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ABSTRACT

In large thick plastic pipe extrusion, the residence in the cooling chamber is long, and
the melt inside the pipe sags under its own weight, causing the product to thicken on
the bottom (and to thin on the top). To compensate for sag, engineers normally shift the
die centerpiece downward. This paper focuses on how this decentering triggers
unintended consequences for elastic polymer melts. We employ eccentric cylindrical
coordinates, to capture exactly the geometry of our problem, the flow between eccentric
cylinders. Specifically, we arrive at an exact analytical expression for the axial and
lateral forces on the die barrel using the polymer process partitioning approach,
designed for elastic liquids. We choose the Oldroyd 8-constant framework due to its
rich diversity of constitutive special cases. Since our main results are in a form of
simple algebraic expression along with two sets of curves, they can thus be used not
only by engineers, but any practitioner. We close our paper with detailed dimensional
worked examples to help practitioners with their pipe die designs.

Keywords: Plastic pipe extrusion; eccentric annular flow; extrusion die design; straw
extrusion; catheter extrusion; Oldroyd 8-constant framework.
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I. INTRODUCTION

When plastic pipe is solidified, it proceeds through a long cooling chamber (see Fig. 1.
of [41]). Inside this chamber, inside the hollow extrudate, the plastic is molten, and this
inner surface solidifies last. Sag, the flow due to the self-weight of the melt, then
transpires in this cooling chamber, and sometimes, thickened regions (called knuckles)
arise in the lower quadrants, especially of large diameter thick-walled pipes. To
compensate for sag, engineers normally shift the die centerpiece downward (see Fig. 5.
of [41]). Recent work has focused on some of the consequences triggered by this
downward decentering [40,41,42,43,1,°]. For instance, downward decentering gives rise
to a downward force on the mandrel, be the melt elastic or Newtonian (see Eq. (172) of
[40]). This paper focuses on heretofore unexplored consequences of downward die
decentering, and specifically, on the forces on the die barrel.

Table I summarize prior work on flow between eccentric annuli. The reader is
alerted to Table II, a useful list or errata to the cited articles. Table III is a helpful
correspondence between the symbols used in this paper, and those of the prior work of
Jones [32]. Table IV defines the dimensional variables used herein, and Table V, the
dimensionless ones.

a. Eccentric Cylindrical Coordinates
Eccentric cylindrical coordinates [3], illustrated in Figure 1, consist of two orthogonal

sets of cylindrical shells. The first set is defined by the eccentric radial coordinate, &, and

another, by the eccentric angular coordinate, 6. The transformations from Cartesian to
eccentric cylindrical coordinates are given by:

1-&cosO Esin6
= , = , Z-=2 1),(2),(3
u1—2§c050+§2 4 a1—2§c059+§2 ¢ 023
where:
a=8" (R} +R! +8* —2R’R? ~2R?5” - 2R*5%) " @)
where R, R, and § are the mandrel radius, the extrusion die radius and the
eccentricity (see Fig. 2. of [40]). Extrudate emerges from the die in the positive z-
direction.
Employing Eqgs. (A.7-13) of [4] gives us the scale factors for coordinates & and 6
a ak

h. = , h,= 5), (6

ST 14+E2-2Ecosh’ ' 1+ E*—2Ecos0 ©), (6)
The differential area relevant to the forces on the barrel is given by:
dA LIS 7)

o~ 1+&°-2Ecosh
which we will use in Section II to get the forces on the barrel.

b. The Oldroyd 8-Constant Framework
The Oldroyd 8-constant framework is given by (see Eq. (8.1-2) in [5]; [6,7]):
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where 6, is Kronecker delta. This corotational framework has been studied extensively,

both in theory [8,9,10,11] and in its applications [12,40,41,42,43]. Eq. (8) reduces exactly
to many special cases. We tabulate 18 of these (see Eq. (13)ff in [12]). Our work in this
paper can thus be applied exactly to any of these 18 popular cases, or for that matter, to
any future constitutive equations derived from the corotational framework that is Eq.
(8).

The uninitiated may wonder about how well one or the other of the special cases of
the Oldroyd 8-constant equation can approximate real polymer melts. Each of the 18
special cases has its own merits, and the details for this comparison can be found in
Chapter 7 of [20] and Chapters 7 and 8 of [5]. Furthermore, to estimate the parameters
in Eq. (8) from experimental data, see PROBLEM 7A.1 of [20]. Eq. (8) has also been
approximately connected to the Rivlin-Ericksen, Spriggs 6-constant and Giesekus fluids
(see Appendix of [13]).

The Oldroyd 8-constant framework has also been closely connected, albeit
approximately, with macromolecular theory ([14,15,16]; see Table 1 of [17]; see Egs. (32)
of [18],[19]; see Tables 6.2-1 and 6.2-2 of [20]; Problems 11B.9 and 11B.10 of [21]; §IV and
§V. of [22]; §9.5 of [5]).

In Eq. (8), the total stress, rate of strain and vorticity tensors are given by:

T, =T, +pS,, = %[VV+(VV)+J, w= %(VV—(VV)JF) (9),(10),(11)

and the corotational derivative for any tensor b, by:

Zb_Db, bobew (12)
ot Dt

In Eq. (9), p is the hydrodynamic pressure, and &, the Kronecker delta.

The Oldroyd 8-constant framework can be remarkably useful in polymer processing
when it leads to analytical solutions, as it does for wire coating (Case III in [32]), for a
corrugated wire coated through a corrugated die (see Section 3. of [33]; Section 2. of
[23]), for plastic pipe extrusion for elliptical pipe ([24,35]), and also for extrusion from
an eccentric annular pipe die (Case II in [32],[40],[42,43],[41]). Moreover, the
molecularization of the Oldroyd 6-constant fluid is treated in [25].

In steady shear flow, for any special case of Eq. (8), the viscosity function is given by
(Eq. (14) of [26])

n_ 1+(0-2/O-1)(\/6717)2 _ 1+0 Wi’

n, o 1T+ Wi? (13
Un 1+(\/071y) 1

where

o, =AM+ (1, —2v) - (w-v,), o=0,/0, (14),(15)



We will use Eq. (13) [with Egs. (14) and (15)] in Subsection IL.a to calculate the axial
force exerted by the fluid on the barrel.

c. Axial Velocity Profile
In plastic pipe extrusion, the flow through the eccentric die is considered to be
rectilinear (see Figure 2):

v=[0,0,0,(£,0)] (16)

This problem was solved in eccentric cylindrical coordinates (see “Worked example:
momentum transfer” of [3]; [40]). We begin by recalling the dimensionless axial velocity
profile (Egs. (48) and (51) in [40]):

52(5’9)5%02 :vo+(1—a)Svl (17)
where P=—dp/dz is minus the axial pressure gradient (the cause for the flow), and:
o,a’P?
= 116712 (18)
0
and where v, and v, are given in Eq. (19) and (25).
The Newtonian contribution in Eq. (17) is given by:
- 1
= 06— 19
% gg‘p“cosn 1-2&cosf+&° 19)
where:
5 = a,+B,In& ;n=0 20)
T 28" +2B & ;n=1
with o, B,, & and &, given by:
giz ln 51‘2 + ln 502 — 502 ln 502 — 1n éiz
;n=0
(FIng 48 g + g~ £ P ng?)(-1+87) o
o = 21
n 2% 2n 2n 2n 2¢2n
éiéo _go +51 _go gi ,nzl
(50211 _ 502;14-2 _ 5[211 + 502€i2n)(_1 + 5,‘2)
2 g2
éo 51’ Tn= O
(-InE+E ME +InE - E &) (-1+&7)
[))" = ngn 2 2 (22)
ng-n n+2 érj 50 (EO n éi )n+2 n 2 L = 1
(_50 51‘ +§o éi +50 éi _50 5:‘ )(_1"'51‘ )
where:
(R?—R?-8)—(R! + R} +8* —2R’R? ~ 2R?6” —2R?5?) "
&l = 0 1 0 1 1 0 1 0 (23)

28R,
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1/2

2 26R

0

(24)

Eq. (23) represents the surface of the extrusion die barrel, and Eq. (24), the mandrel (see
Figure 2). The non-Newtonian variable in Eq. (17) is given by:

v, = Y.y, cosnd (25)

n=0
which can be truncated to:
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v, = ).y, cosnd (26)

n=0
where:
v, =B + By + By +y Y (27)
with:
o) A +B IE +o) in=0 ;m=1,2,3,4 08)

" Almgr +B’“§ +ol" n=1 ;m=1,2,34
where:
Ing, vlpO(Zj) Ing, UlpO(g )'n:O vi?}o(ii)—vﬁ)o(éa)_ =0
2 2 4 2 2 4
Al In&”-In¢, ) B — Ing —Ing, (29), (30)
1_’105;7);1 (50)_50_'1’057:,)” (61’). nZl 0 1pn(§l) g vlpn(go) n 21
50 gin - gonéi_n 60 5[" éo 5[

and where ?Ji’:,)n are given in Egs. (82)—(100) of [40].

II. RESULTS: TARGETED QUANTITIES ON THE BARREL
In this section, we will work out the expression for forces on the barrel. We start
with the expression for the magnitude of the rate of strain tensor in eccentric cylindrical

coordinates:
._(1—2§C089+§2) 9.\ (90, Y
T (5 aéj +(aej

which we nondimensionalize to:

99
s

WiE\/G—lj,/:\/§1—2§cgst9+§z\/(5

+| —=
00

(31)

(32)

We next evaluate Eq. (32) on the die barrel, { =¢ , to (Eq. (121) with Egs. (122) and (123)

of [40]):
Wi, =Jo,7, =—J/S[ Wi, +(1-0)S Wi, |
where:

(33)



°° 2cos6—-2&
o 2 9’|, cosnb — 5 4
Wi, (1+§0 2§Dcost9) Z& £ (1_250&89_’_55)2 (34)
4
Wi, = (1 +E2-2& cosG)Zl//; . cosnb (35)
n=0 ’

We will use Eq. (33) [with Egs. (34) and (35)] to evaluate axial force in Subsection II.a,
and for lateral force in Subsection II.b.
For the generalized Newtonian fluid, the expression for the shear stress at the barrel
wall is given by:
-2

O\ 1+o0,y, .
7 (8 0)=n(7 )7 = 257, (36)

where y, = )'/(50,9) is the magnitude of the rate of strain tensor at the barrel wall.
Nondimensionalizing Eq. (36) gives:
0,7 ,0 i
S, = Vo%e.(4,0) _ Lo Wi vy, (37)
M, 1+ Wi
where Wi are given by Eq. (33) [with Egs. (34) and (35)].

a. Axial Force
The axial force exerted by the fluid on the mandrel per unit length is given by:

z = %JAT& (éo’e)dAez (38)

which can be nondimensionalized to:
o, F
F = L 1 S, ldAez (39)
na L4 °a
Substituting Egs. (7) and (37) into Eq. (39) gives:
.2 .
po Lo WL WL g (40)
© o do 1+ Wi 148728 cosO
which yields no analytical solution. However, for low shear rate at the barrel wall:
7, <\/1/0o, (41)
which is often the case in plastic pipe extrusion, substituting Eq. (33) into Eq. (40), and
integrating gives:

]FZEE:\/g[Fw+(1—6)SIFZJ (42)
o ; ,

where:

_— —47:(502 - 'g'f) 47&? 43)

2,0 (_1n§02 FEAINE +InEr—E” 1n§i2)(—1+§,,2) 1 28+
BBl +ofi(e) e 280 (5 )]

+By[ 2BYE + 05 (&) |+ 2BYE + ol (&) ] (44)

H:Pz,l = _Zﬂgo \/g



where f, and B" are given by Eqs. (22) and (30), and v/\") are given by Eqs. (194),

P,
(196), (201) and (207) of [40]. Eq. (42) [with Egs. (43) and (44)] is the main result of this
paper. To plot Figure 3, we coded Egs. (43) and (44) into MATLAB (Version R2012b) on
a MacBook Air (1.3 GHz Intel Core i5 processor with 4 GB 1600 MHz DDR3 memory)
employing the OS X (Version 10.10.2) operating system. For each point in Figure 3, we
find such an evaluation to consume less than a second CPU time.

b. Lateral Force
The lateral force (per unit length) exerted by the fluid on the mandrel is given by:

1
F EZJ‘AT&(Q,G)dAGZ (45)
which we nondimensionalize to:
A
1g gl (46)
LJA a
where:
F 0,7 ,0
F, = JoiE, ;T = Vo175 (4,6) (47),(48)
N4 ' UR

The dimensionless shear stress at the barrel is given by (integrating Eq. (23) of [32]):

= _ ()“1_“1)1+0'Wi§_()“2_nu2) -2_1(’11_/11_/12"':“2) 2 (1 .2 49
réélo_[ o W o Wi -~ e [oWil+(1-0)In(1+Wi2)] (49)

Substituting Egs. (7) and (49) into Eq. (46) gives:

l:()q_:“l)l"'o'wﬁ (lz_uz)]W-z
2 10

\/0-71 1+ Wlo \/671 50 4o (50)
0 A= — A+ 1+&) =28, cosd

R U3 “2)[aWi§+(1—c)1n(1+Wi§)}
2 o _
which yields no analytical solution. However, for low shear rate at the barrel wall, Eq.
(41), which is often true in plastic pipe extrusion, substituting Eq. (33) into Eq. (50)
gives:

F 21 & Wi
] = Y (51)
(A =1, — A, + 1) . '[0 1+&%-2& cosO
(1-%0)
Jo,
Substituting Eq. (33) into Eq. (51) gives:
& (Wi2+2(1-0)SWi, Wi, +(1-0) S Wi
J =Js[° ( o 2(1-0)S Wiy Wiy +(1 ~0) 1)d0 (52)

1+&2-2& cos6

{(%—ui/—élﬁuz)(l_%c)}

which can be truncated to:



F
X, = 0 =S5, +(1-0)Syx, (53)
(ll_:ul_/lz"_»uz) I: ( ) :I

\/0'71 (1-%0)

27 Wl(z) 2n Wi, Wi
= do, =2 01
%o goj‘O 1+&%-2& cosO i g"J.O 1+&2-2& cosO
where Wi, and Wi, are given by Egs. (34) and (35). Eq. (53) [with Egs. (54) and (55)] is
the main result of this paper. Finally, to plot Figure 4 and Figure 5, we code Eq. (53)
[with Egs. (54) and (55)] using the integral routine in Matlab 2012b to evaluate the
integrals in Egs. (54) and (55).

where:

(54),(55)

III. DISCUSSION
Figure 3 shows the descending dimensionless axial force on the barrel, F_, as the

flow channel narrows. In other words, by holding the inner contour (¢;) constant, the

axial force increases with outer contour. Whereas the Newtonian contribution to the
dimensionless axial force (see Figure 4) increases with the flow channel, the non-
Newtonian contribution decreases (see Figure 5). Interestingly, the dimensionless
Newtonian contribution barely changes with the flow channel gap, through changing

either, and & .

IV. WORKED EXAMPLES
Engineers gather the following process details for their high-density polyethylene

pipe extrusion line, where the pipe dimensions are R, =0.32m, R, =0.22m, 6 =0.01m
with the throughput of pQ =0.01kg/s, and the material properties at the operating
temperature are 17, =1.1x10"Pa-s and p =900 kg /m®. From their measured crossover
frequency, ®,, of her n’(w) and 1”(®) curves at the operating temperature, she
estimates a characteristic relaxation time of A, =1/w,=1.38s. They want to calculate the

(i) axial, and (ii) lateral force on the barrel
To get the pressure drop per unit length, P, they first calculate & =0.0409,

=0.0594, 1=5.3720m, o, =1.9s>, 6, =0 and o =0 by inserting the given
0 1 2 y g g

information into, in order, Egs. (23), (24), (4), (14)—(15). Following the procedure in §7 of
[40] yields the required pressure drop per unit die land length:

P=8.46x10° Pa/m (56)
and the dimensionless pressure gradient squared:
S=0,a’P*/161,> = 0.0203 (57)

and thus S* is well below one, as it should be (see Eq. (62)ff of [40]). Finally, we use Eq.
(33) to calculate the deformation rate at top of the barrel wall:

10



~ —/0.0203[-0.0386+(0.0203)(-0.1204) |
Vo= J19 (58)
=4.24x107
which satisfies y, <« \/% =1.38, as it should.
(i) Interpolating Figure 3 for & =0.0409 and £ =0.0594 gives I, ;=0.0132 and

F ,=4.30x10"°. Evaluating Eq. (42) yields the axial force on the barrel per unit length:

F, =+/0.0203[ 0.0132+0.0203(4.30x10°*) | =0.00190 (59)
Using the definition of F_, Eq. (42), gives:

0.00190)(1.1x10’ Nm™-s)(5.372m
poEma_( I I ) _s14x10' N (60)

: \/(71 1.38s m

the dimensional axial force on the barrel per unit length.
(i) Interpolating Figure 4 and Figure 5 for & =0.0409 and & =0.0594 gives

2,=0.984 and y, =3.19x107. Evaluating Eq. (53) yields the lateral force on the barrel
per unit length:

%, =0.0203((0.984)+(1-0)$(3.19x107) | = 0.0200 (61)

Using the definition of y,, Eq. (53), gives:

()’1 — _2'2 +.u2)
+:uo(,u1 _%V1)_.u1(/11 -V
moa_ (0.0200)(1.1x10"N'm™-s)(5.372m)
=

1

Er :Zonoa A{f )(1_%0-) (62)

=8.56x10° E (63)
1.38s m

the upward dimensional lateral force on the barrel per unit length. Finally, from Eq.
(58), we see that the deformation rate at the barrel wall also satisfies 7, < 1/ \/0'71 =1.38s,
as it should.

F=%

V. CONCLUSION

We consider a large diameter plastic pipe extrusion through an eccentric die using
the Oldroyd 8-constant fluid. We arrive at analytical expression for our main results for
both axial, Eq. (42) [with Egs. (43) and (44)], and lateral, Eq. (53) [with Egs. (54) and (55)],
forces on the barrel by solving the equation of motion in eccentric cylindrical
coordinates using the polymer process partitioning method [42,43]. We find that the
lateral force on the barrel is always be upward, be the melt Newtonian or elastic. Our
Worked Example shows how to use our main results, Eq. (42) [with Figure 3] and Eq.
(53) [with Figure 4 and Figure 5].
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Table I; Literature Review on Flow between Eccentric Annuli.

%o) 5 o g Forces -
g\ *-:4 < n -
S| €& |2 8] 2| =5
= 2 & 2 o 5 5 E
Authors (year) :é = g k . % c g E% &%
2 8|5 E| & g8 2 :
BRI £ 5 <
O O ) O
Caldwell (1930) N bi C > [27]
Piercy et al. (1933) N bi > > [28]
Oldroyd (1947) B ec > [29]
Heyda (1959) N bi > [30]
Berker (1963) N bi Sect. 23.9 [31]
Jones (1964);
Jones and Jones Oy ec ) X [32,33]
(1966)
Snyder et al. .
(1965) N | bi | x z [34]
Camilleri and
Jones (1966) Oy | ec | X [35]
Guckes (1975) P bi X [36]
](31%1%1) and Rivlin RE bi 5 (37]
Zidan and Hassan .
(1985) o? | bi | ¥ [38]
Kolitawong and .
Giacomin (2001) Popbi b ClCx| x| F [39]
Saengow et al.
(2015); Saengow et [40,41];
al. (2017); Oy | ec | = | Cx Cx Y [42,43]
Saengow (2016)
This paper O, | ec F,x [44]

Legend: B = Bingham; Oy = 8-constant Oldroyd; P = power-law; N = Newtonian; O
= Second-order; RE = Rivlin-Ericksen; ec = eccentric cylindrical coordinates; bi =
bipolar cylindrical coordinates; I = axial force; y = lateral force; X = series; C =

closed form; ¥ = numerical; CX = closed form with integral defined function;
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Table II: Errata to Cited Articles.

Ref.

Errata

8]

In Egs. (47) and (48), each 7 in the integrands should be 7’

In column 4 of rows 12 and 13, A, = u, = u, should be u, =-A;A, =u, and
= )‘1;}‘2 = U,

[11]

After Eq. (20), Ref. [10] should be [13]; Eq. (65) should be

We/De > ”m ; after Eq. (65), 3/3! should be /5! ,and y,>1.82 should
be y, >3.31; in Eq. (66), “ 20De*” and “10De” —50De* ” should be “ 20De”
and “ (10De— 50De3)De ” and so Fig. 15 through Fig. 17 of [45] replace
Figs. 5-7; on the ordinates of Figs. 5-7, 3 should be 2; in Egs. (76) and (77),

¥’ and ¥” should be ¥, and ¥,”; throughout, ", ¥,” and ¥, should

be P!, ¥," and P,” ; after Eq. (119), “(&er)” should be “¢(e)”; in Eq.
(127), “cost ” should be “(—Cos1:)”; after Eq. (136), “Eq. (134)” should be
“Egs. (133) and (135)” and “Eq. (135)” should be “Egs. (134) and (135)”;
after Eq. (143), Tyx| should be 7; in Eq. (147), “n—1" should be “n=1"; in

Egs. (181) and (182), “1,21” should be “1,2”; after Eq. (184) and in Eq. (185),
“mp “ should be “1,mp “; see also [46]

[17]

In Table 1, n,, should be n,-n,; Two and three lines above “6. STEADY

SHEAR FLOW”, “Oldroyd expression for viscosity or normal stresses or
extensional viscosity,” should be “Oldroyd expressions for n(y) , ¥y (y),

W (1), ne(€), (o) and (o),

[21]

Column 3 of rows 3 and 4 of Table IV of [9] correct column 3 of the last two
rows in TABLE 7.3-2.

[26]

In Eq. (12), both occurrences of “ 1" should be “b”

[32]

In Egs. (20) and (22a), “a const., ” should be “a const.,”; In Eq. (15),
“90,20,20" should be “90, >0, 21”; In Eq. (45),

“w' =w,+(1-0)Sw, +S%w, +S’w, +...” should be

“w = w, +(1 —0')Sw1 +(1 —0')2 S*w, +(1 —0')3 Sw,+...”;InEq. (54), “y ="
should be “%¥, ="; In Eq. (3.5), “ w,; =" should be “w, ="; In Eq. (16),

“Z =x+iy” should be “Z = x—iy.”; The first term on RHS of Eq. (23)

“y,” should be “y*”; The expression for E*) in Eq. (56), “+™*” should be
" r _ 4 I/.

[39]

in Ref. 9 and Table 1., “Buckes” should be “Guckes”; in Ref. 11 and Table
1., “1932” should be “1930”; in Ref. 11, “]. ].” should be “J., J.”.
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[45]

From 6th line of Introduction, delete “small-amplitude oscillatory shear”;
in Eq. (6), “38725” should be “38728”; in Ref. [22], “[23]"” should be “[21]".

In Eq (27) /1P4 77 Should be /1&1)4 //.In Eq (32) uﬁ))éwn Should be
1163_510411’InEq (33) 11&&%270” Shouldbe /1%%%2701/ InEq. (35)’ “_-1 r

74088
should be “ ="
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Table III: Symbol Correspondence between This Paper and Jones [32].

Variable name This paper Jones [32]
Axial velocity v, W
Axial velocity, dimensionless v, w’
Axial velocity, Newtonian contribution 7, W,
Axial velocity, non-Newtonian variable 7, W,
Confocal length a d
Contour, inner ¢ a
Contour, outer ¢ b
Eccentric angular cylindrical coordinate 0 ¢
Eccentric radial cylindrical coordinate < r
Eccentricity 0 h
Extra stress tensor Ty P;,-
Magnitude of rate of strain tensor 4 Y
Steady shear viscosity function n(j'/) F (y)
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Table IV: Dimensional Variables

Name Unit Symbol
Cartesian Coordinates [Egs. (1)—(3)] L X, Y, 2
Eccentric Cylindrical Coordinate, Axial [Figure 1] L z
Confocal Length [Eq. (4)] L a
Radius, mandrel [Eq. (4)] L R,
Radius, extrusion die [Eq. (4)] L R,
Eccentricity [Eq. (4)] L 0
Differential area d6dz [Eq. (7)] 12 dA,,
Extra stress, ijth component* [Eq. (9)] M/L# T,
Oldroyd constant, relaxation time [Eq. (8)] t A
Oldroyd constant, retardation time [Eq. (8)] t A,
Oldroyd constants [Eq. (8)] t Mo, Ly, 1y, Vi, Vs
Vorticity tensor [Eq. (11)] ! W
Viscosity, zero shear [Eq. (13)] M/Lt U 1;{)10177(7’)
Rate of strain tensor [Eq. (10)] 1 A
Rate of strain, ijth component [Eq. (8)] ! Vi
Hydrodynamics pressure [(9)] M/ Lt p
Total stress tensor, ijth component [Eq. (9)] M/L# 7
Oldroyd steady shear constants [Eq. (14) #2 c,,0,
Velocity vector, ith component [Eq. (16)] L/t v,7,
Minus of the axial pressure gradient [Eq. (17)] M/ P
Rate of strain tensor, magnitude [Eq. (31)] p1 y
Rate of strain tensor, magnitude, outer contour [Eq. (33)] 1 Y,
Force on the barrel per unit length, axial [Eq. (38)] M/ t? E
Force on the barrel per unit length, lateral [Eq. (45)] M/t E,

Legend: M =mass; L= length; t= time; T = temperature

*Where 7, is the force exerted in the jth direction on a unit area of fluid surface of constant x, by fluid

in the region lesser x; on fluid in the region greater x, (see “Note on the Sign Convention for the Stress
Tensor” on pp. 19-20 of [4], or pp. 24-25 of [47]).
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Table V: Dimensionless Variables and Groups

Name

Symbol

Eccentric coordinate, radial [Figure 1]

(TAYN

Eccentric coordinate, radial, inner contour [Figure 2]

AN

Eccentric coordinate, radial, outer contour [Figure 2] ¢
Eccentric coordinate, angular [Figure 1] 0
Scale factor, radial [Eq. (5)] h,
Scale factor, angular [Eq. (6)] h,
Oldroyd constant ratio [Eq. (15)] o
Axial velocity [Eq. (17)] 0,
Squared pressure gradient [Eq. (18)] S
Axial velocity, Newtonian contribution [Eq. (19)] U,
Axial velocity, non-Newtonian contribution [Eq. (25)] v,
Spatial function of axial velocity, Newtonian
contribution, nth harmonic [Eq. (20) P,
Spatial function of axial velocity, non-Newtonian
variable, nth harmonic [Eq. (27)] Vi
Spatial function of axial velocity, non-Newtonian (m)
variable, nth harmonic, mth group [Eq. (27)] Vo
Axial velocity, non-Newtonian variable, particular o)
1p,n

solution, nth harmonic, mth group

Integration coefficient, Newtonian contribution,
n-th harmonic [Egs. (21), (22), (29) and (30)]

Weissenberg number [Eq. (32)] Wi
Weissenberg number, outer contour [Eq. (33)] Wi,
gf;fsenberg number, outer contour, Newtonian contribution [Eq. Wi,
Weissenberg number, outer contour, non-Newtonian contribution Wi
[Eq. (33)] 1
Shear stress, outer contour [Eq. (37)] S,
Axial force, outer contour [Eq. (42)] F,
Axial force, outer contour, Newtonian contribution [Eq. (43)] F,,
Axial force, outer contour, non-Newtonian contribution [Eq. (44)] F,,
Normal stress, outer contour [Eq. (48)] (7
Lateral force, outer contour [Eq. (47)] F
Lateral force on the barrel [Eq. (53)] X,
Lateral force on the barrel, Newtonian contribution [Eq. (54)] Xo
Lateral force on the barrel, non-Newtonian contribution [Eq. (55)] X

18



Figure 1: Eccentric cylindrical coordinates showing the circles of constant eccentric

radial coordinate (black), &, and the circles of constant eccentric angular coordinate

eccentric pipe, between & =0.2 and { =04,

(green), 6 [Egs. (1) and (2)].

illustrates an example of a pipe extrudate.
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(5,0) - (51"0)

Mandrel

Barrel

Z
>

Figure 2: Flow of polymer melt through eccentric extrusion die. The mandrel is shifted
downward, by the value of §, for sag compensation. & and & are mandrel and barrel

contours. 6 =0 and 0 =7 are the eccentric angular cylindrical position at the top and to
bottom.
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Figure 3: Axial force exerted by the fluid on the barrel [Egs. (43), (44)].
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Figure 4: Newtonian contribution, y,, to the lateral force on the barrel [Eq. (54)].
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Figure 5: Non-Newtonian contribution, y,, to the lateral force on the barrel [Eq. (55)].
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