.(Tgr) and Pz.(Tgy) are given by (9.4) and (9.5). Comparing (9.4) with (9.60),
and comparing (9.5) with (9.61), we note that Py.(Tsz) and Pz.(Tgz) can be interpreted
as the probabilities of Y-error and Z-error of the asymmetric 2-user channel coding with
(common and private) message sets Tgr, since (s, 1) are uniformly distributed on Tgz. For
any Psp, € Pru(S x L), let Pg and Ppjg be the marginal and conditional distributions

induced by Psr,. Recall that for each s € Tg = Tpg,

TL\S(S) 2 TPL\S(S) = {l : (S,l) € TSL}

and that T g(s) is the same set for all s € Tg. Hence, we can write Ty, by the product of
two sets Tsz, = Ts x Tpg(s). Setting R, = Llog, |Tg| and Ry = L1 log, IT7s(s)l, it follows

that, by the definition of asymmetric 2-user channel coding error exponent and (10.51),

1
lim inf —— log2 nax Pi(Tsz) < E(liminf Ry, hm mf Ry, Wy zjux)

n—oo =Y., Z n—oo

= E(tHp(S),7Hp(L|S), Wy z1ux) (9.67)
for any sequence of JSC codes (fp, ¢n,¥n), recalling Lemma 3.1 that
(T’I’L—l- 1)—\8\2nTHp(S) < |TS| < 2nTHp(S)

and

(tn + 1)—\5\\£|27WHP(L|S) < ’TL\S(S)’ < onTHp(L|S)

According to (9.9), we write

1
liminf — = logg ™) (Qs1, Wy zx.7)

= linni)iolgf _E log, max (P)(,Z)(QSL, Wy\va),Pg;)(QSL, WZ|X77')>
1 (tn)
< i f——1 Tor)Pie(T
- lnni>£ n Og2 Zmé}é PSLEI’/I)E?;)((SXE QSL ( SL) ( SL)
= liminf i ——1 ™) (T P (T
lnnii)% PsLGanI%SxE) n 082 QSL ( SL)Z %)é ( SL)

1
= liminf i ——1 Tsr) — —1 P (T . .
it i [ o QU (R~ o mp P 069
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By Lemma 3.1, for any Psy, € Prp(S x L),

1 - 1
——logy Q7 (Ts) < D(Psi. || Qsi) + ISII£]— logy(1 + 7n)

which implies

. 1 ™
hmsup—;logQ QgL)(']I'gL) <7D(Psy || Qsr)- (9.69)

n—oo

Now assume that

inf D(P E(tHp(S), 7THp(L|S), W,
PSLEI'/I>1(S><E) [7D(Ps || Qsi) + E(THp(S), Hp(L|S), Wy zjyx)]

is finite (the upper bound is trivial if it is infinity) and the infimum actually becomes a

minimum. Let the minimum be achieved by distribution P&, € P(S x L), then there must

[e.9]

exists a sequence of types {]35,; € Pra(S x E)} such that ]35L — Pg uniformly?. It

n=ne

then follows from (9.68), (9.67) and (9.69) that

n—oo

1
lim inf - logs P (Qs1, Wy ziux,T)

.. 1 (mn) 1
< liminf [—;logz Qsr, (Tpg,) — —log, Z.I;l%ﬂe('ﬂ“ﬁu)

IN

TD(Pgy, || Qsr) + E(rHp«(S), THp«(L|S), Wy z1rx)- (9.70)

Since the above bound holds for any sequence of JSC codes, we complete the proof of

Theorem 9.3. u

9.7 Applications to CS-AMAC and CS-ABC Systems

As pointed out in the introduction, our results obtained in the previous section can be

directly applied to the CS-AMAC and CS-ABC source-channel systems.

9.7.1 CS-AMAC System

Setting |Z| = 1 and removing the decoder v, the 2-user asymmetric channel Wy ziux

reduces to an AMAC Wy ;;x. Since the CS-AMAC system is a special case of the 2-user

o~ oo
2The sequence {PSL € Prn(S x E)} here denotes a sequence for n = n,, 2ns, 3N, ..., where n, is
n=ng

the smallest integer such that 7n, is also an integer.
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system, the quantities defined before, including the system (overall) probability of error,
the system JSCC error exponent, and also the channel error exponent still hold for the
CS-AMAC system. Note that there is only one decoder, so we do not have the Z-error
probability (nor exponent) here. The first union in (9.51) can be removed since the largest
region is given by 7| = 1. In fact, for any T' — (U, X) —= Y, I(T,U, X;Y) = I(U, X;Y)
and I(X;Y|T,U) < I(X;Y|U). Thus Theorem 9.2 reduces to the same JSCC theorem
established in [20] for the CS-AMAC system.
Given Wy yx, R(Wy zux) of (9.51) reduces to R(Wy yx) given by
R(Wyjux) = U R(Wyux, Pux) (9.71)
Pyx€ePUXX)

where

Ri+Ry <I(U,X;Y)
R(Wyrx, Pux) = { (R1, Rz) : ;
Ry < I(X;Y]|U)
where the mutual informations are taken under the joint distribution Pyxy = PuxWyrx-
We remark that the following JSCC theorem for the CS-AMAC system coincides with the
one established in [20]. Note that R(Wy rx, Pyx) is convex and denote R(Wy rx, Pux)

be the closure of R(Wy rx, Pux)-

Corollary 9.1 (JSCC Theorem for CS-AMAC system [20]) Given Qsr, Wyyx and 7 > 0,

the sources can be transmitted over the channel with Pe(") — 0 asn — oo if

(THQ(S), THq(L[S)) € R(Wyux);

Conversely, if the sources can be transmitted over the channel with an arbitrarily small

probability of error P asn — oo, then (THq(S),7Hqg(L|S)) € R(Wyux-

To specialize Theorems 9.1 and 9.3 to the CS-AMAC system, we simply choose the

auxiliary alphabet |7| = 1, which yields the following corollaries.

Corollary 9.2 Given Qsr, Wy yx and 7, the system JSCC error exponent satisfies

E;(QsL, Wyux,7) > I]gl;? [7D(Pst || Qsc) + E-(THp(S), THp(L|S), Wy ux)] ,  (9.72)
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and
Ej(QsL, Wyjux,T) < }g;f [7D(Ps || Qs) + E(tHp(S), THp(L|S), Wyjux)] . (9.73)
L

where E(THp(S), THp(L|S), Wy|ux) is the channel error exponent of the AMAC Wy yx
defined in (9.63) with |Z| =1, and

E.(R1, R, Wy |yx) = max By (Ry, Re, Wy ux, Pux) (9.74)
UXx

where By (R1, Ro, Wy |y x, Pux) is defined in (9.10) with |T| = 1.

It has been shown in [10] that for any R; > 0 and Ry > 0, the channel exponent for

AMAC Wy |y x satisfies
E(Ry, Ry, Wy z1x) < Esp(Ry, Ro, Wy yx),

where

Eg(R1, Ro, Wy x) = PUXQ}D%X)() min D(Wyux | Wywx|Pux), (9.75)

where the minimum is taken over Vyjpx € P(V|U x X) such that Ip, vy, (U, X3Y) <
R+ Ry or [PUXVY\UX (X;Y‘U) < Rs.

As a consequence, we obtain that
E;(Qst, Wyjux,7) < })25 [TD(Pst || Qsi) + Esp(tHp(S), THp(L|S), Wy|ux)] . (9.76)

In Section 9.8, we investigate the evaluation of lower bound (9.72) and upper bound (9.76)

when the AMAC has a symmetric distribution.

9.7.2 CS-ABC System

Setting || = 1 and removing the encoder g,, the 2-user asymmetric channel Wy ziux
reduces to an ABC Wy 7 x. The quantities defined before, including the probabilities of
error at Y-decoder and Z-decoder, the achievable error exponent pair, system (overall)
probability of error, the system JSCC error exponent, and the channel error exponent

still hold for the CS-ABC system. Given an arbitrary and finite auxiliary alphabet 7,
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we augment the channel Wy 7 x to Wy zrx by introducing a RV T € 7 such that T —
X — (YZ). Similarly, the marginal distributions of the augmented channel are denoted
by Wy irx and Wyzrx. We then specialize Theorems 9.1, 9.2 and 9.3 to the following
corollaries.

Given Wy z1x, R(Wyzjux) of (9.51) reduces to R(Wy z|x) given by

RWyzx)2 | U  ROWzprx. Prx) (9.77)
T:|T|<|X|+2 Prx €P(T x X)

where
Ri+ R <I(T,X;Y)=I(X;Y)
RWyzirx, Prx) = (R, R2) : Ry < I(T; Z) ,
Ry < I(X;Y|T)
where the mutual informations are taken under the joint distribution Prxyz = PrxWyz|x.
We remark that the closure of R(Wy 7|x), denoted by R(Wy 7|x ) 1s the capacity region of
the ABC Wy zx [59].

Corollary 9.3 (JSCC Theorem for CS-ABC system) Given Qsrz, Wy zx and 7 > 0, the
following statements hold.
e sources (Qgr, can be transmatted over the with P’ — 0 asn — o0 1
(1) Th Q b tted he ABC Wy zx with P — 0 f
(THg@(S), THg(L|S)) € R(Wy z,x);
onversely, if the sources Qg1 can be transmitted over the yvzix with an arbi-
2) C ly, if th Q b d he ABC Wy g h b

trarily small probability of error P™ asn — oo, then (THg(S),THg(L|S)) € ﬁ(WYZ|X)--

Corollary 9.4 Given an arbitrary and finite alphabet T, for any Prx € P(T x X), the

following exponent pair is universally achievable,

Ev(Qsr, Wy zirx, Prx.,7)

£ min [TD(PSL | Qsr) + By (THp(S), THp(L|S), WY\TX715TX)] . (9.78)
SL

and

Eyz(QsL, Wy zirx. Prx,7)

£ Ilglsin [TD(PSL | Qsr) + Ez(THp(S), THp(L|S), WZ\TX7ﬁTX)] ; (9.79)
L
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where By and Ez are defined in (9.10) and (9.11) by setting |{U| = 1. Furthermore, given

QsL, Wyz|x, and 7, the system JSCC' error exponent satisfies

E;(QsL, Wyzx,7) > min [7D(Pst || Qsr) + Er(THp(S), THp(L|S), Wy zx)]  (9.80)
and

Ej(Qsr, Wyzx,T) < }}i [TD(Psr, || Qsz) + E(Hp(S), THp(L|S), Wy z1x)]  (9.81)

where E.(R1, Ro, Wy z1x) is given by E.(R1, R2, Wy zux) in (9.38) with [U| = 1, and

E(Ry, Ro, Wy z1x) is the channel error exponent for the ABC Wy zx.

9.8 Evaluation of the Bounds for E;

We established the lower and upper bounds for the JSCC error exponent of the asymmetric
2-user JSCC system. However, we are not able to simplify these bounds for general 2-user
JSCC systems (not even for general CS-AMAC and CS-ABC systems) into computable
parametric forms as we did for the point-to-point systems [107,109]. In the following, we
only address a special case of CS-AMAC systems where the channel admits a symmetric
transition probability distribution. We first introduce the parametric forms of functions
E.(Ry, Ry, Wy yx) and Egy(R1, Ro, Wy |y x) defined in (9.74) and (9.75), respectively. For

any Rj, Ry > 0, rewrite
By (R, Ro, Wy yx, Pux) = min {Eﬁl)(Rl + Ra, Wy x, Pux), B (Ra, Wyu x, PUX)}
where

+
EM (R, Wyux, Pux) & [D(VYUX | Wyjux|Pux) + ‘IPUXVY‘UX(U7X§Y) - R‘ ]

(9.82)

in
Wy ux
and

+
EP (R, Wyx, Pux) 2 Vll{l‘g; [D(VYUX | Wyjrx|Pox) + ‘IPUXVY\UX (X;Y|U) - R‘ ] :
(9.83)
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Also, rewrite
Egp(Ry, Re, Wy ux) = Ilr)laXEsp(RlyR% Wy ux, Pux)
UXxX

where
Esp(R1, Re, Wy |y x, Pux) = min {Eéé’(Rl + Ro, Wy ux, Pux), B (Ro, WY\UXypUX)}
where

E(QD(R, Wywx, Pux) & leﬂ,"l‘iUnX (D(VYlUX | Wywx|Pox): Ipyxvypx (U, X3Y) < R)
(9.84)

and

EX (R, Wyyx, Pux) £ leﬂ,}iUnX (D(VY|UX | Wyox|Pux): Ipyxvypx (XGY[U) < R) :
(9.85)
Note that Eﬁl) and ET(?) (respectively E§,1,> and Eg?))) are the random-coding (respectively
sphere-packing) type exponents expressed in terms of constrained Kullback-Leibler diver-

gences and mutual informations [32]. In fact, it has been shown in [10] that

Eé? (R, Wyx, Pux) = 1;138<[Ei(p, Wywx, Pux) — pR], i=1,2,

where
1+p1
1
Ei(p1, Wyyx, Pux) & —logy » > Pux(ua)Wypx(ylu, )T , (986)
y€Y \(u,x)eUXX
and

14-p2

1

E2(p2a WY\UXa PUX) = - 10g2 Z PU(U) Z <Z PX\U($|U)WY\U)((ZJ|U, gj) 1+92> .
ueU yeY \zeX

(9.87)

Analogous to [32, Lemma 5.4, Corollary 5.4, p. 168], we can prove the following results;

some of them have been proved in [10].

Lemma 9.1 Let i = 1,2. Eﬁi)(R, Wy ux, Pux) coincides with Eg,)(R, Wy ux, Pux) if
R > Rg»)(Wy‘UX,PUX) where
OEi(p, Wyux, Pux)

p '

p=1

RO (Wywx, Pux) =
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and is a straight line tangent on Eg))(R, Wy ux, Pux) with slope =1 if R < Rgn)(Wy‘UX, Pyx),
1.€.
EY)(R, Wyux, Pux),
if R> RS Wyux, Pux),
EY(R,Wyyx, Pux) =< EY (R((;Q(WY\UX,PUX%WY|UX=PUX)
+R((;§~)(Wy\UX, Pux) — R,
if 0<R< Rg)(WY|UX7PUX)'

\

Furthermore, Eﬁi) (R, Wy ux, Pux) has the parametric form

ET(,Z)(R, Wy‘Ux,PUX) = Olga [Ez(py WY|UX7PUX) - pR]
p<1

where By (p, Wy ux, Pux) and Ex(p, Wy ux, Pux) are given in (9.86) and (9.87) respec-

tively.
Therefore, we can write the functions E, in (9.74) and Ej, in (9.75) as follows.

E(Ry, Ry, Wy yx) = max min o?,%[Ei(p’ Wyux, Pux) — piRi (9.88)

and

Esp(R1, Rz, Wy yx) = max min max[E;(p;, Wy rx, Pux) — pﬁ,] (9.89)
PUX 221,2 pZO

where él = Ri+ Ry and ég = Ry. Since it is in general hard to find the optimizing solution
Pyx for E, and Ej, above, we next confine our attention to multiple access channels with

some symmetric distributions.

Definition 9.3 [10] We say that the multiple access channel Wy ux is U-symmetric if
for every u € U the transition matrix Wy x(+|u, ) is symmetric in the sense that the
rows (respectively columns) are permutations of each other. An X-symmetric multiple
access channel is defined similarly. We then say that Wy yx is symmetric if it is both

U-symmetric and X-symmetric.

It follows that the multiple access channel with additive noise is symmetric (e.g., see the

example below), where a multiple access channel Wy x with (modulo B) additive noise
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{Pp : F} is described as

where Y; € V), X; € X, U; € U and F; € F are the channel’s output, two input and noise
symbols at time 7 such that Y =U =X = F ={0,1,2,..., B — 1}, and F; is independent of
X;and U, 1 =1,2,...,n.

It is shown in [10] that if the multiple access channel Wy wx is U-symmetric, then
the outer maximum of (9.90) and (9.91) is achieved by a joint distribution of the form
Pyx(u,x) = Py(u)/|X]| for every = and u. It then follows that for the symmetric multiple

access channel, the maximum of (9.90) and (9.91) is achieved by a uniform joint distribution

. 1
PUX(ua‘T) = ’Z/{HX‘7

which is independent of p. Substituting P}y in (9.90) and (9.91) yields

E.(Ry, B2, Wy yx) = miny Oglggl[Ei(P, Wy ux) — pRi) (9.90)
and
Bop(Ry, Ra, Wyjyx) = miny max[Ei(p, Wy x) = pRi (9.91)

where ﬁl = R1 + Ry, ﬁz = Ry,

1+p

_ a1
Er(p, Wyx) = (14 p)logy(JU||X]) — logy > | > Wywx(ylu,z) T
yeY \(u,z)eUXX

and
1 e
Es(p, Wy rx) = (1 + p)logy |X| 4 log, [U| — log, Z (Z WYUX(?JW,Q?)HP) :
(u,y)EUXY \z€X

We recall the following identities.

min yer D& = max [pR — Ea(p,QsL)] 9.92
PspiHpg, (S,.L)=R (Pscll@sz) nax [ 1(p, QsL)] (9.92)
min D(F, = max [pR — E ) ) 9.93
Ps1:Hpg, (L|S)=R (Psr||@sL) P [P 2(p, Qsr)] ( )

where

1
Ea(p,Qs.) = (1+p)logy Y Qsr(s, 1)
(s,))eSxL
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and

Ea(p.Qse) = (1+p) Y Qs(s)logs Y Quslfs) 7.

seS lel
Note that Fq(p,Qsr) and Esa(p, Qsr,) are both concave in p. Clearly, if the marginal

distribution Qg(s) is uniform, then (9.92) and (9.93) are equal. Using (9.90) we now can
write (9.72) as

Ig;? [7D(Pst || Qsc) + E-(THp(S), 7Hpg, (LIS), Wy x)]
— min {min [TD(PSL | Qsr) + max [Er(p1, Wyjux) — p17Hpg, (S, L)]] :
Psr. 0<p1<1

min |:TD(PSL ” QSL) + max [EQ(/)Q, WY\UX) — pQTHPSL(L‘S)]] }
Psy, 0<p2<1

)

} (9.94)

_ . . . D(P B _
mm{mén [PSL:THQILH(&L):RT (Pse || QSL)+Og)?>§<1[ 1(p1, Wyjux) — ;1 R]

min

i D(P Bolon Wenrx) — poR
R [PSL:THEEILI%MS):RT (Pse | QSL)JFOISnpjél[ 2(p2, Wy ux) — p2R]

and similarly using (9.91) we can write (9.73) as
inf [1D(Psy. || Qs1) + Esp(THp(S), 7Hps, (L1S), Wy yx)]
SL

= min < inf
R

inf min TD(P, + max[E , WA — poR
R [PSL:THPSL(MS):R ( SL H QSL) pQZO[ 2(102 Y\UX) P2 ]

Y

} . (9.95)

Consequently, applying Fenchel duality theorem as in the precious chapters and (9.92) and

min TD(P + max|[E , W- —mR
PspimHpg, (S,L)=R (Psz || @sr) p120[ 1(p1, Wypx) — p1 R

(9.93), we obtain the following.

Theorem 9.4 Given Qsr, Wy|yx, and the transmission rate T, the lower bound of the

JSCC error exponent given in (9.72) and the upper bound given in (9.76) can be equivalently
expressed as

min max [E;(p, Wy|yx) — TEsi(p,Qs)] < Ej(Qsr, Wyjux:T)

i=1,20<p<1

< min max[E;(p, Wy|yx) — 7Esi(p, Qs1)]-
1=1,2 p>0

(9.96)
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Example 9.1 (Binary CS-AMAC System) Now consider binary CS Qg with distri-

bution

where 0 < ¢ < 1/2. Then

Es1(p,Qsr) = (1+ p)logy { [(;)m + <§> m] (1—q)™7 +2 (g)lip} ;

(1—¢q) I+p q T+p
2(1—-q) ¢ A3 2
(1+p) < 3 + 92 log, 2(1—q) + 4 * 2(1—q) 4+ 4
3 2 2

1 1
1—g¢ T+p q T+p
l—q ¢ 3 2
~H1+m< 3 +§>b@ <%;+%> +<%#+%

Consider a binary multiple access channel Wy x with binary additive noise Pr(F =1) = ¢

Ex(p,Qsr) =

(0 < € < 1/2). That is, the transition probabilities are given by

Py|UX(Y:0|U:0,X:0) = 1—6,
PY|UX(Y :0|U:0,X = 1) = €,
PY|UX(Y :0’U = 1,X :O) = €,

Py|UX(Y:O‘U:1,X:1):1—6,

Py|UX(Y:1|U:0,X:0):E
Py|Ux(Y:1|U:0,X:1):1—€
Py|Ux(Y:1’U:1,X:O):1—6

PY|UX(Y = 1’U = 1,X = 1) = €.

It follows that

- - 1 o
Ei(p, Wyux) = E2(p, Wyux) = plogy 2 — (1 + p) log, <€1+p +(1—¢) ””) :

In Fig. 9.5, we plot the lower and upper bounds for the JSCC error exponent FEj for
different (g, €) pairs with transmission rate ¢ = 0.25 and 0.35. As illustrated, the upper and
lower bounds coincide (this can also be proved by checking that the two outer minimums
in (9.96) are achieved by the same ¢ and that the inner maximum in the upper bound is
achieved by p < 1) for many (g, €) pairs (e.g., when 7 = 0.25,¢ = 0.1, > 0.0205 and when

7 =0.35,9 = 0.1, € > 0.0056), and hence exactly determine the exponent.
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Figure 9.5: The lower bound (solid line) and the upper bound (dash line) for the system
JSCC error exponent for transmitting binary CS over the binary AMAC with binary additive

noise in Example 9.1.

9.9 Conclusion

In this chapter, we studied the exponential behavior of the probabilities of error for trans-
mitting correlated sources over asymmetric 2-user channels by JSCC. We first established
universally achievable error exponent pairs for the two receivers by using the joint type-
packing lemma and generalized mutual information decoders. We also defined the system
JSCC error exponent and derived lower and upper bounds for the exponent. By definition,
when the system JSCC error exponent is positive, the sources can be reliably transmitted
over the channel. Thus by examining the positivity of the lower bound for the exponent we
obtained the forward part for the JSCC theorem. We also proved the converse part by Fano’s
inequality and hence we established the JSCC theorem for the asymmetric multi-terminal

scenario. It is demonstrated that the condition can actually be achieved by a tandem cod-
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ing scheme, which combines separate source and channel coding. This means that tandem
coding does not lose optimality from the point of view of reliable transmissibility.

We next specialized our results to CS-AMAC systems and CS-ABC systems. We analyt-
ically computed the system JSCC error exponent for the CS-AMAC case when the channel
admits a symmetric distribution. Numerical examples showed that our bounds are tight,

hence exactly determining the exponent, for a large range of source-channel parameters.



Chapter 10

When is JSCC Worthwhile: JSCC
vs Tandem Coding Reliability

Functions

So far we have obtained computable lower and upper bounds for the JSCC reliability func-
tion (error exponent/excess distortion exponent) for different single-user communication
systems and the asymmetric 2-user system. In this chapter, we employ these results to pro-
vide a systematic comparison of the JSCC reliability function and the corresponding tandem
coding reliability function with the same transmission rate. As can be shown, JSCC re-
liability function is at least as large as the tandem coding reliability function; however,
we are particularly interested in investigating the situation where a strict inequality holds.
Indeed, this inequality, when it holds, provides a theoretical underpinning and justification
for JSCC design as opposed to the widely used tandem approach, since the former method
will yield a faster exponential rate of decay for the error probability, which may translate
into substantial reductions in complexity and delay for real-world communication systems.

In Section 10.1, we derive a formula for the (lossless) tandem coding error exponent
Er for discrete systems (consisting of an arbitrary discrete source and an arbitrary discrete

channel). The exponent is conceptually represented in terms of the discrete source and

255
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channel error exponents and is in general not computable, as the channel error exponent
is not fully known even for DMCs. However, for discrete memoryless systems and SEM
systems, we can obtain upper and lower bounds for the tandem error exponent by replacing
the channel error exponent by its upper and lower bounds.

We then address the comparison of the JSCC error exponent E; with the tandem coding
error exponent Ep for discrete memoryless systems in Section 10.2. We first show that E;
can at most double Ep, and then we establish sufficient (computable) conditions for which
Ej > Er for any given source-channel pair (Qs, Wy/|x), which are satisfied for a large class
of memoryless source-channel pairs. As an application, we estimate the power savings of
JSCC over tandem coding for transmitting binary DMS over binary-input quantized-output
additive white Gaussian noise and memoryless Rayleigh-fading channels; it turns out that
the advantage of JSCC in terms of the reliability function translates into more than 2 dB
power gain for those systems. The comparison of E; and Ep for SEM systems (which
consist of an SEM source and an SEM channel) is provided in Section 10.3. As in the
preceding section, we prove that E; < 2Ep and establish sufficient (computable) conditions
for which E; > Ep. We observe via numerical examples that such conditions are satisfied
by a wide class of SEM source-channel pairs.

It is seen in Section 10.4 that our formula for the tandem error exponent remains valid
for a discrete memoryless system involving channel output feedback and source SI. For
systems with feedback, we show that Er f, < Ej, < 2E7 pp; for systems with source SI
at the decoder, we also prove that EgID < E;ID . Additionally, we provide numerical
examples to show that the JSCC error exponent is superior to the corresponding tandem
coding error exponent in most cases.

In Section 10.5, we compare the JSCC excess distortion exponent with the tandem cod-
ing excess distortion exponent for Gaussian systems. For an MGS and an MGC, the tandem
coding excess exponent results from separately performing and concatenating optimal lossy
Gaussian source coding and channel coding for MGC. We derive a formula for the tandem
coding excess distortion exponent for the case when SDR > 4 (= 6dB) (i.e., when the

distortion threshold is less than 1/4 of the source variance). The exponent admits a similar
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form as the discrete tandem error exponent in terms of the MGS exponent and the MGC
exponent. We next numerically compare the lower bound of the JSCC exponent with the
upper bound of the tandem exponent and observe that the JSCC exponent can be strictly
superior to the tandem exponent for many SNR-SDR pairs.

We next address the tandem coding error exponent for asymmetric 2-user systems in
Section 10.6. As for the point-to-point systems, we derive a conceptual formula for the
tandem coding error exponent in terms of the corresponding 2-user source error exponent
and the asymmetric 2-user channel error exponent. By numerically comparing the lower
bound of the JSCC error exponent and the upper bound of the tandem coding error ex-
ponent, we illustrate that, JSCC can considerably outperform tandem coding in terms of
error exponent for a large class of binary CS-AMAC systems with additive noise. Finally a

conclusion is given in Section 10.7.

10.1 Tandem Error Exponent for Discrete Systems

Our aim in this section is to derive a formula for the tandem coding error exponent for
a general discrete system (with memory) consisting of a discrete source Qg = {Qg— €

P(S™)}%,=1 and a discrete channel Wy x = {Wyn xn € P(Y"[X™)}2

n=1 n=1"
Conceptually and essentially, a tandem code (f,©%) 2 (fons fens Pens Psn) is composed
of two “separately” designed codes: a (7m, M,) block source code (fsn,psn) With source

code rate!

log, M,
R, 2 08200 source code bits/source symbol,

™

and an (n, M,) block channel code (fep, pen) Wwith channel code rate

log, M,
Ren o 0820 source code bits/channel use,

n
assuming that the limit lim,,_, log M, /n exists, i.e.,

. log M, .. .log M,
lim sup = liminf .
n—oo n n—oo n

'Since in the tandem system k = 7n and 7 is a constant, to simplify our notation, we denote the source

rate by R n instead of Rsx or Rs rn.
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Here “separately” means that the source code is designed without the knowledge of the
channel statistics, and the channel code is designed without the knowledge of the source
statistics. However, as long as the source encoder is directly concatenated by a channel
encoder, the source statistics would be automatically brought into the channel coding stage.
Thus common randomization is also needed to decouple source and channel coding (e.g.,
[51]). Specifically, we assume that the source coding index i = f,(s) is mapped to a channel
index through a permutation mapping 7, : {1,2,..., M, } — {1,2,..., M, }, commonly called
an index assignment (7, is assumed to be known at both the transmitter and the receiver;
see Fig. 10.1). Furthermore, the choice of 7, is assumed random and equally likely from
all the M,,! different possible index assignments, so that the indices fed into the channel
encoder have a uniform distribution, i.e.,

My,

Pr(mulfsn(ST] = 1) = Y Pr(fan(S™) = i)Pr(mu(i) = | fen(S™") = )

i=1

M,
~ ™ . (Mn B 1)'

1
S 10.1
M, ( )

for any [ € {1,2,..., M, }. Hence common randomization achieves statistical independence
between the source and channel coding operations.

In what follows we need to make another assumption regarding the source code in order
to analyze the probability of error. Let the source codebook be C = {cy,...,cpr, } € S™™. We
assume that (A1) the source code satisfies the condition (for every n): Qg (f:1(i)) > 0 and
c; € f1(3) for every i = 1,2,..., M,,, where f;!(i) = {s € 8™ : fou(s) = i}; see Fig. 10.2.
Clearly, the assumption has practical meaning. If Qg (f;!(i)) = 0 for some 7, then the
codeword c; is redundant, and we can remove it from the codebook C. If ¢; ¢ f;1(i), we

can map the index i to some source message S such that Qg (8) > 0 and fs,(S) = i, so

that the source coding probability of error

Pe(;-n) (QS,Rs,n) — Z QST’!L(S) (102)
s:@sn(fsn(s))#s
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seS™ ie{1,2,...,M,} Tm (i) € {1,2,..., My}
fsn Tm fen
xe X"
WYn‘Xn
yeyr
c;jeC jed{1,2,..,M,} 4| m™m(g) €{1,2,..., My}
Psn Tm Pen

Figure 10.1: Tandem coding system for discrete sources and discrete channels.

is strictly reduced by setting S as the codeword c¢;. We remark that the source code satisfying
(A1) does not lose optimality (in the sense of achieving the source error exponent).
By introducing the uniform index assignment assumption and (A1), the error probability

of the tandem code (f}, ¢ ) is given by

Pe(?)(QS,WYD(vT)

Pr (@on [T (pen(Y™)] # S™)

[I>

My
= Y Pr(malfon(S™)] = D[ Pr (pen(Y™) # l mo[fon(S7)] = 1) +

=1

=1/M,

Pr ({‘Pcn(yn) = l} N {‘Psn[ﬂgzl (l))] 4 ST”H Wm[fSﬂ(STn)] = l)] (10.3)

S

-3 Minpr (@on(Y™) # 1[L is sent)
My, 1
+Pr (psn(fsn(S™)) £ S™) Z MPT (pen(Y™) =1 is sent) (10.4)
I=1""
= P (Wyx, Ren) + (1 = PE(Wyx, Ren)) PT(Qs, Ren), (10.5)

where (10.3) follows from the assumption (A1), which implies that a channel decoding error

must cause an overall system decoding error, (10.4) holds due to the independence of source
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Encoding Decoding

Source messages Index set Source codebook

Figure 10.2: (A1): Qg (f51(i)) > 0 and ¢; € f;,1(4) for all i = 1,2, ..., M,,.
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and channel coding, and in (10.5)
P (Wyx, Ren) = Z > Wynixa (vl fen(D)) (10.6)
l 1y<Pcn( )?él

is the probability of error for channel coding, and Pe(g n) (Qs, Rs,p) is the probability of error

for source coding given by (10.2).

Definition 10.1 The tandem coding error exponent E7(Qs, Wy x, 7) for source Qg and
channel Wy x is defined as the supremum of the set of all numbers E for which there exists

a sequence of tandem codes (f,, p}) satisfying (A1) with transmission rate 7 such that

1
< liminf - log, P, (QSv Wy x,T)-

n—oo

When there is no possibility of confusion, E7(Qs, Wy x,7) will often be written as Er.

Proposition 10.1 E£;(Qs, Wy|x,7) > Er(Qs, Wy|x, 7).
Proof: For any sequence of tandem codes {(f,,¢%)}5° ; composed of a sequence of source
codes {(fsn, psn) o>, and a sequence of channel codes {(fen, ¥en) o2, we have

My!
n - 1 - n ™ :
P (Qs, Wypx,7) = Pt (Pen [ (en(Y™))] # 7%y, s fixed)
m=1 n:

> 1§nr111%r]1wn!Pr (¢sn [ﬂr_nl(gom(Y"))] % STy, is fixed) .

Let the above minimum be achieved by m* = m*(n), then there exists a sequence of JSC

codes {(fn,n)}o>; with f, = fen, © M= © fon and @, = gy © W;ﬁ 0 (e such that

Pe(zl)(Q57WY\X7T) > Pe(n)(Q57WY\X7T) for any n > 1,

(1PN}

where “o” denotes composition and P (Qs, Wy x,7) is the probability of error induced
by the JSC codes {(fn, ¢n)}. Since this holds for any sequence of tandem codes (satisfying

(A1)), it then follows from the definition of joint and tandem exponents that E; > Ep. B
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Theorem 10.1 For a discrete source-channel pair (Qs,Wy|X) and transmission rate T,

ET(QS7 WY|X7 T) = sup min {Te <§7 QS> ) E(R7 WYX)}

R>0
where (R, Qs) is the source error exponent defined in Def. 7.2 and E(R, Wy x) is the

channel error exponent defined in Def. 7.5.

Remark 10.1 Note that the formula for the tandem error exponent has been simply men-
tioned by Csiszar [30] without stating any assumptions (i.e., common randomization, As-

sumption (A1l)) for the tandem system.
Proof:

Forward Part: We show that there exists a sequence of tandem codes

(f; 90:) = (fsna fcm Pens (Psn)

satisfying (A1) with rate 7 such that

lim 1nf—— log, P( (Qs; Wy x,7) > sup min {Te <E,Qs> ,E(R,WYX)} -9
T

n— o0 R>0

for any 6 > 0. It follows from (10.5) that
P Qs Wypx,7) < 2max{P[" (Qs. Ruy). P (Wyix. Ren)},

or equivalently,

n—oo n—oo

1 1
11m1nf——10g2 (Qs,Wy|X, T) > mln{hmlnf——logQ ")(Qs, R sn)s

lim 1nf—— log, e(c)(WY|X7 R, n)} .
n

n—~o0

Now fix R > 0 and 6 > 0. According to the definition of the source error exponent, there
exists a sequence of (7n, Mn) source codes (fun, Psn) satisfying (A1) (since (A1) does not

lose optimality) such that

- log2 Pr <%" [fsn(ST")] 7 Sm) >e(R,Qs) —d and limsup log, M»

n—oo n—oo ™

<R.
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Since a source code with a codebook size larger than Mn would have a smaller probability of
error, there must exist a sequence of (7n, [27"%]) source codes (fsn, Ysn) (satisfying (Al))
such that

timinf ——-Pr (g [fon (5] # 5™) > (R, Qs) ~ 6

n—oo
Similarly, for given 7R, the definition of channel error exponent asserts that there exists a

sequence of (n, ]\/Zn) channel codes (fm, ©en) such that

ploga Mn 5

lim inf ! logy Pr(@en(Y™) # L) > E(TR,Wy|x) =6 and limin
n

n—oo n—~o0 n

Since a channel code with a codebook size smaller than ]\/4\n would have a smaller probability

of error, there must exist a sequence of (n, [27"%]) channel codes (f.n, Pen) such that

lim inf —% logy Pr (¢en(Y™) # L) > E(TR, Wyx) — 6.

n—oo

Therefore, there exists a sequence of tandem codes, composed by a sequence of (7n, [2T"R})
source codes, and a sequence of (n, [27"f]) channel codes (with the same M, = [27"F]),

such that
1 n .
lim inf - log, Pe(* )(Qs, Wy x,7) > min {Te(R, Qs), E(TR, WY‘X)} — 0.

Finally, since R and § are arbitrary, we can take the supremum over R > 0, completing the

proof of the forward part.

Converse Part: We show that for any sequence of tandem codes (f), ¢}) with rate 7

composed by source codes (fsp,¥sn) and channel codes (fen, @en) satisfying assumption

(A1),

lim inf 1 log, Pe(f)(Qs, Wy x,7) < sup min {Te <E, Qs> ,E(R, Wy|X)} . (10.7)
T

Consider the tandem code sequence (f, ¢} ) of rate 7 composed by a (7n, M,) block
source code (fsn, psn) (With rate R, ) and an (n, M,,) block channel code (fen, ¢en) (With

rate Rep, = TR ).
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We first assume that limsup,,_,, —% log,y(1 — P )(Wy|X, R.,)) > 6 for some positive
¢ independent of n, which implies that there exists a sequence ng < ny < ng < --- <
such that

lim P (Wyx, Rep;) > 1— lim 270 =1

1—00
In this trivial case,

11H11Hf——10g2 P( (QS)WY|X7 ) < 1iminf—110g2 Pe(cn)(WY|XaRc,n)
n

n—oo n—~o0o

1
< lim —n—logQP( )(WY|X7RC7TM)

1—00

=0

and (10.7) holds. Next we assume that limsup,,_,, —+ logy(1 — pm (Wyx; Ren)) = 0. Tt

then follows from (10.5) that

hmmf—glogz (QSaWY\X, 7)

n—oo

< liminf——log2 (1— P )(WY‘X,ch)) ")(Qs, R s,n)
n

n—oo

1
< liminf - logs P\T™(Qs, Rs.n) (10.8)
and
lim inf —— 10g2 (Qs, Wy x,7) < lim inf - logy Pl (Wyx, Ren)- (10.9)
Let
10g2 Mn

R = lim R, = lim

n—oo n—oo TN
By definition, the source error exponent e( R, Qg) is the largest (supremum) number e such

that there exists a sequence of (7n, Mn) source codes (fan, Psn) satisfying

logy M,
liminf —— log2 Pr (cpsn [fsn(ST")} #* ST"> >e¢ and limsup 082 7n <R.

n—o0 n—o00 ™

This means that

lim inf —— log2 Pr ((psn [fsn(Sm)} # 57”) <e(R,Qs)

n—oo

holds for all the codes (f;n,(ﬁsn) with limsup,,_,, log2 Mn < R and hence holds for the

™

sequence of (tn, M,) block codes satisfying (Al).
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Similarly, note that

logy M,
TR= lim R, = lim —222"
n—oo n—oo n

By the definition of the channel error exponent,

tim nf —+ log, Pr (pen (V") # L) < B(rR, Wy )

n—oo

holds for all the (n, ]\/Zn) block channel codes (fcn, ©Oen) With liminf,, o % > 7R, and
of course holds for the sequence of (n, M,) block codes.

Putting things together, (10.8) and (10.9) yield

1 n .
liminf ——logy P (Qs, Wy x.7) < min{re(R, Qs), E(rR, Wyx)}.

n—o0

holds for all the (7n,M,) block source codes satisfying (A1) and all the (n,M,) block

logy My
™

M,, > 0 and hence for all R > 0, we take the supremum of R > 0 and obtain (10.7). |

channel codes with lim,_, = R. Since the above is satisfied for any sequence of

10.2 Discrete Memoryless Systems

In this section, we assume that the source is a DMS, i.e., Qs = Qg"), and that the channel

is a DMC, ie., Wyx = W}(f& We hence have the following corollary.
Corollary 10.1 Let THq,(S) < C(Wy |x) and let 7logy |S| > Reo(Wy|x). Then

Er.(Qs,Wyx,7) < Er(Qs,Wy|x,T)

= sup min {Te (E, Qg) ,E(R, WYX)}(10.10)
THQ ¢ (S)<SRSC(Wy | x) T

< Ers(Qs, Wy|x,T), (10.11)
where
A . R
ETT(QS;Wy‘X,T) = sup min {Te <—,QS> ,ET(R, WY|X)} (1012)
THQ4(8)<SRSC(Wy | x) T
and
= A . R
Ere(Qs, WY‘X,T) = sup min {7’6 <—,Q5> ,Eop(R, WYX)} (10.13)
THQ 4 (S)SRSC(Wy x) T
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Remark 10.2 If THg4(S) > C(Wy x), Er(Qs, Wy |x,7) = 0.

Note that

R .
S (—,Qs> — re(log, |S], Qs) = —1og, (|S|Q5(3)),
R<tlog, |S| T

where Qg(s) is the geometric mean of the source probabilities, i.e.

/18]
Qs(s) = <H QS(S)> <1/IS8].
seS

If —71ogy(|S|Qs(s)) > E(7logy |S|, Wy |x ), then the graphs of Te(R/7,Qs) and E(R, Wy x)

must have exactly one intersection R, and by (10.10)

Er(@s.W.r) = e ( 22,05 ) = E(Ro, Wy ) (10.14)

since Te(R/7, Q) is strictly increasing in R € [T Hg4(S), 7logy S]] and E(R, Wy |x) is non-

increasing in R. If —7logy(|S|Qs(s)) < E(7logy S|, Wy|x), then there is no intersection
between Te(R/7,Qs) and E(R, Wy |x). Recall (2.5) that Te(R/7,Qs) is infinite in the open

interval (7logs |S|,00). In this case, we have that
Er(Qs, W,T) = E(7log, |S|, Wy|x) (10.15)
by (10.10). Without loss of generality, we denote

the rate satisfying Te(%, Qs) = E(R,, Wy|x)

if —710g,(|S|Qs(5)) > E(rlog, S, Wy x), (10.16)

7 logs |S]|

if —71ogy(|S|Q@s(s)) < E(7logz |S], Wyx),

so that we can always write that Ep(Qg, W, 7) = E(R,, Wy |x)-

10.2.1 E; Can At Most Double Er

When the DMS is uniform, the optimal source coding operation reduces to the trivial
enumerating (identity) function with M = |S|™™ as the source is incompressible. Hence

only channel coding is performed in both JSCC and tandem coding and E;(Qs, Wy |x,T) =
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Er(Qs, Wy |x,7) = E(rlogy |S|,Wy|x). Thus, our comparison of the two exponents is
nontrivial only if the source is nonuniform and 7Hg4(S) < C(Wy|x). Even though we
know that E; is never worse than Er, the following theorem gives a limit on how much E;

can outperform Ep.

Theorem 10.2 JSCC exponent can at most be equal to double the tandem coding exponent,
1.e.,

EJ(QS7 WY|X7 T) < 2ET(QS7 WY|X7 T)7

with equality if TRS)(QS) > Rer(Wy x) and Tep(p*, W) = TEs(p*, Qs) + 27'D(Qg*) | Qs).

Remark 10.3 Equivalently, this upper bound also implies that F; can at most exceed Er

by EJ/Q, i.e.,
1
E;(@s: Wy x.7) = Br(Qs, Wy|x,7) < 5E5(@s, Wy |x, 7)- (10.17)

Proof of Theorem 10.2: We first refer to the upper bound of E;(Qs, Wy x,7) given by
(5.4)

R
< i — :
Ej(Qs,Wyx,7) < THQS(S)I%%;HO% s [Te <T ) QS> + E(R, WY|X)] ; (10.18)

where Te(R/7,Qg) is the source error exponent, which is strictly convex and increasing in
[THQg(S), 7 logy |S|], and E(R, Wy|x) is the channel error exponent, which is a positive and
non-increasing in [0, C(Wy|x)). Unlike the source exponent, the behavior of E(R, Wy x)
is unknown for R < Re.(Wy|x). Let Cy be the zero-error capacity of the channel W, i.e.,

E(R, Wy |x) = oo if and only if R < Cy [42]. If Co > 7log, |S|, obviously, we have

Ej(Qs, Wy |x,T) = Er(Qs, Wy|x,T) = +00.
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If Cp < 7logy|S|, the upper bound in (10.18) is finite and the minimum must be achieved

by some rate, say Ry, in the interval [Cp, 7 logy |S|]. Then

—

a) Rm
EJ(QvaY\XvT) < e <77QS> +E(Rm7WY\X)

R,
TE <77 QS) + E(R07 WY|X)

< 2E(R07WY‘X)

= 2B7(Qs, Wy x, 7).

Here, (a) holds with equality if our computable upper and lower bounds, £ Jsp and E .,
are equal. To ensure this, we need the condition TRgi)(Qs) > Rer(Wyx) by Theorem 5.2.
(b) holds with equality if R,, = R, by definition of R,,. (c) holds with equality if and
only if there is an intersection between 7e(R/7,Qs) and E(R, Wy x), i.e., Te(R,/T,Qs) =
E(R,, Wy|x). Now taking these considerations together, and applying Theorem 5.2 again,
we conclude that E; = 2Ep if TRg‘;)(QS) > R, (Wyx) and Top(p", W) — TEs(p", Qs) =
2re(Rn/7,Qs) = 2rD(QY" | Qs). n

Observation 10.1 The condition for the equality states that, if the minimum in the expres-
sion of E, given in (5.5) is attained at the intersection of Te(Z, Wy |x) and E.(R, Wy |x)
which is no less than the critical rate of the channel, then the JSCC exponent is twice as
large as the tandem coding exponent. In that case, the rate of decay of the error probability
for the JSCC system is double that for the tandem coding system. In other words, for the
same probability of error P, the delay of (optimal) JSCC is approximately half of the delay

of (optimal) tandem coding,

P, ~ 27"Er(@s Wyx,7) — 9= 5 Es(Qs Wy x,7) for n sufficiently large.



10.2. Discrete Memoryless Systems 269

10.2.2 Sufficient Conditions for which E; > Er

In the following we will use our previous results to derive computable sufficient conditions

for which E; > Ep. We first define

L8 { the root of TH(Q?)) = Rcr(WY\X) if THgq(S) < RC"(WY|X) < 7log, |S|’(10 19)

0 if THoy (S) > Rer(Wy ).

such that the source error exponent T7e(R/7,Qg) has a parametric expression at Rcr(Wy\ X)
re (M,Qs) — @Y | Qs). (10.20)
Note that 7 is well defined only if R..(Wy|x) < 7logy [S|. Denote
T(@") = Top(p", Wy x) — TE(P", Qs)- (10.21)
Theorem 10.3 Let Ro.(Wy|x) < 7logy |S|. If
maxx { R (Qs), o1, Wy x) = 7D(QS || Qs) } > Ber(Wy x). (10.22)

then

E;(Qs, Wy x,T) > Er(Qs, Wy |x, 7).

More precisely, we have the following bounds.

(a) ffmin {7RE(Qs). Bo(L. Wy x) = 7D(QS || Q) } > Rer(Wyx), then

N —

Ej(Qs,Wyx,7) — Er(Qs, Wy|x,7) > ;T(p") — '%T(ﬁ*) - TD(Qg*) | Qs)| =0,

(10.23)

where the two equalities in (10.23) cannot hold simultaneously.
(b) I TRG (Qs) 2 Rer(Wypx) > Eo(1, Wy x) = 7D(QY || Qs). then

Es(Qs, Wy ix,7) — Er(Qs, Wy x,7) > T(p") —D(QY || Qs) > 0. (10.24)

(¢) If Eo(1, Wy x) — 7D(QT || Qs) > Rer(Wy x) > TRS(Qs), then

Ej(Qs, Wy |x,T) = Er(Qs, Wy|x,T) > Rer(Wy|x) — TEs(1,Qs) > 0. (10.25)
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Proof: We shall show that, in each of the three cases, (a), (b), and (c), we have E; > Er.

(a). Assume RS (Qs) = Rer(Wy|x) and Eo(1, Wy x) = 7D(QY || Qs) = Rer(Wyx). By
definition of ~y, we have TD(Q?) | Qs) = Te(Rer(Wy|x) /7, Qs), see (2.5) and (10.20). Thus,
the latter condition is equivalent to E(Re.(Wy|x), Wy |x) = Te(Rer(Wy|x)/7,Qs) and by
(2.33) and the related discussion it guarantees that R, > RCT(WY‘ x), where R, is defined
in (10.16). According to Theorem 5.2, when TRS)(QS) > R (Wy|x), Ejep(Qs, Wy|x,T)

is attained by R,, > Re(Wy|x) and Ej is determined by
R, —
EJ(QSv WY|X7 T) =Te <?7 QS) + Esp(Rmy WY|X)
Since Ry, > Rer(Wy|x), Er is determined by Eg,(Ro, Wy |x). If R, # R,,,, we must have
R, —
ET(QS7 WY‘Xa T) < max {TC <T7 QS) ) Esp(RWu WY|X)} )

because Te(R/T,Qs) is strictly increasing and Eg,(R, Wy |x) is strictly decreasing at R.

Thus,

: R, =
E;(Qs, Wy|x,T)—Er(Qs, Wy|x,T) > min {7'6 <7,QS> aEr(Rm,WY|X)} >0, (10.26)
where equality holds if R,,, = C Wy x). If Ry = R,,, then immediately,
R 5+
By(Qs, Wy|x:7) = Br(Qs, Wy x,7) = 7e <7, Qs> =7D@QY ) 11Qs),  (1027)

where the above is positive since p* > 0 by Lemma 5.2 (1). Note also that in this case

Te(Rn/7,Qs) = Er(Rm, Wy|x), so (10.26) and (10.27) can be summarized by (10.23).

(b). In this case, we have R,, > Rcr(Wy\X) > R,. We can upper bound Er by

Rer (W
Br(@s. Wrxr) = 7e (22,05 ) < re (P 00} = 7D 1)

and hence

E(Qs, Wy|x,7) — Br(Qs, Wy x,7) > Top(p", W) — 7Es(p*, Qs) — 7D(QY || Qs).
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The above lower bound must be nonnegative since

Typ(p", W) — TE.(7*,Qs) — TD(QT || Qs)
_ R R (W-
= ET(Rm7WY|X)+T |:€ (%7QS> —6<¥,QS>:|

> Er(Rm, Wy|x)

> 0,

and it is equal to 0 if Re,(Wy|x) = Ry = C(Wy|x).

(c). In this case, we have R, > Re(Wy|x) > R,, and from (5.17) E; is bounded by
E;(Qs, Wy|x,7) = Eo(1, Wy|x) — TEs(1,Qs).

On the other hand, by the monotonicity of E, (R, Wy x), we can upper bound Er by

Er(Qs, Wy x,7) = Er(Ro, Wy|x) < Ep(Rer(Wyx), Wy x) = Eo(1, Wy |x) — Rer(Wy | x).

Thus we obtain

Ej(Qs, Wy x,7) — Er(Qs, Wy |x,T) 2 Rer(Wy|x) — TEs(1,Qs).

The above is positive since

R,
E0(17WY|X) _TES(laQS) = T€ <_77QS> +ET(Em7WY‘X)
> E. (R, Wyx)
> ET’(RCT(WY\X)7WY\X)
= Eo(1,Wy|x) — Rer(Wy x),
where the first inequality follows from the fact that R,, > 7Hg.(S) by Lemma 5.2 and

Corollary 5.1.
[

As pointed out in the proof, the condition TRgi)(Qs) > Rer(Wy|x) means that the

JSCC exponent E; is achieved at a rate no less than R..(Wy/|x). The second condition,
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Eo(1, Wy |x) — TD(QgY) | Qs) > Rer(Wy|x) means that the tandem coding exponent Er is
achieved at a rate no less than R..(Wy |x). Hence (10.22) in Theorem 10.3 states that E,
would be strictly larger than Er if either E; or Er is determined exactly. Conversely, if the
conditions in Theorem 10.3 are not satisfied, then neither E; nor Er are exactly known.
Nevertheless, if the lower bound of Ej is strictly larger than the upper bound of Er, then

we must have E; > Ep. Hence we obtain the following sufficient conditions.

Theorem 10.4 Let E;(0, Wy |x) < oo and let Tlogy |S| > Rer(Wy|x), where Eep(R, Wy |x)

1s the expurgated channel error exponent. If

k1kotlogy |S| + ka7 1ogy (|S|Qs(5)) + k1 Eer (0, Wy x)
Eo(1, Wy x) — 7Es(1,Qs) > Ep, £ 2 2 |

k1 — ko ’
where
1) VP
- D (QF) 1| @s) +10g2(1SIQ5(5) ot = B W)~ B0 W)
H(QF) ~ log, || Rer(Wyx)

then E;(Qs, Wy |x,T) > Er(Qs, Wy|x,T).

Proof: We first recall that if —7log(|S|Qs(s)) < E(7logl|S|, Wy |x), then there is no
intersection between Te(R/7,Qs) and E(R, Wy x). Clearly, the tandem coding exponent

satisfies

Er(Qs,W,t) = E(rlog|S|, Wy|x)
= E’I‘(T log |S|7 WY|X) (1028)
< BBy Wypx) (10.29)

S EJ(QS7M/7T)7

Here, (10.28) follows by hypothesis R..(Wyx) < 7log|S|. (10.29) holds since R,, must be
a quantity smaller than 7 log |S| by Corollary 5.1.

We hence assume that —7log(|S|Qg(s) > E(7log S|, Wy |x), ie., we assume that
Te(R/T,Qs) and E(R,Wy|x) intersect at rate R,. If R, > Re(Wy|x), which means

E,(1,Wy|x) — Rer(Wyx) = Te(Rer(Wy|x)/7,Qs), then Theorem 10.3 guarantees that
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E; > Er. If R, > Re(Wy|x), which implies TR$(Qs) > Rer(Wy x) by Corollary 5.2.

This ensures £y > Er by Theorem 10.3. Furthermore, if R..(Wy|x) > R,,, > R,, then

R,
E;(Qs,W,T) > e <_TaQS>+Er(Em7WY|X)

> 76(' 7@5)
T
<R07 s
T ;

- ET(QS7M/7T)’

v

Te

In the remaining, we assume that Te(R/7,Qs) and E(R, Wy |x) intersect at rate R, and
that R,, < R, < Rer.

For a DMC with E.,(0, Wy x) < 00, we may use the straight-line upper bound for the
channel error exponent Eg(R, Wy|x) given by (2.30) such that Eg(R, Wy|x) is a straight
line passing (0, Eez (0, Wy |x)) in [0, ] (R} < Rer(Wy|x)) and is tangent to the sphere-

packing bound at R;. So Eq(R, Wy x) is also convex in 0 < R < C(Wyx), and
Eq(0, Wy |x) = Eez (0, Wy |x).

Now connect (0, Eg (0, Wy |x)) and (Re(Wy |x), Esi(Rer(Wy x), Wy x)) with a straight

line, denoted by [y, where
ESI(RCT(WYlX)a WY\X) = ET(RCT(WY|X)7 WY|X) = EO(L WY\X) - RCT(WY|X)-

Again, connect (R,,,7e(R,,/7,Qs)) and (71og|S|, Te(log S|, @s)) with a straight line, de-

noted by Iy, where
R,
T <; ,Qs) =7D(QY || Qs).

and

Te(log|S], @s) = —710g(|S|@s(s)).

Suppose that the intersection of Eg (R, Wy |x) and Te(R/7,Qs) is (R1,7e(R1/7,Qs)), and
that the intersection of I; and Iy is (R;, Eg,). By assumption, R,, the intersection of
Te(R/T, Wy |x) and E(R, Wy|x), is strictly larger than R,, and strictly less than Re.(Wy|x);

hence by definition, R;, the intersection of 7e(R/7, Wy |x) and Es(R, Wy |x), must be
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strictly larger than R,, and strictly less than R..(Wy/x), i.e., R,, < R1 < Ry, < Rer(Wyx).
Likewise, it is easily seen that R,, < R; < Re.(Wy|x). Furthermore, because of the convex-
ity of Te(R/7,Qs) and Eg(R, Wy |x) in the region [R,,, Rer(Wy|x)], Eg, must be strictly
larger than Te(R1/7,Qs) (as Te(R/7, Wy |x) is strictly convex in this interval). It follows

that

EJ(QS)WT) > EO(LWY\X) - TES(LQS) = ERl

> re(H.0s) 2 e (22,05 ) = Br(@s. W)

Theorem 10.5 Let 7logy S| > Rey(Wy|x). If Eo(1, Wy |x)—TEs(1,Qs) > 7D <qu7) | Qs>,
where v is defined in (10.19), then E;(Qs, Wy |x,7) > Er(Qs, Wy|x,T).

Proof: As in the previous proof, we only consider the case

—7logy(|S|Qs(s)) > E(7logy [S], Wy |x)

and R, < R, < Ry (Wyx). Thus, we can upper bound Er by

ET(QSvWT) = T€ <%7QS>

- e <Rcr(WY|X)’QS>

T

D (Q5 11 Qs))

by the strict monotonicity of the source error exponent. On the other hand, Theorem 5.2

gives that
EJ(QSv W/) T) > EO(L WY\X) - TES(17 QS)
By assumption, if Eo(1, Wy |x) — 7Es(1,Qs) > 7D (Q(SA’) Il Q5)>, then Ej > Er. |

In Theorems 10.4 and 10.5, we establish the sufficient conditions by comparing the
source-channel random-coding bound derived in Theorem 5.2, with the upper bound of

tandem coding exponent obtained by using the geometric characteristics of e(R,Qg) and



10.2. Discrete Memoryless Systems 275

E(R, Wy x). These conditions can be readily computed since it only requires the knowl-
edge of R..(Wy|x) and E..(0,Wy|x). Note that the condition E.(0,Wy|x) < oo in
Theorem 10.4 is satisfied by the DMCs with zero-error capacity equal to 0, see [32, p. 187].
Thus, Theorem 10.4 applies to equidistant channels, in particular, to every channel with

binary input alphabet.

Example 10.1 (When Does the JSCC Exponent Outperform the Tandem Cod-
ing Exponent?) We apply Theorems 10.3, 10.4 and 10.5 to the binary DMS with dis-
tribution {g,1 — ¢} and BSC with crossover probability e, and the binary DMS {q,1 — ¢}
and BEC with erasure probability «, under different transmission rates 7. If any one of the
conditions in these theorems holds, then E; > Ep. The above conditions are summarized
by Region F in Fig. 10.3. Indeed, Region F shows that E; > Er for a wide range of (e, q) or
(@, q) pairs. Region G consists of the pairs (¢, q) or (,q) such that 7Hq (S) > C(Wy|x);
in this case, E; = Ep = 0. Finally, when (e, q) or (a, ) falls in Region H, we are not sure

whether Ey is still strictly larger than Erp.

Example 10.2 (By How Much Can the JSCC Exponent Be Larger Than the
Tandem Coding Exponent?) In the last example we have seen that E; > Ep holds for
a wide large class of source-channel pairs. Now we evaluate the performance of E; over Ep
by looking at the ratio of the two quantities. Recall that when Theorem 10.3 (a) is satisfied,
both Ej and E7 are exactly determined. In this case we can directly compute E; (using the
results of Section 5.2) and Ep (using (10.14) and (10.15)). When E; (Er, respectively) is not
known, i.e., when TRgi)(Qs) < Rer(Wyx) (Eo(1, Wy |x) — TD(QE;{) | Qs) < Rer(Wyx),
respectively), we can calculate the lower bound of E; (the upper bound of Ep, respectively)
instead and thus obtain a lower bound of E;/Ep. For general DMCs, we lower bound E;
by its random-coding lower bound E ;,.(Qs, Wy|x, 7). For equidistant DMCs, particularly
for binary DMCs, when TRS«)(QS) < Rey(Wy|x), we use the expurgated lower bound
E..(Qs, Wy|x,7); when TRgi)(Qs) > Rex(Wy|x), we use the random-coding lower bound

E ;. (Qs,Wy|x,7). To calculate the upper bound of Er, when E,(1, Wy x) — TD(QE;/) I
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Figure 10.3: The regions for binary DMS-BSC (q¢, ) pairs and binary DMS-BEC (g, «) pairs
under different transmission rates 7 of Example 10.1. In region F (including the boundary
between F and H), E; > Ep > 0; in region G (including the boundary between G and F),

Ej;= FEr =0; and in region H, £y > Ep > 0.

Qs) < Rer(Wyx) < Rgn)(Qs), or equivalently when R, < R (Wy |x) < R,,, we can bound
Er by

Br(Qs, Wyix,7) < min {rD (QF) | Qs) . Eop(Re, W) }
where R is the intersection of Eg,(R, Wy x) and 7e(R/7,Qs) if any; otherwise Ry =
7l0gy|S|. When Bo(1, Wy (x) = 7D(Q” || Q) < Rer(Wyx) and RE(Qs) < Rer(Wy ).
we bound Er by

Er(Qs, Wy |x,7) < Egp(Rs, Wy |x)-

Table 10.1 exhibits E;/Ep (or its lower bound, which must be no less than 1) for the binary

DMS {g¢,1 — g} and BSC () systems under transmission rates 7 = 0.5, 0.75 and 1. It is
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seen that the ratio Ej/Ep can be very close to 2 (its upper bound) for many (g, ) pairs.
For other systems, we have similar results: E; substantially outperforms Ep. For instance,
for binary DMS {¢,1 — ¢} and BEC («) with 7 = 1, we can obtain E;/Er > 1.4 for a wide
range of (q,a)’s; for ternary DMS and BSC or for DMS and ternary symmetric channel,
if transmission rate 7 is chosen suitably (such that T7Hg4(S) < C(Wy|x)), we can obtain

E;/Er > 1.5 for many source-channel pairs.

Ej/Er |7=05¢=01|7=075¢=01|7=0.75¢=015|7=1,¢=0.05
e = 0.0005 1.07 1.607 1.587 1.877
e =0.001 1.07 1.70f 1.687 1.937
e =0.005 1.367 1.941 1.89 1.99
e =0.01 1.70f 1.95 1.91 2.0
e=0.04 1.85 1.97 1.95 2.0
e=0.08 1.91 1.99 1.96 2.0
£ =0.12 1.95 1.97 2.0 2.0
e=0.16 1.96 1.95 N/A 2.0
£=02 1.86 N/A N/A N/A

Table 10.1: E;/Er for the binary DMS and BSC pairs of Example 10.2. “N/A” means that
TH(Q) > C such that E; = Ep = 0. “” means that this quantity is only a lower bound of
E;/Er.

10.2.3 Power Gain Due to JSCC for DMS over Binary-input AWGN and
Rayleigh-Fading Channels with Finite Output Quantization

It is well known that M-ary modulated additive white Gaussian noise (AWGN) and mem-
oryless Rayleigh-fading channels can be converted to a DMC when finite quantization is
applied at their output. For example, as illustrated in [5], [74], we know that the concate-

nation of a binary phase-shift keying (BPSK) modulated AWGN or Rayleigh-fading channel
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with m-bit soft-decision demodulation is equivalent to a binary-input, 2"-output DMC (cf.
Fig. 10.4). We next study the JSCC and tandem coding exponent for a system involving
such channels to assess the potential benefits of JSCC over tandem coding in terms of power

or channel signal-to-noise ratio (SNR) gains.

Binary-input 2™-output DMC

r-—-——-- - - - - - - - - - - - - - - - - =-=-=- =777 7 1
| . |
X U AWGN or 7 m-bit Y.
z : BPSK z Rayleigh-Fading z Soft-Decision : z
| Modulator Channel Demodulator |
L - - - - J

Figure 10.4: Binary-input AWGN or Rayleigh-fading channel with finite output quantiza-

tion.

We assume that the BPSK signal U, € {—1,+1} corresponding to the signal input
X, is of unit energy, and V;, is a zero-mean independent and identically distributed (i.i.d.)
Gaussian random process with variance N,/2. The channel SNR is defined by SNR =
E[U2)/E[V,?] = 2/N, and the received signal is

Zn = AnUn + Vi, n=12,..,

where A, is 1 for the AWGN channel (no fading), and for the Rayleigh-fading channel,

{A,,} is the amplitude fading process assumed to be i.i.d. with pdf

2ae‘a2, if a > 0,

0, otherwise,
such that E[A2] = 1. We also assume for the Rayleigh-fading channel that A, U,, and V,,
are independent of each other, and the values of A, are not available at the receiver. At
the receiver, as shown in Fig. 10.4, each Z,, € R is demodulated via an m-bit uniform scalar
quantizer with quantization step A to yield Y;, € {0,1}"™. If the channel input alphabet is
X ={0,1} and the channel output alphabet is ) = {0, 1,2,...,2"™ — 1}, then the transition

probability matrix II is given by

H:[mj], 1€ X, j€ey,
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where
mij £ P(Y = j1X =) = Qs ((Tj-1 — (2 — 1))VENR) - Qs ((7 - (2i — 1)) VSNR)
for the AWGN channel [74], and
mij = P(Y = j|X = i) = Fyx(Tj|i) — Fzx(Tj-1li)
for the Rayleigh-fading channel [5]. Here F; x(2]i) = Pr{Z < 2|Z = i} is given by [5], [92]
Fzix(2]1) = 1—Fzx(—2[0)

1 Q z e_(zz/(NO""l)) 1 Q z
- \UNe) T Nt T\ U, e/ |

where Qg(x) is the complementary error function

Qs(x) = \/%_w /;O exp {—t*/2} dt,

and {7} are the thresholds of the receiver’s soft-decision quantizer given by

—00, if j = —1,
Tj=1{ (j+1-2""NHA, ifj=0,1,..,2™ — 2, (10.30)
+00, if j=2m—1

with uniform step-size A. For each channel SNR, the suitable quantization step A is chosen
as in [74], [5] to yield the maximum capacity of the binary-input 2™-output DMC.

We compute the JSCC and tandem coding exponents for the binary source and the
binary-input 2"-output DMC converted from the AWGN (Rayleigh-fading, respectively)
channel under transmission rate 7 = 0.75 (7 = 1, respectively), and illustrate the power
gain due to JSCC. In Figs. 10.5 and 10.6, we plot E; and Ep for binary DMS Qg = {0.1,0.9}
and m = 1,2,3 by varying the channel SNR (in dB). We point out that in both the two
figures, when SNR < 6 dB for m = 2,3 and when SNR < 8 dB for m =1, E; and Ep are
determined exactly. We observe that for the same SNR, F; is almost twice as large as Er
(Ej =~ 2E7 for IdB<SNR< 8dB, m = 1, and for 0dB<SNR< 6dB, m = 2,3). Furthermore,
for the same exponent and the same (asymptotic) encoding length, JSCC would yield the
same probability of error as tandem coding with a power gain of more than 2 dB. A similar

behavior was noted for other values of transmission rate 7.
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Figure 10.5: The power gain due to JSCC for binary DMS and binary-input 2"-output
DMC (AWGN channel) with 7 = 0.75.
10.3 Systems with Markovian Memory

In this section, we assume that the source Qg is an SEM source and the channel Wy x is

an SEM channel. We hence have the following corollary.
Corollary 10.2 Let THqg(S) < C(Wyx) and let \j(Qs) o(Pw) > B. Then

Er(Qs,Wyx,7) < Er(Qs,Wyx,7)

= sup min {7’6 <§, Qs> ,E(R, Wy|X)]§10.31)
THqg (S)<R<C(Wy |x) T
< Ersp(Qs, Wyx, ), (10.32)
where
) (R
Er,(Qs, Wy|x,7) = B sup min {TC <—, Qs> ,E.(R, Wy|X)} (10.33)
THag (S)<R<C(Wyx) g
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0.25 I I
—— E;when m=3
¢---- E; when m=3
- — EJ when m=2
E_when m=2
0.2 © T E
RO EJ when m=1
* ET when m=1 m:3
a
GC) ¥
e 0.15
o
o
X
Ll
P .
o
= 01 B
Ll
) *
v *
0.05f \ B
m=1
a *
x | | | | |
2 4 6 8 16 18 20

10 12 14
Channel SNR(dB)

Figure 10.6: The power gain due to JSCC for binary DMS and binary-input 2"-output
DMC (Rayleigh-fading channel) with 7 = 1.

and
_ . . ( _(R
Erep(Qs, Wyx,7) = sup min{ 7€ ( —, Qs |, Esp(R, Wy x) ¢ (10.34)
THqg (S)<R<C(Wy x) T
where € (R, Qs) = e(R, Qs) is the SEM source error exponent given in Corollary 7.1, and
Esp(R,WY‘X) and E,(R, Wy|X) are respectively the upper and lower bounds for the SEM

channel error exponent given in Corollary 7.2 and (7.28).

Remark 10.4 If TﬁQS(S) > U(Wypc), ET(QS,Wy‘X,T) =0.

To evaluate Ep for an SEM source-channel pair (Qs, Wy|x), we recall that e(R, Qs)
is 0 for R < H(Qg), strictly increasing in H(Qg) < R < logy A\o(Qg) and infinity for
R > logy Mo(Qs) ( [72], [94]), while E(R, Wy x) is non-increasing and positive in R <
C(Wy/x), and vanishes at R = C(Wyx).
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Therefore, if the graphs of 7e (R/7,Qs) and E(R, Wy|x) have an intersection at R,

then it immediately follows from (10.31) that

R,
Er(Qs, Wy|x,T) = Te (7, Qs> = E(R,, Wy x)-

If there is no intersection between 7e (R/7,Qs) and E(R, Wy x) then by (10.31)
Er(Qs, Wyx,7) = E(7logy Mo(Qs), Wy x).

10.3.1 E; Can At Most Double Er

Similarly as DMS-DMC pairs, for SEM source-channel pairs, the JSCC coding exponent

can at most double the tandem coding exponent.

Theorem 10.6 For an SEM source Qg and an SEM channel Wy x, the JSCC error

exponent is upper bounded by twice the tandem coding exponent

E;(Qs, Wyx,7) < 2E7(Qs, Wy x,T).

This relation follows from Theorem 7.5 and Corollary 10.2. The proof is similar as the

one of Theorem 10.2 and is omitted.

10.3.2 Sufficient Conditions for which E; > Er

When the entropy rate of the SEM source is equal to logy Ao(Qs), the error exponent would
be zero for R < log, A\o(Qs) and infinity otherwise. In this case, the source is incompressible

and only channel coding is performed in both JSCC and tandem coding; as a result,

E;(Qs; Wyx,7) = BEr(Qs, Wyx,7) = E(71ogs Mo(Qs), Wy x)

by (7.29), (7.30) and (10.31). Note that log, A\o(Qg) might not be equal to log, |S| by Lemma
7.1, as compared with the DMS. Thus, we assume in the rest of the section that ﬁQS (S) <
logy Mo(Qs) (such that the source is compressible ) and that THqg(S) < C(Wyx) (such

that both F; and Er are positive).
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Theorem 10.7 Let f be defined by (7.10). If f(1) <0, i.e.,

then EJ(QS7 WY|X7 7_) > ET(Q57 WY\X7 T)‘

Proof: Since we assumed that 7Hqg(S) < C(Wyx) or equivalently f(0) > 0 (see Lemma
7.4), if now f(1) < 0, then there exists some p (0 < p < 1) such that f(p) = 0 by the
continuity of f(-). Let p* be the smallest one satisfying f(p*) = 0. According to Theorem
7.3, the JSCC error exponent is determined exactly by E;(Qs, Wyx,7) = F'(p*). On the

other hand, we know from (7.29) that
* : R
F(p ) = m]%n TE ?7 QS + Esp(R7 WY|X) .
Suppose the above minimum is achieved by some R,,, i.e.,
* Em §5)
F(p ) =Te€ Ta QS + ESP(Rm7 WY\X)

It can be shown (cf. Lemma 5.2) that R, is related to p* as follows

R, :TH~(51+1”*)(S) :long_Hﬁ(sﬁ)

(2).

Since p* is positive, from the above we know THqg(S) < Ry, < C(Wy/x) by the mono-

tonicity of H_ (1 ,(S) and H__ ,(Z). In the following we first assume that Te(R/7, Qs)
Qsl+P Psl+P o .

and E(R, Wy x) intersect at R,, i.e., there exists an R, € (THqg(5),C(Wy x)) such that

R,
ET(QSawY‘X7T) =T€ <T7QS> = E(RO7WY|X) > 0.

If R,, > R,, then

E;(Qs, Wyx,7) > Te <%7Qs> > Te <%7QS> = Er(Qs, Wyx, 7).

If R,, = R,, then
E;(Qs, Wyx,7) = 2E7r(Qs, Wy x,7) > Er(Qs, Wy x, 7).
If R,, < R,, then

E;(Qs, Wyx,7) > Eqp(Rm, Wy x) > Eg(Ro, Wy x) = Er(Qs, Wy x, 7).
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We next assume that there is no intersection between 7e(R/7,Qs) and E(R, Wy x), i.e.,

Te(R/7,Qs) < E(R,Wyx) for all R < 7logy Mo(Qs). If R, = THqg(S), then

E;(Qs, Wy|x;7) = Eqp(Rm, Wy x) > Eg(710gy A0(Qs), Qs) = Er(Qs, Wy x,7)

since Hqg(S) < logy A\o(Qs) is assumed. If R, > 7H(Qs), then

E;(Qs, Wyix,7) > Te (%JQS) + Egp(7logy A0(Qs), Qs)

> FEg(rlogy Mo(Qs), Qs) = E7r(Qs, Wy x,7)

since the source error exponent is positive at Ry, > 7Hqg (). n

Theorem 10.7 states that if F; is determined exactly (i.e., its upper and lower bounds
coincide), no matter whether Er is known or not, then the JSC coding exponent is larger
than the tandem exponent. Conversely, if Fr is determined exactly, irrespective of whether
E; is determined or not, the strict inequality between E; and Er also holds, as shown by

the following results.
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Theorem 10.8
(a) If THQg(S) > Rer(Wyx), then E;(Qs, Wy x,7) > Er(Qs, Wyx, 7).

(b) Otherwise, if THQg(S) < Rer(Wyx) and 7logy Mo(Qs) > Rer(Wyx), there must
exist some p satisfying Tﬁ~(ﬁ)(5) = Re.. Let py, be the smallest one satisfying such
Qs

equation. If

(1+ pm)7[H )(5) —loga A1 (Qs)] < logy B — 2logy A1 (Pz),

1
Q(Sl+/)m 1+pm

then EJ(QSa WY‘X7 T) > ET(QS7 WY|X7 T) .
Remark 10.5 By the monotonicity of H~( &) (S), pm can be solved numerically.
Qg ™

Proof: Recall that
RCT(WY|X) = 10g2 B — Ff)(%) (Z)
S

is the critical rate of the channel Wy x such that the channel exponent is determined for
R 2 RCT(WY|X)7 i.e.,

E(R,Wyx) = E.(R,Wy|x) = E(R, Wy|x)

if R> Re(Wyx)-

We first show that £; > Er if Te(Rer(Wyx)/7,Qs) < E(Re(Wyx), Wyx), and
then we show that 7e(Re-(Wy|x)/7, Qs) < E(Rer(Wyx), Wy x) if and only if (a) or (b)
holds.

Now if Te(Rer(Wyx)/7,Qs) < E(Rer(Wyx), Wy x), then Er(Qs, Wy x,7) is de-

termined exactly. There are two cases to consider:

(a) If Te(R/7,Qs) and E(R,Wyx) intersect at R, such that R..(Wyx) < R, <
C(Wy‘x), then

R,
Er(Qs, Wyx,7) = Te (7, Qs) = Er(Ro, Wy|x) > 0.
On the other hand, (7.18) and (7.19) yield

E W > F(p) = F(ps),
7(Qs, Y|x,7)_0gg§1 (p) = F(px)
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where p, = min(1, p*) > 0 and recall that p* is the smallest positive number satisfying

f(p*) =0. It follows from (7.30) that

F(p«) = m}%n |:T€ (?,Qs) + B (R, Wyx)| -

Similar to R,, in the last proof, it can be shown (cf. Lemma 5.2) that the above

minimum is achieved by some R, such that

= Tﬁ~(1£p*)(5) 2 TﬁQS(S)
S

R

‘m

If R, > R,, then
E;(Qs, Wyx,T) > Te <E7—m, Qs> > Te (%, Qs> = Er(Qs, Wy x, 7).
If R, = R,, then
E;(Qs, Wyx,7) = 2E7r(Qs, Wy x,7) > Er(Qs, Wyx, 7).
If R, < R,, likewise, we have

E;(Qs; Wyx,7) 2 Er(R,,, Wyx) > E-(Ro, Wyx) = Er(Qs, Wy x, 7).

If Te(R/7,Qs) and E(R, Wy x) have no intersection, we still have, as in the last

proof, if R,, = THqg(9), then
E;(Qs, Wyx,7) 2 E-(R,,,, Wyx) > E.(11ogy Ao(Qs), Qs) = E7(Qs, Wyx,T);
otherwise if R, > THQg(S), then

E;(Qs, Wyx,7) > E-(R,,, Wy|x) > E-(T1ogy Mo(Qs), Wyx) = E7(Qs, Wy|x, 7).

Finally, we point out that the sufficient and necessary conditions for

Te(Rer(Wyx)/7,Qs) < E(Rer(Wyx), Wy|x)

is that

(a) THQg(S) > Rer(Wyx) such that Te(Re(Wyx)/7, Qs) = 0; or
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(b) TG(RCT(Wypg)/T, QS) > 0 but TG(RCT(Wypg)/T, QS) < E(RCT(Wy‘X),Wy‘X)

Using the fact that
E(Re(Wyx), Wyx) = Hf,(l

b
S

(Z) — 2log, /\%(Pz),
we obtain Condition (b) and complete the proof. [
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Figure 10.7: The regions for the ternary SEM source and the binary SEM channel of

Example 10.3 with 7 = 0.5.

Example 10.3 We next examine Theorems 10.7 and 10.8 for the following simple example.
Consider a ternary SEM source Qg and a binary SEM channel Wy x, both with symmetric
transition matrices given by
q (1-q)/2 (1-4q)/2
Qs=|(1-q9)/2 ¢ (1-gq)/2 | and Pz=
(1-q)/2 (1-4q)/2 q

such that 0 < p,g < 0.5. Suppose now the transmission rate 7 = 0.5. If (q,p) sat-

1-p p

isfies any one of the conditions of Theorems 10.7 and 10.8, then EJ(QS,Wy|X,7') >
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Figure 10.8: Comparison of E; and Ep for the ternary SEM source and the binary SEM
channel of Example 10.3 with 7 = 0.5.

ET(QS,Wy|X,7'). The range for which the inequality holds is summarized in Fig. 10.7.
For the channel with p = 0.025 and p = 0.05, we plot the JSC coding and tandem coding
error exponents against the source parameter ¢ whenever they are exactly determined, see
Fig. 10.8. We note that for these source-channel pairs, F;(Qs, Wy/x,7) substantially
outperforms Er(Qs, Wy|x,7) (indeed E;(Qs, Wy|x,T) = 2E7(Qs, Wy|x, 7)) for a large
class of (q,p) pairs. We then plot the two exponents under the transmission rate 7 = 0.75
whenever they are determined exactly, and obtain similar results, see Fig. 10.9. In fact, for
many other SEM source-channel pairs (not necessarily binary SEM sources or ternary SEM
channels) with other transmission rates, we observe similar results; this indicates that the
JSC coding exponent is strictly better than the tandem coding exponent for a wide class of

SEM systems.
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Figure 10.9: Comparison of E; and Erp for the ternary SEM source and the binary SEM
channel of Example 10.3 with 7 = 0.75.

In the following we present an example for the system consisting of an SEM source (of
order K = 1) and the queue based channel (QBC) [100] with memory K. = 2, as the QBC
approximates well for a certain range of channel conditions the Gilbert-Elliott channel [100]

and hard decision demodulated correlated fading channels [101].

Example 10.4 (Transmission of an SEM source over the QBC) A QBC is a binary
additive channel whose noise process Pz = {Pzn € P(Z2™)} 2| (where Z = {0,1}) is gen-
erated according to a mixture mechanism of a finite queue and a Bernoulli process [101].
At time 7, the noise symbol Z; is chosen either from the queue described by a sequence of

random variables (Q; 1, ..., Qi k.) (Qij; € {0,1}, j = 1,2, ..., K.) with probability ¢ or from

a Bernoulli process with probability 1 — & such that
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e If Z; is chosen from the queue process, then

1/(KC_1+Q)7 j:1727"'aKc_17
Pz(Z; = Qij) =
af/(Ke—1+a), j=K.

if K. > 1 and a > 0 is arbitrary; otherwise Pz(Z; = Q; k,) = 1 if K, = 1.

e If Z; is chosen from the Bernoulli process, then Pz(Z; = 1) = p (p < 1/2) and
Pz(Z; =0)=1—p.

At time i 4 1, we first shift the queue from left to right by the following rule

(Qix1,15 - Qiv1,k.) = (Zi, Qi1 v, Qi K1),

then we generate the noise symbol Z;;; according to the same mechanism. It can be
shown [101] that the QBC is actually an K -th order SEM channel characterized only by
four parameters ¢, «, p and K.

Now we consider transmitting the first order SEM source Qg with transition matrix

0.1 05 04
Qs=1| 04 04 02
0.05 0.15 0.8

under transmission rate ¢ = 1 over the QBC with K. = 2 such that the noise process Pz is
a second order SEM process. After 2-step blocking Pz, we obtain a first order SEM process

ch with transition matrix

[ i (—o)(1—p) 0 (1—e)p 0 ]
Pl _ e +(1—e)(1—p) 0 e+ (1-e)p 0
0 rre T (1-)(1—-p) 0 o4+ (1—e)p
_ 0 (1—&)(1—p) 0 et (1—e)p

We next compute E; and Er for the ternary SEM source and the QBC given above.
When p = 0.05, « = 1, E; and Ep are both determined exactly if e € [0.001,0.992].
We plot the two exponents by varying €. We see from Fig. 10.10 that E; ~ 2Er for
all the ¢ € [0.001,0.992]. When we choose p = 0.05, « = 0.1 for which E; and Ep
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are both determined exactly if £ € [0.001,0.968], we have similar results, see Fig. 10.10.
It is interesting to note that when e gets smaller, F; and Ep approach the exponents
resulting from the SEM source Qg and the binary symmetric channel (BSC) with crossover

probability p = 0.05. This is indeed expected since the QBC reduces to the BSC when

e =0 [101].
04 T T T T
—<— JSCC error exponent, p=0.@551
0.35F | —*— JSCC error exponent, p=0.@5<0.1
—H8— Tandem error exponent, p=0.051
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Figure 10.10: Comparison of F; and Er for the SEM source and the QBC of Example 10.4

with 7 = 1.

10.4 Tandem Error Exponent with Feedback/Source Side In-

formation

We have obtained the formula for tandem error exponent for discrete systems, which is

expressed in terms of the source and channel error exponents. In fact, it can be seen that
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the formula for tandem error exponent is still valid for discrete memoryless systems with

channel output feedback or source SI.

10.4.1 Tandem Exponent with Perfect Feedback

A tandem code (f;:’fb, @;,fb) 2 (fon, {fer}r—1: Yen, @sn) for a DMS Qg and a DMC Wy x
with perfect channel output feedback is composed of two separately designed codes: a
(tm, My,) block source code (fsn, @sn) with source code rate

R a logy M,
s,n

)

source code bits/source symbol,
™

and an (n, M,,) block channel code with perfect feedback ({ fer }1'—1, ¢en) with channel code

rate

log, M,
R, 2 08200 source code bits/channel use,

n

assuming that the limit lim,,_, log M,, /n exists, i.e.,

. log M, .. log M,
lim sup = liminf .
n—oo n n—oo n

To render the source and channel coding operations independent of each other, as in Sec-
tion 10.1, a random index assignment 7, is performed between the source and channel
encoders/decoders, and each 7, is independently and equally likely chosen from the M,!
different possible index assignments; see Fig. 10.11. Also, we assume that (A1) still holds for
the source code, i.e., for every n, Qs (f,(1)) > 0 and ¢; € f;.1(4) for every i = 1,2, ..., M,,
where f1(i) £ {s € S : fou(s) = i}.

Similarly, the error probability of the tandem code ( f; b0 Pn, fb) is given by
Pe(:l,)fb(QS? Wy x,T)
= Pe(?}b(WYIX7 RC,n) + (1 B Pe(cnjzb(WY\Xa RC,n))Pe(sTn)(QSU RS,n)7
where Pe(:}b(WY| xs Ren) is the channel coding probability of error with feedback given by

(6.1), and Pgn)(Qs, R, ;) is the probability of error for DMS given by (2.1).

Definition 10.2 The tandem coding error exponent Er ,(Qs, Wy |x, 7) for DMS Qg and

DMC Wy x with feedback is defined as the supremum of the set of all numbers E for which
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Figure 10.11: Tandem coding system for discrete memoryless source-channel systems with

perfect feedback.

there exists a sequence of tandem codes (f; 1, ¥y, 1) satisfying (A1) with transmission rate
7 such that

. 1 n
E < liminf — log, Pe(*,)fb(Qs, Wy x, 7).

n—~o0

We have the following similar results.
Theorem 10.9

. R
ET,fb(Q57 WY\XvT) = ;u}())mm {Te <?7 QS) 7Efb(R7 WYX)}
>

where e(R, Qs) is the source error exponent defined in (7.2) and Eyy(R, Wy |x) is the channel

error exponent with feedback (cf. Definition 6.1).

Remark 10.6 Recalling that the sphere-packing exponent Ep (R, Wy x) is an upper bound

for Eyy(R, Wy |x) (see Section 6.1.1), we can upper bound E7 1,(Qs, Wy|x,T) by

. R
Er (Qs, Wy |x,7) < ;u% min {Te <?, QS> , Esp(R, Wy|X)} . (10.35)
>

Clearly, if THQS(S) > C(Wy|X), ET7fb(Q5, Wy|X,T) = 0.
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Theorem 10.10 E7 1 (Qs, Wy |x,7) < Ej0(Qs, Wy |x,7) < 2E7 1(Qs, Wy |x, 7).

The proofs of Theorems 10.9 and 10.10 are similar to the proofs of Theorems 10.1 and
10.2 and are omitted.

In the following, we present an example to illustrate the gain of JSCC exponent over
tandem exponent by numerically comparing the lower bound of E; ;, and the upper bound
of B, s for binary DMS @ = {¢,1—¢} (¢ < 0.5) and BSC Wy x with crossover probability
€ (€ < 0.5). Here we use the lower bound (6.9) for E; s, and the upper bound (10.35) for
Er sy Since we know that the lower bound (6.9) is at least as large as Gallager’s lower
bound for E; (without feedback) for binary input channels with a symmetric distribution
(in the Gallager sense, cf. Corollary 6.3), it is hoped that the lower bound is larger than the
upper bound (10.35) for Ep for a lot of source and channel parameters. As expected, for
fixed ¢ and 7, we see from Fig. 10.12 that the joint exponent almost doubles the tandem
exponent for a wide range of €. Note that similar results hold for other DMS’s and binary

channels with a symmetric distribution.

10.4.2 Tandem Exponent with Source Side Information

In the section we address the case of source SI at the decoder, since in Section 6.3 we have
derived a valid computable lower bound for E;I D (Qsr, Wy|x,7) and we could use it to
evaluate the gain of JSCC error exponent over the tandem coding error exponent.

A tandem code (f;SID,cp;SID) 2 (fsny fen, Pens Psn) for a DMS Qg and a DMC Wy x
with source SI Qp at the decoder (which is correlated with Qg through Qpg) is com-

posed of separately designed source and channel codes: a (7n,M,) block source code

(fsn,S1D, Psn,s1p) With source code rate

R, = 710%34" source code bits/source symbol,
where
fsnsip: S™ — {1,2,..., M}
and

Psn,SID * {1,2, ,Mn} x LT _, §tn
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Figure 10.12: The lower bound of Ej ¢, vs the upper bound of E7 .

are the source encoder and decoder with source SI, and an (n,M,) block channel code
(fens Pen) With channel code rate

R s logy M,
c,n

)

source code bits/channel use,
n

assuming that the limit lim,,_,, log M, /n exists, i.e.,

) log M, .. log M,
lim sup = liminf .
n—oo n n—oo n

Again, as in Section 10.1, the source and channel operations are statistically decoupled
via a random index assignment 7,, between the source and channel encoders/decoders.
Each 7, is independently and equally likely chosen from the M,! different possible index
assignments; see Fig. 10.13. In addition, we assume (A2) that for every n, Qg (f5,1(i)) > 0

and

U {Spsn,SID(ia 1)} c fs_nl(z)

leL™
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seS8™ ie{1,2,...,M,} Tm (i) € {1,2,..., My}
fsn Tm fen
xe X"
yeyr
c;jeC jed{1,2,..,M,} 4| m™m(g) €{1,2,..., My}
Psn Tm Pen

Figure 10.13: Tandem coding system for discrete memoryless source-channel systems with

source SI at the decoder.

for every i = 1,2,..., M, where f;}(i) £ {s € 8™ : fy,(s) = i}. Like assumption (A1),
the assumption (A2) has the same practical meaning. If Qg (f;(i)) = 0 for some i, then
the output codeword is redundant, and we can remove it from the codebook. If there exists
one psns1p(i,1) & f;1(i), we can map the index i and the SI sequence 1 to some source
message S such that Qg (8) > 0 and fq,(S) = 4, so that the source coding probability of
error

P p(QsL, Rn) = > QUM (s,1). (10.36)
(Svl)ESTn X‘CTnzﬁpsn,SID(fsn,SID(5)71)7és

is strictly reduced.

Similarly, the error probability of the tandem code (f,; 5;p, %5 srp) is given by

n

Pe(f,)SID(QSb Wy |x,T)

= Pe(g) (WY\Xa Rc,n) + (1 - Pe(g) (WY|X7 Rc,n))Pe(;?ID(QSLa Rs,n)a

where Pe(?) (Wy|x, Re,n) is the channel coding probability of error (10.6), and Pe(;—,g)ID(QSL7 R )

is the probability of error for DMS with source SI at the decoder given by (10.36).

Definition 10.3 For any R > 0, the source error exponent es;p(R,Qsr) of the DMS Qg
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with source SI Q1 at the decoder is defined as the supremum of the set of all numbers e for

which there exists a sequence of (n, M,,) block codes (fsn, 51D, Psn,51p) With

1
e < lim inf — log PM(Qs, Ry) (10.37)
and
R > limsup R, (10.38)

where the source code rate R, = %logg M,,.

Definition 10.4 The tandem coding error exponent EgID(QSL, Wy x, ) for DMS Qg and
DMC Wy x with source SI ()1, at the decoder is defined as the supremum of the set of all
numbers E for which there exists a sequence of tandem codes ( Jn.s1D>Pn.s1 p) satisfying

n

(A1) with transmission rate 7 such that

~ 1 n
FE < liminf — log, Pe(*,)SID(QSL’ Wy|x,7).

n—oo

We have the following similar results.
Proposition 10.2 EgID(Qs,WyLX',T) < E:?ID(Qs,Wy‘X,T).
Theorem 10.11

. R
Ep'P(Qs, Wy x,7) = sup min {Tesm (7, Q5L> E(R, WY|X)}
>

where esip(R, Qs1) is the source error exponent with source SI at the decoder and E(R, Wy |x)

is the channel error exponent (cf. Definition 6.1).

Remark 10.7 If THQSL(S’L) > C(Wy|X), ET,SID(QS; WY\XaT) =0.

According to [32], for source coding with source SI at the decoder, we have a somewhat

loose? upper bound for esrp(R, Qs1),

esin(R,Qsr) < esip(R, Qst) £ PSL'Hpmi?S\L)>RD(PSL | QsL)-
: SL =

2In fact, this upper bound is obtained by assuming that the source SI is available at both the encoder and
the decoder; thus, the upper bound is actually an upper bound for the source error exponent with source SI

at both the encoder and the decoder.



10.5. Memoryless Gaussian Source-Channel Systems 298

It is easy to verify that the minimum of the above is achieved by a tilted distribution

1

B
Piy(s,0) = Qs(s)— 2™ s e,

Yover Qus(l'|s) o7
where p* is the root of Hp,, (L|S) = R. Plugging P§, (s,!) into D(Psr||Qsz) we obtain the

parametric form

mif g P = max [pR — Ex(p, 10.39
Popiti (S1)=R (Psrll@scL) nas [p 2(p, Qsr)] (10.39)

where

Boap,Qs1) = (1+0) 3 Qu(l)logy ) Qs (s T+

lel sES
Now, replacing the source and channel error exponents by their upper bounds, we obtain a

computable upper bound for EQSLID(QS, Wy x,T)

EgID(Q&WY'X,T) < }s%i%min {TESID <§,Q3L> ,Eop(R, WYX)}. (10.40)

In the following, we present an example to see the gain of JSCC exponent over tandem
exponent by numerically comparing the lower bound of E§I D and the upper bound of
EgID for binary DMS @ = {g,1 — ¢} (¢ < 0.5) and BSC Wy x with crossover probability
€ (¢ < 0.5). The source @y, is a noisy version of Qg described by L = S @ N mod 2
(L =N = {0,1}) with noise distribution Py(N = 1) = 0.05, i.e., the SI is transmitted
through a dummy BSC Qg with crossover probability 0.05. Here we use the lower bound
ESP defined in (6.34) and the upper bound for EZ/P given above. It is seen from Fig.

10.14 that for fixed ¢ and transmission rate 7, Eﬁl D substantially outperforms the upper

bound for E%I D We remark that similar results hold for other DMS and DMC pairs.

10.5 Memoryless Gaussian Source-Channel Systems

In this section we study the advantage of JSCC over tandem coding in terms of the excess

distortion exponent for Gaussian systems. A tandem code

(f;vSO:mA,g’T) £ (fsmfcm%pcm@cmA,g,taP)
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0.6 I ‘ ‘
—— Lower bound for ?D, g=0.1,1=0.75

* -- Lower bound for ?D, g=0.2,1=0.75
0.5 —e— Upper bound for ED, g=0.1,1=0.75[]
o - Upper bound for ED, g=0.2,1=0.75

Exponents

0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 10.14: The lower bound for E§I D vs the upper bound for E%I D,

with blocklength n and transmission rate 7 (source symbols/channel use) for the MGS Qg
and the MGC Wy x is composed (see Fig. 10.15) of two separately designed codes: a
(tn, M,,) block source code (fsn,Psn, A) with codebook C = {ci,ca,...,cpr,} € S™ and

source code rate
In M,
™

RS'I’L

)

source code nats/source symbol,

M,,! index assignments (which are permutation functions) m,,, such that each 7, is chosen
with probability 1/M,!, m = 1,2,..., M,!, and an (n, M,,) block channel code (fepn, @en,E)

with channel code rate

~ InM,

RC'I’L

)

source code nats/channel use,
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sesS™ 1€4{1,2,.... M ™ (i) € {1,2,..., M,
fo €200 [T T @ e (L2 an)]
x € X"
MGC
yel”
c;jeC jed{1,2,..,M,} 4| m™m(g) €{1,2,..., My}
Psn Tm Pen
Figure 10.15: Tandem MGS-MGC system.
where f., € FE, with g(x) = 22. We assume as before that the limit lim,, . 1“% exists,
ie.,
. n M, .. .InM,
lim sup = liminf .
n—oo n n—oo n

The (overall) excess distortion probability of the tandem code (f;, ¢}, A, &, 7) is hence
given by
Péri) (QS7 WY|X7 &, T)

Pr (d(m) (s, Dsn {71,;1 [cpcn(y)]}) > A)

Mp! 1
= > P (07 o (w3 leen)])) > A7)
m=1"""

(1>

M,
~ 1 / (rn) (n)

- Q™ (s) / W (3 | fon (Tl fon(S)]}) dyds, .
mz::an! ™m0 YA (spen{mrtlon})>A

Recall that the codebook of the source code (fsp, psn,A) is C = {c1, ¢, ...,cpr, }. To make

the notations simpler, we denote (cf. Fig. 10.15)

i = fsn(s)7
J = W;zl(‘vpcn(Y))y

Di = {S eS": fsn(s) = Z}7
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for i,5 € {1,2,..., M, }, where the (disjoint) sets D1, Da, ..., Dy, partition S™. Thus, we

can write

PU(Qs, Wy x,€,7)
My! My My

- ZMIZZPW 7 (7)|om (7) / Q™ (s d(T"(s c])>A}ds (10.41)
i=1 j=1
and
Py (m (5) | m (1)) = W (9 fen (7 () )d
e @ 2 [ WOy

The excess distortion probability (2.10) for the source code can also be rewritten by

My,
P Qs Ra) =Y [ Porn(s)t {d) (5.0 > A} ds.
i=1 i

and the probability of error (2.12) for the channel code can be written by

()(WY|XyRcmg i i PW]|

Mn i=1 j=1,j#i

Meanwhile, the maximal probability of error (2.13) for the channel code is given by

M,
P?%il)x,ec(WY\Xa Rc,ny 5) = 1<Hll<a;\(4 Z Pw(j’Z)
=T =1,

In order to facilitate the evaluation of the tandem excess distortion probability PXQ,
we simplify the problem by making the following assumptions on the channel code and the

source code.

(a) Since channel coding is performed independently and separately from source coding
and the index assignment, our goal in channel coding is to make Pe(? )(Wyl xsRen, E)

as small as possible. Defining

EWyx,€) = {(fcn,cpcn,é') lim sup P )(WY‘X,RCW,E) <~ forall v > O} ,
we say that a sequence of channel codes (fepn,pen,€) is a sequence of “good chan-
nel codes” if (fen,@en, &) € E(Wy|x,€). In the tandem system, we will restrict

(fens Pen, €) to be good channel codes.
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(b) In source coding, the objective is to construct a code, or equivalently, find a code-
book C = {cy,ca,...,cp, } and the corresponding partition {Dy, Do, ..., Dy, } so that
Pén)(Qs, R ) is as small as possible. For the source codes (fsn, @sn, A), we assume

the following constraint. Letting

[
Q5. 8) 2 { (fons 9ons &) ¢ Timinf —— I P{"(Qs, Ron) = F(R, Qs, A) >0,

n—oo ™

where R = lim,,_.o Rs,n}v

we say that a sequence of source codes (fsp,@sn,A) is a sequence of “good source
codes” if (fsn, Psn, A) € Q(Qs,A). In the tandem system, we will only consider such

good source codes.

Recall that the converse JSCC theorem (Theorem 8.1) states that the MGS cannot
be reliably transmitted over the MGC if TR(Qs,A) > C(Wy|x, &), and also note that if
TR(Qs,A) > C(Wyx,E) then either E(Wy|x,E) = 0 or Q(Qs,A) = 0. Thus, we are
only interested in the case TR(Qs,A) < C(Wy|x,&) as before. In order to guarantee the

existence of good source and channel codes, we focus on the sequences of tandem codes

with (fy, ¢, A, E,7) € MQs, Wy x,A,E,7), where

x . lnMn
A(QSa WY|X7A787T) = {(fnv@n)AygyT) : TR(Q57A) < nh—>Hc?>lo n < C(WYng)} :

Assumptions (1) and (2) are needed for the proof of the converse part of Theorem 10.12.

Definition 10.5 The tandem coding excess distortion exponent E? ’g(Q& Wy x, 7) for the
MGS Qs and the MGC Wy |y is defined as the supremum of the set of all numbers E for
which there exists a sequence of tandem codes (f, @, A, E,7) composed by good source
and channel codes with blocklength n provided (f;, 5, A,E,7) € AMQs, Wy|x,A,E,7),
such that
B < liminf —% In P{(Qs, Wy, €.7).
When there is no possibility of confusion, throughout the sequel, the tandem coding

excess distortion exponent Ejé ’5(Q5, Wy x, ) will be written as E? <.
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Theorem 10.12 For the tandem MGS-MGC' system provided TR(Qs,A) < C(Wy/x,E)
and SDR > 4,
AE _ . R
ET (QS)WY|X7T) - sup min | 7Fg _7Q57A 7E(R7 WY\X?‘S’)
TR(Qg,A)<R<C(Wy|x,E) T

where Fg(R,Qgs,A) is the MGS excess distortion exponent given by (2.46) and (2.47) and
E(R, Wy x,&) is the MGC error exponent defined by Definition 2.4.

Remark 10.8 Since 7Fg(R/7,Qg,A) is a strictly increasing function of R for R > 0, and
E(R,Wy|x,&) is decreasing function of R for 0 < R < C(Wy|x, &), the supremum must

be achieved at their intersection®

R,
EJA“’E(Q.%WY\X?T) =T1lg (77@57A> = E(RmWY\ng))
with TR(QS,A) < R, < C(Wy‘X,g)

We require that the distortion threshold cannot be too large; we restrict SDR > 4
(= 6dB). As will be seen in the proof of the converse part of Theorem 10.12, this assumption
ensures that the ball B(0,4A) is covered by o(M,,) balls with size A; see Lemma 10.1 in

the below. In fact, a large distortion threshold is useless in practice.

2
Lemma 10.1 Let SDR = UKS > 4. Only Loy, = o(My,) balls of size A are needed to cover
B(0,4A) for R > R(Qs,A), i.e., every sequence in B(0,4A) is contained in the union of
Lo, balls of size A.

Proof: Let kK = tn. For N € N which will be specified later, we partition B(0,4A) by a
sequence of sets: 7y 2 {s : [|s||> = sTs < kA} and T; £ T¢(02(i)) by 0%(i) = A+ (2i — 1)e,

WhGI‘GEZ%,fOI‘iZl,Q,"' , N, ie.,

T, ={s:k[A+ (20 —2)e] <s's <k[A+2}, i=12--,.N.

3Unlike the discrete case in [107] and Section 10.2, the intersection always exists since source exponent

is continuous and increasing in R > 0.
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Note that 7y is covered by one ball with size A, B(0,A). It follows from the type covering

lemma for Gaussian-type classes (Lemma 3.6) that each 7; (1 <1i < N) is covered by

) = 9 5 (34
L(i) = exp {k‘ [R (QS ,A) + (2 <2N>] + o(k‘)}
balls with size A for k and N sufficiently large, where Qg) ~N(0,A+3(2i—1)A/2N) and
Zg(-), given by (8.35), is independent of i. Clearly, B(0,4A) is covered by

N
Lon = 14> L(i)
i=1

(N + 1) exp {k: ngng (QQ,A) + G (%)} + o(k:)}
exp{k Blnu@ (%) + W} —i—o(k;)}

size A balls. Recall that M,, = exp{kR; .} and by assumption

IN

IN

. 1 ag 1
lim R,,, = R> R(Qs,A) = §an > 51114.

Set 6 = R — %lnél > 0. Finally, if we let N be the smallest integer satisfying CNQ (%) < %

(noting that Co (%) — 0 as N — o0), we have

lim % < lim exp {—tn [5 — Zg <%> - w} + o(n)} =0.

Proof of Theorem 10.12:

Forward Part: We show that there exists a sequence of tandem codes (f;, ¢k AE,T) €

AQs, Wy x, A, €, 7) composed by good source and channel codes such that

lim inf — * In P (Qs, Wy x,€,7)
n

n—~o0

> sup min {TFG <§,QS,A> ,E(R, Wy|X,€)} -9
TR(Qg,A)<R<C(Wy | x,E) T
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for any 6 > 0. First note that for any given index assignment 7,,, it follows from (10.41)

that
Pr (d(m) (s,c5) > A‘ 7Tm>

= ZPW (7 (3 \ﬂm / Q ™) (T" (s,c;) > A}ds

n

+ > Z Py (0 () [0 (2) /Q )(S,cj)>A}ds

1=1 j=1,j7#1 >
< "
< Z/ Q(m ™ (s,c;) > A}dS+ZQ(Tn i) Z Py (7 (5) 7 (7))
J=Llj#i

S PA (QS7 ) +P7S1a)x eC(WY‘XaRC7n75)7

which only depends on the source and channel codes and is independent of m,,. Thus, for

any sequence of tandem codes we have

PU(Qs, Wyx, €,7) < PY(Qs, Ryn) + P oo (Wyix, Rens )

< 2maX{PA (QS7 ) 75111)xec(WY|X7RC7L7E)}

or equivalently,

hmmf——lnPA* (Qs; Wy |x,E,7) > min {hmlnf——lnPA (Qs, Rsn),
n

n—oo n—oo

lim inf —— ln P Wy x, Ren,s 5)} .

n—oo

Now fix R > 0 and 4 > 0. According to the definition of the source error exponent
(Definition 2.2), there exists a sequence of (7n, M,) source codes (fsn, Bsn, A) (with rate

ES n= lnM") such that

)

hmlnf—— In PA (Qs, Sn) > Fa(TR,Qs,A) — 6 and limsupés,n < R.

n— o0 ™ n—oo

Since a source code with a larger codebook size would have a smaller probability of excess

distortion, there must exist a sequence of (7n, [2/"1]) source codes (fsn, Psn, A) such that

hmlnf——lnPXL (Qs, Rsn) > FG(TR,Qs, A) — 6.

n—oo
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Similarly, for given 7R, the definition of channel error exponent (Definition 2.4 and the corre-
sponding remark) asserts that there exists a sequence of (n, ]\/Zn) channel codes (fsn, Pens €)

(with rate ﬁc,n = 1nM”) such that

lim inf — 1nP<"> (Wy|xs Ren, €) = E(TR, Wy |x,€) — ¢ and  liminf R., > TR.

max,ec
n—0o0 n—~o0

Since a channel code with a smaller codebook size would have a smaller (maximum) prob-
ability of error, there must exist a sequence of (n, [2#]) channel codes (fen, @en, &) such
that

liminf — = In P(") (Wy|x; Rem, €) = E(TR, Wy x,E) — 6.

N—00 n max,ec
If we restrict R € (R(Qs,A),C(Wy |x,&)/T), then there exists a sequence of tandem codes,
composed by a sequence of (77, [2!"F]) good source codes, and a sequence of (n, [2("])

good channel codes (with the same M,, = [2!"%]), such that

hmmf——lnPA* (Qs, Wy|x,&,7) > min {rF¢ (R,Qs,A),E(TR, WY‘X,E’)} — 4.

n—oo

Finally, since R and § are arbitrary, we can take the supremum over R(Qg,A) < R <
C(Wy|x,&)/7, completing the proof of the forward part.
Converse Part: We next show that for any sequence of tandem codes (f}, ¢}, AE,7) €

AQs, Wy x, A, €, 7) composed by good source and channel codes

hmmf——lnPA* (Qs, Wy|x,&,7)

n—oo

< sup min {TFG <§, Qs, A) ,E(R, WYX,E)} . (10.42)
)

TR(QS,A)<R<C(W}/‘X75
As in [51], we decompose the probability of excess distortion for any given tandem codes as

follow,

Péri)(Q.%WY\ng 7—)
Mn! My

() |7 (7) / Q(T" ™)(s,¢;) > A} ds

m:l =1
My! M, My

Z W (T (3) |77m, (7) / Q(m ™) (s, cj) > A} ds.

m=1i=1 j=1,j7#i
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Note that for fixed 4,

Mp! My

'ZPWT"m |7Tm() M ZPW]U)

is actually the arithmetic mean of Py (¢]i) and is independent of 7. Similarly, for fixed i and

J#

1 M,! M, M,
11 2o P Dl @) = g3 2 > (k)
" m=1 k 11=1,l#k

is actually the arithmetic mean of Py (I|k) (I # k) and is independent of | and k. Thus,
PX?(QS,WHX,g 7)

M
= [ ZPW (719) ] Z/ Q(T" ™)(s,¢;) > A}ds

Mn, My 1 My
+ 3 3 LOL ) _1)2 w (k) / QU™ (s) ™) (s, CJ)>A}ds
i=1 j=1j%i | " S k=11=1,
>1/M2
> (1_ e(c)(WY\Xachag)) (Q57 sn)+Pe(ZL)(WY|X,Rc,n75)
Mn Mn
i Z/ ST Qs { ") (s, c])>A}ds. (10.43)
Lj=1,j#i

We then bound

—Z/ Z Qm (s)1 {d(m)(s,cj) > A}ds

tj=1,j#i
My, 1 My,
EZ/Q 1 scj>A—1ds
i=1"Di M, j=1 { }
1
> pm
= D (QSaRsnaA) Mna
where
LS )
(n) A - ™ )
D"(Qg, Rsn,A) SanMnZ]l{d (S,C])>A}.

Substituting the above into (10.43) gives

PL Qs Wi, €7) = (1= PE(Wyix, R, €)) P (Qs, Bon)

|
+P8) (Wy | x, Re, €) (DW(QS,RS,N, A) - ﬁ>(10.44)
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By definition, for any good channel codes (fen, pen, €) € E(Wyx, &), 1P Wy x, Rens €)
is bounded away from zero for n sufficiently large.

2

Lemma 10.2 Let SDR = %S > 4. For any sequence of good source codes (fsp,psn,A) €

Q(Qs,A) with rate Ry, such that lim, .o Rs, = R, there exists some 6 > 0 such that

hmsupD (QSa Rspn, A) > 6.

n—oo

Proof: It suffices to show if

hmsupD (QS?RS nyA) =0,

n—oo

then (fan, psn, A) ¢ QQs, D), ie.,

hmlnf——lnP (Qs, sm) < F < lim Rs,mQS,A)
n n—oo

n—o0

for such sequence of source codes (fsn, Ysn, A). Let {s* =s*(n) € Rm} be the sequence of
source vectors achieving the minimum in D™ (Qg, R, n,A) for every n. Then

1 n
limsup D) (Qs, Ry n, A) = limsup — > 1 {d(m) (5", ¢j) > A} =0 (10.45)

n—oo n—oo n .
Jj=1

implies that the source codebook C has only Lj, codewords outside the ball B(s*, A) such
that

L
lim sup Zn 0,
n—oo n

recalling that under the squared-error distortion measure
B(s*,A)={s e 8" |s* —s|” <tnA},
where ||s* — s|| = /31", (s¥ — s;)2. It then follows that

lim sup PA (Qs,Rsn)

n—~o0

= limsup1— Q(m U B(c;, A)

n—oo c;,eC

> limsup{ 1- QY™ U Bl a) — QW U Bl a)
nmee c;€B(s*,A) c;¢B(s*,A)
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Clearly, the squared distance between any vector s in the ball B(c;, A) and the “center” s*

is bounded by
Is* — s||2 < (|Is* = ci|| + [|e; — s||)2 < (VinA + \/tnA)2 = 4tnA.
We hence can bound

QU™ U BlenA) | QW (s:|Is* —s|? < 4tna) < Q4™ (s: [s|* < 4tnA)
c;€B(s*,A)

where the last inequality holds since the zero-mean MGS has a larger density in the the
neighborhood of origin 0.
Now, based on Lemma 10.1, we claim that, there exists a sequence of (tn, L1, + Lay,)

source codes (fsn, ©Ysn, A) with code rate

ln(Lln + L2n)

RL,n = n

such that the probability of excess distortion is less than

1-Q¢" [ U Blena) |- U Bl

c;€B(s*,A) c;¢B(s*,A)
In other words, for any given sequence of source codes with

limsup D™/(Qs, Ryn, A) = 0,

n—oo

the corresponding probability of excess distortion can be lower bounded by another sequence

of codes with rate Ry, i.e.,

limsup P{ (Qs, Ry ) > limsup PY (Qs, Ryn)-

n—~o0 n—oo

It is easy to see that

limsup Ry, < lim Ry, —e =R —¢
n—oo

n—oo
for some € > 0 since
Lln + L2n

lim sup ———— = 0.
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Therefore, by the definition of source excess distortion exponent (Definition 2.2),

hmlnf_t_lnPA (QS7 ) (R_€7Q57A)<F(R7Q57A)

n—oo

since F(R,Qg,A) is strictly increasing and continuous at R = lim,,_, % > R(Qs,A). R

Thus, for any sequence of tandem codes composed by good channel and source codes,

there exists some § > 0 (independent of n) such that

limsup PYY (Qs, Wy x. €,7) = Timsupd (P (Qs, Ron) + P (W x, Ren, )

n—oo n—oo

> limsupémax{PA (Qs, Rsn), ()(WY‘X,RCH,S)}

n—oo

(10.46)
or equivalently

hmmf——lnPA* (Qs, Wy x,E,7) < mln{hmlnf——lnP(n (Qs, Rsn),

n—oo n—~o0

lim inf —l In P )(Wy|X,RC7n,5)} .

Now for any sequence of tandem codes (f;, ¢, A, E,7) € A(Qs, Wy |x, A, E,7), let

R = lim In My,

n—oo TN

€ (R(Qs,A),C(Wyx,E)/T).
By the definition of the source excess distortion exponent (Definition 2.2)

hmmf——lnPXL (Qs; Rsn) < TFa(R,Qs,A)

n—oo

holds for any sequence of (7n, M,) block source codes since limsup,, .. lnTAf” < R. Simi-

larly, by the definition of the channel error exponent (Definition 2.4)

1
liminf —— In P (Wy|x, Ren, €) < BE(TR, Wy|x, )

n—o00 n

holds for any sequence of (n, M,,) block channel codes since lim inf,,_, o, 2 ﬁ/[” > 7R. There-

fore,

hmmf——lnPA* (Qs, Wy |x,&E,7) <min{rFg(R,Qs,A), E(TR, Wy |x,E)}

n—oo
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holds for any sequence of tandem codes (f;5, o5, A E,7) € A(Qg, Wy |x,A,&,7) composed
by good source and channel codes. Since R = lim,,_,o In % € (R(Qs,A),C(Wyx,E)/T)
is arbitrary, we can take the supremum of R over this region, which yields the upper bound

(10.42). m

Since the MGC error exponent is not known for low rates, we can obtain computable

lower and upper bounds to E? & by replacing E(R, Wy x, € ) by its lower and upper bounds.

Corollary 10.3

Al AE —=A,E
ETT (Q57 WY|X7T) < ET (QSa WY\XvT) < ETsp(QS7 WY\XvT)

where
AE s . R
ET?” (QSaWY‘XuT) - sup min {TFG <_7QS7A> 7E'|‘(R7 WY|X7€)}
TR(Qs,A)<R<C(Wy | x,€) T
and
—AE A ) R
ETsp(QS7WY|X7T) - sup min {TFG <_7QS7A> 7E8p(R7 WYX75)} .
TR(Qs,A)<R<C(Wy | x,€) T

Obviously, the tandem exponent is exactly determined if
TFG(R/T,Qs,A) and Esp(Ry WY|X7 £)

intersects at rate R;, > R..(Wy|x) (in that case R, = R,). Furthermore, it can be seen
that the JSCC exponent strictly outperform the tandem coding exponent (E?’g > E:% ’6)
if E?’g is determined exactly by its two bounds, i.e., if (8.44) is satisfied; or if the tandem
coding exponent is determined by E%’fg and E?;i, ie. R, > Re(Wy|x).

In contrast to the discrete systems studied in Chapters 5 and 7, the source and channel
exponents for the Gaussian system have very simple analytical (computable) form, which are
also continuous and differentiable functions of rate R (their expressions do not include any
optimization operation). Therefore, the advantage of the JSCC exponent over the tandem
exponent can be assessed by numerically comparing the lower bound of joint exponent E?f

—=A .. .- .
and the upper bound of tandem exponent ETs’i. For transmission rate 7 = 1, we partition in
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Figure 10.16: The regions for the MGS-MGC pairs with 7 = 1. Note that the region for

E?’g > E:% ¢ does not include the boundary.

Fig. 10.16 the SNR-SDR plane into three regions. When SDR > 4 (=~ 6dB), Eﬁjg > F:%;‘;
(which means E?’g > E? ’8) for a large class of source-channel pairs. For example, when
SDR = 7 dB, E?’g > EjAﬂ’g holds for 10 dB < SNR < 24 dB (approximately). We also
compute the two bounds of E?’g and E? ’g, no matter they are determined or not, and we
see from Fig. 10.17 that when SDR = 8 dB, E?’g (or its lower bound) almost double EIAﬁg
(or its upper bound) for 8dB < SNR < 15dB. It is also observed that for the same exponent
(e.g. 0.2 ~ 1.1), the gain of JSCC over tandem coding could be as large as 2dB in SNR.

Similar results are observed for other parameters, see Figs. 10.18 and 10.19 for 7 = 1.5.

10.6 Asymmetric 2-User Systems

10.6.1 Tandem System with Common Randomization

In Section 9.5, we showed that the reliable transmissibility condition (tHg(S), THg(L|S)) €

R(Wyzjyx) in the JSCC theorem (Theorem 9.4) for asymmetric 2-user systems can be



10.6. Asymmetric 2-User Systems 313

=1
1.8 T
—— The lower bound of E5%, SDR=8 (dB) e
16 O - The upper bound of Eﬁ'z, SDR=8 (dB) 7
——— The lower bound of E?‘E, SDR=12 (dB)
14F b
[ The upper bound of Eﬁ'é, SDR=12 (dB)

1.2f
%]
<
o i
c
o
3
n 0.8

0.6

0.4r

0.2

0 i bt
6 8 10 12 14 18 20 22 24 26

Figure 10.17: MGS-MGC source-channel pair: the lower bound of Ef’g vs the upper bound

of E?’g for = 1.

achieved by a tandem coding system where separately designed source and channel coding
operations are sequentially applied; see Figs. 9.3 and 9.4. Note however that, as long as the
source encoder is directly concatenated by a channel encoder, the source statistics would be
automatically brought into the channel coding stage. Thus, the performance of the channel
code is affected by that of the source code (since the compressed messages (indices) fed into
the channel encoders are not necessarily uniformly distributed). Similar to the single-user
systems, to statistically decouple the source and channel coding operations, we need to
employ common randomization between the source and channel coding components. This
results in a “complete” tandem coding system with fully independent source and channel
coding operations, and for which we can establish an expression for its error exponent in
terms of the source coding and channel coding exponents. The tandem coding system is
depicted in Figs. 10.20 and 10.21.

As in Section 9.5, the encoder f, is composed of two source encoders fs, and gs, and
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Figure 10.18: The regions for the MGS-MGC pairs with 7 = 1.5. Note that the region for

E?’g > E:% ¢ does not include the boundary.

one channel encoder f.,. The difference is that the indices i = fq,(1) and j = gsn(s) are
separately mapped to channel indices through permutation functions ¢ : {1,2,...,M;} —
{1,2,...,M;} and 7y : {1,2,...,M,} — {1,2,..., M}, which are usually called index assign-
ments (7y and 7, are assumed to be known at both the transmitter and the receiver).
Furthermore, the choice of m¢ (7, respectively), is assumed random and equally likely from
all M;! (My!, respectively) different possible index assignments, so that the indices fed into

the channel encoder have a uniform distribution and are mutually independent:

M,
Pr(rs(fon(L™) =) = S Pr(fun(L™) = i)Pr(rs(i) = alfon (L) = 1)
=1
M, _
= ;Pr(fsn(LTn) = Z)WlTlll)' = %l’
Pr(my(gun(S™) =8) = 5

Pr(mg(fon(L™)) = a,mg(9sn(5™)) = b) = Pr(m;(fn(L™")) = a)Pr(my(gsn(S™")) = ),

for any (a,b) € {1,2,..., M;} x {1,2,..., Ms}. Hence common randomization achieves statis-
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Figure 10.19: MGS-MGC source-channel pair: the lower bound of Ef’g vs the upper bound

of E:%’g for = 1.5.

tical independence between the source and channel coding operations.

Similarly, the encoder g, is independently composed of a source encoder gs,, an index
mapping 7, : {1,2,..., M} — {1,2,..., M}, and a channel encoder gey, : {1,2,..., My} — U".

At the receiver side, the decoder ,, is composed of a channel decoder (., a pair of index
mappings (7‘(’;1,7{';1) which maps every channel index pair (Wf(/i\),ﬂg(j)) back to a source
index pair (?, 3), and a source decoder 4, which outputs the approximation of the source
messages s’ and 1'. Similarly, the decoder 1, is composed of a channel decoder 1., : 2" —
{1,2,..., M}, an index mapping 779_1, and a source decoder gy, : {1,2,..., M} — 8™

For the above tandem system we assume that the following limits exist:*

1 1 1
liminf — logy M; = limsup — logy M; = lim — logy M;

n—oo n—oo

4This assumption is used later to upper bound the tandem coding error exponent in Theorem 10.13.
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Figure 10.20: Tandem source-channel coding system - encoders.
Decoder ¢,
- - — — : - r _______________ |
| (m5(4), mq (%)) . |
{12, ..., M.} (G,9) € {1,2, ..., M.} (s',1) €
yey" ! Channel | x{1,2,..., M;} (rl ) x{1,2,...,M;} Source |lS™ x £™
Decoder ., foote Decoder s,
L= - - = __ - - - = - - - - - - T ==/ |
r—- " ~"—"=>">">">"~>"~""="="="—"=-—"=-"=-"=-"=—-"=-”/ = |
| 79(J) - |
zcZ" Channel | € {1,2,..., M} 1 je{1,2,.., M} Source s"es8™
— I EE—
Decoder )¢ Mg Decoder s,
- - - _ _ e _ _ _ . = |
Decoder 9,
Figure 10.21: Tandem source-channel coding system - decoders.
and

1 1 1
liminf — logy My = limsup — log, My = lim — log, M.
n—oo

n—oo N n—oo N n

10.6.2 Tandem Coding Error Exponent

We now can study the error performance and exponent of tandem source-channel coding
(with common randomization) for the asymmetric 2-user system. Since the tandem code
consists of a source code (fsn, Gsn, Psns Ysn) and a channel code (fen, gen, Pen, Yen), we first
define the corresponding source coding error exponent (note that the corresponding channel
coding error exponent for the asymmetric 2-user channel was defined in Section 9.6).

Let (fsn, gsn» Psn, ¥sn) be a sequence of source code for CS Qgr with common source
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rate ﬁs and private source rate El as defined in the last section. The probabilities of Y-

and Z- error for the source coding are respectively given by

P (Ro R Qs1) 2 Pr(fpen(ing) 2 (ST L™ = > QW(s, ) (10.47)
(Svl):wsn(ivj)#(svl)

and

PYO(Re, R, Qsz) = P (Re,Qs) 2 Pr({van() 5™ = > QW(s)  (10.48)
s:thsn (1) 78

where i 2 f,,(1) and j £ g,,(s). The probability of the overall 2-user source coding error

is given by
P (Re, R, Qs1) 2 Pr({pan(i, 4) # (ST, L)} U {then(i) # S™3). (10.49)

Definition 10.6 The 2-user source coding error exponent E(Ry, Re,Qsy1,), for any Ry > 0
and Ry > 0, is defined by the supremum of the set of all numbers E for which there exists a
sequence of source codes (fsn, gsn, Psn, Ysn) With blocklength n, the common rate no larger

than R;, and the private rate no larger than R, such that

1
E; < liminf —~ log, P™(Ry, Ry, Qs1). (10.50)

n—oo

Clearly, for any sequence of source codes (fsn, gsn, Psn, ¥sn), the error probability

P™(Ry, Ry, Qs1)

must be larger than Pﬁ(/?s(Rl, R2,Qsr) and Pg;) (R1, R2,Qsr)) but less than the sum of the

s

two, so we have

1
lim inf _E 10g2 Pe(g) (Rb R27 QSL)

n—oo

. 1 n n
= liminf —— log, max (Pfffjs(Rl,RQ,QSL),Pgel(Rl,Rg,QSL)). (10.51)

n—oo

In what follows we need to make two assumptions regarding the source codes in order
to analyze the probability of error of the overall tandem system. Let the source codebook

for (gsn,Vsn) (Receiver Z) be C9) = {cgg), vy cg\%} C 8™, and let the source codebook for
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(fon» Gsn, ©sn) (Receiver Y) be CU) x C19) where ) = {cgf),...,cg\gz} C L™. We assume
that (A1) the source encoder f, satisfies the condition (for every n): Q7"(f:.1(i)) > 0

and c!/) e fl(i@) for every i = 1,2,..., M;, where f;'(i) £ {1 € L™ : fo,(1) = i}. If

QT (f;1(i)) = 0 for some 4, then the codeword cl(-f ) is redundant, and we can remove
it from the codebook C). If cl(-f ) ¢ fo1(i), we can map the index i to some source
message 1 such that QE"(T) > 0 and fsn(T) = 1, so that the source coding probability of

error P)(,?S(ES,E,QSL) is strictly reduced by setting 1 as the codeword cl(-f ) (note that

Pg;)s(ﬁs,ﬁl, Qsr) is independent of fs,). Similarly, we assume that (A2) the source code

(9)

gsn satisfies the condition (for every n): Q%"(g;n (j)) > 0 and ¢’ € gan (4) for every j =

1,2, ..., My, where g} (j) = {s € 8™ : gsn(s) = j}. If QF"(95, (j)) = 0 for some j, then the
(9)

codeword ¢;” is redundant, and we can remove it from the codebook cl). 1f cg-g ) ¢ g1 (5),

we can map the index j to some source message s such that QF"(s) > 0 and gs,(S) = 7,

so that the source coding error probabilities Pﬁ(/?s(ﬁs, ﬁl, Qsr) and Pgé) (ﬁs,ﬁl, Qsr) are

S
strictly reduced by setting S as the codeword ng ). We remark that the source code satisfying
(A1) and (A2) does not lose optimality (in the sense of achieving the source error exponent).

Denote 7 1(i, j) = (77;1(2'), 7, (4)). By introducing (A1) and (A2), the error probability

of the tandem code (f;;’ QD:L) = (fsna Gsns Psn> Ysny fens Gens Pens Tpcn) is given by
P(Qst, Wy ziux,T)

& Pr ({u [ (Pen¥™)] # (5™ L)} Htown [15 (W 27)] # 57})
M; M

= Z Z Pr(m[fsn(L™")] = a) Pr(my[gsn (S™")] = b)

a=1b=1

=1/M, =1/M,
[Pr ({pen (™) # (a0 HJen(Z7) # 0} il fon(L7)] = @,y g (S™)] = b) +
Pr ({pen(Y™) = (a,b) and ¢, (Z") = b}

N{psnlr ™ (a,b)] # (ST, L™) or ten[my ()] # ST}

7y Fon (L) = @,y [gon(S™)] = b)) (10.52)
M; My 1
=D > MAL" ({wcn<Y"> # (a,0)} | {vhen(Z27) # b}|(a,b) is sent)
a=1b=1 s

+Pr ({anlS™, L7 # (57, L™ H J{anlS™] # 57)
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M; Ms

ZZ Mlljwspr <{90Cn(Yn) = (a, b)}m{%n(zn) = b}|(a,b) is sent) (10.53)

a=1 b1
= PW(rR,, TR, Wy ziux) + [1 = P& (1 Ry, TRy, Wy 71 x )P (R, Rr, Q1) (10.54)

where (10.52) follows from assumptions (A1) and (A2), which imply that a channel decoding
error must cause an overall system decoding error, (10.53) holds due to the independence

of source and channel coding.

Definition 10.7 The tandem coding error exponent E7(Qsr, Wy zjrx, ) for source Qsr,
and channel Wy 7y x is defined as the supremum of the set of all numbers E for which there
exists a sequence of tandem codes (f}, ¢} ) satisfying (A1) and (A2) with transmission rate
7 such that

~ 1 n
E <liminf —— log, Pe(* )(QSL, Wy z10x57)-
n

n—oo
When there is no possibility of confusion, Ep(Qsr, Wy zlux,T) will often be written as
Ep. The following lemma illustrates the relation between Epr and E;. Similar to Proposition

10.1, we have the following order.

Proposition 10.3 E;(Qsz, Wy zjux,7) > Er(Qsr, Wy zjux,T)-

We next give an explicit formula for E7 in terms of the corresponding source and channel

error exponents.

Theorem 10.13

. R R
Er(QsL,Wyzux,T) = sup min {TE <—17 —2,Q5L> aE(RlaR%WYZUX)}
R1>0,R2>0 T T

where e(Ry, R2,Qsr) is the 2-user source coding error exponent defined in (10.6) and

E(Ry, R2, Wy z)7x) is the asymmetric 2-user channel coding error exponent defined in (9.2).
Proof: The proof is basically the same as the proof for Theorem 10.1 and is omitted. W

Although tandem source-channel coding can achieve the reliable transmission condition,
it might not achieve the system JSCC error exponent. In the following we consider the

tandem system consisting of CS Qg and the AMAC Wy x. For the CS-AMAC tandem
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system, we have only one receiver, Receiver Y, and the source decoder (cf. Fig. 10.21) ¢y,

becomes a Sepian-Wolf decoder [29]. Furthermore,

P(Ry, Ry, Qs1) = PV (R1, Ry, Qs1) = QY (s,1)
(8,D):%sn (3,5)#(s,1)
and
n n 1 n
P\ (Ry, By, Wy ) = PYo(Ra, Ry, Wy px) = SR TR: > > Wy(/|;<(3’|u’x)-

M x M, Y:Pen (y)#(]#)

In this case, we can upper bound the source error exponent by

c <ﬁ, @,Q3L> < min D(Ps1)|Qs1) = max [pw
T T Psp:tHp(S,L)=R1+R2 p>0

— Es(p, QSL)] ;
(10.55)

which is obtained by viewing the two source encoders fs, and g5, as a joint encoder, where

Es1(p,Qsr) is given by (9.92). Therefore, we can upper bound the tandem coding error

exponent for the CS-AMAC system by

Er(Qse, Wy zjux, )
< sup  min {maX [p(R1+ Ra) — TEs1(p, Qs1)], Esp(Ry, Ra, WYUX)}
R1>0,R2>0 p=0
(10.56)

where Eg,(R1, R, Wy x) is an upper bound for the channel error exponent and is given

by (9.91).
Example 10.5 Now consider the same binary CS Qgr, given in Example 9.1 such that

Ba(p,Qs1) = (1+ p)logs { [(;)_ v (%)_] (1-9™ +2 (g)”lp},

and consider the same binary multiple access channel Wy |y x as in Example 9.1 with binary
additive noise Pp(F =1) =€ (0 < € < 1/2) such that
Esp(Ba, Rz, Wypx) = min Iggg[ﬁi(% Wyjvx) — pRi) = lglgg[ﬁi(% Wywx) — p(R1 + Ry)]

where §1 = R1 + Ry, ﬁg = Ry, and

- - 1 o
Ei(p, Wyrx) = E2(p, Wyjyx) = p — (1 + p) log, <€1+p +(1—¢) ””) :
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It follows from (10.56) that upper bound for Er only depends on the sum rate R + Ry and
hence the upper bound can be reduced to
Er(QsL, Wy zjux,7) < sup min {maX [oR — 7E1(p, Qs)] , max[E1(p, Wy yx) — PR} -
R>0 p=0 p=0

In Fig. 10.22, we plot the lower bound for E; from (9.96), and the above upper bound
for Ep for different source and channel parameters. It is seen that for a large class of (g, €)
pairs with the same transmission rate 7, there is a considerable gap between the upper
bound for Ep and the lower bound for E;, which implies that JSCC can substantially
outperforms tandem coding in terms of error exponent for many binary CS-AMAC systems
with additive noise. In fact, from Fig. 10.22, we see that E; almost doubles Er for many
(g,€) pairs. When Ej; =~ 2FEp holds, it can be equivalently interpreted that, to achieve
the same system error performance, JSCC only requires around half delay of the tandem

coding, provided that the coding length is sufficiently large.
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Figure 10.22: The lower bound of E; vs the upper bound of Ep.
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10.7 Conclusion

We derived a conceptual formula for the tandem coding error exponent for arbitrary discrete
systems. We hence can provide a systematic comparison between E; and Ep for DMS-DMC
pairs and SEM source-channel pairs. We showed that JSCC can at most double the error
exponent vis-a-vis tandem coding for these discrete source-channel pairs. However, we are
not able to show that the same relation is still valid for the lossy discrete case. We established
sufficient explicit conditions under which E; > FEr for discrete memoryless systems and
SEM systems. Numerical results indicate that E; ~ 2FEp for a large class of DMS-DMC
pairs and SEM source-channel pairs, hence illustrating the substantial potential benefit of
JSCC over tandem coding. This benefit is also shown to result into a power saving gain of
more than 2 dB for a binary DMS and a BPSK-modulated AWGN /Rayleigh channel with
finite output quantization. We next partially extended our results to discrete memoryless
systems with channel output feedback and source SI. Numerical results demonstrated that
the JSCC is superior to the corresponding tandem coding error exponent for many cases.

We also derived an expression for the tandem coding exponent for Gaussian source-
channel pairs provided that SDR > 4 (=~ 6dB). The tandem Gaussian exponent has a
similar form as the discrete tandem error exponent. As in the discrete cases, the JSCC
exponent is observed to be considerable larger than the tandem exponent for a large class
of Gaussian source-channel pairs.

We then derive a formula for the tandem coding error exponent for the 2-user asymmetric
source-channel systems in terms of the 2-user source and channel exponents. To exploit the
advantage of JSCC over tandem coding for the 2-user system, we show that the tandem
coding exponent can never be larger than the JSCC exponent, and we numerically show
that there is a considerable gain of the JSCC error exponent over the tandem coding error

exponent for a large class of binary CS-AMAC systems with additive noise.



Chapter 11

Conclusion

11.1 Contributions

The main purpose of the thesis was to study the JSCC reliability function for single-user
and multi-user systems. The following techniques were used to establish and analyze lower

and upper bounds for the JSCC reliability function for different systems.

(a) We generalized Csiszér’s type packing lemma for a 2-dimensional type setting and
we proposed a new continuous-type class, the Laplacian-type class, to analyze the

memoryless Laplacian sources.

(b) Several approaches were used for upper bounding the JSCC reliability function:

e We employed the type counting argument to obtain an upper bound in terms of

the source and channel error exponents (e.g. Theorems 6.1, 7.5 and 9.3);

e We employed the strong converse JSCC theorem and the artificial source-channel
pairs to lower bound the probability of decoding error/exceeding distortion (e.g.,

Theorems 7.2, 8.2, and 8.6).

(c) To establish a lower bound for the JSCC reliability function, the following basic bound-

ing techniques were used:

323
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e We employed a joint type packing lemma combined with generalized mutual
information decoders/conditional mutual information decoders to upper bound

the probability of error (e.g., Theorems 6.4 and 9.1);

e We modified Zigangirov’s iteration algorithm to upper bound the probability of

error in the presence of feedback (e.g., Theorem 6.2).

e We employed the random-binning encoder together with a minimum conditional
entropy decoder in the two-stage JSCC to upper bound the probability of error
(e.g., Theorem 6.4);

e We employed and modified Gallager’s classical random-coding bound for lossless

JSCC with channel input cost constraints (e.g., Theorems 8.3, 8.6 and 8.7);

e We employed and extended the two-stage (A-admissible quantization plus lossless
JSCC) JSCC scheme to upper bound the probability of excess distortion (e.g.,
Theorems 8.3, 8.6 and 8.7);

e We employed superposition coding for the transmission of two CS over a 2-user

channel to enlarge achievable error exponents (e.g., Theorem 9.1).

(d) Finally, we employed the properties of conjugate functions and Fenchel duality theo-
rem to evaluate these upper and lower bounds, and to show the relation between the

results of Gallager and Csiszar (Observation 5.1).

Now let us, chapter by chapter, go through the main contributions of the thesis.

In Chapter 3, we generalized Csiszar’s type packing lemma from a single type setting
to a 2-dimensional joint type setting. We developed Laplacian-type class and formulated a
type covering lemma for this continuous type class.

In Chapter 4, we illustrated the (Fenchel transform) relations between source/channel re-
liability functions (error exponents and excess distortion exponents) and the source/channel
functions. Several Fenchel transforms were also derived; see Table 4.1.

In Chapter 5, by employing the Fenchel duality theorem, we established equivalent

expressions in terms of the difference of source and channel functions for Csiszar’s random-
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coding source-channel exponent E ;,., sphere-packing source-channel exponent E Jsp, and
expurgated source-channel exponent E;., for discrete memoryless systems. A sufficient
and necessary condition for which E ;, = E s, was given. We also examined this condition
to DMS-DMC pairs when the channel admits a symmetric distribution. We derived a
sufficient and necessary condition under which £ ;. strictly improves E ;.. This condition
has been examined for equidistant channels. Using a similar optimization technique, we
also derived equivalent expressions for Csiszéar’s upper and lower bounds for the lossy JSCC
excess distortion exponent for binary input channels under Hamming source distortion.

In Chapter 6, we first established upper and lower bounds for the JSCC error expo-
nent E , for DMS-DMC system with perfect feedback. It was demonstrated by numerical
examples that feedback can strictly increase the JSCC error exponent. The source side in-
formation was next considered. When the source side information is available at the decoder
only, we established a lower bound for the JSCC error exponent E?I D We established the
JSCC theorem and proved that the separation principle holds for this scenario. We showed
that, in the presence of the source side information at the decoder, the JSCC error exponent
can be strictly larger than the one without any side information. A sufficient condition for
which the source side information can improve the JSCC error exponent for a binary source
and a symmetric channel has been driven.

In Chapter 7, we mainly focused on establishing upper bounds for the JSCC error expo-
nent for SEM source-channel pairs. We first established a sphere-packing type computable
upper bound in terms of Rényi entropy rates of artificial Markovian source and noise pro-
cesses. We then established a conceptual upper bound in terms of SEM source and SEM
channel error exponents by introducing Markov types. By comparing the sphere-packing
type upper bound with Gallager’s lower bound, when the later one is specialized to SEM
source-channel systems, we obtained a sufficient and necessary condition for which the JSCC
error exponent is exactly determined by the upper and lower bounds. By using the Fenchel
duality theorem, equivalent expressions for these bounds were derived as in the case of
memoryless systems. As by-products, we obtained upper bounds for the SEM source error

exponent and the SEM channel error exponent.
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In Chapter 8, we first established upper and lower bounds for the JSCC excess distortion
E?’g for an MGS (under the squared-error distortion) and an MGC (with the quadratic
power constraint). Equivalent expressions for these bounds were given, via which we ob-
tained a sufficient and necessary condition for the upper and lower bounds to coincide. We
next extended the results regarding the upper and lower bounds for the JSCC excess dis-
tortion exponent to a system consisting of an MLS under magnitude-error distortion and
an MGC. We also proved a lower bound for the JSCC exponent for a general class of con-
tinuous source-channel pairs when the distortion is a metric and if there exists an element
S € R with Eexpltd(s, s,)] < oo for all t € (—oo, +00), where the expectation is taken over
the source distribution.

In Chapter 9, we established universally achievable error exponent pairs for transmitting
two correlated sources over a 2-user asymmetric discrete channel. Lower and upper bounds
for the system overall JSCC error exponent E; as well as the JSCC theorem were estab-
lished. We proved that the separation principle holds for the asymmetric 2-user scenario.
We also applied these results to CS-AMAC systems and CS-ABC systems. We finally
evaluated our bounds for E; for certain CS-AMAC systems when the channel admits a
symmetric distribution by deriving equivalent expressions for the lower and upper bounds
for the system JSCC error exponent in terms of source and channel functions.

In Chapter 10, we first derived a formula for the tandem coding error exponent Ep for
discrete system with arbitrary memory. We then compared the JSCC error exponent E;
with the tandem coding error exponent E7 for DMS-DMC pairs and SEM source-channel
pairs. For both cases, we have shown that F; can at most double Er. Several computable
sufficient conditions for which F; > Er was established for the discrete memoryless and
Markovian systems. The numerical results demonstrated that these conditions are satisfied
by a large class of source-channel pairs, and for many cases E; can be close to twice Er.
Such exponent improvement due to JSCC translates into a power saving gain of more than
2 dB for a binary DMS and a BPSK-modulated AWGN/Rayleigh channel with finite output
quantization. We next derived the tandem excess distortion exponent E? © for MGS-MGC

pairs when the distortion threshold is less than 1/4 of the source variance. It was seen that
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E? € admits a similar expression as Er in the discrete case. By numerically comparing
the lower bound of the JSCC excess distortion exponent E?’g with E? ’8, we observed that
Ef’g substantially outperforms E:% € for many MGS-MGC pairs. We derived a formula for
the tandem coding error exponent of the asymmetric 2-user system. Numerical examples
show that for a large class of systems consisting of two correlated sources and an asym-
metric multiple-access channel with additive noise, the JSCC error exponent considerably

outperforms the corresponding tandem coding error exponent.

11.2 Suggestions for Future Research

Since the JSCC reliability function reflects the best (asymptotic) performance of transmit-
ting a single source (or multiple sources) over a communication channel, it provides an
important information-theoretic limit that points out certain systems for which a search
for good joint codes might prove fruitful. On the other hand, determining and bounding
the JSCC reliability function is one of the most challenging problems in Shannon theory.
In this section, we will touch on some open problems and indicate suggestions for future
research.

First of all, important work has to be done with respect to pursuing tighter upper
and lower bounds for E; (or Ef, E?’g). Following the conceptual upper bound for the
JSCC error exponent for DMS-DMC and SEM source-channel systems (which states that
E; is upper bounded by the smallest sum of the source and channel error exponents),
upper bounding the JSCC error exponent for the two discrete systems is strongly related
to upper bounding the channel error exponent, since a new upper bound for the channel
error exponent leads to a new JSCC error exponent upper bound. For instance, recent
works (see [14], [23] and the references therein) have proved tighter upper bounds for the
BSC. It is shown that these sharpened upper bounds coincide with the DMC random-coding
lower bound E;.(R, Wy |x) for some interval directly below the channel critical rate (in other
words, it is shown that for the BSC with its £ above a certain threshold, E, (R, Wy |x) =

E(R, Wy x) for Ry < R < C(Wy|x) where Ry can be less than R..(Wy,x)). Therefore, by
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using the new upper bound for BSC error exponent in the bound

Ey(Qs, Wy|x,7) < inf [Te <§7QS> + E(R, WY|X):|

we can enlarge Region B in Fig. 5.4., i.e., we can determine E; for more binary source and
BSC pairs.

In Chapter 5, we examined Csiszar’s expurgated lower bound E ., for a DMS and a
DMC with zero-error capacity equal to 0 if Ee, (R, Wy |x) = maxpy Ee, (R, Px, Wy|x) is
attained for a Px not depending on R. We wonder whether the expurgated source-channel
lower bound holds for arbitrary DMS-DMC pairs, and more generally, whether there exists
an expurgated-type bound for other systems, say SEM source-channel systems, or MGS-
MGC systems.

In Chapter 6, we mentioned two interesting problems for future study: how to es-
tablish an upper bound for the JSCC error exponent with source SI at decoder, and we
wonder whether the lower bound E*ﬁl D still holds if the random-coding channel exponent
E,(THpg(S), Wy |x) is replaced by the expurgated channel exponent F..(7Hpg(S), Wy |x)?

We also mention the need for further study with respect to the tandem coding excess
distortion exponent. After all, most of the applications used today are designed for tandem
systems. In Chapter 10, we proved that the formula for the tandem error exponent for
discrete systems, which is expressed by the max min of the source and channel exponents,
is still valid for MGS-MGC systems when the distortion threshold A is less than 1/4 of the
source variance. It might be not difficult to extend this result to MLS-MGC systems due
to the similarity of Gaussian and Laplacian distributions, but the proof for the converse
part of the exponent (Theorem 10.12), which relies on the geometric property of Gaussian
density function, cannot be applied to other sources, say DMS’s with Hamming distortion
measure. We expect that a unified approach irrespective of the distortion measure and the
source distribution can be used to determine the tandem excess distortion exponent.

Additional results might be expected for other source-channel systems, e.g., for trans-
mitting a DMS through a time-varying channel, and for transmitting an MGS over a fading

channel. As Shannon’s source-channel separation theorem breaks down and the achievable
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rate region as well as the proper method of coding are unknown for general multi-terminal
source-channel coding systems, it is important to investigate the JSCC reliability function
for other multi-terminal systems. For example, since we do not have a single-letter char-
acterization of the JSCC theorem for transmitting correlated sources over a multi-terminal
channel, say transmitting three sources (one common source plus two private sources) over
a symmetric multiple-access channel, establishing an achievable lower bound for the JSCC
reliability function is particulalry meaningful.

Finally, note that the JSCC reliability function can be used as a tool (particularly when
it admits a simple analytical expression) for the construction of high-performing JSCC
techniques and JSC modulation constellations for communication systems, (e.g., see [52]

for such a study involving only the channel random-coding error exponent).
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