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Abstract

This thesis explores target-surrounding techniques for swarms of UAVs. Most

traditional target-surrounding approaches limit the swarm to circular trajectories

because it is easier to maintain the agents in such trajectories and apply collision

avoidance techniques. This thesis provides experimental validation, in real quad-

copters, of a novel target-surrounding technique from the literature, which introduces

the concept of circular embedding as a virtual circular trajectory where the swarm

is stabilized. This virtual circle is distorted, via quaternion rotation, to form a 3D

geometry that is topologically homeomorphic to the circle. This thesis also provides

an improved version of this technique, using the Lie group SO(3), expanding the

number of 3D shapes that can be generated via circle distortion. Additionally, this

thesis provides experimental validation of a novel low-level LQR controller for quad-

copters, defined using the Lie group SE2(3). This group enables the controller to

stabilize all the quadcopters’ states (orientation, position, and velocity), which is ef-

ficient when the vehicle follows more complex 3D trajectories, such as those provided

by the target-surrounding previously mentioned. The LQR is replaced by an MPC,

which was necessary to combine this controller with the swarm techniques studied

in this work, forming a Lie group cascade swarm controller for quadcopters. Finally,

this low-level controller was adapted to the dynamics of a fixed-wing, and the cascade
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swarm controller was successfully tested for this type of UAVs. The swarm technique

proposed here was tested with the dynamics of double integrators, quadcopters, and

fixed wings, proving that it is agnostic of the agents in the swarm.
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Chapter 1

Introduction

1.1 Introduction

A Multi-Agent System (MAS) is a collection of agents that interact and cooperate

(fully or partially) to accomplish a task that is usually infeasible for a single agent to

carry out on its own [1]. A swarm is a decentralized form of MAS that displays emer-

gent behavior, that is, complex behaviors that arise from local interactions governed

by simple rules without a centralized controller [2].

Robots, such as Unmaned Aerial Vehicles (UAVs), are often used as agents in

swarms, for a variety of applications, such as entertainment and military. UAVs

are 
ying vehicles without a person onboard [3]. The four main types of UAVs are

�xed-wing, rotary-wing/single-rotor, multi-rotor, and vertical take-o� and landing.

This thesis focuses on producing stable closed 3D geometries around a �xed point

for a swarm of UAVs while relying only on the local exchange of information among

agents.

Such structures are useful in dynamic capture or surveillance tasks, where agents

must be able to safely distribute around a target. They can also be applied to produce
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1.2. BRIEF LITERATURE REVIEW 2

mobbing behavior in coordinated attacks on adversarial agents [4]. Related applica-

tions are found in lattice formation [5], encirclement [6], epitrochoidal trajectories [7],

target enclosing [8], and other dynamic patterns [9].

Most of the recent work in controlling swarms to follow closed trajectories around

a �xed point is limited to circular trajectories and does not validate its approaches

using real vehicles. This work bridges that gap by providing experimental validation

of some algorithms in the literature while also proposing a new approach for creating

collision-free periodic structures for 
ying vehicles. This technique can be applied to

a broad range of UAVs, but this work focuses on quadcopters and �xed-wing vehicles.

1.2 Brief Literature Review

Some swarm algorithms mimic behavior in nature, such as Particle Swarm Opti-

mization (PSO) [10], inspired by bird 
ocks and �sh schools. Another example is Ant

Colony Optimization (ACO), based on how ants �nd the shortest path to food [11].

A major advantage of these algorithms is their scalability due to low computational

complexity. However, reliance on �xed parameters compromises their robustness to

dynamic environments [2].

Swarms are also controlled through learning-based methods, such as Reinforce-

ment Learning (RL) [12] and Deep Learning (DL). These methods perform well in

dynamic environments, but require large amounts of data and training time. When

operating in a centralized way, they require high computational power for training

and execution, making them di�cult to scale for large swarms. Operating in a de-

centralized way addresses the scalability issue, but may lead to the suboptimality of

Dimitria Silveria - Electrical And Computer Engineering
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the solution because each agent learns individually with local information [2]. Data-

driven techniques also generally lack the formal guarantees of stability provided by

traditional methods.

Swarm applications, such as surveillance and target enclosing, require the swarm

to follow closed trajectories around a �xed point. Consensus-based algorithms can

be applied to accomplish such tasks. The work in [13], for example, uses consensus-

based control to �nd the desired speed for each UAV in a target-enclosing task.

Additionally, it relies on heading error control to maintain the UAVs in the desired

circular trajectory around the target. The gains of this controller are found via PSO,

requiring the tuning of eight parameters for a swarm of four UAVs. This approach

only considers 2D trajectories and faces scalability issues, as the PSO optimization

parameters grow according to the number of agents in the swarm. Furthermore, it is

not tested in real vehicles, and the loss of agents may compromise the convergence of

the consensus-based algorithm.

Potential-based methods are common approaches for producing closed trajectories

in swarms. The work in [14] proposes a potential-based encirclement technique that

guides the agents through circular trajectories in the 3D space and ensures collision

avoidance between agents. This technique is restricted to swarms of homogeneous

single-integrator dynamics agents and circular trajectories, and is not tested in real

vehicles.

Most of the work in stabilizing a swarm in a trajectory around a �xed point is re-

stricted to circular trajectories because they are mathematically easy to generate [15].

Furthermore, it is easy to avoid collision in circular shapes by simply guaranteeing a

phase di�erence between agents. Some algorithms are not limited to circular shapes,

Dimitria Silveria - Electrical And Computer Engineering
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such as the work in [16], where 3D hypotrochoidal and epitrochoidal trajectories are

generated around a �xed point for the swarms, but the resulting trajectory depends

on the initial position of the agents, that is, the agents do not follow the same path.

Additionally, the algorithm works only for agents with double integrator dynamics,

and the technique is not validated in real-world systems. In addition, there is no

collision avoidance between agents.

Algorithms limited to circular trajectories may not be suitable for cases where

the closed trajectory's geometry must be adjusted to avoid obstacles or no-
y zones.

In order to target this limitation, the work in [17] introduces the concept of circular

embedding, which is a virtual agent following a circular trajectory. Each virtual

agent receives the angular position of its leading and lagging agents in the circle, and

a control law calculates the desired angular velocity to keep the agents uniformly

phase-shifted from each other and avoid collisions between them. While the virtual

agents follow a circular and collision-free trajectory, the actual agents follow the same

3D trajectory (which is also collision-free) determined by quaternion rotations that

distort the circle. Such distortions can be used to avoid obstacles and no-
y zones.

Swarms of UAVs have a variety of applications, such as military, search and rescue,

mapping, and others. The type of UAV that composes this swarm depends on the

task executed. Some applications require di�erent types of UAV in the same swarm,

and even the combination of 
ying with ground vehicles. A widely used type of

UAV is the quadcopter (also known as quadrotor), due to its versatility. It is easily

maneuverable, does not require a runway to take o� or land, and has the ability to

hover. These capabilities enable it to 
y even in small indoor environments [18].

However, the non-linear and under-actuated nature of the quadcopter's dynamics

Dimitria Silveria - Electrical And Computer Engineering
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makes designing controls for them a challenging task [19]. Most of the control tech-

niques for quadrotors in the literature stabilize only a portion of their states, usually

the attitude, or stabilize all the states with more than one controller, which may

increase their computational cost. Furthermore, a few works present results in real

quadcopters.

A common approach for control of quadcopters is the Proportional Integral Deriva-

tive (PID) controller [20]. The work in [21] uses this type of controller to stabilize the

quadcopter's attitude during hover. It also performs an online tuning of the controller

parameters with a long short-term memory for performance improvement. The work

in [22] uses a cascade PID controller for attitude control, with two other PIDs for

position control.

Optimal control is also commonly used for quadrotors. The approach in [19],

for example, uses a linear state representation of the quadrotor to design a Linear

Quadratic Regulator (LQR) to stabilize the roll, pitch, yaw, and attitude.

The approach proposed in [23] uses the Lie group SE2(3) [24] to represent the nine

states of a quadcopter (attitude, velocity, and position). It also introduces an error

LQR low-level controller using this group, and a linearization method to obtain the

state-space matrices. This controller stabilizes all the states at once. Additionally,

the work in [23] demonstrates, with simulation, that its controller outperforms the

traditional LQR when initial errors are large. One limitation of this technique is that

the entire trajectory must be given in advance to calculate the LQR gains before the

experiment starts.

Fixed-wing UAVs, on the other hand, are more suitable for large outdoor envi-

ronments because they usually o�er longer 
ight times than multirotors. They can

Dimitria Silveria - Electrical And Computer Engineering
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also 
y higher and faster, and are more stable in the presence of wind [25].

The dynamic model of �xed wings is slightly more complex than that of a quad-

copter, making the control design for this type of UAVs even more challenging [25].

The work in [26] stabilizes the attitude of a �xed-wing using a backstepping slid-

ing mode control combined with an adaptive law that estimates the uncertainties

and disturbances of the system. The work proposed in [27] combines state feedback

linearization with dynamic extension and robust control. This approach is overcom-

plicated, as it introduces two integrator states and a fourth output to the system,

increasing the computational cost and making real-time implementation challenging.

The approach proposed in [28] consists of a maneuvering tracking controller, mod-

eled with dual quaternions. This approach contains an outer-loop controller that takes

pose references and outputs desired twist commands, which are fed into an inner-loop

twist controller. By using dual quaternions, this work demonstrates the possibility of

unifying position and orientation control, whereas most of the work in the literature

separates both. This uni�cation is bene�cial for agile maneuvers, where translation

and rotation are strongly coupled. Similarly, this thesis explores a controller that

uni�es position, orientation, and velocity control.

1.3 Problem Statement

The products of the distortion operations in [17] are 4 types of 3D �gures that

generate lemniscate curves when projected in theXY plane. This thesis rede�nes

these rotations in SO(3), allowing for the generation of more 3D geometries than the

previous work. Additionally, in [17], the collision avoidance guarantee is compromised

for a swarm with an even number of agents. This happens because the quaternion
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rotation maps two antipodal agents to the same point in 3D. This is handled by

restricting the scalar part of the quaternions to one sign. De�ning the distortions in

SO(3) eliminates such a problem.

Additionally, the work in [17] requires the UAVs to receive the desired position and

velocity to execute the trajectory, which poses a limitation to its implementation on

real platforms that only receive the desired position, such as those used in Chapter 4.

This thesis reformulates this pipeline so that only the desired positions are sent to

UAVs, facilitating its implementation on real platforms.

Furthermore, the work in [17] validates its approach through simulations, consid-

ering the agent's dynamics as a double integrator. However, as mentioned in Sec-

tion 1.1, di�erent applications require di�erent types of UAVs, making it important

for a swarm algorithm to be agnostic to the type of agent in the swarm. For this

reason, this thesis validates, in swarms of real quadcopters, the techniques in [17] and

the technique proposed here. These techniques are model-free, but the experiments

show that they work in systems with complex dynamics.

This thesis tests the controller in [23] in a real quadcopter, validating the linear

state-space representation of the error dynamics proposed in the article. The LQR is

substituted for an Model Predictive Control (MPC) approach, enabling its use with

dynamic trajectory generation techniques, and the incorporation of inputs and state

constraints. This MPC is combined with the swarm control in [17] to introduce a

Lie group cascade swarm control for quadcopters. Experimental validation of the

MPC in a real quadcopter is provided, as well as simulations of the Lie group cascade

controller.

The last part of this thesis is a modi�cation of the Lie group cascade controller
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to use the swarm technique proposed here, instead of the one proposed in [17]. The

controller in [23], combined with an MPC, was adapted to a �xed-wing UAVs, proving

that this technique works for di�erent dynamics. Experiments combining the swarm

technique proposed here with this controller demonstrate that this pipeline also works

for di�erent dynamics.

Furthermore, the validation of the proposed swarm controller in three di�erent

dynamic models (double integrator, quadcopter, and �xed-wing) shows that this tech-

nique is agnostic to the agent's dynamics.

This cascade controller represents a step towards more agile periodic maneuvers,

as the proposed trajectory generation can o�er more complex 3D geometries, and the

MPC controller stabilizes all the states at once, instead of using multiple controllers

as most of the literature, reducing the number of stages in the low-level controller,

making it e�cient for real-time execution.

1.4 Thesis Contributions

The main contributions of this thesis are as follows:

1. Experimental validation of the technique proposed in [17] using real quad-

copters;

2. A more generalized version of the swarm control proposed in [17], with experi-

mental validation using real quadcopters;

3. Experimental validation, with a real quadcopter, of the low-level controller pro-

posed in [23];
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4. The substitution of the LQR in [23] for an MPC with experimental validation

in a real quadcopter;

5. A Lie group cascade controller for swarms of UAVs, combining the swarm tech-

nique in [17] with the controller in [23];

6. The adaptation of the controller in [23] to the dynamics of a �xed-wing. This

adapted version is combined with the swarm technique proposed here to form

a Lie group cascade controller for swarms of �xed-wing.

7. Experiments on the proposed swarm technique with three di�erent dynamics

(double integrator, quadcopters, and �xed-wing) demonstrate that this tech-

nique is agnostic to the agent's dynamics.

The contributions above amount to a more general solution for creating periodic

structures in swarms applicable to a broader set of vehicles and geometric con�gura-

tions.

1.5 Thesis Outline

The remainder of this thesis is organized as follows.Chapter 2, Background

provides the background for understanding the approaches used. This includes a

brief overview of Lie groups, mathematical models of quadcopters and �xed-wing

aircraft, and a review of the control techniques used in later chapters.Chapter 3,

Methodology discusses the methods used for the control of the vehicles.Chapter

4, Results provides experimental results, both in simulation and real experiments for

the controllers designed inChapter 4 . Finally, Chapter 5, Conclusions provides

an overview of the thesis and discussed possible future work.
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Chapter 2

Background

This chapter presents some concepts used in this work, such as Lie groups theory,

Unmaned Aerial Vehicles (UAVs) dynamics, control theory, the design of a low-level

control for quadcopters using Lie groups, introduced in [23], and a swarm control

approach that generates emergent behavior from local information, introduced in

[17]. It also presents some fundamental references and state-of-the-art research in

these �elds.

2.1 Lie Groups Theory

Lie groups are sets of smooth manifolds where the group operations (multiplication

and inversion) are smooth functions. Each Lie group has a Lie algebra associated with

it. The algebra is the set of tangent vectors at the group's identity element.

Lie groups and algebras have been widely used in mobile robotics as a form of

input-output feedback linearization, allowing the application of linear control tech-

niques in non-linear systems [29]. They have also shown promise in the optimal

control of quadrotors, where a Linear Quadratic Regulator (LQR) controller de�ned

in SE2(3) (formally introduced in Section 2.1.2 proved more robust to errors than

10
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conventional LQR [23].

Lie groups have also been applied to Multi-Agent System (MAS) coordination

problems. In [30], the authors represent a swarm in which only a few agents have

information about the leader's position as a graph. The graph is then controlled

using an adaptive super-twisting sliding mode control with an intrinsic Proportional

Integral Derivative (PID) controller formulated using the Lie group SE(3). Similarly,

in [31], the authors formulate consensus and formation control using SE(3).

This section provides a brief overview of several mathematical principles relevant

to this work, including quaternions, the SO(3) group, the SE(3), the SE2(3), and

their respective Lie algebras. All these properties are important for understanding

the control architectures proposed in Section 3.2 and Section 4.6. The interested

reader is referred to [32] and [33] for a more detailed discussion.

2.1.1 Quaternions

Quaternions are not used in the techniques proposed in this thesis, but were used

in the work proposed in [17]. This thesis provides experimental proof of this work

and builds upon it to propose a novel swarm control architecture.

Quaternions are an extension of complex numbers, containing one real and three

imaginary parts. A special set of quaternions with norm 1 is called unit quaternions,

and is a type of Lie group. This group is formally de�ned asH1 := f q = a+ bi+ cj + dk :

a2 + b2 + c2 + d2 = 1; a; b; c; d2 Rg: Due to their compactness and numerical stability

when compared to Euler angles, unit quaternions are often used to represent 3D

rotations. The sequence of rotations� , � ,  about the X , Y, and Z axes, can be
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represented as the quaternion

� =

2

6
6
6
6
6
6
6
4

c(�= 2)c(�=2)c( = 2) + s(�= 2)s(�=2)s( = 2)

s(�= 2)c(�=2)c( = 2) � c(�= 2)s(�=2)s( = 2)

c(�= 2)s(�=2)c( = 2) + s(�= 2)c(�=2)s( = 2)

c(�= 2)c(�=2)s( = 2) � s(�= 2)s(�=2)c( = 2)

3

7
7
7
7
7
7
7
5

; (2.1)

Similarly, they can represent a rotation of� about any arbitrary unit axis n =

[ux uy uz]T as q = cos
�

�
2

�
+ sin

�
�
2

�
[ux i + uy j + uzk ].

To rotate a 3D vector v = [ x y z]> by q, it is necessary to construct a new pure

quaternion composed of the elements ofv and real part 0 asp = 0 + xi + yj + zj .

Rotation is then accomplished through the quaternion multiplication� (also called

Hamilton product) as

p0 = q � p � q� 1; (2.2)

where p0 is the rotated vector andq� 1 = cos
�

�
2

�
� sin

�
�
2

�
(ux i + uy j + uzk) is the

inverse, or conjugate, ofq. The elements of the rotated vectorv0 = [ x0 y0 z0]> are

then extracted from the imaginary parts ofp0.

2.1.2 General Matrix Lie Groups

The theory involving general matrix Lie Groups is important for understanding the

trajectory generation and swarm control techniques proposed in Sections 3.1 and 3.2.

A general matrix Lie group, denoted byG, is composed ofn� n invertible matrices

with k degrees of freedom and is closed under multiplication. Every Lie group is

associated with a Lie algebra,g, that represents the tangent space of the group,

T1G, at the identity element I n . An element of the algebra can be mapped into an
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element of the group through the operator exp(�): g ! G , and the inverse operation

is performed by the operator log(�): G ! g. The matrix exponential and logarithm

can be de�ned by power series as

exp(g) =
1X

m=0

gm

m!
(2.3)

log(G) =
1X

m=1

(� 1)m+1 (z � 1)m

m
(2.4)

where g represents an arbitrary element of a matrix Lie algebra and G, an element

of a matrix Lie group.

Additionally, the hat operator ( �)^ : Rk ! g maps a vector representation of an

algebra element into its matrix representation, and the vee operator (�)_ : g ! Rk

represents the inverse operation.

The set SO(3) := f R 2 R3� 3 j R > R = I and det(R ) = +1 g represents the

matrix Lie group of the orthogonal rotation matricesR , including identity matrix I .

The tangent space of SO(3) at the identity,T1SO(3), is the set of skew-symmetric

3 � 3 matrices. This forms the Lie algebra of SO(3), denotedso(3) := f � ^
� 2 R3� 3 j

� ^ >

� = � � ^
� g.

Representing rotations using SO(3) o�ers several advantages over quaternion rep-

resentations. Whereas quaternion multiplication preserves orientation but not sign

(e.g., q and � q represent the same rotation), SO(3) avoids these ambiguities alto-

gether. Rotation in SO(3) is also not subject to numerical drift, eliminating the need

for the periodic renormalization required under quaternion rotations.

This work will use SO(3) to further de�ne rotations in the Lie algebraso(3). An
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element of this algebra is represented as

� ^
� =

0

B
B
B
B
@

0 � ! z ! y

! z 0 � ! x

� ! y ! x 0

1

C
C
C
C
A

; (2.5)

where � � = [ ! x ; ! y; ! z]> 2 R3 is a vector of angular velocities, whose direction and

norm represent, respectively, the direction and angle of the rotation.

Working with this Lie algebra brings several additional advantages. First, it re-

quires only three independent parameters to represent rotations, in contrast to nine

elements in the Lie group rotation matrix. These three elements can be represented as

a rotation vector (� � ), providing a compact parametric representation. Additionally,

an element of� � encodes the angle and direction of rotation. Together, these proper-

ties provide a more straightforward approach to de�ning complex rotations than Lie

groups.

Another bene�t of so(3) is its linear properties. Whereas in SO(3), composition

R = R 1R 2 2 SO(3) requires matrix multiplication, the elements ofso(3) can be

added directly as inA + B 2 so(3). This greatly simpli�es computation, especially for

small rotations. Lie algebra representation also avoids the gimbal lock issue commonly

found in Euler angles, where degrees of freedom are lost in certain rotations [24].

The group of rigid body motions SE(3) and its Lie algebrase(3) are de�ned as

SE(3) =

8
><

>:

0

B
@

R p

01;3 1

1

C
A ; R 2 SO(3); p 2 R3

9
>=

>;
(2.6)
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and

se(3) =

8
><

>:

0

B
@

� ^
� � p

01;3 1

1

C
A ; � � ; � p 2 R3

9
>=

>;
(2.7)

wherep represents a translation operation and01;3 = [0 0 0].

The work in [24] introduced the SE2(3) (and its algebra, se2(3)), which is also

known as the group of double direct isometries, being an extension of SE(3), including

a representation of velocity,v, such as

SE2(3) =

8
>>>><

>>>>:

0

B
B
B
B
@

R v p

01;3 1 0

01;3 0 1

1

C
C
C
C
A

; R 2 SO(3); v; p 2 R3

9
>>>>=

>>>>;

(2.8)

se2(3) =

8
>>>><

>>>>:

0

B
B
B
B
@

� ^
� � p � v

01;3 0 0

01;3 0 0

1

C
C
C
C
A

; � � ; � v; � p 2 R3

9
>>>>=

>>>>;

(2.9)

� =

0

B
B
B
B
@

� �

� v

� p

1

C
C
C
C
A

^

=

0

B
B
B
B
@

� ^
� � v � p

01;3 0 0

01;3 0 0

1

C
C
C
C
A

(2.10)

The exponential map fromse2(3) to SE2(3) has the closed form solution

exp(� ) =

2

6
6
6
6
4

exp(� ^
� ) J � v J� r

0 1 0

0 0 1

3

7
7
7
7
5

2 SE2(3); (2.11)
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where

J =
sin�

�
1 +

�
1 �

sin�
�

�
aa > +

1 � cos�
�

a^ ; (2.12)

where� = jj � � jj and a = � � =� .

This group is useful to represent UAV's statesR (attitude), v (velocity), and

p, and will further be used to formulate a low-level control system for this type of

vehicle.

2.2 Quadcopter and Fixed-wing Dynamic Models

This section presents the dynamic model for these two aerial vehicles. Low-level

controllers considering these two types of dynamics will be further discussed in this

work.

2.2.1 Nomenclature

The inertial frame is denoted as world frame,F w , and its orthonormal basis

f x w ; yw ; zwg represented inF w . The body frame,F b, is attached to the quadcopter's

Center of Mass (CoM) and rotates with the body. It also has an orthonormal basis

f zb; yb; zbg represented inF w . The Direction Cosine Matrix (DCM) is represented

as R b
w 2 SO(3). The body's position and velocity, expressed in the world frame, as

represented aspw and vw , and in the body frame aspb and vb
1. The relation between

the two is pw = R b
wpb. The angular velocity represented in the body frame is denoted

as ! b.

1Note that the subscript represents the frame in which the respective vector is represented
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2.2.2 Quadcopter

The dynamic model used in this work is presented in [34] and considers that the

quadcopter does not have rotor drag and wind e�ects. It also considers that the thrust

does not depend on the rotor drag, and the propellers are sti�. The time derivatives

of the position, the velocity, the orientation matrix, and the angular velocity are given

as

_pw = vw (2.13)

_vw = � gzw +
f T zb

mq
�

1
mq

R b
wDv b (2.14)

_R b
w = R b

w ! ^
b (2.15)

_! b = J q� 1

b (� b � ! b � J ! q� 1

b � Ev b � F ! b); (2.16)

where mq is the quadrotor's mass,f T is the thrust force, � b is the torque, zb =

[0 0 1]> ,in the body frame,! ^
b is the skew-symmetrical matrix of! b, J b is the quadro-

tor's second moment of mass,g = 9:81 m/s2 is the gravity. The matrix D is the

diagonal matrix containing the rotor-drag coe�cients dx ,dy, and dz. The matrices

E and F represent the drag in the rotational dynamics.

2.2.3 Fixed-Wing

The dynamic model for the �xed-wing is the same as presented in [35]. The frame

F w is an earth-�xed coordinated system, meaning thatx w is directed to north, yw

to east, andzw points toward the center of the earth, i.e., down. This system is also

referred to as North-East-Down (NED). The axes of the body frame are aligned to
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the inertial frame and rotate along with the body.

This work focuses on indoor operations of UAVs, thus considering the wind ve-

locity, denoted asvwind , to be null. Therefore, the velocity of the UAV with respect

to the surrounding air, denoted asva, is equal tovw .

_pw = vw (2.17)

mf

�
dvb

dt
+ ! b � vb

�
= f g

b + f a
b + f p

b (2.18)

_R b
w = R b

w ! ^
b (2.19)

J f
d! b

dt
+ ! b � (J f ! b) = m a

b + m p
b (2.20)

where mf is the mass of the �xed-wing,J f is its inertia moment, f g
b , f a

b , and f p
b

are the gravitational, aerodynamics and propulsion forces, in the body frame, and

m a
b and m p

b are the torques due to aerodynamics and propulsion, in the body frame.

The force due to aerodynamics can be written as a function of the de
ection angles

aileron (� a), elevator (� e), and rudder (� r ) as

f a
b =

1
2

�V 2
a S

2

6
6
6
6
4

CX (� ) + CX q (� ) c
2Va

q+ CX � e
(� )� e

CY0 + CY� � + CYp
b

2Va
p + CYr

b
2Va

r + CY� a
� a + CY� r

� r

CZ (� ) + CZq (� ) c
2Va

q+ CZ � e
(� )� e

3

7
7
7
7
5

: (2.21)

Similarly, the torque due to aerodynamics can be written as

m a
b =

1
2

�V 2
a S

2

6
6
6
6
4

b
h
Cl0 + Cl � � + Clp

b
2Va

p + Cl r
b

2Va
r + Cl � a

� a + Cl � r
� r

i

c
h
Cm0 + Cm � � + Cmq

c
2Va

q+ Cm � e
� e

i

b
h
Cn0 + Cn � � + Cnp

b
2Va

p + Cn r
b

2Va
r + Cn � a

� a + Cn � r
� r

i

3

7
7
7
7
5

; (2.22)
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and the propulsion force can be written as a function of the thrust de
ection� t as

f p
b =

1
2

�S prop Cprop

0

B
B
B
B
@

(kmotor � t )2 � V 2
a

0

0

1

C
C
C
C
A

: (2.23)

Finally, the propulsion torque can be written as

m p
b =

0

B
B
B
B
@

� kT (k
 � t )2

0

0

1

C
C
C
C
A

: (2.24)

In equations (2.21) to (2.24),Va = Vw = kvwk, and � = � = 0 because the wind

velocity was considered to be null. Additionally,! b = [ p q r]> . The other variables

in these equations are not relevant for this work; therefore, they do not need to be

de�ned (for de�nition, see [35]).

2.3 Controllers

This section is an overview of the controllers used in this work.

2.3.1 Proportional-Derivative

The Proportional-Derivative (PD) controller is part of the swarm control architec-

ture presented in Section 2.6, which was proposed in previous work and experimentally

validated in real quadcopters in this thesis. This controller is also part of the swarm

control architecture proposed in Section 3.2.
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As shown in Section (2.2.2), the quadcopters are systems with second-order dy-

namics. As the PD controller is the most common choice to control this type of

system, it has been widely used to stabilize UAVs since 2004, due to its simplicity

and robustness [20].

Letting T be the time sample period,k 2 Z represents thek-th time step, x k 2 Rn

the set of states of a UAV at time stepk, x r;k 2 Rn are the reference states,u k 2 Rm

are the discrete inputs, andu r;k 2 Rm are the reference input. Let us consider the

discrete-time system with an error state-space model as

ek+1 = A kek + B k � u k ; (2.25)

where A 2 Rn� n , B 2 Rn� m , � u k = u r;k � u k is the input error, ek = x k;r � x k is

the discrete error, andTD is the derivative time, and in this work, T = TD .

The inputs generated by this controller are calculated as

u k = K P ek +
K D TD

T
[ek � ek� 1]; (2.26)

whereTD is the derivative time, and in this work,T = TD . The proportional gainK P

dictates how much the system responds to an error. However, high proportional gain

may cause overshoots or even oscillations in the system's response. The derivative

term increases the controller's sensitivity because it reacts to the error's rate of change,

providing corrections before the error becomes too large. This characteristic decreases

overshoots and damps the oscillations caused by the proportional term.K D represents

the derivative gain [36].
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2.3.2 Linear Quadratic Regulator

Previous work in [23] proposes a novel control architecture using an LQR for

quadcopters. This thesis provides experimental validation for this controller in a real

quadcopter (see Section 4.2.1).

The LQR is a controller that �nds the optimal inputs by solving a quadratic

optimization problem. The optimality of its inputs and its look-ahead ability make

this controller's response generally less aggressive than that of a PD controller [37],

which can only react to present and next time step errors.

Consider a discrete-time system with error dynamics as (2.25), and a desired set of

statesS = f e0; e1; :::; eN g for this system in a time horizonN . The LQR controller of

�nding the inputs such that the cost function J (� u 0; :::; � u N � 1) is minimized through

this set of states [38], that is:

min
� u 0 ;:::;� u N

 
1
2

e>
N Se>

N +
1
2

N � 1X

k=0

�
e>

k Qek + � u >
k R � u k

�
!

; (2.27)

where N is the time horizon, S = S> � 0 is the weight of the terminal error,

Q = Q> � 0 is the weight of the error deviation, andR = R > � 0 is the weight of

the control inputs.

The input � u k that minimizes the cost in (2.27) is

� u k = � K k;LQR ek (2.28)

whereK k;LQR is the LQR gain for the k-th timestep and can be calculated as

K k;LQR = �R � 1
k+1 B >

k Pk+1 A k ; (2.29)
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where �R k+1 = R k + B >
k Pk+1 B . Additionally, Pk for k = 0; :::; N is found by solving

the discrete-time Riccati equation, backward in time, usingPN = S as terminal cost.

The Riccati equation is:

Pk = A >
k (Pk+1 � Pk+1 B k

�R � 1
k+1 B >

k Pk+1 )A k : (2.30)

2.3.3 Model Predictive Control

This thesis expands upon the work in [23] by substituting the LQR for an Model

Predictive Control (MPC) in its architecture. An experiment on this novel architec-

ture, with a real quadcopter, is provided in Section 4.2.2.

Similarly to LQR, MPC also �nds the optimal inputs by minimizing a quadratic

cost function. The main di�erence is that the latter reduces the cost over a portion

of the trajectory instead of the entire time horizon. Another di�erence is that the

MPC can take into account the system's constraints while �nding the inputs, making

it a suitable controller for real life systems, such as UAVs

The MPC problem is stated as

min
� u 0 ;:::� u N h

NhX

k=1

�
� e>

k Q� ek + � u >
k R � u k

�
(2.31)

subject to
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ek+1 = A kek + B k � u k (2.32)

e0 = x 0 � x r; 0 (2.33)

� u min � � u k � � u max (2.34)

whereQ and R are weight matrices, similar to the weights in (2.27),e0 and x 0 are

the initial error and state, � u min and � u max are the constraints on the input error,

and Nh is the prediction horizon.

Solving the the sum in (2.31), and using (2.25), the MPC problem can be repre-

sented in the matrix form as

min
� U

1
2

� U > H � U + � U > G (2.35)

subject to

� Umin � � U � � Umax (2.36)

where

H = 2( B> �QB + �R ); (2.37)

G = 2B> �QA > E k ; (2.38)

A =
�

A A 2 : : : A N

� >

2 RNh n� n ; (2.39)
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B =

2

6
6
6
6
6
6
6
6
6
6
4

B 0 0 � � � 0

AB B 0 � � � 0

A 2B AB B � � � 0
...

...
...

. . .
...

A N � 1B A N � 2B A N � 3B � � � B

3

7
7
7
7
7
7
7
7
7
7
5

2 RNh n� Nh m ; (2.40)

�Q = diag(Q; Q; :::;Q) 2 RNh m� Nh m (2.41)

�R = diag(R ; R ; :::;R ) 2 RNh n� Nh m : (2.42)

Additionally, E k 2 RNh n , � U 2 RNh m , and � Umin 2 Nhm and � Umax 2 RNh m are

the stacked matrices of error, input error, and input constraints[39].

2.4 LQR in the Special Euclidean Group

The SE2(3) LQR presented in this section is discussed in more detail in [23]. This

thesis provides experimental validation for this architecture with a real quadcopter.

This thesis also investigates the substitution of the LQR for an MPC in this archi-

tecture, also providing experimental validation in a real quadcopter (see Section 4.2).

Additionally, this controller is combined with a swarm control architecture to form a

Lie group cascade swarm control for quadcopters and �xed-wings.

Given a reference trajectory for a quadcopter, in SE2(3), denoted as

X r =

2

6
6
6
6
4

R r
w v r

w pr
w

0 1 0

0 0 1

3

7
7
7
7
5

(2.43)

where R r
w relates the attitude of F w to the attitude of the reference frameF r , v r

w
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and pr
w represent the velocity and position of the reference in the world frameF w .

The work in [23] proposes a trajectory tracking low-level controller for quadcopters

that di�ers from the traditional LQR by de�ning the trajectory tracking error in

SE2(3), which is called left-invariant tracking error and is calculated according to

� X = X � 1X r =

2

6
6
6
6
4

� R � v � p

0 1 0

0 0 1

3

7
7
7
7
5

(2.44)

whereX are the quadrotor states in SE2(3) and

� R = R r >

w R b
w ; (2.45)

� v = R b>

w (v r
w � vw ); (2.46)

� p = R b>

w (pr
w � pw ): (2.47)

The inputs to the system are

u = [ f T
b ! b]> ; (2.48)

wheref T
b is the thrust, and ! b is the angular velocity in the body frame.

The quadcopter's dynamics is di�erentially 
at [40], meaning that there is a set

of outputs, equal to the number of inputs, that can be used to determine the inputs

and states of the system without integration. For the quadrotor, the 
at outputs are

� (t) = [ pr
w(t)  w(t)]> ; (2.49)
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where  w(t) is the reference yaw angle. The method to obtain the references from

(2.49) is presented in [23].

After obtaining the references, the left-invariant error at timek is calculated using

(2.44). Then, this error is converted into an element ofse2(3) using � � ^ = log( � X ) =

[� � � � � v � � p]^ .

The error dynamics in continuous time are written as

� _� = A � � + B � u ; (2.50)

where

� u =

2

6
4

�f T
b

� ! b

3

7
5 =

2

6
4

f Tr
b � f T

b

� R! r � ! b

3

7
5 : (2.51)

The matrices A and B are obtained with a linearization about the desired trajec-

tory, also proposed in [23]. This linearization consists of di�erentiating (2.45), (2.46),

and (2.47) with respect to time, combining the results with (2.14), and using some

properties of the Lie groups, together with the assumption that� � is small. More cal-

culation details will be further discussed in Section 3.4. This approach assumes small

values of� � , and the obtained matrices are functions of the desired trajectory only,

meaning that they could be computed a priori. Then, these matrices are discretized

using Euler discretization (reference), and used to solve the LQR problem presented

in Section 2.3.2. Now, in (2.28),� � k is used instead ofek .

The authors in [23] also propose the augmentation of the state space with an

integral control to reduce steady-state error due to linearization and uncertainties in
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the parameters. This extra state is given as

� int =
Z t

0
(c1� p + � v)d� (2.52)

wherec1 > 0 is a constant. In this case,� � aug = [ � � _
� � � v � � p � � int ]> . The linearized

dynamics is

2

6
6
6
6
6
6
6
4

� � �

� � v

� � r

� � int

3

7
7
7
7
7
7
7
5

| {z }
� � aug

=

2

6
6
6
6
6
6
6
4

0 0 0 0

A 2;1 A 2;2 0 0

0 1 � ! ^
r 0

0 1 c1I 0

3

7
7
7
7
7
7
7
5

| {z }
A aug

2

6
6
6
6
6
6
6
4

� � �

� � v

� � r

� � int

3

7
7
7
7
7
7
7
5

| {z }
� � aug

+

2

6
4

B

0

3

7
5

| {z }
B aug

� u; (2.53)

where the elementsA 2;1 and A 2;2 are given by

A 2;1 =
1

mq

� �
DC >

ar v
zr w=a
a

� ^
� D

� �
C>

ar v
zr w=a
a

� ^
�

�
f >

r zb
� ^

��
; (2.54)

A 2;2 = � ! ^
r �

D
mq

; (2.55)

and

B =

2

6
6
6
6
4

0 I

1
mq

zb 0

0 0

3

7
7
7
7
5

(2.56)

Figure 2.1 provides an overview of the proposed control architecture. The input of

the system (orange boxes) takes the reference trajectory (pr
w ,  w(t)) to compute the

reference states and inputs of the quadcopter. It also uses the states to calculate the

se2(3) error � � according to (2.44) and using the logarithmic operator (see Section 2.1).
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Figure 2.1: Block diagram representing the SE2(3) LQR proposed in [23].

This error is fed into the controller (green area), which outputs� u { the correction

needed to minimize� � .

The controller's actuations (blue area) are calculated isolatingf T and ! b in (2.51)

and sent to the plant (purple area). While [23] used a simulated plant, this thesis

uses a real quadcopter and analyzes how the behavior of the system changes from the

simulated version (see Section 4.2.1).

The controller in this pipeline can be any linear controller, such as PID, LQR, or

MPC. This thesis investigates how the substitution of the LQR for an MPC in this

architecture impacts its performance in simulation and real quadcopter.

2.5 Circular Embedding

An embedding is mathematically de�ned as a functionf : X ! Y from one object

X into another Y, such that X retains its structure within Y [41]. This approach

has been used broadly to simplify the representation of complex non-linear systems,

such as the semantic meaning of words in large language models [42]. Embeddings

have also been applied to input design in systems identi�cation [43].

Early work in [4] introduced the concept of circular embeddings to produce evenly

spaced �gure-eight trajectories. The circular embedding consists of a bijection of the
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agents onto a 2D circle (i.e.,virtual agents), around which a swarm of agents is sta-

bilized. The agents form 3D curves through a family of quaternion-based isomorphic

deformations of this embedding. The main advantage of this approach is that simple

control policies can be used to stabilize the virtual agents in the embedding space,

while the real agents follow the desired 3D curve. The approach was later generalized

to a broader set of lemniscate curves in [17]. These curves are calledhomeomorphic

polar curves, as they are topologically equivalent to the circular embedding.

This thesis relies on the concept of circular embedding, which is brie
y discussed

in this section, to generate complex 3D trajectories and stabilize a swarm of agents

following the generated trajectory. Additionally, this thesis expands on the previous

work in [17] by using the Lie group SO(3) to perform the rotations that distort the

circle.

The parametric equations for a circle of radiusr in a horizontal plane around the

origin are

Cc(� ) =

2

6
4

r cos (� )

r sin (� )

3

7
5 2 R2 8 0 � � < 2�: (2.57)

De�ning the functional unit quaternion

� (� ) =
�

� (� ) � (� ) 0 0

� >

8 0 � � < 2�; (2.58)

and expressing coordinates (x; y; z) as a pure quaternion of the formx = [0 x y z]> 2 HP ,

a homeomorphiccurve can be produced by mappingx 0 7! � (� ) � x � � � 1(� ). This

continuous deformation of a circle is computed as
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2

6
6
6
6
6
6
6
4

0

x0

y0

z0

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

� (� )

� (� )

0

0

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
6
6
6
4

0

r cos (� )

r sin (� )

0

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
6
6
6
4

� (� )

� � (� )

0

0

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
4

r (� (� )2 � � (� )2) cos (� )

r (� (� )2 + � (� )2) sin (� )

2r� (� )� (� ) sin (� )

3

7
7
7
7
5

: (2.59)

Note that the parametric equations for a circle (2.57) areembeddedwithin the

larger expression in (3.3)

It is also possible to de�ne the parametric equations for a special case of the class

of Sextic curves, known as the dumbbell curve [44], as

Cd(� ) =

2

6
4

r cos (� )

r sin (� ) cos2 (� )

3

7
5 2 R2 8 0 � � < 2�: (2.60)

These curves can be valuable for a range of applications, such as aerial surveil-

lance [45] and extended operations where smooth, unbiased control inputs help con-

serve energy and reduce mechanical stress on vehicle components [46]. The dumbbell

curve, in particular, o�ers a distinctive variation on conventional lemniscates, fea-

turing an elongated approach toward the origin that guarantees a consistent parallel

arrival and departure, ideal for scenarios like passing over an aerodrome runway.

For the dumbbell curve, values of� (� ) and � (� ) are found by solving the system

of equations 8
>><

>>:

r (� (� )2 � � (� )2) cos (� ) = r cos (� )

r (� (� )2 + � (� )2) sin (� ) = r sin (� ) cos2 (� )
; (2.61)
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which results in

� (� ) = �

p
2
p

cos(� )2 + 1
2

; (2.62)

� (� ) = �

p
2
p

� (cos(� ) � 1)(cos(� ) + 1)
2

: (2.63)

which are the parametric equations for the dumbbell curve in (2.60). Thez coordinate

of the agent is simply given by 2r� (� )� (� ) sin (� ).

This formulation presented in [17] demonstrates that an agent traveling along a

trajectory with positions p0 (i.e., a dumbbell curve) can be encoded in an embedded

trajectory with positions p (i.e., a circle) through a simple transformation. These

embedded states are named virtual agents. This approach is valuable for multi-agent

systems coordination, as circular trajectories are easily produced and controlled, and

this fact can be leveraged to generate more complex geometries.

2.6 Circular Embedding for Swarm Control

This section presents the control system architecture proposed in [17], and further

implemented in this work, that applies the technique discussed in Section 2.5 to

produce the emergent behavior for an arbitrary number of agents in a swarm.

In swarms of agents, emergent behaviors arise from the simple interactions between

the agents. Proper exploitation of these emergent properties can be used to produce

e�cient control strategies, due to the decentralized nature of such techniques [47].

Classical examples in related control systems literature include pinning control [48],

consensus-based methods [49], 
ocking [50], and swarming [51].

In the technique proposed in [17], the transformation and change of variables in
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(2.59) serve as a form of feedback linearization, linking this approach to traditional

control theory principles. Another advantage of this technique is that distorting a

circle to generate 3D shapes allows the generation of complex shapes without knowing

their equations. Additionally, as the 3D shape is a homeomorphism of the circle, the

actions apply to the embedding impact the 3D agents. Therefore, ensuring that the

embedding follows the desired circle means that the 3D agents will follow the 3D

shape. Furthermore, guaranteeing an even phase separation between agents in the

embedding guarantees collision avoidance between the 3D agents, assuming they are

point masses.

This technique is e�cient for swarm control due to its decentralized nature. It

is scalable because each agent only requires the angular position of its leading and

lagging agents in the circle to calculate its next position. Therefore, the swarm can

have as many agents as the task requires, because the desired position is calculated

in a decentralized way, and each agent only requires these two values. Additionally,

this little data exchange makes it e�cient communication-wise.

This approach is also resilient to the loss or addition of agents at runtime, because

the change in the agent that follows or leads one agent does not a�ect the algorithm,

as long as it continues to receive the angular position of the new lagging or leading

agent. The work in [17] and this thesis assume that each agent always knows its

leading and lagging agents throughout the entire execution. Methods to allow each

agent to identify its adjacent agents are out of the scope of this work.

Let the agent i be a particle in free space with position (p i 2 R3), velocity
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(v i 2 R3), and inputs (u i 2 R3) related by the following dynamics:

_p i = v i ;

_v i = u i ;
(2.64)

wherep i is a vector containing Cartesian coordinates andu i = •p i is the acceleration

of the agent.

The position of a virtual agent is represented aŝp i , which is obtained by the

actual position of the agentp i . These virtual agents form the embedding formulated

in Section 2.5. The embedding is an inverse of the rotation in (2.59), which transforms

the dumbbell curve back into a circle, on which a linear control policy is de�ned to

stabilize the virtual agent.

Given an agent with position and velocity (p(t); v(t)) governed by dynamics (2.64)

over time t, quaternion� (� (t)) de�ned in (2.58) and dependent on the parameter� (t),

its virtual agent p̂(t) is obtained by rotation p̂(t) = � � 1(� (t)) � p(t) � � (� (t)). The

embedding, which acts onp(t) through the dynamics (2.64) to regulatep̂(t) is

lim
t !1

p̂(t) =

2

6
6
6
6
4

rd cos(_� dt)

rd sin( _� dt)

0

3

7
7
7
7
5

; (2.65)

where constant parametersrd and _� d are desired radius and angular speed around

the origin. In short, the embedding permits the control ofp(t) indirectly such that

its corresponding virtual vehiclep̂(t) is stabilized in a circular trajectory around the

origin at radius rd and _� d.

When implemented across all agents in the trajectory, this embedding enables the
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construction of a linear controller that will ensure agents stabilize as follows:

lim t !1
_� d;i (t) = _� d;

lim t !1 r i (t) = rd:
(2.66)

The controller works in two stages: �rst, it regulates the embedding described in

(2.65) by computing _� d;i in polar form, from which the feedback is calculated. The

desired radiusrd of the embedding is �xed. In stage two, this result is transformed

back into Cartesian form and rotated by� i (� ) to generate the desired curve. The

�rst stage is derived from the work proposed in [6], as

_� d;i =
1
3

�

2k� � k� � k� 3

�

2

6
6
6
6
6
6
6
4

� i

� j

� k

_� d

3

7
7
7
7
7
7
7
5

; (2.67)

wherek� is a gain parameter,� i is the angle of the agent for which a control signal

is to be generated,� j is the angle of the lagging agent, and� k is the angle of the

leading agent. Note that this controller does not depend on the number of agents in

the swarm; therefore, if agents are added or removed,_� d;i instantly adjusts to ensure

uniform phase separation.

Then, in the second stage, the desired position and velocities of the virtual agent

are written in Cartesian coordinates as

p̂d;i =

2

6
6
6
6
4

rd cos(� i )

rd sin(� i )

0

3

7
7
7
7
5

and v̂d;i =

2

6
6
6
6
4

0

0

_� d;i

3

7
7
7
7
5

: (2.68)
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(a) Three-dimensional curve with projections (b) Curve projected in the X-Y plane

Figure 2.2: A Dumbbellcurve being described by a swarm of three agents controlled
by the approach proposed in Section 2.6.

Recalling (2.58), the reference trajectory for agenti is then computed as

pd;i = � i (� ) � p̂d;i � � � 1
i (� ); (2.69)

vd;i = ( � i (� ) � v̂d;i � � � 1
i (� )) � p i ; (2.70)

for which the linear control policy in (2.26) can be applied as

u i = K P (pd;i � p i ) + K D (vd;i � v i )2; (2.71)

Figure 2.2 shows theDumbbellcurve generated for a swarm of three agents.

2For simplicity, the subscript k, representing the time step was dropped in this equation
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Chapter 3

Methodology

This work presents an improved version of a novel swarm control technique. It

also substitutes the Linear Quadratic Regulator (LQR) controller proposed in [23] for

an Model Predictive Control (MPC). It also combines the swarm control techniques

with this MPC, and applies this low-level controller to a �xed-wing Unmaned Aerial

Vehicles (UAVs).

3.1 Circular Embedding in SO(3)

This section formulates the circular embedding using Lie group theory. This refor-

mulation is important because the quaternion rotation maps two antipodal agents to

the same point in 3D, and de�ning rotations in SO(3) solves this problem. Addition-

ally, de�ning the rotations via parametric equations in the Lie algebra increases the

number of 3D distortions that can be generated compared to the previous method.

Let C be a circular trajectory with radius r and phase 0< � � 2� . A point in

this trajectory is represented aŝp = [ r sin(� ) r cos(� ) 0]> . Additionally, let ! x (� ) and

! y(� ) denote parametric continuous equations governing how this circular trajectory

is deformed over time about theX and Y axes, respectively. The corresponding

36
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skew-symmetrical matrix inso(3) that represents this rotation is given by:

� x;y ^

� =

0

B
B
B
B
@

0 0 ! y(� )

0 0 � ! x (� )

� ! y(� ) ! x (� ) 0

1

C
C
C
C
A

: (3.1)

Then, the exponential map in 2.3 can be used to convert the element in the tangent

space into an element of the SO(3) as

R xy = exp( � x;y ^

� ); (3.2)

whereR xy 2 SO3 is the time-dependent rotation that deforms the circle and produces

the desired 3D curve. This rotation can be applied to an element ofC to obtain a

position p in the new trajectory as

p = R xy p̂: (3.3)

Note that ! y(� ) and ! x (� ) can be any continuous, periodic function of� i .

Figure 3.1 shows 4 di�erent circle distortions that can be created using the method

proposed above. Figure 3.1b shows a distortion that made a Dumbbell curve projec-

tion in the Y Z plane, similar to the distortion produced in [17] (which, however, was

a Dumbbell curve in theXY plane), proving that our approach can generate similar

shapes to the previous work and others. The parameters used to create each shape

are presented in their respective captions. The parameters is a distortion factor used

to control how much the circle (in the embedding) is distorted when compared to the

real-life trajectory. A distortion factor of zero means that the circle is not distorted;
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thus, UAVs will move in a circular trajectory in the real world. The bigger the value

of s is, the more the circle is distorted. Di�erent from the method in [17], this scale

factor does not compromise the homeomorphism of the distortion, allowing for the

adjustment of the trajectory to �t the test area.

3.2 Circular Embedding in SO(3) for Swarm Control

This section proposes a method to stabilize a swarm of agents to follow the tra-

jectories generated in Section 3.1. Figure 3.2 illustrates this pipeline, which is repre-

sented in the blue box. This method is decentralized, and each agent is represented by

a gray box. The orange box is the agent's dynamics that also includes any low-level

controllers. Later in this work, di�erent combinations of controllers and dynamics

will be investigated along with this method.

Consider an agenti , in a swarm, moving in a 3D trajectory, with coordinates

p i , related by rotation (3.3) to a circular trajectory (i.e., an embedding) with radius

rd and phase� i = ( ! d
z;i )t about the Z axis. The virtual agent p̂ i is de�ned by the

coordinates in this circular trajectory induced by performing the inverse of (3.3):

p̂ i = R >
xy p i : (3.4)

Similarly to [17], the coordinates ofp i can be indirectly regulated by regulating

the embedded virtual agentp̂ i around the desired circular trajectory as follows:

lim
t !1

p̂ i (t) =

2

6
6
6
6
4

rd cos(! d
z t)

rd sin(! d
z t)

0

3

7
7
7
7
5

; (3.5)
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(a) ! x = ssin(6� ) cos(6� ), ! y = s, _� d = 0 :8 rad/s,
s = 0 :3

(b) ! x = ssin(� )cos(� ), ! y = 0, _� d = 2 rad/s,
s = 1

(c) ! x = scos(2� ), ! y = scos(� )2, _� d = 0 :5 rad/s,
s = 0 :6

(d) ! x = scos(3� ) sin(� ), ! y = 0 :5s, _� d = 1 :8
rad/s, s = 0 :9

Figure 3.1: Di�erent 3D geometries generated with the method proposed in Sec-
tion 3.1 along with XY and Y Z projections. The parameters used to generate these
shapes are presented in their respective caption.
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Figure 3.2: Block diagram illustrating the swarm control pipeline proposed in Sec-
tion 3.2

where! d
z is the desired angular velocity for all agents.

In other words, ful�lling the condition in (3.5) for the embedding means that the

agent i will follow the 3D trajectory generated by the rotation in (3.2).

3.2.1 Phase Controller

The phase of the agenti is calculated as� i = arctan( ŷi =x̂ i ), where x̂ i and ŷi are

the x and y coordinates of the virtual agent (obtained through (3.3)) and 0< � i < 2� .

The phase control law is de�ned as:

! d
z;i = ! d

z + k�

�
1

� hi
+

1
� ji

�
; (3.6)

where ! d
z;i is the desired angular velocity for agenti , � hi = � i � � h is the angular

di�erence between agenti and its leading agent,� ji = � i � � j is the di�erence between

i and its lagging agent, andk� > 0 is the controller gain. Furthermore,� � < � hi < �

and � � < � ji < � .

This control law produces a repulsion between agents that is inversely proportional

to their angular di�erence, analogous to the force between like charges in an electric
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potential �eld. As the angular di�erence approaches zero, the control input (which is

inversely proportional to � ji and � hi ) increases sharply, producing a strong repulsive

force that pushes the agents apart. The phase di�erence,� hi , is always negative

becauseh is always ahead ofi , and the opposite is true for� ji , which is always

positive. Thus, whenever the agent gets closer to its leader and farther away from

its follower, that is, j� hi j < j� ji j the term 1
� hi

in (3.6) becomes greater than 1
� ji

,

yielding a reduction in the agent's angular velocity, increasing� hi and decreasing

� ji . The opposite occurs when the agent is closer to its follower than its leader, that

is, the positive term 1
� ji

will prevail, accelerating the agent towards equilibrium (i.e

� hi < � � ji ).

3.2.2 Radial Control

As the above controller only stabilizes the agents' phase, another controller must

stabilize their radial position. This is achieved by �rst using� i to de�ne the desired

current position of the i � th virtual agent, such that:

p̂d;i =

2

6
6
6
6
4

rd cos(� i )

rd sin(� i )

0

3

7
7
7
7
5

: (3.7)

Note that ideally p̂ i = p̂d;i , but due to disturbances in the system,r i 6= rd, where

r i =
p

x̂ i + ŷi , being x̂ i and ŷi the x and y components ofp̂ i . This di�erence makes

the step in (3.7) necessary.

Next, a rotation about the Z axis is de�ned, using the desired angular velocity

(! d
z;i ) and the skew-symmetric matrix representation of the angular velocity (recall
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(2.5)):

� z
�;i =

0

B
B
B
B
@

0 � ! z
d;i 0

! z
d;i 0 0

0 0 0

1

C
C
C
C
A

: (3.8)

Using the exponential operator, the incremental rotation is given by:

� R z = exp( � z
�;i dt): (3.9)

The incremental rotation � R z is applied to obtain the updated desired position,

followed by the rotation, de�ned in (3.2), that distorts the circle into the 3D curve:

pd;i = R xy;i � R zp̂d;i ; (3.10)

whereR xy;i is the matrix de�ned in (3.2) for the agent i .

Note that this approach has all the advantages presented in Section 2.6, in ad-

dition to a more general way of obtaining di�erent shapes when distorting a circle.

Furthermore, the operation performed in (3.9) eliminates the necessity of sending

position and velocity commands to the UAVs, as was done in [17], permitting the

implementation of the technique in controllers that only receive the desired position,

such as the two platforms used in Chapter 4. If one wishes to implement this tech-

nique with controllers that take position and velocity commands, as done later in

this work (Section 4.4), the velocity can be obtained by di�erentiating the desired

position with respect to time.
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3.2.3 Stability Analysis

Stability of the Trajectory

Theorem 1 demonstrates that the stability of the embedding is preserved after

rotation (3.4) is applied to all agents. This is achieved by showing that the two struc-

tures are homeomorphic.

Theorem 1. Let C : f p̂1; p̂2; : : : ; p̂n j kp̂ i k = r 8 i; p̂ i 2 R3; n > 1g denote a

set of vectors representing points equidistant at distancer from the origin in a �xed

plane (a circle), i.e., the embedding. We de�ne a mapping for each point̂p i 2 C

using family f f i (R xy;i (� i (t))) j 0 � � i (t) < 2�; R xy;i (� i (t)) 2 SO(3)g : R3 ! R3

as rotation p i 7! R xy;i (� i (t)) p̂ i where R xy;i (� i (t)) is in the set of rotation matrices

dependent only on parameter� i (t), computed as the angular position of̂p i along the

circumference ofC relative to a �xed reference axis. IfR xy;i (� i (t)) 2 SO(3) is

continuous, the family of mappings is a 1-parameter homeomorphism.

Proof. The proof for this theorem is developed in [17] for rotation with quaternions.

However, as SO(3) andH1 are both Lie groups, the proof can be extended to SO(3)

as it possesses the same properties asH1 that are necessary to prove the theorem.

Let us consider an arbitrary transformation based onR (� ) 2 SO(3), one can show

that all the properties necessary for the theorem are satis�ed [52], namely:

ˆ R (� ) is bijective:

{ R (� )p1 = R (� )p2 ) p1 = p2

{ 8p 2 R3; 9p̂ = R (� )� 1p such that R (� )p̂ = p;
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ˆ Transformations based onR (� ) are continuous because matrix multiplication

and transpose are continuous;

ˆ And any transformation induced byR (� ) has a continuous inverse transforma-

tion (again, due to the continuity of matrix multiplication and transpose).

Stability Analysis for the Phase Controller

Theorem 2 demonstrates that the phase controller de�ned in (3.6) stabilizes the

embedding's trajectory.

Theorem 2. Let n � 2 be the number of agents in a swarm that circles the origin

in the same plane, in an arbitrary orientation. Controlling each agent's angular

velocity, ! d;z;i , calculated according to(3.6), results in a stable system, in the sense

of Lyapunov, with steady-state! d;z;i = ! d;z.

Proof. We de�ne the angular errors for agenti with respect to the leadingk and the

lagging j agents as:

eji = � i � � j = � ji ;

ehi = � i � � h = � hi :
(3.11)

To analyze the stability of the system, let us consider the Lyapunov function:

V(eji ; ehi ) =
nX

i =1 ;i 6= j;k

1
2

�
1

eji
+

1
ehi

� 2

: (3.12)
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The time derivative of (3.12) is

_V(eji ; ehi ) =
nX

i =1 ;i 6= j;k

��
1

eji
+

1
ehi

� �
�

_eji

e2
ji

�
_ehi

e2
hi

��
: (3.13)

At the equilibrium point eji = � ehi 8 i � n, i 6= j; k :

ˆ V(eji ; � eji ) = 0 and V(eji ; ehi ) > 0 elsewhere;

ˆ _V(eji ; � eji ) = 0 and _V(eji ; ehi ) < 0 elsewhere

To prove _V(eji ; ehi ) < 0 elsewhere, we analyze the two terms in (3.13), that is,
�

1
eji

+ 1
ehi

�
and

�
� _eji

e2
ji

� _ehi
e2

hi

�
separately.

From (3.6), we have:
_� d;z;i � _� d

k�
=

�
1

ehi
+

1
eji

�
: (3.14)

By taking the time derivative from the two sides of (3.14), we have

•� d;z;i

k�
=

�
�

_eji

e2
ji

�
_ehi

e2
hi

�
: (3.15)

where •� d;z;i is the angular acceleration of the agenti , and _eji and _ehi are the derivatives

of eji and ehi .

Let us imagine a disturbance that occurs in the time stept that leads the system

to the con�guration jeji j > jehi j, that is, the agent is closer to its leader and farther

from its follower than it was supposed to be. In this case1
jehi j > 1

jeji j . As mentioned

in Section 3.2.1,eij > 0 and ehi < 0, which means that (3.14) is negative until

equilibrium is reached. At this time step, (3.14) also causes a reduction in the agent's

angular speed (i.e., ! d;z;i < ! d;z), leading jehi j to increase andjeji j to decrease. As
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Figure 3.3: Pipeline for swarm control of UAVs proposed in Section 3.3.

jeji j decreases in the next time steps, the angular velocity increases, until! d;z;i = ! d;z

(equilibrium), meaning that the angular acceleration of the agent is positive. Thus,

(3.15) is positive, proving that _V(eji ; ehi ) < 0 in this case.

A similar analysis can be performed forjeji j < jehi j, and the conclusion will be that

(3.14) is positive and (3.15) is negative. As (3.14) and (3.15) always have opposite

signs outside of the equilibrium, the condition_V(e; _e) < 0 is satis�ed. Therefore, the

control system in (3.6) is a Lyapunov stable system.

3.3 Lie Group Cascade Controller for Swarms of Quadcopters

Both swarm control methods discussed in this work (Sections 2.6 and 3.2) can be

used in di�erent scenarios in addition to a Proportional-Derivative (PD) controller

combined with a double integrator dynamics. For this reason, this section proposes a

cascade and decentralized controller for swarms of quadrotors that takes into account

the UAV's dynamics (recall Section 2.2). This controller combines the swarm control

methods with the controller in [23], substituting the LQR for the MPC from Section

2.3.3.
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The choice of substituting the LQR in [23] for an MPC was made because the

trajectory provided by the method in Section 3.1 is not known in advance when

applied to a swarm. As shown in Sections 3.2.1 and 3.2.2, each agent's desired position

depends on the controller that maintains the separation between the agents and the

agents' current position (recall (3.6) and (3.10)). Therefore, the MPC is more suitable

as it only looks ahead over a small horizon, not the whole trajectory.

The calculation of the desired trajectory for each agent, over the prediction horizon

Nh, was performed assuming that the angular velocity! z
d;i was constant over this

horizon, andp i = pd;i over that horizon.

Figure 3.3 shows the controller pipeline for an agenti (gray box). The reference

positions were generated with the approach proposed in Sections 3.1 and 3.2 forNh

time steps and assuming that the angular velocity! z
d;i was constant over this horizon.

The dark blue box in Figure 3.3 represents the combination of these approaches,

which receives the phases of the adjacent agents (� j and � h) and the real position

(p i ) provided by the dynamics of the agenti , at the initial time step, and outputs the

desired positionpd;i over subsequentNh time steps, and the phase� i in the initial

time step. The light blue block uses this desired position to generate the reference

states (orientationR r
w , velocity v r

w , and positionpr
w) in the world frame overNh time

steps. As the inertial frame for the dark blue block coincides with the world frame,

pd;i = pr
w . The green box usesR r

w , v r
w , and pr

w , with the UAV states provided by the

dynamics (R w , vw , and pw), to calculate the state error� � , for the initial time step.

This error is fed into the controller, represented by the purple box. The controller

also takes the reference states and inputs to calculate the matricesA aug and B aug for

the Nh time steps. With all this information, the MPC optimization calculates � u ,
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and the �rst m elements of� u are used to calculate the inputs� f b and ! b according

to (2.28). The UAV dynamics (orange box) receives these inputs and outputs the

current states, which are fed back to the error calculation (green box) and to the

embedding. Again, as the inertial frame is the same,pd = pw .

Note that the notation for force used in this Section is di�erent from that in

Section 2.3.2. In Section 2.3.2, the input force for the quadcopter is the scalar thrust

f T
b , however, this pipeline will be further applied to the dynamics of a �xed-wing

(recall Section 2.2.3), and the input force will be a 3D vector corresponding to the

sum of the aerodynamics and propulsion forces. Therefore, the force was represented

as a vector without the superscriptT to be more general.

The weight matrices (2.41) and (2.42) for this MPC are calculated as

�Q =

2

6
6
6
6
6
6
6
4

Q � 0 0 0

0 Qv 0 0

0 0 Qp 0

0 0 0 Qaug

3

7
7
7
7
7
7
7
5

(3.16)

whereQ � , Qv, and Qp are the diagonal weight matrices for the angles, velocity, and

position errors. Additionally,

�R =

2

6
4

Rf 0

0 R !

3

7
5 (3.17)

where Rf is the weight in the force error, andR ! is the diagonal weight matrix in

the angular velocity error.
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3.4 MPC in the Special Euclidean Group for Fixed-Wing

This section presents the implementation of the Lie group cascade controller in

Section 3.3 for the dynamics of a �xed-wing UAV to demonstrate that this method

works for UAVs with di�erential 
atness, other than quadrotors. In addition to that,

this implementation validates the e�ectiveness of the trajectory generation proposed

in Section 3.2 for another dynamic system.

Although �xed-wings are controlled through the control surface de�ned by their

de
ection angles, the only way to write the system on a linear form was to consider

its inputs to be u = [ f b ! b]> , where f b = f a
b + f p

b is the sum of the propulsion and

aerodynamic forces in the body frame. The angular velocity can be used to calculate

the torque through (2.20). The torque and force can be used to calculate the de
ection

angles� a, � e, � r , and � t , which are the actual control inputs of the �xed-wing, with

(2.21), (2.22), (2.23), and (2.24). As there are six equations for forces and torques,

and only four de
ection angles, these angles can be calculated using a least squares

algorithm for overdetermined linear equations [53].

The linear error dynamics is calculated by taking the time derivative of (2.45), as

follows:

� _R = _R b>

w R r >

w + R b>

w
_R r >

w

= � ! ^
b R b>

w R r >

w + R b>

w R r >

w ! ^
r

= � ! ^
b � R + � R! ^

r : (3.18)
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Next, using ! b = � � ! b + � R! r results in

� _R = � (� � ! b + � R! r )
^ � R + � R! ^

r : (3.19)

Assuming small errors, the approximation� R � I + � � ^
� yields

� � ^
� = � (� � ! b + ( I + � � ^

� ) ! r ) ( I + � � ^
� ) + ( I + � � ^

� ) ! ^
r

= � (� � ! b + ! r + � � ^
� ! r )

^ (I + � � ^
� ) + ( I + � � ^

� ) ! ^
r

= � ! ^
b + ! ^

b � � ^
� � ! ^

r � ! ^
r � � ^

� � (� � ^
� ! r )

^

� (� � ^
� ! r )

^ � � ^
� + ! ^

r + � � ^
� ! ^

r : (3.20)

Considering that all the higher-order terms are approximately zero results in

� _� ^
� = � � ^

� ! ^
r � ! ^

r � � ^
� � (� � ^

� ! r )
^ + � ! ^

b : (3.21)

Next, the identity u^ v ^ � v ^ u^ = ( u^ v)^ , where u; v 2 R3, is used. Applying the

identity yields

� � ^
� = �

�
! ^

r � � � � ^
� (� � � ! r )

^ + � ! ^
b : (3.22)

Removing the wedge operator from both sides results in

� � � = � ! ^
r � � � � � � � ! r + � ! b = � ! b: (3.23)
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In matrix form, the attitude dynamics are written

� _� =
�

0 0 0

�
� � +

�

0 I

�
� u: (3.24)

To obtain � _� v, (2.46) must be di�erentiated, resulting in

� _v = _R b>

w (v r
w � vw) + R b>

w ( _v r
w � _vw): (3.25)

Applying the identity

u ^ v = u � v = � v � u = � v ^ u; u ; v 2 R3 (3.26)

to the dynamic equations in (2.18), writing them in world coordinates and substituting

the result in (3.25)

� _v = � ! ^
b R b>

w R b
w � v + R b>

w (� R r
w ! ^

r v r
w+

R r
w

mf
(f g

r + f r
r ) + R b

w ! ^
b vw �

R b
w

mf
(f g

b + f b)) : (3.27)

wheref r
r = f a;r

r + f p;r
r , and f b = f a

b + f p
b .

Considering that � X = exp( � � ) and using the closed-form of the exponential,

given in (2.11), it is easy to see that� v = J� v. As the error is assumed to be small,

the approximation J � I can be used. Combining this result with� R � I + � � ^
� ,

! b = � � ! b + � R! r , (2.19), and (2.46), the �rst term of the right-hand side of (3.27)
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can be written as

� ! ^
b R b>

w R b
w � v = ( � � ! b + � R! r )^ � � v

= ( � � ! b + ( I + � � ^
� )! r )^ � � v

= � � ! ^
b � � v + ! ^

r � � v + ( � � ^
� ! r )^ � � v = ! ^

r � � v (3.28)

The second term of the right-hand side of (2.19) can be simpli�ed following the

steps below:

R b>

w (� R r
w ! ^

r v r
w +

R r
w

mf
(f g

r + f r
r ) + R b

w ! ^
b vw �

R b
w

mf
(f g

b + f b))

= � � R! ^
r v r

w + ( � � ! b + � R! r )^ vw +
� R
mf

(f g
r + f r

r ) �
1

mf
(f g

b + f b)

= � ! ^
r v r

w � � � ^
� ! ^

r v r
w � � ! ^

b vw + [( I + � � ^
� )! r ]^ vw +

1
mf

� f b

= � ! ^
r (v r

w � vw) � � � ^
� ! ^

r v r
w + ( � � ^

� ! r )^ vw � � ! ^
b vw +

1
mf

� f b

= � ! ^
r (v r

w � vw) � � � ^
� ! ^

r v r
w + � � ^

� ! ^
r vw � ! ^

r � � ^
� vw � � ! ^

b vw +
1

mf
� f b

= ( � ! ^
r � � � ^

� ! ^
r )(v r

w � vw) � ! ^
r � � ^

� vw � � ! ^
b vw +

1
mf

� f b

= ( � ! ^
r � � � ^

� ! ^
r )R b

w � � v � ! ^
r � � ^

� vw � � ! ^
b vw +

1
mf

� f b

= ( � ! ^
r � � � ^

� ! ^
r )� R > R r

w � � v � ! ^
r � � ^

� vw � � ! ^
b vw +

1
mf

� f b

= ( � ! ^
r � � � ^

� ! ^
r )( I + � � ^

� )> R r
w � � v � ! ^

r � � ^
� vw � � ! ^

b vw +
1

mf
� f b

= ( � ! ^
r � � � ^

� ! ^
r )R r

w � � v � ! ^
r � � ^

� vw � � ! ^
b vw +

1
mf

� f b

= � ! ^
r R r

w � � v � ! ^
r � � ^

� vw � � ! ^
b vw +

1
mf

� f b (3.29)
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where � f b = � Rf r
r � f b. The result of (3.29) is not satisfactory, because the �nal

matrices A aug and B aug must depend only on the desired trajectory. The UAV's

velocity vw can be written in terms ofv r
w as

vw = v r
w � R r

w � v : (3.30)

Substituting (3.30) and (3.26) in (3.29) and combining the result with (3.29), the

result is

� _� v = ! ^
r � � v � ! ^

r R r
w � � v + ! ^

r v ^
w � � � � v r ^

w � ! b +
1

mf
� f b: (3.31)

The error dynamics for the position can be found in a similar fashion. The aug-

mented matrices are

A aug =

2

6
6
6
6
6
6
6
4

0 0 0 0

! ^
r v r ^

w ! ^
r � ! ^

r R r
w 0 0

0 I � ! ^
r 0

0 I c1I 0

3

7
7
7
7
7
7
7
5

; (3.32)

B aug =

2

6
6
6
6
6
6
6
4

0 I

1
m f

I � v r
w � ! b

0 0

0 0

3

7
7
7
7
7
7
7
5

: (3.33)
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3.4.1 Reference Trajectory

The reference trajectory,pw(t), can be any arbitrary continuous time-dependent

trajectory with a continuous-time derivative. The reference velocity (vw(t)) and ac-

celeration (aw(t)) are the �rst and second derivatives of this trajectory with respect

to time [23]. The method of obtaining the reference Direction Cosine Matrix (DCM)

di�ers from that of the quadcopter and follows the approach presented in [54].

The �rst step to calculate the reference DCM is to assume the condition of coor-

dinated 
ight. Under such conditions, the lateral velocity of the aircraft is null, that

is, vw = [ vx 0 vz]> . The reference orientation matrix is given as

R b
w =

�

r x r y r y

�
; (3.34)

where r x = vw=jjvw jj , r z = an
w=az

b, and r y = r z � r x . The normal acceleration,an
w ,

is the projection ofaw in the normal plane, asan = ( aw � gw � r x � (aw � gw)).

The reference angular velocity,! r , in the reference frame, is calculated as proposed

in [23]:

! ^
r =

log(R b>

wk � 1
R b

wk
)

T
: (3.35)

The reference forcesf r
r = f a;r

r + f p;r
r are calculated with (2.18).
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Chapter 4

Experimental Results

This chapter provides data on experimental validation, in real quadcopters, of the

swarm control proposed in [17] and the low-level controller in [23]. It also describes

tests conducted with the Model Predictive Control (MPC) proposed in Chapter 3

using both simulation and real quadcopters. Finally, it provides simulations and ex-

periments in real quadcopters for the improved swarm control technique introduced in

Chapter 3, as well as simulations for the controller proposed for �xed-wing Unmaned

Aerial Vehicles (UAVs).

All the experiments presented in this chapter were performed multiple times to

ensure they were repeatable and generated consistent results among executions, es-

pecially the experiments with real UAVs.

4.1 Experiments on the Circular Embedding for Swarm Control with

Quaternions

This section presents an implementation of the system proposed in [17] on three

real quadcopters to experimentally validate the design, along with simulated results

for comparison.
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In the simulation, the agent's dynamics was implemented as a combination of

a Proportional-Derivative (PD) controller generating acceleration commands, and a

double integrator, according to Section 2.6. The gains of the controller wereK P = 5:5

and K D = 2
p

2. The gain of the embedding regulation controller wask� = 3. The

circular trajectory that was distorted to generate the 3D shape had radiusr = 0:75 m,

height 1 m, and desired angular velocity_� d = 0:05 rad/s.

In real experiments, a quadcopter replaced the double integrator. The platforms

used were the Quanser QDrones shown in Figure 4.1b.

The UAVs 
ew in an indoor environment of dimensions 5� 7:5� 3 m (width, length,

and height, respectively), shown in Figure 4.1a. Position and orientation of each UAV

were monitored using a Vicon Camera System1, with 10 cameras, communicating with

a ground station that collected the camera images, calculated the UAVs' states, and

sent them to the agents, at a frequency of 100 Hz. In the test area, theX and Y

axes de�ne the horizontal plane, andZ points upwards. The coordinatesx, y, z refer

to points in the axesX , Y and Z , respectively. The origin of this inertial coordinate

system is �xed at ground level in the center of the room. Note that the indoor camera

setup was used for the experiments because it was readily available to provide safe

UAV 
ight. However, this swarm control method is decentralized and does not rely

on a central positioning system.

The system architecture of the QDrones requires position and velocity commands

to be sent to the drones from a ground station. For this reason, the trajectory gener-

ation controller ran on the ground station for all the drones, but it could have been

embedded, should the architecture have allowed it to be done. Each UAV received

the position and velocity and used a Proportional Integral Velocity (PIV) controller,

1www.vicon.com

Dimitria Silveria - Electrical And Computer Engineering
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